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STEADY-STATE INHOMOGENEOUS DIFFUSION WITH GENERALIZED
OBLIQUE BOUNDARY CONDITIONS

ABDALLAH BRADJI! AND DANIEL LESNIC®*

Abstract. We consider the elliptic diffusion (steady-state heat conduction) equation with space-
dependent conductivity and inhomogeneous source subject to a generalized oblique boundary condition
on a part of the boundary and Dirichlet or Neumann boundary conditions on the remaining part. The
oblique boundary condition represents a linear combination between the dependent variable and its
normal and tangential derivatives at the boundary. We first prove the well-posedness of the continuous
problems. We then develop new finite volume schemes for these problems and prove rigorously the sta-
bility and convergence of these schemes. We also address an application to the inverse corrosion problem
concerning the reconstruction of the coefficients present in the generalized oblique boundary condition
that is prescribed over a portion I'g of the boundary 992 from Cauchy data on the complementary
portion I'y = 9Q\To.
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1. INTRODUCTION

Mathematical models involving oblique derivative boundary conditions appear in various areas of applied
sciences, e.g. the gravimetric model of geophysics concerned with the determination of the Earth’s exterior
gravitational field from the magnitude of the gravity gradient [39] and the scattering of long ocean waves by
islands [42].

If © is a d-dimensional domain (d > 2) with a smooth boundary 9 and [ is a smooth vector field defined on
), then an oblique boundary condition can be written as

du

2 + fu=g on 0, (1)

where Ou/0l = Vu - [ is the directional derivative in the direction [, 3 and g are prescribed functions on 9
and u is the desired solution that usually satisfies a second-order elliptic partial differential equation, e.g. the
Laplace’s equation in potential theory. Noticing that the oblique derivative is in fact a linear combination of
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the normal n and tangential t derivatives, we can generalize (1) to look like (see equation (10))

m%—&—a% +Bu=g ondQ, (2)
where k and « are given functions (see also Eq. (7)). For the Laplace’s equation in bounded or unbounded
domains subject to the oblique boundary condition (1) (or (2)), numerical methods based on the boundary
element method (BEM) or the method of fundamental solutions (MFS) were developed in [27,35,38,40], respec-
tively. Moreover, finite volume schemes for the Poisson’s and parabolic equations in bounded domains subject
to the oblique boundary condition (1) (or (2)) were developed in [9,10]. We refer to [19] for a literature on the
subject of numerical methods for oblique boundary conditions.

The present finite volume analyses developed in Sections 6 and 7 for mixed oblique-Dirichlet or oblique-
Neumann boundary conditions, respectively, generalize in some sense the results established in [10], where the
homogeneous case with oblique condition on the whole boundary was considered. However, the presence of mixed
boundary conditions in (7), (8) or (7), (9), the space-dependent conductivity () in (6) and the simultaneous
presence of the three coefficients x, @ and 3 in the generalized oblique boundary condition (7) require new
changes and new technical tools compared to the analyses of [10], leading to new suitable schemes and results.
We justify rigorously the well-posedness of the direct problem given by equation (6) with the mixed boundary
conditions (7) and (8) or (7) and (9). We then establish finite volume schemes for these two problems. We employ
several technical tools to show both the well-posedness and the convergence of these schemes. In addition, the
application of the generalized oblique boundary condition (7) to the inverse problem of corrosion, developed in
Section 8, is completely new.

2. PRELIMINARIES

Let © be an open bounded polygonal piecewise smooth connected subset of R?. We assume classical polygons,
as in [30], Page 182, in which the boundary is the union of a consecutive finite number of linear segments. Let
us denote by x = (z,y) the current point of R2. For any function ¥ € C*(Q), we denote by ¥,, = V¥ - n and
Uy = VU -t, where n = (n,,n,)T (resp. t = (—n,,n,)T) is the outward unit normal to the boundary 9 (resp.
t is the anti-clockwise unit tangent to 9€2). The vectors n and t are defined everywhere on 02, except at a finite
number of corner points of 0f.

We give now a sense to the operators of normal and tangential derivatives [10], which will allow us to define
the weak formulations of subsequent problems:

(i) We define the operator of normal derivative acting on u as an element un of H~=(9Q) satisfying the
following: if u € H*(Q) and f € L?() are such that

—Au=f inQ (3)

then,
(un,v)

= | Vu(z) - Vi(@)de— [ f(@)i(x)ds, Yve H? (), (4)
Q

H™3(00),HZ (00) |,

where ¥ is an element of H'(f2) such that 5(?) = v and 7 is the classical trace operator from H'(Q) to
L2(09).

(ii) We define the operator of tangential derivative acting on u as an element uy of H _%(89) satisfying the
following: if u € H(Q),

(g, v) o ()uy (2) dz— / wo(2)iy(z)dz, Vo € H(00). 5)

H™ % (09),H % (69) :/Q 0

It is easy to justify that the operators of normal and tangential derivatives are well-defined.
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3. MATHEMATICAL FORMULATION

Let Ty and I'; be two open disjoint subsets of 9 such that Ty UT; = 9Q and they are also the union of
finite number of linear segments.
Assume also that:

(A1) f€L*Q), g€ L*(Ty);
(A2) k € L>(Q) and for some known positive constant kg, 0 < ko < k() a.e. ¢ € Q;
(A3) B € L*>®(Ty) and for some known positive constant Sy, 0 < fo < (x) a.e.x € T'g;
(Ay) a e CH(Q).
We are interested in the following boundary value problem: given functions «, 3, f, k and g satisfying the
above conditions solve

=V (k(@)Vu(z)) = f(z), z€Q, (6)
with the generalized oblique derivative boundary condition
K(z)un(z) + (qu)y(z) + B(@)u(z) = g(z), € Lo, (7)
and the Dirichlet
u(z) = h(z), =xely, (8)
or Neumann
K(z)un(z) = q(z), zETY, 9)

boundary conditions, where h € H/2(99) and q € L?(T;) are also given functions.
Remark 3.1. (a) The boundary condition (7) is equivalent to the more common boundary condition
k(x)un () + a(z)ue(z) + B(z)u(z) = g(x), =€ Ty, (10)
where 3 = 3+ a.

(b) Mixed boundary conditions are necessary to be formulated since they arise in the analysis of Cauchy ill-posed
problems of the type considered in Section 8.

(¢) The above assumptions (A1) —(A4) on the input data are needed to get convenient weak formulations for the
direct problem (6)—(8) or (6), (7), (9). However, these hypotheses can be weakened. It is worth mentioning
that hypothesis (A4) above or (A4)" in Section 4.3 below, on «, are needed in order to get a rigorous
formulation for the tangential operator involved in equation (7), see, for instance, similar hypotheses in [30],
Page 226. Later, we will assume hypotheses which are stronger than those above in order to define suitable
finite volume schemes and provide their error estimates. However, the above assumptions can serve us to
define convenient finite volume schemes with possible proof for the convergence (without convergence rates)
towards the true solution.

4. EXISTENCE, UNIQUENESS, AND WELL-POSEDNESS OF THE CONTINUOUS PROBLEMS

In this section, we address the existence, uniqueness, and well-posedness of the following two problems:

(1) First problem. The elliptic equation (6) with the generalized oblique derivative boundary condition (7)
on I'g and the Dirichlet boundary condition (8) on I';.

(2) Second problem. The elliptic equation (6) with the generalized oblique derivative boundary condition (7)
on I'y and the Neumann boundary condition (9) on T';.

To get a clear and a simple overview, we first consider the existence, uniqueness, and well-posedness of some
particular cases of these two problems.
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4.1. A simplified version of the problem: Robin convective boundary condition

In case 'y = @) then I’y = 99, and therefore equation (6) and (8) or (9) form a classical Dirichlet or Neumann
problem, which we do not investigate herein. On the other hand, in the case I'y = (), the boundary condition
(7) becomes

K(Z)un(z) + (cu)s(x) + B(x)u(x) = g(x), =€ IN. (11)

Furthermore, when « = 0, the boundary condition (11) becomes the Robin boundary condition
k(@) un(z) + B(2)u(z) = g(x), x<c N (12)

In such case, the well-posedness of the Robin direct problem for the elliptic equation (6) is given by the following
theorem (see [45], (6.1.15) and (6.1.16), Page 162 and [45], (6.1.23), Page 165), whose proof is given for the
convenience of the reader.

Theorem 4.1 (Well-posedness of the problem (6) and (12), cf. [45]). Let 'y = 0 and assumptions (A1)—(As) be
held. Then, the elliptic equation (6) with the Robin boundary condition (12) (the particular case of (11) when
a =0) has a unique solution in the following weak sense: there exists a unique u € H*(Q) such that

a(u,v) = b(v), Yve HY(Q), (13)

where

a(u,v) = /Q/f(w)Vu(a:) -Vo(z) de+ . B(z)u(x)v(z) dvy(x)

b(v) = /Q f(@)o(z) dz + /3 _9(@)u(a)d (o)

where dvy denotes the one-dimensional Lebesgue measure on 0S). In addition to this, this weak solution satisfies
the following stability estimate:

Cy
1 < 14
lull 71 () < min{ro. o] (111 2) + NlgllL200)), (14)

for some positive constant Cy that depends only on the geometry of ().

Proof. The bilinear form a(-,-) is coercive since

a(v,v) = /Q/f(a:)|Vv(:c)|2dx+/(mﬁ(sc)vQ(w)dv(w)
> mindro, Bo} ([0 o + I13(0) 13200 ) (15)

1
where |v]1,q is the H'-seminorm defined by ([, |Vv|*(2)dz)?. Using the continuity of the trace (see, for
instance, [45], (1.3.1), Page 10 and [22], Lemma 10.4, Page 69) implies that the norm v — [v|1,0 + [|7(v)||z2(80)

is equivalent to the usual norm ||-||1.o of H1(£2), that is ||v|1.q0 = (HUH%Z(Q) + |v|fQ)% Hence, for some constant
Co which is only depending on €2, we have, for all v € H'(£2)

Co([vlie + 13 r200) < Ilhue < (C2) 7 (Iolue + I17(@) ] 2200 ) - (16)

This together with (15) imply that

(Cy)* min{ko, Bo}

>
a(v,0) 2 .

ol - (17)
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Therefore, from the Lax—Milgram lemma there exists a unique solution to the equation (13).
To establish the stability result (14), we take v = w in (13), and use (16) and (17) together with the Cauchy—
Schwarz inequality to get

(Cy)* min{ko,
2

Bo} -
[ullF o < 1b(u)] < 120 llullLz) + 9]l L2co0) 17 (w) | L2 (00

1
< fllzzollulle + @HQHLZ((‘?Q)HUHLQ < Cs([Ifllz2@) + lgll2o0) lullo;

with C3 = max{1,C;'}. Consequently, (14) holds with C; = 2C3(Cy) 2. This completes the proof of
Theorem 4.1. g

4.2. Existence and uniqueness of solution for problem (6) and (7) with Dirichlet boundary
condition (8)

Consider the subspace of H'() defined by
V= {v € Hl(Q);:y(v)’F1 = 0},

which is a Hilbert space endowed with the usual inner product of H*(£2). Multiplying both sides of (6) by a
test function v € V and integrating over 2 yield

/Q k(x)Vu(x) - Vo(x dm_/f dar:—l—/FO k(@) un (z)v(x) dy(x). (18)

Using now (7) in (18) imply that

/Q K(@)Vu(@) - Voo dm—/f da:+/rog (@)

*/ (au)e(z)o(z) dy(z) — [ B(@)7(u)(@)v(z) dy(2). (19)

Under the assumption (Ay), using the definition of the tangential derivative and that &(v)‘rl =0, we have

/(OW)t(flﬁ)v(m)dV(ﬂ?)Z/ (au)e()v(z) dy(z) = [ {(au)y(z)ve(®) — (au)e(@)vy(2)} da (20)
To o0

Q

Gathering equations (19) and (20) lead to the following formulation:

au,v) = b(v), Vv eV, (21)
where
aw) = | K@) Vu(@)Vo(a) det [ (o), (@)o.(o)  (@u), (@)o, (o)} da
N COCECRNE (22)
and

0= [ f@p@das [ g(a (@) (). (23)



2706 A. BRADJI AND D. LESNIC

4.2.1. The particular case h = 0 in (8)

In the particular case h = 0, the boundary condition (8) becomes
u(x) =0, xelj. (24)

Then, the weak formulation of the problem (6), (7) and (24) is: Find u € V such that (21) holds.

The assumptions (A;)—(A4) are needed to first give a sense to the terms involved in (22) and (23) for all
v € V and also to prove the existence and uniqueness for problem (21) using the Lax-Milgram lemma. These
assumptions, which are similar, for instance, to Assumption 9.1, Pages 32, 33 of [22], and Assumption 11.1,
Pages 78, 79 of [22], possibly can be weakened. Let us now check that the hypotheses of the Lax—Milgram
lemma are satisfied in order to prove that the problem (21) has a unique solution.

(i) Coercivity of a given by (22). In order to prove this (under an additional assumption on o), we consider
u € V and use assumptions (A;)—(A4) to obtain:

) = [ w@|VuP(@)da+ [ {(on), (@ (@) - (@) (@)u, @) do+ [ Bo)3)@)° d(2)
Q Q o
~ [ x@IVuP@da ;5 [ (0@ )@ - o @), (@) do+ [ B@)E0)@)° o)
Q Q o
1 ~ 2 ~ 2
= [ s@ivut@an - [ a@Gu@)? s+ | o))

> w0 [ [VuP(e)dot 3 [ au@ (@) d(@ + Al e, (25)

Using this expression together with the continuity of the trace operator from H!(Q) to L?(92) and denoting
C, = mingg oy (note that C, < 0 since the mean value of oy on 9 is 0) imply

CyCy

a(u,u) > roluli o + T||U|

%,Q + ﬂOH:Y(U)”%%FO)a

where, thanks to (16), C4 = 1/(C5). Further, on using the Poincaré inequality (see, for instance, [45],
Thm. 1.3.3, Page 11),

[ull1,0 < Cslulia < Cs(|u

Lo+ H?(U)HB(FO))v Yu eV (26)

results in, thanks to the inequality (a? + b%) > (a + b)?/2,

. ~ C4Ca
a(u,u) = mindro, fo} (Juf} o + 15(0) [Fry) ) + 5 Il o

. CyCy
. (mln{ﬂo750}+ 4 )HUH%Q

2(Cs)? 2
Thus, if
minay = O, > —2ntro, oy (27)
0% (C5)"Cy

holds, then the coercivity of a is satisfied.

(ii) Continuity of a(-,-), given by (22), on V X V. The continuity of a(-,-) on V x V stems from the
Cauchy-Schwarz inequality, the facts that kK € L>®(£2), a € C1(Q), B € L>(I'y), and the continuity of the
trace operator.
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(ili) Continuity of b(-), given by (23), on V. The continuity of b(-) on V stems from the Cauchy—Schwarz
inequality, the facts that f € L?(2), g € L?*(Ty), and the continuity of the trace operator. In addition, we
have

b(v)] < Co(Ifllz2) + gl z2ro)) 10l 0, (28)
where, thanks to (16), Cs = max{1,C5'}.

At this stage, we have justified that the bi-linear form a(:,-) and the linear form b(-), given by (22) and (23),
satisfy the hypotheses of the Lax—Milgram lemma. This implies that the problem (21) has a unique solution. In
addition, by taking v = u in (21) and using (28), we obtain the following stability estimate:

lullie < Cr([1fll 2 + llgllL2crs))- (29)

Summarizing the results of this subsection, we have proved the following theorem stating, via (21), the well-
posedness of the problem (6), (7) and (24).

Theorem 4.2 (Well-posedness for the homogeneous Dirichlet problem). Let assumptions (A1)—(A4) be satisfied.
Then, there exists § < 0, only depending on Q,To, Bo, and ko (see also Remark 4.5 below), such that if o satisfies
the condition C,, := mingg ay > 0§, then there exists a unique solution w € V to the problem (6), (7) and (24) in
the sense of the weak formulation (21). In addition to this, the stability estimate (29) holds.

4.2.2. The case h Z0 in (8)
Let us consider the same problem (6) and (7) but with the non-homogeneous Dirichlet boundary condition (8)

with h € H'/2(09Q) instead of the homogeneous condition (24). To obtain the weak formulation of the problem
(6)—(8), we consider the subset VE of H!(Q) defined by

VE .— {v c Hl(Q);:Y(”)‘Fl - }’

Following the same steps as in (18)—(23), we obtain that any solution to (6)—(8) should satisfy u € V¥ and
also the equation (21). The set V¥ is not a subspace of H'(Q) (when h # 0) and this does not allow to apply
the Lax-Milgram lemma directly. For this reason, we consider a function € H'(2) such that 5(h)(x) = h(x)

a.e. ¢ € I'1, and define w := u — h (called the Dirichlet shift). Inserting u by its value w + h in (21) yields
a(w,v) =b(v), VYveV, (30)

where
b(v) = b(v) — a(h,v). (31)

Then, the weak formulation of problem (6)—(8) is as follows: Find u € H*(2) such that u = w+ h and w € V
is satisfying (30) and (31). The bilinear form a(-,-) has already been proved to be continuous on V x V and
coercive on V (under the condition (27)). The continuity of the linear form b, given by (31), follows from the
continuity of b and a which have already been proven. Consequently, using the Lax—Milgram lemma, the weak
formulation (30) and (31) has a unique solution w € V. To obtain the unique solvability of the original problem
(6)—(8) we can choose h € H'(Q) to be the unique solution of the Dirichlet problem

{—v (k(x)Vh) =0 inQ,
E|3Q =h.

Also, the stability estimate (29) extends to

lullr.o < Cs(I1fllz2) + lgllz2wo) + 1Bl 17200 (32)
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where

||h||H1/2(aQ) = EEHl(g;:f'?(ﬁ):hHhHLQ.

We summarize now the results of this subsection in the following theorem which extends Theorem 4.2 to the
non-homogeneous case.

Theorem 4.3 (Well-posedness for the non-homogeneous Dirichlet problem). Let assumptions (A1)—(A4) be
satisfied. Then, there exists 0 < 0, only depending on Q,T, By, and ko (see also Remark 4.5 below), such that
if a satisfies the condition C,, > 8, then there exists a unique solution u € H*(Q) to the problem (6)—(8) in the
sense that there exists a unique w € V satisfying the weak formulation (30)—(31), and u = w+h with h € H*(Q)
such that 5(h) = h. In addition to this, the stability estimate (32) holds.

4.3. Existence and uniqueness of solution for problem (6) and (7) with Neumann boundary
condition (9)

Consider now the problem (6), (7) subject to the Neumann boundary condition (9). In this case we replace
the assumption (A4) by the stronger assumption:

(Ag)" o € C1(Q) and a|p, = 0.

As in the previous subsection, multiplying both sides of (6) by a test function v € H'(Q) and using (7), (9)
and (A4)’, one obtains

| r@Vula)- V(e dz+ | By @
- [ @@ e+ [ 9(e(e) d1(2) - | tauni@)nta) drie) + [ @b 6)

We then have, using the definition of the tangential derivative in equation (5)

| (@@ dy(@) = [ {(@u),(o)0s(a) - (@) (@), (@)} da
o0 Q

and equation (33) yields (21), where a is given by (22) and
0= [ f@p@da+ [ g@u@ e+ | e dia) (34)
F() 1—‘1

The weak formulation of (6), (7) and (9) is: Find u € H(£2) such that
a(u,v) = b(v), Yve HY(Q), (35)

where a(-,-) and b(-) are, respectively, given by (22) and (34). We remark that the new expression of the linear
form b(-) defined by (34) contains the additional term fFl q(x)p(x) dy(x) compared to the expression (23).

As before, we check that the conditions of Lax—Milgram lemma are satisfied. The continuity of a and b stems
from the Cauchy Schwarz inequality, (A;)—(As) and (A4)’, and the continuity of the trace operator (see (16)).
In addition, the following estimate (which extends (28)) on b(-) holds:

b()] < Co(Q)(IflL2() + lgllao) + lallzzen) vl 0 (36)

The coercivity of a(,-) can be checked by following the same steps used in (25)—(27) (or the idea of Remark 4.5
below) but instead of estimate (26) (which stems from the Poincaré inequality and it cannot be applied since
the space of u here is H'(£2)), we use the following inequality (cf. [21]):

lulli.o < Co( YWllzzwy)),  Vue HY(Q). (37)
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Estimate (37) can be deduced from the Extended Poincaré—Steklov inequality ([21], Lemma B.63, Page 490) and
using the Cauchy—Schwarz inequality. A discrete version of (16) and (37) will be given later in Lemma 6.3. We
have thus justified that the bi-linear form a and the linear form b, given by (22) and (34), satisfy the hypotheses
of Lax—Milgram lemma. This implies that the problem (35) has a unique solution. In addition, by taking v = u
in (35) and using (36) together with the coercivity of a(-,-), we obtain the following stability estimate:

lullte < Cro(Ifll2e) + lgllzze) + llallc2cry))- (38)
We have thus proved the following theorem.

Theorem 4.4 (Well-posedness for problem (6), (7) and (9)). Let assumptions (A1)—(A3) and (A4)’ be satisfied.
Then, there exists § < 0, only depending on Q,Ty, Bo, and ko (see also Remark 4.5 below) such that if o satisfies
the condition Co > 0§, then there exists a unique solution to the problem (6), (7) and (9) in the sense of the
weak formulation (35), where a(-,-) and b(-) are given, respectively, by (22) and (34). In addition to this, the
stability estimate (38) holds.

Remark 4.5 (Another way of justifying the coercivity and an explicit value for §). The coercivity proved of
a(+,-) can also be proved in another way, as explained below.

(i) The coercivity for the problem (6)—(8) in Section 4.2 (see (25)—(27)) can also be proved using (37) (instead
of the use of (26)) since (37) is stronger than (26) and, in particular, it yields (26).

(ii) The coercivity for both problems (6)—(8) (in Sect. 4.2) and (6), (7) and (9) (above) can also be proved in a
slightly different way. Indeed, from (25), we can deduce that

Ca -
a(u,u) > Ho|u\ig + (2 + 50) H’Y(U)H%Q(Fo)'

So, if C,, > —f3, we have, using inequalities 2(a? + b?) > (a + b)? and (37) (which generalizes (26)),

min{ko, Bo/2}

2
ul| o-
2(09)2 [ulli o

afu,u) > mingro, Bo/2} (lulf o + 17} 0y ) =

The advantage of this reasoning is that the lower bound ¢, stated in Theorems 4.2-4.4, can explicitly be
given by —fy.

5. DEFINITION OF A FINITE VOLUME MESH: ADMISSIBLE MESHES

To establish suitable finite volume schemes for solving the above problems and prove their convergence, we use
the following integration rule (see [10]): Let a and b be two points in R? and (a,b) = {sa+ (1 —s)b,s € (0,1)}.
Let £ € C'(R?) and t = “g%; Let & = V& - t. Then:

/ &u(x) dy(z) = £(b) - £(a). (39)
(a,b)

We now describe the assumptions which are needed on the mesh.

Definition 5.1 (Admissible meshes, cf. [23]). An admissible finite volume mesh of 0, denoted by 7, is a finite
family of open polygonal convex disjoint subsets of © (the “control volumes”), with positive measures. To this
family we associate a family of disjoint subsets of § contained in hyperplanes of R?, denoted by & (these are
the edges of the control volumes), and a family of points P = {xx | K € T} in , satisfying the following
properties (as in [23], Definition 9.1):

- g - UKeTF.
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— For all o € &, there exists a hyperplane ¢ C E C R? and K € 7 such that @ = K N E. We denote by
m(o) the one-dimensional measure of o and assume m(o) > 0. We assume that, for all K € 7, there exists
a subset Ex of € such that 0K = Uyeg, 7. It then results that, for all o € &, either o C 02 or there exists
(K,L) € T x T with K # L such that K N L =7, in the latter case we denote o = K|L.

— For all K € T, zx € K. Furthermore, for all o € £ such that there exists (K, L) € 7 x T with ¢ = K|L, it
is assumed that the straight line (zx, x1,) going through xx and xj, is orthogonal to K|L. For K € T and
o € &k, let Dk, be the straight line going through zx and orthogonal to o. We assume that Dk , No # ()
and we set {y,} = Dk, No.

If 7 is an admissible mesh, we will also use the following notations:

— The mesh size is defined by size(7) = sup{diam(K) | K € T}, and for any K € 7 denote by m(K) the
two-dimensional Lebesgue measure of K (it is the area of K).

— The set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), Emt = {0 € € | 0 & IN} (resp.
Eext = {0 €& |0 CONY}).

— The set of neighbours of K is denoted by N(K) ={L €7 |Jo € x,5=KNL}.

~ If 0 = K|L, we denote by d, or dg|z, the Euclidean distance between xy and zz (which is positive) and
dk,» the distance from xx to o.

— If 0 € Ex N Eext, let dy denote the Euclidean distance between xx and y, (then, d, = dk o).

— For any o € &, the “transmissibility” through o is defined by 7, = % (note that d, > 0).

In addition, in order to take care of both the generalized oblique boundary condition (7) and the Dirichlet
or Neumann boundary condition (8) or (9), we assume the following assumption on the mesh 7.

Assumption 5.2 (Assumption on the mesh 7). Let T be an admissible mesh in the sense of Definition 5.1.
For any o € Eoxt, we assume that either o C Ty or o CT'1. We then define the following two subsets of Eext:

I ={0€&x|ocCly} and T7 ={0€ |0} (40)

To discretize the governing equation (6) and the oblique boundary condition (7), we need the following
definitions.

Definition 5.3. Let gy 2 0 = (a,b) = {sa+ (1 — s)b,s € (0,1)}. Denote by o~ (resp. c) the element of
Eext such that a is in the closure of o~ (resp. b is in the closure of oF) and 0~ # o (resp. o # o). We also set
. = b and o, = a (so that |o. — op|t = e — 0y).

Definition 5.4. Let a € C}(Q). For 0 € &y, the notations o, 0, u,+ and u,- are given in Definition 5.3 (in
particular, o = (0, 0.), with m(o)t = o, — 0p). We set:

Up+ = Uy and Uy — = uy+ if a(oe) >0,

Ug 4 = Uy+ and Uy — =u, if a(oe) < 0.

Definition 5.5 (The finite volume space). For an admissible mesh 7, the space X'(7) is defined by X(7) =
V(T) x Z(T) C L*(Q) x L%(09), where Y(T) is the set of functions from Q to R, which are constant over
each control volume K € 7, and Z(7) is the set of functions which are constant on each o € Eqyt. In the same
manner, we define Zo(7) (resp. Z1(7)) as the space of functions which are constant on each o € T'Z (resp.
oceT?).

Throughout the next sections, the letters C; denote positive constants, which are independent of the param-
eters of discretization.
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6. FORMULATION OF A FINITE VOLUME SCHEME FOR THE PROBLEM (6) AND (7) WITH
THE DIRICHLET BOUNDARY CONDITION (8) AND ITS CONVERGENCE ANALYSIS

Let us describe the principles of the scheme we want to present in order to approximate the problem (6)—(8).
Integrating both sides of (6) over a control volume K, using integration by parts, and summing over the edges
o of the control volume K yield

- Y | 6@Vu(@) nk, dy(z) = m(K)fx, (41)

oelk g

where ng , denotes the normal unit vector to ¢ outward to K and fx is the mean value of f on K, i.e.

1
fr = @/Kf(w) dz. (42)

The discrete set of the unknowns are denoted by (ux)ker and (us),erz. These unknowns are expected to
approximate the exact solution u in the control volumes K € 7 and on the edges o € Fg . Note that, due to
the Dirichlet boundary condition (8), u is known on I';. We look now for equations satisfied by these discrete
unknowns using a convenient approximation to (41) and the boundary conditions (7) and (8).

To this end, we consider the following cases:

(I) 0 € Ex N&ye with o = K|L. In this case, — [ k(2)Vu(z) - ng , dy(x) can be approximated using discrete
fluxes which are consistent and conservative, and are given by the classical two—points formula (see [23],
Page 818 or also [22], Page 80):

Fro=—17(urL —uk), (43)
where
L p—L iy [ el de i | r@a (44)
T, =m(o , Krg = K , KL= K g
7 drokr +dpokK K m(K) /i r m(L) J,

(Il) 0 € €k and o C T';. In this case, — [ k(x)Vu(x) - ng , dy(z) can be approximated using (43) by taking
ur, = h(y,) (which stems from the Dirichlet boundary conditions (8)), i.e.

Fr o =—18(he —uk) and h, =h(y,), (45)
with .
75 = m(o) 7. (46)
dK,U

(III) 0 € £k and o C Ty In this case, — [ k(x)Vu(x) -ng , dy(x) can be expressed using the oblique boundary
condition (7) as

— / k(x)Vu(x) - ng . dy(z) = /(au)t(w) dy(x) + / B(x)u(z) dy(x) — m(o)ge, (47)
where g, is the mean value of g on o, i.e.
= iy [ 9@ dr(a) (48)

Equation (47) can be approximated as follows [10]:

Fy o= _T;(Ua —ug) = a(ae)UU,Jr - a(ab)ua*& + m(U)ﬁgua - m(0>goa (49)



2712 A. BRADJI AND D. LESNIC

where 77 is defined by (46), (3, is defined by (48) by replacing g with (3, us 4+ is given in Definition 5.4,
and u,- ; is obtained by replacing o with ¢~ and o, with o3 in Definition 5.4. To take into account the
Dirichlet boundary condition (8), we set in (49), for all o € Eux such that o C T'g,

us+ = h(y,) if o7 CcTy and wu,- =h(y,) if o~ CTy. (50)

After having described the principles of the numerical scheme, we give now its formulation in the next
subsection.

6.1. Definition of the scheme for the Dirichlet boundary condition (8) on I'y

To summarise our finite volume scheme stated in (43)—(50) we introduce the following definition.

Definition 6.1 (Definition of a finite volume scheme for (6)—(8)). Let 74 be defined in (44) and (46). Define
the discrete fluxes (see (43), (45) and (49)),

75 (ur — uk), Vo = K|L,
Frx o, =1 —18(h(y,) —uk), Vo &k witho CTY, (51)
75Uy — uK), Vo € Ex with o C T'g.

Let (ux)ker and (uo),erz denote the discrete set of unknowns. As a finite volume scheme, we suggest (see

(41)):

> Fro=m(K)fg, VKeT, (52)

oc€lk

and, (see (49)), for all o € £k with o C Ty,
- T;(ua - UK) = a(ae)ua,+ - O‘(Gb)uJ*,Jr + m(g)ﬂouo - Hl((f)go, (53)

where fx and g, are given, respectively, by (42) and (48), and S, is given (48) by replacing g with 3. Further,
in order to take into account the Dirichlet boundary condition (8), we set in (53), for all 0 € Eexy with o C Ty,

ug+ = h(y,) if o7 CcIy and w,- =h(y,) if o~ CT;y. (54)

6.2. Well-posedness of the discrete problem
Let us extend the definition of u, by

dr, dicour, .
wy = TEOL UK FRLOKOUL g o prig e g (55)
drokr +drokK

ue = h(y,), Vo €TT. (56)

In this way, the discrete flux (51) can be written in a unified form as

Fr.o = —m(o) d“K (o — ) (57)
K,o
for which we have the conservativity
FKJ = —F’L’U7 Vo = K|L (58)

We prove the following discrete well-posedness result.
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Theorem 6.2 (Well-posedness of scheme (52)—(54)). In addition to the hypotheses of Theorem 4.3, which
states the well-posedness of the weak solution of problem (6)—(8), assume that h € C*(0Q) and that there exists
h € CY(Q) such that 7(h) = h (see Remark 6.6 when h is not smooth). Let T be an admissible mesh in the
sense of Definition 5.1 satisfying Assumption 5.2. Then there exists a unique solution (ux)ker and (ug)gerg
to the finite volume scheme (52)—(54) of Definition 6.1. Corresponding to this unique solution, let Y(T) > ur
be defined such that its constant value over any K € T is ug (see also Definition 5.5). Also, let Z(T) 3 vy be
defined such that its constant value over any o € Euyt is uy if 0 € T and h(y,) if o € TT. Then, the above
discrete solution satisfies the following stability estimate:

=

2
(Itur vr) ey + lorlae,) + lorl2 zcr))

<Cun (Hf”L?(Q) + [lgll2(rg) + (1801 oo ro) + 1)||E||c1(§)>7 (59)
where
(wr,vr) vy = e+ Y. Tolug —uk)? (60)
0€EKxtNEK
with
lurlir = > Tolur —ux)? (61)
o=K|LEEn
and
orl2 2oy = D (o)l (upr — ug)?. (62)
TEEext

To prove Theorem 6.2, we need to use the following technical lemmas. Lemma 6.3 below is not explicitly stated
in the existing literature but it can be deduced from Lemmas 10.3 and 10.5 of [22].

Lemma 6.3 (Equivalence of norms, see [22]). Let Q be a polygonal connected open bounded subset of R and
T be an admissible mesh in the sense of Definition 5.1. Let I C 9 be such that the (d — 1)-Lebesgue measure
of I is positive. Let us define the following norm on Y(T) (see Definition 5.5):

ull 7 = [ul 7+ llullZ>(q) (63)

where |u|%T is given by (61). Then the norms || - |1,z and | - [1,7 + |[F(:)llz2(1) are equivalent, with constants
only depending on Q and I, where (u)(x) = ug a.e. * € o, for all 0 € Ex N Eexs.

Proof. We consider the following steps.
First step: first side inequality. Using ([22], Lemmas 10.3 and 10.5) yields that for all u € Y(7),
lu —mr(u)llr2@) < Crzluli,T, (64)

where my(u) is the mean value of u over I, that is, my(u) = ﬁ J; u(x) dy(x). Using the inequality
la| — |b|] < |a — b|, inequality (64) implies that

ullz2() < Crzlul,r 4+ /m(Q)|my(u)]. (65)
Using the Cauchy—Schwarz inequality yields

m(/), 1
Imr(u)| < m(l) 17 ()l L2(r) = -

17wl L2 (1)-
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This with (65) imply that

lullz2@) < Crs(lulr.r + (W)l z2n))- (66)
Using the definition (63) of the norm || - ||1,7, inequality (66) implies that

lulli,r < Cra(luh,r + 7)) 22(r))-

Second step. second side inequality. Using ([22], Lemma 10.5, Page 72) yields

1 1 1
ull? 7 = lul? 7 + HU||%2(Q) > §|U|i7 + §|U\?,T + 5”““%2(9)
1 Cis,_ _
> Sluld 7+ S F 00 2 Cus(Julf r + T ). (67)

Inequality (67) together with inequality va? + b > %(a + b) imply that

lulli,7 > Crr(ul,r + [T L2(r))-
This completes the proof of Lemma 6.3.
(Il

Lemma 6.4. Let Q be a polygonal connected open bounded subset of R and T be an admissible mesh in the
sense of Definition 5.1 satisfying Assumption 5.2. Then, for some positive constant Cyg, which only depends on
Q and I'y, for all ur € Y(T) (see Definition 5.5), we have

Fur) @ < Cus | lurhr+ | Y. 7olux)? ; (68)

c€ERNTT

where ug is the value of ur over the control volume K and? is the discrete trace operator defined in Lemma 6.3.

Proof. Using Lemma 10.5, Page 72 of [22] (or Lemma 6.3, see (67)) yields

7w z2ee) < e (luzlir + url z2cey).
vCis

This with (66) (by choosing I = I'1) and the fact that dg , < diam(Q2) imply the desired estimate (68). This
completes the proof of Lemma 6.4. O

Lemma 6.5. Let Q be a polygonal connected open bounded subset of R and T be an admissible mesh in
the sense of Definition 5.1. Let 7Y be defined in (44) and (46). Then, under Assumption (As) (recall that
Te =m(0)/dy for o € Eny and 7, = m(0)/dk » for 0 € Eexy N EK ), we have

2 15017
LTO S 7-(’; S 7({2)7-07 Vo S gint7
5]l o< () Ko
KoTo < T; < HK/HLOO(Q)TOW Vo € gexty

and the following equivalence of semi-norms holds, for all ur € Y(T):

K K]l Lo (2
ﬁhﬁh: <l|urlikz < ?;;()WTh,Ta
L= ()

where

lurl} e = > Th(uL—ux)’. (69)
o=K|LEEn
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Proof. The lemma can be checked using the expression for 77 and assumption (A4s). O

Proof of Theorem 6.2. (i) Proof of (59). We follow the techniques of [22], Page 51. We introduce (Ux )y =
(UK - hK)KET and (HU)(TEE:exg = (ua' - h(ya))o'Egext where

hxg =h(zgx), YK €T and u, =h(y,), VYoel?T.

The scheme (52) becomes

> Fro=m(K)fx— > Gk, VYKeT, (70)
o€k c€€Kk
where
—15(ur — k), Vo=K|L,
Fro={ —75(0 —ug), Voe&k witho Ty,
—7%(T, — ), Vo € Ex witho C Ty,
and

G = —T5 (EL - EKZ, Vo = K|L,
e _Tg(h(ya) - h’K)) vO’ S (c/‘K n gext~

The scheme (53) then states that for all o € £ with o C Ty,
- T;(ﬂa - EK) - a(Ue)ﬂo’,Jr - a(ob)ao’*,-i- + m(o-)ﬁoﬂa - m(U)ga
+ 75 (he — hi) + a(0e)hg+ — (o) ho— 4 +m(0)Bohe. (71)
We multiply both sides of (70) by T and sum over K € 7 to obtain
> e Y Frea = [ fri@ur@de- Y Grour. (72
KeT ocelk Q c€lk

where fr, Ur € Y(7) whose values over K are, respectively, fx and Tg. Using (58), (51), (56) (recall that
I'7 and I'7 are given in (40)), and the conservativity property Fr , = —Ff, for all 0 = K|L, the left hand
side of (72) can be written as

Z UK Z FK,O’

Z Fgo(ux —ur) + Z Uk F .o

KeT o€EK o=K|L 0EEK NEext
=lurl},r— >, o, —ux)ux+ Y, 74(uk)?
cEERNTT o€EKNTT
= N? (ET) - Z Tz';(ﬂa - ﬂK)HU, (73)
UGSKOFE)[

where
N (@) =[url}r+ Y, . —ux)’+ Y Th(ux)’.

ceNExNIT o€’y
Let us now express the second term on the RHS of (73) using (71) as

= D W —uk)is = Y (al0e)ios — a(0n)To- 4 )T

0€5KQFO’T 0€5KﬁFoT
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57(90)(57)2(1’) dy() —/ gz (z)vr (x) dy ()
o

+ Z Slhe —h)Us + Y ( ot — (o) ho 4 )iy
oeExNI'y GEEKQFT
g Bz (z)hr (2)o7 () dy(2), (74)

where g7 € Z¢(T), hr € Z(7T), Br € 2o(T), v7 € Z(T) whose values over o are, respectively, go, ho, Bs
and ,. It is useful to note that, since u, = h(y,) for all ¢ € I'Y, then o7 (x) = 0 for = € I';. Since T, = 0
for all o € I'7 and {Uy 1, Uy, } = {Uy+,Uy}, the first term in the RHS of (74) can be written as, see [10],
Page 19 (see also [23], Pages 768, 769 and [22], Pages 42, 43),

Z (o)t + — a(00)Up- 1)Uy = Z (o)t 4+ — a(00)Uy- 4 )TUo

oefgNly 0EEext
= Z la(oe)|(Uo,+ — To,— )Uo,+
0EEext
1 _ N2, 2 o
=3 2 laoo)l (s — ) + 72, — 72 )
0EEext

= 3tz + 5 [ ax(@Er) @) dr(a)
1 5 1 N2
STz 5 [ ou(@) ) ) do ). (75)

Using the facts that |h, —hg| < ClgdK,oHEH@@) and ) .o m(0)d, = 2m(Q) (see [25], equation (4.3), Page
1025) together with Lemma 6.5, the fourth term on the RHS of (74) can be estimated as

2

> (ke = hx)is| < Coollbllery | | D 7o @e =) |+ T2y

o€ERNTY oeExnrT

Gathering this estimate together with Lemmas 6.4 and 6.5 implies that

Y Tolhe = hi)us| < Cotllhller N (ur). (76)
UGEKmFg
Thanks to the facts that |a(ce)he + —a(op)he- 1| < Coz(a)m (O-)HEHCl(ﬁ) and dg ,» < diam(Q2) and using the

triangle and the Cauchy—Schwarz 1nequahtles together with the hypothesis (As) and Lemmas 6.4 and 6.5,
we get the following estimate on the fifth term on the RHS of (74):

Z (a(ge)hoﬁfa(ab)h +)“0 < Ox(a |hHC1(Q) Z o) o]

o€EKNTT oerd

N

< Coulow Qe | | Y0 @ —w)? | + 5@ 2

O'ESKmFOT

< Cos(a, &, Q)|hll¢r @y N (@r). (77)
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On the other hand, the second term on the RHS of (72) can be estimated using the following equivalent
expression, thanks to the property Gk, = —GL o, for all 0 = K|L:

Z Gk ol = Z Gro(Ux —uL) + Z Gk olK.

oc€lk o=K|L o E€EK NEoxt

Using this expression, the Cauchy-Schwarz inequality, Lemmas 6.4 and 6.5, and gathering this with the facts
that |Gk | < CogdoTy[|h]|cr(q) (recall that dy = dg o if 0 € Ex NEexi) and 3 ce, m(0)dk o = 2m(K)
imply that

Z Gk UK

c€lK

< Corllhller gy | [z limr + 7@ l2gy + | DY 75 (k)
ceExNI'Y

< Cas|lhlles N (@) (78)

Gathering now (72)—(75) implies that
Nr(ar) + [ Br@@n) @ dye) + o7l oo + 5 [ @ Er) (@) dita)
Ty r

= /Q fr(2)ur (o) de+ /F gr(@vr(2)dy(@) — > Groix— Y 75(ho — hi)ls

oc€EK c€EKNTT

— Z (a(o’e)hm_;,_ - a(o'b).hgfﬁ)ﬂ(, — g Br(x)hr (x)v7 () dvy(z). (79)

O'G(‘:KI'TFOT

Using Lemma 6.5 and gathering (79) with (76)—(78) give

(o) aer) + [ Br(@ @) dr(@) + 57z + | @ (@) ()
S CQQ(K,, OL,Q)S, (80)
where
s~ [ ri@r(@dz+ [ (or = Brio)@ir(@ @) + el @by 6D

It is useful to note that, since u, = 0 for all o € FlT,

|(E’Ta§’f)|i2((7) = WTE,T + Z 7o (Ug _EK)2 + Z Toﬂ%{-
o€ExNTE oeExnl'y?

Using the notation 0 > C, = mingg ot and assumption (Aj3), equation (80) implies that
2 2 _ 2
|(UT,1’T)‘1,X(T) + (Bo + Ca)H'UT”LZ(rO) + |'UT|a,z(T) < Coo(k, a, )S.

As before, the previous inequality with the hypothesis C, > —% imply that

|(HT7ET)|?,X(T) + ||ETH%2(F0) + |ET|Z,Z(T) < 030("{750’ Q, Q)S (82)

Using the Cauchy—Schwarz inequality and applying, respectively, Lemmas 6.3 (with I = T'y) and 6.4 yield

< NFrllz o)zl 2o

/ fr(x)ur(x) de
Q
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< Cor (@) lazqo (o7 s 7+ 15 @)l ey )
< Co2 (D) fllpz2o) @7, 07) |1 2 (1) (83)

In addition to this, using the Cauchy—Schwarz inequality, the inequality (a + b)? < 2a? + 2b?, the fact that
me) — g, < diam(Q2) and Lemma 6.4 yield

To

/F (97 — Brhr)(@)or(2) dy(2)

< gz = BrhrllL2@wg 07l 2 (1)

1/2
< Coa(@llg = Bhll oy | Do 7olTo = W) + 5@ 2 r,)
ceExNIY
< 034(9)(H9HL2(1‘0) + Hﬁ“Lw(FO)HEHcl@))|(ET75T)|1,X(T)‘ (84)
Gathering now this inequality with (83) and (81) implies that
151 < Cas () (112 + l9lz2re) + (181 2y + 1) 1Bller ey ) 1@ ) e
This with (82) imply that
2 2 2 %
(1@r, 5008 ez + 157132 ) + 1772 207))
< Caslar, 5,2 60) (I 1220 + 19l 2oy + (181l + 1) 1Bl sy )- (85)

Using now the triangle inequality, the definition (60) of |(-,-)

1,x(7), the fact that ux = ux + hx and
u, = Uy + h(y,) and also since |hxg — hr|, |he — hx|, and |h(y,+) — h(y,)| are, respectively, bounded
above by, up to multiplicative constants which are independent of the parameters of the discretization,
dgizlhller @y drcollPller @y and m(o)|[hllcr g, estimate (85) yields the desired estimate (59).

(ii) Proof of the existence and uniqueness. The finite volume scheme of Definition 6.1 leads to a linear
system of equations whose matrix is square since the number of unknowns is M = M; + Ms, where M;
is the number of elements of 7 and M is the number of elements of o € €y such that ¢ C Ty (under
Assumption 5.2). The number of equations is also M. Therefore, the existence of a solution of such scheme
is equivalent to its uniqueness. Such uniqueness can be deduced from the estimate (59) by assuming that
(f,h,g) = (0,0,0). This with estimate (59) imply that |(uz,v7)[1,x(¢7) = 0. On the other hand, the fact
that h = 0 implies that u, = 0 for all o € T'7. From this and the fact that |(u7z, vr)|1,x(7) = 0, we deduce
(ur,vr) = (0,0). This completes the proof of Theorem 6.2.

O

Remark 6.6 (Formulation of a scheme when h is not “smooth” and its well-posedness). The formulation
of the finite volume scheme of Definition 6.1 requires the regularity assumption h € C'(952) and to get the
stability result (59), we have assumed the existence of h € C*(Q) such that §(h) = h. However, these regularity
assumptions can be weakened, respectively, to h € L?(0)) to define a suitable finite volume scheme and to
h € H'Y/2(09) to get a stability result similar to (59). When h € L?(99), there is another possibility to define a
finite volume scheme (instead of that given in Definition 6.1) in which A(y,) involved in Definition 6.1 can be
replaced by the mean value on the edge o, see Remark 9.5, Page 42 of [22], that is,

1
(o) /,, h(z) dy(z).
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In order to get a discrete stability similar to the one of (59), it suffices only to assume that h € HY?(09).
Consequently, there exists a function h € H'(Q) such that 4(h) = h. Using Lemma 9.4, Page 49 of [22], we are
able to prove the following discrete well-posedness result, under some hypotheses on the mesh 7:

N

(1ur,v) ey + oz laqry) + 1072 207
< C37(Q7K,Q,ﬁo)(||f“m(m +ll9llz2ro) + (181l 2o (ro) + 1>HEHH1(Q)>'

6.3. Convergence rate of scheme (52)—(54)
In this subsection, we prove the following convergence result.

Theorem 6.7 (Convergence rate of scheme (52)-(54)). In addition to the hypotheses of Theorem 6.2, assume
that the weak solution w of (30), (31) and h are smooth, namely, w, h € C*(Q) (and consequently u = w + h €
C%(Q)), and that k € C1(Q). We define the errors:

ex =u(zx) —ug, VK €T, e, =u(y,) — U, VUGFOT, and e, =0, VUGFlT,

and assume that the size(7T) is small, namely, size(T) < 1. Then, the following error error estimate holds:

((er, )|y () TIIETllp2ry) + €74, 2(7) < Css/size(T), (86)

where (er,er) € X(T) (see Definition 5.5) whose values over (K,o) are (ex,es).

The order +/size(T) is the same as the one obtained in [10] (using the mesh of Definition 5.1) and [9]
(for general meshes) for a finite volume scheme approzimating the Poisson’s equation with oblique boundary
conditions on the whole boundary.

Proof. Let us define the following auxiliary errors:

Rico i {T;(U(mL) —u(zg)) — fo k(z)Vu(z) - ng () dy(z), Vo= KI|L, s7)
7 Th(u(y,) —u(zk)) — fa k(x)Vu(z) - ng () dy(z), Vo € Ex N Eext-
It is shown in [22], Page 81 that
|RK o] < Csgm(o)size(T). (88)

Since the value of the exact solution u over the boundary I'y is h when the problem considered is (6)—(8), then
the errors R, in this case are expressed as follows:

7E(u(zr) — u(zk)) — fo k(@)Vu(z) - ng . (z)dy(z), VYo=K|L,
Rk =1 75(h(y,) —u(zk)) — fa k(x)Vu(z) - ng . (z)dy(z), VoeExNTly, (89)
5 (u(y,) — u(zk)) — [ 6(x)Vu(z) - ng () dy(z), YoexNTo.

Using the notations of Definition 5.4, we define the error
re = afoe)u(oe) — a(ae)u(y[,’Jr).
Using a Taylor expansion, the following estimate holds:
Ire| < Caola(oe)m(o). (90)

Both estimates (88) and (90) hold under the assumption that u € C%(Q). Using (41) and (89) yields that, for
all K € T,

= Y ) —ulek) = Y h(u(y,) —ulex) = m(K) fx = Y Rio (91)

oc=K|L c€EKNEext oc&
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Using (7), (89) (third branch) and rule (39) imply that, for all ¢ € Ex NTF,

— 7o (u(y,) — u(zk)) = aloe)u(oe) — alop)u(os) + /U B(x)u(z) dy(z) — m(0)go — Rk .o
= a(oe)u(yy 1) — alon)u(yo- 1) +m(0)Bouly,) —m(0)gs — Rico
+ 76 = To— + 1o, (92)
where I, = [ B(x)u(x) dy(x) — m(0)Bsu(y,). Using a Taylor expansion, we obtain
llo] < Cyym(o)size(T). (93)
Subtracting (52) and (53) from (91) and (92), respectively, yield that for all K € T,

- Z Th(er —ex) — Z T e, —er) = — Z Rk » (94)
oc=K|L 0 €EK NEext o€l
and, for all o € £x such that o C Iy,
—Th(eq —ex) = a(oe)eq 4+ — al(op)e,— + +m(0)Bses — Rio + 76 — To— + o (95)
Multiplying both sides of (94) by ex and summing the result over K € 7, we obtain
ek Y Rro=lerBor+ D mea—ex)+ Y. rhk— Y 1heo —ex)es.
KeT  o€ég oe&xnl'T o€k ceExNT'T

This together with (95) imply

- Z ex Z Rg.o =lerl? .z + Z T5(es —ex)’ + Z ek

KeT o€l GGSKOFOT GGSKQF?
+ 3 (a(0)eos — alo)es 4)eo + | Br(@)(er)(@) dy(a)
061"(7; To
- Z Rk o€ + Z (ro —75-)es + Z ly€qs.
oeExNTT o€EKNTT oce€xNl'

This together with the same reasoning used to obtain (82) imply that

_ 2 _ 2 _ 2
[(er, 81) [} (1) T el L2ry) + €76, 2(7) < Caz(ITa] + [T2| + |Ts)), (96)
where
T, =— Z eK Z Ry o+ Z Ry €5, Ty = — Z (ro —re-)es, and Ty = — Z loey.
KeT o€k oe€ExNTT oery oer?

Let us now estimate each term in the RHS of (96).

(i) Estimate of the first term in the RHS of (96). Re-ordering the sum and using the conservativity
property Ry, = —Rp , for all 0 = K|L € &y, yield

le Z RK,U(eL_eK)"‘ Z RK,o(eo_eK)_ Z RK,06K~

o=K|L o€EKNTT o€EKNTT

Using this expression together with (88), the fact ) .. m(0)d, = 2m(Q2) and the Cauchy-Schwarz inequal-
ity imply that

IT1| < Cuagsize(T)|(er,e1)|1,x(7)- (97)
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(ii) Estimate of the second term in the RHS of (96). Re-ordering the sum and using the Cauchy—Schwarz
inequality together with estimate (90) and the fact that m(c) < size(7) imply that

Tol = | > roleor —eo)
0E€Eext
< C4ovsize(7)\/04||cm)< > m(0)> ( > fafoe)l(eq+ —eo)2>
0E€Eext 0EEext

< Cuv/size(T),/llallem Ty, z(r) < Casvsize(T)[er|, z(1)- (98)

(iii) Estimate of the third term in the RHS of (96). Using the Cauchy—Schwarz inequality together with
estimate (93) and the reasoning used to obtain (84) yield

|T3| < Cyesize(T)||er||2ry) < Carsize(T)|(eT,e1)|1,x(1)- (99)

Using (96)—(99) and that size(7) < 1, we deduce the desired estimate (86). This completes the proof of
Theorem 6.7.

O

7. FORMULATION OF A FINITE VOLUME SCHEME FOR THE PROBLEM (6) AND (7) WITH
NEUMANN BOUNDARY CONDITION (9) AND ITS CONVERGENCE ANALYSIS

As in Section 6, let us first describe the principles of the finite volume scheme we want to present in order to
approximate the problem given by equations (6), (7) and (9). Let (ux)xer and (uy)oce.,, denote the discrete
unknowns. These unknowns are expected to approximate the exact solution u in the control volumes K € T
and on the edges 0 € Eext- We look now for equations satisfied by these discrete unknowns using a convenient
approximation for (41) and the boundary conditions (7) and (9). To this end, we consider the following cases:

(I) 0 € €k N &Eing with 0 = K|L. In this case, — [ x(x)Vu(x) - ng o dy(x) can be approximated using the

same two-points formula (43) and (44).
(I) 0 € €k and o C I'y. In this case, — [ k(x)Vu(x) - ng , dy(z) can be approximated using the Neumann
boundary condition (9) on I'y (see [22], equation (10.7), Page 64 and [22], equation (11.8), Page 83), as

Fico = —7%(uy — ux) = —m(o)gs = — / o(x) dy(a).

(IlT) o € €k and o C Tg. In this case, — [ x(x)Vu(x) -ng , dy(x) can be expressed, using the oblique boundary
condition (7), as in (47)—(49).

7.1. Definition of the scheme for the Neumann boundary condition (9) on I'y

To summarize our finite volume scheme stated above, we introduce the following definition.
Definition 7.1 (Definition of a finite volume scheme for (6), (7) and (9)). Let 72 be defined in (44) and (46).
Define the discrete fluxes

(100)

s

po TR —uk), Vo =KIL,
e = 77—;(7’&0 - uK)a Yo € 5]{ ﬁfcxt.

Let (ux)ker and (U )see,,, denote the set of discrete unknowns. As a finite volume scheme, we suggest the
scheme given by (52), with

FKU:

)

{ —m(0)qe, Vo € Ex witho C Ty (101)

a(oe)tg+ — a(op)tg- + +m(0)fBsus —m(0)g,, Vo€ Ex witho CTy.
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7.2. Well-posedness of the discrete problem

Let us extend the definition of u, by (55) such that the discrete fluxes (100) can be written in a unified
form as (57). One of the properties we use to analyse the finite volume schemes is conservativity (which can be
checked from (100)), that is,

Fxo=-FL,, Yo=K]|L. (102)
The results of this subsection are summarized in the following theorem.

Theorem 7.2 (Well-posedness of scheme of Definition 7.1). Assume that the hypotheses of Theorem 4.4 , which
states the well-posedness of the weak solution of problem (6), (7) with the Neumann boundary condition (9),
are satisfied. Let T be an admissible mesh in the sense of Definition 5.1 satisfying Assumption 5.2. Then, there
exists a unique solution (ux)ker and (ug)sce.,, to the finite volume scheme of Definition 7.1. Corresponding
to this unique solution, let Y(T) > ur be defined such that its constant value over any K € T is ug. Also, let
Z(T) > vy be defined such that its constant value over any o € Euxt 1S uy. Then, the above discrete solution
satisfies the following stability estimate:

1

2

2
lurlly r+ ( > Tolue —uk) ) +1orly 20y < Cas(1fle20) + gl z2my) + llallzeery)),  (103)

0E€EK NEext
where || - ||1,7 (resp. | - |a,z(1)) is the discrete norm (resp. semi-norm) defined in (63) (resp. (62)).
Proof. We prove Theorem 7.2 item by item.

(i) Proof of the discrete stability (103). To get the discrete well-posedness, we multiply both sides of (52)
by ug and sum over K € 7 to get

S ue S Fr, = / fr(@ur (@) da, (104)
KeT o€k Q2

where fr, ur € Y(7) whose values over K are, respectively, fx and ug. Using the conservativity property
(102), and equations (100) and (101) (recall that T3 and I'7 are given in (40)), the LHS of (104) can be

written as
Z UK Z Fro = Z Fgo(ug —ur) + Z ug F o
KeT oc€EK o=K|L 0E€EK NEext
= |UT|%,/<,T + Z Ty (Uo — UK)2 - Z Ty (Us — UK )Uo
0E€EK NEext 0E€EK NEext
=lurlfler+ Y, 5 —uk)®
0E€EK NEext
- / qr(z)vr () dy(x) — Z TH(Ug — UK ) U, (105)
Iy oEEKﬁFg-

where g7, vy are constant over each o € I'7 whose values over o are ¢, and u,, respectively, and | - |fﬁ77—
is given by (69) in Lemma 6.5. We show that the fourth term on RHS of (105) is positive up to an additive
quantity expressed in terms of the function g. Indeed, using the discrete boundary condition (101) on T,
equation (74) holds with h = 0, Ty = ur, and U7 = vy, where g7, 37 and vy are constant over each o € I‘OT
whose values over ¢ are, respectively, g,, 5, and u,. Since & = 0 over I'y, the first term on the RHS of (74)
can be written as (see [10], Page 19, [23], Pages 768, 769 and [22], Pages 42, 43),

Z ((oe)to 4 — (0b)Uug— 4 )uo = Z ((oe)tot — a(0b)tug— 4 )tg

ocExNly oE€Eoxt
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- Z |a(0€)|(ua,+_uo_’7)um+

0E€Eext

1
=5 2 o) (o — ) + 0 — 2 )

0EEext

1 1
= 5lorl s+ 5 | o) dila)
o0

1 1
= 3lorl o + 5 [ csl@id@ drta) (106)

where, since a(o.) = 0 for all 0 € I'7 and {uy 4, Uy~ } = {Ugt, Us },

orl2 2y = D a0ty —ue-)? =D |a(o)|(to s — t,-)?

0EEext JEFg

=Y looe)(ug+ — uq)?. (107)

ang

Note that equation (106) has the same form of equation (75). Equation (106) together with (74) (with, as
stated before, (h,ur,v7) = (0,ur,v7)), (104), and (105) imply that

/Q fr(@ur(z) dz + / or(@r(e) di(e) + / gr(@or (@) dy(@) = [url? ..z

Iy

o 1
+ Y e —uk)’+ | Br(z)vi(z)dy(z) + §|U7|i,3(7)
T

o€EKNEext 0

+ % /F (i () ).

Using this equation, the assumption (Aj3), applying Lemma 6.5 and using the notation 0 > C, = mingg o4,
we obtain

it Y. Tolue —uk)’ + (Bo + Ca)llvr 2wy + Ivrl2 21
oc€EK NEext

< Cyo </Q fr(@)ur (@) dm+/F0 97 (z)v7 (@) dy(2) +/

Iy

lur

ir@ur@d@). (03
As before, if C, > —fp/2 then (108) implies that

lurlir + Y Tolue —uk)® +llvrliamy) + 072 201
0€EK NEext

< Cyo (/ fr(@)ur(x) d:v+/ g7 (z)vr () dy () —|—/ qr (x)vr () d’y(:c))
Q Ty I
< Cs1(1fllz2 @) + Ngllzzey + lallzo ) (luzllzz ) + vzl L2 o0))- (109)
On the other hand, using that d, (defined in the notations following Definition 5.1) satisfies d, < diam((2),
it yields

1 _
§HUT||2L2(QQ) < Z m(0)(uy — ug)® + [[7(ur)||72(90)
0EEext
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< C52< Z To (e —ug)? + ||’Y(UT)||2L2(8Q)>'

0E€Eext

Gathering this with Lemma 6.3 gives the following estimate on the second term on the RHS of (109):

lur 2@ + lvrlZ200) < llurliz@) + 2052< > Tolug —uk)® + ||7(UT)||2L?(BQ)>
0EEext

< C53< > Tolus —uk)® + ||UT||§T>
0EEext

m()

Further, using that 7, > Tram(a)» We get

Yo Tolus —ur) Fllor|famy = Csa| D m(o)(us —ur)®+ Y m(o)(u)?

0€ERKNEext oerd oeT?

Csa,_
() 132 ey (110)

> 222
-2

The LHS of (109) is bounded below by

1
lurlt s + 5 ( Y melus—ug)?+ Y (s —ur)’ + ||vT|2L2(po)> +vrl3 2

cE€EKNEext o €EK NEext

Gathering this with (110) and Lemma 6.3 give the following lower bound for the LHS of (109):

lurli 7 + Z 7o (Ue — uk)® + ||’UT||2L2(ro) + |UT|Z,Z(T)
0€EK NEext

1 _
2 |UT‘%7T + ) Z To(Uo — UK)2 + 055”7(“7)”%2&()) + |UT|272(7’)

c€EKNEext
> Csgll| (uz, vr)|l1?, (111)
where
Nz, o)I? = llurlir+ D 7olue —ux)® + |orl2 21

0E€Eext

< Csr(1fleze) + lglln2 o) + llal 2ol (wr, v)]|-
This estimate together with the inequality (a + b+ ¢)? < 3(a? + b? + ¢?) imply the desired estimate (103).

(ii) Proof of the existence and uniqueness of the solution. The finite volume scheme of Definition 7.1
leads to a linear system of equations whose matrix is square since the number of unknowns is M = M; + Mo,
where M is the number of elements of 7 and M5 is the number of elements of 0 € &y under Assumption 5.2.
The number of equations is also M. Therefore, the existence of the solution for such scheme is equivalent to
its uniqueness. Such uniqueness can be deduced from the estimate (103) by assuming that (f, g,q) = (0,0, 0)
and using the fact that luz |17 + (X, cepne.., To(to — uK)Q)l/2 is a norm on X(7) = Y(7) x Z2(T) C
L3(Q) x L*(09), which yields uz = 0 and vy = 0. This completes the proof of Theorem 7.2.

O
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7.3. Convergence rate of the scheme for the Neumann boundary condition (9) on I'y

The results of this subsection are summarized in the following new theorem.

Theorem 7.3 (Convergence rate of scheme of Definition 7.1). In addition to the hypotheses of Theorem 7.2,
assume that the weak solution stated in Theorem 4.4 for problem (6), (7) and (9) is “smooth”, namely u € C*(Q),
and that k € CY(Q). For an admissible mesh T in the sense of Definition 5.1 satisfying Assumption 5.2, let us
define the errors:

ex =u(zx) —ug, VK €T and e, =u(y,) — ty, Vo € Eoxt,

where (er,er) denotes the element of X (T ) whose values over (K, o) are (ex,e,). Assume also that the size(T)
is small, namely, size(T) < 1. Then the following error estimate holds:

1/2
ler[l1,7 + ( Z To(€o — 6K)2> + |67 la,z(1) < Css/size(T), (112)
TEERNE et
where || - ||1,7 is the discrete norm given by (63).
Proof. From (87) (second branch) and (9), we deduce that
Rio =75 (u(y,) — u(zx)) —m(0)gs, Vo€ ExNIT. (113)

Using (41) and (87) yield that for all K € T,

= D hlulen) —ulex) = Y h(uly,) - u(zx))

oc=K|L c€EKNTT
- > TH(uly,) —ulex)) =m(K)fxk — Y Rio- (114)
ceExNI'? o€fK

Using (7), (87) (second branch) and the rule (39) imply that equation (92) holds for all o € £x NT'Z . Subtracting
(52) (see the definition of scheme given in Definition 7.1) and (101) (second branch) from (114) and (92),
respectively, yields, that for all K € 7,

— Z TN(ep —ex) — Z TH(es —ex) — Z Th(ey —ex) = — Z Rk o (115)

o=K|L ceExNl' ceEx MY o€EK

and, for all o € Ex NT'T equation (95) holds. Multiplying both sides of (115) by ef, summing the result over
K € 7, and using the reasoning of (105) yield

=D ex Y Bro=lerlir+ > (e —ex)’

KeT 0cEEK 0€ERKNEext

— Y, mleo—ex)es— Y Th(eo —ex)e, (116)

c€ERNTT o€k

where | - |1,4,7 is the semi-norm given in Lemma 6.5. From (100) (second branch) and (101) (first branch), we
deduce that
—7%(uy — ug) = —m(0)qy, VYo eExNIT,

Subtracting this from (113) yields

~78(es —ex) = —Ri,y, VYo €ExNIT.
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Gathering this with (116) yields

- Z ex Z Rk.o + Z Rk o€ = |6T|im7’ + Z ey —ex)? — Z TH(ey — €K )es-

KeT ocfK JEEKOFIT c€EKNEext JEEKOFZ;

Re-ordering the sum of the left hand side of the previous expression and using the property R , = —Rp , for
all 0 = K|L € &y yield

- Z €K Z RK,O‘ + Z RK,er’

KeT o€EK oceExNT?

= Z Rk (e —ex) + Z Ry (e —ex) — Z Rk seo.

o=K|L 0E€EKNEext UESKﬂFg—

Gathering the previous two expressions with (95) (which still holds for all ¢ € Ex NT'Z, as stated above) imply
that

lerffer+ D T(es —ex)’+ Y (al0)eos —alor)es- 4 )es + g pr(2)(er)* (@) dy(z)

0€EK NEext oerd

+ Z (Tg—ro—)eg+ Z loeJ: Z RK,J(eL_eK)+ Z RK,U(GJ_GK)'

UEFg— UEFOT o=K|L 0 €EK NEext

This with the reasoning followed between (106)—(109) imply that

i+ Z To(es —er)? + [er| 22y + ler 2 21
c€EKNEext

ler

< Cs9 Z Rk o(er —ex)+ Z Ry o(ec — €x) — Z (ro —Tg-)es — Z loes . (117)

o=K|L 0 €ERNEext cery cery

Let us estimate each term on the RHS of (117):

(i) Estimate of the first and second terms on the RHS of (117). Using the Cauchy—Schwarz inequality
together with (88) and ) .. m(o)d, = 2m(Q) (see [22], Page 62 or [25], equation (4.3), Page 1025),

Z Ry (e —ex)+ Z Ry (e — €K)

o=K|L o E€EKNEext

< Cgosize(T) | ler |7 + ( Z To(€g — eK)2> . (118)

0E€EKNEext

(ii) Estimate of the third term on the RHS of (117). Re-ordering the sum and using the Cauchy—Schwarz
inequality together with estimate (90) and the fact that m(o) < size(7) imply that (recall that |- |, z(7)
is the semi-norm on Z(7) given by (62) and also (107)) we obtain (98).

(iii) Estimate of the fourth term on the RHS of (117). Using the Cauchy-Schwarz inequality together
with estimate (93) yield (see also (99))

D loeq| < Cusize(T) > m(o)|es| < Cazr/m(To)size(T)|[Er | L2 (ry)- (119)

cery oery
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Using (117) along with (98), (118) and (119), and that size(7) < 1, we obtain

2 =2 _ 2
ler|r + Z To(eo — ex)” +[erllizry) + [€7lo, z(m)
c€EKNEext
1/2
. 2 — —
< Co1/size(T) | ler|, 1 + < Z 7. (es — €x) ) ezl zem + I1E7ll L2(ry)
0EEK NEext

This estimate together with the inequality (a + b+ ¢+ d)? < 4(a® + b* + ¢ + d?) imply that

1/2
|€T|1,T + ( Z Ta(eg — eK)2> + HETHLZ(FO) + |€T|Q’Z(T) < 4Ceg \/size(T).

c€EKNEext

This with the inequality (111) (by choosing (ur,vr) = (er,er)) yield the desired estimate (112). This
completes the proof of Theorem 7.3.

O

The problems (6)—(8) and (6), (7), (9) investigated both theoretically and numerically so far have been direct
and well-posed problems. In the next section, we formulate and investigate inverse and ill-posed problems arising
in boundary corrosion in which the coefficients 5 and/or « in (7) are unknown along with the main dependent
variable w.

8. AN APPLICATION TO CORROSION

Although material losses resulting from the deterioration of a metal leads to an unknown perturbation of
the corroded boundary [37], the linearization of the Butler-Volmer nonlinear boundary condition [47] leads to a
simpler problem [31,32] concerned with the determination of the corrosion coefficient 3 in the Robin boundary
condition

k(@)un(z) + B(x)u(xr) =0, =zl (120)

while assuming that the corroded boundary I'y is known. Related inverse corrosion problems in which T’y is
unknown but (3 is known, or when both I’y and 8 are unknown can be found e.g. in [11,12,33] and [1,4,44,46],
respectively.
In order to compensate for the missing information, the potential u is measured on some non-empty open
subset K of I'y as
ul, = h (121)

The inverse Robin problem concerned with the identification of the impedance corrosion coefficient 3 in some
admissible set

B:={3eC(Ty)|0#p >0}, (122)
along with the potential u € H'(Q) satifying the Laplace’s equation
Au=0 1inQ, (123)

the Robin boundary condition
un(x) + f(x)u(x) =0, xzeTy, (124)
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the Neumann boundary condition (9) with 0 # ¢ € L?(T';) and the measured boundary potential (voltage)
(121) with h € L?(K), was investigated in [15] where the uniqueness and Lipschitz stability of solution were
established. In this section, we extend the previous investigations by considering the conductivity equation

-V (k(®)Vu) =0 ze, (125)

in an inhomogeneous material Q with space-dependent conductivity x satisfying assumption (As), instead of
the homogeneous Laplace’s equation (123), subject to the generalized boundary condition

K(@)un(z) + (au)i(x) + B(z)u(x) =0, =z Ty, (126)

instead of the Robin boundary condition (124) (or (120)). Moreover, we investigate the case when the coefficient
a satisfying assumption (A4) (or (A)) may also be unknown.

Theorem 8.1 (Identification of 3 when « is known). Let 0 # q € L?(I'1), h € L?>(K), k satisfying assumption
(A3) and a € C1(Q) be known. Then the inverse problem (9), (121), (125) and (126) has at most one solution
(B,u) € B x H(Q).

Proof. Following [15], let (B;,u;) € B x H'(2) for i = 1,2 be two solutions of the inverse problem (9), (121),
(125) and (126). Then the difference w = uy — uq satisfies the Cauchy problem

-V (kVw) =0, inQ,
w‘K:07 wn‘Kzo.

Then from the Holmgren’s unique continuation theorem, we obtain that w = 0 in 2. This implies that u; = us
in Q and therefore:

K(u1), + (our), + Biur = 0= k(u1),, + (ou1), + B2ur onT. (127)

Thus, (81 — B2)u; = 0 on T'y. If we assume, by contradiction, that there exists a point in 'y where 3 and 5,
are not equal, then from the continuity of §; € B for ¢ = 1,2, it follows that there exists a neigbhourhood V' of
that point, which is strictly included in I'g, where (3; is distinct of G2 and hence, it follows that u; = 0 on V
and from (127) also that (u1), = 0 on V. This means that u; € H'(Q) satisfies the Cauchy problem

V. (/@Vul) =0, in Q,
ul‘vzo, (ul)n|V:0'

From Holmgren’s unique continuation theorem we obtain that w; = 0 in €2, which is in contradiction with the
fact that k(u1)n = ¢ # 0 on I'y. Hence, 51 and B2 must coincide on I'g and this concludes the proof of the
theorem. 0

According to the assumption (A4)’, let us now define
Ai={aec' (@)sal,, =0},

Theorem 8.2 (Identification of o when 3 is known). Let 0 # q € L*(T'1), k satisfying assumption (Az) and
B € B be known. For ay, ag € A, let uy, ug € HY(Q) be the corresponding solutions of the direct problem (9),
(125) and (126). Suppose that u1|K = uQ{K. Then, uy = ugz in Q and oy = oz on Ty (and hence on 092).

Proof. As before in the proof of Theorem 8.1, we first obtain that u; = us in £ and that

K(ur), + (oqur) + fur = 0 = k(uy), + (aour )y + fur =0 onTy. (128)
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Thus, ((a; — az)uy)y = 0 on I'y. Let us denote Z := (a; — az)uy in Q, which satisfies that oy, as € A,
up € HY(Q) and Zy = 0 on Q. Then, according to the definition (5) of the tangential derivative we have
Jo(Zevy — Zyv,) dQ = 0 for all v € H'(Q). On sampling with the conjugates of harmonic functions. i.e. w, = v,
and wy = —v,, we obtain that 0 = fQ VZ - -VwdQ = faﬂ Zwy dy for any harmonic function w in ). Since
) C R? is simply-connected we can conformally map it to the unit circle and on choosing the trial harmonics
w(r,0) = 7% cos(k@) and r* sin(k@) for k € N, we obtain, via Fourier analysis, that Z|(‘m = constant. Since
a1 = ap = 0 on I'; it follows that Z‘BQ = 0. Thus, (a1 — az)u; = 0 on I'y. Proceeding as before in the proof
of Theorem 8.1, we readily obtain that a; = as on I'g (and hence on 992). Remark that we only obtain that
a1 = ag on I'y (and hence on 0f2), but not inside the domain §2. O

Theorem 8.3 (Simultaneous identification of both o and ). Let k satisfying assumption (Az) be known. Let
0#qe L*T1),0# Q€ L*T,), h € L*(K) and H € L*(K) be given boundary data. We further assume that
q and Q are linearly independent. Fori = 1,2, let o; € A, 3; € B and let u;, U; € HY(Q) be the corresponding
solutions of the direct problems

-V (kVu;) = in Q,
k() (i), () + (aiuz‘)t(m) + Bi(®)ui(x) =0, =z€ Ty, (129)
K(ul)n =4q, on Fl,
u; =h on K
and
-V - (kVU;) =0 in Q,
()T, (&) + (@00 @) + (@)Ui() =0, 2 € To, .
( ) = Q on Fl,
U, =H on K.
Then, uy = us, Uy = Us in Q, B1 = B2 on Ty and a; = as on Ty (and hence on 052).
Proof. As before, by Holmgren’s unique continuation we obtain that u; = us and U; = Us in Q and
{ ((a1 —ag)ur)y + (Br — B2)ur =0 onTy, (131)
((Ozl —OzQ)Ul)t—F(ﬂl —52)(]1 =0 only.
Multiplying in (131) the first equation by U; and the second equation by u; and subtracting, we obtain
(O[l - ag)((ul)tUl - (Ul)tul) =0 on F(). (132)

Given that ¢ and @ are non-trivial linearly independent functions on I'; we can infer that the traces u|Fo and
U | r, Will also be linearly independent [13]. Indeed, if that is not the case equation (126) implies that nun‘rg
and HUn|F0 would also be linearly dependent and, from Holmgren’s unique continuation, it would follow that u
and U would be linearly dependent in 2. Then, there would exist (c1,co) € R?\(0,0) such that ciu + coU =0
in Q. Again, by the unique continuation property, it follows that ¢;q + ¢2@ = 0 on I'y, which contradicts the
assumption that ¢ and @ are linearly independent [1]. Therefore, we have proved that u‘ro and U |Fo are linearly
independent, which means that their Wronskian W (u,U) := uyU — Uyu does not vanish on open subsets of Ty.
From equation (132) and continuity of «; for ¢ = 1,2, this implies that a1 = a2 on T'y. The remaining statement
that 81 = B2 on I'y follows from one of the equations in (131) along with the arguments used in the proof of
Theorem 8.1. ([l

Remark 8.4. Theorems 8.1-8.3 also holds when we consider the Dirichlet data (8) on I'; and the measured
flux

K|, = q € L*(K), (133)
on K C TI'y, instead of the Neumann data (9) on I'; and the measured potential (121) on K.
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Remark 8.5. Identifying the boundary I'y along with the corrosion coefficients § and « may also be possible
using the techniques of [1,14], but this investigation is deferred to future work.

Various objective functionals to be minimized have been proposed for the reconstruction of the Robin coef-
ficient § in the inverse problem (121)—(124) and (9). For example, the Tikhonov regularization functional

J1(8) = [[u(B) = Al L2 k) + MBIZ(ry) (134)

where A > 0 is the regularization parameter, has been minimized in [34] using the conjugate gradient method
(CGM). For ill-posed problems, the functional (134) may not stabilize the solution if A > 0 is chosen too small
while for nonlinear problems it may not be strictly convex and hence the numerical solution will depend on the
initial guess. In order to overcome this non-robustness with respect to the initial guess, domain objective func-
tionals (named after R. Kohn and M. Vogelius) have been proposed for solving (121)-(124) and (9), assuming,
for simplicity, that K =T, e.g.:

To(B) = [[u” (B) — ™ (B)l[72(0) + MBIZ2ry)s (135)
or
2
T3(8) = [[u” (8) = uN (B8)|[ 51 ) + MBI T2(ry): (136)
see [49], or
2
Ti(8) = VP () = TV (B) oy + [ 8”3~ ¥ (B (137)
see [15-17], where uP(3), uP(3) € H'(£2) are the unique solutions of the direct well-posed problems
—AuP =0 in €,
uP =h on Ty, (138)
Onu? + Bu” =0 onTy,
and
—AulN =0 in Q,
OnuN =¢q on Ty, (139)

OauN +BuN =0 onTy.
As for the set of admissible functions 3, one can choose
By = {5 S LOO(F());O < fo < ﬂ(m) < <ooae xTe Fo},

see [49], such that the assumption (As) is satisfied. Compared to the set B, the assumption § > 0 imposed in
the set By is quite natural in atmospheric corrosion [32, 36].

For our inverse problem given by equations (6)—(9) for reconstructing the potential u along with the boundary
coefficients 3 and/or «, similar functionals to J;—J4 can be defined, where u?, v’ € H(Q) are the unique
solutions of the direct well-posed problems

-V (KVUD) =0 in €,

uP =h onTy, (140)
KOpu® + puP + (au?), =0 on Ty,
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and

-V (KVUN) =0 in €,
KkOpquN = ¢ onTI, (141)
kOpu™ + BulN + (au™), =0 onT.

Finally, remark that the problems (140) and (141) are exactly the direct and well-posed problems analysed and
solved using the finite volume method in the previous sections.

9. CONCLUSION AND A PERSPECTIVE

The elliptic diffusion equation with space-dependent conductivity and a generalized oblique boundary condi-
tion on a part of the boundary and Dirichlet or Neumann boundary conditions on the remaining part has been
considered. The well-posedness of the continuous problems has been established along with new finite volume
schemes. The discrete stability and the convergence of these schemes have been shown. The convergence order of
these schemes is the same as the one obtained in our previous works [5,10] which dealt with Poisson’s equation
with an oblique boundary condition on the whole boundary of the domain. We have also addressed an appli-
cation to the inverse corrosion problem concerning the reconstruction of coefficients present in the generalized
oblique boundary condition that is prescribed over a portion I'g of the boundary 992 from Cauchy data on the
complementary portion I'y = 0Q\T'y.

The results obtained in the present paper can be extended, in principle, to the general non-conforming
meshes SUSHI of [25] in the following sense: (i) in the case of constant conductivity x, we can obtain the same
discrete well-posedness and error estimates (thanks to [25], Thm. 4.8, Page 1033); (ii) in the case of non-constant
conductivity x(z), we can obtain the discrete well-posedness and convergence (without rate of convergence) as
in Remark 4, Pages 2547, 2548 of [9]. However, this needs a separate study in which the functional tools of [18]
may need to be employed. We will address this extension to SUSHI and also to the general framework of the
Gradient Discretization Method (GDM), [18,20], for elliptic and parabolic equations in the future. Finally, as
a perspective of this work, we plan to extend the results and applications of this paper to parabolic equations.
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