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—— Abstract

We consider the problem of spread of information among mobile agents on the torus. The agents
are initially distributed as a Poisson point process on the torus, and move as independent simple
random walks. Two agents can share information whenever they are at the same vertex of the
torus. We study the so-called flooding time: the amount of time it takes for information to be
known by all agents. We establish a tight upper bound on the flooding time, and introduce a
technique which we believe can be applicable to analyze other processes involving mobile agents.
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1 Introduction

We consider the problem of spread of information between mobile agents on a d-dimensional
torus of side-length n. We will denote by N = n? the number of vertices on the torus, and
will refer to the agents as particles. At time 0, the particles are distributed on the vertices
of the torus as a Poisson point process of intensity A. Then, particles move by performing
independent continuous-time simple random walks on the torus; that is, at rate 1 a particle
chooses a neighboring vertex uniformly at random and jumps there. It is not difficult to check
that this system of particles is in stationarity. Thus, at any given time ¢, the location of the
particles is a Poisson point process of intensity A on the torus. However, the configuration of
particles at time ¢ is not independent of the configuration of particles at time 0, and as we
will explain below, it is this dependence that makes this model challenging to analyze.
Assume that at time 0 there is a particle at the origin with a piece of information that
has to be distributed to all other particles. Then, any uninformed particle (a particle that
does not know the information) receives the information whenever it is at the same vertex as
an informed particle (a particle that knows the information). We study the time it takes the
information to reach all the particles, which is commonly referred to as the flooding time.
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A big challenge in analyzing this model is due to the heavily dependent structure of the
particles. In fact, though particles move independently of one another, dependences do arise
over time. For example, if a ball of radius R centered at some vertex = of the torus turns
out to have no particles at time 0, then the ball B(z, R/2) of radius R/2 centered at x will
continue to be empty of particles up to time R?, with positive probability. This means that
the probability that the (d + 1)-dimensional, space-time cylinder B(x, R/2) x [0, R?] has
no particle is at least exp{—cR?} for some constant c. This is just a stretched exponential
on the volume of the cylinder, which prevents us from applying classical methods based
on comparison with independent percolation [10], since those require exponential decay
of correlations. In addition to this, whenever one finds such a ball of radius R empty of
particles at time 0, this affects regions of the torus in the vicinity of this ball. In particular,
during a time interval of length R, the density of particle in the vicinity of the ball will be
smaller than the expected density A. In this work we develop a framework to control such
dependences.

When the transmission radius is large (in the sense that information can be transmitted
between particles at distance O(log?/%(n)) of each other) or the jump range is large (in
the sense that a particle can jump a distance of order O(logl/ d n) in one step), then the
dependences can be more easily controlled. These cases where analyzed in [4, 5], where
tight bounds on the flooding time (up to constant factors) were established?. Having a large
transmission radius or jump range helps the analysis because of the following. Tessellate the
torus into boxes of side-length ©(log/%(n)), and tessellate time into intervals of constant
length. Then, since the system of particles is in stationary and boxes are so large, we can
apply a Chernoff bound for Poisson random variables to show that, for any given box and
time interval, with probability 1 — n~C, there is a large enough number of particles inside
the box during that time interval (when this happen, call the cell of the tessellation good).
Then a union bound can be used to show that all cells of the tessellation are good. Then, if
the transmission radius is large enough to allow particles from neighboring boxes to exchange
information, one can establish a tight bound on the flooding time. If it is the jump range
that is large enough, then one can use the fact that, after a time interval of order 1, the
configuration of particles inside any given box is close to stationarity. In other words, the
system of particles has a small mixing time. This washes away the dependences of the system,
and allowed a tight bound (up to constant factors) to be derived.

An important open problem has been to analyze the case where both the transmission
radius and the jump range are of order 1, which is our setting here. This was studied in [9],
where it was shown that, with high probability, the flooding time is at most ©(n), where
the notation ©(-) means that poly-logarithmic factors are neglected®. This bound is tight
up to poly-logarithmic factors since, for a transmission radius and jump range of order 1,
the flooding time is Q(n) in all dimensions. We note that, when neglecting poly-logarithmic
factors, one can still work with the above tessellation — of cells of side-length ©(log'/?(n))
— for which all cells of the tessellation are good. This is because one can do some suboptimal
estimates to allow information to spread inside a cell (thereby losing only a poly-logarithmic
factor), and then use the fact that cells are good, and full of particles, to let the information
spread from one cell to the next. Getting a bound that is tight up to constant factors, on

2 In fact, [4] studies the flooding time for a larger class of dynamic graphs. However, due to space
limitations, we restrict our discussion to results on the specific model of spread of information among
random walk particles.

3 We remark that [9] considers also the case where the number of particles can be of order much smaller
than N, and [12, 11] analyze a variant of this model, but these settings are out of the scope of this work.



P. Gracar and A. Stauffer

the other hand, involves a rather delicate issue, since one is forced to consider tessellations of
constant side-length, which will naturally contain a positive density of bad cells, forcing a
more careful control of the dependences of the system.

Turning back to our setting, where particles can jump only across neighboring vertices
and information can be transmitted only between particles located at the same vertex, [8]
analyzes the process in the whole of Z% and shows that the information spreads with positive
speed. To prove this, the authors developed a complicated multi-scale framework to control
the dependences of the system, where tessellations of different side-lengths were considered
and controlled. This multi-scale technique is quite powerful, and has been employed in the

mathematics literature to solve other processes with slow decay of correlations [13, 15, 3].

However, this technique is usually very difficult to implement, and has to be tailored to each
specific model and question being studied. The goal of our work is to develop a robust and
flexible multi-scale framework that can be more easily applied to answer questions involving
systems of random walk particles, and we illustrate its usefulness by deriving tight bounds
on the flooding time.

1.1  Our results

We start considering a more general setup. Let T be the d-dimensional integer torus of
side length n. Let G = (T, E) be the nearest neighbor graph on T%. Let {4z} (s.)cr be
a collection of i.i.d. symmetric weights, which we call conductances. We assume that the
conductances are uniformly elliptic; that is,

there exists a constant Cjy > 0, such that u, , € [Cy;", Car] for all (z,y) € E. (1)

We say = ~ y if (z,y) € E and define p, = Zywm te,y- At time 0, consider a Poisson
point process of particles on T?, with intensity measure A(z) = Aop, for some constant
Xo > 0 and all € T¢. That is, for each z € T?, the number of particles at = at time 0
is an independent Poisson random variable of mean Agp,. Then, let the particles perform

independent continuous-time simple random walks on the weighted graph so that a particle
Mz,

at x € T¢ jumps to a neighbor y ~ x at rate . It follows from the thinning property of

Poisson random variables that the system of pa&ticles is in stationarity.
Assume that at time 0 there is an informed particle at the origin, and all other particles

are uninformed. One of the main results of this paper is the following.

» Theorem 1. If d > 2 and the conductances satisfy (1), then with probability 1 — n—w®)
the flooding time is ©(n).

Another main contribution of this paper is the framework we develop to establish
Theorem 1, which we believe gives a robust and more easy to apply framework to address
problems involving systems of moving particles. The idea is as follows. We tessellate space
and time into cells of constant length. Then, for each cell we are given a local event, and
call the cell good if the event of that cell holds. Then, if for any given cell, we have that
the probability that the cell is good is close enough to 1, then we can find a subset of good
cells that form what we call a Lipschitz surface and a Lipschitz net. These Lipschitz surface
and Lipschitz net have some percolative and geometric features that allow the good event to
propagate through space and time. For example, for the problem of spread of information,
the local event we use is to say that a given cell is good if the following two things happen:
(i) the cell contains sufficiently many particles, and (ii) if there is an informed particle inside
the cell, then that particle is able to inform a large number of other particles that will move
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to neighboring cells. With this definition and the existence of the Lipschitz surface and net,
we obtain that once the information enters a cell of the Lipschitz surface, we guarantee that
the information can propagate throughout the surface, from one cell of the surface to the
next. We believe our approach is flexible enough to allow other processes on moving particles
to be analyzed. The main task reduces to defining a suitable local event.

Since this framework is quite involved, we will give its construction and all main technical
theorems in Section 2. Then, in Section 3, we use this framework to analyze the spread of
information. Due to space limitations, we will not be able to give full proofs of the above
framework, for which we refer to the full version [6]. This extended abstract has yet one
additional result with respect to [6], which is the construction and proof of the Lipschitz net,
which is adapted to analyzing processes on finite graphs.

2 Lipschitz net framework

For the remainder of this paper, we assume d > 2. Fix £ > 0 and tessellate T? into cubes of
side length ¢ € R, indexed by i € Z%. To simplify the notation, assume that n// is an integer.
Next, tessellate time into intervals of length 3, indexed by 7 € Z. With this we denote by the
space-time cell (i,7) € Z4+1 the region H?Zl[ijf, (¢; + 1)) x [758, (7 + 1)8]. In the following,
B and / are constants such that the ratio 3/¢? is fixed first to be some small value, and then
later ¢ is made large enough. We will also need to consider overlapping space-time cells. Let
1 > 1 be an integer which will represent the amount of overlap between cells. For each cube
i =(i1,...,1q) and time interval 7, define the super cube i as H;lzl[(ij —m¥&, (i +n+ 1)4
and the super interval T as [75, (T +n)B]. We define the super cell (i,7) as the Cartesian
product of the super cube i and the super interval 7.

For any time s, let II; be the set of particles at time s, seen as a collection of vertices
of G with multiplicity when there is more than one particle at a vertex. We say an event
E is increasing for (Ils)s>o if the fact that E holds for (II,)s>0 implies that it holds for all
(I,) s>0 for which IT} D II, for all s > 0. We need the following definitions.

» Definition 2. We say an event F is restricted to a region X C T? and a time interval
[to, t1] if it is measurable with respect to the o-field generated by all the particles that are
inside X at time tg and their positions from time ¢g to ;.

» Definition 3. We say a particle has displacement inside X’ during a time interval [to, to+11],
if the location of the particle at all times during [tg, o + 1] is inside x + X', where z is the
location of the particle at time tg.

» Definition 4. vg is called the probability associated to an increasing event E that is
restricted to X and a time interval [0, ] if, for an intensity measure ¢ and a region X’ € T,
ve(¢, X, X', t) is the probability that E happens given that, at time 0, the particles in X
are distributed as a Poisson point process of intensity ¢ and their motions from 0 to ¢ are
independent continuous time random walks on the weighted graph (G, u1), where the particles
are conditioned to have displacement inside X’ during [0, ¢].

For each (i,7) € T x Z, let Ey (i, 7) be an increasing event restricted to the super cube i
and the super interval 7. Here the subscript st refers to space-time. We say that a cell (i, 7)
is bad if FEs (i, 7) does not hold; otherwise, (i,7) is called good.

Our framework will establish that if for any given (i,7), the event Fg(i,7) occurs with
large enough probability, then not only do the good cells percolate but the good cells form a
particularly useful geometry, which we will call the Lipschitz net.
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Figure 1 A realization of the two-sided Lipschitz surface for the case d = 2.

Before defining the Lipschitz net, we need to introduce a different way to index space-time
cells, which we refer to as the base-height index. In the base-height index, we pick one of the
d + 1 space-time dimensions and denote it as height, using index h € Z, while the remaining
d space-time dimensions will form the base, which will be indexed by b € Z%. In this way,
for each space-time cell (7, 7) there will be (b, h) € Z4*! such that the base-height cell (b, h)
corresponds to the space-time cell (i,7). With this, we set Fpn(b,h) = Eg(i,7). (Here
the subscript bh refers to base-height.) It might be tempting to choose time as the height
dimension, however it turns out that selecting one of the spatial dimensions to act as height
is a better choice, as will be shown below. With this choice, note that b € T?~! x Z and
h € T; thus, for notation purpose, we define T¢ = T4~! x Z and T = T4 x Z x T.

2.1 Two-sided Lipschitz surface

» Definition 5. A function F : T¢ — T is called a Lipschitz function if |F(z) — F(y)| < 1
whenever ||z —y|1 = 1.

» Definition 6. A two-sided Lipschitz surface F is a set of base-height cells (b, h) € T+!
such that for all b € T¢ there are exactly two (possibly equal) integer values F, (b) > 0
and F_(b) <0 for which (b, F1.()), (b, F—(b)) € F and, moreover, F and F_ are Lipschitz
functions.

We say a space-time cell (i,7) belongs to F if its corresponding base-height cell (b, h)
belongs to F. For a positive integer D, we say a two-sided Lipschitz surface surrounds
a cell (b',h') at distance D if any path (&',h’) = (bg, ho), (b1, 1), .., (b, ) for which
||(b“ hz) — (bi—h hi—l)”l =1forallie {1, .. m} and ||(bm, hm) - (bo, h0)||1 > D, intersects
with F.

For any z € Z, define the cube @, = [~2/2, 2/2]?. The following theorem establishes
the existence of the Lipschitz surface. Due to space limitations, the proof is given in [6].

» Theorem 7. Consider the graph (G, ) satisfying (1), and the tessellation defined above.
There exist positive constants ci, ca,c3,cq4 and cs such that, if 5/0* < cs, then the following
holds. Let Eg (i,7) be any increasing event restricted to the space-time super cell (i,7). Fix

e €(0,1) and fiz w > 6727?2 log (801). Then, there exists a positive number aq that depends

€
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on €, n and the ratio 3/€* so that if

1
. 1.2y gd | > 2
mln{CM e“Nol%, log (1 v (1= N Qi 1)&@11»&5))} = Qo, (2)

a two-sided Lipschitz surface F' where Ex(i,7) holds for all (i,7) € F exists almost surely,
and the probability that F does not surround the origin at distance r is at most

Zszr s exp {—03)\0@%} , ford=2
Desr s?exp {—c3\ols}, ford > 3.

» Remark. The proofs in [6] give the existence of the two-sided Lipschitz surface on the
whole of Z%, but the very same proof works for the torus.

» Remark. Theorem 7 is key to our framework. We now briefly explain how it can be used.
The event Eg can be any local event, where in vg_, Q(2,41)¢ gives the region on which the
event is measurable. To control dependences, we consider the larger cube Q.¢, inside which
the particles that start from @Q(2,41)¢ are conditioned to stay during the time interval f3.
Then w has to be large enough, as specified in the theorem, so that this conditioning is likely
to happen. Then, vg, gives the probability that the event happens given that the initial
configuration of particle is a Poisson point process of intensity measure (1 — €)), just slightly
smaller than the intensity measure A we started with. We disregard an “e-fraction of the
particles” because naturally, in any given space-time cell, some particles move atypically
and will not be organized exactly as a Poisson point process; but those particles can be
neglected using the assumption that Eg is increasing. Thus (2) requires that vg,, is at least
1 — exp(—ayp) for a Poisson point process of intensity (1 — e)A. This is usually achievable
by properly defining the event Eg to be such that its occurrence increases with £ (the size
of the tessellation). Then, (2) also requires that Cy ¢ X\of? > ap. After fixing e, this can
be satisfied either by setting ¢ large enough or by assuming that the constant Ay governing
the density of particles is large enough. This condition is natural in applications: one either
requires the size of cells to be large (which will be the case in our application for the flooding
time) or the tessellation is more restricted (for example, limited to the transmission radius of
the particles) and one requires the density of particles to be large enough, as in [14].

2.2 Lipschitz net

We are now ready to define the Lipschitz net on the torus T¢ that we will use to prove Theorem
1. The Lipschitz net, roughly speaking, will be an interlacement of Lipschitz surfaces, where
we will take each spatial coordinate as being height in the base-height index, and for each
of them we will have a pile of surfaces. More formally, let k € {O, 1,..., LWJ } and
q€{1,2,...,d}. For any i € T? let i = (i1,42,...,44). Define L{ to be the d-dimensional
hyperplane on the space-time tessellation that is orthogonal to the ¢-th spatial coordinate,
with distance from the origin of & [logg(n/fﬂ, ie.

Li ={(i,7) € T X Z: iy = k[log’(n/0)]} .

We define F! to be the Lipschitz surface corresponding to L{, i.e. F}! is the two-sided Lipschitz
surface for which A in the base-height index corresponds to %, in the space-time index, and
for which the Lipschitz functions satisfy F (b) > k[log®(n/f)] and F_(b) < k[log®(n/0)].
We define the height of the surface F}l at b € 7% to be

k[log®(n/0)] — hl.
h:(gl}ggFH [og®(n/¢)] — A
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Let Cy > 0 be an integer constant of our choosing. From now on we assume that F}!

log® (n/€)

is a Lipschitz surface for which the height is at most 5

T7€{0,1,...,Con/l}.

for all (i,7) € F! satisfying

» Definition 8. The Lipschitz net F,e with constant Cy is the set of space-time cells

(i,7) € T? x Z contained in the union of all F}l; i.e, Fpet = ngl U,Eilgga("/l)J F!. Moreover,
we say that Fe surrounds the origin at distance D if Fjj surrounds the origin of L{ at
distance D for all ¢ € {1,2,...,d}.

Note that we have for all (i,7) € F,e that the event Eg (4, 7) holds, which follows directly
from the fact that every space-time cell in Fj,e; belongs to at least one Lipschitz surface F}!
for some k and some gq.

» Theorem 9. For any constant Cy, there exist a constant C1 > 0 such that, for any
0 >0 and any { = O(nlfé) with £ > Cq, the Lipschitz net Fye; with constant Cy exists and
surrounds the origin at distance O(log2 n) with probability 1 — n—w),

Proof. Start by considering the plane L} and its corresponding Lipschitz surface F}. If

log® (n/¢)
2

the height of Fj at the origin is more than , then the Lipschitz surface cannot

bg%#. Therefore, since £ and log®(n/¢) are both assumed
sufficiently large, we have by Theorem 7 that the probability that a two-sided Lipschitz

3
surface around the origin with height at most M

surround the origin at a distance

does not exists is at most

ls
d . . 2
E eSlogS(n/e)/2 ° exp{ C)\Ologc(és)} < exp (—w(log®n)) .

Using this and a uniform bound across all space-time cells for which 7 € {0,1,...,Con/¢},
we have that the probability that Fi has height at most ma(%/z) for all (¢,7) € F}! satisfying
7€{0,1,...,Con/}, is at least 1 — exp (—w(log®n)).

Next, consider the planes L. Since the probability space is translation invariant due to
the weights pi, , being i.i.d., this bound holds for any k and any g. Therefore, by applying

a uniform bound across k € {0,1,..., {WJ} and g € {1,2,...,d} we obtain that

the probability that F}! has maximum height at most w for all k and ¢ is at least

1 —exp (—w(log2 n)) Under this assumption, for any given ¢ and two distinct k, k', the
surfaces F}! and F}, do not intersect, producing the Lipschitz net. |

The usefulness of the Lipschitz net is that, once we know it exists for any local event Eg
that is likely enough, then one just needs to find a suitable choice for the event Ey and use
the Lipschitz net to show that this event propagates throughout the torus. For the case of
spread of information, we will use the Lipschitz net to show that once an informed particle
enters a cell that is part of the Lipschitz net, then information spreads evenly across the torus
resulting in a density of informed particles. For this, we will use a specific increasing event
E; to obtain that the information spreads with positive speed on each individual surface of
Foet. Then, in order to show that the information also moves across different surfaces of the
net, we will need the following geometric property.

» Lemma 10. Let F,,; be the Lipschitz net with constant Cy and let F}! and F,g,/ be any two
given Lipschitz surfaces that are part of Fyet, where q # ¢ and k, k' € {O, 1,..., LWJ }

For any T € {0,1,...,Con/l} there exist space-time cells (i,7) € F}l and (i',7) € F}, such
that ||(¢',7) — (i, 7)]|1 < 1.

39:7
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Proof. Let ¢ = 1 and ¢’ = 2; the proof for other combinations of parameters g and ¢’ goes
similarly. We want to show that for any 7 € {0,1,...,Con/¢} there exist a space-time
cell (i1,...,iq,7) € F}} and a space-time cell (j1,...,j4,7) € FZ such that ||(i1,...,iq4) —
(J1,---»Ja)lli < 1. Fix 7 € {0,1,...,Con/¢} and set the components (is,...,i4) to be the
same as (Js,...,7d)-

Let F'! be either of the two Lipschitz functions (see Definition 6) corresponding to F},
and let F? be either of the Lipschitz functions corresponding to FZ. Since (is,...,iq) =
(43, ---,7a), to simplify notation we write F1(y) := F'(y,i3,...,iq,7) € T and F?(y) =
F?(y,i3,...,iq,7) € T. Therefore it remains to show that there exists z,y € T such that
|(FY(z),z) — (y, F?(y))| < 1. Assume, by contradiction, that this is not the case.

Let m? = k'[log®(n/¢)], which is the height of L?,, that is, (0,m2,0,0,...,0) € L2,.
Next, if F? is the Lipschitz function corresponding to F of F7 (refer to Definition 6) then
set h2 =m? + bg%%” + 1; otherwise, set h? = m? — log3(+/5) — 1. So for all y € T, we have
F2(y) — m?| < |F2(y) — B2|.

For any point (x,y) € T? we say that it is under F? if |y —m?| < |F?(x) — m?|; otherwise
we say it is above F2. Note that (F'(m?),m?) is “under” the surface F2, and (F(h?), h?) is
above 2. Therefore, we take the shortest sequence x1, s, ..., z, from m? to h? there must
exist a point x, such that (F*(z,),z,) is under F? but (F*(z,41),2z,+1) is above F2. Since
F' is Lipschitz, this implies that one of these two points is within distance 1 from F?. <«

3 Spread of information using the Lipschitz net

We proceed to showing how the information spreads on Fye;. We do this by applying Theorem
9 with an event that results in the information spreading with positive speed along each
individual Lipschitz surface of Fye;. More precisely, from now on let the increasing event
E (i, 7) be defined as below in Definition 11.

» Definition 11 (Increasing event Ey(i,7)). Take any (i,7) € T¢ x Z. Let T be the collection
of particles located inside H?zl[(ij —n)¢, (i; + n+1)f] at time 75. Consider a distinguished
particle xg located inside H?Zl[ijé, (i; + 1)£] at time 7. Define Eg(i,7) to be the event
that at time (7 4 1), for all i’ € T¢ with ||i —i'||s < 7, there is at least one particle from T
in T]7_,[i¢, (i, + 1)¢] that collided with zo during [r8, (7 + 1)3].

For Eg(i,7) defined as above, we have the following result. The proof of this result uses a
few heat-kernel estimates for random walks on Z¢ with i.i.d. conductances, and is given in
Section A.

» Lemma 12. Fiz any ¢, n and the ratio 3/¢*. Let w satisfy the condition in Theorem 7.
Then, if ¢ is sufficiently large, then there exists a positive constant C' such that for Eq(i, ) as
defined in Definition 11 and for any (i,7) € T% x Z, we have vg_, ((1—¢), Qnt1)e, Que, B) >
1 —exp{—C(1 — e)A\l'/3}.

Lemma 12 implies that for ¢ large enough, by setting 7 to be a large enough constant,
and defining the increasing event Fg as in Definition 11, the information spreads among
neighboring cells. Since the Lipschitz net surrounds the origin at distance O(log® 1), we have
that in at most poly-logarithmic time, the initially informed particle will enter some cell
H;l:l[ijé, (i; + 1)£] for which (i,7) is in some Lipschitz surface F' of Fj,e;. Once that holds,
we know that the event Fg(i,7) occurs. By the definition of Fg(i,7), we obtain that the
initially informed particle in (i, 7) informs other particles causing the information to spread
to each (i, 7 4 1) for which ||i' — i||e < 7.
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Let (b, h) be the base-height index of the cell (¢,7) € F. Recall that h is one of the spatial
dimensions. We will also select one of the d — 1 spatial dimensions from b and denote it
bi. Let b’ € T? be obtained from b by increasing the time dimension from 7 to 7 4 1, and
by increasing the chosen spatial dimension from b; to b; + 1. Since ||b — V|| = 2, we can
choose h' € T such that (b',h') € F and |h — h'| < 2, where the latter holds by the Lipschitz
property of F. Therefore, there must exists i’ € T? such that (i, 7 + 1) is the space-time cell
corresponding to (b, k') and |i — i'||c < 4. Hence, at time (7 + 1)8, there is an informed
particle in the cube indexed by i’ if 7 is at least 4 and Fg (4, 7) holds.

Using this mechanism, we can show that after some time of order n, the information has
spread along the surfaces across the entire torus.

» Lemma 13. Let F,.; be the Lipschitz net with constant Co which surrounds the origin
at distance O(log2 n). There exists a constant Cp > 0, independent of Cy, such that for
every (i,7) € Fper for which 78 > Cpn, there is at least one informed particle inside the cube

T15_1[(ij — n+ 1)2, (i +n)l) for all times in [r3,(r + 1)5].

Proof. Let Ey(i,7) be defined as in Lemma 12 and let Fl be the Lipschitz net with
constant Cy, corresponding to the event Fg (i, 7). We have by the fact that Fe surrounds
the origin at a distance O(log2 n) and that each cell represents a time interval of length 3,
that it takes at most O(3 log2 n) time for the information to enter Fiet. Once the informed
particle is in a space-time cell of some surface F}! of Fye, we have by the definition of
Ey (i, 7) with n = d, that it takes at most 27" steps for the information to spread across the
surface (moving between neighboring cells), so that all space-time cells (¢,7) € F} for which
7 =22 4 O(log® n) contain an informed particle.

Next, for any ¢’, k" with ¢’ # ¢, we know by Lemma 10 that for any 7 there are neighboring
cells (i,7) € Fil and (i',7) € F, ,3,/. Therefore, it takes at most § time for the information
to enter any surface F,g,/ with ¢’ # ¢, and another 27”6 amount of time to spread to all
cells in those surfaces, so that all cells (i,7) € Fg: for which 7 = % +1 + O(log® n)
contains an informed particle. It still remains to spread the information to the surfaces

F, with k' # k. Again, this takes at most 27”5 + B time by the same argument above.

Putting everything toghether, we obtain that for any k, any ¢, and all (¢,7) € F}{! for which
™8> Crn> (5 +2+ O(log® n))B, where we set Cp large enough for the second inequality
to hold, there is at least one informed particle in the cube H?Zl[(ij —n+ 1)L, (i; + n)f] for
all times in [73, (7 + 1)4]. <

Using Lemma 13 and the geometric properties of the Lipschitz net, we can show that
there is a density of informed particles everywhere on the torus for an interval of time of
order n.

» Theorem 14. There exists constants Cg > 1 and Cy > 0 such that the following holds.
Let O be the constant from Lemma 13. Tessellate T? into cubes (Qu)m of side length
Cylog®(n). Then, for all times t € [Crn, (Cr + Cg)n], there is at least one informed particle
in each subcube Q,, with probability at least 1 — n=1),

Proof. Fix ¢ sufficiently large for Lemma 12 and Theorem 7 to hold and recall that the
ratio 3/¢? is fixed. Let also n > £. Then, there exists a constant Cr so that, for any
large enough choice of Cy, Lemma 13 gives that for every space-time cell (i,7) of the
Lipschitz net F.e that satisfies 73 > Cprn, there is at least one informed particle in
the region H?Zl[(ij —n+ 1), (i; +n)f] at all times in [76, (T + 1)5]. We can, without
loss of generality, assume C7p is such that Cprn = G7* for some 7 € N. Then, we only
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have to show that for all cubes @, of side length C, logg(n), there exist space-time cells
(i,7) such that the region H?Zl[(ij —n+1)¢,(i; +n)] is contained in @,, and such that
[Crn, (Cr 4+ Cg)n] C U, [758, (T + 1)), where Cj is a constant greater or equal to 1.

Let Cs = k* 3 where k* is the smallest integer for which £*5 > 1 and fix the Lipschitz
net constant Cy to be greater or equal to (Cp + Cg)¢/3. Then, we have from Theorem 9
that the Lipschitz net with constant Cy exists with probability at least 1 —n =1,

We now show that if this Lipschitz net exists, the lemma holds. Let F4 and FY 1 be any
two consecutive two-sided surfaces of the Lipschitz net and let (b,h) € FZ and (b,h') € FY
be two base-height cells with the same base. By definition of the Lipschitz net, we have that
the height of each Lipschitz surface in the net is at most log3(+/€) for all space-time cells that
satisfy 7 € {0,1,...,Con/l}. Since the base-height cells (b, h) and (b, h’) might belong to
opposite sides of the two-sided Lipschitz surfaces, we therefore have that |h— h'| < 2log®(n/f)
for all base-height cells for which 76 < (Cr + Cg)n < CyfBn/¢. Note that this holds for all
q € {1,...,d} and recall that by Lemma 13 there is an informed particle inside the region
H?:l[(ij —n+1)¢, (i; +n—1)¢] throughout the entire time interval [73, (T +1)3]. Therefore,
for every cube of side length at least 2¢1og®(n/f) + 2n¢ on the torus and throughout every
time interval of the form above, there is at least one informed particle inside the cube. By
repeating this argument for all 7 that satisfy 76 € [Crn, (Cr + Cs)n), we have that this
holds for the entire time interval [Crn, (Ct + Cg)n]. <

Before turning to the proof of Theorem 1, we state a theorem that gives that if we start
with a density of particles on a cube, regardless of how they are placed inside some subcubes,
we can couple their positions after some time with a Poisson point process that is independent
of their initial locations. This gives a type of local mixing property for random walks on T¢
with i.i.d. conductances. For the proof of this technical result, refer to [7, Theorem 3.1].

» Theorem 15. Let G be a uniformly elliptic graph with edge weights i ,. There exist
constants cg, c¢1, C > 0 such that the following holds. Fiz K > { >0 and € € (0,1). Consider
the cube Qi tessellated into subcubes (T;); of side length £ and assume that ¢ is large enough.
Let (x;); C Qi be the locations at time 0 of a collection of particles, such that each subcube
T; contains at least ZyeTj, By particles for some B > 0. Let A > col?e=*® where © is a
constant that depends on the weight bounds. For each j denote by Y; the location of the j-th
particle at time A. Fiz K' > 0 such that K — K' > \/Acie /9. Then there exists a coupling
Q of an independent Poisson point process v with intensity measure ((y) = B(1 — €)py,
y € Coo, and (Y;); such that within Q' C Qk, ¥ is a subset of (Y;); with probability at least

1-— Z eXp{—CﬂuyEQAd/Q}.

YEQK/

3.1 Proof of Theorem 1

Proof. Let C7 be the constant from Lemma 13 and let Cz and C; be the constants from
Theorem 14. We want to bound the probability that at time (Cr + C)n there is at least
one particle on T? that is not informed. By using that the particles on T? form a Poisson
point process with intensity A(y) = Aopy, we have that this probability can be bounded
from above by Agpy, Zyew ly,where p,, is an upper bound for the probability that a single
particle is not informed by time (Cr + Cjg)n on the torus of side length n, uniformly on the
initial location of the particle. We now proceed to find the bound p,,.

Let F' be the event that a particle located somewhere on the torus does not become
informed during [Crn, (Cr + Cs)n]. Note that the probability that a particle does not
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get informed by time (Cr + Cg)n is smaller than the probability of F, so p, < P[F]. Let
t € (0,Cpsn) be a time step we will fix later and consider the time interval [Crn, (Cr 4+ Cg)n]
split into subintervals of length ¢, i.e. let the interval be split into subintervals of the form
[Crn + kt,Crn + (k+ 1)t] for k € {0,1,...,|Csn/t] —1}. Let F), denote the event that a
particle located somewhere on the torus does not become informed during the time interval
[Crn + kt,Crn + (k + 1)t]. We then have that

PF)<P[FobNnFiN---N F\_Cﬁn/tjfl]'

Tessellate T¢ into cubes (Q;); of side length C;log®(n), indexed by i. Let Dy be the
event that time Cpn + kt there is at least one informed particle in every cube @;. We can
then write

|Can/t]—1 |Can/t]—1
PFoNFin---NFegmu-1] <P | [ (F0Dy)|+P| |J Dil. (3)
k=0 k=0

To bound the second term, we apply Theorem 14, which gives that there is at least
one informed particle in every cube Q; of side length Cylog®(n) for all times during ¢ €
[Crn, (Cr 4+ Cg)n] with high probability. Therefore, it holds that

[Can/t]—1
Pl J Di|=n0. (4)
k=0

We now focus on the first term of (3). By rearranging the expression inside the probability
and using the chain rule, we have that

|Csn/t)—1 |Cpn/t]—1 |Csn/t]—1
P N B|nl N o) <PiBnD] [ PlA0D| N EOD
k=0 k=0 k=1 i<k

In order to bound the terms P [Fk N Dy ’ N F;n Dj], first note that

j<k

P kaDk’ N EnD;| <P |F|Din () F;nD;| P Dk‘ M F;n D;
i<k i j<k ] j<k

<P|F. | Dpn () EnD;|,
i<k

and blmllal‘ly, P[Fo n Do] = IP[FO | Do]P[DQ} S P[Fo | Do]

Next, we show a bound for P |F} | Dy N ﬂj<k F;n Dj} that holds uniformly on all
configurations for which Dy holds. We do this by applying Theorem 15 to find a uniform

bound on the probability of a particle remaining uninformed, given there is a density of
informed particles on the torus T? at the beginning of the time interval we consider. More
precisely, we set the terms of Theorem 15 as follows, where we mark them with a bar to help
distinguish them from other terms in this proof. Let K = n, £ = C;log*(n), and € = 3. Let
A = Colog®(n), where Cg is a constant sufficiently large for A to satisfy the conditions of
Theorem 15 for all n. We fix the time step ¢ to be equal to A and let K/ =n — C’g\/z, where
Ce = c1é V1. We now have by the definition of Dy, for every k € {0,1,. .., LOﬂn/AJ -1}
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that at time Cpn + kt there is at least one informed particle in every subcube @;, so there
are at least

d Z Hy
CndCy log y <o,
informed particles in every cube. We set the parameter 3 from Theorem 15 to be 3 =

m and apply the theorem. This gives us that after the informed particles
4

move around for time A, they stochastically dominate a Poisson point process of intensity
((y) = %mpy inside the cube of side length K’. Using (1), we have that this
coupling fails with probability at most

E 1 /2 4 .
N a~d1 3d/ N < _
yeQK,eXp{ 1 CrraCog ) ® ”“y}” ep{-Cilog’m)},  (3)

where C' is the constant from Theorem 15 and C1 is some constant that depends on d. Note
that this bound only depends on the size of Qk and as such is independent of the site the
cube is centered around.

Next, if Dy holds and the coupling succeeds, the number of informed particles at a given
site y of the torus at time Cpn + (k + 1)t stochastically dominates a Poisson random variable
of intensity muy. Since the probability that a particle is not informed during
the interval [Crn + kt, Crn + (k + 1)t] is smaller than the probability of not getting the
information only at the end of the interval, we have that P[F}, | {coupling succeeds} N D]
can be bound by the probability that at the end of the time interval, there are no informed
particles at the location of the particle we are considering. Using (1) to bound f,,, we have
for some constant C5 that P[F}, | {coupling succeeds} N Dy] is at most the probability that a
Poisson random variable with intensity logg% is 0, i.e.

P[F}, | {coupling succeeds} N D] < exp {gj} . (6)
log™(n)

This bound holds uniformly across all sites of the torus where the particle might be located

and across all configurations of particles for which Dy holds. Combining (5) and (6) we
therefore have for all k € {0,1,...,[Csn/t] — 1} that

P | F, ’ Dy N m F;nD;| <nexp{—C4 log?(n)} + exp {—Fg?f(n) } .
j<k

Using the definition of ¢, the bound from (4) and applying the above bound for all
k€ {0,1,...,[Cgn/t] — 1}, we have that P[Fo N Fy N -+ N Flcynyt—1] from (3) is smaller
than

Cpn/(Ce log®(n))
(ndexp{icl logd(n)}> sn/(Co +exp{*M}+ﬂ7w(l)-

Co log39+8(n)

Using that p, < P[Fo N F1 NN Floynye—1] and py, < Cpd by (1), we get that the
probability that there exists a particle that has not been informed by time (Cr + Cg)n is at
most

Cﬁn/(C@ log (n)) n —w
CMd)\ond< (nd exp{—C} logd(n)}) + exp {7%} +n (1)> .

Since the above is n=“() the proof is completed. <
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4

Conclusion

We have established a tight bound on the flooding time (up to constant factors) for the
spread of information between random walk particles on the discrete torus of size n, equipped

with i.i.d., uniformly elliptic conductances. To prove this, we develop a framework to control

dependences, which given any increasing, local event that is likely enough, one can find a
Lipschitz surface and a Lipschitz net through space-time where this event holds. We believe
this result can be applicable to analyze other processes and algorithms on systems of random
walk particles. We also believe that this framework can be adapted to work with different
types of particle systems, for example, when the particles do not move independently of one
another, but nonetheless obey some local mixing.
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A Appendix: Proof of Lemma 2

Let T = ¢%/3. Since B/0? is fixed, we can set £ a large enough constant so that T <
(i.e., T is much smaller than the length of the time interval in the tessellation). Define
Q* = H?zl[(ij — ¥, (i; + 1+ 1)¢] and assume that at time 7/, for all sites z € Q*, the
number of particles at « is a Poisson random variable with mean (1 — €)Agjz.

We start by stating two two claims and using them to prove the lemma. Then, we give
the proof of the claims.

» Claim 16. If the distinguished particle xo is inside H?Zl[ijé, (t; +1)€] at time T8 and xo
follows a fixed path (p(t))TﬂSthB-FT’ then by time 78 + T the number of particles that have
collided with x¢ during [78,78 + T], but were not at the same site as xo at time 703, is a
Poisson random variable with intensity at least Cq(1 — e))\0£1/3 for some positive constant
C1, independent of p(t).

» Claim 17. Given that there are N particles inside of Q* at time 7 + T, the probability
that at least one of these particles is inside Q** := H?:l[(i;)f, (4% +1)4] for any i" for which
li —i'| <mnis at least 1 — exp{—Nc,}, where ¢, is a positive constant that is bounded away
from 0 and depends only on d, n and the ratio 3/(>.

Now we use the above claims to prove the lemma. Note that by Definition 11, Eg (i, 7) is
restricted to the super cube Q* and time interval [73, (7 + 1)8]. We now define the following
3 events.

Fy: The distinguished particle xy never leaves H?Zl[(ij —n+ 1)¢,(i; +n — 1)¢] during

[t8, 78+ T].

F5: Let Cy be the constant from Claim 16. During the time interval [r3,78 + T] the
distinguished particle xq collides with at least CIA%W different particles from Y that are

in the super cube Q* at time 70 + T
F3: Out of the %ﬂ/s or more particles from Fj, at least one of them is in the cube Q**

at time (7 + 1)8, for all @** for which Q** C Q*.

By definition of the events, we clearly have that P[Eg (i, 7)] > P[Fy N F> N F3]. Also note that
F1, Fy and Fj are clearly restricted to the super cube Q* and the time interval [73, (T + 1)0]
and are all increasing events.

Using the exit probability bound from [1, Proposition 3.7] we have

P[F1] > 1 — Cyexp{—C3(?/T} =1 — Cy exp{—C50*/3} (7)

for some positive constants Cy and Cj.

For the event F5, we apply the result of Claim 16. Note that the bound from Claim 16 is
uniform across all paths p(-) and in particular holds for any path the distinguished particle
from the event F; might follow. This gives that the intensity of the Poisson point process
of particles that are in @* at time 7/ and collide with zg during [73,708 + T] is at least
(1 — €)X\gC1£*/3 for some positive constant C;. Since every particle that collides with zg
enters H?Zl [(i; —m+ 1), (i; +n)¢] during [76, 78+ T, we can again use the exit probability
bound from [1, Proposition 3.7] to bound the probability that the particle is outside of Q* at
time 78 4+ T from below by

£2
1-— C’acxp{—C;

} =1-C, cxp{—C’bél/B},

for some positive constants C; and Cj. This term can be made as close to 1 as possible by
having ¢ sufficiently large. We assume £ is large enough so that this term is larger than 2/3.



P. Gracar and A. Stauffer

This gives that the intensity of the process of particles from Y that collided with zo during
[t8,78 + T] and are in Q* at time 78 + T is at least

2(1 — )N C1 /3
3 :

Using Chernoff’s bound (see Lemma 18) we have that
P[F5] > 1 — exp{—(2/3)?C1(1 — e)\ol*/?}. (8)

We now turn to F3. Using the result of Claim 17, and a uniform bound across the number
of cubes inside a super cube, we have that

C1(1 — e)AolY/? }
ez 9% L

: ©)

P[] > 1— (20 + 1) exp {—
where ¢, is a small but positive constant. Taking the product of the probability bounds in
(7), (8) and (9), we see that the probability that Eg (i, 7) holds is at least

1 —exp{—C(1 — e)Xol*/3}
for some constant C' and all large enough ¢, which proves the claim.

Proof of Claim 16. For each time ¢ € [r3,78 + T, let ¥; be the Poisson point process on
T giving the locations at time ¢ of the particles that belong to T, excluding all particles
located at p(7/3) at time 7/3. Since the particles that start in @Q* move around and can leave
Q*, we need to find a lower bound for the intensity of U, for times in [75, 76 + T]. Note
that the distinguished particle x¢ we are tracking is not part of ¥, since ¥ does not include
particles located at p(73) at time 70.

We will need to apply heat kernel bounds from [2, Theorem 2.2] to the particles in Q*,
so we need to ensure that the time intervals we consider are large enough for the bounds
to hold. We will only consider times ¢ € [¢*/3,T] so that for large enough ¢, we have
t > sup,eq* |* — y||1 and so the heat kernel bounds from [2, Theorem 2.2] hold. Then, we

yEQ”
have that for all sites x € Q* that are at least £ away from the boundary of @* and at any
such time ¢ the intensity of W g, at vertex xz € T is at least

Uopie(x) > Y (L—hopy -Py[Yi=a] = (1—hope Y PBalVi=1y],
yeQ” yeQ”
y#p(78) y#p(78)
where Y; stands for the location of a simple random walk at time ¢, and P, is the measure
induced by a simple random walk starting from y. In the last step above, we used that
the simple random walk is reversible with respect to the measure u. We now use the exit
probability bound from [1, Proposition 3.7] to get that

D PV =y > 1—cgexp{—csl®/t}.
yeQ”

Next, we use [2, Theorem 2.2] to account for the particles at p(73), yielding

Z P.[Y; =y] >1—c3exp {—64€2/t} — Cyest— 2.

yeEQ™
y#p(T8)
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This gives that for any ¢ € [¢(*/3, T], the intensity of W, 45, is at least
Uoppe(z) > (1 — €)Aopa (1 — e exp{—csl? )T} — Crrest™243),

Let [73,7/ + T] be divided into subintervals of length W € (0, T], where we set W = ¢4/3
so that it is large enough to allow the use of the heat kernel bounds from [2, Theorem 2.2].
Let J={1,...,|T/W|} and t; := 78+ jW. Then the intensity of particles that share a site
with the distinguished particle ¢ at least once among times {t,%s,...,t|7/w |} is at least

D W (p(t)P ey Yoty # p(r) Y1 € {tisn, - tiryw }]
jeJ

> (1= MoChf (1 = csexp{—cal®/T} = Carest %) (1 — Y Poup[Yi—t; = P(M]) -

JjEJ z>j

We want to make all of the terms of the sum over J positive, so we consider the term
> s Poty)[Xt.—t; = p(t:)] and show that it is smaller than 3 for large enough ¢. To do
this, we use [2, Theorem 2.2], which hold when W > ¢4/3 and ¢ is large enough, to bound it
from above by

> Py Vior, = p(t2)] < CuCrk(t. —tj) 2

z>j z2>j
T/W—j
S CMCHKW_d/2 Z Z_d/2 (10)
z=1

where C is a constant coming from [2, Theorem 2.2]. Then, (10) can be bounded from
above by

T/W—j T/W
CuCaxW="2 (24 Y 279 < CyCuxW = <2+/ z_d/2dz>. (11)
2

z=3

Let C be a constant that can depend on Cy g, Cy and d. Then for d = 2, (11) is smaller
than CW~'log(T/W), and for d > 3 the expression in (11) is smaller than CTW~%2. Thus,
setting ¢ large enough, both terms are smaller than %

Then, as a sum of Poisson random variables, we get that Y’ is a Poisson random variable
with a mean at least

(1= )XCif (1 — e exp{—2c4?/T} — Crrest 243 L.

Using that 7' = ¢5/3 and setting ¢ large enough establishes the claim, with C; being any
-1

constant satisfying C; < 012‘4 . |

Proof of Claim 17. We now prove that for large enough ¢, if there are N particles inside of
Q* at time 78 4 T, there is at least one of them inside Q** at time (7 + 1) with probability
at least 1 — exp{—Nc,}.

For t2/3 > sup .o+ ||z — yll1, define p; == inf e > P,[Y: = y]. Then, if we define

yeq
bin(N, p;) to be a binomial random variable with parameters N € N and p; € [0, 1], it directly
follows that we can bound probability of one of the IV particles from Q* being inside Q** at
time (7 4 1)8 from below by

P[bin(N,p;) > 1] > 1 — exp{—Np:}.
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It remains to show that for ¢ = 8 — T', we have that p; > ¢, > 0 for some constant c,,.

We will again use the heat kernel bounds from [2, Theorem 2.2] for the pair z,y, which hold
if ||z — y||:i/2 < B—T forall x € Q*,y € Q**. Given the ratio 3/¢%, d and 7, this is satisfied

if £ is large enough. Then we have that

2
— — - -1 —d/2 eyl
Pe—T = mlerg y;@ﬂ Po[Ys—r =y] > xlencg Cu I/EEQ** c1f eXp{ 2 T |

Now we use that x and y can be at most c¢,¢ apart where ¢, is a constant depending on d
and 7 only, and that § — T > /2 for ¢ large enough. Hence,

2
pg—r > inf CJ\_41 Z clﬁd/zexp{@w}

o O 2 ;
d/2 2
_ 1 2(cyt
— CMlclfd (ﬁ) exp {—CQ ( g ) }
> Cp. |

B Standard large deviation results

» Lemma 18 (Chernoff bound for Poisson). Let P be a Poisson random variable with mean
A. Then, for any 0 < e <1,

P[P < (1 —€e)\] < exp{—Ae?/2} and P[P > (14 €)\] < exp{—\e?/4}.
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