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ABSTRACTȱ

ȱ

EliminationȬbyȬaspectsȱ andȱ generalisedȱ extremeȱ valueȱ offerȱ competingȱ

paradigmsȱ forȱ theȱrepresentationȱofȱaȱcommonȱbehaviour,ȱ thatȱofȱ individualȱ

discreteȱ choice.ȱ ȱ Observingȱ certainȱ consistenciesȱ inȱ theirȱ mathematicalȱ

structure,ȱ severalȱ eminentȱ authorsȱ haveȱ commentedȱ onȱ theȱ degreeȱ ofȱ

equivalenceȱbetweenȱ theȱ twoȱparadigms.ȱ ȱMostȱ contributionsȱ toȱ thisȱdebateȱ

have,ȱ however,ȱ beenȱ lessȱ thanȱ definitive.ȱ ȱ Moreȱ fundamentally,ȱ theȱ

contributionsȱ lackȱ consensus.ȱ ȱ Weȱ advanceȱ theȱ debateȱ considerablyȱ byȱ

establishingȱ formalȱmathematicalȱ conditionsȱ underȱwhichȱ threeȬalternativeȱ

treeȱmodelsȱfromȱtheȱtwoȱparadigmsȱareȱexactlyȱequivalent.ȱȱWeȱthenȱextendȱ

ourȱanalysisȱtoȱconsiderȱmoreȱgeneralȱmodels,ȱshowingȱthatȱequivalenceȱcanȱ

beȱestablishedȱforȱgeneralȱtreeȱmodels,ȱbutȱnotȱforȱcrossȬnestedȱmodels.ȱȱȱ

ȱ

Keywords:ȱ eliminationȬbyȬaspects,ȱ hierarchicalȱ eliminationȬbyȬaspects,ȱ

randomȱ utilityȱ model,ȱ generalisedȱ extremeȱ value,ȱ nestedȱ logit,ȱ recursiveȱ

nestedȱextremeȱvalueȱȱȱ

ȱ

1.ȱINTRODUCTIONȱ

ȱ

ThisȱpaperȱconsidersȱtheȱrelationshipȱȬȱinȱparticular,ȱtheȱexistenceȱofȱaȱformalȱ

mathematicalȱ equivalenceȱ Ȭȱ betweenȱ twoȱ alternativeȱ paradigmsȱ forȱ theȱ
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representationȱofȱindividualȱdiscreteȱchoice.ȱȱAnȱunderstandingȱofȱindividualȱ

discreteȱchoiceȱisȱpertinentȱtoȱmanyȱofȱtheȱbehaviouralȱsciences,ȱalthoughȱweȱ

restrictȱ attentionȱ hereȱ toȱ theȱ disciplinaryȱ interestsȱ ofȱ microeconomicsȱ andȱ

mathematicalȱpsychology.ȱ ȱDespiteȱsharingȱcommonȱoriginsȱ inȱ theȱ literatureȱ

ofȱpsychophysics,ȱ theȱparadigmsȱ thatȱnowȱprevailȱ inȱ theȱ twoȱdisciplinesȱareȱ

wellȬdevelopedȱ andȱ distinct.ȱ ȱ Thatȱ theyȱ differ,ȱ inȱ fundamentalȱ respects,ȱ

shouldȱ perhapsȱ comeȱ asȱ noȱ surprise.ȱ ȱ Microeconomicsȱ andȱ mathematicalȱ

psychologyȱmayȱwellȱhaveȱinterestȱinȱtheȱsameȱbehaviouralȱobservations,ȱbutȱ

theyȱ doȱ soȱ withȱ substantiveȱ differencesȱ inȱ theirȱ scientificȱ philosophyȱ andȱ

analyticalȱfocus.ȱ

ȱ

Inȱconductingȱeconomicȱanalysisȱofȱ individualȱdiscreteȱchoice,ȱconventionȱ isȱ

toȱapplyȱtheȱRandomȱUtilityȱModelȱ(RUM),ȱfirstȱproposedȱbyȱMarschakȱ(1960)ȱ

andȱBlockȱandȱMarschakȱ (1960).ȱ ȱRUMȱoffersȱanȱapparatusȱ forȱattendingȱ toȱ

oneȱ(orȱboth)ȱofȱtheȱprincipalȱneedsȱofȱtheȱworkingȱeconomist.ȱȱFirst,ȱtoȱelicitȱ

theȱmonetaryȱ valueȱ ofȱ factorsȱ thatȱ influenceȱ individualȱ choice.ȱ ȱ Second,ȱ toȱ

forecastȱbehaviourȱ Ȭȱ inȱ termsȱofȱ theȱaggregationȱofȱdiscreteȱ choicesȱacrossȱaȱ

populationȱofȱ individualsȱ Ȭȱ inȱ scenariosȱ thatȱdifferȱ fromȱ thoseȱobserved.ȱ ȱ Inȱ

thisȱpaperȱweȱemphasiseȱtheȱlatter.ȱȱFinally,ȱforȱpurposesȱofȱimplementation,ȱitȱ

isȱ usefulȱ toȱ equipȱ RUMȱ withȱ additionalȱ theory.ȱ ȱ Aȱ popularȱ suchȱ

implementationȱisȱtheȱGeneralisedȱExtremeȱValueȱ(GEV)ȱmodelȱofȱMcFaddenȱ

(1978,ȱ1981);ȱthisȱwillȱbeȱadoptedȱinȱwhatȱfollows.ȱ
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ȱ

Theȱfocusȱofȱmathematicalȱpsychology,ȱinȱcontrast,ȱisȱmoreȱonȱunderstandingȱ

theȱ cognitiveȱ processesȱ underlyingȱ individualȱ behaviour.ȱ ȱ Aȱ consequence,ȱ

perhapsȱ inevitably,ȱ isȱ thatȱ consensusȱ aroundȱ aȱ genericȱ paradigmȱ isȱ lessȱ

evidentȱ thanȱ inȱeconomics;ȱ ratherȱ thereȱexistsȱaȱdiverseȱ rangeȱofȱparadigmsȱ

specificȱtoȱcontext.ȱ ȱThisȱpaperȱfocusesȱonȱoneȱsuchȱcontext,ȱthatȱofȱcognitiveȱ

processingȱ inȱ �complex�ȱ discreteȱ choiceȱ tasks.ȱ ȱ Complexityȱ hasȱ attractedȱ

significantȱ attentionȱ inȱ theȱ behaviouralȱ scienceȱ literature,ȱwhereinȱHerbertȱ

Simon�sȱ contributionsȱ (e.g.ȱ 1955,ȱ 1959,ȱ 1989,ȱ 1990)ȱ haveȱ achievedȱ seminalȱ

status.ȱ ȱForȱourȱchosenȱcontext,ȱweȱ focusȱ furtherȱonȱoneȱ (albeitȱwellȱknown)ȱ

modelȱofȱdiscreteȱchoiceȱfromȱmathematicalȱpsychology,ȱnamelyȱEliminationȬ

ByȬAspectsȱ (EBA).ȱ ȱ EBA,ȱwhichȱwasȱ proposedȱ byȱ Tverskyȱ (1972a,ȱ 1972b),ȱ

offersȱ aȱ simplifyingȱ heuristicȱ forȱ complexȱ tasks,ȱ conceptualisingȱ discreteȱ

choiceȱ asȱ aȱ processȱ ofȱ sequentiallyȱ eliminatingȱ alternativesȱ accordingȱ toȱ

criteriaȱofȱacceptability,ȱuntilȱaȱsingleȱ�chosen�ȱalternativeȱremains.ȱȱȱȱ

ȱ

Althoughȱ theyȱ differȱ fundamentallyȱ inȱ theirȱ paradigmaticȱ basis,ȱ bothȱ EBAȱ

andȱGEVȱadoptȱaȱprobabilisticȱnotionȱofȱchoice,ȱandȱrepresentȱtheȱchoiceȱsetȱasȱ

aȱ�preferenceȱtree�,ȱwithȱsubsetsȱofȱsimilarȱalternativesȱnestedȱtogether.ȱȱInȱthisȱ

way,ȱ bothȱ modelsȱ relaxȱ theȱ propertyȱ ofȱ independenceȱ fromȱ irrelevantȱ

alternativesȱ(IIA),ȱwhichȱwouldȱrequireȱthatȱforȱanyȱtwoȱalternatives,ȱtheȱratioȱ

ofȱ theirȱ choiceȱprobabilitiesȱ isȱunaffectedȱbyȱ theȱpresenceȱorȱabsenceȱofȱanyȱ
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otherȱalternativesȱinȱtheȱchoiceȱsetȱ(Debreu,ȱ1960).ȱȱThisȱhasȱpromptedȱseveralȱ

eminentȱ authorsȱ Ȭȱ bothȱ inȱ economicsȱ andȱ inȱmathematicalȱ psychologyȱ Ȭȱ toȱ

makeȱobservationsȱ regardingȱ theȱdegreeȱofȱ �equivalence�ȱbetweenȱEBAȱ andȱ

GEVȱ(TverskyȱandȱSattath,ȱ1979;ȱMcFadden,ȱ1981;ȱSmall,ȱ1987;ȱVovsha,ȱ1997;ȱ

Train,ȱ 2003).ȱ ȱ Sinceȱ theseȱ observationsȱ showȱ significantȱ inconsistencies,ȱ

however,ȱ itȱ wouldȱ appearȱ thatȱ some,ȱ ifȱ notȱ all,ȱ mustȱ beȱ incorrect.ȱ ȱ Thatȱ

notwithstanding,ȱaȱcharacteristicȱsharedȱbyȱmostȱofȱtheseȱworksȱisȱanȱabsenceȱ

ofȱclearȱreasoningȱbehindȱtheirȱrespectiveȱassertions.ȱȱ

ȱ

RecentȱworkȱbyȱDalyȱandȱBierlaireȱ(2005)ȱhasȱintroducedȱaȱmoreȱgeneralȱGEVȱ

model,ȱknownȱasȱrecursiveȱnestedȱEVȱ(RNEV)ȱorȱnetworkȱEV.ȱȱThisȱgivesȱtheȱ

potentialȱ forȱ greaterȱ equivalenceȱ betweenȱ EBAȱ andȱ theȱ GEVȱ family.ȱ ȱ Theȱ

contributionȱ ofȱ ourȱ paperȱ isȱ toȱ establishȱ theȱ conditionsȱ underȱ whichȱ theȱ

probabilityȱ statementsȱofȱEBAȱandȱRNEVȱareȱequivalent,ȱ therebyȱofferingȱaȱ

moreȱdefinitiveȱresultȱthanȱpreviousȱresearchers.ȱȱTheȱimportanceȱofȱthisȱworkȱ

isȱ thatȱ ourȱ interpretationȱ ofȱ behaviourȱ willȱ differȱ underȱ eachȱ ofȱ theȱ twoȱ

paradigms.ȱȱItȱisȱnecessary,ȱtherefore,ȱtoȱdesignȱexperimentsȱthatȱrevealȱwhich,ȱ

ifȱeither,ȱofȱ theȱparadigmsȱoffersȱ theȱcorrectȱrepresentationȱofȱbehaviour.ȱ ȱ If,ȱ

however,ȱ theȱ modelsȱ developedȱ fromȱ theȱ twoȱ paradigmsȱ yieldȱ

indistinguishableȱpredictionsȱofȱbehaviourȱunderȱspecificȱcircumstances,ȱthenȱ

weȱ cannotȱ expectȱ experimentsȱ conductedȱ underȱ thoseȱ circumstancesȱ toȱ

informȱtheirȱdiscrimination.ȱȱDiscriminationȱmust,ȱinȱthisȱcase,ȱbeȱleftȱtoȱotherȱ
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meansȱ ofȱ experiment;ȱ inȱ particular,ȱ meansȱ thatȱ areȱ notȱ reliantȱ onȱ theȱ

probabilityȱstatement.ȱ

ȱ

ȱ

2.ȱSTOCHASTICȱMODELȱOFȱDISCRETEȱCHOICEȱ

ȱ

Ourȱ interestȱ inȱchoiceȱ isȱrestrictedȱtoȱtheȱparticularȱcontextȱofȱdiscreteȱchoiceȱ

byȱ anȱ individual,ȱwherebyȱ theȱ numberȱ ofȱ alternativesȱ inȱ theȱ choiceȱ setȱ isȱ

finite,ȱ alternativesȱ areȱmutuallyȱ exclusive,ȱ andȱ theȱ choiceȱ setȱ isȱ exhaustive.ȱȱ

Further,ȱweȱrestrictȱattentionȱtoȱchoiceȱunderȱcertainȱoutcomes.ȱȱWhileȱthisȱisȱaȱ

considerableȱ restriction,ȱ choiceȱ withȱ certaintyȱ isȱ atȱ leastȱ theȱ firstȱ stepȱ toȱ

developingȱaȱmodelȱofȱchoiceȱwithȱuncertainty.ȱ

ȱ

Thisȱ paperȱ doesȱ notȱ seekȱ toȱ offerȱ aȱ comprehensiveȱ accountȱ ofȱ theoriesȱ ofȱ

discreteȱ choice;ȱ suchȱ needsȱ areȱ attendedȱ toȱ elsewhereȱ inȱ theȱ literatureȱ (e.g.ȱ

Marschakȱ etȱ al.,ȱ1963;ȱLuceȱ etȱ al.,ȱ1965;ȱRestleȱandȱGreeno,ȱ1970;ȱMcFadden,ȱ

1981;ȱSuppesȱetȱal.,ȱ1989).ȱ ȱRatherȱweȱemployȱasȱourȱstartingȱpointȱaȱgeneral,ȱ

andȱuncontroversial,ȱformȱofȱdiscreteȱchoiceȱmodelȱdefinedȱbyȱMarschakȱetȱal.ȱ

(1963)ȱasȱtheȱ�stochasticȱmodel�.ȱȱFormally:ȱ

ȱȱȱ
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LetȱT ȱbeȱtheȱuniversalȱsetȱofȱdiscreteȱchoiceȱalternatives,ȱandȱletȱ { }JS ,...,1= ȱbeȱ

aȱsubsetȱ TS ⊆ ȱthatȱconstitutesȱtheȱofferedȱorȱ�choice�ȱsetȱofȱ J ȱalternatives.ȱȱAȱ

stochasticȱmodelȱspecifies,ȱforȱeachȱchoiceȱsetȱ S ȱandȱeachȱalternativeȱ Si∈ ,ȱtheȱ

probabilityȱ ( )SiP ȱ thatȱanȱ individualȱwillȱchooseȱ i ȱ fromȱ S .ȱ ȱUnderȱanyȱsuchȱ

model,ȱitȱmustȱbeȱtrueȱthatȱ ( ) 10 ≤≤ SiP ȱandȱ ( )∑ =
∈Si

SiP 1ȱforȱallȱ i ȱandȱallȱ S .ȱȱ

ȱ

Weȱmakeȱ threeȱobservationsȱ inȱ relationȱ toȱ theȱ stochasticȱmodel.ȱ ȱFirst,ȱ itȱ isȱ

basedȱ onȱ theȱ conceptȱ ofȱ aȱ singleȱ individualȱmakingȱ independentȱ repeatedȱ

choices,ȱ i.e.ȱ choiceȱ probabilityȱ canȱ beȱ conceptuallyȱ basedȱ onȱ theȱ relativeȱ

frequencyȱofȱchoicesȱbyȱanȱ individualȱ inȱrepeatedȱexperiments.ȱ ȱSecond,ȱ theȱ

sourceȱ ofȱ randomnessȱ isȱunspecified;ȱ itȱmayȱ beȱ associatedȱwithȱ incompleteȱ

informationȱonȱtheȱpartȱofȱtheȱanalystȱaboutȱtheȱpreferencesȱofȱtheȱconsumer,ȱ

orȱwithȱ intrinsicallyȱ randomȱ behaviour,ȱ orȱwithȱ both.ȱ ȱ Third,ȱ randomnessȱ

permitsȱapparentȱ�inconsistencies�ȱinȱchoice,ȱwhichȱmightȱimplyȱsomeȱdegreeȱ

ofȱvariationȱinȱtheȱunderlyingȱpreferencesȱofȱtheȱindividual.ȱȱ 

ȱ

TheȱfollowingȱsectionsȱconsiderȱtwoȱmodelȱformsȱȬȱGEVȱandȱEBAȱȬȱthatȱcanȱbeȱ

consideredȱspecialȱcasesȱofȱtheȱstochasticȱmodel.ȱȱȱȱ

 

 

3.ȱGENERALISEDȱEXTREMEȱVALUEȱȱ
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ȱ

RUMȱwasȱfirstȱproposedȱ inȱMarschakȱ(1960)ȱandȱBlockȱandȱMarschakȱ(1960)ȱ

asȱ aȱ developmentȱ ofȱ Thurstone�sȱ (1927)ȱ Lawȱ ofȱ Comparativeȱ Judgement.ȱȱ

Perhapsȱ unsurprisingly,ȱ givenȱ theseȱ origins,ȱ RUMȱ takesȱ aȱ nodȱ towardsȱ

psychophysicalȱ theory,ȱ inȱ theȱ senseȱ thatȱ theȱ modelȱ accommodatesȱ theȱ

possibilityȱ thatȱ behaviourȱ mayȱ notȱ alwaysȱ beȱ �consistent�.ȱ ȱ Inȱ economicȱ

parlance,ȱ thisȱmeansȱ thatȱ theȱ repeatedȱ choicesȱ ofȱ anȱ individualȱmayȱ implyȱ

variabilityȱ inȱ theȱ underlyingȱ preferenceȱ ordering.ȱ ȱMoreover,ȱ RUMȱ canȱ beȱ

consideredȱ aȱ stochasticȱ analogueȱ ofȱ theȱmoreȱ conventionalȱmicroeconomicȱ

analysisȱ ofȱ individualȱ choiceȱ (e.g.ȱ Debreu,ȱ 1954).ȱ ȱ Marschakȱ etȱ al.ȱ (1963)ȱ

providedȱtheȱfollowingȱdefinitionȱofȱRUM:ȱ

ȱ

Aȱ stochasticȱmodelȱ isȱ saidȱ toȱ beȱ aȱ randomȱ utilityȱmodelȱ ifȱ thereȱ existsȱ aȱ

randomȱvectorȱ ( )JUU ,...,1 ȱsuchȱthat,ȱforȱeachȱchoiceȱsetȱ S ȱandȱallȱ Si∈ :ȱȱ

( ) { }SjUUSiP ji ∈≥= allforPr .ȱ ȱ ȱ

Aȱ consequenceȱofȱ thisȱdefinitionȱ [theyȱalsoȱnote]ȱ isȱ thatȱunderȱ anyȱ randomȱ

utilityȱmodel:ȱ

{ } ijUU ji ≠== allfor0Pr .ȱ

ȱ
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Toȱinterpret,ȱforȱanyȱchoiceȱset,ȱanȱindividualȱcanȱrankȱalternativesȱinȱtermsȱofȱ

theirȱ utility;ȱ thisȱ rankingȱ isȱ howeverȱ randomȱ andȱ mayȱ changeȱ betweenȱ

replications.ȱȱȱ

ȱ

InȱimplementingȱRUM,ȱmicroeconomicsȱhasȱshownȱheavyȱrelianceȱonȱaȱsubsetȱ

ofȱRUMȱderivedȱfromȱMcFadden�sȱ(1978,ȱ1981)ȱGEVȱmodel.ȱȱPromptedȱbyȱtheȱ

interestȱofȱeconomistsȱinȱaggregateȱbehaviour,ȱMcFaddenȱreȬinterpretedȱRUMȱ

asȱ representative,ȱ notȱ ofȱ anȱ individualȱ engagedȱ inȱ repeatedȱ independentȱ

discreteȱ choiceȱ tasks,ȱbutȱofȱaȱpopulationȱofȱdecisionȬmakersȱwithȱ explicitlyȱ

varyingȱ tastes,ȱ eachȱ facingȱ aȱ singleȱ discreteȱ choiceȱ task.ȱ ȱMcFaddenȱ (1981)ȱ

arguedȱ thatȱ theȱ twoȱ interpretationsȱ areȱ formallyȱ equivalent,ȱ i.e.ȱ thatȱ theȱ

probabilityȱ ofȱ aȱ choiceȱ madeȱ byȱ aȱ specificȱ individualȱ inȱ (conceptually)ȱ

repeatedȱexperimentsȱalsoȱappliesȱtoȱtheȱprobabilityȱofȱthatȱchoiceȱmadeȱbyȱaȱ

randomlyȱchosenȱindividualȱinȱanȱextensiveȱpopulation.ȱ

ȱ

Letȱ iii VU ε+= ,ȱwhereȱ iV ȱisȱdeterministicȱutility,ȱandȱ iε ȱisȱaȱrandomȱvariable.ȱȱ

Followingȱ McFaddenȱ (1978),ȱ GEVȱ isȱ basedȱ onȱ aȱ functionȱ ( )JYYGG ,...,1= ,ȱ

whereȱ )exp( ii VY = .ȱȱLetȱ ii YGG ∂∂= .ȱȱIfȱGȱsatisfiesȱaȱseriesȱofȱpropertiesȱthenȱ

aȱGEVȱmodelȱisȱgivenȱby:ȱ

ȱ

( )
G

GY
iP ii= ȱ (1)ȱ



 
 

10

ȱ

Thisȱmodelȱ hasȱ aȱmeanȱ utilityȱ givenȱ byȱ γ+= GV log ȱ whereȱ γ ȱ isȱ Euler�sȱ

constant.ȱȱTheȱpropertiesȱareȱasȱfollows:ȱ

(a) 0≥G ȱforȱallȱpositiveȱvaluesȱofȱ iY ,ȱforȱallȱ Si∈ .ȱ

(b) Gȱisȱhomogenousȱofȱdegreeȱone.ȱ

(c) ∞→G ȱasȱ ∞→iY ȱforȱanyȱi.ȱ

(d) Theȱ crossȱ partialȱ derivativesȱ ofȱ Gȱ switchȱ signȱ inȱ aȱ particularȱ way,ȱ

specifically:ȱ 0≥iG ȱ forȱ allȱ i,ȱ 0≤∂∂= jiij YGG ȱ forȱ allȱ ij ≠ ,ȱ

0≥∂∂= kijijk YGG ȱforȱanyȱdistinctȱi,ȱjȱandȱk,ȱandȱsoȱonȱforȱhigherȱorderȱ

crossȱpartialȱderivatives.ȱ

ȱ

Aȱ fewȱ commentsȱ areȱ appropriate.ȱ ȱ First,ȱ anȱ oversightȱ isȱ apparentȱ inȱ

McFadden�sȱpropertyȱ(a);ȱwithȱreferenceȱtoȱ(1)ȱandȱtheȱmeanȱutilityȱresult,ȱitȱisȱ

clearȱthatȱGȱmustȱbeȱpositive.ȱ ȱSecond,ȱwithȱreferenceȱtoȱpropertyȱ(b),ȱGȱmayȱ

actuallyȱbeȱhomogenousȱofȱdegreeȱ 0>µ ȱ(BenȬAkivaȱandȱLerman,ȱ1985).ȱȱOurȱ

thirdȱ commentȱ concernsȱ easeȱofȱ implementation,ȱ sinceȱwhileȱpropertiesȱ (a),ȱ

(b)ȱandȱ (c)ȱareȱ reasonablyȱ straightforwardȱ toȱverify,ȱpropertyȱ (d)ȱ isȱnotȱ (seeȱ

DalyȱandȱBierlaire,ȱ2005).ȱȱȱ

ȱ

3.1ȱTreeȱmodelsȱ

ȱ
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GEVȱmodelsȱwithȱparticularȱpropertiesȱ canȱbeȱderivedȱ throughȱappropriateȱ

specificationȱofȱ theȱGȱ function.ȱ ȱAȱpopularȱ formȱ isȱ treeȱorȱnestedȱ logitȱ (NL),ȱ

whichȱgroupsȱrelatedȱalternativesȱinȱmutuallyȱexclusiveȱ�nests�ȱacrossȱaȱseriesȱ

ofȱ �levels�.ȱ ȱ Considerȱ theȱ derivationȱ ofȱ theȱ simplestȱ possibleȱ formȱ ofȱ NL,ȱ

consistingȱofȱonlyȱtwoȱlevels,ȱfromȱGEV.ȱȱSpecifyȱaȱGȱfunction:ȱ

ȱ

∑ ∑
= ∈

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

M

m Rh m

h

m

m

VG
1

exp

µ

µ ȱ

ȱ

whereȱtheȱchoiceȱsetȱ { }JS ,...,1= ȱisȱpartitionedȱintoȱMȱnonȬoverlappingȱsubsetsȱ

orȱnestsȱ MmSRm ,...,1, =⊆ .ȱȱTheȱprobabilityȱofȱchoosingȱalternativeȱiȱfromȱ S ȱ

isȱgivenȱby:ȱȱ

ȱ

( ) ( ) ( )mm RiPRPSiP ×= ȱ

ȱ

ȱwhereȱtheȱmarginalȱprobabilityȱofȱchoosingȱnestȱ mR ȱisȱgivenȱby:ȱ

ȱ

( )
∑ ∑

∑

= ∈

∈

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=
M

m Rh m

h

Rh m

h

m m

m

m

m

V

V

RP

1

exp

exp

µ

µ

µ

µ
ȱ

ȱ
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andȱtheȱconditionalȱprobabilityȱofȱchoosingȱalternativeȱiȱfromȱnestȱ mR ȱisȱgivenȱ

by:ȱ

ȱ

( )
∑
∈

=

mRh m

h

m

i

m V

V

RiP

µ

µ

exp

exp
ȱ

ȱ

whereȱ mµ ȱisȱtheȱdissimilarityȱparameterȱrelatingȱtoȱnestȱ mR .ȱȱConsistencyȱwithȱ

RUMȱrequiresȱthatȱ 10 ≤< mµ ȱforȱallȱ mµ .ȱȱInȱtheȱlimitingȱcaseȱwhereȱ 1=mµ ȱforȱ

allȱ mR ,ȱ NLȱ collapsesȱ toȱ theȱ multinomialȱ logitȱ (MNL)ȱ model,ȱ whichȱ isȱ

characterisedȱbyȱIIA.ȱȱ

ȱ

Althoughȱ theȱaboveȱ relatesȱ toȱ theȱsimpleȱcase,ȱ itȱcanȱbeȱ readilyȱextendedȱ toȱ

moreȱthanȱtwoȱlevels.ȱ ȱAnȱalternativeȱgeneralisationȱisȱtoȱrelaxȱtheȱconstraintȱ

thatȱ nestsȱ areȱmutuallyȱ exclusive.ȱ ȱ Theȱ latterȱ yieldsȱ theȱ crossȬnestedȱ logitȱ

(CNL)ȱmodel,ȱfirstȱsuggestedȱ(albeitȱsomewhatȱvaguely)ȱbyȱMcFaddenȱ(1978).ȱȱ

CNLȱ allowsȱ alternativesȱ toȱ belongȱ toȱmoreȱ thanȱ oneȱ nest,ȱ potentiallyȱwithȱ

differentȱ �degrees�ȱ ofȱmembership,ȱ althoughȱ theȱmodelȱ isȱ restrictedȱ toȱ twoȱ

levels.ȱȱ

ȱ

3.2ȱGeneralȱcrossȬnestedȱmodelsȱ

ȱ
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RNEVȱandȱitsȱnetworkȱinterpretationȱhaveȱbeenȱderivedȱbyȱDalyȱandȱBierlaireȱ

(2005).ȱ ȱ Theȱ networkȱ interpretationȱ allowsȱ anȱ analystȱ toȱ drawȱ anȱ arbitraryȱ

crossȬnestingȱstructure,ȱemanatingȱfromȱaȱsingleȱ �root�ȱandȱwithȱanyȱnumberȱ

ofȱ levelsȱ butȱ withoutȱ cycles,ȱ andȱ toȱ calculateȱ theȱ conditionalȱ choiceȱ

probabilitiesȱ byȱ logitȱ functionsȱ atȱ eachȱ nodeȱ inȱ theȱ network.ȱ ȱ Dalyȱ andȱ

Bierlaireȱ showedȱ thatȱ thisȱ structureȱ isȱ consistentȱ withȱ McFadden�sȱ GEVȱ

requirementsȱ andȱ isȱ thereforeȱ consistentȱwithȱRUM.ȱ ȱRNEVȱgeneralisesȱNLȱ

becauseȱ itȱ allowsȱ crossȬnestingȱ andȱ generalisesȱ CNLȱ becauseȱ itȱ allowsȱ

multipleȱ levels.ȱ ȱTheȱDalyȱandȱBierlaireȱproofȱ thatȱRNEVȱ isȱ consistentȱwithȱ

GEVȱcanȱthusȱbeȱusedȱtoȱproveȱthatȱtheseȱspecialȱcasesȱareȱalsoȱconsistentȱwithȱ

RUM.ȱȱȱ

ȱ

Formally,ȱtheȱRNEVȱmodelȱcanȱbeȱdefinedȱbyȱaȱrecursiveȱrelationshipȱatȱeachȱ

nodeȱbȱofȱaȱsingleȱrootȱ(i.e.ȱconnected),ȱnonȬcyclicȱnetwork:ȱ

ȱ

( )∑= ∈ ba
a

a
bbab
VV succ expexp µµλ ȱ

ȱ

whereȱ ( )bsucc ȱisȱtheȱsetȱofȱimmediateȱsuccessorsȱtoȱbȱinȱtheȱnetwork;ȱλ ȱandȱ µ ȱ

areȱsetsȱofȱpositiveȱparametersȱwithȱ ba µµ ≥ ,ȱifȱ ( )ba succ∈ .ȱȱDalyȱandȱBierlaireȱ

showedȱ thatȱ rVexp ȱ isȱ aȱGEVȱGȱ function,ȱwhereȱ rȱ isȱ theȱ singleȱ rootȱ ofȱ theȱ

network,ȱdefinedȱoverȱtheȱfunctionsȱ eVexp ȱforȱtheȱelementaryȱnodesȱ(i.e.ȱthoseȱ
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thatȱ haveȱ noȱ successors)ȱ whichȱ formȱ theȱ alternativesȱ inȱ theȱ model.ȱ ȱ Theȱ

conditionalȱchoiceȱprobabilitiesȱinȱthisȱmodelȱareȱgivenȱby:ȱ

ȱ

( )
( )∑

=
∈′

′

′
′ba

a

a
bab

a

a
bba

V

V

baP

succ exp

exp

µµλ

µµλ
ȱ

ȱ

i.e.ȱ theȱ standardȱ logitȱ probabilitiesȱ withȱ theȱ additionȱ ofȱ theȱ inclusionȱ

parametersȱ λ .ȱ ȱTheȱmarginalȱprobabilityȱ ofȱ choiceȱ forȱ eachȱ alternativeȱ canȱ

thenȱbeȱcalculatedȱasȱtheȱsumȱofȱtheȱchoiceȱprobabilitiesȱforȱeachȱofȱtheȱpathsȱ

connectingȱtheȱrootȱtoȱthatȱalternative,ȱwhereȱtheȱpathȱchoiceȱprobabilitiesȱareȱ

calculatedȱasȱtheȱproductsȱofȱtheȱconditionalȱprobabilitiesȱatȱeachȱnodeȱonȱtheȱ

pathȱ(includingȱtheȱroot). 

 

ȱ

4.ȱELIMINATIONȬBYȬASPECTSȱ

ȱ

Anȱ alternativeȱparadigm,ȱ commonlyȱ attributedȱ toȱ Simonȱ (e.g.ȱ 1959),ȱ isȱ thatȱ

individualȱdecisionȬmakers,ȱ insteadȱofȱseekingȱ toȱutilityȬmaximise,ȱareȱmoreȱ

inclinedȱ toȱ useȱ simplifyingȱ heuristics,ȱ achievingȱ �approximate�ȱ solutionȱ byȱ

meansȱofȱ �modest�ȱ computationalȱeffort.ȱ ȱAȱnumberȱofȱ formalȱmathematicalȱ

modelsȱbasedȱonȱthisȱ ideaȱhaveȱbeenȱproposed;ȱsuchȱmodelsȱareȱoftenȱbasedȱ
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onȱsomeȱformȱofȱattributeȬbasedȱsequentialȱelimination.ȱȱSeeȱManraiȱ(1995)ȱforȱ

aȱusefulȱreview.ȱ

ȱ

4.1ȱGeneralȱcrossȬnestedȱmodelsȱ

ȱ

OneȱofȱtheȱbetterȬknownȱeliminationȱmodelsȱisȱEBA,ȱwhichȱwasȱproposedȱbyȱ

Tverskyȱ(1972a,ȱ1972b).ȱȱAccordingȱtoȱEBA,ȱeachȱalternativeȱisȱconceptualisedȱ

asȱ aȱ collectionȱ ofȱ aspectsȱ ��thatȱ denoteȱ allȱ valuedȱ attributesȱ ofȱ theȱ optionsȱ

includingȱ quantitativeȱ attributesȱ (e.g.,ȱ price,ȱ quality)ȱ andȱ nominalȱ attributesȱ (e.g.,ȱ

automaticȱtransmissionȱonȱaȱcar,ȱfriedȱriceȱonȱaȱmenu)�ȱ(TverskyȱandȱSattath,ȱ1979ȱ

p543).ȱ ȱChoiceȱ isȱmodelledȱ asȱ aȱ sequentialȱ eliminationȱprocessȱwherebyȱ anȱ

aspectȱisȱselected,ȱwithȱprobabilityȱproportionalȱtoȱitsȱ�value�ȱorȱ�utility�ȱtoȱtheȱ

decisionȬmaker,ȱandȱallȱalternativesȱnotȱpossessingȱtheȱaspectȱareȱeliminated.ȱȱ

(Itȱisȱclearȱthatȱcontinuousȱattributesȱmustȱbeȱexpressedȱasȱ0/1ȱindicatorsȱ(e.g.ȱ

byȱformulatingȱaȱseriesȱofȱthresholds)ȱtoȱincorporateȱthemȱinȱtheȱmodel).ȱȱThisȱ

processȱ isȱ repeatedȱ untilȱ onlyȱ oneȱ alternativeȱ remains.ȱ ȱ Theȱmodelȱ canȱ beȱ

formalisedȱfollowingȱTverskyȱandȱSattath:ȱ

ȱ

Againȱ letȱ { }JS ,...,1= ȱ beȱ theȱ choiceȱ setȱ ofȱ alternatives.ȱ ȱ Letȱ eachȱ iȱ inȱ S ȱ beȱ

associatedȱwithȱaȱfiniteȱnonȬemptyȱsetȱ { },...,βα=′i ȱofȱaspectsȱofȱi.ȱȱIfȱaspectȱα ȱ

isȱanȱelementȱofȱ i′ ,ȱalternativeȱ iȱ isȱsaidȱ toȱ �include�ȱα .ȱ ȱLetȱ S ′ ȱbeȱ theȱsetȱofȱ
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aspectsȱ thatȱ areȱ includedȱ inȱ atȱ leastȱ oneȱ alternativeȱ inȱ S ,ȱ i.e.ȱ

{ }SiiS ∈′∈=′ someforαα .ȱ ȱForȱanyȱα ȱinȱ S ′ ,ȱletȱ { }iSiR ′∈∈= αα ȱdenoteȱtheȱ

subsetȱofȱalternativesȱthatȱincludeȱα .ȱȱȱ

ȱ

Aȱfamilyȱofȱchoiceȱprobabilitiesȱ ( )SiP ,ȱforȱeachȱchoiceȱsetȱ S ȱandȱallȱ Si∈ ,ȱ isȱ

EBAȱifȱthereȱexistsȱaȱnonȬnegativeȱscaleȱu ȱonȱ S ′ ȱsuchȱthat:ȱ

ȱ

( )
( ) ( )

( )∑

∑
=

′∈

′∈

S

i

u

RiPu
SiP

β

α
α

β

α
ȱ (2)ȱ

ȱ

Theȱ recursiveȱ formulaȱ (2)ȱ isȱ thusȱ aȱ weightedȱ sumȱ ofȱ theȱ probabilitiesȱ ofȱ

selectingȱiȱfromȱaspectȬbasedȱsubsetsȱofȱ S ,ȱwhereȱtheȱweightsȱareȱinterpretedȱ

asȱaspectȬspecificȱutilityȱorȱvalue.ȱȱNoteȱthatȱȬȱinȱcommonȱwithȱRNEVȱȬȱthereȱisȱ

noȱrequirementȱthatȱtheȱsubsetsȱbeȱnonȬoverlapping.ȱ

ȱ

Toȱ facilitateȱ discussion,ȱ andȱ withoutȱ lossȱ ofȱ generality,ȱ theȱ followingȱ

simplifyingȱpropertiesȱofȱaspectsȱandȱalternativesȱcanȱbeȱassumedȱ toȱbeȱpartȱ

ofȱtheȱEBAȱdefinition:ȱ

I. eliminateȱfromȱconsiderationȱallȱaspectsȱwhichȱareȱnotȱpossessedȱbyȱanyȱ

alternativeȱ (thisȱ isȱ justȱmakingȱ sureȱ theȱ individualȱdoesȱnotȱ requireȱanȱ

aspectȱthatȱisȱnotȱavailable);ȱ
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II. eliminateȱ fromȱ considerationȱ allȱ aspectsȱ thatȱ areȱ possessedȱ byȱ allȱ

alternativesȱ(theseȱdoȱnotȱhelpȱinȱmakingȱaȱchoice);ȱ

III. eliminateȱcasesȱwhereȱaȱsingleȱalternativeȱpossessesȱallȱofȱtheȱaspectsȱ(itȱ

wouldȱalwaysȱbeȱchosen);ȱ

IV. considerȱ anyȱ twoȱ orȱmoreȱ aspectsȱwhichȱ areȱpossessedȱ byȱ exactlyȱ theȱ

sameȱsetȱofȱalternativesȱasȱeffectivelyȱformingȱaȱsingleȱaspect,ȱsinceȱtheyȱ

alwaysȱapplyȱtogether;ȱ

V. considerȱasȱ indistinguishableȱanyȱalternativesȱ thatȱpossessȱ theȱsameȱsetȱ

ofȱaspects.ȱ

ȱ

Inȱ caseȱ IV,ȱwhenȱ aspectsȱ 1α ȱ andȱ 2α ȱ areȱ consideredȱ togetherȱ asȱ α ,ȱweȱ canȱ

write:ȱ

ȱ

( ) ( ) ( )21 ααα uuu += ȱ

ȱ

andȱthisȱgivesȱtheȱsameȱprobabilitiesȱasȱ(2)ȱbecauseȱ ααα RRR ==
21

ȱandȱso:ȱ

ȱ

( ) ( ) ( ) ( ) ( ) ( )ααα ααα RiPuRiPuRiPu =+
21 21 ȱ

ȱ

Moreover,ȱ equationȱ (2)ȱ canȱ beȱ seenȱ toȱ beȱ anȱ extensionȱ ofȱ theȱ followingȱ

equation,ȱwhichȱisȱalwaysȱtrue:ȱ
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ȱ

( ) ( ) ( )∑=
′∈i

RiPSRPSiP
α

αα ȱ

ȱ

whereȱ ( )SRP α ,ȱtheȱprobabilityȱthatȱchoiceȱwillȱbeȱinȱ αR ȱgivenȱthatȱitȱisȱinȱ S ,ȱisȱ

definedȱbyȱtheȱspecificȱconditionalȱprobability:ȱ

ȱ

( ) ( )
( )∑

=
′∈S u

u
SRP

β
α β

α ȱ

ȱ

Tverskyȱ(1972a)ȱderivedȱtheȱfollowingȱpropertiesȱofȱEBAȱprobabilities.ȱȱ

̇ Regularityȱ assertsȱ thatȱ theȱ choiceȱ probabilityȱ ofȱ specificȱ alternativesȱ

cannotȱbeȱincreasedȱthroughȱenlargementȱofȱtheȱchoiceȱset.ȱȱȱ

̇ Multiplicativeȱ inequalityȱassertsȱ thatȱ theȱprobabilityȱofȱchoosingȱ iȱ fromȱ

{ }kji ,, ȱcannotȱbeȱlessȱthanȱtheȱprobabilityȱofȱchoosingȱiȱfromȱbothȱ{ }ji, ȱ

andȱ{ }ki, ȱinȱtwoȱindependentȱchoices.ȱ

̇ Moderateȱ stochasticȱ transitivityȱ isȱ aȱ generalisationȱ ofȱ theȱ transitivityȱ

axiomȱofȱmicroeconomicȱtheory.ȱ

ȱȱ

Tverskyȱ (1972a)ȱ presentedȱ theȱ aboveȱ propertiesȱ asȱ �estimationȬfree�ȱ testsȱ ofȱ

EBA,ȱ meaningȱ thatȱ theyȱ canȱ beȱ appliedȱ toȱ choiceȱ outcomesȱ withoutȱ aȱ

necessityȱtoȱestimateȱparameters.ȱȱItȱisȱhoweverȱimportantȱtoȱnoteȱthat,ȱwhileȱ
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necessaryȱ toȱdetermineȱ consistencyȱwithȱEBA,ȱ theȱ aboveȱpropertiesȱ areȱnotȱ

sufficient.ȱȱIndeed,ȱitȱcanȱbeȱshownȱthatȱNLȱisȱcharacterisedȱbyȱtheȱsameȱthreeȱ

propertiesȱ ofȱ regularity,ȱ multiplicativeȱ inequalityȱ andȱ moderateȱ stochasticȱ

transitivity.ȱȱȱ

ȱ

4.2ȱTreeȱmodelsȱ

ȱ

TverskyȱandȱSattathȱ(1979)ȱproposedȱtheȱPRETREEȱmodelȱasȱaȱspecialȱcaseȱofȱ

EBA.ȱ ȱPRETREEȱ imposesȱaȱ restrictionȱonȱ theȱchoiceȱ setȱ suchȱ thatȱ subsetsȱofȱ

alternativesȱsharingȱaspectsȱformȱaȱhierarchicalȱstructure.ȱȱTwoȱalternativeȱbutȱ

entirelyȱequivalentȱ interpretationsȱofȱPRETREEȱwereȱproposed,ȱEliminationȬ

ByȬTreeȱ(EBT)ȱandȱHierarchicalȱEliminationȬByȬAspectsȱ(HEBA).ȱȱȱ

ȱ

Extendingȱ theȱ aboveȱ analysisȱ ofȱ EBA,ȱ weȱ nowȱ considerȱ PRETREEȱ moreȱ

formally,ȱ focussingȱ onȱ theȱ HEBAȱ interpretation.ȱ ȱ Letȱ αR ȱ beȱ theȱ setȱ ofȱ

alternativesȱinȱ S ȱthatȱincludeȱtheȱlinkȱα ,ȱi.e.ȱ { }iSiR ′∈∈= αα .ȱȱDefineȱ βα ȱifȱ

β ȱfollowsȱdirectlyȱfromȱα .ȱ ȱLetȱ ( )αu ȱbeȱtheȱ lengthȱ(orȱutility)ȱofȱα ,ȱandȱ letȱ

( )αw ȱbeȱtheȱtotalȱlengthȱofȱallȱlinksȱthatȱfollowȱfromȱα ,ȱincludingȱα .ȱȱIfȱ *T ȱisȱ

aȱtreeȱandȱ TS ⊂ ,ȱtheȱsetȱ { }SiiS ∈′=* ȱisȱreferredȱtoȱasȱaȱ�subȬtree�.ȱȱFinally,ȱforȱ

αβ RR ⊂ ,ȱletȱ ( )αβ RRP , ȱbeȱtheȱprobabilityȱthatȱanȱalternativeȱchosenȱfromȱ αR ȱisȱ

alsoȱanȱelementȱofȱ βR ,ȱi.e.ȱ ( ) ( )∑=
∈ β

ααβ
Ri

RiPRRP , .ȱ



 
 

20

ȱ

Aȱfamilyȱofȱchoiceȱprobabilitiesȱ ( )SiP ,ȱforȱeachȱchoiceȱsetȱ S ȱandȱallȱ Si∈ ,ȱ isȱ

HEBAȱifȱthereȱexistsȱaȱtreeȱ *T ȱwithȱmeasureȱ u ȱsuchȱthatȱtheȱfollowingȱthreeȱ

conditionsȱhold:ȱ

1. Ifȱ βγ ȱandȱ αβ ȱthenȱ ( ) ( ) ( )γββαγα RRPRRPRRP ,,, = .ȱ

2. Ifȱ βγ andȱ αγ ȱthen:ȱ
( )
( )

( )
( )β
α

γβ

γα

w

w

RRP

RRP
=

,

,
,ȱprovidedȱ ( ) 0, ≠γβ RRP .ȱ

3. Theȱ aboveȱ conditionsȱ alsoȱ holdȱ forȱ anyȱ subȬtreeȱ *S ȱ ofȱ *T ,ȱwithȱ theȱ

inducedȱstructureȱonȱ *S .ȱ

ȱ

Sinceȱ itȱ isȱ aȱ specialȱ caseȱ ofȱ EBA,ȱ theȱ propertiesȱ ofȱ regularity,ȱ moderateȱ

stochasticȱ transitivityȱ andȱ multiplicativeȱ inequalityȱ applyȱ alsoȱ toȱ HEBA.ȱȱ

Tverskyȱ andȱ Sattathȱ (1979)ȱ presentedȱ twoȱ furtherȱ properties,ȱ namelyȱ theȱ

trinaryȱ andȱ quarternaryȱ conditions,ȱ asȱ specificȱ toȱ HEBA.ȱ ȱ Indeed,ȱ theyȱ

assertedȱthat:ȱ ��theȱtrinaryȱandȱtheȱquarternaryȱconditionsȱareȱnotȱonlyȱnecessaryȱ

butȱareȱalsoȱsufficientȱtoȱensureȱtheȱrepresentationȱofȱbinaryȱchoiceȱprobabilitiesȱasȱaȱ

[PRETREE]�ȱ(p551).ȱȱSinceȱweȱwillȱreferȱtoȱtheȱtrinaryȱconditionȱinȱsubsequentȱ

discussion,ȱweȱdefineȱitȱformally:ȱ

ȱ

Theȱ trinaryȱ conditionȱ statesȱ thatȱ anyȱ threeȱ alternativesȱ thatȱ formȱ aȱ subȬtreeȱ

{ }kji, ,ȱe.g.ȱ { }jiR ,=α ,ȱ { }kR =β ȱinȱHEBA,ȱsatisfyȱtheȱcondition:ȱ

ȱ
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Ifȱ { }( )
{ }( ) 1

,

,
≥

jijP

jiiP
,ȱthenȱ { }( )

{ }( )
{ }( )
{ }( )

{ }( )
{ }( ) 1

,

,

,

,

,

,
≥⎥

⎦

⎤
⎢
⎣

⎡
≥

kjkP

kjjP

kikP

kiiP

jijP

jiiP ȱ

ȱ

whereȱ strictȱ inequalityȱ (equality)ȱ inȱ theȱ hypothesisȱ impliesȱ strictȱ inequalityȱ

(equality)ȱ inȱ theȱ result.ȱ ȱ Theȱ quarternaryȱ conditionȱ applies,ȱ inȱ analogousȱ

fashion,ȱtoȱtheȱfourȬalternativeȱcase;ȱforȱreasonsȱofȱbrevity,ȱweȱreferȱreadersȱtoȱ

theȱdefinitionȱinȱTverskyȱandȱSattathȱ(1979).ȱȱȱ

ȱȱȱȱ

ȱ 

5.ȱEQUIVALENCEȱBETWEENȱEBAȱANDȱGEVȱ

ȱ

Althoughȱ theyȱdifferȱ fundamentallyȱ inȱ theirȱparadigmaticȱbasis,ȱHEBAȱ andȱ

NLȱ showȱ significantȱ commonalityȱ inȱ theȱ followingȱ respects.ȱ ȱFirst,ȱbothȱareȱ

specialȱ casesȱ ofȱ theȱ commonȱ genericȱ frameworkȱ offeredȱ byȱ theȱ stochasticȱ

model.ȱȱSecond,ȱbothȱrepresentȱtheȱchoiceȱproblemȱasȱaȱ�preferenceȱtree�,ȱwithȱ

mutuallyȱexclusiveȱsubsetsȱofȱalternativesȱdefinedȱonȱ theȱbasisȱofȱcovarianceȱ

orȱsimilarity.ȱ ȱThird,ȱtheȱtwoȱmodelsȱshareȱcommonȱproperties;ȱforȱexample,ȱ

bothȱ HEBAȱ andȱ NLȱ areȱ characterisedȱ byȱ regularity,ȱ moderateȱ stochasticȱ

transitivityȱandȱmultiplicativeȱinequality.ȱȱTheseȱcharacteristicsȱȬȱinȱparticularȱ

itȱ wouldȱ seemȱ theȱ secondȱ Ȭȱ haveȱ ledȱ severalȱ eminentȱ authorsȱ toȱ makeȱ

commentȱonȱtheȱexistenceȱofȱequivalenceȱbetweenȱHEBAȱandȱNL.ȱȱȱ

ȱ
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Tverskyȱ andȱ Sattathȱ (1979)ȱ asserted;ȱ �Althoughȱ theȱnestedȱ logitȱmodelȱ doesȱnotȱ

coincideȱwithȱ pretree,ȱ theȱ twoȱmodelsȱ areȱ sufficientlyȱ closeȱ thatȱ theȱ formerȱmayȱ beȱ

regardedȱ asȱ aȱ randomȱ utilityȱ counterpartȱ ofȱ theȱ latter�ȱ (p567);ȱ butȱ offeredȱ noȱ

furtherȱ insight.ȱ ȱMcFaddenȱ (1981)ȱpresentedȱaȱmoreȱdetailedȱanalysis.ȱ ȱForȱaȱ

preferenceȱ treeȱ consistingȱ ofȱ threeȱ alternatives,ȱ multinomialȱ choiceȱ

probabilitiesȱwereȱ derivedȱ analyticallyȱ fromȱ binaryȱ choiceȱ probabilitiesȱ forȱ

threeȱ models:ȱ NL,ȱ HEBAȱ andȱ multinomialȱ probitȱ (MNP).ȱ ȱ McFaddenȱ

comparedȱ theȱmultinomialȱ choiceȱprobabilitiesȱ forecastȱbyȱ theȱ threeȱmodelsȱ

forȱ givenȱ binaryȱ choiceȱ probabilities,ȱ findingȱ thatȱ theȱ multinomialȱ choiceȱ

probabilitiesȱ forecastȱ byȱ NL,ȱ HEBAȱ andȱ MNPȱ were,ȱ notȱ onlyȱ intuitivelyȱ

plausible,ȱbutȱextremelyȱcloseȱtoȱeachȱother.ȱ ȱHeȱconcludedȱthatȱ �...atȱ leastȱ forȱ

simpleȱpreferenceȱtrees...theseȱmodelsȱareȱforȱallȱpracticalȱpurposesȱindistinguishable�ȱ

(p236).ȱȱResearchersȱnowȱunderstandȱtheȱrelationshipȱofȱMNPȱtoȱGEVȱmodelsȱ

betterȱ andȱ extensiveȱ analyticalȱ andȱ simulationȱ testingȱ hasȱ illuminatedȱ theȱ

comparativelyȱsmallȱbutȱsometimesȱsignificantȱdifferencesȱbetweenȱMNPȱandȱ

NLȱ(Whelanȱetȱal.,ȱ2002).ȱ

ȱ

Extendingȱ theȱ analysis,ȱ itȱ isȱ insightfulȱ toȱ alsoȱ considerȱ theȱ degreeȱ ofȱ

equivalenceȱ betweenȱ EBAȱ andȱ CNL,ȱ whichȱ generaliseȱ HEBAȱ andȱ NLȱ

respectivelyȱ toȱaccommodateȱaȱ �crossȬnested�ȱstructure.ȱ ȱAgain,ȱaȱnumberȱofȱ

authorsȱ haveȱmadeȱ observations.ȱ ȱ Smallȱ (1987)ȱ assertedȱ thatȱ orderedȱGEVȱ

(OGEV),ȱ whichȱ isȱ aȱ specialȱ caseȱ ofȱ CNL,ȱ is:ȱ ��anȱ exampleȱ ofȱ A.ȱ Tversky�sȱ
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�eliminationȱ byȱ aspect�ȱ classȱ ofȱ choiceȱ models�ȱ (p414).ȱ ȱ Vovshaȱ (1997)ȱ noted:ȱ

��withinȱtheȱcrossȬnestedȱframework�choiceȱcanȱbeȱconditionallyȱmadeȱfromȱseveralȱ

marginalȱ nestsȱ reflectingȱ differentȱ attractionȱ focuses�Fromȱ thisȱ pointȱ ofȱ viewȱ theȱ

crossȬnestedȱ structureȱ comesȱ closeȱ toȱ theȱ eliminationȬbyȬaspectsȱ theory�ȱ (p9).ȱȱ

Unfortunately,ȱ neitherȱ Tverskyȱ norȱVovshaȱ elaboratedȱ onȱ theseȱ comments,ȱ

butȱ perhapsȱ evenȱ lessȱ transparentȱ isȱ theȱ contributionȱ ofȱ Trainȱ (2003),ȱwhoȱ

asserted:ȱ �Withȱ positiveȱ [logȱ sumȱ parameter],ȱ theȱ nestedȱ logitȱ approachesȱ theȱ

�eliminationȱ byȱ aspects�ȱmodelȱ ofȱTverskyȱ (1972)ȱ asȱ [logȱ sumȱparameter]ȱ→ȱ 0�ȱ

(p93).ȱ

ȱ

Inȱ theȱsubsequentȱanalysisȱweȱestablishȱ formalȱconditionsȱunderȱwhichȱEBAȱ

andȱGEVȱareȱequivalent.ȱ ȱOurȱ initialȱ investigationȱ isȱrestrictedȱtoȱHEBAȱandȱ

NL,ȱandȱrequiresȱtwoȱstagesȱofȱanalysis.ȱȱFirst,ȱweȱestablishȱequivalence,ȱinȱaȱ

mathematicalȱsense,ȱbetweenȱtheȱfullȱsetȱofȱchoiceȱprobabilitiesȱofȱHEBAȱandȱ

NL.ȱ ȱWhileȱ necessaryȱ toȱ establishȱ formalȱ equivalence,ȱ thisȱ isȱ notȱ howeverȱ

sufficient.ȱ ȱ Forȱ this,ȱ aȱ secondȱ stageȱ isȱ requiredȱ ofȱ verifyingȱ thatȱ theȱ

equivalence,ȱasȱestablished,ȱdoesȱnotȱviolateȱ theȱ internalȱconditionsȱofȱeitherȱ

HEBAȱorȱNLȱ(i.e.ȱbothȱmodelsȱremainȱvalidȱaccordingȱtoȱtheirȱownȱrules).ȱȱȱ

ȱ

Implicitȱ inȱ theȱaboveȱ isȱ consistencyȱ inȱ theȱ levelȱofȱaggregationȱatȱwhichȱ theȱ

twoȱmodelsȱ areȱ represented.ȱ ȱHEBAȱ inȱ itsȱmostȱ basicȱ formȱ isȱ aȱmodelȱ ofȱ

repeatedȱ choicesȱ byȱ aȱ singleȱ individual;ȱ thisȱ contrastsȱ withȱ NL,ȱ whichȱ
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typicallyȱreliesȱonȱaȱsingleȱchoiceȱfromȱeachȱofȱaȱsampleȱofȱindividuals.ȱȱInȱtheȱ

contextȱofȱourȱinvestigationȱofȱequivalence,ȱconsistencyȱofȱaggregationȱlevelȱisȱ

achievedȱ throughȱdeferenceȱ toȱTverskyȱandȱSattath�sȱ (1979)ȱreȬinterpretationȱ

ofȱHEBAȱasȱanȱaggregateȱmodel.ȱ ȱHavingȱ investigatedȱequivalenceȱbetweenȱ

HEBAȱandȱNL,ȱweȱextendȱtheȱanalysisȱtoȱEBAȱandȱRNEV.ȱ

ȱ

Beforeȱproceeding,ȱitȱisȱworthȱnotingȱthatȱTverskyȱ(1972a)ȱpresentedȱaȱmuchȬ

neglectedȱproofȱthatȱEBAȱisȱRUM.ȱȱThisȱresultȱisȱbasedȱonȱaȱreȬinterpretationȱ

ofȱEBAȱasȱaȱrankingȱmodel.ȱ ȱ �StandardȱEBA�ȱestablishes,ȱatȱeachȱstageȱofȱtheȱ

choiceȱprocess,ȱaȱpartitionȱbetweenȱacceptableȱandȱunacceptableȱalternatives.ȱȱ

�RankingȱEBA�ȱ extendsȱ thisȱpartitioningȱ toȱ theȱunacceptableȱ alternativesȱ asȱ

wellȱasȱtoȱtheȱacceptableȱalternatives.ȱȱHavingȱestablishedȱaȱcompleteȱrankingȱ

ofȱ alternatives,ȱ aȱ utilityȱ vectorȱ isȱ assignedȱ toȱ thisȱ ranking,ȱ andȱ consistencyȱ

withȱRUMȱestablished.ȱȱȱ

ȱ

OurȱownȱinvestigationȱdiffersȱfromȱTversky�sȱinȱtheȱfollowingȱrespects.ȱȱFirst,ȱ

weȱfocusȱbothȱonȱtheȱGEVȱsubsetȱofȱRUMȱasȱopposedȱtoȱRUMȱgenerally,ȱandȱ

onȱ Standardȱ EBAȱ asȱ opposedȱ toȱ Rankingȱ EBA.ȱ ȱ Second,ȱ weȱ considerȱ

equivalence,ȱ whichȱ isȱ considerablyȱ strongerȱ thanȱ consistency.ȱ ȱ Moreover,ȱ

Tversky�sȱ proofȱ thatȱ EBAȱ isȱ RUMȱ could,ȱ inȱ principle,ȱ beȱ extendedȱ toȱ anyȱ

choiceȱmodelȱ thatȱ isȱ ableȱ toȱderiveȱ aȱ completeȱpreferenceȱordering.ȱ ȱWhilstȱ
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demonstratingȱ theȱgeneralityȱofȱRUM,ȱ theȱproofȱdoesȱnotȱnecessarilyȱ informȱ

ourȱownȱinvestigation.ȱȱ

ȱ

5.1ȱEquivalenceȱbetweenȱHEBAȱandȱNLȱȱȱ

ȱ

FollowingȱMcFaddenȱ (1981),ȱ considerȱ theȱ simplestȱpossibleȱ formȱ ofȱHEBA;ȱ

thatȱis,ȱaȱchoiceȱbetweenȱthreeȱalternatives,ȱtwoȱofȱwhichȱshowȱsomeȱdegreeȱofȱ

similarity.ȱȱMoreȱformally,ȱconsiderȱaȱchoiceȱfromȱtheȱsetȱ { }kjiS ,,= ,ȱwhereȱ i , 

j ȱandȱ k ȱareȱcharacterisedȱbyȱuniqueȱaspectsȱ iα ,ȱ jα ȱandȱ kα ,ȱrespectively,ȱandȱ

i ȱandȱ j ȱshareȱaȱcommonȱaspectȱ ijα ȱwhichȱisȱnotȱpossessedȱbyȱ k .ȱȱȱ

ȱ

Createȱtwoȱsubsetsȱofȱ S ,ȱtheȱfirstȱcontainingȱtheȱtwoȱalternativesȱ i ȱandȱ j ȱthatȱ

shareȱ ijα ,ȱandȱtheȱsecondȱcontainingȱtheȱremainingȱalternativeȱ k :ȱȱ

ȱ

{ }jiR
ij

,=α ȱ

{ }kR
k
=α ȱ

ȱ

Inȱ thisȱ twoȬlevelȱ model,ȱ underȱ bothȱ HEBAȱ andȱ NLȱ specificationsȱ ofȱ thisȱ

problem,ȱchoiceȱprobabilityȱcanȱbeȱwrittenȱasȱfollows:ȱȱ

ȱ

( ) ( ) ( )
ijij

RiPRPSiP αα ×= ȱ
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( ) ( ) ( )
ijij

RjPRPSjP αα ×= ȱ

( ) ( )
k

RPSkP α= ȱ

ȱ

Moreover,ȱ theȱ choiceȱ problemȱ underȱ consideration,ȱ whetherȱ specifiedȱ asȱ

HEBAȱ orȱ asȱNL,ȱ canȱ beȱ definedȱ completelyȱ byȱ eitherȱ ofȱ theȱ twoȱmarginalȱ

probabilitiesȱandȱeitherȱofȱtheȱtwoȱconditionalȱprobabilities.ȱȱThatȱis,ȱaȱchoiceȱ

modelȱforȱthisȱsituationȱhasȱjustȱtwoȱeffectiveȱdegreesȱofȱfreedom.ȱ

 

Considerȱ firstȱHEBA.ȱ ȱ Followingȱ Tverskyȱ andȱ Sattathȱ (1979),ȱ theȱmarginalȱ

probabilityȱofȱchoosingȱtheȱsubsetȱ
ij

Rα ȱisȱgivenȱby:ȱȱ

ȱ

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )kijji

ijji

uuuu

uuu
RP

ij αααα
ααα

α +++

++
= ȱ (3)ȱ

ȱ

andȱtheȱconditionalȱprobabilityȱofȱchoosingȱiȱfromȱtheȱsetȱ
ij

Rα ȱisȱgivenȱby:ȱȱ

ȱ

( ) ( )
( ) ( )ji

i

uu

u
RiP

ij αα
α

α +
= ȱ (4)ȱ

ȱ

ForȱHEBAȱtoȱhold,ȱdistinctȱfromȱtheȱLuceȱmodelȱ(Luce,ȱ1959),ȱ itȱ isȱnecessaryȱ

thatȱ ( ) 0>iju α .ȱ ȱ Similarly,ȱ forȱ alternativesȱ i , j ȱ andȱ k ȱ toȱ existȱ asȱ distinctȱ

alternatives,ȱitȱmustȱbeȱtheȱcaseȱthatȱ ( ) ( ) ( ) 0,, >kji uuu ααα .ȱȱȱ
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ȱ

Nowȱconsiderȱidentification,ȱwhereȱtwoȱtransformationsȱareȱrelevant:ȱȱȱ

H1. Defineȱ ( ) ( )nn uu αγα =′ ȱforȱallȱ n .ȱȱTheȱfactorȱγ ȱcancelsȱoutȱinȱ(3)ȱandȱ(4),ȱsoȱ

thatȱtheȱentireȱmodelȱisȱunchanged.ȱȱȱ

H2. Defineȱ ( ) ( )nn uu αφα =′′ ȱ forȱ jin ,= .ȱ ȱWithȱ ( )ku α ȱheldȱconstant,ȱ theȱmodelȱ

remainsȱunchangedȱifȱweȱdefine:ȱ

ȱ

( ) ( ) cuu ijij +=′′ αα ȱ

ȱ

ȱ providedȱthat:ȱ

ȱ

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) cuuuuuuuuu ijjiijjiijji +++=′′+′′+′′=++ ααφαφαααααα ȱ

ȱ

ȱ i.e.ȱ

ȱ

( ) ( ) ( )[ ]ji uuc ααφ +−= 1 ȱ

ȱ

Weȱ mustȱ haveȱ ( ) 0>′′ iju α ,ȱ butȱ ifȱ 1<φ ȱ itȱ isȱ alwaysȱ positiveȱ andȱ noȱ

problemsȱarise,ȱsoȱthatȱtheȱmodelȱisȱonceȱagainȱunchanged.ȱȱȱ

ȱ



 
 

28

ThisȱdiscussionȱrevealsȱthatȱHEBAȱisȱinherentlyȱoverȬspecifiedȱinȱtwoȱdistinctȱ

ways.ȱȱGivenȱthatȱtheȱfourȱvariablesȱ ( )iu α ,ȱ ( )ju α ,ȱ ( )ku α  and ( )iju α ȱareȱdefined,ȱ

thereȱare,ȱasȱalreadyȱnoted,ȱtwoȱeffectiveȱdegreesȱofȱfreedom.ȱȱHEBAȱcannot,ȱ

therefore,ȱbeȱestimatedȱwithoutȱimposingȱtwoȱappropriateȱconstraints.ȱ

ȱ

Anȱ importantȱ observationȱ isȱ thatȱ (3)ȱ andȱ (4)ȱ alsoȱ yieldȱ theȱ probabilitiesȱ ofȱ

choiceȱ inȱ reducedȱ choiceȱ sets,ȱ byȱ consideringȱ theseȱ asȱ limitingȱ casesȱwhenȱ

individualȱaspectȱweightsȱbecomesȱzero.ȱȱForȱexample,ȱifȱ ( ) 0=ku α ȱinȱ(3),ȱthenȱ

( ) 1=
ij

RP α ȱandȱ(4)ȱgivesȱtheȱprobabilityȱofȱchoosingȱ i ȱfromȱtheȱreducedȱchoiceȱ

setȱ { }ji, .ȱ ȱ Similarly,ȱ ifȱ ( ) 0=ju α ȱ inȱ (4),ȱ thenȱ ( ) 1=
ij

RiP α ȱ andȱ (3)ȱ givesȱ theȱ

probabilityȱ ofȱ choosingȱ i ȱ fromȱ theȱ reducedȱ choiceȱ setȱ { }ki, .ȱ ȱ Thusȱ theȱ

probabilityȱ equationsȱ forȱ theȱ threeȬalternativeȱ caseȱ yieldȱ theȱ relevantȱ

probabilityȱequationsȱforȱeachȱofȱtheȱthreeȱpossibleȱbinaryȱchoiceȱsubsets.ȱȱȱ

ȱ

Theȱpropertiesȱ establishedȱ forȱ theȱ threeȬalternativeȱ case,ȱ suchȱ asȱ theȱ excessȱ

degreesȱ ofȱ freedomȱH1ȱ andȱH2,ȱ thenȱ extendȱ toȱ theseȱ binaryȱ cases.ȱ ȱNoteȱ

howeverȱ thatȱ ifȱ ( ) 0=iju α ȱ thenȱ ( )iju α ȱ becomesȱ irrelevantȱ byȱ propertyȱ I;ȱ

similarly,ȱifȱ ( ) 0=iu α ȱthenȱ ( )ju α ȱandȱ ( )iju α ȱcanȱbeȱcombinedȱbyȱpropertyȱIV.ȱȱ

Inȱbinaryȱchoiceȱsubsets,ȱ therefore,ȱ thereȱ isȱalwaysȱoneȱ redundantȱdegreeȱofȱ

freedom.ȱȱȱȱ

ȱ
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Forȱtheȱsameȱchoiceȱproblem,ȱweȱnowȱwriteȱtheȱanalogousȱNLȱprobabilitiesȱofȱ

choice:ȱ

ȱ

( )
( ) ( ) ( )

( ) ( ) ( ) ( )k
ji

ij

ji
ij

V
VVV

VVV

RP
ij

αµ
α

µ
αµα

µ
α

µ
αµα

α

expexpexplogexp

expexplogexp

+
⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ ++

⎭
⎬
⎫

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ ++

= ȱ (5)ȱ

ȱ

( )
( )

( ) ( )
µ

α
µ

α
µ

α

α
ji

i

VV

V

RiP
ij

expexp

exp

+
= ȱ (6)ȱ

ȱ

Ifȱweȱagainȱconsiderȱidentification,ȱitȱisȱapparentȱthatȱNLȱisȱoverȬspecifiedȱinȱ

threeȱdistinctȱways,ȱsince:ȱ

N1. Theȱadditionȱofȱaȱconstantȱtoȱallȱtheȱelementaryȱutilitiesȱhasȱnoȱeffectȱ

onȱprobability.ȱ

N2. Theȱ additionȱ ofȱ aȱ constantȱ toȱ ( )kV α ȱ andȱ ( )ijV α ȱ hasȱ noȱ effectȱ onȱ

probability.ȱȱȱ

N3. Theȱ multiplyingȱ ofȱ µ ȱ byȱ aȱ factorȱ hasȱ noȱ effectȱ onȱ probability,ȱ

providedȱthatȱtheȱlowerȱlevelȱutilitiesȱareȱadjustedȱappropriately.ȱȱȱ

ȱ

Itȱ isȱ importantȱ toȱ noteȱ thatȱpropertiesȱN1ȱ andȱN2ȱ areȱ analogousȱ toȱHEBA,ȱ

whereasȱpropertyȱN3ȱ isȱ specificȱ toȱNL.ȱ ȱObviously,ȱ theȱ introductionȱ ofȱ theȱ
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aboveȱbringsȱthreeȱadditionalȱdegreesȱofȱfreedomȱtoȱNL.ȱȱHere,ȱweȱseeȱthatȱtheȱ

fiveȱvariablesȱusedȱinȱdefiningȱtheȱmodelȱ( ( )iV α ,ȱ ( )jV α ,ȱ ( )kV α ,ȱ ( )ijV α ȱandȱ µ )ȱ

areȱagainȱreducedȱtoȱtwoȱdegreesȱofȱfreedomȱbyȱtheȱconstraintȱimposed.ȱ

ȱ

Inȱ aȱ similarȱmannerȱ toȱ before,ȱ theȱNLȱ probabilitiesȱ ofȱ choiceȱ forȱ reducedȱ

choiceȱ setsȱ canȱ beȱ derivedȱ fromȱ (5)ȱ andȱ (6)ȱ byȱ consideringȱ theȱ formȱ theseȱ

equationsȱ takeȱwhenȱ individualȱutilityȱweightsȱ tendȱ toȱminusȱ infinity.ȱ ȱForȱ

example,ȱifȱ ( ) −∞→kV α ȱinȱ(5),ȱthenȱ ( ) 1→
ij

RP α ȱandȱ(6)ȱgivesȱtheȱprobabilityȱofȱ

choosingȱ i ȱfromȱtheȱreducedȱchoiceȱsetȱ { }ji, .ȱȱSimilarly,ȱifȱ ( ) −∞→jV α ȱinȱ(6),ȱ

thenȱ ( ) 1→
ij

RiP α ȱandȱ(5)ȱgivesȱtheȱprobabilityȱofȱchoosingȱ i ȱfromȱtheȱreducedȱ

choiceȱsetȱ{ }ki, .ȱȱȱ

ȱ

InȱorderȱtoȱestablishȱequivalenceȱbetweenȱHEBAȱandȱNL,ȱaȱfirstȱandȱnecessaryȱ

requirementȱ isȱ thatȱ theȱchoiceȱprobabilitiesȱofȱHEBAȱandȱNLȱareȱequivalentȱ

notȱ onlyȱ forȱ theȱ completeȱ choiceȱ set,ȱ butȱ forȱ eachȱ andȱ everyȱ choiceȱ subsetȱ

thereof.ȱ ȱForȱ theȱ threeȬalternativeȱ case,ȱ equivalenceȱmustȱ thereforeȱholdȱ forȱ

theȱ completeȱ choiceȱ setȱ { }kji ,, ,ȱasȱwellȱasȱ forȱ theȱbinaryȱ subsetsȱ { }ji, ,ȱ { }ki, ȱ

andȱ { }kj, .ȱ ȱ Asȱ theȱ precedingȱ discussionȱ hasȱ demonstrated,ȱ however,ȱ theȱ

probabilityȱ statementsȱ applyingȱ toȱ anyȱ ofȱ theȱ reducedȱ choiceȱ setsȱ existȱ asȱ

limitingȱ casesȱofȱ theȱprobabilityȱ statementsȱapplyingȱ toȱ theȱ completeȱ choiceȱ

set;ȱhenceȱourȱearlierȱcommentȱthatȱHEBAȱandȱNLȱcanȱbeȱdefinedȱcompletelyȱ
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byȱeitherȱofȱ theȱ twoȱmarginalȱprobabilitiesȱandȱeitherȱofȱ theȱ twoȱconditionalȱ

probabilities.ȱ ȱ Moreover,ȱ ourȱ interestȱ inȱ establishingȱ equivalenceȱ betweenȱ

HEBAȱandȱNLȱforȱallȱchoiceȱsubsetsȱofȱtheȱthreeȬalternativeȱcaseȱamountsȱtoȱaȱ

requirementȱthatȱthereȱexistsȱsimultaneousȱequivalenceȱbetweenȱbothȱ(3)ȱandȱ

(5)ȱandȱ(4)ȱandȱ(6).ȱȱȱȱ

ȱ

Thisȱ requirementȱ canȱ beȱ establishedȱ inȱ aȱ numberȱ ofȱways,ȱ becauseȱ ofȱ theȱ

excessȱ degreesȱ ofȱ freedomȱ inȱ theȱ twoȱ models.ȱ ȱ Aȱ simpleȱ equivalenceȱ isȱ

obtainedȱthroughȱtheȱsolutionȱofȱaȱsimultaneousȱequationȱproblemȱconsistingȱ

ofȱfourȱequations,ȱasȱfollows:ȱ

ȱ

( )
µ

α iVexp ȱ ( )iu α= ȱ (7)ȱ

( )
µ

α jV
exp ȱ ( )ju α= ȱ (8)ȱ

( )kV αexp ȱ ( )ku α= ȱ (9)ȱ

( ){ }ijij WV µα +exp ȱ ( )ijij uW α+= exp ȱ (10)ȱ

ȱ

whereȱ ( ) ( ) ( ) ( )[ ]ji
ji

ij uu
VVW ααµ
α

µ
α +=⎥⎦

⎤
⎢⎣
⎡ += logexpexplog ȱ

ȱ

Solvingȱ theȱequationȱ systemȱ (7)ȱ toȱ (10)ȱ inȱ termsȱofȱ ( )iV α ,ȱ ( )jV α ,ȱ ( )kV α ȱandȱ

( )ijV α ,ȱweȱarriveȱatȱtheȱfollowing:ȱ
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ȱ

( ) ( )[ ]ii uV αµα log= ȱ ȱ ȱ

( ) ( )[ ]jj uV αµα log= ȱ

( ) ( )[ ]kk uV αα log= ȱ

( ) ( )[ ] ijijijij WuWV µαα −+= explog ȱ (11)ȱ

ȱ

Substitutingȱtheseȱexpressionsȱforȱ ( )iu α ,ȱ ( )ju α ,ȱ ( )ku α ,ȱ ( )iju α ȱ intoȱ(3)ȱandȱ(4),ȱ

andȱ ( )iV α ,ȱ ( )jV α ,ȱ ( )kV α ,ȱ ( )ijV α ȱ intoȱ (5)ȱandȱ (6),ȱorȱ indeedȱ intoȱanyȱ limitingȱ

caseȱofȱtheseȱprobabilities,ȱoneȱcanȱconfirmȱtheȱequivalenceȱbetweenȱNLȱandȱ

HEBA,ȱ whateverȱ theȱ valueȱ ofȱ µ 1.ȱ ȱ Thisȱ flexibilityȱ withȱ respectȱ toȱ µ ȱ

correspondsȱ toȱ theȱ additionalȱ degreeȱ ofȱ overȬspecificationȱ ofȱNLȱ indicatedȱ

above.ȱ ȱHowever,ȱnoteȱ thatȱ ( )ijV α ȱdependsȱonȱbothȱ ( )iu α ȱandȱ ȱ ( )ju α ȱunlessȱ

( ) 0=iju α ȱandȱ 1=µ ,ȱwhenȱweȱgetȱ ( ) 0=ijV α ȱ(i.e.ȱtheȱLuceȱmodel).ȱ

ȱ

Theȱequivalenceȱcanȱalsoȱbeȱsetȱupȱ inȱ theȱoppositeȱdirection,ȱderivingȱ ( )iu α ,ȱ

( )ju α ȱandȱ ( )ku α ȱstraightforwardlyȱfromȱtheȱcorrespondingV �sȱasȱinȱ(7)ȱtoȱ(9)ȱ

andȱsetting:ȱ

ȱ

( ) ( ){ } ijijijij WWVu expexp −+= µαα ȱ (12)

ȱ ȱ ȱ
                                                 
1ȱAddingȱtheȱcaveatȱthatȱNLȱmustȱremainȱinternallyȱconsistentȱȬȱdiscussionȱofȱthisȱfollows.ȱ
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Thisȱisȱnot,ȱhowever,ȱtheȱendȱofȱtheȱstory,ȱsinceȱweȱmustȱconsiderȱwhetherȱtheȱ

aboveȱequivalenceȱviolatesȱtheȱinternalȱconditionsȱofȱeitherȱHEBAȱorȱNL.ȱȱForȱ

theȱequivalenceȱtoȱworkȱwithinȱtheȱtermsȱofȱHEBA,ȱallȱaspectȱweightsȱmustȱbeȱ

positive.ȱȱItȱisȱclearȱfromȱ(7)ȱtoȱ(9)ȱthatȱthisȱalwaysȱholdsȱforȱ ( )iu α ,ȱ ( )ju α ȱandȱ

( )ku α .ȱȱTheȱcaseȱofȱ ( )iju α ȱisȱlessȱstraightforward,ȱsinceȱitȱrequiresȱthat:ȱ

ȱ

( ) [ ] µα −> 1expexp ijij WV ȱ (13)ȱ

ȱ

WithȱreferenceȱtoȱoverȬspecificationȱN2,ȱhowever,ȱitȱisȱclearȱthatȱtheȱadditionȱ

ofȱ aȱ sufficientlyȱ largeȱ constantȱ toȱ ( )ijV α ȱ andȱ ( )kV α ȱwillȱ ensureȱ thatȱ (13)ȱ isȱ

alwaysȱsatisfied.ȱȱȱ

ȱ

TurningȱtoȱNL,ȱtheȱ issueȱofȱ internalȱvalidityȱrestsȱonȱconsistencyȱwithȱRUM.ȱȱ

Perusalȱofȱ(11),ȱwhichȱisȱexpandedȱbelowȱasȱ(14),ȱrevealsȱthatȱalthoughȱ ( )ijV α ȱ

isȱaȱcomponentȱofȱ theȱutilityȱofȱalternativeȱ i,ȱ itȱ isȱaȱ functionȱofȱ ( )ju α ,ȱwhichȱ

itselfȱdependsȱonȱattributesȱofȱalternativeȱj.ȱȱSimilarly,ȱ ( )ijV α ȱformsȱpartȱofȱtheȱ

utilityȱofȱalternativeȱj,ȱbutȱdependsȱpartlyȱonȱattributesȱofȱalternativeȱi.ȱȱȱ

ȱ

( ) ( ) ( ) ( )[ ] ( ) ( )[ ]jiijjiij uuuuuV ααµαααα +−++= loglog ȱ (14)

ȱ ȱ ȱ
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Sinceȱ ( )iu α ȱandȱ ( )ju α ȱwillȱnecessarilyȱbeȱsignificantlyȱdifferentȱfromȱzeroȱforȱ

complianceȱ withȱ HEBA,ȱ theȱ implicationȱ isȱ thatȱ theȱ utilityȱ ofȱ oneȱ nestedȱ

alternativeȱwillȱbeȱaȱfunctionȱofȱtheȱattributesȱofȱotherȱalternativesȱinȱtheȱsameȱ

nest.ȱȱMoreover,ȱevenȱifȱ 10 ≤< µ ,ȱconsistencyȱwithȱRUMȱisȱnotȱensured.ȱȱȱ

ȱ

Consider,ȱhowever,ȱtheȱlimitingȱcaseȱwhere:ȱ

ȱ

( ) ( ) ( )ijii VVV ααα +→ ȱ

( ) ( ) ( )ijjj VVV ααα +→ ȱ

( ) 0=ijV α ȱ

ȱ

suchȱthatȱ(12)ȱnowȱsimplifiesȱto:ȱ

ȱȱ

( ) { } ijijij WWu expexp0 −=< µα ȱ ȱ

ȱ

whichȱ holdsȱ providedȱ 10 << µ ȱ (i.e.ȱ NLȱ doesȱ notȱ collapseȱ toȱ MNL)ȱ andȱ

0<ijW ,ȱ whichȱ againȱ canȱ beȱ ensuredȱ byȱ subtractingȱ aȱ sufficientlyȱ largeȱ

constantȱfromȱ ( )iV α ,ȱ ( )jV α ȱandȱ ( )kV α .ȱȱ

ȱ
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AllȱthatȱnowȱremainsȱisȱtoȱverifyȱthatȱHEBAȱcanȱalwaysȱbeȱadjustedȱtoȱensureȱ

thatȱ ( ) 0=ijV α .ȱ ȱ Withȱ referenceȱ toȱ identificationȱ issueȱ H2,ȱ theȱ relevantȱ

transformationȱis:ȱ

ȱ

( ) ( ) cuu ijij +→ αα ,ȱȱ

ȱ

( )iu α ȱ andȱ ( )ju α ȱ multipliedȱ byȱ factorȱ φ ȱ withȱ ( ) ijWc exp1 φ−= .ȱ ȱ Withȱ thisȱ

transformation,ȱ(11)ȱchangesȱto:ȱ

ȱ

( ) ( )[ ] ( )φµφαα ijijijij WWcuV −++= explog ȱȱ

ȱ

( )[ ] ( )φµα logexplog +−+= ijijij WWu ȱ

ȱ

whichȱ canȱ beȱ zeroȱ forȱ anȱ appropriateȱ choiceȱ ofȱ φ .ȱ ȱThusȱ byȱ exploitingȱ theȱ

redundantȱdegreesȱofȱfreedomȱofȱHEBA,ȱitȱisȱpossibleȱtoȱensureȱthatȱtheȱRUMȬ

violatingȱtermȱisȱalwaysȱzero.ȱȱȱ

ȱ

Weȱconcludeȱthatȱitȱisȱalwaysȱpossible,ȱinȱtheȱthreeȬalternativeȱcase,ȱtoȱspecifyȱaȱvalidȱ

NLȱthatȱisȱequivalentȱtoȱaȱHEBA,ȱandȱviceȱversa.ȱ

ȱ
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Beforeȱturningȱtoȱtheȱmoreȱgeneralȱcaseȱwithȱlargerȱnumbersȱofȱalternatives,ȱitȱ

isȱ usefulȱ toȱ setȱ ourȱ apparentlyȱ simpleȱ findingȱ inȱ theȱ contextȱ ofȱ theȱ

fundamentalȱpapersȱonȱGEVȱandȱHEBA.ȱ ȱMcFaddenȱ (1981),ȱaȱkeyȱpaperȱ inȱ

establishingȱtheȱGEVȱmodel,ȱalsoȱconsideredȱtheȱthreeȬalternativeȱcomparisonȱ

betweenȱHEBAȱandȱGEVȱbutȱfailedȱtoȱarriveȱatȱanyȱconclusiveȱresultȱonȱtheirȱ

equivalence.ȱ ȱTverskyȱandȱSattathȱ(1979),ȱagainȱanȱ influentialȱcontributionȱtoȱ

theȱ literature,ȱ acknowledgedȱ theȱ similarityȱ betweenȱ HEBAȱ andȱ GEV,ȱ butȱ

appearedȱ toȱ ruleȱ outȱ theȱpossibilityȱ ofȱ equivalence:ȱ ��theȱ nestedȱ logitȱmodelȱ

doesȱnotȱcoincideȱwithȱpretree��ȱ (p567).ȱ ȱWeȱhaveȱ thusȱ improvedȱconsiderablyȱ

onȱ theȱ clarityȱ ofȱMcFadden�sȱ result,ȱ andȱ shownȱ thatȱ Tverskyȱ andȱ Sattath�sȱ

assertionȱwasȱincorrect.ȱȱȱ

ȱ

5.2ȱEquivalenceȱbetweenȱEBAȱandȱRNEVȱȱȱ

ȱ

TheȱequivalenceȱestablishedȱbetweenȱHEBAȱandȱNLȱsuggestsȱthatȱthereȱmayȱ

alsoȱbeȱ equivalenceȱbetweenȱEBAȱandȱRNEV,ȱanȱ equivalenceȱwhichȱ canȱbeȱ

investigatedȱnowȱ thatȱ theȱRNEVȱmodelȱ isȱavailableȱasȱaȱGEVȱcounterpartȱ toȱ

EBA.ȱȱInȱeachȱcaseȱcrossȬnestedȱnetworkȱstructuresȱwithȱanȱindefiniteȱnumberȱ

ofȱ levelsȱcanȱbeȱconstructedȱtoȱrepresentȱtheȱmodels,ȱwithȱconditionalȱchoiceȱ

probabilitiesȱofȱtransitionȱbetweenȱsuccessiveȱnodesȱuntilȱaȱsingleȱalternativeȱ

isȱreached.ȱ

ȱ
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However,ȱtheȱsituationȱisȱcomplicatedȱandȱthereȱareȱlimitsȱtoȱtheȱequivalenceȱ

thatȱ canȱ beȱ achieved.ȱ ȱ Toȱ keepȱ theȱ discussionȱ clear,ȱ weȱ assumeȱ thatȱ theȱ

simplifyingȱpropertiesȱ Iȱ toȱVȱ inȱ sectionȱ 4.1ȱ aboveȱ applyȱ toȱ theȱ aspectsȱ andȱ

alternativesȱ inȱ anȱ EBAȱmodelȱ andȱ considerȱ howȱ anȱ RNEVȱmodelȱ canȱ beȱ

constructedȱwhichȱmightȱbeȱequivalentȱtoȱit.ȱȱȱ

ȱ

Ifȱthereȱareȱ n ȱaspects,ȱdefineȱtheȱ�indexȱset�ȱ N ȱoverȱtheȱaspects,ȱi.e.ȱtheȱsetȱofȱ

allȱpossibleȱ combinationsȱofȱaspects.ȱNoteȱ thatȱ nN 2= ,ȱprovidingȱweȱallowȱ

theȱ setȱ Φ ȱ whichȱ containsȱ noȱ aspects.ȱ ȱ Defineȱ NX ⊂ ȱ toȱ beȱ theȱ setȱ ofȱ

combinationsȱofȱaspectsȱwhichȱareȱpossessedȱbyȱsomeȱalternatives.ȱȱNoteȱthatȱ

X ȱ containsȱmoreȱ thanȱ Φ ,ȱbecauseȱofȱ simplifyingȱpropertyȱ I,ȱandȱ X ȱ isȱ lessȱ

thanȱ N ȱbecauseȱofȱsimplifyingȱpropertyȱV,ȱbutȱthatȱ X ȱcertainlyȱcontainsȱΦ ,ȱ

becauseȱthereȱisȱnoȱaspectȱthatȱisȱpossessedȱbyȱallȱtheȱalternativesȱ(simplifyingȱ

propertyȱII).ȱ

ȱ

Everyȱ subsetȱ ofȱ alternativesȱ hasȱ aȱ wellȬdefinedȱ setȱ ofȱ aspectsȱ whichȱ allȱ

membersȱ ofȱ theȱ setȱ possessȱ (thisȱ setȱ ofȱ aspectsȱmayȱ beȱ Φ ).ȱ ȱ Everyȱ setȱ ofȱ

aspectsȱinȱ X ȱhasȱatȱleastȱoneȱcorrespondingȱsetȱofȱalternatives,ȱbecauseȱofȱtheȱ

definitionȱofȱ X ,ȱbutȱ thereȱmayȱbeȱ severalȱ setsȱofȱalternativesȱ thatȱpossessȱaȱ

givenȱsetȱofȱaspects.ȱȱWeȱcanȱassociateȱwithȱeachȱelementȱofȱ X ȱtheȱlargestȱsetȱ

ofȱ alternativesȱ thatȱ possessȱ theȱ relevantȱ setȱ ofȱ aspectsȱ �ȱ thisȱ largestȱ setȱ
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containsȱallȱtheȱalternativesȱthatȱpossessȱtheseȱaspectsȱ�ȱthusȱobtainingȱaȱoneȬ

toȬoneȱ correspondenceȱ betweenȱ X ȱ andȱ aȱ subsetȱ ofȱ theȱ indexȱ setȱ ofȱ

alternatives.ȱȱȱ

ȱ

Aȱnetworkȱcanȱbeȱdefinedȱconnectingȱ theȱelementsȱofȱ X .ȱ ȱAȱ linkȱ isȱdefinedȱ

fromȱelementȱ x ȱtoȱelementȱ y ȱifȱ y ȱrepresentsȱtheȱadditionȱofȱaȱsingleȱaspectȱtoȱ

x .ȱ ȱThisȱnetworkȱ isȱnotȱ circularȱ becauseȱ eachȱ successiveȱ linkȱ addsȱ anotherȱ

elementȱtoȱtheȱsetȱofȱaspects.ȱȱItȱisȱconnected,ȱbecauseȱeveryȱelementȱ x ȱ(otherȱ

thanȱΦ )ȱhasȱatȱleastȱoneȱpredecessorȱformedȱbyȱremovingȱanȱaspectȱfromȱtheȱ

setȱofȱaspectsȱatȱ x ȱandȱthisȱpredecessorȱisȱaȱmemberȱofȱ X ȱbecauseȱallȱofȱtheȱ

alternativesȱpossessingȱtheȱsetȱatȱ x ȱalsoȱpossessȱtheȱsetȱatȱ x ȱminusȱoneȱaspect.ȱȱ

Thusȱ theȱ networkȱ fitsȱ theȱ specificationȱ forȱ RNEVȱ requiredȱ byȱ Dalyȱ andȱ

Bierlaireȱ(2005)ȱandȱΦ ȱisȱitsȱroot.ȱ

ȱ

Moreover,ȱ choiceȱ inȱ theȱ networkȱ representsȱ exactlyȱ theȱ EBAȱmodel.ȱ ȱ Eachȱ

selectionȱofȱanȱaspectȱwillȱmoveȱtoȱaȱnewȱelementȱinȱ X ȱandȱmayȱ(orȱmayȱnot)ȱ

reduceȱ theȱ numberȱ ofȱ alternativesȱ thatȱ areȱ stillȱ openȱ forȱ consideration.ȱȱ

Selectionȱ ofȱ anȱ aspectȱ atȱ anyȱ stageȱ thatȱ wouldȱmeanȱ thatȱ noȱ alternativesȱ

possessȱ theȱ requiredȱsetȱ (i.e.ȱwouldȱ takeȱusȱoutsideȱ X )ȱ isȱprohibitedȱbyȱ theȱ

rulesȱofȱEBA.ȱ ȱEventually,ȱbecauseȱalternativesȱeachȱpossessȱaȱuniqueȱ setȱofȱ

aspects,ȱweȱarriveȱatȱaȱpointȱwhereȱonlyȱoneȱalternativeȱisȱacceptableȱandȱtheȱ

processȱisȱcomplete.ȱ
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ȱ

Itȱappearsȱ thatȱ thereȱ isȱ considerableȱ similarityȱbetweenȱ theȱEBAȱandȱRNEVȱ

modelsȱ inȱ termsȱ ofȱ theirȱ structureȱ andȱ becauseȱ ofȱ theȱ simpleȱ formȱ ofȱ theȱ

conditionalȱ choiceȱ probabilityȱ atȱ eachȱ stageȱ inȱ theȱ process.ȱ Itȱ isȱ thereforeȱ

reasonableȱtoȱenquireȱasȱtoȱtheȱfullȱextentȱofȱthatȱequivalence.ȱȱ

ȱ

Becauseȱ RNEVȱ isȱ atȱ eachȱ stageȱ aȱ GEVȱ model,ȱ theȱ conditionalȱ choiceȱ

probabilityȱatȱeachȱstageȱisȱgivenȱbyȱMcFadden�sȱGEVȱformula:ȱ

ȱ

ȱ ( )
x

zx
z

G

GG
GxzP

*
.

µ
∂∂

= ȱ

ȱ

whereȱG ȱisȱtheȱutilityȱfunctionȱatȱeachȱnodeȱandȱisȱitselfȱgivenȱbyȱtheȱRNEVȱ

formulaȱ(DalyȱandȱBierlaire,ȱ2005):ȱ

ȱ

∑=
′

′
′

z
zzxx

z

x

GG µ
µ

λ ȱ

ȱ

forȱ someȱ positiveȱ constantsȱ λ ȱ andȱ µ ,ȱ andȱ *µ ȱ isȱ theȱ constantȱ inȱ theȱ

homogeneityȱpropertyȱofȱtheȱGEVȱmodel.ȱȱȱ

ȱ
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ToȱcompleteȱRNEV,ȱ forȱeachȱnodeȱ x ȱ inȱ theȱnetworkȱdefinedȱoverȱ theȱsetȱ X ȱ

weȱmustȱdefineȱtheȱconstantsȱ 0>≥ zx µµ ,ȱwhereȱ z ȱisȱanyȱsuccessorȱofȱ x ,ȱandȱ

forȱeachȱ linkȱ xz ȱ inȱ theȱnetworkȱweȱmustȱdefineȱ theȱconstantsȱ 0>xzλ .ȱ ȱWithȱ

theseȱconstantsȱweȱthenȱobtain:ȱ

ȱ

ȱ ( ) ( )
∑

=
∂∂

=

′
′

′

z
zzx

zxz

x

zx
z

z

x

z

x

G

G

G

GG
GxzP

µ
µ

µ
µ

λ

λ
µ *

. ȱ

ȱ

sinceȱ *µ ȱisȱgivenȱinȱthisȱcaseȱby:ȱ

ȱ

ȱ
x

z
µ

µµ =* ȱ

ȱ

Theȱformulaȱforȱ ( )xzP ȱisȱclearlyȱtheȱbasicȱlogitȱform.ȱȱToȱachieveȱequivalenceȱ

withȱEBA,ȱtheseȱconditionalȱchoiceȱprobabilitiesȱmustȱbeȱexactlyȱproportionalȱ

toȱ theȱ importanceȱofȱ theȱattributeȱ thatȱ isȱ includedȱ inȱ z ȱandȱnotȱ inȱ x ,ȱwhichȱ

canȱbeȱachievedȱifȱ(andȱonlyȱif):ȱ

ȱ

( )∏∝
∈zi

izxz uG z

x

αλ µ
µ

ȱ ȱ ȱ ȱ ȱ ȱ ȱ (15)ȱ

ȱ
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whereȱ theȱproductȱ isȱoverȱallȱofȱ theȱaspectsȱpossessedȱbyȱ theȱalternative.ȱ ȱ Ifȱ

thisȱproportionalityȱapplied,ȱ theȱconditionalȱchoiceȱprobabilitiesȱwouldȱ thenȱ

beȱgivenȱby:ȱ

ȱ

( )
( )
( )

( )
( )∑

=
∑∏

∏
=

′
′

′ ′∈

∈

z
zx

xz

z zi
i

zi
i

u

u

u

u
xzP

α
α

α

α
ȱ

ȱ

whereȱ xzα ȱisȱtheȱaspectȱpossessedȱbyȱ z ȱandȱnotȱbyȱ x ,ȱbecauseȱeachȱsuccessorȱ

z′ ȱofȱ x ȱpossessesȱexactlyȱoneȱsuchȱaspect.ȱȱTheseȱconditionalȱprobabilitiesȱareȱ

exactlyȱwhatȱ isȱ requiredȱ toȱgiveȱ theȱunconditionalȱprobabilitiesȱofȱ equationȱ

(2).ȱ

ȱ

ThusȱequivalenceȱbetweenȱEBAȱandȱRNEVȱdependsȱonȱspecifyingȱG ,ȱ µ ȱandȱ

λ ȱinȱanȱRNEVȱmodelȱtoȱachieveȱtheȱproportionalityȱ(15).ȱȱForȱexample,ȱifȱweȱ

couldȱarrangeȱthat:ȱ

ȱ

( ) ⎟
⎠
⎞⎜

⎝
⎛∑

=

z
xz

xz
xu µα

λ 1 ȱ

ȱ

andȱthatȱatȱeachȱnodeȱ z ȱinȱtheȱnetwork,ȱweȱhadȱaȱfunction:ȱȱ

ȱ ȱ
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( )( )∏=
∈zi

iz
zuG µα ȱ

ȱ

whereȱ x ȱisȱtheȱpredecessorȱnodeȱofȱtheȱalternative,ȱthenȱweȱwouldȱsatisfyȱtheȱ

proportionalityȱ requirementȱ forȱ theȱ choiceȱ probabilitiesȱ andȱ alsoȱ obtainȱ atȱ

eachȱnode:ȱ

ȱ

( )( )

( )∑

∑ ⎟
⎠
⎞⎜

⎝
⎛∏

=∑= ∈

z
xz

z zi
i

z
zxzx x

z

x

z

z

x

u

u
GG µ

µ
µ

µ

µ
µ

α

α
λ ȱ

ȱ ȱ
( )( )

( )
( )∏=

∑

∑∏
=

∈

∈

xi
i

z
xz

z zi
i

x

x

x

u
u

u
µ

µ

µ

α
α

α
ȱ

ȱ

theȱ finalȱsimplificationȱbeingȱpossibleȱbecauseȱ theȱaspectsȱpossessedȱbyȱeachȱ

z ȱareȱdifferentȱbutȱeachȱ justȱoneȱmoreȱthanȱthoseȱpossessedȱbyȱ x .ȱ ȱThusȱtheȱ

formȱofȱtheȱfunctionȱcouldȱbeȱmaintainedȱthroughoutȱtheȱnetwork.ȱ

ȱ

Theȱ propagationȱ ofȱ theȱ G ȱ functionsȱ canȱ beȱ provedȱ formallyȱ byȱ induction,ȱ

onceȱtheȱelementaryȱalternativesȱhaveȱbeenȱdefinedȱtoȱhaveȱaȱfunctionȱofȱtheȱ

requiredȱform.ȱȱHowever,ȱtheȱformȱspecifiedȱforȱλ ȱisȱobviouslyȱnotȱaȱconstantȱ

asȱisȱrequiredȱinȱtheȱRNEVȱspecification.ȱȱTheȱissueȱisȱthenȱwhetherȱandȱhowȱ

thisȱproblemȱcanȱbeȱsolved.ȱ

ȱ
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Oneȱapproachȱisȱtoȱviewȱtheȱλ �sȱasȱbeingȱdefinedȱinȱtheȱbaseȱsituationȱandȱnotȱ

subjectȱ toȱ changeȱ ifȱ theȱweightsȱ ofȱ theȱ aspectsȱ shouldȱ changeȱ inȱ aȱ futureȱ

situation.ȱ ȱ Forecastingȱ andȱ interpretationȱ inȱ EBAȱ isȱ inȱ anyȱ caseȱ notȱ clearlyȱ

defined.ȱȱHoweverȱthisȱapproachȱisȱnotȱentirelyȱsatisfactory.ȱ

ȱ

Aȱ secondȱ approachȱ isȱ toȱ considerȱ theȱ λ �sȱ asȱ definingȱ anȱ additionalȱ utilityȱ

componentȱatȱeachȱnode,ȱalongȱtheȱ linesȱofȱ ( )ijV α ȱ introducedȱ inȱequationȱ(5)ȱ

above.ȱ ȱ Theȱ problemȱ withȱ thisȱ approachȱ isȱ thatȱ anȱ additionalȱ utilityȱ

componentȱofȱthisȱtypeȱdoesȱnotȱformȱpartȱofȱtheȱRNEVȱspecificationȱand,ȱasȱ

inȱtheȱNLȱcase,ȱpreventsȱtheȱmodelȱfromȱbeingȱtrulyȱutilityȬmaximising,ȱsinceȱ

theȱ utilityȱ ofȱ oneȱ alternativeȱ thenȱ dependsȱ onȱ characteristicsȱ ofȱ otherȱ

alternatives.ȱ

ȱ

Aȱ finalȱ approach,ȱ asȱ appliedȱ inȱ theȱ simpleȱ NLȱ caseȱ ofȱ sectionȱ 5.1,ȱ isȱ toȱ

�demote�ȱtheȱutilityȱcomponentȱcorrespondingȱtoȱtheȱλ �sȱtoȱtheȱlowestȱlevelȱofȱ

theȱ choiceȱ structureȱ andȱ incorporateȱ itȱ inȱ theȱ utilityȱ ofȱ theȱ elementaryȱ

alternatives.ȱ ȱThisȱapproachȱexploitsȱ redundantȱdegreesȱofȱ freedomȱ inȱEBA.ȱȱ

Toȱimplementȱthisȱapproach,ȱweȱhaveȱtoȱincorporateȱtheȱ λ ȱvalueȱatȱ x ȱinȱtheȱ

utilityȱofȱallȱ itsȱsuccessorsȱ z .ȱ ȱTheȱproblemȱhereȱ isȱ thenȱ that,ȱbecauseȱofȱ theȱ

potentialȱcrossȬnesting,ȱtheȱutilityȱofȱ z ȱmustȱincorporateȱ λ ȱvaluesȱfromȱallȱitsȱ

predecessors,ȱwhileȱ aȱ differentȱ successorȱ z′ ȱ ofȱ x ȱmayȱ beȱ incorporatingȱ λ ȱ
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valuesȱ fromȱaȱdifferentȱsetȱofȱpredecessors.ȱ ȱTakingȱ inȱvaluesȱ fromȱdifferentȱ

setsȱofȱpredecessorsȱwouldȱinȱgeneralȱthenȱdestroyȱtheȱproportionalityȱwhichȱ

isȱrequiredȱforȱfullȱconsistencyȱwithȱEBA.ȱ

ȱ

ThusȱaȱvalidȱRNEVȱmodelȱcanȱbeȱconstructedȱthatȱisȱfullyȱconsistentȱwithȱanȱ

EBAȱmodelȱifȱandȱonlyȱifȱthereȱisȱnoȱcrossȬnesting,ȱi.e.ȱwhenȱthereȱisȱaȱuniqueȱ

setȱofȱpredecessorsȱforȱeachȱnodeȱ�ȱaȱtreeȱmodel.ȱȱNoteȱthatȱtheȱvaluesȱofȱtheȱ

µ �sȱareȱnotȱrelevantȱtoȱthisȱdiscussion,ȱasȱwasȱtheȱcaseȱinȱtheȱdiscussionȱofȱtheȱ

simpleȱNLȱcaseȱabove.ȱȱTheȱsimilarityȱbetweenȱalternativesȱrepresentedȱbyȱ µ ȱ

isȱofȱaȱdifferentȱtypeȱtoȱtheȱsimilarityȱrepresentedȱinȱEBA.ȱ ȱWeȱconcludeȱthatȱ

completeȱequivalenceȱbetweenȱEBAȱandȱRNEVȱcanȱbeȱestablishedȱ inȱaȱ fullyȱ

satisfactoryȱwayȱonlyȱ forȱ treeȱmodels.ȱ ȱForȱcrossȬnestedȱmodels,ȱequivalenceȱ

canȱ beȱ achievedȱ butȱ onlyȱ atȱ theȱ expenseȱ ofȱ unsatisfactoryȱ featuresȱ inȱ theȱ

models,ȱsuchȱasȱaȱfailureȱtoȱadhereȱfullyȱtoȱRUM.ȱȱȱ

ȱ

ȱ

6.ȱSUMMARYȱANDȱCONCLUSIONSȱȱ

ȱ

Theȱdiscussionȱaboveȱhasȱdemonstratedȱthatȱtreeȱmodelsȱ(i.e.ȱHEBAȱandȱNL)ȱ

areȱ formallyȱ equivalentȱ forȱ theȱ threeȬalternativeȱ case.ȱ ȱEquivalenceȱ existsȱ inȱ

theȱsenseȱ thatȱ theȱmathematicalȱ formulaeȱ forȱchoiceȱprobabilityȱareȱ identicalȱ
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inȱ theȱ twoȱmodels,ȱwhilstȱ eachȱmodelȱ remainsȱ validȱ inȱ respectȱ ofȱ itsȱ ownȱ

internalȱ conditions.ȱ ȱ Forȱ largerȱ treeȱ modelsȱ equivalenceȱ canȱ alsoȱ beȱ

established.ȱ

ȱ

Forȱ generalȱ crossȬnestedȱ modelsȱ (i.e.ȱ EBAȱ andȱ RNEVȱ models),ȱ however,ȱ

equivalenceȱcanȱbeȱestablished,ȱbutȱonlyȱatȱtheȱcostȱofȱbreachingȱtheȱ internalȱ

conditionsȱofȱtheȱmodels.ȱ ȱForȱexample,ȱtheȱRNEVȱequivalentȱofȱEBAȱcanȱbeȱ

specified,ȱbutȱ thisȱmayȱ requireȱ theȱutilityȱ functionsȱofȱ theȱRNEVȱ toȱ includeȱ

termsȱ thatȱ breachȱRUM.ȱ ȱ Inȱ principle,ȱ givenȱ aȱ dataȱ set,ȱ theȱ significanceȱ ofȱ

theseȱ termsȱ inȱ influencingȱ behaviourȱ canȱ beȱ tested,ȱ soȱ thatȱ theȱ validityȱ ofȱ

RNEVȱcanȱbeȱestablished.ȱȱAȱfailureȱofȱthisȱtestȱȬȱi.e.ȱtheȱfindingȱthatȱaȱutilityȬ

breachingȱ termȱ wasȱ significantȱ Ȭȱ wouldȱ indicateȱ thatȱ EBAȱ wasȱ moreȱ

appropriateȱ (orȱ thatȱaȱdifferentȱRNEVȱspecificationȱwasȱ required).ȱ ȱ Inȱmanyȱ

cases,ȱhowever,ȱidentificationȱofȱtheȱmostȱappropriateȱmodelȱspecificationȱforȱ

representingȱ aȱ givenȱ setȱ ofȱ observedȱ choicesȱmayȱ beȱ ambiguous,ȱ i.e.ȱ bothȱ

paradigmsȱgiveȱfitsȱtoȱtheȱdataȱwhichȱareȱcloselyȱcomparable.ȱ

ȱ

OurȱanalysisȱofȱEBAȱandȱGEVȱequivalenceȱrepresentsȱaȱconsiderableȱadvanceȱ

inȱtheȱclarityȱwithȱwhichȱconditionsȱforȱequivalenceȱcanȱbeȱgiven.ȱ ȱWeȱfinishȱ

byȱ drawingȱ someȱ implicationsȱ fromȱ ourȱwork,ȱ focussingȱ onȱ theȱ respectiveȱ

interestsȱ ofȱmicroeconomicsȱ andȱmathematicalȱ psychology,ȱ asȱ identifiedȱ inȱ

sectionȱ1.ȱ
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ȱ

Inȱseekingȱtoȱunderstandȱtheȱcognitiveȱprocessȱunderlyingȱindividualȱdiscreteȱ

choice,ȱmathematicalȱpsychologyȱhasȱ interestȱ inȱ theȱdiscriminationȱbetweenȱ

EBAȱandȱGEV.ȱȱTverskyȱandȱSattathȱ(1979)ȱdevotedȱconsiderableȱattentionȱtoȱ

theȱ applicationȱ ofȱ HEBA,ȱ similarlyȱ interestedȱ inȱ discriminatingȱ betweenȱ

HEBAȱandȱtheȱLuceȱmodel.ȱȱTheirȱapproachȱconsistedȱofȱtwoȱcomplementaryȱ

activities,ȱasȱfollows.ȱȱFirst,ȱmaximumȱlikelihoodȱestimationȱofȱbothȱtheȱHEBAȱ

andȱLuceȱmodels,ȱandȱ theirȱ comparisonȱviaȱaȱ likelihoodȱ ratioȱ test.ȱ ȱSecond,ȱ

estimationȬfreeȱ comparisonȱ ofȱ theȱmodelsȱ viaȱ theȱ trinaryȱ condition.ȱ ȱ Sinceȱ

bothȱactivitiesȱ relyȱonȱ theȱprobabilityȱ statement,ȱhowever,ȱ itȱ isȱnecessaryȱ toȱ

issueȱqualificationȱinȱtheȱlightȱofȱourȱownȱwork.ȱȱHence,ȱeitherȱactivityȱcarriesȱ

validityȱ asȱ aȱmeansȱ ofȱ identifyingȱ theȱ Luceȱmodel,ȱ butȱ neitherȱ activityȱ isȱ

capableȱofȱdiscriminatingȱbetweenȱHEBAȱandȱNL.ȱȱMoreover,ȱourȱworkȱplacesȱ

significantȱdoubtȱonȱtheȱvalidityȱofȱusingȱchoiceȱprobabilityȱ(orȱanyȱderivativeȱ

thereof,ȱ suchȱ asȱ logȬlikelihoodȱ orȱ �testable�ȱ propertiesȱ includingȱ regularity,ȱ

multiplicativeȱ inequality,ȱmoderateȱstochasticȱ transitivity,ȱorȱ theȱ trinaryȱandȱ

quarternaryȱ conditions)ȱ asȱ theȱ basisȱ forȱ discriminatingȱ betweenȱ EBAȱ andȱ

GEV.ȱȱSinceȱnoneȱofȱtheȱpropertiesȱareȱsufficient,ȱdiscriminationȱisȱleftȱtoȱotherȱ

means,ȱwhichȱwillȱhaveȱtoȱbeȱestablishedȱbyȱfurtherȱresearch.ȱȱȱ

ȱ

Inȱ simpleȱ treeȱ models,ȱ andȱ moreȱ generalȱ modelsȱ byȱ approximation,ȱ theȱ

descriptionȱ ofȱ EBAȱ andȱ GEVȱ behaviourȱwillȱ leadȱ toȱ theȱ sameȱ probabilityȱ
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statementȱandȱhenceȱ toȱanȱequallyȱgoodȱexplanationȱofȱobservedȱbehaviour.ȱȱ

Notȱ onlyȱ doesȱ thisȱ meanȱ thatȱ observedȱ behaviourȱ canȱ beȱ equallyȱ wellȱ

explainedȱbyȱeitherȱparadigm,ȱbutȱalsoȱ itȱmeansȱthatȱbothȱtypesȱofȱbehaviourȱ

canȱbeȱ indistinguishablyȱmixedȱ inȱtheȱsameȱobservations.ȱ ȱSomeȱpeopleȱmayȱ

beȱchoosingȱbyȱeliminationȱprocedures,ȱothersȱmayȱbeȱcarefullyȱmaximisingȱ

utility:ȱtheyȱcannotȱbeȱdistinguished.ȱȱMostȱinterestingly,ȱpeopleȱmayȱbeȱusingȱ

mixedȱ strategies,ȱ forȱ example,ȱ reducingȱ theȱ choiceȱ setȱ toȱ reasonableȱ

dimensionsȱbyȱeliminationȱstrategies,ȱthenȱchoosingȱtoȱmaximiseȱutilityȱinȱtheȱ

reducedȱ choiceȱ set.ȱ ȱ Thisȱ possibilityȱ hasȱ beenȱ suggested,ȱ inȱ aȱ simpleȱwayȱ

requiringȱstrongȱassumptions,ȱbyȱSwaitȱ(2001).ȱ

ȱ

Turningȱ toȱ microeconomics,ȱ weȱ considerȱ theȱ practicalȱ needȱ toȱ valueȱ andȱ

forecast.ȱȱEconomicȱvaluationsȱareȱtypicallyȱderivedȱfromȱRUMȱasȱtheȱratioȱofȱ

utilityȱcoefficientsȱ(orȱmoreȱcorrectly,ȱtheȱratioȱofȱmarginalȱutilities);ȱthisȱratioȱ

hasȱbehaviouralȱinterpretationȱinȱeconomicsȱasȱ�marginalȱrateȱofȱsubstitution�.ȱȱ

Theȱ resultȱ thatȱEBAȱandȱGEVȱareȱ substantiallyȱequivalentȱ (inȱparticularȱ theȱ

possibilityȱ thatȱ GEVȱ couldȱ beȱ anȱ equivalentȱ representationȱ ofȱ �true�ȱ

underlyingȱ EBAȱ behaviour)ȱ perhapsȱ confusesȱ thisȱ interpretation.ȱ ȱ Inȱ short,ȱ

whereȱtheȱtrueȱbehaviourȱisȱEBA,ȱdoȱtheȱeconomicȱconceptsȱofȱmarginalȱrateȱ

ofȱsubstitutionȱandȱvalueȱremainȱvalid?ȱȱAȱsimilarȱpointȱappliesȱtoȱforecastingȱ

which,ȱ inȱ RUM,ȱ typicallyȱ involvesȱ theȱ extrapolationȱ ofȱ utilityȱ toȱ attributeȱ

combinationsȱ notȱ coveredȱ byȱ existingȱ data.ȱ ȱWithoutȱ understandingȱ ofȱ theȱ
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underlyingȱdecisionȱprocess,ȱhowever,ȱitȱwouldȱseemȱimpossibleȱtoȱspecify,ȱinȱ

anyȱmeaningfulȱway,ȱwhichȱpartsȱofȱtheȱmodelsȱwillȱorȱwillȱnotȱchangeȱinȱtheȱ

forecastȱscenario.ȱȱȱ

ȱ

Itȱ thusȱ becomesȱ clearȱ that,ȱ whetherȱ theȱ disciplinaryȱ interestȱ isȱ inȱ

microeconomicsȱorȱmathematicalȱpsychology,ȱequivalenceȱbetweenȱEBAȱandȱ

GEVȱ bringsȱ aȱ potentialȱ forȱ seriousȱ errorȱ inȱ modelȱ interpretationȱ andȱ

application.ȱȱDiscriminationȱbetweenȱEBAȱandȱGEVȱisȱessential,ȱbutȱrecourseȱ

toȱtheȱprobabilityȱstatementȱoffersȱlittleȱinsightȱinȱthisȱregard.ȱ

ȱ

ȱ
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