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An optimal bound for the ratio between ordinary and
uniform exponents of Diophantine approximation®

Antoine Marnat” and Nikolay G. Moshchevitin®

Abstract

We provide a lower bound for the ratio between the ordinary and uniform exponent of both
simultaneous Diophantine approximation and Diophantine approximation by linear forms in
any dimension. This lower bound was conjectured by Schmidt and Summerer and already
shown in dimension 2 and 3. This lower bound is reached at regular graph presented in the
context of parametric geometry of numbers, and thus optimal.

1 Introduction

Throughout this paper, the integer n > 1 denotes the dimension of the ambient space, and
0 = (0,...,0,) denotes an n-tuple of real numbers such that 1,6q,...,6, are Q-linearly
independent.

Given n > 1 and 6 € R™, we consider the irrationality measure function

Y(t) = join | max 1851,

which gives rise to the ordinary exponent of simultaneous Diophantine approximation
A(0) = sup{\ : lim inf t*)(t) < +o00}
t—+00
and the uniform exponent of simultaneous Diophantine approximation

A(0) = sup{\ : limsup t*¢(t) < +oo}.

t—+o00

*This is a preliminary version of the paper. The author are working now on the improvement of the exposition.
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The irrationality measure function

t) = min 014+ qgnb
o(t) qun70<mwlggn‘qj‘gt||(11 1 GnOn|

gives rise to the ordinary exponent of Diophantine approximation by linear form
w(0) = sup{w : lim inf t“¢(t) < +o0}
t——+4o00
and the uniform exponent of Diophantine approximation by linear form

@(0) = sup{w : limsup t“¢(t) < +o00}.
t——+o00

These exponents were first introduced and studied by A. Khintchine [7, 8] and V. Jarnik
[1]. The idea is to study specific @ for which it is possible to improve Dirichlet’s Schubfach-
prinzip. The aim of this paper is to provide a lower bound for the ratios A/ X and w/@ as
a function of A and & respectively, in any dimension. In dimension n = 1, Khintchine 8]
observed that the uniform exponent always takes the value 1 and it follows from Dirichlet’s
Schubfachprinzip that the ordinary exponent satisfy w(f) = A(#) > 1 = &(f) = A(f). In

dimension n = 2, Jarnik proved in [5, 6] the optimal inequalities

(1)

>w(0) —1. (2)
In [12], Moshchevitin proved the optimal bound for simultaneous approximation:

A(0) )+/450) =350 1 i) .\ < A(0) )2 )
)\(0) 2(1 - \(8)) 21 1-X() 1—X\(6) 1—X\(6)

(3)

Schmidt and Summerer provided an alternative proof using parametric geometry of numbers
in [20], and the following bound for approximation by linear forms:

w(8) - 40(0) —3—1

5(0) " TR )
A simple proof of this bound was given in [13]. In [6], Jarnik also provided a lower bound in
arbitrary dimension n > 2.
0

:EO; > &(0)"/™ Y _ 3, provided that @(8) > (5n2)" ", (5)

(O A0

@) o) o

A(0) 1—X\(0)



In fact, these bounds also apply in a more general setting of simultaneous Diophantine ap-
proximation by a set of linear forms.

Using their new tools of parametric geometry of numbers, Schmidt and Summerer [18]
provided the first general improvement working in the whole admissible interval of values of
the uniform exponents @ and A.

w(@)  (n—2)(w(0)—1)
20) - 1+ (n—3)5(8) Q
A(6) @) +n—3

— > — (8)
A@) — (n—2)(1-A(0))
Here relation (8) is sharper than relation (6). Relation (7) is valid for the whole interval

of possible values of &(0), but Jarnik’s asymptotic relation (5) is better for large ©(8). A
simple proof of (8) was given in [3].

In [20] Schmidt and Summerer conjecture that, as in dimension n = 3, the general optimal
lower bound is reached at regular graphs. In this paper we show that this conjecture holds.
Let us first introduce some notation.

For given n > 1 and 1/n < a < 1, we consider the polynomial

L($n—2+...+x+1) (9)

Ry o(z) = v — -

and denote by G(n,«) its unique real positive root. For a* > n we denote by 1/G*(n,a*)
the unique positive root of Ry, 1 /q+(z).

Theorem 1. For 8 = (6y,...,0,) such that 1,01,...,6, are Q-linearly independent, one has

w(0)
@(0)

Furthermore, for any @ > n and any C > G*(n,o), there exists infinitely many 0 =
(01,...,0y) such that 1,61,...,0, are Q-linearly independent and

>

(6
(0

~—

v

G(n, \(0)) and > G*(n,&(0)) (10)

>

@O@)=w and w(@)=Cw

and for any 1/n < A <1 and any C > G(n, ;\), there exists infinitely many @ = (01, ...,60,)
such that 1,01, ...,0, are Q-linearly independent and

AO) =X and AO)=C



It follows from Roy’s theorem [16] applied to Schmidt-Summerer’s regular graphs [20] [15]
that the lower bound is reached and thus optimal. The second part of Theorem 1 refines
this observation. Note that for any @ = (6y,...,0,) such that 1,6y,...,6, are Q-linearly
independent, we have &(8) > n and A(0) € [1/n, 1], (see for example [9]) hence the constraint
on A and & is not restrictive.

We can reformulate these lower bounds by the inequalities

. w(@)\" 1 1 MO\
1+w(@)—o(0) > <®(9)> and 1— 5\(0)4-)\(0) < <)\(0)> )

In these formulae appears clearly the natural symmetry property of spectra of Diophan-
tine approximation pointed out by Schmidt and Summerer [18]. It is even more obvious in
the proof, as the very same geometric analysis applies to both cases.

The main part of Theorem 1 is the lower bound. The proof uses determinants of best
approximation vectors, following the idea of [12]. It deeply relies on an inequality of Schmidt
[17] applied inductively to a well chosen subsequence of best approximation vectors. The
second part of Theorem 1 is a consequence of the parametric geometry of numbers, and is
proved independently in section 5.

2 Main tools

2.1 Sequences of best approximations

We denote by (2z;)ien a sequence of best approximations (or minimal points) to @ € R™. This
notion was introduced by Voronoi [21] as minimal points in lattices, it was first defined in our
context by Rogers [14]. It has been used implicitly or explicitly in many proofs concerning
exponents of Diophantine approximation.

In the context of best approximation vectors for simultaneous Diophantine approximation,
we can write
1
z] = (ql,alJ,agJ, S ,an,l) c /Alas ,l € N.
Set
= max |q6; — a; ]
& 1§i§n|ql i — ag

By definition of best approximations

I<g<@p<- - <qg<qu<--and 1>§>86&>->§>§1 >



We may also assume that ¢; is large enough so that for every [ > 1
& < q.9, (11)
where a < \(6).

In the context of best approximation vector for approximation by linear forms, we can
write
Z| = (q1,la q2,y - - - >QH,l7al) € Zn+17l € N.

Set
Ly =|q01+ -+ qnibp — | and M; = max |g;|.
1<j<n

By definition of best approximations
l<Mi<Mep<---<My<Mgi1<--- and 1>L;>Ly>--->L;>Lj4 1>+

We may also assume that M; is large enough so that for every [ > 1

L < M35 (12)
where a* < ©(0).
In the context of simultaneous Diophantine approximation, provided that 1,6,...,#6, are

linearly independent over Q, it is known that a sequence of best approximation vectors ul-
timately spans the whole space R™T!. However in the context of approximation by linear
forms, the situation is different: it may happen that vectors of best approximation span a
strictly lower dimensional subspace of R"*!1. See the surveys [11, 10] by Moshchevitin and
the paper [1] by Chevallier for more detail. Fortunately, if best approximation do not span
the whole space R"*! we get a sharper result, since G(n,a) is a decreasing function of n.
Thus, we may assume without loss of generality that in both contexts best approximation
vectors ultimately span the whole space R™T1.

Whenever 1,61, ...,60, are linearly dependent over Q, consider 6 = (0iy,-..,0;,) alargest
subset of the components of @ which satisfy the linear independence property over Q with
1. It is easy to check that 0 and 0 have the same exponents, and thus results of lower di-
mension apply. Thus, we may assume without loss of generality that 1,64,...,60, are linearly
independent over Q.

Using sequences of best approximations, proving that

>G



is equivalent to showing that for arbitrarily large indices k, one has gxi11 > q,?. Similarly,
proving that

w(0)

e

w(0) ~

is equivalent to showing that for arbitrarily large indices k, one has My > M kG . This
observation relies on the expression of exponents of Diophantine approximation in terms of
best approximation vectors

w = lim sup —M @ = lim inf —M
k— 00 log(My)) )’

A = limsup < 10g(§k)> , A= li{ninf (L@> :

oo\ log(gr) log(qi+1)

The proofs in the case of simultaneous approximation and approximation by linear forms
rely on the same geometric analysis. The idea is to consider an arbitrarily large index k, and
construct a pattern of best approximation vectors in which at least one pair of successive best
approximation satisfies

Qr41 > q;? or Mgi1 > MkG (13)

for the required G.

We recall a well known fact about best approximations vectors and determinants (see for
example [12] [13]).

Lemma 1. For anyl > 1, consider A; the lattice with basis z;, z;11 and the three dimensional
fundamental volume A; of the lattice I'; with basis z;_1, z1, Z1+1. In the context of simultaneous
approximation we have the estimates

det(A;) = &qi41, (14)
Ap=det(T) < §1&q+41, (15)

while in the context of approximation by linear forms we have the estimates

det(A;) = LiMp, (16)
Ay =det(T)) < L1 MM;,,. (17)

In particular, two consecutive best approximation vectors are linearly independent.



Notation We denote by calligraphic letter S sets of best approximation vectors {zg, ..., Zm }.
Given such a set S, we denote by greek letters I' = (zg, ..., 2z, )z the lattice spanned by its
elements, and by bold roman letters S = (2, ..., z;,)r the rational subspace spanned over
R. Finally, we denote with gothic letters & the underlying lattice & = S N Z™. Note that
I' € &. If our objects are 2-dimensional, we rather use the letters £, A, L and £.

2.2 Key lemmas

Lemma 2 (I'_—T). Denote by (2;)ien a sequence of best approzimations to a point @ € R™.
A

Suppose that k > v and triples
S_={z,_1,20, 2041} and Sy = {zp_1,2, 241}

consist of linearly independent consecutive best approximation vectors. Consider the three-
dimensional lattices

6_ = (2v-1,20,2p41)RNZ", and &1 = (2p_1,2, Zk+1)R NZL"

and suppose that
(zv,2041)z = (Zh—1,2K)z =2 A (18)

Suppose that for positive s and t the following estimate holds
(det &_)* (det &, )" > det A. (19)

In the context of simultaneous Diophantine approximation, suppose that our vectors are large
enough so that for a < \(0).

fquj_fl for j=v—1,vk—1k. (20)
Define
as a(t+w(s,t) —1) —w(s,t) +1
o(s.t) = _alt+wist) —1) —w(s,t) +1 (21)
(1 —a)(s—w(s,t)) (1—a)t
where the second equality comes from w(s,t) € (0,1) being the root of the equation
w2—<3+1+ “ t>w+s:0. (22)
l1-«a
Then
either qy,41 > qﬂ(s’t) or Qri1 > qz(s’t). (23)

In the context of approximation by linear forms, suppose that our vectors are large enough
so that for o < &(0).

Ly <MY, for j=v—1uvk-1k (24)

7



pne Q-a)s (a0 -wlsh -1
. B 1—a*)s (I =a®)(I —w*(s,t) —t
g5t = (1 —a*)s —w*(s,t) t ' (25)

where the second equality comes from w*(s,t) € (0,1) being the root of the equation

*2 4 S * s _
w (1 t a*_1>w +——=0. (26)

Then «
either M, > Mg*(s’t) or M1 > M,‘Z (s8) (27)

When the parameter are s =t = 1, this lemma provides directly the result for the approx-
imation of 3 numbers (Proof from [12], see subsection 3.1 for details). Considering parameters
s and t provides a tool to exhibit consecutive best approximations with the required proper-
ties in higher dimension. The value of the parameter g(s,t) or g*(s,t) needs to be optimized
over a range of values for the parameter s and ¢, with condition coming from the geometry
and depending on the dimension. To prove Theorem 1, we show inductively that the opti-
mized parameter g(s,t) or 1/g*(s,t) over the range of suitable parameters s,t is root of the
polynomial R,, defined by (9).

Proof of Lemma 2. Substituting (14) in (19) in light of (18), since (2,_1,2y,2,1+1)z C &_
and (zx_1, 2k, 2x+1)z C G4 it follows that

(E-160G+1)* (Ek—161ar11)" > (E0qur1) D (Eho1qr) 0D,

This means that either
(Co—1&0qui1)’ > (fl,qy+1)w(8,t)

or
(Ep1€rqir1)t > (Eporqr) 0.
Now we take into account (20). We have either
A A
or
1—w(s,t)+a(t+w(s,t) -1 t(1—
a0 w(s,t)+a(t+w(s,t)—1) < qk(—i_l a)

Hence (23) by definition of g.
Similarly, substituting (16) in (19) in light of (18) and the sub-lattice remark, it follows that

(LV_lMVMV+1)S(Lk—1MkMk+1)t > (LVMV+1)w*(S7t)(Lk—le)l_w*(S’t).

This means that either
(Ly—1 My, My 41)* > (LM, 4q)@ (59

8



or
(Lk_leMk_H)t > (Lk_le)l—w*(s,t).

Now we take into account (24). We have either

M[Ei—la*)w*(sﬂf)—s > Mzgl—a*)s

or
M]i_H > Mél—a*)(l—w*(s,t)—t) ‘

Hence (27) by definition of g*. O

Our proof relies on Schmidt’s inequality on height (see [17], in fact this inequality was
already used in the last section in [12]). It provides the setting to apply Lemma 2 simultane-
ously for different parameters s, t.

Proposition 1 (Schmidt’s inequality). Let A, B be two rational subspaces in R™, we have
H(A+B)-H(ANB)< H(A) - H(B). (28)

where the height H(A) is the determinant of the underlying lattice det(2A) = det(ANZ™).

2.3 Properties of the polynomial R, and the optimized g

In this subsection, we state various properties needed for the proof.

The polynomial R,, defined in (9) can be defined inductively the following way.

Ry(X)=X-p
Rp1(X) = XRy(X) -
« 1

where f3 is respectively 2= and —=—. From now on, we describe the geometry of best

approximations that does not depend on whether we consider exponents A or w.

Multiplying the two values defining g = g(s,t) in (21), we see that g satisfies the equation

1_
t3>g—?:0. (29)

92—(ﬁ+

Multiplying the two values defining g* = ¢g*(s,t) in (25), we see that 1/¢* satisfies the
equation

/g - (ﬂ + %) /g~ =0 (30)

In particular, we can use this equation to compute the optimal value of either s or ¢ when
the other parameter is 1. Namely,



P —Bg—y

s = g for g=g(s,1) (31)
_ _h _

t = oo —B)’ for ¢g=g(1,t) (32)
_ 9°—Bg—B _ Rs(g) (1

5 = T—F g for g=g(1—s,1), (33)

9 —Bg—B _ Rs(g)
9(g — B) 9(g—B)’

Mutatis mutandis, the same holds with 1/¢* with symmetry in the parameter s and t.

for g=yg(1,1—1). (34)

3 Examples: approximation to three and four num-
bers.

In this section, we describe in details the computations in the cases of approximation to three
and four numbers. The aim is to provide a concrete exemple of the construction of patterns
of best approximation vectors on simple examples before moving to arbitrary dimension in
section 4.

3.1 Approximation to three numbers

Consider 8 € R3 with Q-linearly independent coordinates with 1. Consider (z;);cy a sequence
of best approximations to 8, without loss of generality we can assume that the sequence (2;)en
spans the whole space R*.

Lemma 3. For arbitrarily large indexes kg, there exists indexes k > v > ko and triples of
consecutive best approximation vectors

S_={zp-1,20, 2011} and Sy = {zk_1,2k, 2k11}
consisting of linearly independent vectors. Setting
G_ = (z,,_l,z,,,z,,+1>R NZ" and 6. = (zk_l,zk,zka VA

we have
6 NG :=A=(2,,2041)z = (zk_1,2k)z and (S_ UGS )r = R%. (35)

In other words, for arbitrarily large indexes, the pattern of Lemma 2 appears in the
sequence of best approximation vectors. Denote by &4 the pattern of best approximation

10



vectors described in Lemma 3. Here we chose kg sufficiently large for (20) resp. (24) to hold.
Schmidt’s inequality (28) provides (19) with parameters s =t = 1.

In the context of simultaneous Diophantine approximation, Lemma 2 provides that for
any a < A(6),
Q1> q"

for [ = v or k, where g, is solution of the equation (29) with s = ¢ = 1. Namely

92 — Bga — B = R3(ga) =0

which provides

Yo

B+ VB +4A8  a+ Via - 3a?
B 2 - 2(1l-a)
Hence for every a < A\(0), we have

A(O) a+ Via — 3a?

A(0) 21-a)

We deduce the lower bound (3).
In the context of approximation by linear forms, Lemma 2 provides that for any o* < &(8),
G
MH_l >> Ml @
for | = v or k, where 1/g}. is solution of the equation (30) with s =t = 1. Namely

1/g:2 — B1/gs — B = R3(1/gi.) = 0= Bgi + Bgle — 1

which provides

. VP48 Viar-3-1

ga* 2/8 2

Hence for every a* < w(0), we have

We deduce the lower bound (4).

We now explain how to obtain the pattern of best approximation vectors in Lemma 3. It
is the basic step for a more general construction in higher dimension.

11



Proof of Lemma 3. Figure 1 may be usefull to understand the construction.

Consider (z;);en a sequence of best approximations to @ € R3, and an arbitrarily large index
ko. Since (z;);>k, spans a 4-dimensional subspace, we can define k+1 to be the smallest index
such that the sequence of best approximations (z;) ko<I<k-t1 SPans this 4-dimensional subspace.
Note that zx1 is not in the 3-dimensional subspace spanned by (z;) ko<i<k- In particular, since
two consecutive best approximation vectors are linearly independent the three consecutive
best approximation vectors zp_1, 2, Zp+1 are linearly independent. Set v —1 > kg to be the
largest index such that (2;), ;<< 41 Spans a 4-dimensional subspace. Note that z,_; is not
in the 3-dimensional subspace spanned by (2i),<;<;.;- In particular, since two consecutive
best approximation vectors are linearly independent the three consecutive best approximation
vectors z,_1, 2y, 2,41 are linearly independent. Moreover, combining both observations we
get that

A= <(zl)u§l§k>z = (2u,2041)z = (2k-1,2k)2

is 2-dimensional. Hence, the considered indexes v and k provide best approximation vectors

satisfying Lemma 3.
O

Zy—1

Figure 1: All best approximation vectors with index between v and k lie in the 2-dimensional
subspace spanned by A.

12



3.2 Approximation to four numbers

In the case of approximation to four numbers, we select a pattern S of best approximation
vectors that combines two patterns S; coming from Lemma 2. This is the first step of the
induction for arbitrary dimension, where we combine two patterns of lower dimension. Thus,
it is an enlightening example. Note that in this simple case, a proper choice of parameters
was made in [2, equalities after formula (13) from the case i(©) = 1].

Consider # € R* with Q-linearly independent coordinates with 1. Consider (2;)ien a
sequence of best approximations to @, without loss of generality we can assume that the
sequence (2;)en spans the whole space R?.

Lemma 4. Consider (z;)ien a sequence of best approximations to 6 € R*. Let ko be an

arbitrarily large index. There exists indexes kg < rg < r1 < s1 < 19 such that the following
holds.

1. The triples of consecutive best approximation vectors
ST’@ = {zTi—lazT’i7zTi+1}7 0 S Z S 2

consist of linearly independent vectors spanning a 3-dimensional subspace S; := (S;,)r.

2. The triple of consecutive best approximation vectors

Ssl = {Zsl—h z81 ) zsl+1}

consists of linearly independent vectors spanning S1.

3. The pairs of consecutive best approximation vectors zr,,Zr,+1 and zy,—1,2,, span the
same 2-dimensional subspace

Ao = (24, zro+1>Z = (2r,-1,2r)z =S0NS1 N z°.

4. The pairs of consecutive best approrimation vectors zs,,zs,+1 and zp,—_1,2r, Span the
same 2-dimensional subspace

A= <ZS17ZS1+1>Z = <z7“2—17 ZT2>Z =S1N8S2N z°.
5. The whole space R® is spanned by
(Zro—1, Zrgs Zro+1, Zri41s Zra+1)R = (So US1 U Sa)r = R°.

The 5-dimensional pattern described in Lemma 4 is denoted by S5 = Sy — &1 — So. Note
Ao Aq
that it consists of two 4-dimensional patterns

S10=580 — S1
Ao

13



given by indexes v = rg and k = r; in Lemma 3.1 and

Si1 =81 -8
A

given by indexes v = s; and k = 73 in Lemma 3.1. These two 4-dimensional patterns Sy, S41

intersect on the 3-dimensional subspace S;. We denote it by

S5 =S40 — San
S

For the pattern S5, Schmidt’s inequality (28) provides

det Sg det &1 det &9 > det Ag det Ay

where &; = S; N Z°. It can be rewritten as

det &g (det 61):(: (det 61)1_96 det ©9

det A(] det A2

with arbitrary = € (0,1). This means that

det Gg (det ©1)*
et o (det &1) >1 or

(det 61)1_96 det ©9

either

det Ao det A2

Applying Lemma 2 two times with parameters (s,t) = (1,z) and (s,t) = (1 —z,1) we get

the lower bound

A w .
T=g or —2>g
A &

where g and g* are given by the optimization equations

g=9(1,z) =g(1—2,1) org*"=g"(1,2")=g¢"(1 —a*,1).

From (32,33) we have
B Rs(9)

and so g satisfies the equation

Similarly, R4(1/g*) = 0.

This proves first part of Theorem 1 for approximation to four numbers.

O

Here, there is one parameter x to optimize. In higher dimension, we have many more,

and need to compute the optimization of these parameters inductively.

14



Proof of Lemma 4. Figure 2 may be usefull to understand the construction.

Consider (z;);en a sequence of best approximations to & € R* and an arbitrarily large
index kg. Set o + 1 to be the smallest index such that the sequence of best approxima-
tions (21)y,<;<;,+1 SPans the whole 5-dimensional space. Note that z,,41 is not in the
4-dimensional subspace spanned by (z;) ko<l<r,- 11 particular, since two consecutive best
approximation vectors are linearly independent the three consecutive best approximation
vectors zp,_1,2r,, Zry+1 are linearly independent and span a 3-dimensional lattice I's. Set
ro —1 > k to be the largest index such that (21),,_1<,<,,.1 spans the whole 5-dimensional
space. Note that z,,_; is not in the 4-dimensional subspace spanned by (zl)ro§l§T2 41- In
particular, since two consecutive best approximation vectors are linearly independent the
three consecutive best approximation vectors z,,_1, 2r,, 2r,+1 are linearly independent and
span the 3-dimensional lattice I'g. Moreover, combining both observations we get that

Iy = ((21) <1<y

is a 3-dimensional lattice.
Now appears the induction step: we apply the construction of Lemma 3 to the two 4-
dimensional subspaces

S0 = ((Z0)rg—1<1<r, i and - Sa1 = {(21) <1<y )R-

Set 71 + 1 to be the smallest index such that (zl)ro—1§l§r1+1 spans Syo. Note that z, 41
is not in the 3-dimensional subspace Sy spanned by (zl)m—lglgn’ In particular, since two
consecutive best approximation vectors are linearly independent the three consecutive best
approximation vectors z,,_i, 2y, 2r,+1 are linearly independent and span a 3-dimensional
lattice I'2. By construction, ro — 1 is already the largest index such that ((21),,_1<j<, )R =
S4,0. Hence, <(’zl)r0§l§r1>z =: Ag is a 2-dimensional lattice spanned by either (z,,, 2y +1)z
or (2., 1,2 )z, and is the intersection So N Sy N Z>.
Set s1—1 to be the largest index such that (zl)81—1§l§r2+1 spans Sy 1. Note that z4, 1 isnot in
the 3-dimensional subspace S spanned by (z;) $1<I<rat1- In particular, since two consecutive
best approximation vectors are linearly independent the three consecutive best approximation
vectors zs,—1, Zs,, 2s,+1 are linearly independent and span a 3-dimensional lattice I'y. By
construction, r9 + 1 is already the smallest index such that ((zl)81_1gl92+1>R = S4,1. Hence,
<(zl)51§l§r2> = A is a 2-dimensional lattice spanned by (zs,, Zs,+1)z O (Zry—1, Zr, )z, and is
the intersection S; N Sy N Z°.

O

Note that we may have r1 = s1, which is indeed the case for regular graphs.

In Figure 2, the dashed lines should be interpreted as follows. The best approxima-
tion vectors (zj)r,<i<r, generate the 2-dimensional lattice Ag. The best approximation
vectors (2;)s,<i<r, generate the 2-dimensional lattice A;. The best approximation vectors
(21)r,—1<i<s,+1 generate the 3-dimensional lattice I';. The five bold vectors span the whole
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Zro  Ng Zr—1 zsl;’{]\’l’ T Zry
T z
ZT’Q+1 Zrl,,,,,l,,, Sl z?"g—l
Zri 41 Zs1-1

Figure 2: Selected sequence of best approximation vectors.

space R®.

4 Arbitrary dimension

Consider 6 € R™ with Q-linearly independent coordinates with 1. Consider (2;);cn & sequence
of best approximations to 8, without loss of generality we can assume that the sequence (2;);en
spans the whole space R**1.

Lemma 5. Consider (z;)ieny a sequence of best approzimations to @ € R™. Let ko be an
arbitrarily large index. There exists 2"3 indexes ko < 79 < T1,...,Ton—2_9 < Ton—2_; such
that the following holds.

1. The triples of consecutive best approximation vectors
Sg,l = {z’f‘l—la leyz’f‘l—l—l}) 0 S l é 2TL—2 - 1

consist of linearly independent vectors spanning a 3-dimensional rational subspace S3 ;.

2. Ford<k<n+1and0<1<2"*t1_1  denote by Sk, the set of best approximation
vectors s
SkJ = UE:O _153’2/%731_,’_1,.

Sk, spans the k-dimensional rational subspace Sy ;.
3. The rational subspaces Sy satisfy the relations
Sk20USk2i41 = Sky1y (37)
Skt N Sk2i41 = Sk—14i+1 = Sp—1,4142 = Qr—1,. (38)

In particular, Qo is spanned by both zy,  \, Zr,, +1 and Zry 1, Zry -

16



4. The full space R™*1 is spanned by
2n7k+1_1
(Zro—1s Zrgs Zro+1s Zri+1s Zro+1ls - - - ,zr27L7371+1>R = (U Seir, 3<k<n+1

In particular, Sp41,0 = R™TL.

Here, the first index always denote the dimension of the considered object. For a given
dimension k, two subspaces Sy ;, and Sj;, may coincide, but at least n — k — 1 of them are
distinct since they all together span the whole space R"*!. In particular for dimension k = 3,
this means that two indexes ro < 7, <1, < ron—2_; may coincide. Indeed for regular graphs
we have that Si_1 441 = Sg—1,4142 are the same.

Lemma 5 coincide with Lemma, 3 for the approximation to three numbers and with Lemma
4 for the approximation to four numbers. In the later case, we have:

SZ' ~ Sg,i for 0 S ) § 2,
Aj ~ QQJ for 0 < j < 1,
S47k ~ S4’k for 0 < k < 1.
We can partially describe the situation with the binary tree from Figure 3, where each

child is included in its parent. In particular, the parent of a given rational subspace Sy ; is
Sk+1,0(1) Where o is the usual shift on the binary expansion.

We may write the recursive step of the construction of patterns as follows:

Snt1 =Sn110=8n0 — Sni
n—1,0

where Q,,—1 0 is a n—1 dimensional subspace. For S,, 9, Sj, 1 and Q,,—1,0 the rational subspaces
and their underlying lattices &,, 9, G,,1 and 9,10, Schmidt’s inequality (28) provides
det 67170 - det 67171
det Q,_10

> 1. (39)

This relation enables us to shift the optimization equation in the next dimension obtained in
the next lemma.

Lemma 6. Consider 8 € R™ with Q-linearly independent coordinates with 1. Consider
(z1)1en @ sequence of best approzimations to @ spanning the whole space R"*1. Consider the
pattern of best approximation vectors S,y1,0 and its sub-patterns given by Lemma 5. The
following formula holds.

2n1_4[_1 det (&3,47) det (Qg7)" " wn4’l.2n1—4[_1 det (£30)' 7" det (S3.4.45)) " > 1
det (Qggl) det (Q2721+1)

=0 1=0

(40)

17



Qn72,0

¢ T N C

anl,O

\

Figure 3: Binary tree sketching the situation described in Lemma 5.

where the parameters wk,l,w;7l,yk and z, are defined inductively by

0 =

(Y415 Zk+1)

1 =

WEk+1,21

Wk4-1,21+1

/
W41,

/
Wk 41,2141

Yo+ 20 — 1 “
Yk “k

F(yn, 2) = (yk + 2k — Yk2k Yk + 2k — ykzk> e
Wo,0 = w6,0

W1

(1- Zk)w;u

(1 — yp)wg,

w;c,l

Here as before, & ; = S;; N Z"*1 is the underlying lattice of the rational subspace Sk

We do not need to compute the values of wy,; or w§€7l. From formula (40), we deduce that
there exists an index [ such that either

det (&3 41) det (Qg,) " ¥

det (Q3,)! 7" det (&3 4113)

>1 or >1

det (Qa2,21)

det (Q2,2141)

18



Applying Lemma 2 twice, the optimization constant ¢ is given by
9=9(L1—zn4) =9g(1 —yn-s,1)
where (yo,20) = F~" " (yn_4, 2n_4) satisfies yo + 20 — 1 = 0.

By formulae (33) (34), we get

Rs3(9) R3(9)
Yna = ———= and z,_4 = .
' Ralo) L gka(g)
Then, the recurrence formula (42) provides that for 4 <k <mn —3
Ry_1(g) Ri_1(g)
ek = ——=2 and z,_ = ——7
Yn—k Ry_2(g) g gRi—2(g)
if k is odd and Ris(0) Ris(0)
k—1\9 k—1\9
n— and z,_ =
Yn=k gRi—2(g) g Ri_2(g)

if k£ is even.

Ry, Ry, .
Proof. Suppose y,_r = RZ,; and z,_p = gR’“ka. Since

_ Yn—k + 2n—k — 1 Yn—k + 2n—t — 1
F Yot 2n—k) =< = . - . >

Zn—k ’ Yn—k

we get

gy = Unoh tank—1  Rp1/Rpo+ Rp1/gReo—1 Ry

S Zn—k Ry—1/9Rk—2 Ry’
_ Yn—ktZnk—1 Ry
“n—k—-1 = = .
Yn—k gRk—1

Hence the formulae by symmetry and initialization for k& = 4. O

In particular, (yo,20) = (g%::;é];), gz:;gg;) or (gz:;gg;, ;;";12((99))) depending on the parity
of n. This leads to

0= yotz—1=7 1(9) + Rn1(9) —gRn2(9) _ _Rn(9)

9Rn-2(9) 9Rn-2(9)’
That is, R,(g) = 0. So we proved the bound (13) holds for arbitrary large indices, and in
arbitrary dimension n, for the required g.
Mutatis mutandis by replacing g by 1/g*, we get R, (1/g*) = 0.

This proves first part of Theorem 1. O
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Proof of Lemma 5. Figure 3 may be usefull to understand the construction.

Let kg > 1. We prove the lemma by induction. Suppose that we can construct a pattern
S, of 283 triples of consecutive best approximation vectors given by indexes kg < ro <
T1,...,Tok—2_o < Tor-2_; spanning a k-dimensional rational space. Such a construction for
k = 4,5 holds via Lemmas 3 and 4. This provides the initialization.

Consider (z;);en a sequence of best approximations spanning a (k+1)-dimensional rational
space Siy1. Set ror-1_; + 1 to be the smallest index such that the sequence of best approx-
imations (zl)ko§l§r2k,171+l spans Syi1. Note that 2z, , , 41 is not in the k-dimensional
subspace spanned by (2;);, << . In particular, since two consecutive best approxi-

0> 77',2]671,1
mation vectors are linearly independent the three consecutive best approximation vectors
Zrgkon_—1sZrgp 1> Zrgpq_ +1 A€ linearly independent and span a 3-dimensional subspace
,_,+1 Spans Ski1-
Note that z,,_1 is not in the k-dimensional subspace spanned by (zl)TOSlSTzk—1,1 4+1- In par-

Qg or-1_1. Set 7o — 1 > ko to be the largest index such that (zl)r0—1<l<r2k,

ticular, since two consecutive best approximation vectors are linearly independent the three
consecutive best approximation vectors z,,_1, zr,, 2ry+1 are linearly independent and span
the 3-dimensional subspace S3 . Moreover, combining both observations we get that

Qr_1,0:= <(zl)r0§l§r2k,171>R

is a k — 1-dimensional subspace.
We use the induction hypothesis for the two k-dimensional subspaces

S;c = <(zl)ro—1§lSr2k71,1>R and S/’f/ = <(ZZ)T0SIST21€7171+1>R

for kg = ro — 1 resp. ko = ro. This provides two patterns S; and S; of triples of best

approximation vectors defined by indexes ro < rj < ri,... ,r;k,2_2 < rék,g_l and 79+ 1 <
o < 1Yy rhs o < 1h_, | satisfying the conditions of Lemma 5. A key observation is

that by definition of ro, we necessarily have r{, = r¢. Similarly, by definition of ror—1_;, we

necessarily have ror—1_; = rgk,Q_l. It follows that both sub-patterns 81/9—171 and Sl/c/—LO span

the rational subspace Qx_1,. Hence, the pattern S defined by the triples given by indexes
ri=r; and 7T k2 =7 for0<i< ok=2 _ 1
combining the two sub-patterns S;, and S} satisfies the required properties at the rank & + 1.

S=8, - S

Qr-1,0

Lemma 5 follows applied to (2;);eny @ sequence of best approximations to 8 € R™ spanning
the whole space R*t1. O
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Proof of Lemma 6. We prove by induction the more general formula

2k1_1[_1 det (6n—k,4l) det (Qn—k,l)l_wﬁl Hee %
i det (Qn—p—1,2)
e o o (43)
H_ det (Qp—kg)  Ftdet (Gp_pai3))
det (Qn—k—1,214+1)

=0

>1

Initialization follows the steps of approximation to four numbers, and Lemma 6 is the
formula for £ = n — 3. Namely, Schmidt’s inequality (28) provides

det(Gmo) det(@ml) > det(ﬂn_lp) det(6n+170) R (44)
det(Sp_1,0)det(Sp—11) > det(Qn_20)det(Spp) . (45)
det(Gp—12)det(Sp_13) > det(Qp—21)det(Sy 1) . (46)

Since Sp41,0 spans the whole space R™ 1. we have det S,+1,0 = 1 and using the fact that
det Q10 =det&,_11 =det &,,_12 (by (38) ), we get the formula

det(Gn—l,O) det(Qn_Lo) det(Gn_l,g)

det(Q,_2,0) det(Q,_2.1) >

Setting w0 = w{w =1 and yg and zy such that yy 4+ z9 — 1 = 0, we can rewrite

det(S,-1,0) det(Qn_1,0)' 7%\ " [ det(Qn—1,0)' " det(S,_13) o > 1
det(Qn—2,0) det(Qp—21) '

This establishes the expected formula for £k = 1. The inductive step sees Schmidt’s inequality
(28) split each term of the product in two terms involving rational subspaces of lower dimen-
sion, and shift the values of the parameters y, and zj.

Indeed, for 3<j<mn+1and 0<j <217 _1 we have

det(Q;-1,2:) det(S;_1,8i43)

> det(Q;,), 47

det(Qj-2.4i+1) ) o
det(Gj_l 8itd) det(ﬂj—l 2i+1)

v ] > det(;4), 48

det(Q;-24i+2) ) o
det(S;_1,4;) det(Qj-1,)

) ) d t 6 i) 49

det(Q;-2,2;) M52 )

det(Q;-1,2i+1)det(S;_1.8
et(Qj-1,2i+1) det(S;—1,8i+7) > det(6;4i43). (50)

det(Q;-2,4i+3)

Here, (47) is a straight application of (28) applied to the rational subspaces S;_i g;+3 and
S;_18i+2 = Q,;—1,2; whose union spans S;4;+1 = Q,; and whose intersection is Q;_24i4+1.
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For (48), we apply (28) to the rational subspaces S;_1gi+4 and S;_1 81+5 = Q;j—1,2i+1 whose
union spans S;i+2 = @;; and whose intersection is Q;j_24;4+1. For (49), we apply (28) to
the rational subspaces S;_1 4; and S;_1 4,41 = Q;j_1,; whose union spans S; 2; and whose in-
tersection is Q;_292;. For (50), we apply (28) to the rational subspaces S;_1gi+6 = Q;—1,2i+1
and S;_1 847 = Q,;_1,2;+1 Whose union spans S; 4;+3 and whose intersection is Q;_2 4i+3.

v S; it |
o D
Si—18i+2 | Qj-2.4i41 | Si_18i+3
e Y 2N s o
Si_2.16i+4 Si—216i+5  Sj—216i+6 S;i_2,16i+7

Figure 4: Situation to apply Schmidt’s inequality for (47).

Inductive step. Assume that (43) holds for some 1 < k < n — 3. For every 0 < [ <
2k=1 _ 1 we can split

det (Sp_j.ar) det (g ) 71\
| <« < et (Sp—p,41) det (Qn—r,1) ) (51)

det (Qp—k—1,21)
det(Sp—k—1,8k) det(Qp—r—1,21)\ [ det(Qn—r—1,21) det(Sp_k—1,81+3) G S
det(Qn—k—2.41) det(Qp—k—2.4141)
det (Qp—k—1,21)

< (52)

where we used (49) with parameters j = n —k and ¢ = 2] and (47) with parameters j =n—k
and ¢ = [. For any yi11 € (0,1) we can write

det (G, _j_1.81) det(Qy,_j_1.97) 1 (1-wr)\ 5!
X
det(Qp—r—2.41)

ot (g 1) 701 det(S4rs)|
det(Qpn—r—2.4141)
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Similarly, for any zp41 € (0,1), using (48) with j = n—k and i = [ and (50) with j = n—k
and ¢ = [ we get

1< det(Sp,—p—1,8144) det (Qu—g—1,2041) 77+ (mmvl
det(Qn—p—2,41+2)

y ( det(Qp_p_1.9141)7+172%) det(Gn—k—1,81+7)> Vet

det(Qp—k—2.41+3)

For the sake of optimization, we want

Uer1t(1—wyp) =1 —zpp1 and 1 —yrp1 = zp1(1 — 2).

That is
Y1 + 241 — 1 Y1 + 241 — 1
Yp = and z, =
Zk+1 Yk+1
or equivalently
Yk 2k
Y1 = —————— and zp11 = ————.
Y + 2k — YkZk Yk + 2k — YkZk

Setting for every 0 <1 < 2F1 1

/ / / /
We1,20 = Wity Wet1,2041 = (1= 2p)why, Wiy o0 = (1= yp)wey and  wiig g1 = Wiy,

we established formula (43) for k+ 1 with the required induction fomulae for the parameters.
O

5 Construction of points with given ratio

In this last section, we prove the second part of Theorem 1. To construct points with given
ratio, we place ourselves in the context of parametric geometry of numbers introduced by
Schmidt and Summerer in [19]. We refer the reader to [9, §2] for the notation used in this
paper and the presentation of the parametric geometry of numbers. We use the notation
introduced by D. Roy in [16] which is essentially dual to the one of W. M. Schmidt and L.
Summerer [18]. We fully use Roy’s theorem [16] as stated in [9, Theorem 5] to deduce the
existence of a point with expected properties from an explicit family of generalized (n + 1)-
systems with three parameters. The construction shows how the values G(n, &) and G*(n, a*)
appear naturally in the context of parametric geometry of numbers, and why they are reached
at regular graphs.

Fix the dimension n > 2, and consider the case of approximation by a linear form. Fix
the three parameters @ > n, p = G*(n,®) and ¢ > 1. Consider the generalized (n+ 1)-system
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P on the interval [1, cp] depending on these parameters whose combined graph is given below
by Figure 5, where

1
P(1) = o P.(1) = pF72Py (1) for 2 < k < n+1 and Py(cp) = cpPi(1) for 1 < k < n+1.
cp”
‘ | 14
| 1 ) cpn !
ne1 4 | |
p | |
+& l | ! !

3 3 . P : : Cpk+1
;o | / S
146 | ! | |
e : I I I Cpk
1 | | / : : 1o
1+ w | | |

| | | ' ep

| | ‘ | T+o
- p | I I I
I | | |

lw / l I I
T+w | 1 | !
1 do a1 cp

Figure 5: Pattern of the combined graph of P on the fundamental interval [1, ¢p]

The fact that all coordinates sum up to 1 for ¢ = 1 follows from p being the root of the
polynomial R, (9). On each interval between two consecutive division points, there is only

one line segment with slope 1. On [1, qo], there is one line segment of slope 1 starting from

1 . cp” . k—1

th,? value - and reaching the value = - Then, each component P increases from = - to
-1

cp

=5 with slope 1 where £ decreases from k£ = n down to k = 2.

We extend P to the interval [1, c0) by self-similarity. This means, P(q) = (¢p)™P((cp)~™q)
for all integers m. In view of the value of P and its derivative at 1 and cp, one sees that the
extension provides a generalized (n + 1)-system on [1,00).

Note that for ¢ = 1, the parameter ¢y and ¢ coincide and we constructed a reqular graph.
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Roy’s Theorem provides the existence of a point 8 in R™ such that

71 = limsu 0
T10(0) gotee
1 P,
— = liminf 1((])'

Here, self-similarity ensures that the lim sup (resp. liminf) is in fact the maximum (resp. the
minimum) on the interval [1, cp[. Thus,

1 Pi(qg)  P(1) 1
——— = max = = -,
1+ W(O) [Lep[ q 1 1+

1 . Pi(g)  Pi(qo) 1
———— = min = = —
14+w(@) [Lel ¢ q cpo + 1

c(p" 4+ +p)+ 1 c(pd) +1
14w o 1+0

where ¢y = . Hence,

©(0) =0 and w(B) = cpw.

and we constructed the required points since ¢ > 1 and p = G*(n,®).

Consider the case of simultaneous approximation. Fix the three parameters 1 > A>1 /n,
p = G(n,\) and ¢ > 1. Consider the generalized (n + 1)-system P on the interval [1, cp]
depending on these parameters whose combined graph is given below by Figure 6, where

~

P,1(1) = P Pi(1) = p" *Pi(1) for 1 < k < n and Py(cp) = cpPy(1) for 2 < k < n+1.

The fact that all coordinates sum up to 1 for ¢ = 1 follows from 1/p being the root
of the polynomial R, (9). Up to change of origin and rescaling, this is the same pattern
as shown by Figure 5. We extend P to the interval [1,00) by self-similarity. This means,
P(q) = (cp)™P((cp)~™q) for all integers m. In view of the value of P and its derivative at
1 and cp, one sees that the extension provides a generalized (n + 1)-system on [1, c0).

For ¢ = 1, the parameter gy and ¢; coincide and we constructed a reqular graph.

Roy’s Theorem provides the existence of a point @ in R” such that

3\(0) T +1(q)
——— = liminf S
1+ A(0) a=to0 g
A©) = lim sup Fri1(9)
1+ A(0) q—+00 q



— 3 B
B/A : 3
i — — 7 3 3
76— — = 1
p~ (=23 3 : / 3
p 05— s : 3
i do q1 cp
Figure 6: Pattern of the combined graph of P on the fundamental interval [1, cp|, where 5 = n i

>

Here, self-similarity ensures that the limsup (resp. liminf) is in fact the maximum (resp.
the minimum) on the interval [1, cp[. Thus,

AO) Papi(e)  Pan(n) A
———— = Imin == — =
1+ A(0) [Ledl ¢ 1 14+ A
AO) _ - Pani(@) _ Pani(m) _cp)
1+ X6O)  [1epl q Q 1+ cpS\
hore o N 424 p) +1)  Aep+1/4)
where q; = T3 = TS Hence,

AMO) =X and A(B) = cp).
and we constructed the required points since ¢ > 1 and p = G(n, 5\)
Such self-similar generalized (n+1)-systems provide infinitely many distinct points 8 € R™

via Roy’s theorem with Q-linearly independent coordinates with 1, as explained in [9] at
the end of §3. The Q-linear independence comes from P;(q¢) — oo when ¢ — oo. The
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construction of infinitely many points follows from a change of origin with the same pattern

and self-similarity. O
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