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ON THE MAXIMA OF SUPREMA OF DEPENDENT GAUSSIAN MODELS

LANPENG JI AND XIAOFAN PENG

Abstract: In this paper, we study the asymptotic distribution of the maxima of suprema of dependent Gauss-
ian processes with trend. For different scales of the time horizon we obtain different normalizing functions
for the convergence of the maxima. The obtained results not only have potential applications in estimating
the delay of certain Gaussian fork-join queueing systems but also provide interesting insights to the extreme

value theory for triangular arrays of random variables with row-wise dependence.

Key Words: Extreme value; self-similarity; Gaussian processes; fractional Brownian motion; triangular

arrays; Pickands constant; Piterbarg constant.

AMS Classification: Primary 60G15; secondary 60G70

1. INTRODUCTION

Let {X;(t),t > 0},i=1,2,..., be independent copies of a centered self-similar Gaussian process with almost
surely (a.s.) continuous sample paths, self-similarity index H € (0,1) and variance function t?# and let
{X(t),t > 0} be another independent centered self-similar Gaussian processes with a.s. continuous sam-
ple paths, self-similarity index Hy € (0,1) and variance function t2H°. We define, for positive constants
0,00, ¢, % > 1, 8 > max(H, Hy), and a deterministic function T}, > 0,
(1) M, :=max sup (0X;(t)+coX(t) —cit?), n>1.

SN 4e[0,T,]
This paper is concerned with asymptotic distributional properties of M,, as n — oo. More precisely, we aim
to establish limit theorems for v, '(M,, — j,), as n — oo, for some suitably chosen normalizing functions
Un, fin,m > 1. This work is a continuation of the recent work done in [20], where the case T,, = oo was
discussed. Note that the general kth order statistics were discussed in [20], but to ease the complication
we shall only focus on the maxima in this paper. As in [20], without loss of generality, we assume o = 1.
Throughout the rest of the paper, we also assume that lim,,_, . ), € [0, 0] exists and investigate how different
scales of T,, influence the normalizing functions v, i, n > 1 in the limit theorems for the maxima defined in
(1).
The motivation for the study of distributional properties of M,, stems from a recent contribution [23] on a
Brownian fork-join queueing system, which is a special model of (1) with all the Gaussian processes involved
being Brownian motions, 5 =1, ¢ = ¢;,i > 1 and T,, = co (hereafter called Browian model with linear drift).
In their context, M,, (with T;, = 0o) models the maximum of stady-state queue lengths (or delay) in a fork-join
network of n statistically identical queues which are driven by a common Brownian motion perturbed arrival
process and independent Brownian motion perturbed service processes, respectively. The theoretical limit
result obtained therein is the key to developing structural insights into the dimensioning of assembly systems;
interested readers are referred to [23] for more details on this application. More recently, the tail asymptotics
for the delay in such a Brownian fork-join queueing system were studied in [26]. As discussed in [7, 8, 22] and

references therein, for a fluid queueing model it is of great interest to consider general Gaussian processes with

Date: March 10, 2023.



2 LANPENG JI AND XIAOFAN PENG

a non-linear trend and study the distributional properties of the transient queue length (i.e., the supremum
is taken over a finite time interval instead of Ry). Analogously, the maximum M,, in (1) can be seen as the
maximum of n transient queue lengths (or delay over a finite time horizon) in a general Gaussian fork-join
queueing system, with the time horizon T, possibly dependent on n. In this paper, we consider different
scales of T),. This discussion may be intersting from an application point of view, for instance, the system
users may be interested in estimating the delay over any short-time or long-time horizon. Note that as in
[20] the study in this paper also provides complementary results to the extreme value theory for multivairate
Gaussian models in random environment.

Clearly, the study of the maxima M,,,n > 1 is relevent to the extreme value theory for triangular arrays of
random variables with row-wise dependence. Define {Yy,,k < n,n > 1} to be a triangular array of random
variables and N,, = maxy<y, Yk, to be the row-wise maximum. The extreme value theory for the triangular
array {Yin, k <n,n > 1} is concerned with the convergence of the row-wise maxima N,,,n > 1 under a linear
normalization. If Yj,,k < n is stationary for any fixed n, then we call N,,,n > 1 homogeneous maxima,
otherwise, we call it inhomogeneous maxima. Current literature on extreme value theory for triangular
arrays has been focused on homogeneous maxima, and particularly, the maxima for row-wise independent
and indentically distributed triangular arrays (i.e., Yy, k < n being independent and identically distributed
(IID)); see, e.g., [1, 16, 24]. Some conditions guaranteeing the convergence of normalized maxima to some limit
are given by [16] under some differentiation conditions. Particularly, the maxima of row-wise independent
Poisson-distributed and related triangular arrays are discussed in [1], and the maxima for some row-wise
independent Weibull-(truncated) regular variation mixture distributed triangular arrays are discussed in [24].
Somehow surprisingly, except for the triangular arrays of normal random variables (e.g., [17]), there are very
few papers dealing with the homogeneous maxima with row-wise stationary triangular arrays. The only result
on this topic that we could find is the recent one obtained in [14] where a Gumbel limit theorem is obtained
for normalized maxima under some general conditions (see Theorem 2.1 therein). It turns out that there
exists no theory for general (in)homogeneous maxima which covers the convergence of M,,,n > 1 under some
normalization that is interested in this paper. In what follows, if ¢ = ¢;,7 > 1, the maxima M,,,n > 1 is called
homogeneous, and otherwise, called inhomogeneous. We obtain convergence results for suitably normalized
M,,n > 1 for both homogeneous case and some inhomogeneous case. As we will see, the only possible non-
degenerate limit distributions are from the family of Gumbel, Gaussian or a mixture of them. This study
provides some interesting examples, which enriches the extreme value theory for triangular arrays of random

variables with row-wise dependence.

The rest of the paper is organized as follows: In Section 2 we present some preliminary results concerning the
tail asymptotics of the supremum of a class of self-similar Gaussian processes with trend over a threshold-
dependent time horizon. The main results on the homogeneous maxima M,,n > 1 are given in Section 3.

Section 4 discusses some inhomogeneous maxima. All of the proofs are presented in Section 5.

2. PRELIMANARIES

In this section, we mainly discuss the tail asymptotics of the supremum of a self-similar Gaussian process
with trend over a threshold-dependent time interval. This study is useful for the construction of normalizing
functions for the maxima, and is also of independent interest. The results presented in Proposition 2.1 below

generalize some of the existing results obtained in [3], see also [21].
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Let {Xg(t),t > 0} be a centered self-similar Gaussian process with a.s. continuous sample paths, self-
similarity index H € (0, 1), variance function 2/
process X g (t) := Xy (t)/t,t > 0 in a neighbourhood of the point t = 1, i.e.,
E{(X — Xu(t)?
o o BL) )]
W T R2(s— 1)

. We assume a local stationarity of the standardized Gaussian

holds for some positive function K (-) which is regularly varying at 0 with some index a/2 € (0,1). Condition
(2) is a common assumption in the literature; see, e.g., [12] and [18]. It is worth noting that the assumption
(2) is slightly general than the S2 in [9] where a decent discussion on properties and examples of self-similar
Gaussian processes is given. Note that the local stationarity at ¢ = 1 and the self-similarity of the random
process imply the local stationarity at any point ¢t = r > 0, i.e.,

 E{(Xu(s) - Xu(t)*}  _,
) E N T

For a threshold-dependent time horizon T, (to be specified below) and constants ¢ > 0, 8 > H, we shall derive

asymptotics for

P, () ::]P’{ sup XH(t)—ctﬁ>u}, u — 00.
t€[0,Ty]

Throughout this paper, for two positive functions f, h and some ug € [—00, 00|, write h(u) ~ f(u) or h(u) =

F)(1 + 0(1)) if limy—sq, f(u)/h(u) = 1, and write f(u) = o(h(w)) if limy_q, f(u)/h(u) = 0. Further, we
+—

denote by K(-) the asymptotic inverse of K(-), and thus

— —
K(K(t)) = K(K(t))(1+o0(1)) =t(1+0(1)), t10.
-
Since K (-) is assumed to be regularly varying at 0 with index «/2, it follows that K(-) is regularly varying at
0 with index 2/q; see, e.g., [15].
We shall consider the following scenarios for the threshold-dependent time horizon T,:

D1: limy,_ o Ty /u/? = 50 € [0, t0);

BET T, —t wl/B o
D2: limy—o0 giagtmimsrsT =% € (=00, 00].

AN
“‘Qw-m) ’

S ) ()
@ A71+ct§7 B \e(B-H) A7) o

Below, by {B,/2(t),t > 0} we denote a standard fractional Brownian motion (sfBm) with Hurst index
a/2 € (0,1), and

Here in the above

and

1
Cov(Bq2(t), Baj2(s)) = i(to‘ +s%=|t—s1%), t,s>0.

The well known Pickands constant H,, and Piterbarg constant P% in the Gaussian theory is defined, respec-

tively, by

Ho = Tlgréo %E {exp < sup (\/§Ba/2(t) - to‘)> } € (0,00).

t€[0,T]

Pl = lim E {exp ( sup (\/§Ba/2(t) —(1+ d)t“)) } € (0,00), d>0.

T— o0 tE[O,T]
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We refer to [2, 4, 6, 11, 13, 25] for basic properties of the Pickands, Piterbarg and related constants. In
particular, it has been shown that H; = 1 and P{ =1+ 1/d, d > 0.

Proposition 2.1. Let {Xg(t),t > 0} be the self-similar Gaussian process defined as above with (2) satisfied,
and assume ¢ >0, > H.

(i). Further assume that the following limit exists and

. t
(5) 158[{27(15) =:Q € [0, 00].

Then, under scenarios D1 (i.e., limy o Ty /u'/? = sy € [0,0)), we have

H 2
Y1, (1) = De, (u ;}T’?) . - —fuch - exp <—w;£;?)) (I4+0(1)), u— oo,
where, fory > 0,
M -2 [ .
Savan(A—coB) Y <K(1/y)> , ifQ=0, ‘ st
©)  Duly) =\ L pai-ene, ifQe (0,00, “HhO=TTF
N if Q = oo,

.. . . . eoul/B
(ii). Under scenario D2 (i.e., lim, Al/QBTELl/Z’tZgI/B+1/B’1 =z € (—00,00]), we have

Ur, (1) = Yoo (W)@(x)(1 + 0(1)),  u — o0,

where ®(x) is the standard normal distribution function and

u2(17%)
Yoo(u) :=P {igngH(t) —ct? > u} = R(u)exp <_2A2> (I140(1)), u— oo,

where (with A, B given in (4))

A2, w2
(7) R(u) =

u > 0.

25 Bty }_((u%fl)’

Remarks 2.2. (a). If {Xg(t),t > 0} is the sfBm with Hurst index H € (0,1) and 8 = 1, then we can check
that K(t) = t*, and the results in Proposition 2.1 reduce to that given in (2.2)-(2.5) in [21] (here the explicit
formula for Pi given above should be used).

(b). In Proposition 2.1, we only consider two scenarios D1 and D2 for the time horizon T,,. We remark that
results for a missing case with x = —oo in D2 seem to be harder to derive. Obviously, the technique used in
proving (i) is not applicable to this case. The technique used for (i) may be applicable, but some more precise
expression for T, —tou'/? in D2 may be needed to be imposed. This assumption should be carefully determined
%(1 - th)> in (15) can be tractable, since in
this case simply introducing € as in the proof of (i) is not enough because of co = H/B (cf. (16)). Note also
that the first two expressions for the function Dg,(y) in (6) will not be definable, since co = H/J3.

so that the variance of the Gaussian process Xp(t)/ (1 —

3. HOMOGENEOUS MAXIMA
We shall consider asymptotic distributional properties of the homogeneous maxima

M, =max sup (X;(t) + 00X (t) —ct?), n>1,
SN te[0,Ty]
where the self-similar Gaussian processes {X;(t),t > 0} are independent copies of {Xp(t),t > 0} given in

Section 2 and ¢ > 0. Precisely, we aim to establish limit theorems for v, *(M,, — u,), as n — oo, for some



DEPENDENT GAUSSIAN MODEL 5

suitably chosen normalizing functions v,,, 1, n > 1. Motivited by the scenarios D1-D2 treated in Section 2,

we consider the following scenarios for T;,:

S1. (Super-short time horizon) lim,, o, TH\/2logn = ko € [0, 00);

. ) . . T1-H/B

S2. (Short time horizon) lim,, o, TH1\/2Togn = 0o and lim,, o, [arsorcae 0;
. . . . TI-H/B _ ~ L~ B \1/P a\Y8

S3. (Intermediate time horizon) lim,, s = %0 € (O,to), with tg = (1+it§> = (£> :

. . . TI-H/B ~ . T, — (1P /2T 1/(B—H)
S4. (Long time horizon) lim, Tsems = to and lim, o A1/2Bfl/2(é,gzvlogof)?gup5)/(2(/341)) =19 €

(—OO, OO];
. . . T1I-H/B -~

S5. (Super-long time horizon) lim,, (7%?1)1/& =S¢ > tg-

To determine the correct normalizing functions, we will discuss the following maxima of the corresponding

IID sequence

M, = max sup (X;(t)—ct?), n>1.
IST $€[0,T,]
We will assume that the generic Gaussian process {Xp(t),t > 0} satisfies condition (5) under scenarios S2
and S3.
It is known that normalizing functions for the maxima of a sequence of IID random variables can be retrieved
from the tail asymptptics of the random variable; see, e.g., [20]. Motivited by the tail asymptotics discussed

in Proposition 2.1, we introduce the following normailizing functions.

Under scenarios S2 and S3:

(8) by = Tf( 2logn + 1og(fn(T,{f 2logncT§))>ch,neN,

1
v2logn
TH

a, = ———— neN.

V2logn’

where, recalling the function D, (-) defined in (6),

w+ TP\ (w+ TP\
0 = () ()

Under scenarios S4 and S5 (for S5, we set xg = 00, i.e., use d,,(00)):

(10) do(zo) = (2A2logn)Y/" (1 * Togn log(R((24 logn)l/f)@(:vo))> , n€N,
2 1/7
en = M’ n e N’
Tlogn

where 7 =2(1 — H/f), and R(u) is defined in (7).

The following proposition shows that these normalizing functions are the required ones for ]\ZM n > 1. Here-
after, % denotes the convergence in distribution, and A denotes a standard Gumbel random varaiable, i.e.,
P{A <z} =exp(—e "),z €R.

Proposition 3.1. We have
(). Under scenarios S2 and S3,

1,77 d

a, (M, —b,) = A, n— oo

(ii). Under scenarios S4 and S5,

efl(ﬂn — dn(x0)) 4 A, n— oo

n
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Below is our pricinpal result on the aymptotical distribution for the homogenous maxima M,,n > 1 under
suitable normalization. In what follows, we denote N to be a standard normal random variable which is

independent of A.

Theorem 3.2. For the homogeneous mazxima M,,n > 1 defined in (1) with 0 =1 and ¢ = ¢;,i > 1, we have

(a). Under scenario S1,
d
M, = kg, n — oo.

(b). Under scenarios S2 and S3,
(b)) If further lim, o %\/;TH(; =0, then

ao_lTn*HO(Mn—bn)gN, n — 0o.
H— H
(b.ii) If further lim, oo % = oo, then

a, ' (M, —by) LA, n— oo

n

H—H
TTL

(b.iii) If further lim, o P D€ (0,00), then

a;l(Mn—bn)iA—F@N, n — oo.
do

(¢c). Under scenarios S4 and S5,
(c.i) If further 2H — Hy < B, then

o T o (M, — du(0)) 5 N, n— oc.
(c.ii) If further 2H — Hy > (3, then

G;I(Mn — dp(z0)) 4 A, n— oo.

(c.ii) If further 2H — Hy = 3, then

1 d ooc

(M, — dp(z0)) > A+ i N, n— oco.

€

Remarks 3.3. (a). We remark that the conditions of (b.i)-(b.iii) can be more specific under scenario S3. In

fact, under S8 we know that

1

an(ggwﬂogn)m, n — 00,

and thus the case-specific conditions of (b.i)-(b.iti) can be simplified to 2H — Hy < 8, 2H — Hy > ( and
2H — Hy = 3, respectively, and further gy = 'svg
(b). It turns out that there is an interesting smooth transition from an, by, respectively, to ey, dy(xo) in the

sense that, if T,, satisfies S4 then
by ~ TH\/2logn — TP ~ (24%logn)Y™ ~ d,(x0), and an ~ en, n — oo.

In fact, we can rewrite T, as

1
T, = (Bv/2logn)" " + AV2B 1 200(24% 10g n) 1A/ E-ID) 4 o)

AI/QBfl/ZIO

; (24%logn) 1?4+ 15" e(n) (24 log m@) :
0

(11) = to(24%logn) 7T (1+
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where e(n) = o ((log n)H+1=A/CE=H)) - Thys,

TH\/2logn — ¢T? — (242 logn)'/7

— A4l (242 log n) 7T (1 + Htg AYV2B=1/230(2A42 log n)~Y/2 + Ht5  e(n)(24% logn) T + O((242 log n)_1)>

—cto(2A4%logn) 2= (1 + Bty L AY2 B 254 (24% log n) Y2 + Bty te(n) (242 log n) W 4 O((2A4%log n)_l))
—(242%1ogn)V/™
=o0 ((2A2 log n)l/f) , N — 00,

where in the second equality we have used A=t = 1+ cto. Similarly, some elementary calculations show
that

lim a,/e, = 1.
n—o0

This is an interesting observation which reveals a smooth change of the normalising functions. However, it
looks that under scenario S4 the by, is not the correct normalising function but the d,(xo) is.

(c). Note that we have also obtained the following convergence, under scenario S1,
M, A Ko, M — 00.

Example 3.4. This example illustrates Theorem 3.2 for T,, = (A/2logn)?, with v € R and A > 0. We check
how the asymptotic distribution of a normalized M, will change according to different values of v. There can
be a lot of cases to be considered, but we choose to work with one representative case where 3 > Hg > 2H. In

this case, we obtain different results according to where the value of v falls in the following intervals:

1 1
— < ——= < — < < .
CS"H S H,—H “B-—H -

Precisely, a direct application of Theorem 3.2 yields the following convergence results, as n — 0o:

(). Ifye ( 1) then M, 2.

(2). If’y—— , then M, AoN\-1

(3). Ify € ( % ), thenanl(Mn—bn)iA.

(4). Ifv=— 01 then a; (M, — bn) 5 A+ oo AN

(5). If v € ( =3 1H) then oy T Ho (M, — b,) 5 .

(6). If v = 525 and X € (0,13), then o " T, o (M, — b,) 5 V.

(7). If v = 525 and X = 1), then o ' Ty M0 (M, — d,,(0)) AN

(8). If y= ﬁ and X € (Eg,oo), ory > ﬁ’ then oy " T Ho (M, — dy(00)) LYYs

4. INHOMOGENOUS MAXIMA

We shall consider convergence results for the inhomogenous maxima

M, =max sup (X;(t)+coX(t) —ct?), n>1,
IS 4e[0,T,]

where the self-similar Gaussian processes {X;(t),t > 0} are independent copies of {Xg(t),t > 0} given in
Section 2 satisfying condition (5) under scenarios S2 and S3. For simplicity, we shall assume that all the

¢;,1 > 1 take value from a finite set of distinct values, denoted as

(12) S:{él,ég,"',ék}, where 0<61(:C)<62<"'<ék<00,
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with some k& > 2. Here, for notational convenience, we use ¢; = ¢ which is helpful when we adopt the

normalizing functions defined in the previous sections. Further, let m; = #{i <n:¢; = ¢;} and assume that

(13) lim —2 = p € (0,1], lim 2 =p,€0,1), 2<j <k

n—oo n n—oo n
Obviously, =% | p; = 1.

Similarly to the homogenous case we shall first discuss the maxima of the corresponding ITD sequence

(14) M, = max sup (X;(t) —cit?), n>1.
IS te[0,Ty]

We have the following result for the asympototical distribution of suitably normalized maxima Z/W\n, n>1.

Proposition 4.1. Let M\n,n > 1 be defined as in (14), with ¢;,i > 1 satisfying (12) and (13). We have
(a). Under S1,

—~ 4

M, = kg, n — oo.
(b). Under 52,

a_l(]\//.Tn —by) 4 A, n—o oo,

n

where
A, if limy, o0 TP~ H/2Togn = 0,
A={ A+log (p1 + Z?:z pje_(éf_c)‘h) , i limy, oo TP~H\/2Togn = 1 € (0, 0),
A +log p1, if limy, 00 TP~ /2Togn = oco.

(¢). Under S3,

a_l(ﬂn—bn)iA—i—logpl, n — oo.

n

(d). Under S4 and S5,

efl(]\//fnfdn(xo)) iAJrlogpl, n — oo.

n

Remarks 4.2. (a). It is interesting to observe that under S2, the three possible limits (i.e., three values of
K} are all from the Gumbel family, where the second one depends on all the constants ¢;,1 < j < k, the third
one depends only on the proportion of ¢, = ¢, and the first one is not really affected by the more specific
information of the trend functions.

(b). After some algebric calculations for the normalizing functions, one can check that the result for S5 is

consistent with the result of Theorem 3.5 in [20].
Below is the main result of this section.

Theorem 4.3. Let M,,,n > 1 be the inhomogenous maxima defined as in (1), with o0 =1, ¢;,i > 1 satisfying
(12) and (13). We have

(a). Under S1,
M, i) Ko, N — 00.

(b). Under S2,

(b)) If further lim, =0, then

TH=Ho
V2logn

J()_lT;HO(Mn*bn)iN, n — oo.



DEPENDENT GAUSSIAN MODEL 9

TH—Hg
V2logn

a; (M, —by) 4 A, n— oo

n

(b.ii) If further lim,_ = o0, then

(buiii) If further lim,, oo T5mt = go € (0,00), then

ail(Mnfbn)ilA\Jr@N, n — 0o,
4o

n

with A defined as in Proposition 4.1(b).
(¢c). Under S3,
(c.i) If further 8 > 2H — Hy, then

o T (M, — b)) SN, 1= o

(c.il) If further B < 2H — Hy, then

ail(Mnfbn)$A+logp1, n — oo.

(c.iii) If further 8 = 2H — Hy, then
a;l(Mnfbn)iA+logp1+i—2N, n — 00.
S0
(d). Under S4 and S5,
(d.i) If further 8 > 2H — Hy, then

oo T (M, — d(20)) 4 N, n— .
(d.ii) If further § < 2H — Hy, then

e Y(M,, — dy(x0)) AA +logpi, m— oco.

n

(d.iii) If further B = 2H — Hy, then

e H(M,, — dn(20)) 4 A +logp, +%N, n — oo.

n

Remark 4.4. In Theorem 4.8(b), we introduce mixture conditions according to the possible limit values of
H — H

lim,, o0 \T/Z?og; and lim,, o TP~H\/2Togn (see also Proposition 4.1(b)). However, not every combination

of them is wvalid. In fact, it can be easily shown that if lim, .. TP~7\/2logn = ¢ € (0,00) holds then
H — H

lim,,—s 00 % = 0. Thus, we should not expect a result like in (b.11) and (b.iii) involving g1 and é;,2 < j <k

in this situation. All other combinations may be possible, as illustrated in the next example.

Example 4.5. As in Example 3.4 this example illustrates Theorem 4.3 for T,, = (A/2logn)Y, with v € R
and A > 0. We choose to work with two representative cases. The first one is the same as in Example 3.4

where > Hy > 2H. In this case,

oL R S
P _
H> Hy-H  B-H B-H

We can show that the same eight convergence results are valid as those for M, in Example 3.4. For the second

< 0.

case, we consider Hy < H < 8 < 2H — Hy. In this case,

< # < i < 1 < L <
CSTB-HS H S H-Hy B-H
A direct application of Theorem 4.3 yields the following convergence results, as n — 0o:
(1). Ify € (—oo, —%), then M, < 0.

(2). If y = —%, then M, % A~1.

Q.
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(3). If vy € (—i ﬁ) then oy ' Ty o (M, — b,,) 4N

(4). Ify = 721, then a, ' (M, —by) 4 A +1logpr + GoA "IN,

(5). Ify e ( B H) then a;l(Mn—bn)iA—i—logpl.

(6). Ify = ﬁ and \ € (0,15), then a; (M, — by,) 4 A +logpr.

(7). If vy = ﬁ and X\ =13, then e; ' (M, — d,,(0)) 4 A +logpr.

(8). If v = ﬁ and \ € (15 ,00), or y > ﬁ, then e, Y (M, — d,(0)) 4 A+ logp;.

5. FURTHER RESULTS AND PROOFS

5.1. Proof of Proposition 2.1: We first discuss (i). It follows, by the self-similarity, that

Y, (u) = P sup Xy(t) — TP 1P > ur 1
t€(0,1]

Xyt
= P4q sup Hi()ﬁ>uTu*H
tef0,1] 1+ ctBTy Ju

X
P<{ sup 3 i) 3 >l 1
tef0,1] 1+ Ty Ju — (1 —tBYTY Ju

Xyt 7
(15) = P< sup Tﬁfl( ) > U;Z “
tel0,1] 1 — HCHT/U(I — tﬁ) u
Note that
T s
lim —< fu_ s 5 =Co€ [0,H/B).

u—>°°1+cTﬁ/u 1+ csg

Now we discuss the case sp > 0, implying ¢y > 0. We can easily see that, for any small € > 0, the concerned

quantity ¢, (u) lies between probaiblities

T8
IP){ sup Zi.(t) > u—|—cu}

tel0,1] Tf

for all large enough u, where

Xu(t)
1—co(l£e)(1—th)’

Zie(t) =

Since sg < tg, we have that, for any sufficiently small € > 0, the variance function

t2H

U%ﬂ (t) .= Var(Zi(t)) = t>0,

(1—co(lte)(1—1t8))2’ -
attains its maximum at the unique point which is 1, and oz, _(1) = 1. Further,
+H
Cl-c(lxe)(1-tF)
1—co(l+e)(1—tF) —tH
1—co(l£e)(l—1tP)
(H—-cof(1xe)(1—t)(1+o0(1)), t7T1.

1- O—Zia (t)

(16)

Moreover, for the correlation function rz_,(s,t) of Z1., we have from (2) that

L= ra(s0) = S K2t — s +o(1),  s.t1L
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Noting that

lim

u—&—ch_ I utt/B oy 14 T8 _
wsoo  TH  wnoo TH yH/B “Tu )T

we can apply Theorem 2.1 of [5], where the v defined therein is given by

7= lm2(H — coB(1 % s))KQL(t) — 2(H — coB(1 +2)Q.
Consequently, the claim in (i) for sy > 0 follows from an application of Theorem 2.1 in [5] and letting ¢ — 0,
where we can take ¢ — 0 because € only appears in the coefficient of the asymptotics. Next, we discuss the
case sg = 0, for which ¢y = 0. In this case, the concerned quantity ¢, (u) satisfies

u+cTf X (t) w+ TP
P< sup Xp(t) > —= p <97, (u) <PJ sup > “
{te[o,l] ®) TH } r.(u) tefo) 1 —e(1—1) TH

for all large enough u, with any small ¢ > 0. Therefore, it can be easily checked that the claim in (i) for
sg = 0 follows similarly as the case sg > 0.

Now we consider (ii). The claim in (ii) follows by applying similar arguments as for Theorem 2 in [19]. We
refer to the proof of Theorem 4.1 of [10] where if we set S, = 0 therein we obtain the case discussed here for

z € R. If x = 0o, we have, for any large M > 0,
T, — tou'/? > MAY2B=1/2H/B+1/5-1
holds for all large enough w. Thus, applying the result with x = M < oo,

O(4) < ot P < sy L <

Letting M — oo, we obtain the required asymptotics for the case x = co. This completes the proof.

5.2. Proof of Proposition 3.1. Consider (i). For any = € R, we have

(]P’{ sup X;(t) —ct? < b, + amv})

te[0,T]

exp <nlog (1 — ]P’{ sup X;(t) —ct? > b, + a,@}))
t€[0,Ty]

From the assumptions we in fact know for any x € R

P {a—l(m b)) < x}

n

(17) bn—i—anmwbnN(l—cgg)Tf\/2logn—>oo n — 00,
and thus

lim Pq sup X;(t) — ct? > b, +apz y = 0.

n— oo tE[O,Tn]
If we can show that

(18) lim nJP’{ sup X;(t) — ct? > b, + anx} =e 7,

oo t€[0,T]

then

te[0,Ty]

P{a;l(ﬂn —by) < :c} ~  exp (nIP’{ sup  X;(t) — ct? > b, + anx}>

~  exp (fe*"”) , N — o0,
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which is the required result for (i). Next, we prove (18). Since

. 5\ B
li n S [0,
ni)IrolO (bn + anm)l/ﬁ (1 — C:Svg [ ’ 0)’

B
c| =20
1— cgg ~B

57 = CSp,
()
1—csy

and

we obtain, by Proposition 2.1(i), that

(by + anx + CTT?)2>
,  n— o0,

P{ sup Xl(t) —ctf > by + anx} ~ fn(bn + anx) exp < oT2H

t€[0,Th]
where f,(-) is given in (9). Moreover, we have

by, + anpx + chj
e

2logn + x + log (fn (Tf 210gn—ch))}

1
V2logn [
2logn + ﬁ {x+log (chg (\/210gn) <\/210gn>1>}

~ 2logn +

n — o0,

T
V2Iogn’

and, by the regular variation property of D _.(-),
0

by + anx + TP by + anx + TP !
-1
(19) ~ D <\/210gn) . (\/2logn> ,  n—oo.

Thus, the claim in (18) follows by some elementary calculations.

Consider (ii). Following the same idea as in (i), we only need to show

(20) lim n]P’{ sup X;(t) — ct? > dy(x0) + enx} =e 7.

n—00 t€[0,T,]

Next, we only focus on scenario S4, since similar arguments apply for scenario S5 as well. Note that, by the

relations between A, ty and ty given in (4) and in scenario S4,

_1
(ngQIOgn) T = 1(24%1og n)2<51*H>,
and thus, for 2y € R,
Ty, — to(dn(w0) + enz)'/?
_1 _

— (Eg 2log n) N AV2BY250(24% logn) S (1+0(1)) — to(24%logn) IRy

toA? 202811 1/r
_BO— H(2A2 logn) 2G-m) (log (R ((2A2 logn) / )@(mo)> +x> (1+0(1))

— AY2B1/24(24% log n) 261 (1 4 o(1))
toA?
8—H

(242 logn)% (1og (R ((2A2 logn)l/T> ‘b(xo)) + JC) (1+o(1)),

as n — 0o. Since H < f it is obvious that the second term in the above formula is negligible comparing with

the first term. Further, by definition, d,,(zo) 4+ e,z = (24%1logn)?/CB=H) (1 4 o(1)),n — oco. Thus, under
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the assumption of scenario S4,
i Ty — to(dn(0) + en)'/?
nsoo AY2B-1/2(d, (xq) + enx)H/B+1/6-1
for any xg € R. The above also holds for zyg = oo in scenario S4, and in scenario S5. Hence, by Proposition
2.1(ii),

= To

(dn(20) + en)”

IE”{ sup X;(t) — ct? > d,(z0) + enx} ~ ®(x0)R(dp(z0) + €T) exp (— YE

> 5 n — o0,
te[0,Ty]

with R() given in (7). Therefore, the claim in (20) follows by the regular variation property of R(-) and using

some elementary calculations as follows

(dn(z0) +en@)”™  _ 1+x+log(R((2A210gn)1/T)@(xo))
2A2 & Tlogn

~ logn+z +log (R ((2142 log n)l/T) @(mo)) , N — 0.
The proof is compete.

5.3. Proof of Theorem 3.2. Consider (a). Note that

Mn — Sup (_UOX(t)) < Mn < Mn + sup UOX(t)a
te[0,Ty] te[0,Ty]
and, since lim, ., T, = 0,
lim sup (—0pX(t)) = lim sup o0oX(t) =0, a.s.
n— oo tG[O,Tn] n— oo tG[O,Tn]

Thus, it is sufficient to show that

(21) M, % k.

Notice that, by an application of Theorem 2.1 in [5],
u2
(22) P<S sup X;(t) >up = Do(u)e” 7 (14 0(1)), u— oo,
t€[0,1]
where Dy(+) is the regularly varying function given in (6). Defining
log(Dy(v2Tog )
v2logn ’
we obtain, from (22) and Proposition 2.2 in [20], that

(23) v2logn (max sup X, (t) — un> LA, oo

1SN ¢e(0,1)

n €N,

Ln = +/2logn +

Next, we have

max sup X;(t) — TP < M, <max sup X;(t),
1SN 4e[0,T,,]

and by self-similarity

max sup X;(t) 4 TH max sup X;(t)
ST tE[0, ] ST t€(0,1]

V2logn ISN ¢e(0,1]

Ko, T — 00.

TH
= —2—|+/2logn | max sup X;(t) — pn +THp,

1=
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Therefore, the claim in (21) is established and thus the proof for (a) is complete.

Before we give the proof for (b) and (c), we shall derive some preliminary results presented in the following

lemma.

Lemma 5.1. We have, for any small enough ¢ € (0,1) and any © € R,
(i). Under S2 and S3,

(24) lim P {anl <max sup X;(t) — ct? — bn> > IE}

n—oo ZS’I’L OStS(]-*EO)Tn

and

=0,

(25) a,’t (max sup X;(t) —et? — bn> 4 A, n— oo

1SN (1—g0)Tp<t<T,

(ii). Under S4,

n—oo

(26) lim P {enl (max sup X;(t) —ct? — dn(x0)> > a:} =0,

SN 0<t<(1—e0)Th

and

(27) et <max sup X;(t) —ct? — dn(aro)> 4 A, n— oo

IST (1—e0) T <E<Ty

Proof of Lemma 5.1: Consider (i). First, note that

IS 0<t<(1—e0) T (1—e0)Tn

P {a;l (max sup Xi(t) — cth — bn) > x} < nIP’{ sup X;(t) — ct? > b, + xan} )
0<t<

Similarly to the proof of Proposition 3.1, we have, by Proposition 2.1(i), that

by + wa, + TP (1 —g)?

by, + za, + CTE(l — go)B

P sup X, (t) — ct® > b, + za, = Dg (
{OStS(l—Eo)Tn ) } ’ TH(1 —eo)H

)

Tf(l — Eo)H

by, + xa, + TP (1 —e0)?)?

as n — 0o, where

(28) o =

-8
_ B S —~
o1 — <o) <1—2§§) _ c(1 - 0)73)
~B - o o~ -
14 ¢(1 —¢gp)? (1 S‘Lg) 1— e8] + ¢(1 - £0)°5;
- 0

Further, we have

> 0.

2
bu 2w + (L1~ 0)?)* (1= B +F(1 ~ o)’
(b + xa, + cTH (1 —e9)P) N ¢85y + ¢85 (L — €o) logn, n — oo,

2T2H (1 — gg)2H (1—eg)H

and, since cgg < cfg = H/f, we have for all sufficiently small gy > 0,

1— 30 + 351 —ep)?
(1 - Eo)H

> 1.

These, together with the regular variation of Dz, (-), imply that

lim n]P’{ sup Xi(t) —ct? > b, + xan} =0.

nreo 0<t<(1—£0)Thn

8
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Thus, (24) is established. Next, we prove (25). It is sufficient to show that, for any = € R,

lim P< a,' | max sup Xi(t)—ct? —b, | >z =P{A>z}.
nee SN (1—e0) T <t<Ty

We have, for any = € R, by Proposition 3.1(i),

P{A>a} = lim Plat (M, —bn) >a}

n— oo

limsupP < a; ' | max sup Xi(t)—ct? —b, | >xp.
n—00 ISN (1—e0) T, <t<Ty

Y

Furthermore, we have

Plag' (M—bo) >2} < Plag'|max  swp  Xit)—ct’—b, | >a
IS 0<t<(1-20) Ty

+P< a;! [ max sup Xi(t)—ct? —b, | >xp.
TSN (1—g0) T, LTy

We have from (24) that the first term on the right-hand side tends to 0, as n — co. Thus,

P{A > 2} <liminfP{a,' | max sup Xi(t)—ct? —b, | >z p.
nee IS1 (1-20)Tn <t<Ty

This completes the proof for (i).
Consider (ii). First, since

)U(ﬁ*H)

T, ~ (I \/21ogn ~ to(dn(20)) /%, n— oo,

the claim in (26) follows from similar arguments as Lemma 4.5 (see also Remark 4.6) in [20]. Next, similarly

to the proof of (25) we can prove (27) by using Proposition 3.1(ii). This completes the proof of the lemma. O

Proof of Theorem 3.2 continued: Now, we are ready to continue the proof for Theorem 3.2 (b)-(c) below.
We shall consider (b.i) and (b.ii)-(b.iii), respectively, followed by some arguments for (c).
Consider (b.i): We need to show that, for any € R,

P{T, "o (M, —b,) >z} = P{ogX(1) >z}, n— oo
For any ¢ € (0,1), we have
Il(n,Eo,.’L‘) < IP{TTL_HO(Mn - bn) > CL‘} < Il(n, 60,.%‘) + [2(71,60,.%),

where

Li(n,eq,z) = P {T,L_HU (max sup Xi(t) + oo X (t) — ct® — bn> > :E}

ISP (1—g0) T <t<Th
Ly(n,e0,z) = P T, max sup Xi(t) +ooX(t) —ct’ —b, | >z .
iSN 0<t<(1~e0)Th
For I;(n, e, ), we have

P {TnH" <max sup X;(t) — ct® — b, — sup (JOX(t))> > x}

ST (1-20) T, <t<T, (1—e0)Tn <t<Tn

S I1(na€0;55)

<P {T,L_HO (max sup X;(t) —ct? — b, + sup UOX(t)> > x} .

1SN (1—0) T <t<T, (1—e0) T <t<Ty
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We derive, by (25) and using the scenario assumption that,

T o | max sup X;(t) —ct? — b,
1SN (1—e0) T <t<Ty

(29) =a," | max sup Xi(t) — ct? — b, | (T;H0ay,)
IST(1—e0) T, <t<Th,

d
— 0, n — oo.

Thus, for the upper bound, by self-similarity,
I (n,e0,2) <P T 0 | max sup Xi(t)—ct? —b, | +00 sup X(t)>zyp,
1SN (1—g0) T <t<T, 1—eo<t<1
and further, by the independence of the Gaussian processes and (29),
limsup I1(n,e0,z) <P {00 sup  X(t) > x} ,
n— 00 1—e0<t<L1
which implies

lim limsup I1(n,ep,2) <P{oeX (1) > x}.

€0—=0 psoco

Similarly, for the lower bound we obtain, using additionally the symmetry of normal distribution,

P{ooX (1) >a} = gloig1OIP’{— sup (—ooX(t)) > x} < lim liminf I1 (n, &g, x).

1—go<t<1 go—0 n—oo

To complete the proof, it remains to show that

(30) lim Iy(n,e0,2) = 0.

n— oo

Since

Iy(n,eq,z) <P {Tn_H" (max sup X;(t) —ct? — bn> + sup ooX(t) > x}

1SN 0<t<(1—€0)Th 0<t<l—eo

and supy<,<;_., X () < 00 a.s., it is sufficient to show that, for any » € R,

(31) lim P{ 7,5 [ max sup Xi(t)—ct? —b, | >z =0.

n—oo i<n OStS(:l*EO)Tn
Next, note that o = o(b,,), since otherwise, there exits a subsequence {nk}x>1 such that T,fi" > C’Tfk v2logny
holds for some positive constant C. Then, T,,, converges to co because T,{i v/2logni — oo under scenarios S2
and S3, and thus, Tﬁ,:H/’B (v2Tlogng)'/? > CT;;HO/B — 00, which is a contradiction with the assumption
of scenarios S2 and S3. For the fixed ¢ and z, we have by Proposition 2.1(i)

by + 2THo 4 (TP(1 = £9)8\ (b + aTHo 4+ cTH(1 —£0)P\
TH(1 —eo)H TH(1 — o)

P sup X;(t) — ct? > b, + T Ho = Ds (
0<t<(1~£0)Th

(by, + 2T Ho + T, (1 — €9))?
eXp (_ ZTT%H(I 760)2}[ (1+0(1))?
as n — 0o, with ¢ given in (28). Similarly to the proof of (24), we can establish (31), and thus the proof for
case (b.i) is complete.

Consider (b.ii) and (b.iii): We first introduce the following notation using the indicator function:

H—H
1, if condition of case (b.iii) is satisfied, i.e., lim, \T/gl:()g:z = qo € (0,00),
I{Case (b.iii)} = 0 th .

, otherwise.
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We need to show that, for any = € R,

lim P{a," (M, —b,) >z} =P{A+00/q0X (1) {case (biii)} > T} -

n—oo
We will consider asymptotic upper and lower bounds, respectively. First, for any ¢ € (0,1), we have

P{a,' (M, —b,) >z} < P {a;l (max sup X;(t) + oo X (t) — ct’ — bn> > x}

ISP (1—eg) T, <E<Th

(32) + P {anl (max sup X;(t) + 00X (t) — et — bn> > m} .

SN 0<t<(1~£0) T

For the second term above, we have, by self-similarity,

P {a;l (max sup Xi(t) + oo X (t) — ct? — bn> > x}

SN 0<t<(1—£0) Ty

<P {a;l (max sup Xi(t) —ct? — b, + sup UOX(t)> > x}

ISN 0<¢<(1—£0)Th 0<t<(1—€0)Tn

=P {anl (max sup X;(t) — ct? — bn) +a,'TH  sup oo X (t) > :17} .
1SN 0<t<(1—20)Th 0<t<l—gg

Under the assumption of cases (b.ii)-(b.iii), we have lim, o ay, "TH supg<;<; ., 00X (t) < 00, and thus by
an application of Lemma 5.1(i) we derive that the above term tends to 0 as n — oo . For the first term on
the right-hand side of (32), we have

P {anl (max sup Xi(t) + 00X (t) — ct? — bn> > x}

IST (1-g0)T, <t<T,

<P {anl (max sup X(t) — ct? — bn> +a, ' TH sup oo X (t) > a:} .

ISN (1—g0) T, <t<Thy 1—go<t<1

Thus, by Lemma 5.1(i),

limsup P {a;l (max sup X;i(t) + oo X (t) — ct® — bn> > a:}

n—oo ISN (1—g9) T, <t<Th

< lim P {A =+ O'O/L]O sup X(t)I{Case (b.iii)} > 1‘}
g0—0 1—go<t<1

=P {A + UO/qOX(l)I{casc (b.iii)} > 1'} s

which gives the required upper bound. For the lower bound, we have for any small ¢ € (0, 1),

P{a,* (M, —b,) >z} >P<a,’ | max sup Xi(t)+ooX(t)—ct? —b, | >z
1SN (1—g0)T, <t<T,

> P {a;l (max sup X;(t) — et — bn> —a'THo  sup  (—0oX(t)) > x} .

1SN (1—g0) T <t<T, l—eo<t<1

By the same derivation as above, we obtain

hmlanP’{a;l(Mn — bn) > l‘} > P {A + UO/qOX(l)I{case (b.iii)} > ZC} .

n—oo

Hence, the proof for (b.ii) and (b.iii) is complete.
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Consider (c¢). The proof for scenario S4 follows from the same lines as those for (b) above, by noting that
o0, if 2H — Hy < 83,
lim e, 1THo = ¢, if 2H — Hy > 3,
¢B/H, if 2H — Hy = B.
Next, we prove the claim for scenario S5. We have, for any small g5 > 0,

1/(B—H)
T, > (14 2¢) (Eg\/ﬂogn)

holds for all large enough n. Since, for all large n,

> (1 + eo)to(dn(00))*/?

max sup (X;(t) + oo X (t) — ct?) < M, < max sup(X;(t) + oo X (t) — ct?),
e[ a-eotodn(oe) B (1te0)to (00 F | o

the proof follows from similar arguments as Theorem 3.1 in [20]. This completes the proof for (c), and thus

the proof of the theorem is complete. O

5.4. Proof of Proposition 4.1: Consider (a). The proof follows similarly as that for Theorem 3.2(a).
Consider (b) and (c). For any = € R, we have

o~

]P’{a;l(Mnfbn) §x} = HH” sup  X;(t) — ¢;it? < b, + apx
1 te[0,Ty]

k
= exp ijlog (11?’{ sup Xi(t)éjtﬁ>bn+an:c})

=1 t€[0,T]

By (17) we know

lim ]P’{ sup  X;(t) — &t > b, —l—anx} -0

oo | telo, T

holds uniformly in j = 1,--- , k. This implies, for any small £ > 0, that P {a;l(]/w\n —b,) < x} lies between

k
exp [ —(1+¢) ij]P’ sup  X;(t) — ¢t > b, +anz
j=1 t€(0,T]

for all large enough n. Similarly to the proof of Proposition 3.1, we obtain further asymptotic bounds for

—~

P {a_l(Mn —b,) < x} as follows

n

k
bn n ¢ T5)?
(33) exp —(1i2€)§mjfn(bn+anm,éj)exp(—( +“2;T%‘I:CJ n)) 7
where, with D, () defined in (6),
) w+ TP\ (w+e; T8\
(31) .6 = Dy (TR ) (2T s

Now, we focus on the summation in the exponent of (33). We write (recall ¢ = &)

b, +a 33+ch 2
Il(n,x) = mlfn(bn + anx,c) CeXp <_( . 27;212H )
k
. bp + anz + &;T5)?
IQ(H,SIJ) = ijfn(bn —I—GnLC,Cj)eXp <_( oT2H ’ ) )

Jj=2
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Similarly to the proof of Proposition 3.1, we can obtain
Li(n,z) ~pie™™ >0, n— oo.

Next, we discuss Iz(n,2). We have, uniformly in j =2,--- |k,

bn—l—anm—i—é»Tf R _ 1 N
TJ = 2logn+ (¢; — )T? H-i-m{w—klog(fn (Tf\/2logn—ch,cj))}

(35) ~ (1+(6jfc)§g)\/210gn, n — 0o,

and, by the regular variation property of D _.s(-), as n — oo,
0

fn(bn—i-a”m,éj) = D s

CcSgy

bn + anx + &1, by, + anz + &1, -t
TH ' TH

-1
(36) ~ Dgp ((1 + (¢ — c)ég)\/Zlogn) : ((1 + (¢ — )30)1/21og n) .
Below we consider the scenarios S2 and S3, seperately, to derive asymptotics for Iz(n,z), as n — oco.
First consider S2, where 5o = 0. It follows that

(bn + anz + &;T7)?
2T2H

1
= logn+ i(éj — )12 ) (& — o) TP H \/2logn

. (”ﬁ) [+ 1og (fu (17 /2hogn — 1. 2,) )]

(= +10g (/a (T,f’\/M—chf,aj))r

+

4logn

Thus, some elementary calculations yield

(1—pr)e ®, if lim, o TP~ /2Togn = 0,
Iry(n,z) — Z?:z pjef(éjfc)qlefx, if lim,, o TffH Blogn = q1 € (0,00), N — 00,

0, if lim,, o0 Tff‘H 2logn = oo,

where we use the fact that lim, ,., 7°~#\/2logn = ¢, € [0,00) implies lim, Tﬁ(ﬁfH) = 0. Next we
consider S3, where 3, € (0,%y). It can be checked that, by (35) and (36),

Iy(n,z) -0, n— oo.

Now, inserting the above asymptotics for I1(n,x) and Iz(n,z) into (33) we obtain the following bounds for

all large n,
exp (~(1+32)1(x)) < P{a; (M, — by) < 0} < exp (~(1 = 3) ()

where, under S2,

e 7, if limy, oo TP~ H/2Togn = 0,
1@) =3 (pr+ Shoypie@90) 7%, if Ty o TH V2Tog = g1 € (0,00),
pre~ 7, if lim, oo TP~ /2Togn = oo.
and, under S3,
I(x) = pre™".

Therefore, the claims in (b) and (c) are established by letting € — 0.
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Consider (d). Since the proof under S5 is similar to the proof under S4, we shall only present a proof under
S4. Similarly as for (c) above, we conclude, for any small € > 0, that P {e;l(l\/in —dn(z)) < J;} lies between

k
exp | —(1te) ijIP’ sup  X;(t) — ¢t > dp(w0) + ena
=1 te[0,T,]

for all large enough n. Similarly to the proof of Proposition 3.1, by an application of Proposition 2.1(ii) we

obtain asymptotic bounds for P {e;l(ﬂn —dp(z9)) < :c} as follows

exp | —(1+2¢) Z m;®(zo)R(d,(z0) + enx) exp 5 A2

j=1

i (_ (dn(z0) + enm)f>

Note that A = A(c) defined in (4), as a function of ¢, is strictly decreasing. Thus, using similar arguments as

before we can estiblish the result under S4. This completes the proof of the proposition.

5.5. Proof of Theorem 4.3. The proof follows by the same arguments as those for Theorem 3.2, for which

we use the Proposition 4.1 as a replacement of Proposition 3.1.
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