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A B S T R A C T 

We consider the unified bulk viscous scenarios and constrain them using the Cosmic Microwave Background observations from 

Planck 2018 and the Pantheon sample from Type Ia supernovae. Then we generate the luminosity distance measurements from 

O (10 
3 ) mock Gravitational Wave Standard Sirens (GWSS) events for the proposed Einstein Telescope. We then combine these 

mock luminosity distance measurements from the GWSS with the current cosmological probes in order to forecast how the mock 

GWSS data could be ef fecti ve in constraining these bulk viscous scenarios. Our results show that a non-zero time dependent bulk 

viscosity in the universe sector is strongly preferred by the current cosmological probes and will possibly be confirmed at many 

standard deviations by the future GWSS measurements. We further mention that the addition of GWSS data can significantly 

reduce the uncertainties of the key cosmological parameters obtained from the usual cosmological probes employed in this work. 

Key words: cosmic background radiation – cosmological parameters – dark energy – cosmology: observations. 

1  I N T RO D U C T I O N  

Understanding the nature of dark matter and dark energy has 

been a challenge for cosmologists. The standard cosmological 

model, namely, the so-called � -Cold Dark Matter ( � CDM) model 

representing a mixture of two non-interacting fluids − a positive 

cosmological constant ( � > 0) and a cold dark matter component, 

has undoubtedly pro v ed its unprecedented success by explaining a 

large span of astronomical data. Ho we ver, this simplest cosmological 

scenario has some limitations. For example, the cosmological con- 

stant problem Weinberg ( 1989 ) and the coincidence problem Zlatev, 

Wang & Steinhardt ( 1999 ) have already questioned the existing 

assumptions in the � CDM model, for example, constant energy 

density of the vacuum and the non-interacting nature between � 

and CDM. These limitations moti v ated the cosmologists to find 

alternative cosmological scenarios beyond � CDM by relaxing the 

earlier assumptions, and as a consequence, several new cosmological 

models were introduced, see Copeland, Sami & Tsujikawa ( 2006 ), 

Nojiri & Odintsov ( 2006 ), Sotiriou & Faraoni ( 2010 ), De Felice 

& Tsujikawa ( 2010 ), Capozziello & De Laurentis ( 2011 ), Clifton 

et al. ( 2012 ), Bamba et al. ( 2012 ), Cai et al. ( 2016 ), Nojiri, Odintsov 

& Oikonomou ( 2017 ), Bahamonde et al. ( 2021 ) for a re vie w of 

various dark energy and modified gravity models. Additionally, the 

appearance of cosmological tensions at many standard deviations 

⋆ E-mail: supriya.maths@presiuniv.ac.in 

between Planck Aghanim et al. ( 2020b ) (assuming � CDM in 

the background) and other cosmological probes, such as distance 

ladders Wong et al. ( 2020 ), Riess et al. ( 2021 ), Shajib et al. ( 2020 ), 

Birrer et al. ( 2020 ), Freedman ( 2021 ), Anand et al. ( 2022 ), Blakeslee 

et al. ( 2021 ), Pesce et al. ( 2020 ), Shah, Lemos & Lahav ( 2021 ), de 

Jaeger et al. ( 2022 ), Riess et al. ( 2022 ) or weak lensing Heymans 

et al. ( 2012 ), Hildebrandt et al. ( 2017 ), Asgari et al. ( 2021 ), Abbott 

et al. ( 2018 ), Abbott et al. ( 2022 ) and galaxy cluster data Ade et al. 

( 2016 ), Bocquet et al. ( 2019 ), Hasselfield et al. ( 2013 ) has further 

weakened the confidence in the � CDM cosmological model Riess 

( 2019 ), Verde, Treu & Riess ( 2019 ), Di Valentino ( 2021 ), Di 

Valentino et al. ( 2021b ), Di Valentino et al. ( 2021c ). Thus, the list 

of cosmological models aiming to address the cosmological tensions 

is increasing in time, see the re vie w articles Knox & Millea ( 2020 ), 

Jedamzik, Pogosian & Zhao ( 2021 ), Di Valentino et al. ( 2021a ), 

Perivolaropoulos & Skara ( 2022 ), Sch ̈oneberg et al. ( 2022 ), Abdalla 

et al. ( 2022 ), Kamionkowski & Riess ( 2022 ), and references therein. 

Given the fact that the origin of dark matter and dark energy is 

not clearly understood yet, thus, there is no reason to fa v our any 

particular cosmological theory o v er others. As a result, various ways 

have been proposed to interpret the dynamics of the dark sector 

in terms of dark matter and dark energy. The simplest assumption 

is the consideration of independent evolution of these dark fluids. 

The generalization of the abo v e consideration is the assumption 

of a non-gravitational interaction between these dark sectors. On 

the other hand, a heuristic approach is to consider a unified dark 

© 2023 The Author(s) 
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fluid that can explain the dynamics of dark energy and dark matter 

at cosmological scales. The attempt to unify the dark sector of 

the universe began long back ago. The most simplest unified dark 

sector models can be constructed in the context of Einstein gravity 

with the introduction of a generalized equation of state p = F ( ρ), 

where p and ρ are respectively the pressure and energy density 

of the unified dark sector and F is an analytic function of the 

energy density, ρ. The well-known unified cosmological models, 

such as the Chaplygin gas model Chaplygin ( 1904 ) and its successive 

generalizations, namely, the generalized Chaplygin gas, modified 

Chaplygin gas, see references Kamenshchik, Moschella & Pasquier 

( 2001 ), Bilic, Tupper & Viollier ( 2002 ), Gorini, Kamenshchik & 

Moschella ( 2003 ), Gorini et al. ( 2005 ), Bento, Bertolami & Sen 

( 2002 ), Xu & Lu ( 2010 ), Lu, Gui & Xu ( 2009 ), Benaoum ( 2022 ), 

Debnath, Banerjee & Chakraborty ( 2004 ), Lu et al. ( 2008 ), Xu, Wang 

& Noh ( 2012 ), Escamilla-Rivera, Quintero & Capozziello ( 2020 ), 

and some other unified cosmological scenarios as well as Hova & 

Yang ( 2017 ), Hernandez-Almada et al. ( 2019 ), Yang et al. ( 2019b ) 

belong to this classification. While it is essential to mention that a 

subset of the unified models has been diagnosed with exponential 

blowup in the matter power spectrum which is not consistent with 

the observations Sandvik et al. ( 2004 ), however, this does not rule 

out the possibility of unified models aiming to co v er a wide region 

of the universe evolution because a new kind of unified fluid may 

a v oid such unphysical activities. The unified cosmological models 

can also be developed by considering a relation like p = G( H ), 

where G is an analytic function of H , the Hubble function of 

the Friedmann–Lema ̂ ıtre–Robertson–Walker (FLRW) line element. 

Apparently, theories with p = F ( ρ) and p = G( H ) seem identical, 

ho we ver, this is only true in spatially flat FLRW universe. For a 

curv ed univ erse, the two approaches are not the same. 

In the present work we are interested to study a particular class 

of unified models endowed with bulk viscosity. The cosmological 

fluids allowing bulk viscosity as an extra ingredient can explain 

the accelerating expansion of the universe, and hence they are also 

enlisted as possible alternatives to the standard � CDM cosmology 

in the literature Yadav et al. ( 2021 ), Normann & Brevik ( 2021 ). 

Following an earlier work reference Yang et al. ( 2019c ) where an 

evidence of non-zero bulk viscosity was preferred by the current 

cosmological probes, in the present article, we use the simulated 

Gra vitational Wa ves Standard Sirens (GWSS) measurements from 

the Einstein Telescope Maggiore et al. ( 2020 ) 1 in order to quantify the 

impro v ements of the cosmological parameters, if any, from the future 

GWSS measurements. As the gravitational wav es (GW) hav e opened 

a ne w windo w for astrophysics and cosmology, therefore, it will be 

interesting to investigate the contribution from the simulated GWSS 

data, once combined with the current cosmological probes. This 

moti v ated many investigators to use the mock GWSS data matching 

the expected sensitivity of the Einstein Telescope to constrain a class 

of cosmological models, see for instance, Zhao et al. ( 2011 ), Cai 

& Yang ( 2017 ), Zhang et al. ( 2017 ), Cai et al. ( 2018 ), Yang et al. 

( 2020a ), Yang et al. ( 2019a ), Bachega et al. ( 2020 ), Zhou et al. 

( 2019 ), Yang et al. ( 2020b ), Mitra et al. ( 2021 ), Escamilla-Rivera 

& Quevedo ( 2021 ), Pan et al. ( 2021 ). In particular, the combined 

analysis of simulated GWSS measurements from Einstein Telescope 

and the standard cosmological probes has pro v en to be very ef fecti ve 

for a class of cosmological models, in the sense that the error bars 

in the key cosmological parameters of these cosmological models 

are significantly reduced thanks to the mock GWSS data set Zhang 

1 https:// www.einsteintelescope.nl/en/ 

et al. ( 2019 ), Wang et al. ( 2018 ), Di Valentino et al. ( 2018 ), Du 

et al. ( 2019 ), Yang et al. ( 2020a ), Yang et al. ( 2019a ), Yang et al. 

( 2020b ), ho we ver, in some specific f ( R ) theories of gravity, the 

generated mock GWSS from the Einstein Telescope may not be very 

much helpful to give stringent constraints on them during its first 

phase of running Matos, Calv ̃ ao & Waga ( 2021 ). Thus, one may 

expect that the constraining power of the Einstein Telescope may 

depend on the underlying cosmological model. Aside from the future 

GWSS measurements from the Einstein Telescope, one can also use 

the simulated GWSS measurements from other GW observatories, 

such as, Laser Interferometer Space Antenna (LISA) Allahyari, 

Nunes & Mota ( 2022 ), Corman, Escamilla-Rivera & Hendry ( 2021 ), 

Belgacem et al. ( 2019 ), Cai, Tamanini & Yang ( 2017 ) and DECi-heltz 

Interferometer Gravitational wave Observatory (DECIGO) Hou, Fan 

& Zhu ( 2021 ), Zheng et al. ( 2021 ), TianQin Luo et al. ( 2016 ). In this 

article, we focus only on the simulated GWSS data from Einstein 

Telescope to constrain the bulk viscous unified scenario. 

The paper has been organized as follows: in Section 2 we discuss 

the gravitational equations for the bulk viscous scenario. Section 3 

describes the observational data that we have considered for the 

analysis in this work. Section 4 presents the observational constraints 

on the bulk viscous models, and mainly we discuss how the inclusion 

of GW data from the Einstein Telescope impro v es the constraints. 

Finally, in Section 5 we present the conclusions. 

2  REVI SI TI NG  T H E  BU LK  V I S C O U S  

SCENARI OS:  B  AC K G R  O U N D  A N D  

P E RTU R BAT I O N S  

As usual, we consider the homogeneous and isotropic space time 

described by the FLRW line element 

d s 2 = −d t 2 + a 2 ( t) 

[

d r 2 

1 − kr 2 
+ r 2 

(

d θ2 + sin 2 θd φ2 
)

]

, (1) 

where a ( t ) is the expansion scale factor and k denotes the spatial 

curvature of the univ erse. F or k = 0, −1, + 1, we have three different 

geometries of the universe, namely, spatially flat, open and closed, 

respectively. In this paper we restrict ourselves to the spatially flat 

scenario where we assume that (i) the gravitational sector is described 

by the Einstein’s gravity, (ii) the matter sector of the universe consists 

of the relativistic radiation, non-relativistic baryons and a unified 

bulk viscous fluid which combines the effects of dark matter and 

dark energy, and (iii) all the fluids are non-interacting with each 

other. Within this framework, we can write down the gravitational 

field equations as follows (in the units where 8 πG = 1) 

H 
2 = 

1 

3 
ρtot , (2) 

2 Ḣ + 3 H 
2 = − p tot , (3) 

where an o v erhead dot indicates the deri v ati ve with respect to the 

cosmic time t ; H ≡ ȧ /a is the Hubble expansion rate; ( ρ tot , p tot ) = 

( ρr + ρb + ρu , p r + p b + p u ) are the total energy density and total 

pressure of the cosmic components in which ( ρr , p r ), ( ρb , p b ), and 

( ρu , p u ) are the energy density and pressure of radiation, baryons, 

and the unified fluid, respectively. The conservation equation for 

each fluid follows the usual law ρ̇i + 3 H (1 + w i ) ρi = 0, where the 

subscript i refers to radiation ( i = r ), baryons ( i = b ), and the unified 

fluid ( i = u ) and w i are the standard barotropic state parameters: 

w r = p r / ρr = 1/3, w b = p b / ρb = 0 and w u = p u / ρu = ( γ − 1), 

where γ is a constant parameter. In general for dif ferent v alues of 

γ , say for instance, γ = 0, we realize a cosmological constant-like 
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fluid endowed with the bulk viscosity and similarly γ = 1 results 

in a dust-like fluid endowed with the bulk viscosity. As the nature 

of the fluid is not clearly understood and as the observational data 

play an ef fecti ve role to understand this nature, thus, in order to be 

more transparent in this direction we consider γ lying in the interval 

[ − 3, 3] which includes both exotic ( p u / ρu = ( γ − 1) < −1/3) and 

non-exotic ( p u / ρu = ( γ − 1) > −1/3) fluids. As already mentioned, 

since the unified fluid has a bulk viscosity, therefore, it enjoys an 

ef fecti ve pressure Barro w ( 1988 ): p eff = p u − u 
ν
; νη( ρu ), where u 

μ
; μ

is the expansion scalar of this fluid and η( ρu ) > 0 is the coefficient 

of the bulk viscosity. Thus, in the FLRW background, the ef fecti ve 

pressure of the bulk viscous fluid reduces to 

p eff = p u − 3 H η( ρu ) . (4) 

Since there is no unique selection for the bulk viscous coefficient, 

η( ρu ), therefore, we consider a well known choice for it in which the 

bulk viscous coefficient has a power law evolution of the form Barrow 

( 1986 ), Barrow ( 1988 ), and Barrow ( 1990 ): 

η( ρu ) = αρm 
u , (5) 

where α is a positive constant and m is any real number. Notice that 

for the case m = 0 we reco v er the scenario with a constant bulk 

viscous coef ficient. No w, with the consideration of the bulk viscous 

coefficient in ( 5 ), the effective pressure of the unified fluid can be 

expressed as 

p eff = ( γ − 1) ρu −
√ 

3 αρ
1 / 2 
tot ρ

m 
u , (6) 

and consequently, one can define the ef fecti ve equation of state of 

the viscous dark fluid as 

w eff = 
p eff 

ρu 
= ( γ − 1) −

√ 
3 αρ

1 / 2 
tot ρ

m −1 
u . (7) 

The adiabatic sound speed for the viscous fluid is given by 

c 2 a, eff = 
p 

′ 
eff 

ρ ′ 
u 

= w eff + 
w 

′ 
eff 

3 H(1 + w eff ) 
, (8) 

where the prime denotes the deri v ati ve with respect to the conformal 

time τ and H is the conformal Hubble parameter, H = aH . Note that 

depending on the nature of w eff , c 
2 
a, eff could be ne gativ e, and hence 

c a, eff could be an imaginary quantity. This may invite instabilities 

in the perturbations. Thus, in order to a v oid this possible unphysi- 

cal situation, we consider the entropy perturbations (non-adiabatic 

perturbations) in the unified dark fluid following the analysis of 

generalized dark matter Hu ( 1998 ). 

Now we focus on the evolution of the unified bulk viscous fluid at 

the level of perturbations. In the entropy perturbation mode, the true 

pressure perturbation comes from the ef fecti ve pressure given by 

δp eff = δp u − δη( ∇ σ u 
σ ) − η( δ∇ σ u 

σ ) 

= δp u − 3 H δη −
η

a 

(

θ + 
h 

′ 

2 

)

. (9) 

The ef fecti ve sound speed of viscous dark fluid for the bulk viscous 

coefficient ( 5 ) can be defined as 

c 2 s, eff ≡
(

δp eff 

δρu 

)

rf 

= c 2 s −
√ 

3 αmρ
1 / 2 
tot ρ

m −1 
u −

αρm −1 
u 

aδu 

(

θ + 
h 

′ 

2 

)

, (10) 

where ’ | rf ’ denotes the rest frame. Following the analysis in Hu 

( 1998 ), the sound speed in the rest frame is assumed to be zero, that 

is, c 2 s = 0. 

The density perturbation and the velocity perturbation can also be 

written as Hu ( 1998 ) 

δ′ 
u = − ( 1 + w eff ) 

(

θu + 
h 

′ 

2 

)

+ 
w 

′ 
eff 

1 + w eff 
δu 

− 3 H 
(

c 2 s, eff − c 2 a, eff 

)

[

δu + 3 H(1 + w eff ) 
θD 

k 2 

]

, (11) 

θ ′ 
u = −H 

(

1 − 3 c 2 s, eff 

)

θu + 
c 2 s, eff 

1 + w eff 
k 2 δu , (12) 

Thus, following the evolution at the background and perturbation 

level prescribed earlier, one can now be able to understand the 

dynamics of the bulk viscous fluid. In this work, we consider two 

different bulk viscous scenarios characterized as follows: the bulk 

viscous model 1 (labelled as BVF1), where we consider γ = 1, and 

the bulk viscous model 2 (labelled as BVF2), where we keep γ as 

a free parameter. The common parameters in both BVF1 and BVF2 

are α and m . 

3  STANDARD  C O S M O L O G I C A L  PROBES,  

SIMULATED  GWSS  DATA ,  A N D  

M E T H O D O L O G Y  

In this section, we describe the cosmological data sets employed to 

perform the statistical analyses of the present bulk viscous scenarios. 

(i) Cosmic Microwave Background (CMB): We use the CMB 

data from the Planck 2018 data release. Precisely, we use 

the CMB temperature and polarization angular power spectra 

plikTTTEEE + lowl + lowE Aghanim et al. ( 2020c ), Aghanim et al. 

( 2020a ). 

(ii) Pantheon sample from Type Ia Supernovae (SNIa) data: 

Type Ia Supernovae are the first astronomical data that probed 

the accelerating expansion of the universe and hence indicated the 

existence of an exotic fluid with negative pressure (dark energy). 

Here we use the Pantheon compilation of the SNIa data comprising 

1048 data points spanned in the redshift interval [0.01, 2.3] Scolnic 

et al. ( 2018 ). 

(iii) GWSS: We take the mock (GWSS) data generated by 

matching the expected sensitivity of Einstein Telescope in order 

to understand the constraining power of the future GWSS data 

from the Einstein Telescope. The Einstein Telescope is a proposed 

ground based third-generation (3G) GW detector. The telescope will 

take a triangular shape and its each arm length will be increased 

to 10 km, compared to 3 km arm length VIRGO and 4 km arm 

length LIGO Sathyaprakash et al. ( 2012 ), Maggiore et al. ( 2020 ). 

Thus, due to such increased arm length, the Einstein Telescope 

will be a potential GW detector by reducing all displacement 

noises Sathyaprakash et al. ( 2012 ), Maggiore et al. ( 2020 ). It is 

expected that after 10 yr of operation, Einstein Telescope will detect 

O(10 3 ) GWSS events. Although the detection of O(10 3 ) GWSS 

ev ents is v ery optimistic while the number of detections could be 

low in reality Maggiore et al. ( 2020 ). As argued in Maggiore et al. 

( 2020 ), the Einstein Telescope will likely to detect 20–50 events per 

year, that is, 200–500 events in 10 yr. Ho we ver, follo wing the earlier 

works Zhao et al. ( 2011 ), Cai & Yang ( 2017 ), Wang et al. ( 2018 ), 

Du et al. ( 2019 ), Yang et al. ( 2019a ), Yang et al. ( 2020a ), Yang et al. 

( 2020b ), Matos et al. ( 2021 ), Pan et al. ( 2021 ), in this article, we 

restrict ourselves to the detection of O(10 3 ) GWSS events by the 

Einstein Telescope to constrain the bulk viscous scenarios. For more 

features of the Einstein Telescope we refer the readers to Maggiore 

et al. ( 2020 ). 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/m
n
ra

s
/a

rtic
le

/5
2
0
/1

/1
1
4
6
/6

9
8
7
6
9
9
 b

y
 U

n
iv

e
rs

ity
 o

f S
h

e
ffie

ld
 u

s
e
r o

n
 2

6
 M

a
y
 2

0
2
3



Exploring bulk viscous unified scenarios 1149 

MNRAS 520, 1146–1154 (2023) 

We originally generate the mock GWSS luminosity distance mea- 

surements matching the expected sensitivity of the Einstein Tele- 

scope after 10 yr of full operation. Specifically we create 1000 

triples ( z i , d L ( z i ), σ i ), where z i is the redshift of a GW source, 

d L ( z i ) is the measured luminosity distance at redshift z i and σ i 

is the uncertainty associated with the luminosity distance d L ( z i ). 

Let us briefly summarize the procedure of generating the mock 

GWSS data set and we refer to references Du et al. ( 2019 ), Yang 

et al. ( 2020a ), Yang et al. ( 2019a ) for more technical details. The 

initial step for generating the mock GWSS data set is to identify the 

expected GW sources. We consider the GW events originating from 

two distinct binary systems, namely, (i) a combination of a Black 

Hole (BH) and a Neutron Star (NS) merger, identified as BHNS 

and (ii) the binary neutron star (BNS) merger. Following the mass 

distributions as described in reference Du et al. ( 2019 ), the ratio of 

the number of GW events for the BHNS merger versus BNS merger 

is taken to be 0.03 as predicted for the Advanced LIGO-VIRGO 

network Abadie et al. ( 2010 ). We then determine the merger rate R ( z) 

of sources and from the merger rate of the sources, we determine the 

redshift distribution of the sources, P ( z) given by Sathyaprakash, 

Schutz & Van Den Broeck ( 2010 ), Zhao et al. ( 2011 ), Cai & 

Yang ( 2017 ), Wang et al. ( 2018 ), Du et al. ( 2019 ), Yang et al. 

( 2020a ) 

P ( z ) ∝ 
4 πd 2 C ( z ) R( z ) 

H ( z )(1 + z) 
, (13) 

where d C ( z) ≡
∫ z 

0 H 
−1 ( z ′ ) dz ′ is the comoving distance and for 

R ( z) we take the following piece-wise linear function estimated 

in Schneider et al. ( 2001 ) (also see Cutler & Holz ( 2009 ), Zhao et al. 

( 2011 ), Cai & Yang ( 2017 ), Wang et al. ( 2018 ), Du et al. ( 2019 ), 

Yang et al. ( 2020a )): R ( z) = 1 + 2 z for z ≤ 1, R( z) = 
3 
4 (5 − z), for 

1 < z < 5, and R ( z) = 0 for z > 5. After having P ( z), we sample 

1000 values of redshifts from this distribution which represent the 

redshifts z i of our 1000 mock GWSS data. 

The next step is to choose a fiducial model because while going from 

the merger rate to the redshift distributions, a fiducial cosmological 

model is needed since the expression for P ( z) includes both the 

comoving distance and expansion rate at redshift z, that is, d L ( z) and 

H ( z ), respectively. This H ( z ) corresponds to the fiducial model. As 

in this article we are interested to investigate how the inclusion of 

GWSS data impro v es the constraints on the BVF models, therefore, 

we generate two different mock GWSS data sets choosing BVF1 

and BVF2 as the fiducial models. We take the fiducial values of the 

cosmological parameters given by the best-fit values of the same 

cosmological parameters of the BVF1 and BVF2 models obtained 

from the CMB + Pantheon data analysis. Now, for the chosen fiducial 

model(s), one can now estimate the luminosity distance at the redshift 

z i using the relation 

d L ( z i ) = (1 + z i ) 

∫ z i 

0 

dz ′ 

H ( z ′ ) 
. (14) 

Thus, after having the luminosity distance d L ( z i ) of the GW source, 

our last job is now to determine the uncertainty σ i associated with 

this luminosity distance. The determination of the uncertainty σ i 

directly connects to the waveform of GW because the GW amplitude 

depends on the luminosity distance (also on the so-called chirp 

mass Zhao et al. ( 2011 ), Cai & Yang ( 2017 ), Wang et al. ( 2018 )) 

and hence one can extract the information about d L ( z i ) and σ i . 

We refer to references Zhao et al. ( 2011 ), Cai & Yang ( 2017 ), 

Wang et al. ( 2018 ), Du et al. ( 2019 ), Yang et al. ( 2020a ) for the 

technical details to calculate the uncertainties on the luminosity 

Table 1. We show the flat priors on all the free parameters associated with 

the bulk viscous models. 

Parameter Priors (BVF1) Priors (BVF2) 

�b h 
2 [0.005, 0.1] [0.005, 0.1] 

τ [0.01, 0.8] [0.01, 0.8] 

n s [0.5, 1.5] [0.5, 1.5] 

ln(10 10 A s ) [2.4, 4] [2.4, 4] 

100 θMC [0.5, 10] [0.5, 10] 

β [0, 1] [0, 1] 

m [ −2, 0.5] [ −2, 0.5] 

γ − [ −3, 3] 

distance measurements. The luminosity distance measurement d L ( z i ) 

has two kind of uncertainties, one is the instrumental uncertainty 

σ inst 
i and the other one is the weak lensing uncertainty σ lens 

i . The 

instrumental error can be derived to be σ inst 
i ( ≃ 2 d L ( z i ) / S (where 

S is the combined signal-to-noise ratio of the Einstein Telescope), 

using the Fisher matrix approach and assuming that the uncertainty 

on d L ( z i ) is not correlated with the uncertainties on the remaining GW 

parameters (see Zhao et al. ( 2011 ), Cai & Yang ( 2017 ), Wang et al. 

( 2018 ), Du et al. ( 2019 ), Yang et al. ( 2020a )), and the lensing error 

is σ lens 
i ≃ 0 . 05 z i d L ( z i ) Zhao et al. ( 2011 ). Thus, the total uncertainty 

due to the instrumental and the weak lensing uncertainties on d L ( z i ) 

is σi = 
√ 

( σ inst 
i ) 2 + ( σ lens 

i ) 2 . Finally, let us note that the combined 

signal-to-noise ratio of the GW detector is a very crucial quantity in 

this context since for the Einstein Telescope, the combined signal- 

to-noise ratio should be at least 8 for a GW detection Sathyaprakash 

et al. ( 2010 ). Thus, in summary, we generate 1000 GW sources up 

to redshift z = 2 with S > 8. For more technical details we refer the 

readers to references Sathyaprakash et al. ( 2010 ), Zhao et al. ( 2011 ), 

Cai & Yang ( 2017 ), Wang et al. ( 2018 ), Du et al. ( 2019 ), Yang et al. 

( 2020a ). 

To constrain the BVF scenarios we modify the publicly available 

COSMOMC package Lewis & Bridle ( 2002 ), which is an excellent 

cosmological code supporting the Planck 2018 likelihood Aghanim 

et al. ( 2020a ) and it has a convergence diagnostic following the 

Gelman–Rubin statistic R − 1 Gelman & Rubin ( 1992 ). It is 

essential to mention that for both BVF1 and BVF2 scenarios, we 

have used the dimensionless quantity β = αH 0 ρ
m −1 
tot, 0 , where ρ tot, 0 

is the present value of ρ tot . We further mention here that β = 0 

(equi v alently, α = 0) implies no viscosity and hence the o v erall 

picture behaves like a unified cosmic fluid without bulk viscosity. 

Thus, in summary, the parameter space of BVF1 and BVF2 are as 

follow: 

P BVF1 ≡ { �b h 
2 , 100 θMC , τ, n s , ln (10 10 A s ) , β, m } , 

P BVF2 = { �b h 
2 , 100 θMC , τ, n s , ln (10 10 A s ) , β, m, γ } , 

where the description of the free parameters are as follows: �b h 
2 

is the baryons density, 100 θMC is the ratio of the sound horizon 

to the angular diameter distance; τ is the optical depth, n s is 

the scalar spectral index, A s is the amplitude of the initial power 

spectrum. The flat priors on both cosmological scenarios are shown in 

Table 1 . 

4  OBSERVATI ONA L  CONSTRAI NTS:  RES ULTS  

A N D  ANALYSI S  

In this section, we present the constraints on the bulk viscous scenar- 

ios considering CMB + Pantheon and CMB + Pantheon + GWSS. As 
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Table 2. We report the observational constraints on the BVF1 scenario at 

68% and 95% CL for CMB + Pantheon and CMB + Pantheon + GWSS data 

sets. 

Parameters CMB + Pantheon CMB + Pantheon + GWSS 

�b h 
2 0 . 02232 + 0 . 00015 + 0 . 00029 

−0 . 00015 −0 . 00028 0 . 02253 + 0 . 00014 + 0 . 00028 
−0 . 00014 −0 . 00026 

100 θMC 1 . 02780 + 0 . 00058 + 0 . 0011 
−0 . 00055 −0 . 0011 1 . 02808 + 0 . 00037 + 0 . 00073 

−0 . 00038 −0 . 00073 

τ 0 . 0537 + 0 . 0074 + 0 . 016 
−0 . 0075 −0 . 015 0 . 0567 + 0 . 0079 + 0 . 016 

−0 . 0078 −0 . 015 

n s 0 . 9641 + 0 . 0043 + 0 . 0086 
−0 . 0043 −0 . 0084 0 . 9686 + 0 . 0041 + 0 . 0080 

−0 . 0040 −0 . 0080 

ln(10 10 A s ) 3 . 046 + 0 . 016 + 0 . 031 
−0 . 015 −0 . 031 3 . 048 + 0 . 016 + 0 . 033 

−0 . 016 −0 . 033 

β 0 . 430 + 0 . 017 + 0 . 033 
−0 . 016 −0 . 034 0 . 4262 + 0 . 0079 + 0 . 016 

−0 . 0078 −0 . 015 

m −0 . 557 + 0 . 068 + 0 . 12 
−0 . 059 −0 . 13 −0 . 519 + 0 . 038 + 0 . 074 

−0 . 035 −0 . 075 

H 0 68 . 1 + 1 . 2 + 2 . 2 −1 . 1 −2 . 3 68 . 30 + 0 . 46 + 0 . 91 
−0 . 45 −0 . 85 

we are interested to estimate the impro v ement of the cosmological 

parameters in presence of the GWSS measurements, and as the 

combined standard cosmological probes offer the most stringent 

constraints on the cosmological parameters, therefore, the inclusion 

of GWSS with the combined standard cosmological probes is 

reasonable. As mentioned earlier, the key common free parameters 

of BVF1 and BVF2 are β and m , since β 	= 0 indicates the preference 

for a non-zero bulk viscosity and m 	= 0 indicates that the coefficient 

of the bulk viscosity is not constant in the redshift range considered. 

In the following subsections, we discuss the constraints on these two 

scenarios in detail. 

4.1 Constraints on the BVF1 scenario 

In Table 2 , we have presented the constraints on the BVF1 scenario 

for CMB + Pantheon and CMB + Pantheon + GWSS. The latter data 

set is aimed to understand the impro v ement e xpected from GWSS 

on the constraints from CMB + Pantheon. In Fig. 1 we have com- 

pared these data sets graphically by showing the 1D marginalized 

distribution of some model parameters and the 2D joint contours. 

As discussed, this scenario has two main key parameters, namely, β, 

quantifying the existence of bulk viscosity in the cosmic sector, and 

m , which tells us whether the bulk viscosity will have a dynamical 

nature (corresponding to m 	= 0) or not. 

Since for CMB + Pantheon, we find an evidence for a non- 

zero bulk viscosity in the cosmic sector at many standard devi- 

ations, that is, β = 0 . 430 + 0 . 017 
−0 . 016 at 68 per cent CL, this is further 

strengthen for CMB + Pantheon + GWSS, where β = 0 . 4262 + 0 . 0079 
−0 . 0078 

Figure 1. For the BVF1 scenario we show the 1D posterior distribution of some model parameters and the 2D joint contours of the model parameters at 

68 per cent and 95 per cent CL for CMB + Pantheon and CMB + Pantheon + GWSS. 
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Figure 2. The CMB C T T l power spectrum versus multipole moment l using 

the best-fits values obtained for the BVF1 model using the join data sets 

described, with three arbitrary β and m values. 

at 68 per cent CL. 2 One can clearly see that the inclusion of GWSS 

to CMB + Pantheon improves the error bars on β by a factor of at least 

2. This reflects the constraining power of GWSS. On the other hand, 

focusing on the parameter m , which quantifies the time evolution of 

the bulk viscosity, we see that m remains non-zero at several standard 

deviations for CMB + Pantheon, where the 68 per cent CL constraint 

on m is m = −0 . 557 + 0 . 068 
−0 . 059 , and becomes m = −0 . 519 + 0 . 038 

−0 . 035 for 

CMB + Pantheon + GWSS. From the constraints on m , one can clearly 

see that the uncertainty in m is reduced by a factor of ∼1.7–1.8 

when the GWSS data are included with the combined data set 

CMB + Pantheon. Concerning the Hubble constant, we find that 

H 0 assumes slightly higher values compared to the � CDM based 

Planck. Actually, we have H 0 = 68 . 1 + 1 . 2 
−1 . 1 at 68 per cent CL for 

CMB + Pantheon, while H 0 = 68 . 30 + 0 . 46 
−0 . 45 at 68 per cent CL for 

CMB + P antheon + GWSS, again impro ving the uncertainty in H 0 

by a factor of 2.5. This shows that the effects of GWSS are clearly 

visible through these parameters. In Fig. 1 , one can compare the 

constraints on the model parameters obtained from CMB + Pantheon 

and CMB + Pantheon + GWSS. 

Finally, through Fig. 2 we examine how the model affects the CMB 

TT power spectrum for different values of the model parameters, β

and m with respect to the standard � CDM scenario. In the upper 

2 It is worthwhile to note here that the mean value of β is not significantly 

changed when the GWSS data are included, because we built the simulated 

data using the best fit obtained from CMB + Pantheon. 

Table 3. We report the observational constraints on the BVF2 scenario at 

68% and 95% CL for CMB + Pantheon and CMB + Pantheon + GWSS. 

Parameters CMB + Pantheon CMB + Pantheon + GWSS 

�b h 
2 0 . 02241 + 0 . 00016 + 0 . 00032 

−0 . 00016 −0 . 00032 0 . 02238 + 0 . 00015 + 0 . 00030 
−0 . 00016 −0 . 00031 

100 θMC 1 . 02907 + 0 . 00111 + 0 . 00180 
−0 . 00082 −0 . 00198 1 . 02921 + 0 . 00041 + 0 . 00080 

−0 . 00040 −0 . 00079 

τ 0 . 0516 + 0 . 0074 + 0 . 015 
−0 . 0072 −0 . 015 0 . 0521 + 0 . 0071 + 0 . 015 

−0 . 0078 −0 . 014 

n s 0 . 9575 + 0 . 0053 + 0 . 012 
−0 . 0066 −0 . 012 0 . 9583 + 0 . 0038 + 0 . 0075 

−0 . 0039 −0 . 0077 

ln(10 10 A s ) 3 . 038 + 0 . 016 + 0 . 032 
−0 . 017 −0 . 032 3 . 040 + 0 . 015 + 0 . 032 

−0 . 015 −0 . 031 

β 0 . 447 + 0 . 022 + 0 . 042 
−0 . 022 −0 . 042 0 . 425 + 0 . 018 + 0 . 032 

−0 . 016 −0 . 034 

m −0 . 85 + 0 . 30 + 0 . 46 
−0 . 19 −0 . 50 −0 . 683 + 0 . 099 + 0 . 18 

−0 . 089 −0 . 19 

γ 0 . 9970 + 0 . 0015 + 0 . 0042 
−0 . 0024 −0 . 0036 0 . 99757 + 0 . 00049 + 0 . 0011 

−0 . 00058 −0 . 0011 

H 0 65 . 2 + 1 . 7 + 4 . 4 −2 . 6 −3 . 9 64 . 91 + 0 . 59 + 1 . 1 
−0 . 60 −1 . 2 

panel of Fig. 2 we depict the evolution in the CMB TT power 

spectrum for different values of β while in the lower panel of Fig. 2 

we depict the evolution in the CMB TT power spectrum for different 

values of m . From both the graphs, we notice that as long as β

or m increases, the model exhibits significant differences in the 

lower multipoles ( ℓ ≤ 10). For ℓ ≥ 10, we observe that with the 

increasing values of β and m , the peaks of the CMB TT power 

spectrum increase significantly, particularly changing their mutual 

ratio. 

4.2 Constraints on the BVF2 scenario 

In Table 3 , we present the constraints on the BVF2 scenario for both 

CMB + P antheon and CMB + P antheon + GWSS. And in Fig. 3 , we 

compare the constraints from these data sets explicitly showing the 

1D marginalized distribution of some model parameters and the 2D 

joint contours. As already discussed, this scenario has three main 

key parameters, namely, β, which quantifies the existence of bulk 

viscosity in the cosmic sector, m , which tells us whether the bulk 

viscosity enjoys a dynamical nature (corresponding to m 	= 0) or 

not, and finally, the parameter γ , which indicates the fluid which 

endows the bulk viscosity. We note that γ = 1 refers to the dust fluid 

endowing the bulk viscosity in which we are interested in, for which 

we reco v er the previous scenario BVF1. 

F or CMB + P antheon, we find that β 	= 0 at sev eral standard 

deviations yielding β = 0.447 ± 0.022 at 68 per cent CL which 

gives a clear indication of a non-zero bulk viscosity in the cosmic 

sector. When the GWSS are added to this combination, that is, 

CMB + Pantheon + GWSS, the conclusion about β does not change 

significantly ( β = 0 . 425 + 0 . 018 
−0 . 016 at 68 per cent CL), indicating that for 

this scenario GWSS do not pro vide an y additional constraining power 

on β. Looking at the dynamical nature of the bulk viscosity, we see 

that for CMB + Pantheon, m remains non-zero at more than 2 standard 

deviations leading to m = −0 . 85 + 0 . 30 
−0 . 19 at 68 per cent CL. Ho we ver, 

this evidence could be further strengthened by the inclusion of the 

GWSS data, that we forecast to be m = −0 . 683 + 0 . 099 
−0 . 089 at 68 per cent 

CL for CMB + P antheon + GWSS, impro ving the error bars up to 

a factor of 3. Finally, focusing on the parameter γ which directly 

connects with the nature of the cosmic fluid endowing the bulk 

viscosity, we can see that it is consistent with 1, which corresponds 

to a dust-like fluid, within 2 standard deviations for CMB + Pantheon 

( γ = 0 . 9970 + 0 . 0015 
−0 . 0024 at 68 per cent CL). Also for this parameter, the 

addition of the GWSS further impro v es the constraining power of a 

factor larger than 3 to 4, that we forecast to be γ = 0 . 99757 + 0 . 00049 
−0 . 00058 

at 68 per cent CL for CMB + Pantheon + GWSS. Therefore, with 

respect to the BVF1 case, where the inclusion of the forecasted 
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Figure 3. For the BVF2 scenario we show the 1D posterior distributions of some model parameters and the 2D joint contours of the model parameters at 

68 per cent and 95 per cent CL for CMB + Pantheon and CMB + Pantheon + GWSS. 

GWSS was able to impro v e both β and m , in this BVF2 scenario, the 

impro v ement of the constraining power is displayed only on m and 

γ but does not affect anymore β significantly. 

Furthermore, we find that for this scenario, the Hubble constant 

attains a very low value for CMB + Pantheon compared to Planck’s 

estimation within the � CDM paradigm. We also note that H 0 is 

correlated to all three free parameters of this scenario, namely, β, 

m and γ . With β and γ , H 0 is positively correlated while with m , 

it has a strong anticorrelation. For CMB + Pantheon, H 0 = 65 . 2 + 1 . 7 
−2 . 6 

km/s/Mpc at 68 per cent CL and after the inclusion of GWSS it 

becomes H 0 = 64 . 91 + 0 . 59 
−0 . 60 km/s/Mpc at 68 per cent CL, reducing the 

uncertainty in H 0 by a factor of ∼4. 

Finally, in Fig. 4 , we examine the CMB TT power spectrum for 

this bulk viscous scenario BVF2 considering different values of the 

free parameter γ with respect to the standard � CDM scenario. As 

γ lies in the region [ − 3, 3] and the nature of the cosmic fluid 

characterized by its equation of state p u = ( γ − 1) ρu depends on 

the sign of γ , therefore, we have considered two separate plots, 

one where γ is non-ne gativ e (i.e. γ ≥ 0) and another plot where 

γ allo ws both positi v e and ne gativ e values including γ = 0. From 

both the panels of Fig. 4 , we clearly see that any deviation from 

γ = 1 makes significant changes in the amplitude of the CMB TT 

power spectrum. In particular, we see that the peaks of the CMB TT 

spectrum significantly increases and shift towards higher multipoles 

for any v alue dif ferent from γ = 1 at small scales, as well as the 

Integrated Sachs Wolfe (ISW) plateau at large scales. As γ = 1 

indicates a cosmological constant-like fluid endowed with the bulk 

viscosity, therefore, for γ = 1, we replicate an equi v alent behaviour 

of the � CDM scenario. 

5  C O N C L U S I O N S  

Although the � CDM cosmological model is extremely successful 

in describing a large span of astronomical observations, it cannot 

e xplain sev eral theoretical and observ ational issues. This moti v ated 

the scientific community to construct a variety of cosmological 

proposals and testing them with the available astronomical data. 

Among these cosmological models, in this article, we focus on 

the unified cosmological models allowing bulk viscosity in the 

background. Ho we ver, since these models do not reco v er the � CDM 

scenario as a special case, our only ability in distinguishing them, 

once the GWSS data will be available, will rely only on a Bayesian 

model comparison for a better fit of the cosmological observations, 

as done in reference Yang et al. ( 2019c ). The unified cosmological 

scenarios endowed with bulk viscosity are appealing from two 

dif ferent perspecti ves: the first one is the concept of a unified picture 

of dark matter and dark energy, and the second is the inclusion 

of bulk viscosity into that unified picture. Ef fecti vely, the unified 

bulk viscous scenario is a generalized cosmic picture combining 

two distinct cosmological directions. According to a recent paper 

on the unified bulk viscous scenarios Yang et al. ( 2019c ), current 

cosmological probes prefer a non-zero dynamical bulk viscosity in 
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Figure 4. The CMB C T T l power spectrum versus multipole moment l using 

the best-fits values obtained for each BVF2 models with three γ values, 

respectively using the join data sets described. 

the dark sector at many standard deviations. So, in light of the current 

cosmological probes, unified bulk viscous cosmological scenarios 

are attractive. In this line of thought, what about the future of such 

unified bulk viscous scenarios? In this article we have focused on it 

with an answer. 

Following reference Yang et al. ( 2019c ), in this work we have 

explored these scenarios with the GWSS aiming to understand how 

the future distance measurements from GWSS may impro v e the 

constraints on such scenarios. In order to proceed toward this con- 

frontation, we have generated O(10 3 ) mock GWSS luminosity dis- 

tance measurements matching the expected sensitivity of the Einstein 

Telescope and added these mock data to the current cosmological 

probes, namely, CMB from Planck 2018 release 3 , and SNIa Pantheon 

sample. We find that the inclusion of GWSS luminosity distance 

measurements together with the current cosmological probes makes 

the possible future evidence for new physics stronger, by reducing the 

uncertainty in the parameters in a significant way. This is a potential 

behaviour of the GWSS luminosity distance measurements since this 

makes the parameter much deterministic. Overall for both BVF1 and 

BVF2 scenarios, we find a very strong preference of a non-zero time 

dependent bulk viscous coefficient (alternatively, the viscous nature 

of the unified dark fluid) at many standard deviations. 

3 We mention that in the earlier work Yang et al. ( 2019c ), CMB data from 

Planck 2015 were used to constrain the bulk viscous scenarios. 

In conclusion, in the present paper we demonstrate that future 

GWSS distance measurements from the Einstein Telescope might be 

powerful to extract more information about the physics of the dark 

sector. Therefore, based on the present results, we feel that it might 

just be a matter of time before we convincingly detect the viscosity 

in the dark sector, if any. 
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