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Abstract

We study the anisotropic version of the Hastings-Levitov model AHL(v). Previous re-
sults have shown that on bounded time-scales the harmonic measure on the boundary
of the cluster converges, in the small-particle limit, to the solution of a deterministic
ordinary differential equation. We consider the evolution of the harmonic measure
on time-scales which grow logarithmically as the particle size converges to zero and
show that, over this time-scale, the leading order behaviour of the harmonic measure
becomes random. Specifically, we show that there exists a critical logarithmic time
window in which the harmonic measure flow, started from the unstable fixed point,
moves stochastically from the unstable point towards a stable fixed point, and we show
that the full trajectory can be characterised in terms of a single Gaussian random
variable.
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1 Introduction

The aim of this paper is to study the behaviour of a class of random growth processes
modelled using conformal mappings. In recent years, many models have been introduced
in order to study various real world random growth processes from lightning strikes
and mineral aggregation to tumoral growth. The most well known examples include the
Eden model [2] and DLA [18]. These models, built on lattices, have been well studied
but rigorous results have proved difficult to come by with there being essentially only
one rigorous result for DLA (due to Kesten [9]) in over 40 years. One reason for this is
that lattice based models provide little in the way of mathematical techniques that can
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Anisotropic growth on log time

be used to study their behaviour. One way to combat this difficulty is to form off-lattice
versions of the models using conformal mappings which allows us to study the processes
in the complex plane and use complex analysis techniques.

The models are constructed using a basic particle shape. In this paper, we will
restrict ourselves to ‘slit’ particles, although the results can be extended to more general
particle shapes. Given a desired slit length d > 0, set

d2
=1 1 _ .
c 0g(+4(1+d))>0

Then, setting A = {|z| > 1} to be the exterior unit disk, there exists a unique single slit
mapping
f(c) A — A\(l, 1+ d]

which takes the exterior of the unit disk to itself minus a slit of length d at z = 1. It can
be shown (see for example [17]), that

f(c)(Z) =e‘z+ 0(1)

as |z| — oco. We refer to ¢ as the capacity of the slit. It follows that there is a one-to-
one correspondence between capacities and conformal maps attaching a slit onto the
boundary of the disk at 1. Given a sequence of capacities, ¢, € (0,00), and attachment
angles, 6,, € [0, 1] (identifying the unit circle with the interval [0, 1]), we define a sequence
of rescaled and rotated slit mappings by setting

fa(2) = €27 fio ) (ze7 20, (1.1)

This mapping corresponds to attaching a slit of capacity ¢, to the unit circle at position
€27~ One can then form a growing sequence of clusters by composing the slit maps.
Let ¢p(z) = z so that ¢p : A — C\ Kj is a bi-holomorphic map where K, = {|z] < 1}.
Now define

Gl = Pn 0 fnp1=frofoo- 0 fuyr.

These maps determine a sequence of compact sets K, satisfying K,, C K, 1 for which
on : A — C\ K, is a bi-holomorphic map which fixes the point at infinity. The sequences
of capacities ¢, and angles 0,, therefore define a growing sequence of clusters K,,. By
choosing the attachment angles and capacities appropriately we can model a wide class

of growth processes.

1.1 Previous work

The Hastings-Levitov model [5] is formed using conformal maps as described above
when the attachment angles are chosen uniformly. This choice represents a good model
for many of the real world processes where particles diffuse onto the boundary at each
iteration (for a more detailed description see, for example, [10]). Furthermore, the
capacities are chosen as,

cn = c|df 1 ()77

The parameter « allows us to vary between off-lattice versions of the previously well
studied models by varying the size of the attached slits. By choosing the capacities and
attachment angles in this way we can model a wide class of real world Laplacian growth
processes where the local growth rate is chosen according to harmonic measure. In
recent years research into the Hastings-Levitov model has been fruitful. The majority
of the results have concentrated on the scaling limits of the model in the small-particle
limit where the cluster ¢,, is analysed as the particle capacity ¢ — 0 while n — oo with
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nc ~ t for some t. In [14] Norris and Turner show that in the small-particle limit, for
a = 0, the limiting cluster behaves like a growing disk. Furthermore, in [8] Sola, Turner
and Viklund show that in the small-particle limit the shape of the cluster approaches
a disk for all a > 0 in the presence of a sufficiently strong regularisation. Moreover,
Silvestri [16] shows that the fluctuations on the boundary, for HL(0), in the small-particle
limit can be characterised by a log-correlated Gaussian field.

The Hastings-Levitov model has also been evaluated under another scaling limit
where rather than letting ¢ — 0 as n — oo, instead, the limit of the cluster is found by
rescaling the whole cluster by the logarithmic capacity of the cluster at time n, before
taking limits as the number of particles tends to infinity. In [15] Rohde and Zinsmeister
introduce a regularisation to the model and show that in the case of a« = 0 the rescaled
cluster converges to a (random) limit with respect to the topology of normalised exterior
Riemann maps. In [10], Liddle and Turner show that for a = 0 the scaling limit of
the cluster under capacity rescaling is not a disk. Furthermore the authors study a
regularised version of the model and show that for 0 < a < 2 the scaling limit under
capacity rescaling is a disk and the fluctuations behave like a Gaussian field.

However, studies have also been made into a wider class of processes where the
particles are not attached uniformly. The ALE(«, ) model introduced in [17] generalises
the Hastings-Levitov model by choosing the local growth rate to be determined by |¢/,| ",
evaluated near the cluster boundary, where 7 € R. The authors show that there exists a
phase transition at n = 1 when o = 0 where the limiting shape in the small particle limit
transitions from a disk to a radial slit. This model is also studied in [13] and [12], where
it is shown that clusters are disk-like provided a + 7 < 1, and there is a phase-transition
present in the fluctuations when o« +n = 1. In [6], Higgs considers the model for o = 0
and for large negative values of the parameter n where the particles are attached in
areas of low harmonic measure and shows that there exists a phase transition beyond
which the ALE cluster converges to an SLE, curve.

The final generalisation is the anisotropic version of the Hastings-Levitov model
AHL(v) which will be the subject of this paper. The AHL(») model is a variation of the
Hastings-Levitov model HL(0). The model is constructed as above with the capacities
chosen to be a fixed value ¢ and the attachment angles chosen to be i.i.d on the unit circle
but, in contrast to HL(0) where the attachment points are distributed uniformly, they are
chosen according to some non-uniform probability measure v. In [7] Sola, Turner and
Viklund show that if ¢ is the solution to Loewner-Kufarev equation driven by the measure
vand ¢, = fio---o f, then ¢|; /.| — ¢, uniformly on compact sets in the exterior unit
disk almost surely as ¢ — 0. Furthermore, the authors study the scaling limits of the
harmonic measure flow (defined below) and show that on bounded time-scales they can
be described by the solution to a deterministic ordinary differential equation related to
the Loewner equation. In contrast, in this paper we will evaluate the scaling limits of the
harmonic measure flows on logarithmic time-scales and we will show that the leading
order behaviour is random.

1.2 Overview of the main results and physical interpretation

In this paper, we study the anisotropic Hastings-Levitov model introduced in [7] as
AHL(v). The shape of the cluster in the small particle limit is described in [7]. However,
we often want to understand the ancestral path of each attached particle. Evaluating
how the harmonic measure evolves on the boundary of the cluster allows us to do so.
For the purpose of the introduction we define the discrete harmonic measure flow for
x € R as
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where T',,(2) = ¢,(2) = f;' o---o f{ *(z). However, some care is needed in how to
interpret this definition. Although ¢,(z) can be defined when |z| = 1 by requiring
that the extended map ¢, : A — C\ K, is continuous, this map is no longer bijective.
Therefore I',,(z) is not well-defined everywhere on the cluster boundary. We explain
how to overcome this difficulty in Section 2 where we give a more explicit definition
of what we mean by harmonic measure flow. The function X, (z) tells us how the
harmonic measure on the cluster boundary, as seen from infinity, evolves under the map
¢n. Specifically, if x < y < 1+ z, then the quantity X,,(y) — X, (x) gives the harmonic
measure of the portion of the cluster boundary between 2™ and 2", traced out in an
anticlockwise direction. Our aim is to identify how this function evolves in the scaling
limit as the particle size becomes small, while the number of particles increases. It is
convenient to embed harmonic measure flow into continuous time so we will consider
t

the scaling limit of X,,;)(z) on logarithmic time-scales as ¢ — 0 where n(t) = | £].

In this section we describe the main results of the paper and their physical interpreta-
tion. As an illustration we consider an AHL(v) cluster with non-uniform measure v such
as dv(e?™*®) = 2sin?(3mx)dr, as chosen in Figure 3 from [7] which has been reproduced
in this paper as Figures 1 and 2. Figure 1 shows an AHL(v) cluster together with its limit
shape, and Figure 2 provides the corresponding evolution of harmonic measure on the
boundary of the cluster together with the solution to a deterministic ODE. This figure
illustrates how the harmonic measure flow on the boundary of the cluster converges
to the solution of the deterministic ODE, except at the unstable fixed points where
a different kind of behaviour emerges. We also include cartoons (Figures 3, 4 and 5
below) to aid our descriptions. It should be noted that these cartoons are not accurate
simulations and are not drawn to scale but instead serve as caricatures to highlight
specific features of a generic evolution of an AHL(v) cluster.

Figure 1: An example of a AHL(v) cluster (left) and the corresponding Loewner hull
(right) from [7].

In order to state our main results we need to introduce some preliminary assumptions
and notation. We shall assume that the measure v has a density function h,, defined on
[0,1] and extended periodically to R, so

dv(e*™) = hy,(z)dz.
Further, we require that h,, is (2+ «)-Hoélder for some « > 0. In practice, this assumption

is not very restrictive as most natural measures in this setting can be arbitrarily well
approximated by a measure satisfying this condition. Define the function b: R — R to
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Figure 2: Harmonic measure flow X,,;)(x) on the boundary of AHL(v) plotted against
time with the departure point x indicated on the y-axis (left) and the solution to a
corresponding deterministic ODE (right) from [7].

be the Hilbert transform of the measure v,

1
o

1

b(x) / cot(mz)(hy(z — 2) — hy,(2))dz. (1.2)
0

Note that this definition is equivalent to the more standard definition of the Hilbert

transform, namely the principal value of

1
), cot(m(z — 2))dv(e* ).
However, the assumptions on h, ensure that the integral in (1.2) is absolutely convergent
which negates the need for principal values. By differentiating under the integral, it is
straightforward to verify that b is twice continuously differentiable.

Fort € [0,00) and = € R, let ¢(x) be the solution to the ordinary differential equation,

Yi(w) = b(Yr(v)) (1.3)

with initial condition v¢o(x) = z. We consider the evolution of the harmonic measure
Xn(t)- Our first main result, appearing later as Theorem 3.4, extends the result in [7] on
convergence of the harmonic measure flow from compact time intervals to logarithmic
time-scales.

Theorem. Set T = m (log(c™!) — 3log(log(c™1))). Then, for every z € R,

sup | Xy (z) — Ye(x)] =0

0<t<T,

in probability as ¢ — 0.

This result shows that, on the given logarithmic time-scale, all the trajectories of
the harmonic measure process X,,(;)(z) remain close to the corresponding deterministic
trajectories of the ordinary differential equation ;(z). We illustrate this in Figure 3
with each blue trajectory remaining close to the solution to the ODE up to this time. The
value of Tj is not shown explicitly in this figure, but is smaller than the marked value of
T —T.

Consider again the simulations in Figure 2 taken from [7]. In this figure, one can
observe that after a certain time the harmonic measure started at the unstable fixed
points, 1/6,1/2,5/6, of the deterministic ODE deflects away from the value of fixed point
and converges to one of the stable fixed points, 0,1/3,2/3, 1. This behaviour is captured
in the following result which appears later as Corollary 6.4.
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e

Figure 3: Cartoon illustrating the evolution of X,, ;) on logarithmic-timescales.

Theorem. Let a, be an unstable fixed point of +;(z). Then for 0 < ¢t < oo, X,,(1)(aw)

converges to v (au + it Zoo(au)) in probability as ¢ — 0, where Z(a,) is a Gaussian
random variable with mean 0 and variance which can be given explicitly in terms of the
measure v.

This result tells us that the harmonic measure flow started from the unstable point
a, tracks the solution to the ODE started from some random perturbation of a,. This
perturbation is amplified by the ODE system over logarithmic time-scales. Therefore
there exists a random time 77, on a logarithmic time-scale, by which point Xn(t)(au) has
moved a macroscopic distance away from the fixed point a,,. Once the process reaches
this macroscopic distance it remains close to the trajectory of the ODE started from
that distance at time 7. However, we know that for 1-dimensional ODEs, trajectories
started away from unstable points converge to stable points. Therefore, once the process
gets close enough to the stable point it remains close. This behaviour is illustrated in
Figure 3. The red trajectory represents the behaviour of the harmonic measure started
at the unstable point. If it converged to the solution of the ODE we would expect this
trajectory to remain close to the unstable point for all time. However, the cartoon shows
the stochastic nature of the path the trajectory takes from the unstable point towards a
stable point during the critical time window.

We now consider what the physical interpretation of this result is on the AHL(v)
cluster itself. We will describe this using the notion of gap paths. The explicit definition
of gap paths is provided in [14], however, intuitively the gap path from a point z € C
represents the shortest path from z to outside the boundary of the cluster. This is
demonstrated in Figure 4 with particles represented as disks. We consider the point z
and imagine a piece of string attached at z and pulled tight vertically until we leave the
boundary of cluster. This represents the gap path of the point z and is indicated by the
red line in Figure 4. Note that the gap paths are dependent on the number of particles n
attached to the cluster. The gap paths cannot intersect the particles unless z initially
is contained inside a particle in which case we choose the shortest path to leave the
particle we are contained in and then proceed as above. It is shown in [14] that in the
limit as ¢ — 0 the trajectories of the gap paths are described by the harmonic measure
flow, under a deterministic transformation.

With the notion of gap paths in mind we can describe how our result can be used
to obtain a physical interpretation the behaviour of the cluster on longer time-scales.
We use the cartoon in Figure 5 to illustrate the physical interpretation. The harmonic
measure flow allows us to map the ancestry of each of the particles on the boundary
of the growing cluster to an origin on the boundary of the unit disk. In Figure 5, the
unstable point is at the centre of the arc on the unit disk and there are stable points
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ap(z)

Figure 4: An example of a gap path. Figure 5: An example of a possible
AHL(v) cluster.

on either side (this could, for example, be considered as a representation of one of the
‘petals’ in Figure 1, rotated into a vertical position). Consider the gap path of a point near
the origin. On compact time intervals we expect particles attached away from the stable
points to have ancestors attached near the unstable point and thus, as the gap path
cannot intersect the particles, we would expect the gap path of a particle near the origin
to be vertical. However, as we enter the critical time window the harmonic measure
flow is no longer close to the solution of the ODE started from the unstable point but
instead follows a trajectory started at a macroscopic distance from the unstable point.
Therefore, the successive particles are not attached vertically and the gap path becomes
asymmetric as indicated by the red path in Figure 5. The direction the gap path follows
is dependent on the sign of Z,(a,). Therefore, a physical consequence of our results
applied to this example is that on bounded time-scales the ancestral process remains
symmetric around the vertical axis whereas, as we enter the critical time window, the
process becomes asymmetric.

The outline of the paper is as follows. In Section 2 we define the harmonic measure
flow and provide estimates that will be used in the remainder of the paper. In Section 3
we show that the harmonic measure flow X, ;) remains close to a deterministic ODE up
to a logarithmic time. In Section 4 we characterise the distribution of the fluctuations.
In Section 5 we prove the existence of a critical logarithmic time window and show that
within this interval the harmonic measure flow, started from the unstable point follows a
stochastic path away from the unstable trajectory and towards a stable trajectory. Finally,
in Section 6, we prove the main result about the behaviour of the entire trajectory of
the harmonic measure flow starting from the unstable point. The original paper [7]
developed several techniques which have subsequently been successfully used to analyse
more physical random growth models. We anticipate that the techniques developed in
this paper, and in particular in Section 5, will be similarly useful in the study of random
growth models which exhibit anisotropic behaviour, as well as more general situations in
which one wishes to study long-time behaviour of stochastic processes.

2 Harmonic measure flow
The main aim of this section is to give a precise definition of the harmonic mea-
sure flow, and state some estimates which will be used in the remainder of the paper.
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Throughout, the model under consideration is the AHL(») model and the notation used
is as defined in the introduction.
For a point « € (—1/2,1/2], set

1) = 5 log () (279))

21

choosing the branch of logarithm which results in x = % being fixed. As f(.)(z) is not
one-to-one when |z| = 1, we treat the two sides of the slit as distinct, when interpreting
the inverse. Explicitly,

y(z) = sign(z) tan~! <\/ec tan?(mx) + ¢ — 1) :

™

We extend this definition to the real line as follows. If z = k + a where a € (—1/2,1/2]
then define v(z) = k + v(a). Let 4(z) = v(z) — = and observe that this is a periodic
function with period 1.

Given the sequence 6,, of i.i.d. random variables with distribution v, set

T (z) = v(x — 0,) + O,.

It immediately follows that 7, (z) = 5= log(f, (")), interpreting the inverse and

27 n
branch of logarithm appropriately. This function describes the change in angle of a

point x on the boundary under the transformation f,, (x) and thus 7, (z) tells us how the
harmonic measure evolves under the map f,, (x) in the sense described in the introduction.
Now define the discrete harmonic measure flow under the map ¢,, for z € R recursively
by

Xn(2) = W (Xn-1(x))

with Xo(z) = . Thus if T,,(z) = ¢, (x) = f,; ' oo f;*(z) then by straightforward
induction

as defined in the introduction. Note that we define X, (x) in the recursive way above to
ensure the correct interpretation of I';, on the boundary of the cluster. Observe that

Xn(z) = Xp-1(2) +3(Xn-1(2) — bn).

We can then rewrite the harmonic measure flow as
Xn(z) =2+ ZW(Xifl(x) —0;).
i=1

Throughout the remainder of the paper we will rely on the following estimates taken
from [7]. In the case of slit particles, the proof can be done by elementary computation,
so is not replicated here.

Lemma 2.1. For % defined as above,

/01 F(z)dz=0

and there exists a constant py such that
. L

[ 3R
0
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as ¢ — 0. Furthermore, there exists a constant 6 > 0 such that the following estimates

hold,
17l < 6v/e,

and

1
/ 5 — 0)h, (0)d0 — poct by ()| < SR ooc? log(c™ )
0

for c sufficiently small.

3 Convergence on logarithmic time-scales

Recall the definition of ¢;(x) from (1.3) where b is defined in (1.2), and the notation
n(t) = [t/c]. In this section we show that the harmonic measure flow X, ;)(z) is uniformly
close to 1;(z) as ¢ — 0 on time-intervals which grow logarithmically in ¢. This extends a

result in [7] which shows that this holds over compact time-intervals.

During calculations, for simplicity purposes, we will often treat n(t)c as t. As the true
difference is of order c and we take the limit as ¢ — 0, our results will be unchanged.

Define the drift function

B,(x) = /0 5@ — 2)ho(2)dz.

Now
E (Y(Xi—1(2) = 6:)|Fi-1) = Bu(Xi—1(2))
where F, is the o-algebra generated by {#; : 1 <i < n}.
Set
Yn(x) = :Y(Xn—l(m) - on) - ﬂy(Xn_l(I)).

Then S, (z) = Y., Yi(x) is a martingale with respect to F,,. We can write

Xn(@) =2+ Sn(@) + Y Bu(Xic1(2)), (3.1)
i=1
o)
n(t) t
Xy (@) = r(x) =Sny (@) + Y Bu(Xica(x)) — / b(vs(x))ds
i=1 0
n(t)
=S (@) + Y (Bu(Xio1(z)) — b(Xi1(2)))
i=1
TL(t) t
Fed WXinr (@) = [ b,
i=1 0
The proof of Proposition 2 in [7] provides the following bound.
Lemma 3.1. For each x and c < % there exists a constant § > 0 such that,
18, (z) — cb(x)| < 5¢2 log(c™H).
Therefore there exists a constant § > 0 such that
By ()] < dc
and for each n,
Yo (2)] < ov/e.
EJP 28 (2023), paper 75. https://www.imstat.org/ejp
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Throughout the remainder of the paper we will assume 0 < ¢ < % Recall from
the introduction that b(z) is twice continuously differentiable. Furthermore, as h, is
not the uniform measure, b is not constant or equivalently ' is not identically zero. It

immediately follows that

, t
| Xy (@) = 00(@)] < [Sney ()] + S log(e ™ )e?n(t) + IIb'Iloo/0 | Xy () = r ()| dr

In order to bound |5, (t)

Theorem 3.2. Suppose Y}, is Fiy-measurable and E(Y), | Fx—1) = 0. Set S,, = ZZ=1 Y.,
let M be a positive real number and let T,,(z) = >._, E(Yi(z)? | Fr—1). Suppose

P(|Yx| < M for all k < n) = 1. Then for all positive numbers e and b,

, we apply the following martingale inequality from [3].

2
P(S, > ¢ and T,(z) <b for somen > 0) < exp {2(:_’_@} .

We obtain the following result.

Lemma 3.3. There exists a constant dy > 0 such that, for any Ty > 0 and 0 < € < T,

—e2
P sup |Sop(@)|>€¢) <exp|——+]).
<0§t§pTo| @) ) P (50T0\/5>

Proof. We know Y;(z) is a martingale difference array. Therefore, in order to apply
Theorem 3.2 we need to find a bound on >";'_, E(Y)(z)? | Fx—1). By the definition of 3,,

1
E (Y;(2)*|Fi—1) = / H(Xi—1(z) — 0)%hy (0)d0 — B (X;—1(x))>.
Therefore,
E (Y;(2)*|Fi—1) =poc? hu(Xi—1(2)) — Bu(Xio1(2))?

n (/01 (X1 (x) — 0)2h, (0)dO — pocghy(Xil(x))> :

From the bounds in Lemmas 2.1 and 3.1, there exists a constant § > 0 such that
18,(X;_1(x))| < 6c and ) 5@ — 0)2h, (0)d6 — poc%hu(x)’ < 62 log(¢™1). Therefore, there
exists a constant 6 > 0 (possibly different to that above) such that,
E (Yi(z)?|Fil1) < dc3.

Thus,

n(t) s

> B (Yi(2)?|Fi1) < dein(t).

i=1
Using the estimates provided in Lemma 3.1, for some constant § > 0, |Y;(x)| < §+/c for all
i>0and,if0<t<Ty, X" E (Yi(2)?|Fi1) < 6Tpc?. Putting this all into Theorem 3.2,

_e?
< _——— | .
P (OSSFSPTO |[Sne (@)] > e) < exp (25(\/& +T0ﬁ)>

Therefore, if 0 < € < Ty,

—e2
P su S z)| > <e — . O
(0<t<pTo| ()] 6> =P <45T0\ﬁ)
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We now prove the main result of this section, that there exists a logarithmic time, up
to which X,,)(z) is uniformly close to v;(x) for each z € R.

Theorem 3.4. Let

Ty = 4Hb}||oo (log(c™') — 3log(log(c™))) .

Then for any € > 0,
lim P < sup | X, (2) — ()| > e) =0.

c—0 0<t<Ty

Proof. For c chosen sufficiently small,

sup | Xy (%) = ¥e(z)] < sup [Spe(x)| + 5Toc% log(c_l)
0<t<Ty 0<t<Tp

To
Wl [ sup X (@) = vu(o)lar
0 0<t<r

Therefore, by Gronwall’s inequality [4],

sup Xn<t><x>—wt<x>|<( sup |sn<t><x>|+5c%<1og<c-1>>2) elltlle=To,

0<t<Ty oot
Thus,
limsup IP ( sup ’Xn(t)(.%') - %(:E)‘ > e)
c—0 0<t<Tp
< limsup P (( sup ‘Sn(t) ()| + Sc? (log(c_l))2) S ee—lb'looTo)
c—0 0<t<To
< limsup P ( sup |Sn(t)($)| > EC% (log(cl))i)
c—0 OStSTg 2
_620% (log(c—l))%
<limsupe
S ( 400To/c
_ 2 bl 1 -1 1
= lim sup exp ( €?|b'|| o (log(c ))2) ,
c—0 50
where the penultimate line used Lemma 3.3. The required result follows. 0

4 Analysis of fluctuations

Having shown that X, (z) is well approximated by ¢;(x), it is natural to ask about
the distribution of the fluctuations. In [7] it is shown that

¢ (X (x) — i ()

converges in distribution with respect to the Skorokhod topology to the solution of a
linear SDE. For the purpose of analysing the long-time behaviour of X, () it turns out
to be more convenient to analyse the ‘pulled-back’ fluctuations

Ui (X (7)) —
For any t,s > 0, ¥y1s(x) = ¥ (¢s(x)). Therefore

7 (K@) = 7 (e (X (@))):
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Moreover, since n(t) = |t/c|, 0 < ¢t —n(t)c < ¢ — 0 and so w;_ln(t)c converges to the
identity mapping. By continuity, the pulled-back fluctuation above has the same limit as

Ve (Xn(2)) — 2

with n = n(t). We will show the fluctuations are of order ¢i. Therefore, for each fixed
z € R, let

> _1 —

Zn(z) =77 (Y1 (Xn(z)) — 7). 4.1)
For notational simplicity we will denote ®;(z) = 1; *(x). Recall the definition of py from
Lemma 2.1. Let Z;(z) be the solution to the stochastic differential equation,

dZ(x) = /po®i (Vi () v/ h (Y (2))dBy (4.2)

with Zy(x) = 0, where B; is a standard Brownian motion. The main result of this section
is stated as follows.

Theorem 4.1. The stochastic process Zn(t) () — Z(x) in distribution as ¢ — 0 with
respect to the Skorokhod topology.

Note that as the limit process is almost surely continuous, it follows immediately that
the process converges in distribution with respect to the topology of uniform convergence.
The proof will consist of showing that in the limit Zn(t)(;v) and Z;(z) share the same
finite dimensional distributions, together with an appropriate tightness argument. We
start by evaluating the finite dimensional distributions. Observe that we can rewrite the
fluctuations as the following sum,

n

Ve Xa(@)) =2 =Y (2ie(Xi(w)) = D(r-1)e(Xin1(2))) -

i=1
The following lemma identifies the leading order terms of the fluctuations.

Lemma 4.2. Set

Then, for fixed t > 0, SUPy<p,<n ()

En (x)’ — 0 in probability as ¢ — 0.

Proof. By Taylor’s theorem, there exists some reminder term R;(x) which will be bounded
below satisfying

Bic(Xi(2)) = Pli1)e(Xim1(2)) = e(Xim1 (0) (Xi(2) = Xim1 (@) + Dic(Xio1(2))e + Ri(2).
Since @, (¢ (z)) = « for every z € R, ¢ € R, taking the derivative with respect to ¢ gives
O} (¢ ()i () + D4 (1 () = 0.

By definition, 1 () = b(¢;(x)). Thus,
Dy (vy(x) = =@ (v (2))b(1())-
This holds for any « € R, so substituting ®;(X;_;(z)) in for z, it follows that
bie(Xim1(2)) = =@ (X1 (2))b(Xi 1 (z))
and so

Dic(Xi(2)) = P(i-1ye(Xio1(2) = @[(Xi—1 () [Xi(2) — Xia(2) — eb(Xi1(2))] + Ri(z).
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Recall XZ(SC) — Xi_l(l’) = K(I) + ﬂu(Xz—l(I)) SO
P (Xi(2) = P(i1ye(Xio1(2) = [(Xio1(2))Yi(2) + Ei(2),
where
Ei(x) = Ri(x) + P} (Xi1(2)) (Bu(Xica(2)) — cb(X;1(2))) -

Therefore

(t)
Zyy(z) =77 Z @) (Xi—1(2))Yi(z) + &E(x)

All that remains is to find upper bounds on the error &, (z) = ¢~ 1 i, Ei(x). The Taylor
remainder term is given by

Ri(z) = ®}.(O)(Xi(x) — Xi—1(2))? + D, (X1 (2))c?

for some ¢ between X;_;(x) and X;(z) and (i — 1)c < p < ic. Fix t > 0. Since we only
require convergence in probability, we may restrict to the high probability event

{ sup | X — ¥s(2)| < 1}.

0<s<t

By the definition of v, (x) along with the assumption that h, is twice continuously
differentiable there exists a constant § > 0, dependent only on ¢, such that |97 (¢)] < §
for all i < n(t). Therefore, using that

Xi(z) = Xi—1(z) = Yi(z) + By (Xi-1(2)),
there exists a (possibly different) constant § > 0, dependent again only on ¢, such that,
[Ri(2)] <6 ([Yi(2)* +¢?)

for all ¢ < n(t). Similarly, using Lemma 3.1, there exists a constant § > 0 (dependent
only on ¢) such that

1P} (Xi1(2)) (Bu(Xic1(2) — eb(Xi1(2))] < @ (Xi1(2)] By (Xiz1(2)) — cb(Xi1(2))]
< 6c? log(c™1).
Therefore, .
Ei(z)| < 6()Yi(z)[* + 2 log(c™1))

for some positive constant ¢ dependent only on ¢. Thus, using from the proof of Lemma 3.3
that
n(t

)
E (Y;(z)?) < sc?,

i=1
we get
E sup  |En(z)] | < dct/*log(ch).
0<n<n(t)
The result follows by Markov’s inequality. O

All that remains is to analyse the term ¢~ S D (Xim1(z))Y;(z). It is immediate
from the definition of Y; that this is a martingale. We will therefore apply the following
result of McLeish [11].
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Theorem 4.3 (McLeish). Let (X} »)1<k<n be a martingale difference array with respect
to the filtration Fy, ,, = 0(X1,n, Xo,ns .., Xi,n). Let M,, = > """ | X; , and assume that;

(1) forallp>0, > 7 X2, 1(|Xy.n| > p) — 0 in probability as n — oc.
(2) Yh_y X%, — s* in probability as n — oo for some s* > 0.

Then M,, converges in distribution to N(0, s?).
In order to use this result we establish a series of lemmas.
Lemma 4.4. For fixed t > 0,

n(t) t
DB (¢} (X @)Y 1Fica) = | @@ @)as
in probability as ¢ — 0.

Proof. As [0,t] is a compact time interval, by the proof of Lemma 3.3 it follows that

Y E (C_% (@](Xi1(2))Yi(2))” |]:k—1) ZPO/O (@4 (X (s) (@))) 2o (X (s) (@) ) ds
+ O(c? log(c™M)t).
Then by Theorem 3.4,
n(t) ) ¢
Z]E (C 7 (D (Xi—1(2))Yi(2)) |fk—1> — Po/o (@4 (%5 (2)))* oy (¥5 () )ds
in probability as ¢ — 0. O

Lemma 4.5. For fixedt > 0,

in probability as ¢ — 0.
Proof. Define
Vi) = ¢ F (@(Xima(@)Yi(@)) — B (¢} (@f(Xim1 (2))Yil@))? | Fia )

which is a martingale difference array with respect to the filtration (F;);<,. We need to
show that Z"(t) YVi(z) converges to zero in probability as ¢ — 0. By Markov’s inequality,

n(t) n(t) 2 n(t)

P> V>0 S%E PBRY :%ZEO}?).
i=1

=1 =1

Using the property that for a random variable X, E((X — E(X))?) < E(X?),

n(t) n(t)
P[0 > ) < o S B(@ (X @)Y,

i=1
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With high probability, on a compact time interval ®;.(X;_;(x)) is bounded and thus
by using the bounds from the proof of Lemma 3.3 and that for each 0 < i < n(t),
[Yi(z)| < §+/c it follows that

M\a

E((®(Xi—1(2))Yi(2))") < oc

for some positive constant § dependent on ¢. Thus, there exists a constant § > 0 such

that
n(t)

P>
=1

which converges to zero as ¢ — 0. O

By Lemma 4.5, condition (2) of Theorem 4.3 is satisfied and all that remains is to show
that condition (1) is also satisfied. We prove this in the form of the following lemma.

Lemma 4.6. For each z € R, t > 0 fixed and for all p > 0, the following statement is
satisfied.
1 ) 2 1
¢72 Y (Pie(Xima (2))Yi(w)” L™ 1 (XKoo (2))Yi(w)| > p) = 0
i=1
in probability as ¢ — 0.
Proof. Let o > 0. Then

n(t) )

Zc 3 (@K1 (2))Yi(@)* L(le™ 1 @u(Xia () Vi(@)| > p) > p

< (max |c-i<1>zc<Xi1(x>m<x)|>p)

1<i<n(t)

1 1
<-E il (X Y;
<2 (e H L (X ()]
with the second inequality following by Markov’s inequality. By Lemma 3.1, for all
0 <i < n(t), |Yi(xz)] < d/c for some positive constant §. Therefore, as on a compact
time interval @/ (X;_1(z)) is bounded with high probability, there exists a constant § > 0,
dependent on ¢, such that,

n(t)

P | 3@ 1 ) > ) > | <

Thus,
ZY 1(je™*Y;(2)| > p) = 0

in probability as ¢ — 0. O

Therefore, both conditions of Theorem 4.3 are satisfied. In order to show convergence
in distribution of the process (Zn(t) (z))¢>o all that remains is to check the covariance
structure and prove that the family of processes (Zn(t)(x))t>0 is tight with respect to ¢
under the Skorokhod topology (see, for example, [1, Chapter 3]). We know (Z;(x))¢~o has
independent increments so we start by analysing the covariance structure of (Zn(t) (7))o
in the limit.
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Lemma 4.7. Suppose 0 < t; < ty. Then

Cov (Zn(tz)(x) - Zn(h)(x)a Zn(t1)(x)) =0
asc— 0.

Proof. Set
n

Wa(z) = 5 Y " @ (Xi—1(x))Yi(x).

i=1

By Lemma 4.2,

lim Cov (Zn(tQ)(x) - Zn(tl)(x)a Zn(tl)(x)) = lE)I(l) Cov (Wn(tz)(x) - Wn(tl)(x)a Wn(tl)(x)) :

c—0

But the right-hand side is zero, using the tower law and that (Y (x)|Fx—1) = 0. O

Therefore, in the limit, the process (Z,,; ()):>0 shares the same covariance structure
as (Zy, (1) )t>0 and hence we have convergence of finite dimensional distributions. All that
remains before we can prove convergence as a process is to establish tightness.

Lemma 4.8. The family of processes (Z,)(x)):o is tight with respect to c.

Proof. It is sufficient to show that Aldous’s condition holds (see for example [1, Theorem
16.10]). Explicitly, we need to show that, for each x, and for T" > 0 not dependent on c,

. =~ > _
Jim OzttlngP (IZn(f,)(x)l > R) 0

and if 7; is a stopping time and §; converges to 0 as ¢ — 0 then,
1 Zn(ri480) () = Zn(ry (2)| = 0
in probability as ¢ — 0. By Lemma 4.2, it suffices for the first condition to show that
) n(t)
lim sup P |[|c77 Z P, (X;—1(x))Y;(z)| > R | =0.
i=1

R—oog<t<T
Since Y;(z) is a martingale difference array, by Markov’s inequality,

n(t) n(t)

P (| Y@L (Xia@)Yi@)| = R | < E |73 [ Y 0 (Xin(@)Yila)
i=1 i=1
1 n(t) .
= ﬁZE c 5((1320()(2;1(95))5/;(95))2)

So

(t)
sup P c*z;%m_l(x))mx) > R| < 5 2 B(THOLX@)Yi@)?).

By Lemma 4.4,

n(T)

1 2 T
> (7 @L X @))) < 0 [ (@) )ds < .

=1

<
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Consequently, if we take the limit as R — oo then the upper bound converges to 0 and
we have proved the first condition. For the second condition, it is sufficient to show that
for any € > 0 and for all 0 < ¢; < ty where (t2 —t;) - 0asc— 0,

limIP( su Zn T —Zn )| >e€) =0.
lim <t1<t5t2 (@) = Zn@i) ()] )

We use a similar approach to the first condition. Using the bounds provided above and
Markov’s inequality,

n(t2)
~ ~ 1 1
P (s, 1Zuy(@) - Zuy @) > €) < 5B F [ Y S )i)

t1<t<ta i=n(t1)
By taking conditional expectations and using the same arguments as above,

~ ~ 1
i - < li —t1)= =0.
ELI;%IP (tlilzgtz |Zn(t) (x) Zn(tl)(.%‘)‘ > 6) < lli% d(ta —t1) 2 0
Here § > 0 is some constant and, for the last equality, we used that (to —¢;) — 0 as ¢ — 0.
The result follows. O
5 Analysis of critical time window

In Section 3 we showed that the harmonic measure flow X,,) (z) converges to the
the solution of the ODE given in (1.3), ¢+(x), provided that

1
Aflo" o

0<t< (log(c™") — 3log(log(c™1))) .

In this section we suppose that the ODE has an unstable fixed point a,,. We show there
exists a critical time window during which X, ) (a,,) moves a macroscopic distance away
from a,, = ¥i(ay).

Fix to > 0. Our strategy will be to compare X;(a,,) to ¢1_¢,(Xk,(a,)) when ¢ is large,
where ko = n(tg). Observe that if ¢t > ¢, then, using (4.1),

Vito (Ko (@) = e (3, (Ko (@) = (@ + €7 Zp 0 (00)).

We sometimes use the expression ¢;_¢, (X, (a,)) when ¢ < ¢y. In this case, the right
hand side of the equation above can be used to interpret what we mean by this. In the
previous section we showed Zn(to) (an) = Zy,(ay,) in distribution as ¢ — 0 where Z;,(a.,)
is Gaussian with mean zero and variance given by

oo / (@ (s (@2))) 2o (165(0))ds = po / (@) () 2hy (a,)ds.

By definition we know ®,(1;(z)) = x. Therefore, by the chain rule ®}(¢;(z)) = (¢} (z))~!.
Furthermore, by the definition of v,

(o) (x) = V' (e (2) 4 (x)

with ¢} (z) = 1 and hence
¢
vite) =exo ([ 00 @)is) 6.1
0
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Set ¥'(a,) = Ay, > 0. As a,, is a stationary point,

1/)2 (au) = et

It follows that the variance of Z; (a,,) is given by,

to h ’
po/ e 2 Shy,(a,,)ds = pohy (au) (1- e~ Puto)
; 22,

For the remainder of this section we assume h,(a,) > 0 so that the variance above is
finite and non-zero. This assumption is not very restrictive because if s, (a,) = 0 we can

replace the density h, (z) with % for some small constant § > 0, which would in
turn replace b(z) with %. In particular, the fixed points remain in the same location

and share the same stability properties.

For notational convenience we will assume ZL(t) and Z; are constructed on the same
probability space. Hence, by restricting to a subsequence of ¢’s if necessary, we may
assume that the stochastic process Zn(t)(au) — Z:(a,,) in probability as ¢ — 0 with
respect to the Skorokhod topology. Furthermore, by the L? martingale convergence
theorem, Z;,(a,) — Zw(ay) in L?, and hence in probability, as ¢y — oo. It follows that
forall e > 0,

lim lim P (|Zn(t)(au) — Zoo(aw)| > e) —0.

to—0c—0

The computations in the previous sections suggest a change in the behaviour of
Xt (ay,) on a window around ¢ = ﬁu log(c™1). Thus, the remainder of this section
focuses on analysing the behaviour of Xn(t)(au) on this time-scale. In Section 5.1 we
construct a random time 77 with the property that for any fixed 0 <T' < T7,

1~
sup Xn(t)(au) — 1y (au +ct Zn(to)(au)) ‘ -0
te[Ty =T, T +T]
in probability as ¢ — 0 and then ¢y, — co. Then in Section 5.2 we analyse the stopping time
Tt and show that T} ~ 41— log(c~!) and by this time X, (a,) has moved a macroscopic
distance away from the unstable trajectory and towards a stable trajectory.

5.1 Convergence of the stopped process

The strategy for analysing the long time behaviour of X;(x) — ¢:(z) is to study the
process P} (z)(X:(z) — ¥+(z)). How this process behaves is strongly dependent on the
sign of ¥ (¢;(x)). In this section we analyse this process when ;(x) is close to the
unstable point a,, so b’(:(z)) > 0; in Section 6 we will consider the case when z is close
to a stable point, so V' (¢ (z)) < 0.

Since b(z) is twice continuously differentiable, there exists an interval (z_,z) con-
taining a, such that ' is monotone on [z_,a,] and on [a,,z] (strict monotonicity is
not required). We may assume further that x are sufficiently close to a, such that
A /2 <V (x) <3\, /2forallz € [x_, x| and

A

—x — < v
max{a, — T_, x4 au}_SHb//”oo

For each z € (z_,xy), let T(z) = inf{t > 0 : ¢,(z) ¢ [z_,2T]}. By (5.1), provided
t <T(zx), ¥,(z) is increasing in ¢ and

€>\ut/2 < wg(x) < 63)‘“t/2.

More generally, , ,
eI lloot < ngnoo < elltlloot (5.2)
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As above, fix some time ¢y > 0 and let kg = n(to). Let

I(ty, 1) = / Y (et (X (a))ds

ty

SO

»M»—l

Ui (@ + 5 Zy(z)(ay)) = 'O,

Set
g(t,y) = e 1O (y — thy_ery (X (a)))

and define the stopping time
T =inf{s >to: [g(s, Xp(s)(au))| > cte 1100},

In order to prove that | X,,(;) — ¥¢—ck, (Xk, (a,))| is small during the critical time interval,
we will need to control when v;_;, (X, (a,,)) leaves the interval [x_,x], so set

Ty =inf {t > to : Y1, (X, (an)) & [z—, 4]} (5.3)
Note that, fortg <ty <ty < T,
0< Au(tg — tl)/2 < I(tl,tg) < 3)\u(t2 — tl)/Q (54)

Our proof will require that both 7} and e/(%*) are not too large and thus we introduce a
further random time

T* = min (Tl, inf{t >ty 08 > e FY } ,c—%) . (5.5)

In this section, we will show that with high probability 7 > T}. In Section 5.2 we will
analyse 77 and show that with high probability the process 1:_, (Xk,(a.)) leaves the
interval [z_, x| before either of the other two upper bounds in the definition of 77 and
hence T} =T;.

Write

g(ne, Xp(ay)) =M(ay,n) + L(ay,n)

n—1
+ 37 (e (Wremeg (Xny (@) = I((i = Devic)) glic, Xi(an)))  (5.6)
i:ko
where
Cbu, Z e O u‘)}/z+l au)
1= kU

is a martingale term that we will show is small in Lemma 5.1 and L(a,,n) is a remainder
term which we will show is small in Lemma 5.2.

Lemma 5.1. We have

lim limIP( sup | M (ay, ())\>c4e 81(0t0)> 0.

to—00 c—0 to<t<T}

Proof. The proof uses Theorem 3.2. First, by Lemma 3.1, there exists a constant § > 0
such that, for every ¢ty <t < T} and kg + 1 < i < n(t)

le=10:(=Dy; (g,)] < se=1O20) /¢
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for sufficiently small c. Furthermore, in the previous sections we have shown for each z,
E (Yi(2)2|Fi—1) =poc? hy(Xi—1(2)) — B (Xi—1(x))?
1
+ ( / F(Xi1(z) — 0)2hy (6)d0 — pocghl,(Xil(x))) .
0

From the bounds in Lemmas 2.1 and 3.1 there exists a constant § > 0 such that
|8, (Xi—1(7))| < éc and 'fol F(x — 0)%h,(0)do — poc%h,,(a:)’ < dc?log(c1t). Therefore for
to <t < Ty and0<i<nt),
E (6—21(0,(1—1)0)3/1,(%)2‘ ]:i71) Se_ﬂ(o’(i_l)c)pocghu(Xz;l(au))
+ 6721(0’(1-71)6)5(62 + C2 log(cfl))
SZPO}LD(Xi_l(au))C%672I(O,(i71)c)

for sufficiently small c. Therefore,

n(t) n(t)
Z E<672I(0,(i71)c))/i(au)2|];~i_1) < 2p0||hu|‘oocé Z ce—21(0,(i=1)e)
i=ko+1 i=ko+1

we can approximate this sum with a Riemann integral to show

™ 2p0][h |
Z E(6—21(0,(i—1)c)}/i(au)2‘]_-iil) < pPollitvllos % —21(0,t0)
i=ko+1 Au

for ¢ sufficiently small. The result follows by Theorem 3.2. O

Lemma 5.2. Let L(a,, n(t)) be defined by equation (5.6). Then

sup  |L(ay,n(t))| < cie s 1(0%0)
to<t<Ty AT

Proof. Write g(nc, X, (a,)) as a telescopic sum,

g(ne, Xn(aw)) = p  (9((i + )¢, Xiyi(aw)) — glic, Xi(au)))

3
|

.
>
=)

3
—

(1 — "N g((i + 1)e, Xit1(aw))

i=k

30 (N (4 1) Koa () — gl X))

i=ko

o

By Taylor expanding (1 — e/ (*(i+1)¢)) the first summation can be written as

n—1
- Z I(<7’ - 1)Ca ic)g(iq Xz(au)) + Rl(auun)
i:k)o
where
n—l qu:
Ri(awn) = = Y G-I, i+ 1)0)%g((i + Ve Xt (@)
i=k}0
- I((n - 1)Ca nc)g(nc, Xn(au)) + I((kO - 1)07 k‘oc)g(koca Xko (au))
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for some 0 < ¢; < I(ic, (i + 1)c). Therefore, fort < Ty AT,

3\ €3>\”C/2 5 3 n 1 9 3
|R1(au’n(t))| < Mf cie—11(0t0) Z Z + 1 ) + 3/\uc‘ze—zl(0,t0)
i=ko

3Auc/2
< e . e~ 11 000) [ (49, ) + BA,cie 11(0t0)

- 4
3\ eMue/2 g 3\t
< u€2 6167%[(0,150) <log(c<11) o 0)

where the last inequality follows from the definition of 77
For the second term,

!0 DG (i 4 1)e, Xiga () - glic, Xi(a))
:eil(o’ic) ((Xi+1(au) - Xi(au)) - (w(i-i-l)c—cko (Xko (au) - q/}ic—cko (Xko (au)))
—e 1O (Vi (@) + B(Xi(au)) = D(Wio-ora (Xig (@) + iy, (X ()

for some ic — ckg < p; < (i + 1)c — cky. Therefore

n—1

Z (eI(ic,(i-‘rl)C)g((i +1)e, Xiv1(ay)) — glic, Xi(au)))

i=ko

=M (ay,n +Ze 09 (8, (X (au)) = cb(ic—cko (Xry (au)))) + Ra(au, n)
i=ko

where
n(t)—1
| Ra(au, n(t)] < [Iblloo]|V[lscc D ce™ 1O,

lk‘g

By approximating the summation by a Riemann integral we see that,

2115l || oo
sup  |Ra(ay,n(s))] < MCG—I(O,tO).

to<t<Ty AT Au
Set
n—1 )
Ra(au,n) = Y e "% (8,(Xi(au)) — cb(Xi(au)))
1=kg
and

au, =cC Z € —1(0i¢) ( u)) - b(wicfcko (Xko (au)))) .

lko

Using the same Riemann integral approximation as above along with the bound from
Lemma 3.1, we see that

25¢7 log(c™?
sup  |Rs(ay,n(t))| < 20¢7 oglC ) /(\)g(c )e_l(o’t").
to<t<TF AT u

Taylor expanding the expression inside the summation

a(@u, n Z e TR (1) (Xi(a) = Wic—cio (X (),

Zko
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for some p; between ©;c—ck, (Xk, (av)) and X;(ay,). Fort <TF AT

X (@) = Wie—cho (Xno (a))] = |glic, Xi(ay))|e! O < ¢zem21(000) 1 (0sic),

Therefore,
n(t)—1
sup |Ra(au,n(s))] < 1 ||locce 3100 37 ol (0ie),
to<s<t i=ko

We can approximate this sum with a Riemann integral again to reach the upper bound,

2 b// o
sup [Ra(awn(s))] < 2120

—51(0,t0) (1 (0,t)
to<s<t >\u

1
cze

. _ 1 I(0.tg)
However, since ty < t < T7, we have /(®) < ¢~3¢~ % . Thus,

2 b//
sup |Ry(au,n(s))| < wcie—%l(o,%)_
to<s<t )\u

Combining all the summations above we see that L(a,,n) = Ri(ay,n) + Ra(ay,n) +
Rs(ay,n) + Ry(ay,n). The result follows. O

Theorem 5.3. For T and T} defined as above,

lim lmP (7T >1T7)=1

to—00 c—0
and

lim lim IP sup
to—o00 c—0 to<t<Ty

Xn(t) (@u) = Ve —cro (Xig (au))’ > e—;l(o,to)> —0.

Proof. We begin by obtaining an estimate on the last term in (5.6). Observe that

|t (Vic—cko (Xko (au)) = I((i = 1)e,ic)]

b (ko (X () — / b (r—t0 (X (a2))dr

(i—1)c

</ 1 Wit (X () — B (e (i (0))] dr

(i—1)c
< Hb"nwnbuw/ lic — 1+ to — cko| dr
(i—1)c
< 2B oo bl e

where the penultimate inequality follows from the mean value theorem. Thus,

l9(t, Xy (@) < sup [M(ay,n(s))|+ sup [L(ay,n(s))|
to<s<t to<s<t

t
+ [t [loo 1]l / l9(s, Xn(s)(au)))lds.
to

By Lemma’s 5.1 and 5.2,

lim lim PP sup  |M(aw,n(t)|+ sup  |L{aw,n(t)| | > 2cie 510%0) ) = .
to—00 c—0 to<t<T AT} to<t<T AT}
Therefore by Gronwall’s inequality, if t) < ¢ < T AT then with high probability,
19(t, X (2))] < 263 e~ F1Ot0) glt=t)ellb” bl
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However, using that 77 < ¢~1/2, we have 2cies/(0:t0)glt=to)clt” bl « o3e=21(0:t0) jf
to is sufficiently large and c sufficiently small. Thus with high probability the stopping
time 7 # T A1} and

lim limIP< sup

to—00 c—0 tOStSTl*

Xn(t) (au) - q/}t—to (Xko (au))| > 6;1(0’t0)> =0.

5.2 Convergence of the stopping time
The aim of this section is to analyse 77" and show that with high probability it is close
to - log(c™!) plus an error term which is tight in c.
Theorem 5.4. For T and T}, defined in (5.3) and (5.5) respectively,
lim lim P(Ty =Ty) = 1.

tg—o0 c—0

Moreover, for any ¢ > 0 there exists a constant i > (0 such that

1
Ty — ——log(c™h)

lim lim PP
im lim ( .

to—o00 c—0

>ﬁ><e.

Proof. Since Z(a,) is a Gaussian with mean 0 and finite non-zero variance it follows
that for every € > 0 there exists a constant C. > 0 such that

1 €
P 4 — 1——. 7
(c€<| oo<au>|<ce) SE- (5.7)

But we know that Z;,(a,) = Zo(a,) in distribution as ¢ty — oo, thus if ¢y is sufficiently

large then,
1 2¢
P (CE <|Zgy(an)| < Oe> >1-— 3
Moreover, by Theorem 4.1, Zn(to)(au) — Z,(ay,) in distribution as ¢ — 0, thus if ¢ is
sufficiently small then,

P (CE < Zna) ()| < cl*) >1—e (5.8)
Note that C. is only dependent on the choice of € and not on ¢ or ¢y. For the remainder of
the proof, we will assume that we are on the event {C, < Zn(to)(au) < C7'}; the negative
case is similar. We will show that on this event, provided c is sufficiently small and ¢,
is sufficiently large, T} = T; and T — i log(c~1) lies in some interval which does not
depend on c or tg.

By construction of z, b’(x) is monotone on [a,,, z]. We will first establish the results
in the case when V/(z) is decreasing. By Taylor expansion,

Vi (aq, + C%Zn(to)(au)) = i(au) + 1/12(77)ciZn(t0)(au)

= Qy + 7/12(77)6 Z’ﬂ(to)(a’u)

for some a,, <N < a, + ci Zn(to)(au). By (5.1), and using that ¢(z) is increasing in z, if
t < T, then
1~
"D = gi(ay + c1 2y (au)) < 4(n) < Yy(ay) = et

and hence
ay + eI(OJ)CiZn(tO)(au) < 1pi&(a«u + C%Zn(tg)(au)) <ay,+ e)\utcign(to)(au) (59)
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It immediately follows from the right-hand side that

T+
250 o 1 = ay)C). 5.10
1 Au 0og <C4Zn(t )(au)> T4\, ( ) Og((ag+ a ) ) ( )

The left-hand side, together with the bound that e/(®Y) > ¢*«?/2 for ¢t < T3, gives the
crude estimate

Ty < oy og(e™) + log(ry — ,)/C) < 2

for ¢ sufficiently small and hence we can discard the 2 upper bound in the definition
of T in (5.5). Now suppose that there exists an ¢y, < ¢ < T} such that e/t > cie™ Y
then, using the left-hand side of (5.9) again,

1(0, fo)

ay + e Ce < 24.

1(0,tg) x
However, as ¢ — 0, ¢~ 5 — e~ 5, leading to a contradiction when t, > /\ log((z4+ —

a,)/C.) and so, provided c is sufﬁ01ently small and ¢, is sufficiently large, T1 Ty
Now we show that, as ¢ — 0 and o — oo, 77} is within a compact time of 5— log( -1,
The lower bound follows by equation (5.10) so we just need to find the upper bound.
Taylor expanding around a, gives

1=~ l 1~
ay + €'t Zy o) (@) + 97 (0)2 Znrg) () = 1 (“u teiz (to)(au))

with a, < p < a. + ci Zn(to) (a,). By differentiating the expression in (5.1) we get

ﬂm:wmwlb%%u»@um&

Since V' is decreasing, b’(z) < 0 and V/(z) < A, for = € [ay,z+]. Furthermore if ¢ < T}
then ¢;(p) € [a.,z+] and hence ¥/,(p) < e*«t. Therefore

t "
0< _wgl(p) < Hb//” e)\ut/ €>\u6d8 < || )\” €2>\ut
0

U

and so

~ b”oo 1~ 1~
4164 2y ) — 5= T, @) < (0t A ()

Now take t = 4/\ log(c™t) + —l og (M) Then the left-hand side is equal to
n(tg) (Qu
416" oo

1||b//||00
U 2 - w) N
ay +2(x4 — ay) N 3

u

(@ =0 =y (o~ ) 1 (o1 =) > o

where the final inequality used the assumptions made on z, at the beginning of Sec-
tion 5.1. It follows that

1 _ 1 2(x4 — ay) 1 2(xy — ay)
Ty < —log(c™!) + —log <~> < log(c™) + — log <
4\, Ay Znto) (@) 4y Ay C.

as required.
We now do the case when ¥'(z) is increasing. Using a similar argument to that used
to establish (5.9), we have

ay + €>\ tc4Z (to)(au) < wt(au +C4Z (tg)(a’u)) < ay + eI(O t)c4Z n(to )(a’u)
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From the left-hand side

T < — log (IJ”> — log( Y 4+ log((24 — ay)/C.) < ¢~ 1/? (5.11)
)\u c4 Zn(to) (au)

for c sufficiently small and hence we can discard the 2 upper bound in the definition

of T7 in (5.5). To show that 71 =T}, consider the Taylor expansion

Zn(to)(au))

= wt (au +C4Zn(t0)(a’u)) % n(tg)(au)'l/}t (au +c* Zn(to)(au)> + w ( ) 2 n(tg)(au)z

e

Ay = Py (au +ciZ n(to)(@u) — ¢

for some p € [ay, a, + C%Zn(to)(au)]. As above,

t
@) = vita) [ V@)l ads.
Hence, using that b”(z) > 0 and ¥/ (x) > A, for = € [ay, z4],

1/ 1/
IIb Hoo IIb Hoo

/!
IIb IIOO

0 <dy(e) < (= )/O (s (@))pi()ds = (@) (h(2) — 1) < = i(x)’

Using that 1/)2(:5) is increasing in x and that

wt(au + c4Z (to)(au)) = eI(O,t)7

we have

. 19"l 210
0< () < 5
u

Rearranging the Taylor expansion gives

1~
Ty > wt(au + C4Zn(to)(au))

l ]. 1
= @y + ¢ Zn (o) (@)} (au + €T Zp sy (an)) — B 7 (p)C? Zn (1) (au)?

V"o
Zn(to)(au)el(o,t) ||2)\|| 2](0#)622( )( )2.

NG

> Ay +C

. (0,t9)

Now suppose that 71 # T} so there exists some ¢ < T} such that el0t) > c*iel =
. (o, .

Then, using that eI wo — 00 as ¢ — 0 and then ty, — oo, for ¢ sufficiently small and ¢,

sufficiently large, there exists some (possibly different) ¢t < 77 such that

l0t) _ 9.~1/4 L4+ —

Zn(to)(au)
But then
2|
re > a4 2es —a) - A2 g, g2
2[10']| oo
=z4+ (24 — ay) <1 — H/\H (x4 — au)>

> zy + (T4 —au)/2 > 4y,

where the last line used the assumptions made on =4 at the beginning of Section 5.1.
This gives the required contradiction and so 77 = 7}. Note that we have also proved the
stronger statement
Ty —a
sup el (Ot < 914 2+~ Tu
t<Ty Zn(to) ()
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It remains to show that, as ¢ —+ 0 and ¢ty — oo, 77 is within a compact time of
ﬁ log(c™!). The upper bound follows by equation (5.11) so we just need to find the
lower bound.

By Taylor expanding around a,,,

1= 1z 1
d)t (au +c* Zn(to)(au)) < ay+ e/\utcél Zn(to)(au) + 1/)2/(p)02 Zn(to)(au)2

with a, < p < a. + ci Zn(to)(au). Exactly as above, if t < T}

2
0 < v(p) < Wl aroy AV N o (4 —
/\u >\u Zn(to)(au)

and hence, using that Zn(to)(au) <1/C.

- 4 b//
Uy (au + ciZn(to)(au)> < ay+ ekutcice—l + W(m_ ~aw)

Now take t = ﬁ log(c™1) + A% log (%) Then the right-hand side is equal to

816"l oo
A

U

1 411"
ay + (x4 —ay) + LA[ES

1
2 (@ ay)? =y — 5 (@4 — au) (1 a

(xy — au)> < T4

It follows that

1 _ 1 (x4 — ay)C,
T > —1 1 iy | At T Puje
12y, sl )+ 5 Og( 2 )

as required.
Therefore we have shown that

=~ 1
lim lim P(7Ty =77) > lim lim P <C’6 < | Zn(to)(au)] < C’) >1—e

to—o00 c—0 to—o00 c—0

Since this holds for all € > 0, the first part of the theorem follows.

For the second part, set
= ]- - Gu € 2 - G
T = max {A log <<x+2a>0> log <@+Ca>> ’} .

u

1
’ >\u

Then the analysis above shows that

. . * 1 —1 - . . ~ 1
Ji t e (|77 - os(e™)| <T.) 2 it (€< (ol < ) 21
as required. O

6 Convergence of the whole trajectory

In this section we prove our main result that

sup Xn(t) (au) — 1y (au + CiZoo("Ju))‘ —0
t€[0,00)

in probability as ¢ — 0.

As b(x) is periodic with period 1, a, — 1 and a, + 1 are also unstable fixed points.
Since fixed points of real valued ODEs alternate between being stable and unstable,
there exist stable fixed points a} and a; such thata, — 1 < a; < a, < af <a, +1and
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we assume that o are chosen so that there are no other fixed points in the interval
(a5, af).

The next two theorems extend the results from the previous sections to summarise
the behaviour of the trajectory up to the end of the critical window, by which time the
trajectory will have moved away from the unstable point towards one of the stable points.
We finish by showing that that once the harmonic measure flow gets close enough to one
of the stable fixed points, it remains near the stable trajectory for all time.

Theorem 6.1. Let T > 0 be fixed. Then for any ¢ > 0

lim lim IP < sup ‘Xn(t) (au) - wtfto (Xkro (au)) | > 6) =0.

to—00 c—0 togtgﬁlog(c’l)-i-T

Proof. We shall show that

to—o00 c—0 to<t<TF+T

lim lim P ( sup [ X (@) — Vi—ty (X, (au)) | > e) = 0.

The result then immediately follows by applying Theorem 5.4. In fact, we only need
to consider the case when T} < t < T} + T since the case typ < t < T} follows directly
from Theorem 5.3, using that e—21(0%) can be made arbitrarily small by taking ¢y large
enough.

Recall the construction of X,, from Section 2 which corresponds to saying

_ L

Xalr) = 5.5

log(T", (e%iz )

where T, (z) = ¢, () = f; ' o-- 0 f{ ' (2). Forn >k, let

Lok(z) = frlo-ofili(x)

so I, o = I';,. We can therefore construct in exactly the same way

1 T
Xnk(r) = % log (L 1 (€™)).

Since 'y, =T molp i fork <m <mn,
Xn (@) = X 1o (Xi(2))-

For Ty <t <71}V +T,

Xowy(au) = Xnnery) (Xnery)(aw)) -
Therefore,
| Xty () = Yi—tg (Ko (@u))| < | Xngeyn(ry) (Xn(ry)(au) = Y-ty (Xnery)(au))]
+ |-z (Xneryy (au)) — e—rr (7 —t0(Xn, (au)))] -

We note that X, ;, and X,,_; are measurable with respect to different o-algebras depen-
dent on the choice of angles but are equal in distribution. Therefore, we can apply a
version of Theorem 3.4 to show that for any ¢ > 0 and fixed 7" > 0,

lim sup P < sup | Xy n(ry) (Xnry)(aw)) = Yeerr (Xnery)(au)) | > 6) =0.

c—0 Ty <t<T;+T
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For the second term,

sup |y (Xnryy(au)) = Ye—my (Vry —40(Xiy (au)))]
Ty <t<Ty+T

< sup ng—Tl* ll oo ’Xn(Tf)(au) - wafto (Xko (GU))‘

Ty <t<Ty+T
< el | X, ey (@) — Yre —ty (Ko (au))|

where the last inequality follows by equation (5.2). Therefore, by Theorem 5.3,

P( sup [y (Xugrp (@) — oy (1o (X, <au>>)|>elb’loef%f«»tw)w
Ty <t<T}+T

as ¢ — 0 and then ¢ty — co. As T' > 0 is fixed, for any € > 0 we can choose ¢y large enough
such that 0 < el l=T¢=31(0.%0) < ¢ whence the result follows. O

Theorem 6.2. Let T > 0 be fixed. Then

sup Xn(t)(au) — (au + C%Zoo(au)) ‘ —0

OStﬁﬁ log(c—1)+T

in probability as ¢ — 0.

Proof. By Theorem 3.4,

sup | Xo(t)(au) — Ye(aw)| — 0
0<t<to

in probability as ¢ — 0. But also, by the mean value theorem,

< sup  sup  p(x)ct|Zoo(a,)] = 0
0<t<to a7 <z<al

sup 1/%(% + C% Zso (au) - wt(au)
0<t<to

in probability as ¢ — 0. Hence

sup
0<t<to

Xao(an) = 1 (au + ¢4 Zao(au) )| = 0

in probability as ¢ — 0. It therefore suffices to consider the case when t > ¢.
We split

Xogoy(au) = (0 + ¢ Zoo(aa) )| <[ X (@0) = 1 (a0 + ¢4 Zugu () )|

+ | (a“ + C%Z”(to)(QU)) — (au + C%Zoo(au)) ’ .

The result above gives that

Sup ‘Xn(t)(au) — (au + C%Zn(to)(au))‘ —0

to <t§ﬁ log(c—1)+T
in probability as ¢ — 0 and then ¢y — co. Hence, all that remains to show is that

sup
to<t< ﬁ log(c=1)+T

(o (au +ci Zn(to)(au)) — (au +ci ZOO(au))‘

also converges to 0 in probability.
Let

Ty = inf {t >0: Yy (au + C%Zoo(au)) g [x_,a:+]} .
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By exactly the same arguments as those used in the proof of Theorem 5.4, for each € > 0
there exists some constant 7, > 0 such that

1
Ty — — log(c_l)

lim lim P
im lim ( .

to—o0 c—0

> Te> <e.
Set
A= [au 4t/ (Zn(to)(au) A Zoo(au)) ay + M/t (Zn(to)(au) v Zoo(au))} .

It also follows from the proof of Theorem 5.4 that for each € > 0 there exists some
constant C. > 0 such that

lim lim P < sup sup ¢ (z) > Cl/4ée> <e.

to—o0 c—=0 t<TiAT> zEA

Hence, on the high probability event

{

ifzeAand Ty ATy <t < g—log(c™) + T,

1

T NTy — 5y

log(c™h)

Si}ﬁ{ sup Supwi(ﬂf)éc_l“ée},

t<Ty AT, z€EA

1/)£(x) = w'lfl/\T2 (I) €Xp </t b,(ws(I))dS) < 071/4566”b,“°°(T+T<),

TiNT>

By the mean value theorem,

Zn(t0)<au) - Zoo(au) .

e (0t 4 Zugag (@) ) =t (a0 Zolan) )| < sup (o)t

Therefore

sup ‘7/% (au + Ci Zn(to)(au)> — (au + C% Zo (au)) ‘
<qay log(e™)+T

~

<C,

Zn(to)(au) — Zoo(au)

Znto) (@) = Zig ()| + CeelV1=(T4T)

, _
oIV lloe (T+72)

)

eVl (T+T0)

IN

Zio(an) = Zoo(aw)| -

By our assumptions at the start of Section 5, Zn(to)(au) — Zy,(a,,) in probability as ¢ — 0
and Z;,(ay) = Zso(ay) in probability as to — co. As a result,

sup
O<t<ﬁ log(c—1)+T

(on (au + Cizn(to)(au)) — 1y (au +ci Zoo(au)>‘ -0

in probability as ¢ — 0 and then ¢y — 0. O

Finally we prove that once the harmonic measure flow gets close enough to the stable
point it remains close to the stable trajectory for all time.

Theorem 6.3. Suppose a; is a stable fixed point of i, (x) with b'(as) = As < 0. Let x be
chosen sufficiently close to as that 3\s/2 < b (y) < \s/2 for all y in the interval between
x and as. Then for any € > 0,

Jim P ( sup | Xngoy(@) — o (2)] > e) 0.

c—=0 0<t<oco

EJP 28 (2023), paper 75. https://www.imstat.org/ejp
Page 29/32


https://doi.org/10.1214/23-EJP964
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Anisotropic growth on log time

Proof. The proof uses very similar methods to those in Section 5. As a result, just an
outline of the main steps is provided.
Set
ta
I(t1,t2) ;:/ Y (s (x)ds.
t1
By the stability of a, and the assumptions on z, b'(¢1(z)) < As/2 for all ¢ > 0, so

A~

I(tl,tg) < /\S(tg — tl)/2 < 0. Let

h(t,y) == e 10D (y —yy(x)).

Write
h(ne, X, (z)) = J/M\(as,n) + E(as,n) + i (Cb/(llh'c— (z)) — f((i — e, z'c)) h(ic, X;(x))).

(6.1)

where M(a,,n) = Y7 e~ 1(0i9)Y; (2) is a martingale term and L(a,,n) is a reminder
term, analogous to those in (5.6).
Define the stopping time

To = ir;%{r Xy (@) = ¥ (2)] > s},

By the same argument as Lemma 5.2,

sup \E(as,n(r)ﬂ < c5e108)
0<r<tAToH

The difference in the upper bound from that in Lemma 5.2 results from the change of

sign of ' near the stable point, which means —7(0, r) is maximised by taking r as large
as possible. Using a similar method to that in Lemma 5.1,

P ( sup \M\(as,n(rm S i log(cl)ef(o,t)> -0
0<r<t

as ¢ — 9 Then, by equation (6.1), on the high probability event defined above, if
0<t< Ty

N n(r)—1
[t Xngo (@)] < 265 7TOD 4 sup | 57 (e (iel@)) = TG = V)esie) ) b (ic, Xi(@))|
0<r<t| 5

As in the proof of Lemma 5.3
et (ie(@) = I((i = Desie)| < 8 o oo

Using that [h(s, X,,(5))| < M/6e=10) for all s < Ty, if 0 < t < Ty then

n(r)—1
sup Z (cb’(i/)ic(x)) —I((i — 1e, zc)) h(ic, X;(x)))
0<r<t i—0
n(t)—1 R
< cF [V oo blloc Y ce O
=0

268 0" | bl oo fy (= (¢a()))eTO)ds
- |As|

265 |1 [|oo Bl o€~
- |As]
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Therefore, if 0 <t < fo, for ¢ sufficiently small, with high probability,
| Xy (@) = e (2)] < e

and thus with high probability, the stopping time fo never occurs. Hence,

lim lim P ( sup | X, (2) — ¥ (z)| > e) =0.

c—0t—o00 0<r<t

Let ©; be the event,
Q= { sup ’Xn(r)(x) — Yy ('T)| > 6}

0<r<t
where t is an integer. Since the events {{)},., are increasing in ¢ it follows that
limy o0 P ( Ui:l Qr) = ]P( Uz, Qr). Therefore

lim IP ( sup | Xy (2) — ¥ (2)] > e) =0. O
c—=0 0<t<oco

Theorem 6.2 shows that when 0 <t < ﬁ log(c™!) 4+ T the harmonic measure started
at the unstable point X,,;)(a.,) moves a macroscopic distance from a, towards either a_
or a}. Once at this macroscopic distance the process will remain close to the trajectory
started at ¢, (au + i Zoo (au)> which will converge towards the stable point asi. However,
by Theorem 6.3 once the process gets close to the stable point it will remain close to
the ODE trajectory starting from that point for all time. Therefore, we can deduce the
following corollary.

Corollary 6.4. Foralle > 0

lim P ( sup ‘Xn(t) (ay) — ¢ (au + C%Zm(au))‘ > e) =0,
c—=0 0<t<oo

. . . . . h .
where Z..(a,) is a Gaussian with mean 0 and variance given by %(““)
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