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Investigation of Inter-Turn Short-Circuit Fault of 
PM Machines using PWM Voltage-based Modeling 
 

Y. Qin, Student Member, IEEE, G. J. Li, Senior Member, IEEE, C. J. Jia, and P. McKeever

1Abstract—This paper aims to develop an analytical fault model 

based on PWM voltages for permanent magnet (PM) machines 

with inter-turn short-circuit fault. Using PWM voltage-based 

modelling is mainly because the PM machines are commonly 

driven by PWM inverters. This model is more accurate compared 

to the ones that use sinewave voltages as inputs as the latter neglect 

the PWM harmonics in the fault current. However, the 

investigation in this paper showed that, depending on the DC bus 

voltage and switching frequency, the PWM harmonic component 

could be more than 50% of the fundamental component in the 

fault current, therefore, cannot be neglected. Based on this 

developed fault model, the characteristics of the fault current have 

been explored first, which revealed that the back-EMFs mainly 

contribute to the fundamental component of the fault current, 

whilst the PWM voltages not only affect its fundamental 

component but also the PWM harmonics. Secondly, the factors 

such as DC bus voltage, switching frequency, number of short-

circuited turns and different coil connections affecting the PWM 

ripple components in the phase current and the fault current have 

also been investigated. Finally, the MATLAB/Simulink 

simulations based on the developed fault model have been fully 

validated by a series of tests. 

Index Terms—Fault modelling, inter-turn short circuit fault, 

parallel/series coils, PM machines, PWM ripple current. 

I. INTRODUCTION 

ue to their excellent performances such as high 

torque/power density and high efficiency [1], permanent 

magnet (PM) machines have received more and more attention 

both in academy and industry. In addition, thanks to the 

significant improvement in the machine design, control 

performance and manufacture, PM machines are being widely 

employed in the safety-critical applications, e.g., offshore wind 

power and aerospace [2]. For such applications, fault tolerant 

capability is also pivotal as without it, a local fault might 

escalate and potentially lead to a total system failure. From the 

existing literature, it is known that faults in the PM machines 

can be classified into two main categories, i.e., mechanical and 

electromagnetic faults [3]. Amongst all these faults, the inter-

turn short circuit (ITSC) fault is often regarded as the 

commonest and the worst fault, which accounts for 30-40% of 

total failures [4]. Factors such as electrical loading, thermal 

stress and environmental contamination attribute to the winding 

insulation degradation, which will eventually lead to ITSC fault 

[5]. Machines with ITSC fault can generate very large fault 

current, which may be 30 times of the rated current because of 

its low impedance in the faulted circuit loop. As a result, such 
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high fault current in the faulted turns can lead to local 

overheating and will further damage the winding insulation, 

leading to an entire phase breakdown [6]. In addition, this large 

fault current could also lead to the irreversible demagnetization 

of PMs [7], [8]. As the ITSC faults pose serious risks to the 

reliability of the PM machines, extensive research has been 

carried out in both academia and industry to find effective ways 

of coping with them. To this end, fault modelling has been 

deemed critical as it allows predicting the machine behavior and 

performance under ITSC faults. In addition, it can also provide 

theoretical support required to evaluate the consequences 

caused by this severe fault. Furthermore, to some extent, 

accurate fault models can help develop adequate fault 

diagnostic methods [9] [10] and fault mitigation strategies [6] 

[11]. 

Given the importance, numerous works focusing on fault 

modeling have been presented in the literature, and the fault 

modelling methods are often divided into two main categories 

such as analytical approach and finite-element method (FEM). 

In general, the former requires much less computation time but 

suffers from relatively lower accuracy than the latter. In [12], a 

general analytical model with ITSC fault for multiphase fault-

tolerant PM machines has been developed, in which a novel T-

type equivalent circuit has been adopted. In [13], based on the 

principles of magnetically coupled circuit theory, 

electromechanical energy conversion, and reference frame 

theory, a mathematical model for an interior-mounted line start 

PM machine with ITSC fault was developed. In [14], a dynamic 

model for the surface-mounted PM machines with ITSC fault 

has been established using two dq-synchronous reference 

frames (positive and negative sequence frame). However, for 

the multipole machines, this fault model is less accurate since it 

neglects the flux coupling between the faulted coil and the other 

healthy coils in the same phase. An improved fault model for 

series/parallel coils considering the flux coupling between the 

faulted coil and the other healthy coils in the same phase has 

been derived in [15]. In [16], the classical d- and q-axis theory 

was employed to derive the parametric model of PM machines 

under ITSC fault. However, this proposed fault model 

neglected the effects of space harmonics, and an improved 

model considering the space harmonics was presented in [17]. 

In addition to the above analytical approach, researchers also 

continuously explore the possibility of developing fault models 

using direct FEM approach due to its excellent accuracy in 

predicting the electromagnetic performance of the electrical 

machines [18-20]. As a trade-off between the computation time 
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and the accuracy of the fault model, a new semi-analytical 

model for interior PM (IPM) machines with ITSC faults has 

been developed [21]. In [21], the transient model of the IPM 

machines with ITSC faults used the dq-axis flux linkage map 

obtained from FEM model in healthy condition and the 

analytical equations under the ITSC fault condition. Therefore, 

it combined the advantages of both the analytical and FEM 

approaches.  

It is worth noting that all the models mentioned above used 

sinewave voltages as inputs to the electrical machines, which 

cannot fully account for the effects of PWM harmonics in the 

fault current. However, the investigations in this paper showed 

that the dominant PWM ripple component in the short-circuit 

current could reach more than 50% of the fundamental 

component. In this case, using the aforementioned fault models 

in the literature would seriously underestimate the short-circuit 

current and the extra copper loss (and thermal stress) introduced 

by the PWM ripple component in the faulted turns. To address 

these shortcomings, this paper proposes a more accurate fault 

model considering the effects of the drives by using the PWM 

voltages as inputs to the PM machines. Based on the developed 

fault model, the characteristics of fault current can be 

comprehensively investigated. In addition, the developed 

model can be used to explore the factors such as the DC bus 

voltage, switching frequency, number of short-circuited turns 

and different coil connections that affect the PWM ripple 

component of the fault current. This has rarely been studied in 

the literature and will be the main novelty and contribution of 

this paper.  

The rest of this paper is structured as shown in Fig. 1. In 

section II, a PWM-voltage based model for PM machine under 

ITSC fault is developed, which has been validated by a series 

of experiments. In section III, the factors such as back-EMF and 

PWM voltages contributing to the fundamental component of 

fault current have been investigated. In section IV, the 

contributors such as DC bus voltage, switching frequency, 

number of short-circuited turns and different coil connections 

to the PWM ripple component of fault current are discussed. 

Finally, some conclusions are drawn in Section V. 

 
Fig. 1 Flowchart summarizing the structure of this paper. 

II. MODELING OF MACHINES WITH ITSC 

A schematic representing a PM machine driven by a 3-phase 

voltage source inverter (VSI) is shown in Fig. 2. The signals 

output from the inverter, which are the inputs to the PM 

machine, are labeled as VdslA, VdslB and VdslC. They represent the 

PWM voltages of the 3-phase windings. As example, each 

phase of the investigated PM machine has two coils connected 

in parallel. However, it is worth noting that the model 

developed in this paper can be easily extended to other number 

of parallel connected coils and also coils connected in series. 

Coils connected in parallel can reduce the back electromotive 

force (EMF) per phase, which is often used in kW level PM 

machine as an effective way to increase rotor velocity under a 

certain voltage level [22]. The results of PM machines with 

parallel coils will be compared against the ones with series coils 

in section IV.E. 

It is observed from Fig. 2 that a1, a2, b1, b2, c1 and c2 

represent the coils of the 3-phase windings, ia, ib and ic are the 

3-phase currents. For the analyses in this paper, it is assumed 

that the ITSC fault occurs in a1 coil. Here, ip1 and if (fault current) 

denote the current flowing through the remaining healthy turns 

and the faulted turns in a1 coil, respectively, and ip2 is the 

current in coil a2. Rf is the contact resistance and vn is the 

common mode voltage. Under healthy condition, the 

relationship between ia, ip1 and ip2 is ip1 = ip2 = ia/2. However, 

this is not the case when an ITSC fault occurs since the 

impedance of the remaining healthy turns of the coil a1 is not 

equal to that of the coil a2. It is worth noting that this paper 

focuses on analyzing the full short circuit stage. Therefore, the 

short-circuited turns and healthy turns are in two separate 

electrical circuits with zero contact resistance. The parameters 

for this investigated machine are given in TABLE I, which will 

be used for the analyses in the following sections. 

 
Fig. 2 PM machine with parallel coils under ITSC fault in phase A. 

TABLE I PARAMETERS OF THE HEALTHY PM MACHINE UNDER THE 

HEALTHY CONDITION. 

No of phases 3 Phase resistance (mΩ) 112 

No of poles 8 Phase inductance (μH) 67.5 

No of slots 6 Cable resistance (mΩ) 60 

No of turns per coil 24 Cable inductance (μH) 0.6 

PM flux (mWb) 2.972 Contact resistance (mΩ) 0 

A. Development of the Fault Model 

In this paper, unless specifically highlighted, the PWM 

ripple current refers to PWM ripple component in the fault 

current. The equation describing the relationship between 

voltages and currents under ITSC fault can be written as (1), 

which is developed by using the PWM voltages as inputs to the 

PM machines. As a result, the impact of the drives on the fault 

performance such as the PWM ripple current can be accounted 
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for. Compared with the fault model in [15], (1) also considers 

the effects of common model voltage, which exists at the 

neutral point and cannot be neglected. In addition, to obtain a 

more accurate fault model, (1) accounts for the influence of the 

cable resistance (RCable) not their inductances (Lcable). This is 

because the cables mainly exhibit a resistive characteristic and 

their inductances are significantly smaller than the total self-

inductance of each phase, as shown in TABLE I. It is worth 

noting that based on the measured parameters, as listed in 

TABLE I, and the fault ratio (x), the elements in matrix L and 

R can be obtained according to the work presented in [15]. 

𝑳 𝑑𝑑𝑡 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  = [   
 𝑣Adsl𝑣Adsl𝑣𝐵𝑑𝑠𝑙𝑣𝐶𝑑𝑠𝑙0 ]   

 − 𝑹 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  − [  
  𝑒𝑎ℎ𝑒𝑎𝑒𝑏𝑒𝑐𝑒𝑎𝑓]  

  − [   
 11110]  
  𝑣n (1) 

with  

𝑳 = [  
  𝐿𝑠11 𝑀𝑠12 𝑀𝑠13 𝑀𝑠14 𝑀𝑠15𝑀𝑠21 𝐿𝑠22 𝑀𝑠23 𝑀𝑠24 𝑀𝑠25𝑀𝑠31 𝑀𝑠32 𝐿𝑠33 𝑀𝑠34 𝑀𝑠35𝑀𝑠41 𝑀𝑠42 𝑀𝑠43 𝐿𝑠44 𝑀𝑠45𝑀𝑠51 𝑀𝑠52 𝑀𝑠53 𝑀𝑠54 𝐿𝑠55 ]  

    (2) 

and  

𝑹 = [  
  𝑅𝑠11 + 𝑅𝑐𝑎𝑏𝑙𝑒 𝑅𝑐𝑎𝑏𝑙𝑒 0 0 0𝑅𝑐𝑎𝑏𝑙𝑒 𝑅𝑠22 + 𝑅𝑐𝑎𝑏𝑙𝑒 0 0 00 0 𝑅𝑠33 + 𝑅𝑐𝑎𝑏𝑙𝑒 0 00 0 0 𝑅𝑠44 + 𝑅𝑐𝑎𝑏𝑙𝑒 00 0 0 0 𝑅𝑠55]  

  
 

(3) 

where Rs11 is the healthy winding resistance of coil a1. Rs22 is 

the resistance of the coil a2. Rs33 and Rs44 are the resistances of 

the phases B and C. Rs55 is the resistances of the faulted turns in 

the coil a1. eah and eaf represent the back-EMF of the healthy 

and faulted turns in the coil a1, ea, eb and ec represent the back-

EMFs of the phases A, B and C, respectively. Ls11 and Ls55 are 

the inductances of the healthy and faulted turns in the coil a1, 

Ls22 is the self-inductance of the coil a2, Ls33 is the self-

inductance of phase B and Ls44 is the self-inductances of the 

phases C. Ms12 and Ms21 are the mutual inductances between the 

healthy turns of the coil a1 and the coil a2, Ms13 and Ms31 are the 

mutual inductances between the healthy turns of the coil a1 and 

the phase B, Ms14 and Ms41 are the mutual inductances between 

the healthy turns of the coil a1 and the phase C, and Ms15 and 

Ms51 are the mutual inductances between the healthy and faulted 

turns of the coil a1. Ms23 and Ms32 are the mutual inductances 

between the coil a2 and the phase B. Ms24 and Ms42 are the 

mutual inductances between the coil a2 and the phase C. Ms25 

and Ms52 are the mutual inductances between the coil a2 and the 

short-circuited turns of the coil a1, and Ms34 and Ms43 are the 

mutual inductances between the phases B and C. Ms35 and Ms53 

are the mutual inductances between the phase B and short-

circuited turns of the coil a1, and Ms45 and Ms54 are the mutual 

inductances between the phase C and the short-circuited turns 

of the coil a1. 

For PM machines, the inputs are the PWM voltages, the 

outputs are the phase currents, and the common mode voltage 

is an intermediate variable. Therefore, it is necessary to derive 

vn from (1), which is represented by the PWM voltages and the 

currents, as described by (4). With (4), (1) can be further 

derived as (5).  

𝑣𝑛 = 14 [   
 11110]  
  𝑇
{  
  
[   
 𝑣𝑑𝑠𝑙𝐴𝑣𝑑𝑠𝑙𝐴𝑣𝑑𝑠𝑙𝐵𝑣𝑑𝑠𝑙𝐶0 ]   

 − 𝑳 𝑑𝑑𝑡 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  − 𝑹 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  − [  
  𝑒𝑎ℎ𝑒𝑎𝑒𝑏𝑒𝑐𝑒𝑎𝑓]  

  
}  
  

 (4) 

And 

𝑷𝟏𝑳 𝑑𝑑𝑡 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  = 𝑷𝟏 [   
 𝑣Adsl𝑣Adsl𝑣𝐵𝑑𝑠𝑙𝑣𝐶𝑑𝑠𝑙0 ]   

 − 𝑷𝟏𝑹 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  − [   
 1 − 𝑥 0 01 0 00 1 00 0 1𝑥 0 0]  

  [𝑒𝑎𝑒𝑏𝑒𝑐] 
(5) 

with  

𝑷𝟏 =
[  
   
   
34 −14 −14 −14 0−14 34 −14 −14 0−14 −14 34 −14 0−14 −14 −14 34 00 0 0 0 1]  

   
     (6) 

and 

[  
  𝑒𝑎ℎ𝑒𝑎𝑒𝑏𝑒𝑐𝑒𝑎𝑓]  

  = [   
 1 − 𝑥 0 01 0 00 1 00 0 1𝑥 0 0]  

  [𝑒𝑎𝑒𝑏𝑒𝑐] (7) 

where x = Nfault/N is faulted turn ratio of the coil a1, and Nfault 

and N are the number of faulted turns and the total number of 

turns of the coil a1, respectively. 

Since the matrix P1 is a singular matrix, no inverse matrix 

can be obtained, meaning that the currents in (5) will not have 

unique solutions. To solve this problem, new current and 

voltage vectors have been constructed to reduce the order of the 

system from five to four. This has been described in detail in 

the APPENDIX. It is worth mentioning that the last rows of 

matrices in (A4), (A5), (A6) and (A7) are all equal to zero, 

meaning that the value of i0 is equal to zero. As expected, the 

order of the system has been successfully reduced by one. As a 

result, (A3) can be simplified to (8). Based on (8) and (A2), (1) 

can be derived as (9). 

𝑳𝟒×𝟒 𝑑𝑑𝑡 [  
 𝑖𝛼𝑖𝛽𝑖𝛾𝑖𝛿]  
 = −𝑹𝟒×𝟒 [  

 𝑖𝛼𝑖𝛽𝑖𝛾𝑖𝛿]  
 + 𝑽𝟒×𝟐 [𝑣𝛼𝑣𝛽] − 𝑬𝟒×𝟐 [𝑒𝛼𝑒𝛽] (8) 

𝑑𝑑𝑡 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  =  −𝑨 [  
  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  

  + 𝑩 [𝑣𝑑𝑠𝑙𝐴𝑣𝑑𝑠𝑙𝐵𝑣𝑑𝑠𝑙𝐶] − 𝑪 [𝑒𝑎𝑒𝑏𝑒𝑐] (9) 

with  

{   
   𝑨 = 𝑴𝟏−𝟏 [𝑳𝟒×𝟒−𝟏 × 𝑹𝟒×𝟐 𝟎𝟒×𝟏𝟎𝟏×𝟐 0 ]𝑴𝟏𝑩 = 𝑴𝟏−𝟏 [𝑳𝟒×𝟒−𝟏 × 𝑽𝟒×𝟐 𝟎𝟒×𝟏𝟎𝟏×𝟐 0 ]𝑴𝟐𝑪 = 𝑴𝟏−𝟏 [𝑳𝟒×𝟒−𝟏 × 𝑬𝟒×𝟐 𝟎𝟒×𝟏𝟎𝟏×𝟐 0 ]𝑴𝟐

 (10) 

where A is a matrix with a dimension of 5×5, and matrices B 

and C both have a dimension of 5×3. 
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In (9), the linear transformation method has been adopted to 

obtain a unique solution for the currents. Meanwhile, this 

proposed fault model makes analyzing the PWM ripple 

components in fault currents possible. This is because the PWM 

voltages are considered as the other voltage source, in addition 

to back-EMFs, contributing to the fault current. This will be 

investigated in detail in the following sections. Furthermore, 

with the obtained currents from (9) and back-EMFs from (7) the 

electromagnetic torque (𝑇𝑒𝑚) and mechanical equations can be 

expressed as (11) and (12), respectively. 𝑇𝑒𝑚 = 𝑒𝑎ℎ𝑖𝑝1 + 𝑒𝑎𝑖𝑝2 + 𝑒𝑏𝑖b + 𝑒𝑐𝑖c + 𝑒𝑎𝑓𝑖fω𝑚  (11) 

𝑇𝑒𝑚 − 𝑇𝐿 − 𝑇𝑑𝑎𝑚𝑝 = 𝐽 𝑑ω𝑚𝑑𝑡  (12) 

where Tem is the electromagnetic torque and ωm is the 
mechanical angular speed. TL is the load torque, Tdamp is the 

damping torque and 𝐽 is the machine inertia. 

 
(a) 

 
(b) 

 
(c) 

Fig. 3 (a) Test rig, (b) 3-phase circuits with ITSC fault and (C) control diagram 

of the PM machine system. 

B. Validations of the Fault Model 

In order to validate the accuracy of the developed fault 

model, MATLAB/Simulink simulations have been carried out 

for the PM machine having the specifications shown in TABLE 

I. In addition, a test rig [see Fig. 3 (a)] has been built to validate 

the simulations and to investigate the characteristics of the fault 

current. It can be seen from Fig. 3 (a) that the test rig is 

composed of a DC power source, two 3-phase MOSFETs-based 

inverters driving a dyno-machine and the PM prototype 

machine. Fig. 3 (b) indicates that a thick wire has been soldered 

to the fault turn taps (coil a1-faulted coil). Choosing a thick wire 

is to minimize its introduced impedance into the short-circuited 

path. A switch is used to short-circuit the wire to simulate an 

ITSC fault. In addition, Fig. 3 (b) also shows that the fault 

current (if) flowing through the faulted turns is equal to the 

difference between ip1 and (ip1-if), which can be directly 

measured by a current clamp. The encoders mounted at the end 

of these two machines are used to measure the rotor speed and 

position, which are the key parameters for the field-oriented 

control (FOC), seen in Fig. 3 (c). The dyno-machine operates 

under the speed mode providing stable and constant speeds for 

the system, while the tested machine with ITSC fault operates 

under the torque mode. The drive systems in the inverters have 

a switching frequency of 20kHz and are modulated by the space 

vector PWM (SVPWM) using a digital signal processor board 

(DSP28069). It is worth noting that, in the following sections, 

unless stated otherwise, the ITSC fault is referred to a single 

turn short-circuit. Different numbers of short-circuited turns 

have also been investigated (see section IV.D). 

 
(a) 

 
(b) 

Fig. 4 Simulated and measured fault currents @ 600rpm rotor speed and with 

the demand currents id = 0A and iq = 10A. (Simulated1: simulated results with 

PWM voltages as inputs; Simulated2: simulated results with sinewave voltages 

as inputs). (a) Waveforms and (b) spectra. 

a. Fault Current 

It is worth noting that, in this section, the rated current (id = 

0A and iq = 10A) is used for all the tests. It is observed from 

Fig. 4 (a) that the simulated fault current [IF (Simulated1)] from 

the proposed PWM voltage-based fault model matches well 

with the measured one [IF (Measured)]. However, the fault 

current [IF (Simulated2)] obtained from the fault model using 

sinewave voltages as inputs to the PM machine only contains 

the fundamental component. As a result, it fails to reveal the 

real electrical behaviors under the ITSC faults. It is worth 

noting that the dominant PWM harmonics at 40 kHz (twice the 

switching frequency, i.e., 20kHz) is much larger than other high 
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frequency harmonics, as shown in Fig. 4 (b). In addition, the 

PWM ripple component in the fault current can reach around 

50% of the fundamental component, and could be even higher 

depending on the DC bus voltage and switching frequency, 

which will be elaborated further in sections IV.B and IV.C. 

Therefore, these PWM harmonics cannot be neglected as they 

will significantly increase the copper loss in the faulted turns. 

And as concluded in [23] and [24], the larger the copper loss is, 

the higher the temperature rise will be.  

The fault currents at different rotor speeds have also been 

simulated and compared against the measured ones, as shown 

in Fig. 5. Again, a good agreement between the simulated and 

measured results can be observed, proving the accuracy of the 

developed fault model. 
 

 
Fig. 5 Predicted, simulated and measured RMS value of fault current vs rotor 

speed. The demand currents are id = 0A and iq = 10A. Predicted results will be 
described in detail in section III.C. 

 
(a) 

 
(b) 

Fig. 6 Simulated and measured speed and torques. (a) Rotor speed is 600rpm 

and demand currents change from id = 0A and iq = 4A to id = 0A and iq = 10A 

at around 0.3s. (b) Demand current is id = 0A and iq = 10A and speed changes 

from 600rpm to 1100rpm at around 0.3s. 

b. Torque and Speed 

To further validate the developed fault model, rotor speed 

and torque have been simulated and compared against the 

measured results, as shown in Fig. 6. It is found that in steady-

state, the simulated speed and torque match well with the 

measured ones. However, in transient-state, i.e., the load 

changes at around 0.3s as shown in Fig. 6 (a), the simulated 

speed and torque are slightly different from measured ones. 

However, this mismatch is within the acceptable range. 

III. INVESTIGATION FOR THE FUNDAMENTAL COMPONENT 

OF FAULT CURRENT 

Using the above developed and validated fault model, the 

characteristics of the fault current can be comprehensively 

investigated. It is observed from (9) that the PWM voltages and 

the back-EMFs can be regarded as two independent voltage 

sources contributing to the fault current. Since the PWM 

voltages is composed of a series of signals with different 

frequency, it can not only affect the fundamental component of 

the fault current but also contribute to the PWM ripple current, 

which will be elaborated further in section IV. However, the 

back-EMFs (without PWM harmonics) only affect the 

fundamental component of the fault current. According to the 

superposition principle, this section will investigate the impact 

of these two voltage sources on the fault current separately. 

A. Back-EMFs Contributing to the Fault Current 

Based on the proposed fault model, the fault current 

introduced by the back-EMFs in s-domain can be derived as  𝑖𝑓(𝑠) = 𝑨𝟓𝑪 [𝑒𝑎(𝑠)𝑒𝑏(𝑠)𝑒𝑐(𝑠)] = [𝑓𝑒𝐴
(𝑠)𝑓𝑒𝐵(𝑠)𝑓𝑒𝐶(𝑠)]

𝑇 [𝑒𝑎(𝑠)𝑒𝑏(𝑠)𝑒𝑐(𝑠)] (13) 

where 𝑓𝑒𝐴(𝑠) 𝑓𝑒𝐵(𝑠) and 𝑓𝑒𝐶(𝑠) are the transfer functions of the 
back-EMFs of phases A, B and C, respectively. A5 is a matrix 

with a dimension of 1×5, and can be calculated by 𝑨𝟓 = [0 0 0 0 1](𝑆𝑰 − 𝑨)−𝟏          = [𝑎51 𝑎52 𝑎53 𝑎54 𝑎55] (14) 

where 𝑎51, 𝑎52, 𝑎53, 𝑎54 and 𝑎55 are the elements of matrix A5. 

And matrix C can be calculated by 

𝑪 = [𝑪𝟏 𝑪𝟐 𝑪𝟑] = [  
   
𝑐11 𝑐21 𝑐31𝑐12 𝑐22 𝑐32𝑐13 𝑐23 𝑐33𝑐14 𝑐24 𝑐34𝑐15⏟𝑪𝟏 𝑐25⏟𝑪𝟐 𝑐35⏟𝑪𝟑 ]  

    (15) 

where C1, C2 and C3 are the submatrices of matrix C. These 

three matrices all have a dimension of 5×1. In addition, it can 

be demonstrated that the elements in the matrices 𝑨𝟓  and C 

satisfy the relationships such as 𝑎53 = 𝑎54, 𝑐21 = 𝑐31, 𝑐22 = 𝑐32, 𝑐23 = 𝑐34 , 𝑐24 = 𝑐33 , and 𝑐25 = 𝑐35 . As a result, (16) can be 

obtained, which indicates that 𝑓𝑒𝐵(𝑠)  is equal to 𝑓𝑒𝐶(𝑠) . 
Therefore, the fault current introduced by the back-EMFs can 
be finally derived as (17). 𝑓𝑒𝐵(𝑠) = 𝑨𝟓𝑪𝟐   and 𝑓𝑒𝐶(𝑠) = 𝑨𝟓𝑪𝟑 (16) 𝑖𝑓(𝑠) = [𝑓𝑒𝐴(𝑠) − 𝑓𝑒𝐵(𝑠)]𝑒𝑎(𝑠) (17) 

Based on (17), it can be concluded that the fundamental 

component of the fault current is only determined by the back-

EMF of the faulted phase, i.e., 𝑒𝑎(𝑠), and will not be affected 

by the back-EMFs of the other healthy phases, i.e., 𝑒𝑏(𝑠) and 𝑒𝑐(𝑠). 𝑓𝑒𝐴(𝑠) and 𝑓𝑒𝐵(𝑠) are derived from the matrixes A5 and 
C and the elements of these two matrixes are determined by the 
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matrixes L and R [see (2) and (3)] and the defined full rank 
matrixes M1 and M2 [see (A1)]. Therefore, the gains and poles 
of 𝑓𝑒𝐴(𝑠)  and 𝑓𝑒𝐵(𝑠)  are determined by the parameters of the 
machine (e.g., phase inductance, phase resistance, etc.) and the 
faulted turn ratio x. Since 𝑓𝑒𝐴(𝑠) and 𝑓𝑒𝐵(𝑠) are affected by the 
matrix L, which accounts for the mutual inductances between 

the faulted turns and the healthy phases, such as Ms35, Ms53, Ms45 

and Ms54 shown in (2), the fault current will also be influenced 

by these mutual inductances. This is different from the previous 

work in [25], which neglected these mutual inductances. 

If 𝑓𝑒𝐴(𝑠)  and 𝑓𝑒𝐵(𝑠)  are determined, [𝑓𝑒𝐴(𝑠) − 𝑓𝑒𝐵(𝑠)]  will be 
determined accordingly. In addition, the phase back-EMF under 
a given rotor speed can be easily calculated. As a result, for the 
PM machines with a certain faulted turn ratio x, the amplitude 
of the fundamental component of the fault current determined 
by the back-EMFs can be predicted using the equation (17). 

B. PWM-Voltages Contributing to the Fault Current 

Based on (9), the fault current introduced by the PWM 

voltages in s-domain can be derived as 

𝑖𝑓(𝑠) = [   
 00001]  
  𝑇 (𝑆𝑰 − 𝑨)−𝟏𝑩 [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)] = [𝑓𝐴

(𝑠)𝑓𝐵(𝑠)𝑓𝐶(𝑠)]
𝑇 [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)] 

 (18) 

where s is the Laplacian operator, and I is identity 5 × 5 matrix. 𝑓𝐴(𝑠), 𝑓𝐵(𝑠) and 𝑓𝐶(𝑠) are the transfer functions of the PWM 
voltages of the phases A, B and C, respectively. 𝑣𝐴𝑑𝑠𝑙(𝑠) , 𝑣𝐵𝑑𝑠𝑙(𝑠) and 𝑣𝐶𝑑𝑠𝑙(𝑠) are the PWM voltages in s-domain of the 
phases A, B and C, respectively. 

If the 3-phase PWM voltages are the same such as 𝑣𝑑𝑠𝑙𝐴 =𝑣𝑑𝑠𝑙𝐵 = 𝑣𝑑𝑠𝑙𝐶, the product of matrix B and [1 1 1]𝑻 is equal 

to a zero matrix with a dimension of 5×1, as  𝑩[1 1 1]𝑻𝑉𝑠 = [0 0 0 0 0]𝑻𝑉𝑠 (19) 

where 𝑉𝑠 is the PWM voltage vector. In this case, the PWM ripple 

current introduced by the PWM voltages is equal to zero. 

Therefore, the sum of the transfer functions 𝑓𝐴(𝑠) , 𝑓𝐵(𝑠)  and 𝑓𝐶(𝑠) is equal to zero, as  𝑖𝑓(𝑠) = [𝑓𝐴(𝑠) + 𝑓𝐵(𝑠) + 𝑓𝐶(𝑠)]𝑉𝑠 = 0 (20) 

As it is assumed that the ITSC fault occurred in the phase A, 

the mutual inductances between the faulted turns and the phases 
B and C are the same. Therefore, 𝑓𝐵(𝑠) is equal to 𝑓𝐶(𝑠) and the 

relationship between 𝑓𝐴(𝑠), 𝑓𝐵(𝑠) and 𝑓𝐶(𝑠) is 𝑓𝐴(𝑠) = −2𝑓𝐵(𝑠) = −2𝑓𝐶(𝑠) (21) 

As a result, the fault current introduced by the PWM voltages 
can be expressed as 𝑖𝑓(𝑠) = [𝑓𝐴(𝑠) − 12𝑓𝐴(𝑠) −12𝑓𝐴(𝑠)] [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)] (22) 

Similarly, the PWM ripple component of the phase A 
introduced by the PWM voltages can be obtained such as  𝑖𝐴(𝑠) = [𝑓𝑃𝐴(𝑠) −12 𝑓𝑃𝐴(𝑠) −12 𝑓𝑃𝐴(𝑠)] [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)] (23) 

where 𝑓𝑃𝐴(𝑠) is the transfer function of phase A PWM voltage.  

C. Results and Discussions 

For this investigated machine with a single turn short-circuit 
fault, the Bode diagram for 𝑓𝐴(𝑠) , 𝑓𝑃𝐴(𝑠)  and [𝑓𝑒𝐴(𝑠) −𝑓𝑒𝐵(𝑠)] can be obtained, as shown in Fig. 7. It can be found that 
when the frequency is lower than 100Hz, the back-EMF mainly 
contributes to the fundamental component of the fault current. 
The influence of the PWM voltages is negligibly small as the 
magnitude of 𝑓𝐴(𝑠) is much lower than that of 𝑓𝑒𝐴(𝑠) − 𝑓𝑒𝐵(𝑠). 
This characteristic can be used to predict the amplitude of the 
fundamental fault current at relatively low frequency. In order 
to illustrate this, the predicted fault currents at low speed from 
500rpm to 1500rpm corresponding to a frequency from 
33.33Hz to 100Hz, has been calculated by using (17) and 
compared against the measure results, as shown in Fig. 5.  

 
Fig. 7 Magnitudes of 𝑓𝐴(𝑠), 𝑓𝑒𝐴(𝑠) − 𝑓𝑒𝐵(𝑠), 𝑓𝐴′(𝑠), and 𝑓𝑃𝐴(𝑠) vs frequency of 
the investigated machine under a single turn short-circuited fault. 𝑓𝐴′(𝑠) will be 
described in detail in section IV. 

TABLE II. SIMULATED RMS VALUE OF THE FUNDAMENTAL 

COMPONENT OF THE FAULT CURRENT vs Q-AXIS CURRENT.  

Rotor speed 4500rpm (300Hz) 

d-axis current Id (A) 0  

q-axis current Iq (A) 10  20  30  40  

fault current IF (A) 10.71  11.04  12.8  14.59  

However, when the frequency is above 100Hz, both the 
PWM voltages and back-EMFs will contribute to the 
fundamental fault current. This is because the magnitudes of 𝑓𝐴(𝑠)  cannot be neglected anymore, as shown in Fig. 7. To 

show this, it is assumed that the machine operates at high speed 

4500rpm (corresponding to a frequency of 300Hz) with Id = 0A 

but as Iq (from 10A to 40A). With different q-axis currents, it 

results in the changes in the fundamental component of the 

PWM voltages. However, as the prototype machine has a 
limited peak rotor speed of 1500rpm (100Hz), only simulated 
results provided, as shown in TABLE II. This is deemed 
acceptable as the accuracy of this proposed fault model has been 

fully validated in previous sections. It is found from TABLE II. 

that the RMS value of the fault current increases with increased 

Iq. In this case, if only back-EMF contributed to the fault current, 

the fault current would remain constant as back-EMF is 

unchanged for the same rotor speed. Therefore, one can 

conclude that the PWM voltages do contribute to the fault 

current. The higher the PWM voltages is, the larger the fault 

current will be. 
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IV. INVESTIGATION FOR THE PWM RIPPLE COMPONENT 

OF THE FAULT CURRENT 

A. Factors Affecting PWM Ripple Current 

For the investigated machine with a single turn short-circuit 
fault, 𝑓𝐴(𝑠) can be obtained, which consists of five first-order 
systems. This is because the investigated machine is a fifth-
order system, the transfer function 𝑓𝐴(𝑠)  has five poles 
However, two of the five first-order systems have a gain of zero, 
so 𝑓𝐴(𝑠) can be simplified to (24). For the PWM ripple current, 
the first term of 𝑓𝐴(𝑠) can be regarded as the main contributor 
as its pole and gain is significantly larger than the other terms. 
This means that, to obtain the high frequency PWM ripple 
current, the second and third terms in the transfer function can 
be neglected. If so, 𝑓𝐴(𝑠)  can be approximated to 𝑓𝐴′(𝑠) , as 
shown in (25). This approximation method can be verified by 
Bode diagram, as shown in Fig. 7, where the magnitude of 𝑓𝐴′(𝑠)  is almost the same as 𝑓𝐴(𝑠)  at high frequency range 
(>2kHz).  𝑓𝐴(𝑠) = −94881(𝑠 + 61909) + 3042(𝑠 + 1737) − 356(𝑠 + 1632) (24) 𝑓𝐴′(𝑠) = −94881(𝑠 + 61909) (25) 

𝑖𝑓(𝑠) = [𝑓𝐴′(𝑠) −12𝑓𝐴′(𝑠) −12𝑓𝐴′(𝑠)] [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)] (26) 

[𝑖𝑎𝑖(𝑠)𝑖𝑏𝑖(𝑠)𝑖𝑐𝑖(𝑠)] = 23 1𝐿𝑖𝑠 + 𝑅𝑖 {  
  
[  
   1 −12 −12−12 1 −12−12 −12 22 ]  

   [𝑣𝐴𝑑𝑠𝑙(𝑠)𝑣𝐵𝑑𝑠𝑙(𝑠)𝑣𝐶𝑑𝑠𝑙(𝑠)]}  
  

 (27) 

where 𝑖𝑎𝑖(𝑠), 𝑖𝑏𝑖(𝑠), and 𝑖𝑐𝑖(𝑠) are the 3-phase currents for a 3-
phase impedance loads. Li and Ri are the inductance and 
resistance of the 3-phase impedance load. 

The PWM ripple component of the fault current introduced 
by the PWM voltages of this investigated machine can be 
derived as (26), which is a high frequency model, and is similar 

to that of the phase A current under healthy condition, as 

illustrated in (27). If Li and Ri in (27) are equal to 7𝜇H and 

0.435Ω, respectively, 𝑖𝑎𝑖(𝑠)  will be the same as 𝑖𝑓(𝑠) . 
Therefore, the factors influencing the PWM ripple component 
of the phase current will have a similar impact on the PWM 
ripple component of the fault current. As a result, the DC bus 
voltage and switching frequency, two factors often affecting the 
PWM current ripple in phase current, will also affect the PWM 
current ripple in the fault current. In addition, if the faulted turn 
ratio x or coil connections (series or parallel) is changed, 𝑓𝐴′(𝑠) 
will be changed accordingly. This in turn leads to the changes 
in the PWM ripple current. 

Based on the analysis above, it can be concluded that the 

PWM ripple current is mainly affected by factors such as DC 

bus voltage, switching frequency, number of short-circuited 

turns and coils connection, which will be investigated in detail 

in the following sections.  

B. DC Bus Voltage 

The simulations and experiments with the same switching 

frequency (20kHz) and modulation strategy (SVPWM) but with 

different DC bus voltages have been carried out to investigate 

the influence of the DC bus voltage on the PWM ripple current, 

and the simulated and measured results are shown in Fig. 8. 

When the fundamental fault current reaches its peak value, the 

PWM ripple current within 4 PWM cycles is extracted to clearly 

show the difference in terms of PWM ripple current, as 

illustrated in Fig. 8. When the DC bus voltage changes from 

24V to 36V, PWM ripple current increases accordingly both in 

the simulated and measured results. This indicates that the 

higher the DC bus voltage is, the larger the PWM ripple current 

will be. It is also found from Fig. 8 that there is a good 

agreement between the simulated and measured results, which 

further demonstrates the accuracy of the proposed fault model. 

 
Fig. 8 Simulated and measured fault currents for different DC bus voltages. The 

rotor speed is 600rpm and the demand currents are id = 0A and iq = 10A. 

 
Fig. 9 Simulated and measured fault currents for different switching 

frequencies. The rotor speed is 600rpm and the demand currents are id = 0A and 

iq = 10A. 

C. Switching Frequency 

In addition to the DC bus voltage, different PWM period (Ts) 

or switching frequency will also affect the PWM ripple current. 

To validate the conclusion regarding the impact of switching 

frequency on the PWM ripple current, simulations and 

experiments with 2 different frequencies such as 10kHz and 

20kHz have been carried out in this section. For these 

simulations and experiments, the DC bus voltage (24V) and the 

modulation strategy (SVPWM) are kept the same. The 

simulated and measured fault currents are shown in Fig. 9. 

Again, the PWM ripple currents within 4 PWM cycles around 

the peak value of its corresponding fundamental fault currents 

have been extracted, as shown in Fig. 9. It is observed that the 
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PWM ripple current is sensitive to the change in switching 

frequency. And both the simulated and measured results show 

that the higher the switching frequency is, the lower the PWM 

ripple current content will be. Although not shown here, this 

conclusion can also be applicable to the phase current. 

 
(I) 

 
(II) 

Fig. 10 Simulated and measured (I) fault currents and (II) phase A current for 

different numbers of short-circuited turns. The rotor speed is 600rpm and the 

demand currents are id = 0A and iq = 10A. 

D. Number of Short-Circuited Turns 

In addition to the DC bus voltage and switching frequency, 
the number of short-circuited turns is another major factor 
contributing to the PWM ripple components of the fault and 
phase currents. To clearly show this, two simulations and 

experiments with one turn and twelve turns short-circuited have 

been carried out, and the results for both the fault and phase 

currents are shown in Fig. 10. Both the simulated and measured 

results in Fig. 10 (a) indicate that when the number of short-

circuited turns increases, the PWM ripple component in the 

fault current reduces. However, it is opposite for the phase 

current, as shown in Fig. 10 (b). This is because the poles and 
gains of 𝑓𝐴(𝑠)  [see (22)] and 𝑓𝑃𝐴(𝑠)  [see (23)] change with 
different faulted turn ratios x. To demonstrate this, one turn and 
twelve turns short-circuited faults are taken as example and the 
changes in the magnitudes of 𝑓𝐴(𝑠) and 𝑓𝑃𝐴(𝑠) by using Bode 
diagrams are shown in Fig. 11. For the fault current, when the 
number of short-circuited turns increases, the inductances and 
resistances in the fault circuit loop will be increased, resulting 
in decreased gains of 𝑓𝐴(𝑠)  at twice the switching frequency 
(i.e., 20kHz), as illustrated in Fig. 11. However, for the phase 
current, with the number of short-circuited turns increases, the 
inductance and resistance in the remaining healthy part of the 
phase A winding reduce, resulting in significantly increased 
gains of 𝑓𝑃𝐴(𝑠) at twice the switching frequency (i.e., 20kHz), 

as illustrated in Fig. 11. The lower the gains of 𝑓𝐴(𝑠) and 𝑓𝑃𝐴(𝑠) 
at 20kHz, the smaller the PWM ripple components in the fault 
and phase currents. 

 
Fig. 11 Magnitudes of 𝑓𝐴(𝑠) and 𝑓𝑃𝐴(𝑠) vs frequency for different numbers of 
short-circuited turns. 

E. Coils Connected in Series and Parallel 

Similar to the number of short-circuited turns, different coil 

connections, i.e., series connection or parallel connection, will 

result in different machine parameters, particularly the 

inductance and resistance. As a result, different coil 

connections will have a significant impact on the PWM ripple 

component in the fault current. To clearly illustrate this, a 

comparison of fault currents for coils connected in series and 

parallel has been carried out, the simulated and measured results 

are shown in Fig. 12. Here the same set of demand current (id = 

0A and iq = 10A) and the same DC bus voltage (24V) have been 

used for both coil connections. In addition, the rotor speed is 

600rpm and the switching frequency is 20kHz. The PWM ripple 

currents within 4 PWM cycles around the corresponding peak 

fundamental fault currents have been extracted, as shown in 

Fig. 12. It is found from both the simulated and measured 

results that when the coils are connected in parallel, the PWM 

ripple current is much larger than that when the same coils are 

connected in series.  

Using similar method as for the coils connected in parallel, 𝑓𝐴′(𝑠) for the coils connected in series with a single turn short-
circuited fault in a1 can be calculated by (28). It is found that 
the pole and gain in (28) are much smaller than those in (25). 
This means that the PWM ripple current in series coils will be 
lower than that of parallel coils, which can be further validated 
by the Bode diagram, as shown in Fig. 13.  𝑓𝐴′(𝑠) = −27851(𝑠 + 39682) (28) 

 
Fig. 12 Simulated and measured fault currents for coils connected in series and 

in parallel. The rotor speed is 600rpm and the demand currents are id = 0A and 

iq = 10A. 
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Fig. 13 Magnitude of 𝑓𝐴(𝑠) vs frequency with different coil connections. 

V. CONCLUSION 

This paper presents a novel PWM voltage-based fault model 

for PM machines with ITSC faults that can account for the 

PWM harmonics in the fault current. As a result, compared with 

the existing models in literature using sinewave voltages as 

inputs to the PM machines, the simulated fault currents from 

this developed model are much closer to the measured ones. In 

addition, the investigations in this paper have shown that the 

PWM harmonics could be more than 50% of the fundamental 

component. If these PWM harmonics are neglected, it would 

result in serious underestimation of the thermal stress under 

ITSC fault. 

Based on the developed fault model, the influence of back-

EMF and PWM voltages on the fundamental component of 

fault current has been investigated separately. It is found that, 

at lower speed, only the back-EMF contributes to the 

fundamental component of fault current. However, as speed 

increases, both back-EMF and PWM voltages will affect the 

fundamental component of fault current. In addition, factors 

affecting the PWM ripple current have been explored. Findings 

of this paper have shown that the PWM ripple current increases 

with increased DC bus voltage, but it reduces when switching 

frequency or number of short-circuited turns increases. In 

addition, with the same faulted turn ratio, coils connected in 

parallel will have much larger PWM ripple component in the 

fault current than coils connected in series. 

APPENDIX 

Two matrixes with full rank are defined as M1 and M2 in 

(A1). Meanwhile, the relevant linear transformation is depicted 

in (A2). With (A1) and (A2), (5) can be further derived as (A3). 

As a result, the product of matrices in front of the current and 

voltage vectors can be simplified, as illustrated by (A5), (A6), 

(A7) and (A8).  

𝑴𝟏 =
[  
   
  23 23 −13 −13 00 0 √33 −√33 01 0 0 0 00 0 0 0 114 14 14 14 0]  

   
   and 𝑴𝟐 =

[  
   
23 −13 −130 √33 −√3313 13 13 ]  

    
 (A1) 

[  
  𝑖𝛼𝑖𝛽𝑖𝛾𝑖𝛿𝑖0]  
  = 𝑴𝟏 [  

  𝑖𝑝1𝑖𝑝2𝑖𝑏𝑖𝑐𝑖𝑓 ]  
   [𝑒𝛼𝑒𝛽𝑒0] = 𝑴𝟐 [𝑒𝑎𝑒𝑏𝑒𝑐]  and  [𝑣𝛼𝑣𝛽𝑣0] = 𝑴𝟐 [𝑣𝑑𝑠𝑙𝐴𝑣𝑑𝑠𝑙𝐵𝑣𝑑𝑠𝑙𝐶] 

 (A2) 

where 𝑖𝛼 , 𝑖𝛽 , 𝑖𝛾 , 𝑖𝛿  and 𝑖0  denote the new current vectors 

converted from 𝑖𝑝1, 𝑖𝑝2, 𝑖𝑏, 𝑖𝑐 and 𝑖𝑓 and matrix M1. 𝑒𝛼, 𝑒𝛽, and 𝑒0 represent the back-EMF vectors obtained from 𝑒𝑎, 𝑒𝑏, and 𝑒𝑐  and M2 by linear transformation. 𝑣𝛼 , 𝑣𝛽 , and 𝑣0  are the 

voltages from the transformation of the PWM voltages, and the 

already defined matrix M2.  

𝑷𝟏𝑳𝑴𝟏−𝟏 𝑑𝑑𝑡 [  
  𝑖𝛼𝑖𝛽𝑖𝛾𝑖𝛿𝑖0]  
  = −𝑷𝟏𝑹𝑴𝟏−𝟏 [  

  𝑖𝛼𝑖𝛽𝑖𝛾𝑖𝛿𝑖0]  
  + 𝑷𝟏 [   

 1 0 01 0 00 1 00 0 10 0 0]  
  𝑴𝟐−𝟏 [𝑣𝛼𝑣𝛽𝑣0] − 𝑷𝟏 [   

 1 − 𝑥 0 01 0 00 1 00 0 1𝑥 0 0]  
  𝑴𝟐−𝟏 [𝑒𝛼𝑒𝛽𝑒0] (A3) 

 𝑴𝟏𝑷𝟏𝑳𝑴𝟏−𝟏 = [𝑳𝟒×𝟒 𝑳𝟒×𝟏𝟎𝟏×𝟒 0 ] (A4) 𝑴𝟏𝑷𝟏𝑹𝑴𝟏−𝟏 = [𝑹𝟒×𝟒 𝑹𝟒×𝟏𝟎𝟏×𝟒 0 ] (A5) 

𝑴𝟏𝑷𝟏 [   
 1 0 01 0 00 1 00 0 10 0 0]  

  𝑴𝟐−𝟏 = [𝑽𝟒×𝟐 𝟎𝟒×𝟏𝟎𝟏×𝟐 0 ] (A6) 

𝑴𝟏𝑷𝟏 [   
 1 − 𝑥 0 01 0 00 1 00 0 1𝑥 0 0]  

  𝑴𝟐−𝟏 = [𝑬𝟒×𝟐 𝑬𝟒×𝟏𝟎𝟏×𝟐 0 ] (A7) 

where 𝑳𝟒×𝟒 is an inductance matrix with a dimension of 4×4. It 

is converted by linear transformation from the matrix L, the 

previously defined matrix M1 and its inverse matrix 𝑴𝟏−𝟏, and 

the matrix 𝑷𝟏. 𝑳𝟒×𝟏 is an inductance matrix with a dimension 

of 4×1, which is extracted from the fifth column of the products 

of matrices M1, 𝑷𝟏, L and 𝑴𝟏−𝟏. 𝑹𝟒×𝟒 is a resistance matrix 

with a dimension of 4×4, which is the first four rows and 

columns of the products of matrices M1, 𝑷𝟏, R and 𝑴𝟏−𝟏. 𝑹𝟒×𝟏 

is a resistance matrix with a dimension of 4×1. 𝑽𝟒×𝟐  is a 

numerical matrix with a dimension of 4×2. 𝑬𝟒×𝟒 is an identity 

matrix with a dimension of 4×4. 𝟎𝟏×𝟒 and 𝟎𝟏×𝟐 are matrices 

with a dimension of 1×4 and 1×2, respectively, and the 

elements in these two matrices are all equal to zero. 
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