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Construction of rank 2 indecomposable modules in
Grassmannian cluster categories

Karin Baur, Dusko Bogdanic and Jian-Rong Li

Abstract.

The category CM(By,,) of Cohen-Macaulay modules over a quo-
tient By, of a preprojective algebra provides a categorification of the
cluster algebra structure on the coordinate ring of the Grassmannian
variety of k-dimensional subspaces in C", [13]. Among the, indecom-
posable modules in this category are the rank 1 modules:which are in
bijection with k-subsets of {1,2,...,n}, and their explicit construction
has been given by Jensen, King and Su. These are the building blocks
of the category as any module in CM(By ,,) can be filtered by them.
In this paper we give an explicit construction of rank 2 modules. With
this, we give all indecomposable rank' 2 modules in the cases when
k =3 and k = 4. In particular, we cover the tame cases and go be-
yond them. We also characterise the modules among them which are
uniquely determined by their filtrations. For k > 4, we exhibit infinite
families of non-isomorphic.rank'2 modules having the same filtration.

¢1. Introduction

One of the key initial examples of Fomin and Zelevinsky’s the-
ory of cluster algebras [6, §12.2] was the homogeneous coordinate ring
C[Gr(2,n)] of the Grassmannian of 2-dimensional subspaces of C". Scott
proved in [16] that this cluster structure can be generalized to the coor-
dinate ring C[Gr(k,n)]. This has sparked a lot of research activities in
cluster theory, e.g. [18, 9, 12, 11, 15, 4, 13, 14, 7, 17].

An aditive categorification of the cluster algebra structure on the ho-
mogeneous coordinate ring of the Grassmannian variety of k-dimensional
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subspaces in C" has been given by Geiss, Leclerc, and Schréer [8, 10]
in terms of a subcategory of the category of finite dimensional modules
over the preprojective algebra of type A,,_1. Jensen, King, and Su [13]
gave a new additive categorification of this cluster structure using the
maximal Cohen-Macaulay modules over the completion of an algebra
By, , which is a quotient of the preprojective algebra of type A,_i. In
the category CM(Bjy,,) of Cohen-Macaulay modules over By ,,, which
is called the Grassmannian cluster category, among the indecomposable
modules are the rank 1 modules which are known to be in bijection with
k-subsets of {1,2,...,n}, and their explicit construction has been given
in [13]. For a given k-subset I, the corresponding rank 1 module is de-
noted by Lj. Also, we refer to k-subsets as rims, because of the way we
use them to visualize rank 1 modules (see Section 2). Rank 1 modules
are the building blocks of the category as any module inCM (B, ,,) can
be filtered by rank 1 modules (the filtration is noted in the profile of a
module, [13, Corollary 6.7]). The number of rank 1 modules appearing
in the filtration of a given module is called the rank of that module.

The aim of this paper is to explicitly construct rank 2 indecompos-
able Cohen-Macaulay By, modules in the cases when k = 3 and k = 4.
In particular, we construct all indecomposable rank 2 modules in the
tame cases (3,9) and (4, 8), and more generally, for an arbitrary k, we
construct all indecomposable modules of rank 2 whose rank 1 filtration
layers Ly and L satisty the condition |I NJ| > k — 4.

Once we have the construetion, we investigate the question of unique-
ness. Here, the central notions are that of r-interlacing (Definition 2.4)
and of the poset ofiargiven rank 2 module (Section 2). If I and J are
k-subsets of {1,...;n}; then I and J are said to be r-interlacing if there
exist subsets {i1,43,:..,92,—1} C I\ J and {ia,4,...,02,} C J\ I such
that i1 < iy <i3 < -+ < i9. < 41 (cyclically) and if there exist no
larger subsets of I and of J with this property. The filtration layers of a
module M give a poset structure. In rank 2, if I and J are r-interlacing,
the sets I and J form a number r; < r of boxes in the so-called lattice
diagram of M (see Section 2 for details on how we picture M with its
filtration layers). The associated poset is 1™ | 2; the poset consists of
a tree with one vertex of degree r; and r; leaves, it has dimension 1 at
the leaves and dimension 2 at the central vertex. See Figure 1.
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Fig. 1. The profile of a module with 4-interlacing layers form-
ing 3 boxes with poset 13 | 2. The dashed line shows the rim
of L; with arrows z;, i € I indicated. The solid line below is
the rim of L, with arrows x;, ¢ € J indicated.

A partial answer to the question of indecomposability of a rank 2
module in terms of its poset is given in the following proposition.

Proposition 1.1 ([2, Remark 3.2]). Let.M € CM(Bg,,) be an in-
decomposable module with profile I | J.(Then I and J are r-interlacing
and their poset is 1™ | 2, where r > r'y3> 3.

This proposition tells us that<when dealing with rank 2 indecom-
posable modules, we can assume that the poset of such a module is
of the form 1™ | 2, for 10> 3, and that its layers are r-interlacing,
where r > r; > 3. We say that I and J are almost tightly 3-interlacing
if I | J has poset1*}.2, and I\ J = {a1} U {az} U{as,..., a3},
J\I = {bl}U{b2}U{b3,...,b3+r}, r>0,and b < a1 < by < as <
by < -+ < b3y, < az < -+ < azqpr. Our main results are the following
two theorems.

Theorem 1.2 (Theorem 4.8, Theorem 6.3). Let M € CM(By, ) be
an indecomposable module with profile I | J. Then, up to isomorphism,
M is the unique indecomposable rank 2 module with filtration I | J if and
only if its poset is 13 | 2 and I and J are almost tightly 3-interlacing.

More precisely, in the case of r-interlacing rank 1 layers with poset
1™ | 2, where r > r; > 4, we show that there are infinitely many
non-isomorphic rank 2 modules with the same filtration, e.g. there are
infinitely many non-isomorphic indecomposable rank 2 modules with
filtration {1,3,5,7} | {2,4,6,8} in the tame case (4, 8).

Theorem 1.3 (Theorem 6.3). Let M be an indecomposable rank 2
module with profile I | J, where I and J are r-interlacing with poset
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1™ | 2, wherer > ry > 4. Then there are infinitely many non-isomorphic
rank 2 indecomposable modules from CM(By, ,,) with filtration I | J.

In the case r = r;1 = 4, we show that this infinite family of inde-
composable modules with filtration I | J is parameterized by the set
C\ {0,1,—1} where two points from this set are identified if their sum
is 0. For the filtration layers I and J of an indecomposable module with
profile I | J, we construct all decomposable rank 2 modules that are
extensions of these rank 1 modules, i.e. we construct all decomposable
modules that appear as middle terms in short exact sequences with I
and J as end terms.

The paper is organized as follows. In Section 2, we recall the defi-
nitions and key results about Grassmannian cluster categories. In Sec-
tion 3, we give the construction of rank 2 modules in the case when the
layers are tightly 3-interlacing. This covers in particular the tame case
(3,9) and almost all rank 2 modules in the tame case (4,8). Section 4 is
devoted to the cases of non-tightly 3-interlacing layers. Section 5 is de-
voted to the case of tightly 4-interlacing layers, which completes the case
(4,8). In the last section, we deal with the general case of r-interlacing,
when r > 4, and we show that there are/infinitely many non-isomorphic
rank 2 indecomposable modules with ‘the same filtration.
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§2. Preliminaries

We follow the exposition from [13, 1, 2] in order to introduce notation
and background results. Let I';, be the quiver of the boundary algebra,
with vertices 1,2,...,n on a cycle and arrows =; : it — 1 — 4, y; : i —
i—1. We write CM(Bj,,,) for the category of maximal Cohen-Macaulay
modules for the completed path algebra By, ,, of I',,, with relations zy—yz
and zF —y"~F (at every vertex). The centre of By, is Z := C[t|], where
t =3, x;y;. For example, when n =5 we have the quiver
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The algebra By, ,, coincides with the quotient of the completed path
algebra of the graph C (a circular graph with vertices Cy = Z,, set
clockwise around a circle, and with the set of edges, C1, also labeled by
Z,, with edge ¢ joining vertices i — 1 and i), i.e. the doubled quiver as
above, by the closure of the ideal generated by therelations above (we
view the completed path algebra of the graph C'las a topological algebra
via the m-adic topology, where m is the two-sided ideal generated by
the arrows of the quiver, see [5, Section 1]).” The algebra By, ,,, that we
will often denote by B when there is no ambiguity, was introduced in
[13, Section 3]. Observe that By, is-somorphic to Bj,_.n, so we will
always take k < 7.

The maximal Cohen-Macatlay-B-modules are precisely those which
are free as Z-modules. Such a module M is given by a representation
{M; : i€ Cy} of the quiver-with each M; a free Z-module of the same
rank (which is the rank-of M).

Definition 2.1 ([13, Definition 3.5]). For any B ,-module M and
K the field of fractions of Z, the rank of M, denoted by rk(M), is
defined to be tk(M) = len(M @z K).

Note that Bz K = M, (K), which is a simple algebra. It is easy to
check that the rank is additive on short exact sequences, that rk(M) =0
for any finite-dimensional B-module (because these are torsion over Z)
and that, for any Cohen-Macaulay B-module M and every idempotent
ej, 1 < j < n,rkz(e;M) = rk(M), so that, in particular, rkz (M) =
nrk(M).

Definition 2.2 ([13, Definition 5.1]). For any k-subset I of C4, we
define a rank 1 B-module

Ly = (U;, i€ Co; xi,y4, 1 € Ch)

as follows. For each vertex i € Cy, set U; = CJ[t]] and, for each edge
i€ (1, set
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x;: U;—1 — U; to be multiplication by 1ifi € I, and by tif i & I,
y;: U; — U;—1 to be multiplication by ¢ if i € I, and by 1 if i & I.

The module L; can be represented by a lattice diagram L; in which
Uy, U1, Us, ..., U, are represented by columns of vertices (dots) from left
to right (with Uy and U, to be identified), going down infinitely. The
vertices in each column correspond to the natural monomial C-basis of
C[t]. The column corresponding to U, is displaced half a step vertically
downwards (resp., upwards) in relation to U; if i+1 € I (resp., i+1 & I),
and the actions of z; and y; are shown as diagonal arrows. Note that
the k-subset I can then be read off as the set of labels on the arrows
pointing down to the right which are exposed to the top of the diagram.
For example, the lattice diagram Ly, 45y in the case k = 3, n = 8, is
shown in the following picture.

Fig.«2. Lattice diagram of the module Ly 4 5.

We see from Figure 2 that the module L; is determined by its upper
boundary, denoted by the thick lines, which we refer to as the rim of the
module L (this is why we call the k-subset I the rim of L;). Throughout
this paper we will identify a rank 1 module L; with its rim. Moreover,
most of the time we will omit the arrows in the rim of L; and represent
it as an undirected graph.

We say that i is a peak of the rim I if i ¢ I and i+ 1 € I. In the
above example, the peaks of I = {1,4,5} are 3 and 8. We say that i is
a valley of the rim I if ¢ € T and i+ 1 ¢ I. In the above example, the
valleys of I = {1,4,5} are 1 and 5.

Proposition 2.3 ([13, Proposition 5.2]). Every rank 1 Cohen-
Macaulay B-module is isomorphic to Ly for some unique k-subset I of

Ch.
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Every B-module has a canonical endomorphism given by multipli-
cation by t € Z. For Ly this corresponds to shifting £; one step down-
wards. Since Z is central, Homp (M, N) is a Z-module for arbitrary B-
modules M and N. If M, N are free Z-modules, then so is Hompg (M, N).
In particular, for any two rank 1 Cohen-Macaulay B-modules L; and
Ly, Homp(Ly, Ly) is a free module of rank 1 over Z = C|[[t]], generated
by the canonical map given by placing the lattice of L; inside the lattice
of L as far up as possible so that no part of the rim of L; is strictly
above the rim of L [13, Section 6].

Definition 2.4 (r-interlacing). Let I and J be two k-subsets of

{1,...,n}. The sets I and J are said to be r-interlacing if there exist
subsets {i1,3,...,99,—1} C I\ J and {ia,i4,...,42.} C J\ I such that
11 < dg < i3 < -+ < dg < 47 (cyclically) and if there exist no larger

subsets of I and of J with this property. We say that I and J are tightly
r-interlacing if they are r-interlacing and |I N JJ="k ~ 7.

Definition 2.5. A B-module is rigid if Exty (M, M) = 0.

If I and .J are r-interlacing k-subsets, where r < 2, then Exty (L, L)
= 0, in particular, rank 1 modules are rigid (see [13, Proposition 5.6]).

Every rigid indecomposable M ofrank n in CM(B) has a filtration
having factors Ly, Ly,,..., Ly, of rank 1. This filtration is noted in its
profile, pr(M) = I | Ir | ... |\I, [13, Corollary 6.7]. In the case of a
rank 2 module M with filtration L; | L; (i.e. with profile I | J), we
picture this module by drawing the rim J below the rim I, in such a
way that J is placed as far up as possible so that no part of the rim J
is strictly above the rim I. We refer to this picture of M as its lattice
diagram. Note that there is at least one point where the rims I and J
meet (see Figure.5 for an example).

Remark 2.6. Suppose that the two k-subsets I and J are
r-interlacing and that M is a rank 2 module with profile I | J. Then
the two rims in the lattice diagram of M form a number of regions be-
tween the points where the two rims meet but differ in direction before
and/or after meeting. We call these regions the boxes formed by the
rims or by the profile. The term box is a combinatorial tool which will
be very useful in finding conditions for indecomposability. Let us point
out, however, that the module M might be a direct sum in which case
the lattice diagram is really a pair of lattice diagrams of rank 1 modules.
We still view the corresponding diagram as forming boxes. If I and J
are r-interlacing, then they form exactly r-boxes if and only if they are
tightly r-interlacing. (If we consider the lattice diagram as an infinite
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branched graph in the plane, the boxes are the closures of the finite re-
gions in the complement.) A lattice diagram with three boxes is shown
in Figure 1. If M is a rank 2 module with r; boxes, with r; < r, the
poset structure associated with M is 1" | 2, see Figure 1.

For background on the poset associated with an indecomposable
module or with its profile, we refer the reader to [13, Section 6] and
to [3, Section 2].

Consider the tame cases (k,n) = (3,9) or (k,n) = (4,8) and let M be
a rigid indecomposable rank 2 module of CM(By,,). Then M = Ly | L;
where I and J are 3-interlacing, [2, Proposition 5.5]. Furthermore, we
also know that if I and J are tightly 3-interlacing and if M = Ly | L,
then M is indecomposable, [2, Lemma 5.11].

We therefore start studying pairs of tightly 3-interlacing k-subsets in
order to construct indecomposable rank 2 modules and will later consider
higher interlacing.

Throughout the paper, our strategy to prove a module is indecom-
posable is to show that its endomorphism ring does not have non-trivial
idempotent elements. When we deal with a.decomposable rank 2 mod-
ule, in order to determine the summands of this module, we construct
a non-trivial idempotent in its endomorphism ring, and then find corre-
sponding eigenvectors at each vertex of the quiver and check the action
of the morphisms x; on these €igenvectors.

63. Tight 3-interlacing

In this section‘we give a construction of rank 2 indecomposable
modules with the.profile I | J in the case when I and J are tightly
3-interlacing k-subsets, i.e. when |I\ J| = |J \ I| = 3 and non-common
elements of I and J interlace. This covers all indecomposable rank 2
modules in the tame case (3,9) and almost all indecomposable rank 2
modules in the tame case (4, 8).

We want to define a rank 2 module M(Z,J) with filtration L |
L; in a similar way as rank 1 modules are defined in CM(By,,). Let
Vi == Cl[lt]] ® C[|¢t]], ¢« = 1,...,n. The module M(I,J) has V; at each
vertex 1,2,...,n of T'), (recall that the indices are taken modulo n, so
throughout the paper, we identify index 0 with index n, for example, V}
is identified with V;,). In order to have a module structure for By, for
every i we need to define z;: V;_1 — V; and y;: V; — V;_1 in such a way
that z;y; =t - id and 2% = y"~F.

Since Lj is a submodule of a rank 2 module M(I,.J), and L; is
the quotient, if we extend the basis of L; to the basis of the module
M(I, J), then with respect to that basis all the matrices z;, y; must



Rank 2 modules in Grassmannian cluster categories 9

be upper triangular with diagonal entries from the set {1,¢}. More
precisely, the diagonal of z; (resp. y;) is (1,¢) (resp. (¢,1)) ifi € J\ I,
it is (¢,1) (vesp. (1,t)) if i € I\ J, (t,t) (resp. (1,1)) if ¢ € I°N J¢, and
(1,1) (resp. (t,t)) if i € INJ. The only entries in all these matrices that
are left to be determined are the ones in the upper right corner.

Let us assume that n = 6, I = {1,3,5}, and J = {2,4,6}. In the
general case, the arguments are the same. Denote by b; the upper right
corner element of ;. From z;y; = t - id, we have that the upper right
corner element of y; is —b;. From the relation ¥ = y”~* it follows that
Z?:l b; = 0. Thus, our module M(I, J) is

(t bs) (1 bﬁ>
0 1 0t

IENERTNTE |
NN RN

with > b, = 0. We say that M(I,J) is determined by the 6-tuple
(b17b27b37b47b57b6)'

5

3.1. Divisibility conditions for-(in)decomposability

Let I,J be two k-subsets and M(Z,.J) be given by the tuple (b, ba,
b3, by, by, bg) with > b; = 0. The question is how to determine the b;’s so
that the module M(7, J) is indecomposable. Assume first that M(7,J)
is decomposable and that L; is a direct summand of M(I,.J). Then
there exists a retraction pi="(j;)%_; such that p;o06; = id, where (6;)%_,
is the natural injection-of L; into M(Z,J). Using the same basis as
before, we can assume-that p; = [1 ;] for some «; € C[[t]]. From the
commutativity relations we have idou; = p;41 © 2,41 for 7 odd, and
t-idop; = pig1.0xipq for ¢ even. It follows that a; = b1 + tayy for @
odd, and ta; =b; 11 + a1 for i even. From this we have

t(og — ag) = by + by,
t(oy — ) = bs + bs,
t(a(; — az) = bl + bz.

Thus, if L is a direct summand of M(I, J), then t|bs + by, t|bs + bg,
and t|by + bs (and we can easily find elements «;, i = 1,. .., 6, satisfying
previous equations). If only one of these conditions is not met, then L
is not a direct summand of M. For example, if we choose by = —bs = 0,
by = —bs = 1, and bg = —b; = 2 in the construction of the module
M(Z,J), then L; is not a direct summand of M(7,.J). Our aim is to
study the structure of the module M(I,.J) in terms of the divisibility
conditions the coefficients b; satisfy.
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Remark 3.1. If L; is not a summand of M, it does not mean that
M is indecomposable (cf. Theorem 3.12 in [2]).

Let us now consider the general case, i.e. let M(I, J) be the module
as defined above, but in general terms when I and J are tightly 3-
interlacing. Write I\ J as {i1,42,i3} and J \ I = {j1,j2,j3} so that
1 < g1 <tg<j2<i3<]3 (cyclically). Define

[t barr (1 Do
Te=\o 1 ) "= \o )
(1 —bar [t —ba
y’L,. - O t 9 yjr - O 1 bl

for r = 1,2,3 (see the previous figure for n = 6). For i € I°N J€,

we set x; = (6 (t)) and y; = ((1) (1)) For i € L.OJ, we set x; =

((1) (1)) and y; = (6 g) Also, we assume that >°°_, b, = 0. Note

that for i € (I°NJ°) U (I NJ) we define the matrices z; and y; to be
diagonal, i.e. we assume that the upper right-corner of z; and y; is 0 if

i€ (I°NJ°)U(INJ). We can achieve this under a suitable base change of

V; as follows. If 2; = ((1) bf) and y; = (6 itfbi) (recall that z;y; = t-id,

so the upper right entry of y;is divisible by t¢), then by changing the
second element v of the basis {v1,ve} of V; to ve + b;v;, with respect
to the new basis both x; and y; are scalar matrices. Analogously, if

Yi = ((1) bf) and z; = (6 _ibi) then we again change vy to vo — bjuy
to obtain scalar matrices.
By construction it holds that zy = ya and 2% = y"~* at all vertices,

and that M(I,J)+s free over the centre of the boundary algebra. Hence,
the following proposition holds.

Proposition 3.2. The above-constructed module M(I,J) is in
CM(Bgn)-

For the remainder of the paper, if w = t®v, for some positive integer
a, then t~%w stands for v.

Proposition 3.3. Let I, J be tightly 3-interlacing, n > 6 arbitrary,
I\J = {il,ig,ig}, and J\I = {jl,jg,jg}, where 11 < J1 < ig < Jo <
iz < Js (cyclically). If ¢ = (p;)", € Hom(M(I, J),M(I,J)), then



Rank 2 modules in Grassmannian cluster categories 11

- fa+ bit~tc th4 (d—a)by — b%t_lc
Pir = t—1le d—bit— e ’

C_fat+(br+b)t e b+tTH((d— a)(by + b2) — (b1 +b2)%t 7 e)
Y = c d—(by +bo)t~ e :

a+ (by +ba+b3)t7 ¢ th+ (d—a)(by + ba + b3)
Pip = - (b1 +bo + b3)2t le
t~le d— (b1 +b2+b3)t_1c

— (by + bz + b3 +bg)%t7 1)
c d— (b +b2+b3+b4)t710

- f(a—bgt7le th—(d—a)bs — bFt e
Pis =\ 1 d+bgt—te '

0i = i1, forie (I°NJ)YUINJ),

with a,b,c,d € C[|t|]. Furthermore, t | ¢, t | (d — a)(by + b2) — (b1 +
b2)2t710, and t | (d — a)(b1 + by + b3 + b4) — (bl +by 4+ b3 + b4)2t716

Proof. First we consider the case n/=6, I = {1,3,5}, and J =
{2,4,6}. Let ¢ = (¢1,...,96) be an endomorphism of M(7, J), where
each ¢; is an element of My(C[|¢|]) (matrices over the centre).

65 6% ()
0 1 0t 01
6 1 2 3 5
(1 71:1) (t 71;2) (1 7b3) (r 7b4 1 71; ‘ t 7bb
0 ¢ 0 1 0t 0 1
5

<a+(b1+b2+b3+b4)t1c b+t1((da)(b1+b2+b3+b4)>
Lo = 5

1b1 tb lba
()t 01 (lt

6 1 P2 ¥3

t by 1. by t bz 1 b4
b e ™) L 66

6 1 2 3
1 - t —by 1 —bs t 7b4 1 717 t 7b(
(0 t ) (O 1 ) (0 t ) (0 1 0 t 0 1

We use commutativity relations x;19; = @i+1Tiy1, i.e. we check
the relations:

llu

(i) @21 = @, (i) @302 = @33,
(iii) 2403 = paz4, (iv) @504 = P55,
(v)  x6p5 = e, (vi) @196 = P171.

Let g = (CCL Z) and p; = (f] £> From (vi), we get

at+b10 bt+b1d o et 6b1+f _ _
( . P )_ (gt h+gbl)’and at + bic = et, bt + bid =

eby + f, c = gt, and d = gb; + h. It follows that ¢ | ¢, and that
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fa+bitTie th+ (d—a)by — b3t e
1= (e d— bt~ e '

Similarly, if @2 = (S %), then equality xop1 = @oxs yields

_ a+(b1+b2)t_lc b+t_1((d7a)(bl +b2)7(b1 +b2)2t_lc)
2 c d— (by +ba)t e ’

and t | (d — a)(by + b2) — (b1 + b2)*t te.

The rest of the proof for ¢3, ¢4, and @5 is analogous. We omit the
details of elementary, but tedious computation.

In the general case of arbitrary n, the proof is almost the same as
for n = 6. The only thing left to note is that if i € (I°NJ°) U (I NJ),
then xz; is a scalar matrix (either identity or ¢ times identity), so from
Tipi—1 = pix;, it follows immediately that ¢, _1 = @ Q.E.D.

Remark 3.4. Take ¢ as in Proposition 3.3.. The morphism ¢ also
satisfies the other six relations ¢;y;+1 = y;+10i+1. Indeed, if z;11¢0; =
Yir1Zit1, then if we multiply this equality~by y;11 both from the left
and right, we obtain ¢ @;y;41 = t-y;+1@ir1> Since t is a regular element
in C[[t]], after cancellation by ¢t we.obtain ¢;y;+1 = Yir1pir1. Also,
note that in order to prove that ¢-is'idempotent we only need to make
sure that only one ¢; is idempotent. If ¢; is idempotent, then from
Tiv19i = Yip1%41 when we multiply by ¢; 11 from the left, we have
Cit1Tip1Pi = 9012+1$i+1, and_multiplying by ¢; from the right we get
Pit1Tit10i = Tip107. Then zi 197 = 07wy and @119 = 07 Tiga
as ¢; is idempotent, and subsequently, ;1 17;41 = <pf+1:z:i+1, yielding
Vir1 = P2 "1 after multiplication by y; 1 from the right and cancellation
by t.

We now give necessary and sufficient conditions for the module

M(Z, J) to be indecomposable.

Theorem 3.5. Let I and J be tightly 3-interlacing. The module
M(I, J) is indecomposable if and only if t 1 by + ba, t 1 by + by, and
t4bs + bg.

Proof. As before, it is sufficient to consider the case n = 6, so we
can assume that I = {1,3,5} and J = {2,4,6}. Let ¢ = (p;)}; €
Hom(M(Z, J),M(I, J)) be an idempotent homomorphism and assume

that @9 = (Z 2) From Proposition 3.3, by setting j3 = 0 we get
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(1) tle,
(2) t](d—a)(by +bg) — (by + b2)*t e,
(3) t | (d — a)(b1 + by + by + b4) — (bl + by + by + b4)2tilc.

Assume that t 1 by + b, t 1 bs + by, and ¢ 1 b5 + bg. Since t { by + b, it
follows from relation (2) that

t | d—a— (b1 + bQ)tilc.

Similarly, since ¢ t b5 +bg = — (b1 +ba + b3 +by), from relation (3) follows
that
t]d—a— (by+by+bs+by)t e

Thus, it must hold that
t] (bs+ba)t e,

and since t { b3 + by, it must be that ¢ | ¢ %¢, and subsequently that
t|d-a.

From the fact that o is idempotent.and ¢ | ¢ it follows that ¢ | a —a?
and t | d—d?. Also, from o3 = ¢y it follows that either @ = d or a+d = 1.
If a = d, then b = ¢ = 0 (otherwise a'= d = % and ; = bc, which is
not possible as ¢ is divisible by¢);-and « = d = 1 or a = d = 0 giving
us the trivial idempotents. If a.+d = 1, then ¢t | @ or ¢t | d. Taking
into account that ¢ | d = a;we conclude that ¢t | a and ¢ | d. This
implies that 1 = a + d-is.divisible by ¢, which is not true. Thus, the
only idempotent homomeorphisms of M(7, J) are the trivial ones. Hence,
M(1,J) is indecomposable.

Assume that'¢t divides at least one of the elements by + bo, b3 + by,
bs + bg. If ¢ divides all three of them, we have seen before that M(I, J)
is the direct sum of L; and L, hence it is a decomposable module. The
remaining case is when one of by + bo, bg + by, by + bg is divisible by ¢
and the other two are not divisible by ¢. Note that it is not possible that
two of them are divisible by ¢, and one is not, because they sum up to
7€ero.

Let t | bs 4 bg, t 1 by + b, and t { bg + by. In order to find a non-
trivial idempotent ¢, note that the relation (3) holds because t | bs+bg =
—(by 4 ba + b3 + by). Hence, we only need to find elements a, b, ¢, and d
in such a way that ¢ | cand t | d —a— (by +b2)t'c. Recall that if a = d,
then we only obtain the trivial idempotents because ¢ | ¢. So it must
be a +d = 1 if we want to find a non-trivial idempotent. If we choose
a=1,d=0,then t |1+ (b +by)t te. Thus (by + bo)t tc = —1+tg,
for some g. We can take g = 0, i.e. ¢ = —t(b; +by) ™! (recall that by + by
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is invertible because t { by + bs) giving us the idempotent (b = 0 since
a—a?=bcand ¢ #0)

- 1 0
¥o= —t(b1+b2)_1 0/

Its orthogonal complement is the idempotent

(t(b1 +Ob2)*1 ?) :

Since these are non-trivial idempotents, it follows that the module M(Z, .J)
is decomposable, what we needed to prove.

The case when ¢ | by + by, t 1 by + b2, and ¢ t by + bg is treated
analogously, we use Proposition 3.3 with j3 = 4 to obtain.the necessary
divisibility conditions. The same holds for the caseswhen ¢ | by + bo,
t 13+ by, and t 1 bs + bg. In this case, j3 = 2. Q.E.D.

Example 3.6. Let k =3, n =6, [ = {1.3,5} and J = {2,4,6}. If
b1 = —=2,bo=0,b3 =0,bs =1, b5 = —1yand bg = 2, then it is easily
checked that ¢t b; + b; 1, i = 1,3,5, and that 3°°_, b; = 0, thus giving
us an indecomposable By, ,,-module:

11 t -1 12
G 63 (3

b 60 6RTEY 6 6D
) ESE ET E) 6

The lattice diagram (showing only the rims) of M = L35y | L{246}

is

Proposition 3.7. Ift { by + ba, t 1 bg + by, and t | bs + bg, then
M(I, J) is isomorphic to Ly, g isyoang) @ L, ja gsyong) -

Proof. 1In the proof of the previous theorem we constructed a non-
trivial idempotent endomorphism

B 1 0
¥o = 7t(b1+b2)71 0/)°
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It remains to show that M(7, J) = Ly, j, i3 © Lii, js .51 We know that
M(Z, J) is the direct sum of rank 1 modules Lx and Ly for some X and
Y. Let us determine X and Y. For this, we take, at vertex i, eigenvectors
v; and w; corresponding to the eigenvalue 1 of the idempotents ; and
1— ¢; respectively. For example, vg = [1, —t(by+b2) !, wo = [0, 1],
vp = [1—=by(by +b2)" 1, —(by +b2)" 1] and wy = [by , 1]*, and so on.
A basis for Ly is {v; | ¢ = 0,...,5}, and a basis for Ly is {w; | i =
0,...,5}. Direct computation gives us that x1vy = tv1, T2v1 = tvg,
T3V = V3, T4U3 = V4, T5Vy = t’l)5, and TeUs = Vg. Thus, X = {3,4,6}
Analogously, Y = {1,2,5}. In the general case, it is easily seen that
this means that X = {is, jo,js} U(I NJ) and Y = {i1,j1,i3} U (I NJ)
because z; is a scalar matrix for i € (INJ)U (I°NJ°). Q.E.D.

Remark 3.8. If n = 6, in the case when ¢ t by + b, ¢ 1 b3 + by,
and t | b5 + bg, if we just rename the vertices of the'quiver by adding
2 (modulo n) to every vertex or by adding 4 to every vertex, we obtain
two modules that correspond to the cases when't |'by + ba, t 1 by + by,
t1bs+bs and t 1 by + bo, t | by + by, t 1 by4bs. In the general case,
these two modules are direct sums Ly, ;, is10(rn.) D L}, 5,55 yu(rns) and
Liiz ig.gayurng) @ L ju,gayu(rnag)-

Example 3.9. When n = 6, 7. ={1,3,5}, and J = {2,4,6}, an
indecomposable module which-has'L; as a submodule and L; as a quo-
tient module is given in Example 3.6. Also, there are four different
decomposable modules appearing as the middle term in a short exact
sequence that has L; (as.a quotient) and L; (as a submodule) as end
terms:

0—<Lj— L{izsy ®Lipaey — L1 — 0,
0—=L;— Li125y® Lyza6y — L1 — 0,
0—L; — L{1,374} D L{2’576} — L — 0,
0—L; — L{1,274} &) L{375,6} — Ly — 0.

The profiles of the four modules that appear in the middle in these short
exact sequences are illustrated in Figure 3. Note that the two rims now
stand for two rank 1 modules which are direct summands of the mod-
ule. The pictures each show two lattice diagrams which are overlaid so
we can compare the positions of the peaks. In particular, the two lat-
tice diagrams in (a) look like the lattice diagram of the indecomposable
extension described in Example 3.6.
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(¢) Li1,3,4y ® Li2561 (d) Li1,2,4y @ Ly3 5,61

Fig. 3. The pairs of lattice diagrams of decomposable exten-
sions between Ly 35y and Lz 4.6}

Remark 3.10. Note that for I = {1,3;5} and J = {2,4,6} there
is a non-trivial extension

lid,—fu]* [f2,/3]
0 LJ ! L{1,3,5} D L{274,6} 213 LI O7

where f;, i = 1,2, 3, is the canonical map between rank 1 modules (see
Section 2, this is a homomorphism of minimal codimension). The middle
term is equal to the direct sum of the end terms, but the maps make
this short exact sequence not isomorphic to the trivial sequence.

Now we turn our attention to the question of uniqueness of the con-
structed indecomposable module. If we choose a different set of values
for b;, i.e. we choose a 6-tuple different from (—2,0,0,1,—1,2), so that
the conditions ¢ t by 4 by, t 1 b5 + bg, and t { by + by are fulfilled, then we
obtain a module which is not the same as the above constructed module
M(I, J) in Example 3.6. In the next theorem, we will show directly that
for different choices of 6-tuples giving us indecomposable modules with
the same filtration Ly | L; we obtain isomorphic modules. Thus, there
is a unique indecomposable module with filtration L; | L.

Theorem 3.11. Let (b1, bo, b3, by, bs, bg) and (c1, ¢, c3, ¢4, ¢5,¢6) be
different 6-tuples corresponding to indecomposable modules My and Mo,
respectively, as constructed in Theorem 3.5. Then the modules My and
My are isomorphic.

Proof. As before, it is sufficient to consider the n = 6 case. We
will explicitly construct an isomorphism ¢ = (¢;)?_, between the two
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modules, where ¢; : V; — W;, and V; and W, are the vector spaces
at vertex ¢ of the modules M; and My respectively. Also, each ¢; is
invertible. Recall that b; (resp. ¢;) is the right upper corner element of
x; for the module My (resp. Ma):

(1 b4) (t ba) (1 b6>

0 ¢ 0 1 0t

Y B 0/ O N O O O AL
b)) ) ) )b

©wo P1 P2 P3 P4 Ps ®o

L)L) 69 b)) 66
) I S O s O ) O i S

Let us assume that ¢; = (31 g’), for © = 0;...,5. Then from

t b t . _
1 (0 11) B (0 Cll) o, we obtain t | yo, #91(= Y0, a1 = o + 1”0,
Br = Bot — agbr + c18g — bieit™ g, and §y'= dg — bit ™. Hence,

o1 = ap+ et vy Bot—=aghi + c180 — bicit ™y
t 10 8o — b1t~ o '

Since ¢ | 7o and we would like ¢g to be invertible, then it must be

that ¢t 1 ap and ¢ 1 6p. Then the inverse of ¢q is m (_5%0 _aﬁoo).

From @9 <(1) bg) =3 <(1) Ctz) 1, we obtain that

— (b1 + bg)(cl + Cg)til’yo)

a0 +(c1 +e2)t o Bo 4t H(—ao(br + b2) + (1 + c2)do
w2 = s
Y0 So— (b1 +b2)t" 1y

where ¢ | —Ozo(bl + bg) + (01 + 82)50 - (bl + bg)(cl + Cg)t_l’yo.
Analogously, it is easily computed that

ag+(cr+eates)t™t o Bot —ao(X5_q bi) + (35 ¢i)do
Y3 = - (23:1 bi)(2§:1 Ci)t_l"YO
t7170 0o — (b1 + b2 + b3)t71’70
ap — (e5 + C6)t71’\/0 Bo + til(ao(b5 +be) — (c5 + ¢6)do
— (b5 +bg)(c5 + c6)t " M0) |
Y0 o+ (bs +b6)t 1o

s = <ao —cst™ 10 Bot + agbs — cgdo — b606t7170>
=1y 6o + bst 10 ’

Ppq =
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where t | ag(bs + bg) — (¢5 + ¢6)d0 — (bs + bs)(c5 + C6)t_1’yo.
In order to find an isomorphism ¢, we must determine ay, B, Yo,
and dy satisfying the following conditions: ¢ | o, t t ag, t 1 dp, and

t | —ag(by + b2) + (1 + ¢2)80 — (b1 + ba)(c1 + c2)t M0,
t | ap(bs + be) — (c5 + c6)d0 — (bs + be)(c5 + c6)t ™ 0.

Note that there are no conditions attached to Sy so we set it to be 0. If
we set

—ap(by + b2) + (1 + ¢2)80 — (b1 + ba)(c1 + c2)t 1y = 0,
ap(bs + bg) — (5 + ¢6)80 — (bs + bg)(cs + c6)t 0 = 0,
then we get

C5+CG
Cl+02

Oéo(b5 + b6) |:1 +

bs +b
:|—(50(C5—|-C6) |:1+ 3. 6:| =0.

b1 + by

Ift | 1+ St then from Z?Zl ¢i = 05 we get ¢ | c3 + ¢4, which is

c1tez?

not true. The same holds for 1 + gi’igg, so both of these elements are

invertible. Thus, if we set o = 1, then-we get

(Cl =+ Cg)(bg + b4)(C5 + CG)

g = )
7 (bt 03)(cs + ca) (b5 + bs)
and
o = pLeathen)(bs +bg) — (bs + ba)(es + co)
(b1 4+ b2)(c3 + c4)(bs + bg)
Hence,

(c1 + c2)(bs + by)(c5 + c6)
(b1 +b2)(c3 + ca)(bs + bg)

(cs + a)(bs + be) — (bs + ba)(cs + co)
(b1 + b2)(c3 + ca)(bs + bg)

The other invertible matrices ¢; are now determined from the above
equalities. Note that all of them are invertible because their determinant
is equal to agdg — Boyo which is an invertible element. Also, By = B2 =

Bs =0, and v = 72 = 4 = ty1 = tyz = t7s. Q.E.D.
Example 3.12. Assume that n = 6. We use the previous theorem
to construct an isomorphism between the modules corresponding to the
6—tuples (bl7 bQ, b3, b4, b5, bﬁ) = (—27 O, 0, 1, —1, 2) and (01, Co,C3,C4,Cs, CG)
=(0,1,—1,2,—2,0). From the previous theorem we get that
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(10 (1 2 (-t 0
Yo = —%t]. , P1 = P3 = Y5 = _% _27@2* 7%t _9 )
$a=\_3; 1/

2 2

Remark 3.13. In the case when t { by +bo, t t b3 +byg, and ¢ | b5 +be,
we have seen that the module in question is isomorphic to the direct sum
L, jiisyoang) @ Liis s jsyung)- This means that regardless of the
choice of the elements b; that satisfy these conditions, we get a module
that is isomorphic to the same direct sum of rank 1 modules. Obviously,
the same holds when ¢ | by + by, t | by + bg, and ¢ | b5 + bg, in which case
we get the direct sum L; & Lj;. Thus, once we know which divisibility
conditions our coefficients fulfil, we immediately know which module we
are dealing with.

4. Almost tight 3-interlacing

In the tame case (4, 8), besides the indecomposable modules of rank
2 that we have already constructed, i.e: the modules whose layers I
and .J are 3-interlacing and satisfy the ‘condition |[I N J| = k — 3, there
are also the cases of non-tightly 3-interlacing layers with poset 13 | 2
and of 4-interlacing layers (with poset 1* | 2). In this section, we deal
with the former case. Recall'that the two rims form three boxes in
this case (Remark 2.6). This happens exactly for pairs of subsets J =
{i,i+2,i+4,i+5}, I = {i+1,i+3,i+6,i+ 7}, e.g. for the profile
2478 | 1356. Here, we write 2478 for the set {2,4,7,8} to abbreviate
the notation. We prove that there is a unique indecomposable rank 2
module with filtration I | J. We will work in a more general setup which
we explain now.

So we assume for now, for general k£ and n, that I and J are r-
interlacing for some r > 3 and that I | J forms three boxes with poset
13 2.
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i+l iy + Iy i3 + I3
o

Fig. 4. The profile of a module with 3-interlacing layers, with
poset 13 | 2, and with all boxes squares.

We would like to construct an indecomposable rank 2.module M(I, J)
with L; as submodule and L; as quotient.

As before, we define x; = (8 bf) and y; = (é —tbi>7 ifiel\J,
and z; = (é btz) and y; = (8 _1bi) if i €4\ I. For any other i we
define x; to be the identity matrix and y; tobe t-id if i € I N J, and
x; =t-id, y; = id if ¢ € I°N J° This gives an element of CM(By, ,,),
Proposition 4.2, as we will explain now.

In order to have a representation for Bj ,, our matrices have to
satisfy the relation 2% = y"~%.  After multiplication by z"~* from
the left, we conclude that this is equivalent to 2™ = t"~* . id because
x;y; = t. When we compute such a product z,x,_1---x1 we get the
n—k

z
0 tnfk
b; over the centre Z.”This linear combination must be zero if we want
to have a By, ,-module structure.

matrix ( ), where z is a linear combination of the coefficients

Remark 4.1. Note that for all i € (INJ)U (I°NJ°), x; is equal
to id or tid, so in the product x™, any such x; does not contribute to z,
or more precisely, it cancels out in ™ = t"~* . id. Therefore, in finding
conditions for z = 0, we will assume (I N J) U (I¢NJ¢) = (), i.e. that
the rims of L; and of L; have no parallel segments and that (k,n) are
modified accordingly to (k’,n’) for some k' < k, n’ < n. This implies
in particular that the boxes are symmetric around horizontal axes and
that n’ = 2k’.

We consider the product of all ; appearing in a single box. Since we
have removed all common elements of I and J and of I¢ and J¢, the boxes
are separated by the three points where the rims meet. We call them
the three branching points of I | J. In other words, let {iy,is,i5} C I
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be the positions where the arrow z;,, in the rim of L; ends at the po-
sition/height (in the lattice diagram) where the arrow y;  starts in the
rimof Ly, m = 1,2,3. And let {j1, j2,j3} C J be defined as j,, = iy, +1.
We call the i,,’s the branching points for I and the j,,’s the branching
points for J. (We will give the definition of branching points in the
general setting later, ¢f. Definition 6.1.)

The profile I | J of a rank 2 module with 6-interlacing layers, with
poset 12 | 2, and with I N.J = I°N J° = () is given in Figure 5, for
(k,n) = (8,16).

61 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 1

Al A A

. . AY
N .’ N . N L

o Uop . . AN IS I » W s
. . e

NS

Fig. 5. The profile of a module with-3 branching points and
3 junctions.

Note that all the boxes now fit between consecutive branching points
Im, tm+t1 € I, but that there might be some points, along the boundary
of a box where the rims deviate from forming a square: considering the
rim of Ly, these points are precisely the valleys of I (and by symmetry,
the peaks of J), i.e. points i € I (and thus ¢ ¢ J) such that i +1 ¢ T
(and thus i + 1 € J). We call such a point a junction of I (of J, by the
symmetry). In Figure 5, the first box has two junctions at 4 and at 6 in
1. By definition, branching points are not junctions.

For the remainder of this section we assume that I | J is a profile
whose boxes are squares, i.e., that there are no junctions.

101 2 3 5 7 1

Fig. 6. A profile with squared boxes and no parallel lines.
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Consider the first box in the reduced setting (no parallel segments,
only squared boxes), i.e. the squared box with starting/ending points
i1,1i2. The size of the set I N (i1,1i2] is the same as the size of the set
J N (i1,42]. We call this number the size of the box, and denote it
by Iy := %|{z1 +1,...,i2}|, 2 and I3 are defined accordingly. Then the
product of the matrices x;, @i, 1 - - ©i, +1,+1 (see Figure 4) on the second

7 L1
half of the first box is (tol bi, + biy—1t + - 1 + iy 41, 4117 ) Note that

the peaks of I are i1 + Iy, io + l2, and i3 + I3.

In the linear combination b;, + b;,—1t + -+ + bilHlHtll_l there
is only one term that is potentially not divisible by ¢, the one corre-
sponding to the branching point 5. Denote the sum b;, + bi,—1t +
oo+ biy 4,41t by B;,. On the first half of the box, the product of
1 by, + iy qat 4 ok by, g, th !

0 th '

Note that b;, is the only term potentially not divisible by ¢ in the sum

bj, + bj 41t + -+ + byt 7L, which we denote-by Bj,. The prod-
I 1 . .

to t (Bjélj_ B”)). Similarly,

for the remaining two boxes we get that the corresponding products

t> (B, +Bis)) and

matrices T;, 41, Tiy 41, —1 * * * Tiy+1 1S (

uct x,Ti,—1---x; is thus equal to (

are (with the obvious analogous netation): ( 0 o
ths ¢l (BJ'a + Bll)
( 0 tls
(tnik tnik(BjS + Bil + Bj2 + Bis + le + Biz)
0 tn—k
position is now obvious.

). Therefore, the whole product ™ is

). The following pro-

Proposition 4.2. If B;, + B;, + B, + B, + Bj, + B;, = 0, then
M(Z,J) is a rank 2 Cohen-Macaulay module.

From now on we assume that B;, + B;, + B;, + Bj, + Bj, + B;, = 0.

We first determine necessary and sufficient conditions for the module
M(Z,J) to be isomorphic to the direct sum L; & L. Assume first that
M(Z,J) is decomposable and that L; is a direct summand of M(Z, J).
Then there exists a retraction p = (u;)_; such that u; o §; = id, where
(0;)1_, is the natural injection of L; into M(I, J). Using the same basis
as before, we can assume that y; = [1 a;] for some «; € C][[t]]. From the
commutativity relations we have id op; = p; 10wy fori+1 € J\I, and
t-id Ol = i+1 O Tj41 fori+1 € I\ J. It follows that Q; = bi+1 + tOé,H_l
fori+1e J\I, and ta; = b1 + y1 for i+ 1 € I'\ J. From this we
have
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l l

t 3051‘34,_[3 —1 lOéil_Hl = Bil + le,
l l

t 2051‘24,_[2 —t SOéia_HB = Big + B]‘37

l l
U, 1y, — Uy, = Biy, + By,

It follows that ¢™in{ls—1.ls} | Bi, + Bj,, for g = 1,2,3. In the opposite
direction, if ¢™intls—1.lo} | B;, + B;,, for g = 1,2,3, then we can easily
find the coefficients a;_1,, g =1,2,3, so that the above equalities hold.
Assume, without loss of generality, that I3 > Il > [;. Then by setting
Qjy gy = 0 we obtain Gy g, = —t=h (Bil —|—Bj1) and Qo iy = t—l2 (Bi3 +
Bj,). The coefficient a;41, where i + 1 is not a peak of I, is determined
directly from «; = b1 +ta;11, wheni+1 € J\ I, or tay; = biy1 + viy1,
when i +1 € I'\ J. This defines a retraction p, and thus proves the
following proposition.

Proposition 4.3. The module M(I,J) is isomorphic to Ly & Ly if
and only if t™{ls—1lo} | B;, + Bj,, for g =1,2,3.

We give necessary and sufficient conditions for the module M(I, J)
to be indecomposable.

Theorem 4.4. The module M(I;.J)~is indecomposable if and only
ifmintls ity B, 4 By pminthole} kB, 4 B and tmiibs B4+ B,

Proof.  Let ¢ = (p;,)"_; beaan idempotent endomorphism of M(I, .J)
and let @11, = (CCL g) (see-Figure 4). From

Ly +11 Tig+11—1 """ Ty~ Lig 0 Lig+l3+1Piz+lg — Pivr+l1 Lig+1i Lig+11—1
Sy Xy o Tigyig41 follows that

—t s (Bi1 + le )2(3]

a+it BBy, + Bj, )c t= b3 + (d — a)(By, + Bj,)
Vi +1q 5
th—lsc d—t713(B;, + By, )c

where tl3il1 | c, tll | (d—a)(Bil—i—le)—til:3 (Bz‘l—Fle)QC, and tl3 | (Bi1+
B, )c. Here, we assume, without loss of generality, that I; <ly <l3.
From Ligtlg " Ljg " Lig " Lig+la+1Pis+1ly = Pig+lzTiz+ls Tz * Lig
-+ Tiy+1,+1 follows that
a—1t718 (B, + Bj,)c t=12[bt!s — (d — a)(Bi, + Bjs)
Pig+ly = —t7ls (Biz + Bjs)QC] ’
tl2—ls. d+t_l3 (Big + BjB)C

where t5~"2 | ¢, t®2 | (d — a)(By, + Bj,) + t7"*(By, + Bj,)?c, and t* |
(BiS + Bjs)c' ) )

Assume that ¢™intlsbl ¢ B4 By pmin{lnll y B4 B and
gmin{lz.ls} { B;, + Bj,. Then for g = 1,2,3, there exists s, such that
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0 < sy <min{ly_1,ly}, t% | By, + Bj,, and t*s*!  B; + B; . Note that
since B;, + By, + By, + Bj, + Bj, + Bj, = 0 it is not possible that one
of the s,4’s is strictly less than the other two, i.e. the smallest two have
to be equal. For the coefficients of ¢;, 4, it holds that

tl1_81 | (d - a)t_31 (Bi1 + le) -t (Bil + le)t_l3 (Bil + le)c>
tl2_83 | (d - a’)t_ss (Bia + Bj3) +t7% (Bi3 + BjB)t_l3 (BiS + Bj3)c'

It follows that t'=%1 | (d —a) — t7'3(B;, + Bj,)c and #2753 | (d —
a) + t73(By, + Bj;)c. Then ¢minli=sulz=ss} | y=ls(B, + B, )¢ and
subsequently ¢l —sila—ss} | t=lts2c, If min{ly —s1,lo— 53} = lo —s3,
then 22 | t=lss2¢=53(B,, + By, )c and 2 | t=5¢%2(B;, + Bj,)c. Since
ly > s9, we have t | t7!3(B;, + Bj,)c and t | d — a. Assume now that
min{l; — s1,lp — 83} = Iy — 1. From /1751 | =24 =81(By, + Bj,)c we
conclude directly that t17%2 | t75(B;, + Bj,)c. Sincelly > s, we have
that ¢ |t~ (B;, + Bj,)c and t | d — a.

From ¢ | d — a follows that a = d and b =.¢'= 0, giving us the trivial
idempotents. Hence, the module M(Z, .J) isindecomposable.

Assume that at least one of the conditions t™ntlsli} B, + B; |
tminilnlz} B, 4 By, and ¢midlzlbyg B, 4+ B does not hold. If
gmintl2 s} | By 4 By, tminls ) | Bt B; and tminnl) | By, 4+ B
then, by Proposition 4.3, M(I;J) £ L; & L.

If pmindleds} | B, 4 B and ¢minllslil B, 4 B, or ¢mintlulz} g
B;, + Bj,, then we repeat the same procedure as in the previous sec-
tion to construct a noh-trivial idempotent. Assume that tmintls.l} y
B;, + Bj, (analogous arguments are used if we were to assume that
tmin{lilzt 4 B, 4 Bi). The only divisibility conditions that the ele-
ments of the matrix ¢;, 41, = (CCL 2) have to fulfill are t#=%1 | ¢ and
th | (d — a)(Bi, + Bj,) — t7%#(Bi, + Bj;)%c. The latter condition is
equivalent to the condition t'*=%1 | (d — a) —t~3(B;, + Bj,)c.

Recall that if a = d, then we only obtain the trivial idempotents
because t | ¢. So it must be a +d = 1. If we set a = 1, d = 0,
c=—tl=s1(t=°1(B;, + Bj,))~', and b = 0, we get the idempotent

1 0
Piz+ls = (_tZS_Sl (t_sl (Bll + Bj]))_l O) -

Its orthogonal complement is the idempotent

0 0
tl3_51(f_51(Bil—|—Bj1))_1 1)
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From x;p,_1 = p;x;, we easily determine idempotents ¢;, for all 7. Since
these are non-trivial idempotents, it follows that the module M(I, J) is
decomposable, what we needed to prove.

The case when t™n{lsh} | B; 4 Bj,, and tmin{lalst 4 B,y B;, or
tmintlnlz} ¥ B, 4+ B, and the case when ¢z} | B, 4 B and
tmin{lsi} v By 4 B;, or pmindlzls} 4 B4 Bj, are treated similarly, so
we omit the details. Q.E.D.

Remark 4.5. All arguments from the previous theorem hold more
generally, for example, when the boxes are rectangular. By Remark 4.1,
the matrices x; are all scalar for the parts that are parallel, so they can
be ignored in all computations. So the arguments hold for M(7, .J) where
the profiles can be reduced to a profile satisfying the conditions of the
theorem by removing indices in (I N.J) U (I¢ N J°) from. the k-subsets.

Remark 4.6. As in Proposition 3.7, it is possible to give an explicit
combinatorial description of the summands of M(/, .J) when this module
is decomposable. We do not give this combinatorial description here, but
we note that the coefficients s1, so, and s3 fromthe proof of the previous
theorem play a crucial role in determining the summands. For example,
if tmin{lg,lg} | Bi3 4 ng’ tmin{lg,ll} J( Bi1 4 le’ tmin{ll,lg} )( Big + ij
and s1 = so = 0, then M(7, J) is.isomorphic to Lx @ Ly where X =
(JUIN(i3,41])) \ (JN(i5,01])yand¥Y = (TU(J N (i3,41]))) \ (TN (i3, 41])-
The result of Proposition 3.7 is a special case of this result.

Corollary 4.7. In.the-case (4,8), if I = {2,4,7,8} and J =
{1,3,5,6}, then M(I,J) s indecomposable if and only if t 1 by + bs,
t 1 by + bs, and t.{ bg+ by. Furthermore, if t ¥ by + b3, t | by + bs,
t { bg + b1, then WK(I,J) is isomorphic to L{s356 © L{1478y. If
t | by + b3, t 4by + bs, t 1 bg + by, then M(I,J) is isomorphic to
L{2’4’5’6} @L{Lgmg}. Ift 4 by + b3, t 1 by + b5, t | bg+ by, then M(I,.J) is
isomorphic to Lig g 78y © L1456} If t | b2+ b3, t | by +bs, t]bg+ by,
then M(I, J) is isomorphic to Ly & L.

We now consider the question of uniqueness of the rank 2 modules
we constructed. In case we have a decomposable rank 2 module, the
module is completely determined by the divisibility conditions its coef-
ficients b;, ¢ = 1,...,n, satisfy. Thus, two sets of coeflicients b; define
isomorphic decomposable modules if and only if they satisfy the same
divisibility conditions. What remains to study is the case when we have
an indecomposable module. The next theorem tells us that in this case
too, there is a unique rank 2 indecomposable module with Ly, 356y as
a submodule and Ly3 47,8} as a quotient.
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Let (b;) and (¢;) be different n-tuples corresponding to indecompos-
able modules My and My with filtration L; | L; from Theorem 4.4, sat-
isfying the indecomposability conditions of Theorem 4.4. Thus, assume
that ¢minllo-vled 4 B, 4 B; gminllo—iled 4 C; 4+ O, for g = 1,2,3.
b b g < min{ly_1,l4},
t% | B;, + Bj,, and St 4 Bi, + Bj,, and there exists sy such that
0 < sy <minf{ly 1,14}, t% | C;, +C;,, and t°5 71 § C; +C;, . Recall from
the proof of Theorem 4.4 that since B;, +B;, + B;, + B, + B, +Bj, =0
it is not possible that one of the sg’s is strictly less than the other two,

i.e. the smallest two have to be equal. The same holds for s{’s.

Then for each g, there exists sg such that 0 < s

Theorem 4.8. Let (b;) and (¢;) be different n-tuples corresponding
to indecomposable modules My and My with filtration Ly | L satisfying
the indecomposability conditions of Theorem 4.4. Then the modules My
and My are isomorphic if and only if si = sg for g =142, 3.

Proof. Let us assume that there is an isomorphism ¢ = (;)"_; be-
tween My and M. If @, 4, = (?; g), thendrom x;, 1, i 41, -1 x5, -

Tiy = Tigiz+1Piz+ls =  Pirtlhiliv+liLiakli—1 " LTy © Tiy - Tigtlz+1
follows that ;, 41, is equal to

— (Biy + Bj; )t 73 (Ciy + Cjy )]

a+tls (Cil + le )'y t—h [tl3ﬂ - (X(Bil + le) + (Cil + le )
tl17137 57til3(Bi1 +Bj1)’y

and ;,, is equal to

— (Big + Bjs)t_la (Cig + Cjg 1]

a—t's (Ciz + Cy3) > ¢t [tl36 + a(Biy + Bjs) — (Ciy +Cj3)0
tlzil?”y 0+ t—ls (B,L3 + Bj3 )"y

where t'2 "2 | Y the=h ‘ Y ths | (B7«1 + le)’)’v tls | (Cll + le)'% th |
_a(Bil + le) + (Cll + le)d - (Bil + le)t_l3 (Cil + le )’77 and t'2 |
a(Bi, + Bj,) — (Ciy + Cj3 )8 — (Bi, + By, )t~ (Cy, + Cj, ). Here, without
loss of generality we assume that [3 is the largest amongst [y,1s,l3. The
coefficients o and ¢ are invertible because ¢ | v and ;, 4, is invertible.

If s > s§, then t =1 (B;, + B;,) is divisible by . From t" | —a(B;, +
le) + (C'Z‘1 + Cj1)5 — (Bil + le)t_ZS (C'Z‘1 + le )’y it follows that

=1 | —at=*1(Byy, + By, )+t °1(Ciy + Cjy)8 —t 51 (By, + By, )t~ 3(Ciy + Cjy )7
This implies that ¢ | t~*1(C;, +Cj, )3, but neither § nor ¢=*1(C;, +C}, ) is
divisible by . This is a contradiction. The proof is analogous if s§ > s§

or s§ > s§. Thus if sq # sg for at least one g, the modules M; and My
are not isomorphic.
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Assume that s§ = % for g = 1,2,3. From t"* | —a(B;, + Bj,) +
(Ci, +Cj1)6_ (Bil +Bj1)t_13 (Cll +Cj1)7 and t'2 | (B, +Bj3) - (Cis +
Cjs)0 — (Bi, + Bjs)tila (Ciy + Cjy )y we have

tmin{ll’b} | a(Bil + le)(ci2 + C]2)(Bls + Bjs)
- 6(011 + le)(Biz + B]Q)(CZ'§ + Cj3)‘
If we set Oé(Bil + Bj])(Ciz + ng)(Bi3 + Bjs) - 5(011 + Ojl)(Big +
B;,)(Ci, + Cj,) =0, then by defining § = 1, we get

(Ois + CjB )]

[t (Ciy + C It (Biy + By,
- g(Bi3 + Bjs)].

(Bil + le)][tisg (012 + Cjz)][t s

By setting —a(B;, + Bj,) + (Ciy + C},)0 — (B;, + le)tfls‘ (Ci, +
Cj, )y =0, we obtain

[t=55 (Ciy + Cp)Ilt~8 (Big + Bjy)] — [t73 (Biy, +.B4,)[t™5(Cly + Cj)]

y=t' b ¢ b
[t (Biy + Bj, =2 (Ciy + Cjs =23 (Bis + Bj:s)]

The coefficients «, 3, and 7 of ¢;,41,-satisfy the necessary divisibility
conditions, it is left to set 8 = 0 to obtain the isomorphism

Pig+lz =
[t~ 55 (Ciy +Cy DIt BBy + Byt~ "5 (Cig +C;3)) 0
c b
(61 (Byy + By =5 (Cip +Cip)Mlt™ "3 (Big +B,5 )]
1 "8 (O 4 Nt 78 By + By 1=t "3 (Buy By Il *5 (Cug +Ci)l |

[t B B 1[5 (Cip +Cip)I[E "3 (Biy +B5)]

Once we know ;. 115, Qis+i1,, and @;,44,, we easily compute ¢;, for all
i, again by using-relations x;p;_1 = @;x;. Q.E.D.

Corollary 4.9. In the tame case (4,8), up to isomorphism, there is
a unique rank 2 indecomposable module with filtration layers 2478|1356.

Proof. In this case, s, = 0, for g = 1, 2, 3, and the statement follows
from the previous theorem. Q.E.D.

Example 4.10. Observe the case (5,10). Let I = {1,2,5,6,8} and
J =1{3,4,7,9,10}. For this profile, there are three boxes of sizes [ = 1,
lo =2, and I3 = 2.

Deﬁneb1:0,b22t7b3:b4:b5:0,b6:1,b7:—t,bgz
—1, and by = bjg = 0. Tt holds that 32/, b; = 0, t t by + bg + tbs,
t J[ bs + bg + tbyo, 12 J[ bo +tby + b3 +tby, and t | by + tby + bz + tby. Thus,
st = s8 =0 and s§ = 1. Denote the corresponding module by M;. This
module is indecomposable by Theorem 4.4.
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Define ¢; =0, ¢ =1,¢c3 =c4 =¢c5 =0,¢c6 =1, ¢ =0, cg =
—2, and Cg = C10 = 0. It holds that Zzlgl C; = 0, t J[ cr + cg + tC57
tfcs+cog+tero, t2 4 ca +teg + 3 + teq, and tf co + tey + c3 + tey.
Thus, s§{ = s5 = s§ = 0. Denote the corresponding module by M. This
module is indecomposable by Theorem 4.4.

By Theorem 4.8, the modules M; and My are not isomorphic.

Corollary 4.11. Let I | J be the filtration from Theorem 4.4 and
assume that 11 < ly <l3. Up to isomorphism, there are

1 —1
l1<12 —|—l2)

indecomposable modules with filtration I | J.

Proof. 1In order to count the non-isomorphic modules, we have to
count the number of different triples s1, s2, s3. Recall that the smallest
two among si,s2 and sz have to be equal because’ B;, + B;, + Bi, +
Bj, + Bj, + Bj, = 0. Also, recall that s; < min{l;_1,1;}.

Assume that s; = i. If sy or s3 is less'than s;, then s3 = s; and
there are 7 different choices for s3 = s5. If s1 is less than ss, then s
has to be equal to s3 and vice versa,-if's; is less than sz, then s; has to
be equal to s5. In total there aredy — ¢ — 1 options in the former case,
and [y — 7 — 1 in the latter case. We also have to count the case when
$1 = 8o = 83 = 4. Thus, there are

l1—1 11—1
) . . . lh—1
E (Z+1+11—Z—1+l2—7,—1): E (l1+12—2—1):ll<12 —l—lg)

i=0 =0

Let s1, s2, and s3 be arbitrary numbers such that 0 < s, < min{l,_1,
ly}, g = 1,2,3; with the two smallest numbers amongst them being
equal. It is easy to define b;’s in such a way that their sum is O,
t% | B, + Bj,, and t*s*' { B; + B, , g = 1,2,3. For example, if
s1 = S2 < s3, one can define b;’s in such a way that B; + B;, = t°!,
B;, + Bj, = —t** — %3, and B;, + Bj, = t**. And similarly when
S9 = 83 < 81 and s; = 83 < Sq. Q.E.D.

The expression ll(llT*l +13) is equal to 1 if and only if I; = Iy = 1.
In all other cases it is strictly greater than 1. Thus, there is a unique
indecomposable module for a given filtration only when [y = lo = 1,
i.e. only when two of the boxes of the profile are of size 1. We give
this special type of a profile a name. We say that [ and J are almost
tightly 3-interlacing if I'\ J ={a1} U {a2} U{as,...,a34,} and J\ I =
{bl}U{bQ}U{b3,...,b3+r}, r >0, and by < a1 < by < ag < by <
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- < b3y < az < -+ < agy,. Combinatorially, I and J are almost
tightly 3-interlacing if the profile I | J has three squared boxes, at
least two of them of size 1. Here, we assume that the potential parallel
lines of the rims have been removed in order to simplify notation. Note
that, by definition, tightly 3-interlacing layers are also almost tightly
3-interlacing.

Corollary 4.12. Let I | J be the filtration from Theorem 4.4. There
is a unique rank 2 indecomposable module with filtration I | J if and only
if I and J are almost tightly 3-interlacing.

Remark 4.13. In the general case of layers with profile 12 | 2, i.e. in
the case when I and J form three boxes that are not necessarily squares
or rectangles (meaning that there are junctions), one can construct mul-
tiple non-isomorphic indecomposable modules with the given filtration.
To see this, when constructing indecomposable modules we deal with
junction points in the following way. Observe Figure 5. For the junction
points 4 and 6 of the leftmost box, we define by = b5 = bg = by = 0.
Similarly, for the rightmost box we set bii/= b5 = 0. In this way
we practically ignore the junctions because for each junction point ¢ it
holds that z;y1z; = t-id so it does not interfere with our computa-
tion, and we can behave as if we were in the case when all boxes are
squares. If there are at least two‘boxes with junction points, then as
in the case when all boxes are squares it follows that there are multiple
non-isomorphic indecomposable modules. In the case when there is only
one box with junction points, then we use the arguments from the last
section (by treating.one.of the junctions as if it were a branching point)
to construct multiple non-isomorphic indecomposable modules.

Example 4.14. In the tame case (4, 8), there is only one type of a
profile that is almost tightly 3-interlacing. Such a profile is 2478 | 1356
(and all profiles obtained from this profile by adding a to each element
of both 4-subsets, for a = 1,...,7).

To construct modules with filtration 2478 | 1356 we define x; =

t b _ (1 = . (1 byt =by
(0 1)ayi_<0 t)7f0rl—2,4,778andxi_(0 t)’yz—(o 1>’

for : = 1,3,5,6. Note that the x;’s are almost the same as for a module
with filtration 2468 | 1357 constructed in the next section, with only the
ones at vertices 6 and 7 changing places.

In order for this to be a module we assume that by + by + bg + by +
bs +bs +t(bg +b7) = 0. Denote this module again by M(7, J). As for the
module with filtration 135 | 246, it is easily seen that L; is a summand
of M(I,J) if and only if ¢ | bs + by, t | by + b3, and t | by + bs. The
module M(I, J) is indecomposable if and only if ¢ { by + b3, t 1 by + bs,
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t J[bg +b1. If t 1’ by +bs, t | by+bs,t Tbg + by, then M(I, J) is isomorphic
to L{273)576} b L{1,4,778}- If ¢ | bo + b3, t { by +bs, t 1 bg + by, then M(1,J)
is isomorphic to Lz 456y © Ly1,3,7,8y- 1 ba+b3, t1bs+0bs, t]bg+ b1,
then M(I, J) is iSOHlOI‘phiC to L{2,3,7,8} (&) L{1,4,5,6}'

There are four different decomposable modules appearing as the
middle term in a short exact sequence that has L; (as a quotient) and
L; (as a submodule) as end terms:

00— LJ — L{173,576} ] L{2747778} — L — 0,
O0—L;— L{1478 ® L2356 — L1 — 0,
0—L;— L{1’3’7’8} D L{2’4’5’6} — Ly — 0,
0 — LJ — L{2,3,778} EB L{174,5,6} — L] — 0

The pairs of profiles of the four modules that appear in the middle in

these short exact sequences can be pictured as follows (similarly as in
Example 3.9).

(c) Li1,3,78) @ L{2456} (d) L2378} ®L{1,4,5,6}

Fig. 7. The pairs of profiles of decomposable extensions be-
tween L{1,3,5,6} and L{2,4,7,8}'
§5. Tight 4-interlacing

In the tame case (4,8), there is only one type of configuration of
layers with 4-interlacing, 1357 | 2468 (and the one obtained by adding
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1 to each element of the two 4-subsets). We study this now. Let I =
{1,3,5,7} and J = {2,4,6,8}. The construction is the same as for
the module 135 | 246, we just have two more vertices. So assume that

T, = (8 bf) for odd ¢ and x; = ((1) %) for even i. From zF = yn—F

it follows that Zf bi = 0. We denote the constructed module by M
and study the structure of this module with respect to the divisibility
conditions of the coefficients b;.

Just as in the case of the module 135 | 246 (Section 3.1), one can
argue that M = L; @ Ly if and only if ¢ | by + by, ¢ | bg + b, ¢ | b5 + bg,
t | by + bg. In order to determine the structure of the module M when
these four divisibility conditions are not fulfilled, first we determine the
structure of an endomorphism of this module.

If p = (p;)]_, is an endomorphism of M and ¢ = (Ccl 2), then

—by +7 + b))%t e
t—1le d— (b1 +"'+b2i+1)t710

(a+(b1+-~-+b2i)tlc b+t71((d7a)(b1+---+b2i) )
P25 = )

a4 (by +---+boyr)t e th+(d—a)(by - +b2ir1)
P2i41 = 5

— (b1 4+ b2)?t o)
c d*(ler-"erzi)t*lc

where t | ¢, and

t](d—a)(by + ba) &by + b2)*t e,
(4) t ‘ (d — a)(bl +bs+ bs + b4) - (bl + by + b3 + b4)2t710,

6 2
t‘(d—a)(b1+b2+b3+b4—|—b5—|—bﬁ)— (Zb,) tilc.
i=1

We distinguish between different cases depending on whether the
sums by + by, bz + by, bs + bg, and by + bg are divisible by ¢ or not.
We will call these the four divisibility conditions t | by + ba, t | by + ba,
t | bs +bs and t | by + bg, and write (div) to abbreviate. There are three
base cases: one of the sums is divisible by ¢ and three are not, two are
divisible by ¢t and two are not, and none of the sums is divisible by t.
We will see that M is indecomposable in the first case and partly in
the third case. We will explain how the module decomposes in the other
cases. Furthermore, we will also show that there are infinitely many non-
isomorphic modules with the same filtration for the indecomposable case
when none of the sums is divisible by ¢.
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5.1. Only one of the sums is divisible by ¢ (Case 1)
We first assume that ¢ 1 by + ba, t 1 bg +ba, t 1 bs + bg, and t | by + bs.

Theorem 5.1. The above defined module M is indecomposable if
tJ[bl + b, t'fbg+b4, tfb5+b6, and t ‘ b7 + bs.

Proof. As in the proof of Theorem 3.5 for the module 135 | 246,
we repeat the same arguments using the divisibility conditions

t | (d — a)(b1 =+ bg) — (b1 =+ b2)2t716,
t | (d — a)(b1 + by 4+ b3 + b4) — (b1 + by 4+ b3 + b4)2t_1c,

to conclude that the only possible idempotent endomorphisms of M are
the trivial ones. We only note that ¢ { by + ba + b3 + by because if it were
not so, then t | b5 + bg which is not true. Q.E.D.

In the previous theorem it suffices to choosed; =0, by =1, b3 = 2,
by =0, b5 =0, bg = —3, by = —1, and bg.= 1.in order to fulfil the
conditions of the theorem and to have an indecomposable module.

In the next theorem we show that this module only depends on the
divisibility conditions of the coefficients b;, so if we have two different
8-tuples satisfying the same divisibility conditions, then they give rise
to isomorphic modules.

Theorem 5.2. Let (c1,co, C3, ¢4, C5, Cg, C7, Cs) be an 8-tuple such that

tfer+co, tfez+cy, t s+ ce, and t | ¢y +cg. If M is the module
determined by this 8-tuple, then the modules M' and M are isomorphic.

Proof. As in the proof of Theorem 3.11 for the module 135 | 246,
we explicitly constriet an isomorphism ¢ = (¢;)7_, between the two
modules, where @, : V; — W;, and V; and W; are the vector spaces at
vertex 4 of the modules M and M’ respectively.

Let us assume that pg = (3 g) Then by repeating the same

calculations as for the module 135 | 246 we get

27+1 2i+1 —
- (I o) (T ety
t— 1y §— (b1 4+ +bar1)t o
(a+(m+-~+cmtlv Bt (—aX il b+ 035 ¢ )
Y2 =

a+ (e 4 +egipr)tTy /315*6!2?:11 bj +5Z?i=+11 Cj
P2it1 = )

— Ty R0 30 <)
o' 57(b1+-"+b2i)t71’y
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where ¢ | v and

t ‘ 70&(1)1 + bQ) + (Cl + 62)5 — (b1 + bg)(Cl -+ Cg)til"}/,
t | —Oé(bl+b2+b3+b4)+(01+CQ+63+C4)5
- (bl +bg + b3 + b4)(C1 +c2+c3+ C4)t71’}/,
t | —a(b1 +b2+bg+b4+b5+b6)
6 6
+<Cl +C2+CS+C4+CS+CG)6_t_1'YZbiZCi-

i=1 i=1

Since t | v and we would like ¢ to be invertible, then it must be that

tfa and t1d. Then the inverse of ¢q is aﬁiﬁy (_67 _aﬁ).

In order to find an isomorphism ¢, note that the last divisibility
condition is fulfilled because ¢t | by 4+ bg and ¢ | €7+ cs. Also note
that the condition ¢ | —a(by + ba + bg + bs) + (c1,+ co2 + ¢3 + c4)d —
(by + by + bz + by)(c1 + co + c3 + c4)t 71y is équivalent to the condition
t | a(bs +bg) — (c5 + c6)d — (bs + bg)(c5 +.Ca)t 1. Now we repeat the
same calculations as for the module 135-.246.

Note that there are no conditions-attached to 5 so we set it to be 0.
If we set

—a(by + ba) + (1 + €396 — (by + b2)(c1 + c2)t ™'y =0,
O[(bg, + b6) — (05 + 66)5 - (b5 + b6)(C5 + Cﬁ)t_l"y = 0,

then we get

Cc5 + Cg

a(b5 + b6) |:]. +

}—5(C5+cﬁ) {1+b5+b6} — 0.

e+ e by + by

If t | 1+ X% then from E?Zl ¢; =0, we get t | ¢35 + ¢4, which is

c1tez?

not true. The same holds for 1 + gi’igg, so both of these elements are

invertible. Thus, if we set § = 1, then we get

(c1 + c2)(bs + by)(c5 + c6)
(b1 +b2)(c3 + ca)(bs + bg)’

and
(c3 + ca)(bs + bs) — (b3 + ba)(c5 + c6)

Y oy T b (es + ca) (bs + be)
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Hence,
(c1 + c2)(bz + ba)(cs + c6) 0
o — (b1 + bg)(c;g + C4)(b5 + b(;)
0 Jestea)(bs +bg) = (bstba)les tee)

(b1 + ba)(cs + ca)(bs + bg)

The other invertible matrices ; are now determined from the above
equalities. Note that all of them are invertible because their determinant
is equal to ad — B~ which is an invertible element. Q.E.D.

We denote the unique module (up to isomorphism) from Theo-
rem 5.1 by My g. It is obvious, due to the symmetry of the arguments,
that there are also modules M; o, M3 4 and M that ‘correspond to
the remaining three possible divisibility conditions for Case 1, e.g. M 2
corresponds to the case when ¢ | by + bo, ¢ 1 bg—+bay ¢ 1 bs + bg, and
t1 by + bs.

In the next statement we prove that no.two of these modules are
isomorphic to each other.

Proposition 5.3. There are no isomorphic modules amongst M 2,
M3,4, M576 and M778.

Proof. Due to the symmetry of the arguments, we only show that
M g is not isomorphic to any of‘the other modules.

Assume otherwise, that My g is isomorphic to M ;41, where 7 is 1, 3
or 5. Then there is an isomoerphism between these two modules. Keeping
the same notation from the proof of the Theorem 5.2, we have that this
isomorphism has to satisfy the following divisibility conditions:

t]| —a(by +b3) ¥ (c1 +c2)d — (by +bo)(e1 + )t 1y,
t]| —a(by +ba+bs+by)+ (c1+co+cs+cq)d

— (b1 + ba + b3 + by)(e1 + c2 + ez +ca)t My,
t ‘ —a(bl+bg+b3+b4+b5+b6)

6 6

+ (1 +cat+es+eqatcs —1—06)6—1&_172@201».
i=0 =0

Here, the coefficients b; correspond to M g and ¢; correspond to M ;1.
Since t | by 4 ba + bg + by + bs + bg = —(by + bg), from the last condition
it follows that t | 6(cy 4+ c2 + ¢3 + ¢4 + ¢5 + ¢). Since t 1 4, it must be
t | (c1+cates+ceg+es+cg). Thent | er+cg = —(c1+catestcates+ce)
which is in contradiction with our assumption that ¢t c; + cs.  Q.E.D.
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It follows from the previous proposition that we have now con-
structed four non-isomorphic rank 2 modules whose filtration is Ly 55 71 |
L3465 Before we show that in fact there are infinitely many, we con-
sider the other two cases for the divisibility conditions.

5.2. Exactly two of the sums are divisible by ¢ (Case 2)

There are two subcases. The first subcase is when the divisible sums
are consecutive, e.g. when ¢ | by +bo, ¢ | bs+ba, t 1 bs +bg and ¢ 1 by + bg.
The second subcase is when the divisible sums are not consecutive, e.g.
when ¢ | b1+b2, t | b5+b6, t)[b3+b4 and tfb7+b8

Assume first that ¢ | by + ba, ¢ | b3 + ba, t 1 bs + b, and t t by + bs.

Theorem 5.4. Ift | b1 + bQ, t | b3 + b4, tJ[b5 + b6, and t J[ b7 + bg,
then the module M is isomorphic to L1 356} © L2478}

Proof. We show that M is decomposable by constructing a non-
trivial idempotent endomorphism of M. Recall that an endomorphism

© = (¢:)1_y of M, where g = (g Z>7 satisfies the-divisibility conditions
(4).

Since ¢ | by + ba, t | bg + by, these-conditions reduce to a single
condition t | (d — a)(bs + bg) — (b5 A be)*t " Lc. From t | by + bg we
conclude that ¢ | (d — a) — (bs + bg)t: e

To construct a non-trivial idempotent homomorphism, as in the case
n==6 weset a=1,0=0=pand v = —t(bs + bg) . Thus,

& 1 0
L@ 7t(b5+b6)71 0"

Its orthogonal complement is the idempotent

(t(b5 +0b6)—1 (1)> :

Since these are non-trivial idempotents, it follows that the module M is
decomposable. It remains to show that M = L5 4 78y © L1356y We
know that M is the direct sum of rank 1 modules Lx and Ly for some
X and Y. Let us determine X and Y.

For this, we take, at vertex i, eigenvectors v; and w; corresponding
to the eigenvalue 1 of the idempotents ¢; and 1 — ¢; respectively. For
example, v = [1, —t(bs +bg) ~']*, wo = [0, 1], v1 = [1 — b1(b5 +bs) ",
—(bs + bg)~1]* and w; = [by, 1]!, and so on. A basis for Ly is {v; | i =
0,...,7}, and a basis for Ly is {w; | i =0,...,7}. Direct computation
gives us that z1vg = tvy, Tov1 = Vo, T3V2 = tvg, T4V3 = Vg, T5Vg = tvs,
vy = tug, X7V = V7, TgU7 = vo. Thus, X = {2,4,7,8}. Analogously,
Y ={1,3,5,6}. Q.E.D.
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Remark 5.5. In the case when ¢ t by + bo, t | by + b4, t | bs + bg,
and t { by + bg, M is the direct sum Lys5 7,8y @ Lf1,2,4,6}-

Similarly, by suitable renaming of the vertices of the quiver, we
obtain two more direct sums, the modules L 257y © L3463} and
L1347y ® L2568y, that have L; as a submodule and L as a quotient
module, and there are short exact sequences with L; and L; as end
terms:

(@) 0— Ly — Lyiss6r ® Ligarsy — L — 0,
(b 0— L; — Lizsr8y © Li1246) — L — 0,
(c) 0—L;y— Luasn ®Liassy — L1 —0,
(d) 0—L;— Liigan ©Lpsesy — L — 0.

Here, (a) is the case where t | (by +b2) and ¢ | (b4 by); (b) the case
where ¢ | (bg 4+ b4) and ¢ | (b5 + bg), (c) the case where ¢ | (b5 + bg) and
t | (by + bg), and (d) the case ¢ | (b7 + bg) and ¢ [\(by+ b2).

The pairs of profiles of the four decomposable modules that appear
in the middle in these short exact sequences.can be pictured as follows:

(c) L1257 ®L{346,8} (d) Li13,4,7) ® Li256,8}

Fig. 8. The pairs of profiles of decomposable extensions be-
tween L{l,3,5,7} and L{2,4,6,8}-

Assume now that ¢ | by + b, t | bs + bg, t 1 bs + by, and ¢ t by + bs.

Theorem 5.6. Ift | by + bo, t | b5 + bg, t 1 bs + bs, and t { by + bs,
then the module M is isomorphic to Ly 346} © L2578}

Proof. The only difference from the proof of the previous statement
is that the divisibility conditions are now reduced to the condition ¢ |
(d—a)— (bs+ba)t e
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To construct a non-trivial idempotent homomorphism, we set a = 1,
§=0=p,and v = —t(b3 + bs)~*. Thus,

B 1 0
¥o = —t(b3+b4)_1 0/’

and the rest of proof is analogous to the proof of the previous statement.
Q.E.D.

Remark 5.7. In the case when ¢ { by + ba, t | by + by, t 1 bs + be,
and t | b7 “+ bs, M iS the direct sum L{172’4,7} @D L{375,6,8}'
The pairs of profiles of these two modules can be pictured as follows:

(a)L{1.3,4,6} @ Li2 573} (b)L{1,2,4,7} ® L3568}

Fig. 9. The pairs of profiles of decomposable extensions be-
tween L{1,3,5,7} and L{2,4,6,8}-

5.3. None of the four sums'is divisible by ¢ (Case 3)

There are two subcases we have to consider. The first subcase is
when all sums b; + b;+1 +b; 52+ b;43, for i = 1,3,5,7, are divisible by ¢,
the second subcase is when.at least one of these sums is not divisible by t.
In the latter case, we get infinitely many non-isomorphic indecomposable
modules as we will: show. In this subsection, we always assume that none
of the four divisibility conditions ¢ | b; + b;41, ¢ odd, which we continue
to abbreviate as (div), is satisfied.

We first consider the case where all sums b; + b1 + b2 + b;+3 are
divisible by ¢.

Theorem 5.8. Assume that the (b;); satisfy none of the four divis-
ibility conditions (div) but that t | b;+b;y1+bir2+biys, fori=1,3,5,7.
Then M= L1 25,61 © Lyza7.8)-

Proof. As before, we will construct a non-trivial idempotent endo-
morphism of M to prove that it is a decomposable module. Also, as
before, our endomorphism has to satisfy the conditions (4).

From ¢ | by 4 by + b3 + by it follows that the conditions (4) reduce to
a single condition ¢ | (d — a) — (by + ba)t~te. Note that this condition
is equivalent to the condition ¢ | (d — a) — (bs + bg)t ~‘c. As before, we
obtain a non-trivial idempotent
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B 1 0
¥o = —t(b1+bg)_1 0/)°

The rest of the proof is analogous to the proof of the previous two
statements. Q.E.D.

Remark 5.9. The pairs of profiles of Ly 556} © L3478} can be
pictured as follows:

Fig. 10. The pairs of profile of a decomposable extension be-
tween L{1,3,5,7} and L{2,4,6,8}-

Assume now that for the tuple (b;); one of the consecutive sums of
four entries is not divisible by t.

Proposition 5.10. If none of the four divisibility conditions (div)
holds for (b;); and if there exists.an i € {1,3,5,7} such that t 1 b; +
bit1 + biyo + birs, then M is indecomposable.

Proof. Assume, without loss of generality, that ¢ 1 by + by + bs +
by. As in the proof of indecomposability of the module 135 | 246 the
endomorphism of Mihas to satisfy the conditions

t | (d— a)(b1 + bg) » (bl + b2)2t_1c,
t | (d— a)(b1 + by + b3 + b4) — (b1 + by + b3 + b4)2tilc,
t](d—a)(by 4 by 4 bg 4 by + bs +bg) — (b1 + by + b3 + by + bs + bg)*t e

Now we repeat the same arguments as for the module 135 | 246. From
the first two conditions we get that ¢ | (bs + bs)t'c. Since ¢ { b3 + by, it
follows that ¢ | t~'c and that ¢ | d — a. If a + d = 1, then, because t | a
or t | 1— a, it must be that ¢ | 1, which is not true. Thus, it must be
a=d and ¢ = b =0, giving us only trivial idempotents. Q.E.D.

Now that we know that whenever ¢ { b; + bj+1 + bj12 + bit3, for at
least one i, the module M with the given (b;); is indecomposable, we
would like to know if the constructed modules are isomorphic. Since
> b; = 0, we have ¢ 1 b; + bjy1 + biyo + bj13 for some ¢ if and only if
t 1 biya + bits + bi, + bi,. Therefore, these conditions come in pairs of
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“complementary” sums. Thus we have to distinguish between the cases
when two of the sums b; + b;11 + b;12 + b3 are divisible by ¢ and two
are not, and when none of these sums of four consecutive b;’s is divisible
by t. We will see that in the first case, we only get two indecomposable
modules (up to isomorphism) while in the latter case, we get infinitely
many.

Let us assume that (c;)$ is another 8-tuple satisfying none of the
divisibility conditions (div) and such that ¢ { ¢; + ¢;1 + ¢i42 + ¢it3, for
some i € {1,3,5,7}. Denote the module given by these (c;); by M'.

In the following two propositions we consider the case when both
b;’s and ¢;’s have two of the above mentioned sums divisible by ¢, and
two sums not divisible by ¢.

Proposition 5.11. If t ¥ by + by + b3 + by, t | b3+ by + b5 + bg,
tte+ceatestcy, andt | ez +cq+ cs + o, then M and M’ are
isomorphic.

Proof. Keeping the same notation as before when constructing iso-
morphisms, it must hold:

t | —a(by +by) 4 (c1 + )6 — (by + ba)(ci + ca)t ™1,
t]| —a(by +ba+ b3+ bs)+ (c1 +co+¢3+cq)d
— (b1 + by %.bs Fbs)(c1 + ca + 3+ ca)t ™,
t| —a(by 4 by + bz + by b5+ be)
6 6

+AlcrF+cotes+cea+os —1—06)6—15_172@-202-.
i=1 =1

Since t | by + by+b5 + bg and ¢ | c3 + ¢4 + ¢5 + ¢g, the above conditions
reduce to the first two conditions. Now, we set —a(by + b2) + (c1 +
02)5 — (b1 + bg)(Cl + Cg)til’y =0 and —Oé(bl + by + bg + b4) + (Cl + co +
3+ ¢4)8 — (b + by + b3 + by)(c1 + ca + c3 + ¢4)t 1y = 0. Subsequently,
O[(bl + b2 + b3 + b4)(63 + C4)(Cl + CQ)_l — 5(01 + co + c3 + C4)(b3 +
by)(by + b2)~t = 0. By setting o = 1, B = 0, we get that § = [(b; +
ba) (b1 + bz + bz + ba)(c3 + ca)][(c1 + c2)(c1 + ca + c3 + ca)(bs + ba)]7H,
and v = —(c1 +c2) 71 +0(by + ba) 71, giving us an isomorphism between
M and M’. Q.E.D.

Proposition 5.12. If t { by + by + bz + by, t | by + by + b5 + bg,
t|ei+ca+cg+eq, andtfes+cy+cs+ co, then M and M’ are not
isomorphic.
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Proof. 1If there were an isomorphism between M and M/, then its
coefficients would satisfy

t| —a(by 4+ b)) + (c1 + c2)d — (b1 + b2)(c1 + CQ)tilﬁ/,
t ‘ 70[(1)1+b2+b3+b4)+(Cl+62+03+64)5
— (b1 + ba + b3 + ba)(e1 + c2 + ez +ca)t My,
t ‘ —Oé(bl —|—b2—|—b3—|—b4+b5+b6)
6 6
+(c1+cat+esteqatces —1—06)5—15_172@-201-.
i=1 =1
From the second condition we obtain ¢ | a(b; 4+ ba + b3 + by). But
t1by + by + b3 + by and ¢t «, which is a contradiction. Q.E.D.

Remark 5.13. The same arguments used in the proof of the pre-
vious proposition tell us that the two modules M and M’ from Propo-
sition 5.12 are two new non-isomorphic indecomposable modules which
are not isomorphic to any of the modules M 5, M3 4, M5 ¢ and M g con-
structed before. For example, if the b;’s correspond to the module My g
and the ¢;’s correspond to the module M .then from the third relation in
the proof of Proposition 5.11 we obtain that ¢ | §(¢1+ca+es+ca+c5+co),
yielding ¢ | 6(¢y + ¢2), which ismotitrue since t ¢ and ¢t 1 (¢1 + ¢2).

We are only left to examine if, in the case when none of the sums
b; +bit1+biya+biy3 is divisible by ¢, for two different tuples we obtain
isomorphic modules. In the following theorem we assume that b;’s cor-
respond to the module M and ¢;’s correspond to the module M’. Also,
we assume that ¢ £0;4 b1, t1¢; + ¢;41 for odd 4.

Theorem 5.14. If ¢ 'f bi + biy1 + biyo + biys and t f Ci + Cit1 +
Ciyo+ciys, fori=1,3,57, then the modules M and M’ are isomorphic
if and only if

t ‘ (b1 + bg)(()g + C4)(b5 + b@)((,’? -+ Cg) — ((,‘1 + Cg)(bg + b4)((55 + CG)(b7 + bg)

Proof. As before, if there were an isomorphism between M and M,
its coeflicients would have to satisfy the following conditions:
t] —aby 4 ba) + (c1 + c2)6 — (by + ba)(c1 + e2)t ™1y,
t]| —a(by +ba+bs+by)+ (c1+ca+cg+cq)d
— (b1 + bg + b3 + by)(c1 4+ c2 + ez +ca)t My,
t | by +bg) — (7 + cg)d — (br + bs)(cr + )t~ 1.



Rank 2 modules in Grassmannian cluster categories 41

From these we get that

t]afes+ca)[(cr +c2)(cr+ea+es+eg)]

— (b3 + ba)[(b1 + b2) (b1 + ba + b + ba)]
t|ofes + co)[(cr +cs)(ci+ca+es+ea)]

— 6(bs + b6)[(b7 + b) (b1 + ba + by + ba)] .

Finally, from the last two relations we get
t| af(bi+b2)(cg+ca)(bs+bg)(cr+cs)—(c14+c2)(bs+ba)(c5+c6) (b7 +bs)].

If¢ )[ (b1 +b2)(03 +C4)(b5 +b6)(C7+Cg) — (C1 +Cz)(b3 +b4) (65 +CG)(b7 +b8),
then there is no isomorphism between M’ and M. If ¢ [\(by + b2)(c3 +
c4)(bs +bg)(c7 +cs) — (c1+¢2)(bs + bs)(c5 + c6) (b7 + bg), then we simply
set a = 1, and compute 0 and 7 from the above relations (as before, we
set 8 =0). Q.E.D.

Remark 5.15. It is easily shown that none of the indecomposable
modules from Theorem 5.14 is isomorphic to any of the indecompos-
able modules from the previous cases. To prove this, we use the same
arguments as in Remark 5.13.

We will now parametrize the nen-isomorphic indecomposable mod-
ules from Theorem 5.14.

Let g € C\ {0,1, -1} Keeping the notation from the theorem,
choose the parameters byin the following way: by +bs = —(bs +bg) = 1,
b3+b4 = 7(b7+b8) = ﬂ Then, t'f bi+bi+1 and ¢ J[ bi+bi+1 +bi+2 +bi+3,
for odd 7. Denote the indecomposable module that corresponds to these
coefficients by-Mj.

Corollary'5.16. There are infinitely many non-isomorphic rank 2
indecomposable modules in CM(Ba,g) with filtration 1357 | 2468.

Proof. Let o€ C\ {0,1,—1}, with 8 # +«, and M, be the corre-
sponding indecomposable module. Then M, and Mg are not isomorphic.
Indeed, assuming that the coefficients ¢; correspond to M,,, we have that

t1(by +b2)(cs +ca)(bs +be)(cr +cs) — (c1 + c2)(bs +ba)(cs + co)(br + bg) = a? — B2,

since o # £, so by the previous theorem the corresponding modules
are not isomorphic. Q.E.D.

From the proof of the previous corollary it follows that the two
modules M, and Mg are isomorphic if and only if o = +3. Thus, the
non-isomorphic indecomposable modules of this form are parameterized
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by C\ {0,1,—1}, where two points in this set are identified if they sum
up to 0. In the next proposition we show that every indecomposable
module as in Theorem 5.14 is isomorphic to Mg for some g.

Proposition 5.17. Let M be a rank 2 indecomposable module with
the corresponding coefficients ¢; satisfying t 1 ¢; + ¢i11, t 1 ¢; + civ1 +
Cit2 + Cits, for odd i. Then there exists f € C\ {0,1,—1} such that M
is isomorphic to Mg.

Proof. Let ¢; +c¢;41 = Cy, for i =1,3,5,7. Since the coefficients of
M satisfy by + by = —(b5 +bs)=1,bs+by= —(b7 +bg) = B, it follows
from Theorem 5.14 that we need to find 3 satisfying t | 32C;Cs — C5Cx.
If ~; is the constant term of C;, then we choose  to be a square root of
(7377)(71175) . Note that by the divisibility conditions (div), y1vs5 # 0
and v3y7 # 0. In particular, § # 0. If § = +1, theny1v5 = Y377.
From Cy + C3 + C5 + C; = 0, we get after multiplying by Cs that
(3 + v5) (75 + v7) = 0 which is not possible. Hence, 8 # +1.  Q.E.D.

66. The general case: r-interlacing, >4

In this section we generalize the results from the previous two sec-
tions. We deal with the case of r-interlacing, where r > 4 and at least
four boxes (i.e. r-interlacing rims where r > r; > 3). We prove that if T
and J are r-interlacing with poset 1™ | 2, where r > 4 and r > r; > 3,
then there exist non-isomorphic indecomposable modules with the given
filtration Ly | L. It follows that in this case, as in Section 5, the profile
of a module does not uniquely determine the module. Let I and J be
r-interlacing and form.r; boxes. In general, I N J and I¢ N J¢ are non-
empty. We haveto' modify our definition of branching points i,, and
associated points j,, for the general setting.

Definition 6.1. Let I and .J be two k-subsets such that their lattice
diagram forms r; boxes. The branching points of the lattice diagram
I | J are defined to be the points where the boxes end, i.e. 1 € I\ J is a
branching point if i+ 1 ¢ I and the two rims meet at i. We denote them
by {i1,42,...,% }. In addition, we define the points {ji, j2,...,Jjr } at
the beginning of the boxes as the set of j € J\ I such that j —1 ¢ .J
and such that j,, is minimal in {é,, + 1,...,4m+1} (cyclically) with this
property. The size of the box ending at 4, is defined to be the number
of elements of I\ J for that box.

Let » > 4. If k is arbitrary and I, J are such that I and J are -
interlacing and I | J has poset of the form 1™ | 2, where r > r; > 3 (see
Figure 11), then we are able to construct more than one non-isomorphic
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indecomposable rank 2 module which has L; as a submodule and L; as
the quotient as follows. Denote this module by M(Z,.J). We mimic the
same procedure as for the module 1357 | 2468.

Fig. 11. The profile of a module with 5-interlacing layers and
with poset 14 | 2, for (k,n) = (6,12).

The two rims form 7 boxes. Denote the 73 branching points from I
where the boxes of the two rims end by 41, ~.( %, and their counterparts
in J by j1,...,7r, as in Definition 6.1.

For these branching points, we set'z;, = (6 bfl) and xj = (é bgl)

for I = 1,...,7. For all other vertices i we define x; (resp. y;) to
be diagonal matrices as follows: the diagonal of z; (resp. y;) is (1,t)
(vesp. (¢t,1)) if ¢ € J\ L dt.is (¢,1) (vesp. (1,¢)) if @« € T\ J, (t,t)
(vesp. (1,1)) if ¢ € I° N J€, and (1,1) (resp. (¢,t)) if i € I N J. We also
assume that Y " (b, #&;,) = 0 so that we have a module structure.

Now we assume that the following divisibility conditions hold for the
b;’s at the first three branching points, as in Theorem 5.1 (recalling from
its proof that #{ by +ba +bs +b4) for the module 1357 | 2468: ¢ 1 b;, +b;,,
t 'i' b7;2 —|—bj2, t 'f bi3 —|-bj37 Wlth t f bil +bj1 +bi2 —|—bj2, and t | bil +bjl fOI‘ l Z 4
As in the previous sections, it is now easy to prove that this module is
indecomposable by invoking the same divisibility arguments as before.
Obviously, we could start at any branching point in order to obtain
additional r; — 1 indecomposable modules. As in Proposition 5.3, one
can easily prove that no two of these r; indecomposable rank 2 modules
are isomorphic.

Therefore, we have the following proposition.

Proposition 6.2. If I and J are r-interlacing and I | J has the
poset 1™ | 2, where r > ry > 3, then there are more than one indecom-
posable rank 2 modules with filtration I | J.
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Furthermore, it is easy to adapt the proof of Theorem 5.14 and
Corollary 5.16 to the general case when r > 4 in order to obtain the
following theorem (we omit the proof).

Theorem 6.3. Let I and J be r-interlacing with poset 1™ | 2,
where v > r1 > 3. There are infinitely many non-isomorphic rank 2
indecomposable modules in CM(By, ) with filtration I | J.

For given r-interlacing k-subsets I and J with poset 1™ | 2, where
r > 11 > 3, we note that as the number 7, increases the parameterization
of non-isomorphic indecomposable rank 2 modules with filtration Ly | L;
becomes more complicated. In the case » = r; = 4, we have seen that
the family of non-isomorphic indecomposable modules with filtration
L; | L is parameterized by the set C\ {0,1, —1} up to sign (if « = =4,
then M, = Mg). Here, we do not pursue the classification of these non-
isomorphic indecomposable modules, but it would be nice to have this
sort of classification for general r > ry.
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