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Abstract

This paper is devoted to the study of the inhomogeneous wave equation with singular (less than con-
tinuous) time dependent coefficients. Particular attention is given to the role of the lower order terms and
suitable Levi conditions are formulated in order to obtain a very weak solution as introduced in [15]. Very
weak solutions for this kind of equations are also investigated from a numerical point of view in two toy
models: the wave equation with a Heaviside function and a delta distribution, respectively, as coefficient in
its principal part.
© 2022 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper we want to study the well-posedness of the Cauchy problem on [0, 7] x R” for
wave equations of the type
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Ou(t,x) = Y ai(dFu(t,x) +1(t, 8. d)u(t, x) = f(t,x), (1

i=1

where

12,9, 00) = ) i)y +d(0)d; +e(0).

i=1

We assume that the coefficients of the principal part are real and that a;(t) > O for all ¢ € [0, T]
and i = 1,...,n. It follows that this equation is hyperbolic but not necessarily strictly hyper-
bolic. This equation has been widely investigated when the coefficients are regular (for instance,
continuous, C¥ or C® [6,8]) but this is not the case when the coefficients are discontinuous or
more in general singular (distributional). Note that, in view of the famous Schwartz impossibility
result on multiplication of distributions [31], a fundamental question arises immediately: how to
interpret the equation (1) when both coefficients and u are distributions? This question has been
answered in [15] by introducing the notion of a very weak solution. However, the results obtained
in [15] hold only for homogeneous hyperbolic equations (! = 0 and f = 0). In this paper we want
to complete the study started in [15] by formulating suitable Levi conditions on the lower order
terms adapted to the case of singular coefficients.

Hyperbolic equations model different phenomena in physics from propagation of waves into
a multi-layered medium to refraction in crystals. From a purely analytical point of view they
present very interesting properties and their study requires a careful combination of different
techniques, from linear algebra (symmetrisation, quasi-symmetrisation, diagonalisation, etc.)
to functional analysis and operator theory (energy estimates, pseudo-differential and Fourier-
integral operators, microlocal analysis, etc.). Every hyperbolic equation of order m is associated
to its characteristic polynomial which has exactly m real roots. When they are distinct the equa-
tion is called strictly hyperbolic, when the roots have multiplicities the equation is called weakly
hyperbolic. While strictly hyperbolic have been widely investigated by the mathematical com-
munity (see [8,20] and references therein) the same is not true for weakly hyperbolic equations.
For this last class of equations the well-posedness of the corresponding Cauchy problem heavily
depends on the regularity of the coefficients, on the assumptions on the lower order terms (Levi
conditions) and the choice of the function space where to work. Usually, one obtains results of
Gevrey well-posedness when C*° well-posedness cannot be achieved. For a non exhausting lit-
erature overview on the subject we refer the reader to [6-8,11-14,16-25,27,28]. In this paper
we address a problem which presents two level of difficulty: its coefficients are singular (so the
majority of the known analytical methods cannot be directly applied) and it has multiplicities.

In the sequel we summarise the state of the art on the Cauchy problem

Ofu(t, x) = Y ai (D)o u(t, x) +1(t, 8. d)u(t, x) = f(t.x),
i=1
)
u(0, x) = go(x),

(0, x) = g1(x).
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We rewrite the equation in (2), using the notation D; = —i9; and D,; = —id,, to get

D7u(t,x) =Y ai() Dy u(t, x) —1(t,iD;, iDy)ut, x) = — f (¢, x),
i=1
3)
u(0, x) = go(x),

Du(0, x) = —igi(x).
Note that this equation has characteristic polynomial
n
P(t.1.6)=1"=) ai(t)E’,
i=1

with real roots

ra=% | aE, @

i=1

which coincide, for & # 0, when
a;(t)=0 Vi=1, ..., n.

Now we adopt the notation introduced in [25] and [14] to denote by A;_ ;1 the operator of order
2—j+1andby Ay its principal part, for j =1, 2. We rewrite (3) as
DFu(t, x) + A1 (t, D) Dru(t, x) + A, D)ut, x) = = (1, %),
u(0,x) = go(x), ®)
D;u(0, x) = —ig1(x),
where A} = —id(t) and hence A1) =0
n n n
and Ay =—_a;(1)Dj, =1 _ci(t)Dy, — e(t) and hence Ay =— Y _a;(t)Dy,.
i=1 i=1 i=1

In [14] it has been proven that when the equation coefficients are regular enough, namely of
class C¥ with k > 2, and f is identically zero then the Cauchy problem above is well-posed in
Gevrey classes, provided that two sets of hypotheses are fulfilled: on the roots A; and on the
lower order terms.

In detail, we assume that

o the roots A (¢, &) fulfil the condition introduced by Kinoshita and Spagnolo in [25]:
IM >0: M) + 21,6 < MO, 6) — 4a(t,§)%, 1€[0,T], forall&.  (6)
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e and the lower order terms satisfy the Levi conditions stated in [14]: for all j = 1, 2 there
exists C; > 0 such that

(A2 — A (1, )| < 103, &) + 231, £)),

%
[(A1 — Aa) @, 6|7 < Ca,

for all ¢ € [0, T'] and for & away from O (i.e., for |§€| > R for some R > 0).

Note that the Kinoshita-Spagnolo condition on the roots can be stated more in general for any
hyperbolic equation of order m > 2 and it is trivially fulfilled when m = 2. Indeed, for A > as in
(4) we have

M4>0:2§:mamfsM<4Z}M0¥>,

i=1 i=1

which is satisfied for M =1 since ¢;(t) >0 forallt € [0,T]andi =1, ..., n. The Levi condi-
tions (7) can be reformulated as follows: 3C, C, > 0 such that

i) & +e)

i=1

2 n
<C <2Zai <r)s,~2) . ®

i=1

d()|* < Ca,
for t € [0, T] and & away from 0. The condition on d is trivial if this coefficient is at least

continuous. Summarising, making use of the notations introduced so far, we can state the well-
posedness result proven in [14].

Theorem 1.1 (Theorem 2 in [14]). Let

Diu(t, x) + A1 (1, D) Dru(t, x) + Ax(t, Dy)u(t, x) =0,
u(0, x) = go(x), )
Dyu(0, x) = —ig1(x),
where the operators A1 and Aj are defined in (5). Assume that the equation coefficients are

continuous with the ones of the principal part of class C* with k > 2. Let go, g1 € y*(R"). If
there exists C1 > O such that

(A2 — A (1, )| < C1OG (1, &) + 231, £)),

forallt € [0, T] and for & away from 0, then the Cauchy problem above has a unique solution
u € C2([0, T1; y* (R™)) provided that

1<s<Il+-.
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It is our aim in this paper to generalise Theorem 1.1 in two different ways:

(i) by introducing a non-identically zero right-hand side f;
(ii) by lowering the regularity of the coefficients.

This will involve a mix of techniques from quasi-symmetriser to regularisations and very weak
solutions. We will first extend Theorem 1.1 to f 7% 0 and we will then pass to consider non-
regular coefficients. For a better understanding of very weak solutions and regularisation methods
we refer the reader to [15] and to the recent work by Ruzhansky and collaborators in [1-4,29,30].
The paper is organised as follows: In Section 2 we introduce the right-hand side f and we
prove well-posedness of the Cauchy problem for the weakly hyperbolic inhomogeneous wave
equation with smooth coefficients. In Section 3 we pass to consider singular coefficients and we
summarise the elements of the theory of very weak solutions that are needed for this paper. Levi
conditions on the lower order terms are formulated in Section 4 as a generalisation of the ones
introduced in [14] for regular coefficients. Our study of the Cauchy problem for the inhomoge-
neous wave equation with singular coefficients is organised in two sections: Section 5 where we
assume that right-hand side f and initial data are Gevrey functions (Case 1) and Section 6 where
the right-hand side and initial data are compactly supported distributions (Case 2). Uniqueness
in the very weak sense and consistency with classical results are discussed in Section 7. Finally,
in Section 8 we focus on two toy models: the wave equation in dimension 1 with a Heaviside
function and a delta distribution, respectively, as a coefficient in the principal part. We recall the
results known for these equations (with a particular focus on Oleinik’s analysis of second order
hyperbolic equations in [27]) and we prove consistency with our very weak approach. Note that
our result on the wave equation with a Heaviside function as a coefficient extends a previous
result in [10] known only when the jump is between two positive constants. Here we allow one
of the constants to be 0. The analysis of the toy models is supported by some numerical experi-
ments where we investigate the limiting behaviour of very weak solutions and we show that it is
independent of the employed regularisation method. The paper ends with an appendix where we
collect the needed background on the quasi-symmetriser employed throughout the paper.

2. Introduction of the right-hand side f

We begin by working on the case of regular coefficients as in [25] and [14] and we show that
the well-posedness result obtained in these papers holds also in presence of a right-hand side f
which is not identically zero. This requires to employ the quasi-symmetriser associated to the
equation whose general definition and main properties for matrices in Sylvester form of any size
are collected in the appendix at the end of the paper. For the sake of simplicity, we write here
only the quasi-symmetriser employed for equations of the second order and we refer the reader
to the appendix for an exhaustive survey on the topic. Making use of the transformation

uy = (Dy)u, uz= Diu,

where (D, ) is the pseudo-differential operator with symbol (£) = (1 + |& Iz)%, we can transform
the second order equation

n

D7u(t,x) =Y ai(t)D3u(t, x) — (t,iD;,iDy)u(t, x) = — f (¢, x)

i=1
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or equivalently

D?u(t, x) + Ay (t, Dy) Dyu(t, x) + Ay (t, Dy)u(t, x) = — f(t, x)

()= (22)-(7)

into the first order system

where
~ 0 (Dy)
M= (—Aza, DD A, Dx))

_ 0 (D)
(CisiaiDy +iY i ciDy +e) (D)™ id )
The matrix above can be written as M = A + B with

a 0 (D)
XL @D )Tt 0

and

B ( 0 0 )
T\ (X Dy, +e)(Dy)7! id )
Analogously, the initial conditions
u(0,x) =go(x), Dwu(0,x)=—igi(x),
are transformed into
u1(0, x) = (Dy)go(x), u2(0,x) =—igi(x).

Setting U = (u1, ug)T and F = (0, —f )T we will therefore concentrate on the following refor-
mulation of the Cauchy problem (5):

DU =A1(t, Dx)U + B(t, Dx)U + F,
U(0) = ((Dx)go. —ig1)".
By Fourier transforming in x (see [14]) we can equivalently study the system of ODEs
D,V =A1(t,6)V + B(t,£)V +F,
Vli=0(§) = Vo(8),

(10)

where V is the 2-column with entries v; = ﬁj for j =1, 2 and Vj is the 2-column with entries
vo,1 = (§)g0 and vo 2 = —ig1.
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2.1. Quasi-symmetriser for a second order hyperbolic equation

In this subsection we investigate the matrix A (¢, D, ). This is a matrix of first order pseudo-
differential operators with symbol

0 1

A= <—A(2>(t,§)($>_2 —An @ 6)E)™! ) “
0 1

_<Z?:1ai(t)s,-2<s>—2 0)@'

The matrix

A(tvé) = (E)ilAl(ls s) = (ZI_I_I ai(?)§i2<%-)—2 (1)>

is in Sylvester form and has eigenvalues
M. §) =110, 5)(5) " and Ra(1,§) = 2o, §)(5) 7.

This matrix has a standard quasi-symmetriser (see the appendix at the end of the paper) which is
an Hermitian matrix defined by

2 2y -

@5 7 _f Mt+try  —@G1+2i2) 2(1 0
A1, Ao) = 1072 28

Q57 (A1, 42) <—(A1+A2) ) + 0 o)

where § € (0, 1] is a parameter. Note that for 2 x 2 matrices M| and M3 the notation M| <
M; means (Mjv,v) < (Mav, v) for all v € C? with (-,-) the scalar product in C>. When the
matrices M, and M5 depend on variable or parameters we intend the inequality uniform with
the respect to all the variables and parameters involved. The quasi-symmetriser ng) has the
following properties which we will employ in the rest of the paper:
(i) there exists a constant C > 0 such that
cs’1< o <cr;
(ii) there exists a constant C > 0 such that
2 2
10574 — A% 0" () < €807
(iii) the matrix ng) is nearly diagonal, i.e., there exists a constant cp > 0 such that
2 . 2
Qf; ) > ¢, diag Qf; ),
where
iag Q5" =diag{gs 11, gs,22}
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These properties have been proven in [25,14] and are discussed in more detail in the appendix
which provides a short survey on the quasi-symmetriser for Sylvester type matrices of any size.

2.2. Well-posedness result

We are now ready to extend Theorem 1.1 to equations with a non-identically zero right-hand
side f. We recall that the operators A| and A; are defined by

Ay =—id(),

n n
Ay==Y ai(t)D}, —i) _ci()Dy, —e(t),
i=1 i=1
with real coefficients a; and a@; > 0 for alli =1, ..., n. In the proof we will make use of the
so-called Fourier transform characterisation of Gevrey functions:

(i) Let v e y(R"). Then, there exist constants ¢ > 0 and v > 0 such that

1
s

[D(€)| < ce ") (11)

for all £ € R".
(i) Let v € '(R™). If there exist constants ¢ > 0 and v > 0 such that (11) holds then v €
y*(R").

Theorem 2.1. Let
D2u(t, x) + A (t, Dy) Du(t, x) + Aa(t, Dyou(t, x) = — f(t, x),

u(0, x) = go(x),
D;u(0, x) = —igy (x).

Assume that the equation coefficients are continuous with the ones of the principal part of class
C* with k > 2. Let go, g1 € veR" and f € C([0,T]; y3(R™)). If there exists C1 > 0 such that

(A2 — Ap)) (1, 6|7 < C1(3 (1, &) + 331, £)) (12)

forallt € [0, T] and for & away from O, then the Cauchy problem above has a unique solution
u € C3([0, T]; y* (R™)) provided that

k
1<s<1+4-.
<s< +2

If the equation coefficients are continuous and the ones of the principal part are of class C*
then under the Levi condition (12) the Cauchy problem is well-posed in every Gevrey class.
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Proof. This proof is based on the proof of Theorem 6 in [14]. We recall that the quasi-
symmetriser of A(A) is

oy s .
@i i Mt —Ga+ir) 252 10
0Os (M’)Q)_<—(M+)»2) ) +25 0 0]

where )11,2 = (5)_1)”,2([, &), with A1 2 as in (4). Hence the quasi-symmetriser becomes

-~ - 257 ,'.2 -2 9
Q§2)(/\1,Az)=< i1 457 6) )+252(] 0).
0 5 00

Following Sections 4 and 5 of [14] and working on the system (10), we define the energy

Es(t,6) = (O (1. §)V (1,6), V(1.£)).
Following the proof of Theorem 6 in [14] we end up with the estimate
O Es(t,€) < (Ks(t.£) + C28() + C3)Es(t.6) + (O F. V) — (0P V. F)l.  (13)
where Ks(t, &) is defined in [14, Theorem 6] and satisfies

T

/Km,f;)dr <5k,
0

and C1, C,, C3 are positive constants. We will now deal with the additional last term which was
not present in [14]. By direct computations we have that

QP F, V) — 0PV, F) =230 F, V)| <2| -2 V3| (14)
= 4V,|| 1 <2( V2> + | FP).

Making now use of the fact that the quasi-symmetriser is (nearly) diagonal (see Corollary A.6 in
the appendix) we have that

Es(t.£) = (Q)V. V) = (diag 0§V, V) = <2anai§,-2<s>—2 +232) V2 +2| V22
i=1
> 2|V, ?,
since a; > 0. Using this inequality in (14) we get that
(O F. V) — (QPV, F)| <2[F|* + Es(1,6).
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Therefore (13) becomes

O Es(t,€) < (Ks(1,&) + C28() +2C3 + 1) Es(t,€) +2|F(1,8)|

< (K5(1.6) + C28(6) +2C3 + DEs(1.€) +2 sup |F(t,8).
t€[0,T]

By Gronwall’s lemma we obtain

_2
Es(1,8) < (Ea(0,§)+2T sup |F(t,s>|2> €10 KT T2 CoAT
tel0,T]

_2
< <E5<o,s>+2r sup |F<r,s>|2> e E eI 20D
te[0,T]

2
<[ Es(0.&) 42T sup |F(t,8)]> | CpeCr® F+560,
t€[0,T]

Note that in the last term we have the same kind of inequality already analysed in the proof of
Theorem 6 in [14], if go, g1 € y; (R") and f € C([0, T']; 5 (R")). Hence, by setting 8§72k =

8(&€) and arguing as in the proof of Theorem 6 in [14] pages 430-431, we conclude that V pos-
sesses the typical estimates

1
|V (t, &) <ce™V®?

of a Gevrey function of order s (uniformly with respect to ¢ € [0, T']) provided that
I<s<l1+ k
<5< >

This entails the desired well-posedness result and well-posedness in every Gevrey class if k can
be chosen arbitrarily (as in the case of smooth coefficients a; and b;). O

Remark 2.2. In the above theorem we choose

g0, g1 €y, (R") and f € C([0,T]; S (R™)).

However, due to the finite speed of propagation, the previous result can be extended to go, g1 €
y*(R") and f € C([0, T]; y*(R™)).

3. Inhomogeneous wave equation with singular coefficients
The rest of the paper is devoted to the Cauchy problem

thu(t, x)+ A1(t, Dy)Dsu(t, x) + Ax(t, Dy)u(t,x) = —f(t, x),

u(0, x) = go(x),
Du(0, x) = —ig1(x),

140



M. Discacciati, C. Garetto and C. Loizou Journal of Differential Equations 319 (2022) 131-185

when the coefficients of the operators
Ay =—id(1),

Ar=- Z“i(t)Di- - iZCi(t)Dx,- —e(1),

i=1 i=1

are singular, i.e., compactly supported distributions. In the next subsection, we recall what is
known about this kind of problem.

3.1. Starting point

In [15] Garetto and Ruzhansky studied second order homogeneous hyperbolic equations of
the type

Ou(t,x) = Y b 0qu(t,x) = Y a;i()oru(t, x) =0,

i=1 i=1

(15)
u(0, x) = go,
0u(0,x) = g1,
where the coefficients a;, b; are distributions with compact support included in [0, T'], such that
aj, b; are real-valued and @; > 0 for all i =1, ..., n. The main result of [15] is the following
theorem.

Theorem 3.1 (Theorem 2.6 in [15]). Let the coefficients a;, b; of the Cauchy problem (15) be
distributions with compact support included in [0, T'], such that a;, b; are real-valued and a; > 0
foralli =1, ..., n. Let the Cauchy data go, g1 be compactly supported distributions. Then, the
Cauchy problem (15) has a very weak solution of order s, for all s > 1.

The concept of a very weak solution has been introduced in [15] to be able to handle equations
which might not have a meaningful solution in the usual distributional context. For the sake of
the reader we recall the main points of the theory of very weak solutions in the next subsection.

3.2. Regularisation techniques and very weak solutions

The main idea in our approach for equations of the type

Ofu(t,x) = Y a0 u(t, x) +1(t, 8, d)u(t, x) = f(t,x),

i=1
where
n
12, 9, 00) = Y ci(0dy +d(0)d; +e(0),
i=1
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is to regularise the distributional coefficients a;, cj, d and e, i =1, ..., n, via convolution with
a suitable mollifier (¥ € C°(R), ¥ > 0 with [ ¢ = 1) obtaining families of smooth functions
(ai,6)87 (Ci,e)e, (de)e, (€¢)e, namely

Qje = aj * 1ﬂw(s)» Cig =Ci * 1ﬂw(s)» de =d * 1/fa)(e) and e, = e * 1ﬂw(s),

where

Vo)) =w(@) 'Y (t/w(e)

and w(e) is a positive function converging to 0 as ¢ — 0. Analogously, we will regularise the
right-hand side f by choosing two different mollifiers: one to regularise with respect to the
variable ¢ and one to regularise with respect to the variable x. This generates moderate nets of
smooth functions in the sense explained below. In the sequel, the notation K € R” stands for K
is a compact set in R”.

Definition 3.2.

(i) Anetof functions (f.), € C*°(R™) ! is C*°-moderate if for all K € R" and for all & € N
there exist N € Ny and ¢ > 0 such that

sup 8% fe(x)| <ce™V,

xekK

forall e € (0, 1].
(ii) A net of functions (f,), € y*(R™) ! is y5-moderate if for all K € R” there exists a con-
stant cx > 0 and there exists N € Ny such that

9 fe ()] < e @y e NI

foralla € Ngj, x € K and ¢ € (0, 1].

(iii) A net of functions (f,)e € C®([0, T1; y* (R™)@11is ¢ ([0, T'1; y* (R"))-moderate if for
all K € R” there exist N € Ny, ¢ > 0 and, for all k € Ny there exist Ny € Ng and ¢; > 0
such that

10 0%ue (t, )| < cxe™ Vet (@) eI,
forall o € Ngj, forall 7 € [0, T], x € K and ¢ € (0, 1].
Remark 3.3. Note that the definition of C°°-moderateness above is natural in the sense that
regularisations of distributions are moderate. Indeed, one can prove (see Proposition 2.1 in [11]

and references therein) that if u € £ (R") then there exists N € Ng and for all « € Ng there exists
¢ > 0 such that

10% (1 % Yoo(e)) ()| < Ca)(s)fN*la"

for all x € R" and ¢ € (0, 1]. Since w(¢) tends to 0 as ¢ — 0 it is not restrictive to assume that it
is bounded. If there exists ¢, ¢ > 0 and r > 0 such that
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e’ <w(e) <cy, (16)

for all € € (0, 1] then w (&) can be replaced with ¢ in the estimates above and we have that the net
(u * Yo (s))e 1s moderate in the sense of Definition 3.2(i).

In the sequel we will work with positive nets, i.e. nets w(g) — 0 such that (16) holds.

For the kind of Cauchy problems we want to deal with (hyperbolic problems with multiplic-
ities), well-posedness is classically obtained in spaces of Gevrey type. This means that we will
use C°°-moderate nets at the level of coefficients but Gevrey-moderate nets at the level of initial
data and solutions. More precisely, we introduce the following notion of a ‘very weak solution’
for the Cauchy problem (3). For simplicity, we will also call (u,). a Gevrey very weak solution
(of order s), or simply a very weak solution.

Definition 3.4. Let s > 1. The net (ug), € C*°([0, T]; v*(R")) is a very weak solution of order
s of the Cauchy problem (3) if there exist

(i) C°°-moderate regularisations a; ¢, ¢i ¢, de, €¢ of the coefficients a;, ¢;, d, e, respectively, for
i=1,...,n,

(i1) C*°([0, T1; y* (R™))-moderate regularisation ( f;), of the right-hand side f,

(iii) y*-moderate regularisations go . and g1 . of the initial data go and g1, respectively,

such that (u,), solves the regularised problem

n
0fue(t, x) = Y ai e (N5 ue (1, ) +1e (1, 3y, d)ue (1, %) = fe(t, x),

i=1
ug(0,x) = gO,s(x)7
0rue (0, x) = g1, (x),

where t € [0, T], x € R" and

n
Le(t, 0y, 0:) = ) cie (D), +de ()0, + €4 (1),
i=1

forall ¢ € (0, 1], and is C*°([0, T']; y* (R™))-moderate.
In this paper we will make use of three different types of mollifiers and corresponding nets.

(1) Classical Friedrichs mollifier: ¢ € C°(R") with f Y = 1. It can be chosen positive if
needed. We set

1 X
V) = — Y (5).
I3 £

(2) Mollifier with all the moments vanishing: ¢ € . (R") with [ ¢(x)dx = 1 and [x%@(x)dx=
0 for all @ # 0. As above
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1 x
o) = — ().
e’ e
(3) Mollifier of order o > 1: Let ¢ be a mollifier in the Gelfand-Shilov space S (R) with all

the moments vanishing (see e.g. [26, Chapter 6] and [32]). Let x € y(R) with0 < x <1,
x(x) =0 for |x] >2 and x(x) =1 for |x| < 2. Hence

NS Y
pe(x) ==¢ ¢(§>X(x| Inel)
is a net of Gevrey functions of order o.

For more details about the construction of a mollifier of order o we refer the reader to [5,15].
3.3. Negligible nets and characterisation via Fourier transform

We can now introduce the notion of a negligible net and show how moderate and negligible
nets can be characterised at the level of the Fourier transform. All the results mentioned in the
sequel have been proven in [15] so we recall only the statements relevant to this paper.

Definition 3.5.

(i) A net of functions (f;), € C*°(R™) ! is C*-negligible if for all K € R", for all « € N
and g € Ny there exist ¢ > 0 such that

sup [0 fe (x)| < ce?,
xekK

forall e € (0, 1].
(i) A net of functions (f:)e € y*(R™)@1l is yS-negligible if for all K € R” there exists a
constant ¢ = cx > 0 and for all g € Ny a constant ¢; > 0 such that

9% fo ()| < cqc!®H (@) e,
foralla € Ny, x € K and ¢ € (0, 1].

(iii) A net of functions (f,), € C®([0, T1; y* R™)O 1 is €>([0, T1; y* (R™))-negligible if for
all K € R" there exists a constant ¢ = cx > 0 and for all ¢ € Ny a constant ¢, > 0 such that

195 8%u, (1, %) < cqc!® (@) e,
forall « € N(')', forallr €[0,T],x € K and ¢ € (0, 1].

Taking into consideration Definition 3.2 and Definition 3.5 we now pass to analyse three
different types of nets:

o u x @, where u € y7 (R") and ¢, is a mollifier of type (2);
e ux p, where u € C2°(R") and p, is a mollifier of type (3);
o u * p, where u € £'(R") and p, is a mollifier of type (3).
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Proposition 3.6. [ Proposition 4.1 in [15]] Let o > 1. Let u € yZ (R") and let ¢ be a mollifier of
type (2). Then

(1) there exists ¢ > 0 such that
0% (u % ge) ()| < *H (@))?

foralla e N, x e R" and ¢ € (0, 1];
(ii) there exists ¢ > 0 and for all g € Ny a constant ¢, > 0 such that

9% (u % g — u)(x)] < cge T (@)ed,

foralla e N, x e R" and ¢ € (0, 1];
(iii) there exist ¢, ¢’ > 0 such that

=

% ge(€)] < c'emE)7,
forallE e R" and ¢ € (0, 1].
Clearly, (i) and (ii) show that the corresponding nets are y?-moderate and y?-negligible.

The following proposition provides a Fourier characterisation of Gevrey-moderate and Gevrey-
negligible nets.

Proposition 3.7. [Proposition 4.3 in [15]]

(1) If (ug)e is y°-moderate and there exists K € R" such that suppus C K for all ¢ € (0, 1]
then there exist ¢, ¢’ > 0 and N € Ny such that

1 1
itz (£)] < e Nemce” €17 (17

forallE e R" and ¢ € (0, 1].
(1) If (ue)e is y©-negligible and there exists K € R" such that suppus C K for all ¢ € (0, 1]
then there exists ¢ > 0 and for all g > 0 there exists ¢; > 0 such that

1
|2 (8)| < cqede e €17 (18)

Q—

forall§ e R" and ¢ € (0, 1].

(iii) If (ue)e is a net of tempered distributions with (ity). satisfying (17) then (ug)e is y°-
moderate.

(iv) If (ue)s is a net of tempered distributions with (ity)e satisfying (18) then (ug)e is y°-
negligible.

We now pass to consider u % p, where u € CZ°(R"). We recall a statement proved in Proposi-
tions 5.1 and 5.2 in [15]. Note that the following estimates are valid for ¢ small enough, i.e., for

all ¢ € (0, n] with n € (0, 1]. Without loss of generality we can assume n = 1.
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Proposition 3.8. Let u € C°(R") and pe be a mollifier of type (3) with o > 1. Then, there exists
K & R” such that supp(u * pg) € K for all € small enough and

(i) there exists ¢ > 0 and n € (0, 1] such that

0% (u s pe) ()] < ¥ (at)7e™1!
foralla e N}, x e R" and ¢ € (0, n, or in other words, (u * pg)¢ is v -moderate.

(ii) The net (u * p; — u), is compactly supported uniformly in € and C*°-negligible.
(iii) There exist c, ¢’ > 0 and n € (0, 1] such that

1 1
iz (£)| < /emce7 17

forall £ e R" and ¢ € (0, n].
Finally, we recall a statement proved in Propositions 6.1 in [15].
Proposition 3.9. [Proposition 6.1 in [15]] Let u € £'(R™) and pe be a mollifier of type (3) and

order o > 1. Then, there exists K € R" such that supp(u * p;) C K for all & small enough and
there exist C >0, N € Ng and n € (0, 1] such that

9% (u % pe) ()| < CleIH (@) g ~lel=N
foralla e N[}, x e R" and ¢ € (0, n].

From this we can conclude that the net (u * p;), is yJ -moderate and therefore from Proposi-
tion 3.7(i) we have that there exists ¢ > 0 and N € Ny such that

1.1
i pe(§)| < ceNemeen G17,
for all £ € R" and ¢ small enough.
Remark 3.10. Note that in the previous results one could replace ¢ with a positive net w(¢). In
addition, if u € &'(R x R™) with suppu C [0, T] x K, K € R" then by convolution with .

and p, one can obtain the estimates above formulated for (u * ¥ p,)(#, x) uniformly valid for
t €0, T] and x € R”. Note that the net

(u  Yepe)(t, x) =g,y (Ye (t — 5)pe(x — y))
is compactly supported uniformly with respect the parameter ¢ when chosen small enough. More

precisely, by the structure theorem for distributions, we have that there exist ¢ > 0, Ny, N> € Ny
and n € (0, 1] and for all k € Ny there exists c; > 0 such that

1035 (u # Yo pe) (1, 3)| < cpe ™Ml (@) g N2l
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forall @ € Nj, x € R", t € [0, T] and & € (0, n]. In other words we get a C*°([0, T'], y? (R"))-
moderate net. This is due to the fact that by the structure theorem for distributions, we have that
dg e C(R x R") with suppg C K1 x Kb @R xR", Ny e Ny, B € N(’)’ such that

1050 (u 5 Ye pe) (1, )] = 0502 (0N 0P g s Yo pe) (1, %) | = |(g % 0N 087 pe) (2, x))|

= / / g(t, )0 "yt — 1)8PH pe (x — y)drdy
n R

s//|g<r, WIBN (¢ — ©)ldT 98+ po (x — y)Idy

K> K

< Mk / 18 (o 9l zocin) |98+ pe(x — W)dy.
K>

Proceeding now as in the proof of Proposition 6.1 in [15] we get the desired estimate with N, =
|B| and 7 sufficiently small.

3.4. Structure of the proof: what is known and what is unknown

Let us now consider the regularised Cauchy problem

n n
Dfuc =Y bie(t)DiDyute — Y a; (1) Dy ue — lo(t,iDy,iDx)us = — fo(t, x),

i=1 i=l1

(19)
ue (0, x) = g0, (x),
Diue(0,x) = —igy e (x),
where t € [0, T], x € R" and
n
le(t.iDy,iDy) = Y ci o (DiDy, +de(1)iD; + €. (1)
i=1
and compare it with the one investigated in [15], i.e.,
n n
thus - Zbi,s(I)Dth,-“s - Zai,s(t)D;%iue =0,
i=1 i=1 (20)

ue(0,x) = g0, (x),
Diue (0, x) = —ig1,¢(x).
Let the coefficients a;, b; be distributions with compact support included in [0, T'], such that a;,
b; are real-valued and g; > O foralli =1, ..., n. Analysing the proof of Theorem 3.1 in [15] for

the homogeneous Cauchy problem (20) we see that a very weak solution (i), of order s exists
if we have
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o coefficients a; o = a; * Yo (e), bis = bi * V() With ¥ > 0 mollifier in CZ°(R) of type (1)
and

w (&) =c(in(e™))",

for some constants ¢, r > 0 and initial data go, g1 € ¥y (R") with g; = g; * @e,) i =0, 1,
with ¢ € . (R™) mollifier of type (2).

The existence of a C*°([0, T']; y* (R™))-moderate net of solutions (u,), is proven in [15] by
working on the homogeneous system

Dtva = Al,s(t» S)Va,
Veli=0(§) = Vo, (§),

where
V.o (ma,s)) :<<§>ja(r,s)>
¢ @(tys) Dtua(t»%_) ’
AL, 8) —( 0 1 )(é)
LS TS 4 0E2E) 2 Y b (& (&) )T
and
_( &)80e
VO,E = < _1g/1-,\3 )

and defining the energy

Es (V)= (Q5)(t.6)V. V),
by means of the quasi-symmetriser

01k >=((Z?‘lbi'ggi)z@ﬂ+22?_1ai,ssf<s>—2 —Z?_lbi,gs,-@fl)
e Y bk (E) 2

(1 0
a2 ()0)

Note that in this case the quasi-symmetriser is depending on two parameters: the regularising
parameter ¢ and the standard parameter §.

2 The regularisation of the initial data is not essential in this case because of the regularity of the initial data but it is
necessary as soon as the initial data are less than Gevrey-regular.
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Now, when we pass to the inhomogeneous Cauchy problem (19) we end up with the system

DiVe = Ay o(t,E)Ve + Be(t, &) Ve + F,
Vs |t=0(‘§) = VO,s(é)’

where

0 0 & B
&m8_<02ﬁwm@&+%@“@4 ma» nd R‘(—ﬁm@)'

The energy is still defined by the quasi-symmetriser Qfsz; as in the homogeneous case but
differently from [15] we need to handle the matrix of the lower order terms B, and the right-
hand side F. This will require

o the formulation of suitable Levi conditions on B, extending (8) to the case of singular coef-
ficients;
e the inclusion of right-hand side F; in the energy estimates as in Theorem 2.1.

We will achieve our purpose by suitably combining ideas and techniques initiated in [14] (Levi
conditions), [15] (singular coefficients) and Theorem 2.1 (right-hand side).

3.5. Hypotheses and different cases
We work under the assumptions that

(H) the equation coefficients a;, ¢;, d, e are distributions with compact support contained in
[0, T'], a; are real-valued and @; > O foralli =1, ..., n.

Our analysis will distinguish between two cases defined as follows:

Casel feC™([0,T],y (R")) and go, g1 € ¥/ (R").
Case2 f &' (R x R") withsuppf € [0, T] x R" and go, g1 € yS(R").

4. How to formulate the Levi conditions: motivating example

In this section we focus on some simple example in order to deduce how to formulate the Levi
conditions on the lower order terms. For the sake of simplicity, and without loss of generality,
we set the right-hand side equal to 0. Let us consider the equation

D?u(t, x) — a(t)D*u(t, x) + c(t)Dyu + d(t) Dju + e(hu =0,  x eR,1€[0,T]

where a(t) = u(t)H(t — tg), to € (0, T) and pu is a positive cut-off function with support con-
tained in [0, 7] and identically equal to 1 around #y. We assume that ¢, d, e are compactly
supported distributions with support contained in [0, 7] as well. In addition, we assume the ini-
tial conditions u|;—o = go € ¥ (R), Dsul;=0 = g1 € ¥ (R) with suppg; € [0, T] fori =0, 1.

Let ¢y > 0 be a mollifier of type (1) and let w (¢) be a positive net. Regularising by convolution
we obtain the coefficients
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e =a* Yu(e), Ce =C* Yu(e), de =d * Yo (s), €c = €% Yo(e)
and the equation
D,zug — ag(t)D)%ug 4+ co (1) Dyug + do(t) Diug + es(H)u, =0, xeR,tel[0,T],
with initial conditions u.(0) = go.c = go * ¢e and D;u.(0) = g1, = g1 * ¢.. Note that ¢ is a
mollifier or type (2) so that the nets (g0 — go.s)e and (g1 — g1,¢)e are y*-negligible.

For each ¢ > 0, the Levi conditions (7), reformulated as in (8), correspond to AC; ., C2 >0
such that

lce(HE + e (1)]> <2C1 cac(DE]X, (21)
|de () < Ce,
for t € [0, T] and & away from O (i.e., for |£| > R for some R > 0 independent of ¢).

We now argue as in the proof of Theorem 2.1 and we reduce the second order equation to a
first order system of pseudo-differential operators by setting

Ule = (Dy)ug, U e = Diug.

We get the system

Ule \ _ 0 (Dy) Ule
Dy <u2’8> - <(615D£ —ce Dy — es) <Dx)71 —d; ) <u2v5 ) , @2

where the matrix above can be written as A ; + B, with

_ 0 (Dy) _ 0 0
Al,é‘_(aSD)%(Dx)—l 0 ) BS_(—(chereg)(Dx)‘l —dg>'

By Fourier transforming both sides of (22) in x, we obtain

Dtva ZAl,s(ts é)Va + Bs(tvé)va,
Ve|t=0(§) = VO,e(‘i:)’

(23)

where V; is the 2-column with entries v; , = ﬁj’ ¢» Vo.e is the 2-column vector
((6)80.,812)7 and

B 0 (&) _ 0 0
Alve(f"f)—(aggz@)—l 0)’ Be(f’f)—(—@gﬁeg)(s)—l —d8>'

Henceforth, we will focus on the system (23) and on the matrix

Ae(t,8) = (&) A1 :(1,8)
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for which we will construct a quasi-symmetriser. Note that the eigenvalues of the matrix A , are
exactly the roots A1 ¢(t, &), A2 (¢, §). Furthermore, the Kinoshita-Spagnolo condition (6) holds
for the eigenvalues (S)_IM,E([, &), (S)_l)\z,g(t, &) of the 0-order matrix A (z, &) as well. We
have that the eigenvalues of A, (7, &) are

Moot &)= (E) M0t &) = £ /ag |E|(E) !

and hence the quasi-symmetriser

. . .

@~ = A . +A5, —(M,g+x2,£)> 2<1 0)
Moeshe) = 1, 2, +26 ,

Q(S ( 1,6 2,5) (‘O\l,s"‘kls) ) 0 0

becomes

- - 2 -2
Q(gz)(kl,a, }"2,8): <2a8§0<§) (2)> +282<(1) 8)

This allows us to define the energy

Eso(t.8) = (Q§0(t.6) Ve (1, £), Ve(t, £)).

We hence have

O Es.o(t,8) = (3,052 Ve, Vo) + (0520 Ve, Vi) + (Q52 Ve, 3, Vi)
= (% Q) Ve, Vo) +i(Q5) Dy Ve, Ve) — i(Q5 ) Ve, Dy V)
= (%02 Ve, Vo) +i(Q52((6) Ac + Be) Ve, Ve) — i Q52 Ve, ((€) A + Be) Vi)
= (% Q) Ve, Vo) +1{EN(Q Ac — ATQSD Ve, Ve)
2

+i((Q)Bs — B Q) Ve, Vo). (24)

If for a moment we neglect the matrix of lower order terms B, we are dealing with the kind of
Cauchy problem and energy estimates studied already in 3.1 in [15]. So we know that, if B, =0
and the initial data go, g1 € y2 (R) with supp(g;) € [0, T'], a very weak solution (i), of order s
exists if we take
e coefficients a; o = a; * V() With ¢ > 0 mollifier in CZ°(R") of type (1) and
o~ (&) =c(n(e™"))",
for some constants ¢, r > 0.

Our aim is

e to understand which type of nets C; . and C; . are needed in the Levi conditions (21) in
order to get a moderate net (ug).
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This is possible by analysing and estimating the term
( Q(2) B, — B? Q(Z))
as in [14] Section 5. That is by making sure that, similarly to the term

(EV(OL) Ae — AZOT) Ve, Vo),

it can be estimated by the energy Es .
We recall that, for arbitrary V € C2,

o (LB, — BXOYHV, V) = () B, — B:QP)V, V), where

@ _ (2a:0EE)> 0
o= 3)

e Since by construction (Q(z) V,V) < Es ., we want to find a net C; > 0 such that
() B: = BY OGOV, V)| < Ce(Q)V. V) < CeEs. (25)

forall Ve C?,re[0,T],€ eR?>and ¢ € (0, 1].
e Note that we can write

(QS)Be — BIQGOV. V) = (WeBeV. We V) — W, V. W; B V)
= 21 AS'(WgBe V’ W8 V),

where
W =<—§2,5 1):( Vael1)™! 1)_
A O S —Jaz|ElE) 1
So,
(Q5) B — BY OGOV, V)| <2We BV [W. V.
e Since

(QIV. V) =W V]
we have that if
Ce
IWeB: V| < 7|WSV| (26)
for some net C, > 0 independent of #, £ and V, then the condition (25) will hold.
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By direct computations we have
WBV:(h/ﬂslSl(éfl 1)( 0 0 )(Vl>
. ~Vacl§l§) ™ 1)\~ (et +e) )7 —de )\ V2

(—<css +e:) ()7 Vi —dgv2>
—(csé +ep) (E)_IVI —d: Vs '

Therefore,

IWeBe V12 =2| (cek +ee) (€)' Vi +de VI
We also have that

WV — <+¢a—s|s|<s>—l 1) (v1 ) _ ( JEIENE TV + Vs )
T —vaiene 1) \n) T\ —valens) T vi+ v

and hence

We V12 = [V E1(E) " Vi + Val? + | — Vag |E1E) Vi + Vo~
We can therefore rewrite (26) as

CZ
20 (cef +e0) (€)' Vi + deVal? = == (Wl | ) Vi + Val? @7)

+ = Valél§) Vi + Val?).
Using the inequality |x — y|*> < 2|x|> + 2|y|* we have that
_ _ 1 _
IVacle|E) 7 Vi 4 Val? + | = Vaele|(€)7 Vi 4 Val? = D12l 1) Vil
=24, |17 (€) Vi
On the other hand
| (cok +e) ()T VI +deVal =2 (1o +e0) )T PIVIP + 1 P VaP?)
and therefore it suffices to show that, under the Levi conditions (21),

lce(DE + e (1)|* < 2C1 ca: ()£,
|ds (1) > < Ca.e,

there exists C; > 0 such that

C2
4(] (ce€ +ex) (E) VI + 1de P Val?) < f(2a£|5|2<s>—2|v1|2>. (28)
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In order to prove that the inequality above holds, we argue as in [14] on two different areas of
C? that we will denote by Area 1 and Area 2. In detail:

Area 1 ={V € C?: |Vo|* <2ya.|&1%(€) 2 V11%)
Area2={V € C?: |Va* > 2ya. |12 (€) 2 Vi [%),
for y > 0.
Area 1. Let |V5|? < 2ya.|£)%(€)72|V1|?. Note that if
1,2 2 2 2 C2 2 2
A1 (ce€ +e0) (€)1 + vacl§ 1) 7del?) < - Qaclg ()7 (29)

then (28) holds. Using the Levi conditions (21), we have that (29) holds independently of y > 0
2
with & =4C) , + 4y Cy .
Area 2. Let |V5|? > 2ya, €2 (&) 2| V1|2,
Using the Levi conditions (21),

4(] (e +ee) (E)TPIVIE + 1de P Val?) < 4Q2C1 cac|E1P(E) 2 VI? + Coe| V2P

< 4(C2,s +

1
2 <4max(Cye, Coe)(1 + 5)|V2|2.
Since I\/a_glél(é)”Vﬂ < 1/4/2y| V3| we have that

Cc?
f (IVaslele) ™ vi+ vl 4+ 1 = Varlg 1)~ Vi + VaP)

zT(<|v2|—wa—e|s| TVID? + (Val - IValgl€) T iD?)
c? c?
227(1_\/_) Vot = EIVal?,

for y big enough. Hence, (27) holds if y is big enough with <& > 4max(Cq ¢, C2¢). Note that
we can choose C? as in the Area 1 and that y is independent 0f ¢ and it is a constant once it is
fixed. We have therefore proven that under the Levi conditions

|ce(D)E + e (1)|* <2Cy cac ()€,
|de (1) > < Ca.e,

we have

I((Q§2)Be — By Q). V)| < CoEs.e. (30)

with C, = \/16C1,5 + 16y C3 ¢ for some y > 0 independent of ¢.
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This shows that our Levi conditions are sufficient to get the energy estimates we want but it is
still unclear which kind of nets C; ; and C» . we need to get moderateness of the net of solutions
(us)e- For this reason, we need to go back to (24). We have

2 2 2
8 s (1. 8) <|(0 Q5 Ve, Vo)l + 1(E) (QF ) Ae — AEQ) Ve, Vi)
2 2
+1((QS)Be — BI Q) Ve, V).
By combining the arguments of Section 4.2 in [15] with (30) we obtain
0 Ese(t,6) < (Ks,e(1,8) + C28(5) + Co) Es £ (1,§),
where K (¢, £) has the property

T

fKa,s(t,s)dtscls—%w@)—l,
0

with k > 2 depending on a and C1, C; > 0 and C; as above. By Gronwall’s lemma we obtain

2
Es¢(t,8) < Es.¢(0, $)€C1‘37‘”(8)_'+C2T«3<§>+Tc€.

As in [14], we set §~F = §(£). Tt follows that §~F = (£)7 , where

1+k
o= =.
2

It follows that for 8~ = (),

B o(0.£) < Ep o (0. £)e! CecC1O7 0 02T 09
1 G
< E5,e(0,§)" CeeCr®7 0,

for some constant C7 > 0. We recall that the energy Es . above is defined as
(057 (o) Ve, Ve) = 2a:£°(€) 7 + 261 Vi o + 21 Va el
Since

0 <2a:£%(€) 7 < 2)aclloo < 21Vwie) l1llalloo <2

we get the inequalities

Ese(t,8) > 282 Vi o|? 4 2|Va e |* = 28| Ve |2,
Es.e(t,8) < 2llaelloo +2)IViel* +2|Vae* < (242l delloo) | Ve |* < 4| Ve |%.
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Making use of these bounds in (31) we can write, for 5F = (&) 5 ,

2521Vil? < E3 o0, £)eCeeCr 07 00
AVl < (815 Ep o0, £)eTCeeCr 7 w0,

1 _
IVel? <2(8) 7 | Ve (0)2eT CeeCriE) 7 w© "

Let us now focus on the last estimate for |V,|:
k 1 _
|Vel? < 2(6)7 | Ve (0)PeT CreCr@) 0@

In order to get moderate estimates for V; we need specific assumptions on both the nets (C;),
and (w(¢)™"),. In detail, arguing as in [15] Section 4 and by direct computations we have

Vl? < 2(6) cpec0(®)7 ¢TCsCriE1T (e !
—E)T DT JTCe o CriE) T ()
This leads, for some new constant ¢ > 0, to

Vo2 < ce—cl€)T o= $E7 oTC o CTE) 7 0!

If we want y¥-moderate estimates we need to control the terms

and
(32)

This means to require that
Ce=0(n(e™"))

and to argue as in [15] (see (33) in Section 4.2) for (32), i.e.,

w Y(e) = 0((ne ")),

with

1
g l<s<o=1+—,
2

for a fixed k > 2. This allows us to prove that, for some ¢’ > 0 and N € N,
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ol
|Ve(t, &) <c'eNe @ ®)

uniformly in ¢, £ and ¢. Concluding, this example shows us that since

Ce=1/16C1 ¢+ 16yCyc=4,/Ci . +yCap

for some y > 0 independent of ¢, both the nets C;  and C,  appearing in the Levi conditions
need to be O((In(e~1))?) as € — 0. In other words, we need Levi conditions (21) of the type

lce(DE + e (1)|* < c1(In(e ™)) ac (1) €)%,
|de (1)> < ca(In(e™1))?,

fore € (0, 1], ¢t € [0, T] and & away from O.
For instance, these conditions are fulfilled by equations of the type

D?ug — ag(t1)Dug + dy (1) Dyug =0, xeR,te[0,T),

where a.(t) = a * V(e), with a(t) = pn()H(t — tp) and w(e)~' = O((In(¢~"))") and d, =
d * (), where d € £'(R) with suppd € R and v(e) = 0((ln(£_1))*%), for some N depending
on d. Note that if d = § then we can take N = 1.

5. Levi conditions and very weak solutions: case 1

We now consider the general Cauchy problem

Ou(t,x) = Y _ai(dFu(t,x) +1(t, 8. d)u(t, x) = f(t,x),
i=1 (33)
u(0, x) = go(x),

(0, x) = g1(x),

where t € [0, T], x € R" and

18,0, 00) = Y ci()dy, +d(0)0; + e(?).

i=1
In Case 1 we work under the following set of hypotheses:

(i) the coefficients a; are real-valued distributions with compact support contained in [0, T]
with a; >0 forall r € [0, T],

(i) feC(0,T] v R")),

(i) go, g1 €y (R").
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We first regularise the coefficients and initial data of the Cauchy problem (33) and then we
rewrite it with D; and D, derivatives. We get

n
Dfue =Y aie(t)D}uc — le(t,iDy, iD)ue = — fo (¢, x),
i=1 (34)
ug(0,x) = go,¢(x),

Dlu8(09 x) = _igl,é‘(x)9
where t € [0, T], x € R" and
n
le(t.iDy,iDy) = Y " ci o (DiDy, +de(1)iD; + €. (1)
i=1
with a; e = a; * Y (e), Cie = Ci ¥ Y (e), de = d % Yy(e), e = exYy(e), foe = [ *Qe, 80,6 = 0 * P
and g1 . = g1 * @. Above, ¥ is a mollifier of type (1) and ¢ a mollifier of type (2). Moreover,
Y can be chosen in such a way that the regularised coefficients (a; )¢, (bi¢)e and (c;¢)s have

compact support contained in [0, T'].
We now reduce (34) to a first order system using the transformation

Ule = (Dy)ug, U2 e = D;ug,

where (D) is the pseudo-differential operator with symbol (§) = (1 + |€ |2)%. This gives us the

following system
Ule Ul 0
D =M B 35
’<“2‘8> 8(“2,e> (fs> 4

where

" :< 0 <Dx>)
i (Z:‘l:l ai,eDi +i2:l:1 Ci,eDx; + 66) <DX>_1 id,

The matrix above can be written as M, = A  + B, with

- 0 (D)
A"5‘(Z;;la,~,gD,%,.<Dx>1 0> and

B —< 0 0 )
° (iZ?:] Ci,é‘D)Ci +e€) (Dx>_l ldg '

By Fourier transforming both sides of (35) in x, we obtain the system

DV =A1:(t,E)V + Bo(t,6)V + Fe (1, §),

(36)
Vl0i=0(&) = Vo, (5),
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where V' is the 2-column with entries v; , = ﬁj,g, Vo,e 1s the 2-column with entries v 1 =
<$>§0,8, V0,2, = _i/g\l,s and

0
w0 =y g ).

0 0 = 0
BS“’E)Z((iZLlci,esim) (&) ide)’ Fg(t’g)=<—ﬁ<f~><€>>'

Henceforth, we will focus on the system (36) and on the matrix

Ap(t, &) = () AL (1,8)

for which we will construct a quasi-symmetriser. Note that the eigenvalues of the matrix A .
are exactly the roots Ay ¢(f, &), A2 (¢, ). Furthermore, the condition (6) holds for the eigen-
values (S)_lkl,g(t, &), (E)_lkz,g(t, &) of the 0-order matrix A (¢, &) as well. We have that the
eigenvalues of A, (7, &) are

Mae=(E) Mot ) =% | ai£HE)

i=1

and hence the quasi-symmetriser

- - - -

@5 3 Methry, —(M,e+kz,s)> 2(1 0)
Mg, A = = 2 + 26 s

Q5 ( 1,6 2,5) (_()\1’8_’_)&2’8) 2 0 0

becomes

.- 2Y 0 ai k) 0 10
Q((SZ)()\I,& )¥2,s) = ( ’ +282 <O O> )
0 2

Before proceeding with the energy estimates we need to recall some important properties of the
quasi-symmetriser Qéz) (A¢) which have been proven in [15] and will be employed in the rest of
the paper.

5.1. Properties of ng) (Xe)

We begin by noting that all the properties in the appendix that we need for the quasi-
symmetriser, can be stated in presence of the additional parameter €.

Proposition 5.1 (Proposition 3.5, [15]). Let ng) (A¢) as defined above. Then,
I
(057 )V, V) = 2diag(Q () V. V).

where diag Q((Sz) (X¢) is the diagonal part of the matrix Q((Sz) (Ae). In addition, there exists a con-
stant Cy > 0 such that
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() C;lw(e)? 81 < QP (he(1,8)) < Croo(e) 2L,
(i) [((QF (he)Ae(t, &) — Ac(1,6)* O (le))V, V)| < C28(QF (1) V, V),

forall§>0,e€(0,1],1€[0,T], £ €R" and V € C2.

Taking inspiration from the motivating example in the previous section, we can now formulate
some Levi conditions and prove that they allow to bound the lower order terms by means of the
quasi-symmetriser Q((sz) (A¢). More precisely, we have the following proposition.

Proposition 5.2. Let Q((Sz) (X¢) as defined above. Under the Levi conditions

(LC) 3AC1 ¢, Coc > Osuch that fort € [0, T] and & away from 0 (i.e., for |§| > R for some R > 0
independent of ¢),

i) cie(O + e )

i=1

2 n
=< Cl,s <2 Zai,s(t)S,?)

i=1

|de (1) < Cae,
there exists a constant C; > 0 such that the inequality
I(QF)B: — BEOSHV, V)| < Ce(Q57 (he) V., V),
holds for all values of t, €, €, 8 as above and for all V € C2. Furthermore,
Cs - 4\/ Cl,s + )/CZ,S,
for some constant y > 0 independent of t € [0, T], £ e R" and ¢ € (0, 1].

Proof. In this proof we combine the arguments of Section 4.3 in [14] at the e-level with Propo-
sition A.2(iv). For the quasi-symmetriser ng) (A¢) we use the shorter notation Qg We have

(Q5)Be — BEQYHV. V) =((Q) B: — B} QS DV, V)

2
+62> (05" (mire)* Be — B Of (ine) )V, V),
i=1

where for the definition of le)(mks)ti we refer to Proposition A.2(iv). From the structure of B,
and le)(mkg)j, we notice that (le)(niks)th — B} le)(niks)ﬁ) = 0. Hence

Q5B — BYOSHV. V)| = ((Q52 Be — BI OGOV, V).

We now note that from Proposition A.2(i), we have that (Q((f; V,V) < (Qg?; V, V). Hence, if

we can show that
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I(Q5)Be — BEQGZOV. V)| < Ce(QFIV. V), 37

for some constant C, > 0 independent of t € [0,T], £ € R” and V € CZ2, then the proof is
concluded.

It therefore remains to show (37), under the Levi conditions (LC) on the lower order terms.
Following Section 5 in [14] we first write (( Q( )B — B} Q(Z))V V) in terms of the matrix

wg—( —Fae 1)2 - Z?_lamé(s)—z 1
—he 1 Y @i ERE)

From Proposition A.2(v) we have that,
(Q5)Be — BEQGZOV. V) = (WeBeV. WL V) — WV W, B V)) = 2i(We BV, W, V).
It follows by the Cauchy-Schwartz inequality that
((Q5) B — BI OGOV, V)| < 2)WeB.V[IWe V.
0,¢ & 5

Again from Proposition A.2(v) we get

(QV. V) =WV
We therefore have that if

C
WeBeVI < - IWeV|

for some constant C, > 0 independent of ¢, £ and V, then the condition (37) will hold.
By definition of W, and straightforward computations we have,

~ 0 0 Vi
WeBeV =W < (idi cicki+ee) (6)7! id‘?) <V2)

_ ( (X7 cicki +ee) (€)' VI +ide Vo )
TN cieki +ee) ()T Vi +ide Vo )

Therefore,

2
WeBV|> =2

(Zici,eéi + ee) 7'V +id. v,

i=1

We also have that

wv=|" S aieEHE) VIV,
— /2 ai ERE) IV +
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and hence

n
WV =| [ ai 82 E)2Vi+ Va| + |-
i=1

It therefore suffices to show that

(Z ici & + es) <$>_1V1 +1id. V>

i=1

2

IWeB:V|* =2 (38)

2

n
D aiEHE) VI Vo + |-

i=1

v

N =

On the other hand

2
<2

2
E) 2V + 1de 2 Va2l

n
(iZc,»,gs,- +es> (E)7'V) +id Vs
i=1

n
(i Z Ci,ssi + ea)
i=1

so we want to show the inequality

2
4

n
(i Zci,sSi + es)
i=1

C2 n
&2V + 1de 2Vl sf(zgai,gsﬂa*)wuz. (39)

We argue in two different areas as in the motivating example.
Area 1. Let |Vo|? <y (220, ai &7 (£)7%) [Vi|* with y > 0. Note that if

4

2
n C2 n
&)+ (22ai,ss?<s>-2) d:* | < = <ZZaf,eé,»2<é>‘2)
i=1 i=1

(40)
then (39) holds. Using the Levi conditions (LC) and that a; . > 0, we have that (40) holds inde-

2
pendently of y > 0 with & =4C)  + 4y C .

n
(i Zci,aé:i + es)
i=1
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Area2.Let |Vo|* > y (2Y0, a; -£3(£)7%) |Vi|%. Using the Levi conditions (LC),

2

4 E)2IVIP + 1de 2Vl

n
(i Zci,sgi + ee)
i=1

<4 (cl,g <2 Zai,g(r)s}> &I+ Cz,s|V2|2>

i=1

C1. 1
y8>|Vz|2 <4max(Cye, Coe)(1 + ;)IVzlz-

=4(Cre +

Note that

C? 1 C?
>0 (1 — —)2 W2 > =& |V, 2
_4( m)|2|_4|2|

2
We conclude that (38) holds if y is big enough with % > 4max(Cj ¢, Ca,¢). Note that we can
choose Cf as in Area 1 and that y is independent of ¢ and hence it is a constant once it is fixed.

2
Concluding, % =4Cy¢+4yCy¢and hence C, =4,/C1 o +yCare. O
5.2. Energy estimates and very weak solutions

In the rest of this section we will prove the under the hypotheses of Case 1 our Cauchy problem
has a very weak solution.

Theorem 5.3. Let us consider the Cauchy problem

Ou(t,x) = Y ai(dfu(t,x) +1(t, 8. d)u(t, x) = f(t,x),

i=1
u(0, x) = go(x),
0u(0, x) = g1 (x),
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where t € [0, T], x € R" and

12, 9, 00) = ) ci(0)dy +d(0)d; +e(0).

i=1
Assume the following set of hypotheses for s > 1 (Case 1):

(1) the coefficients a; are real-valued distributions with compact support contained in [0, T]
with a; > 0 forall t € [0, T],

() feC(0,T1, ys(R™),

(ii1) go, g1 € yo (R").

If the equation coefficients are regularised with a scale of logarithmic type and the following Levi
conditions
2

i) cieE + e )

i=1

<ci(in(e™"))? <2Za,~‘g<r)s,~2>

i=1
|de (1)|* < c2(In(e ™)),

are fulfilled for € € (0, 1] and for |&| large enough, then the Cauchy problem has a very weak
solution of order s.

Remark 5.4. Note that with scale of logarithmic type we mean o 1) =In(e~1) for some
r > 0. The regularisation is therefore given via convolution with v, (¢), where v is a mollifier of
type (1), for the equation coefficients and with ¢,,(s), where ¢ is a mollifier of type (2) for initial
data and right-hand side.

Proof of Theorem 5.3. We work on the regularised problem

n
Ofue(t,x) = Y ai (V0 ue(t, x) + Le (£, 8, O)ue(t, x) = fo(t, x),

i=l1
ug(0,x) = go,e(x),
Orue(0,x) = g1, (x),

where t € [0, T], x € R" and
n
Le(t, 0, 00) = Y i (D)0, + de (1)d; + ec(1).
i=1
Given mollifiers ¢ > 0 in C2°(R) and ¢ € .(R") of type (1) and type (2), respectively, we set
Qi =0 ¥ Yo (e), Cie = Ci ¥ V() de =d ¥ Py(e), € = €% Yy(e),
fe= 1, ) * @, 80,e = 80 * Pes 81,6 = 81 * Pe.
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After regularisation, for fixed ¢ the Cauchy problem above fulfils the hypotheses of Theorem 2.1
so we know that there exists a net of solutions (), with u, € C2([0, T], y*(R™). This is true
for every s because after regularisation the coefficients are smooth. To prove that we have a very
weak solution we need to show that, choosing the scales w(g) and v(g) suitably, then the net
(us)e is moderate. We will achieve this by writing an e-version of the proof of Theorem 2.1 for
the system (10). We begin by defining the energy

Eso(1.8) = (O (1. )V (1,£), V(1,£)).

We hence have

U Esc(1.6) =(0,052V, V) + (OS2, V., V) + (Q2V, 3, V) A1)
=3,052V, V) +i(Q5)D, V. V) —i(Q2V. D, V)
=052V V) +i(052(E) Ac + Be)V — Fe, V)
—i(QIV. ((€)Ac + Be)V — Fo)
=@, 052V V) +i(E)((Q5) Ae — ALQTHV, V)

QLB — BEQYHV. V) —i(Q Fe, V) +i(QDV, F).

Since our solution depends on the parameter ¢, we will use the notation V, from now on. From
(41) we have that

O Es.e(1,8) <|(3 Q52 Ve, Vo)l + 1(6) (QF) Ae — AEQT)Ve, Vo)
+1((Q5)Be — BE Q) Ve, VOl + (05 Fe., Ve) — (Q5 Ve, Fo).

To estimate the first two terms in the right-hand side above, we follow the arguments of Section
4.2 in [15]. For the next two terms we employ Propositions 5.1 and 5.2. We get

O Ese(1,6) < (K5 (t,8) + C28(6) + C) Es o (1,6) + [(Q5 2 Fe, Vo) — (OS2 Ve, F)l, - (42)
where K . (, &) has the property

T

_2 _3L g
Kse(t,8)dt <C16 Fw(e) %,

0

with k and L depending on a; and b; and Cy, C; positive constants and the net C depending on
the Levi conditions on the lower order terms and defined as in Proposition 5.2. Note that

(O Fe. Vo) — (O Ve, F)| = 12V fo — 2Vae ful < 4 Vael| fol
<2(\Vael> +|F?) (43)
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where in the last step we used that the quasi-symmetriser is a family of (nearly) diagonal Hermi-
tian matrices. Hence

2 . 2
Eso(1,6) = (OS2 Ve, Vo) = (diag Q5 Ve, Ve)

n
= (ZZa,-,gs,?@)Z +282) IViel> +21Vael* = 2| Ve |
i=1

since @; > 0. Using these inequalities in (43) we get that

QP Fe. Vi) — (QS2Ve, Fo)| < 20Fel® + Es 0 (1, ).

Therefore (42) becomes

O Eso(t,&) < (Kse(t,8) + Ca8(E) + Ce + 1) Es (1,6) +2 s[ng]@(z, 6.
tell,

By Gronwall’s lemma we obtain

-~ -2 31
Ese(t,8) < <E5,5(0,§)+2T sup |Fs(t,5)|2) eC10 kw(e)” k ~ +CoT8(E)+TCet T
t€[0,7T]

—~ -2 _3L_y
< <E3,8(0,§)+2T sup |F8(t,§>|2) eCr@ fol®) K HE+CAD,
t€l0,T]

Asin [14], we set §~F = 8(€). It follows that % = (£)7 , where

1+k
o= =.
2

Making use of Proposition (5.1)(i), of the definition of Qg and of the fact that w(g) ™' > 1, we
obtain for some D > 0

~ 1 _3L_,
D_lw(8)2L52|Ve(h€)|2§<E5,5(0,5)+2T sup |F8(r,5)|2) eCTCetheCrElTe®
+€[0,T]

s(Dw(s)—2L|v8<0,s>|2+2T sup |E<t,s>|2)

t€[0,T]

1 7%71
x eCT(Cet 1) 2CT (§)T w(e) )

This implies, for M = 3L + k) /k,

|Ve(t,€)]* < Dw(e)"2L572 (Dw(e)zﬂvg(o, £)* +2T s[ng]@(r, snz)
tell,
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s eCT(Cet 1) 27 ()T w(e) ™M
_ k _ -~
= Dw(e) 2 (£)e (Dw(s) 2LV, (0,8)* +2T sup |F8<r,s>|2>
t€[0,T]

o eCT(CetD) 207 ()T ()™M

Using the inequality (la|? + |,8|2)% < (Ja| + |B]) we have

Ve (t. &) <v/Daw(e) = (&) % («/Bw@)ﬂvg(o,s)w\/ﬁ sup @(néﬂ) (44)

1€[0,T]
1
% CT(F+1)CrE) 7)™
Note that in this inequality we can clearly see the dependence of V, on the coefficients in

the principal part as well as the dependence on the initial data and the right-hand side. Since
g0, 81, f(t,-) € y{(R™), we have from Proposition 3.6(iii) that

IVe(0,8)] < cie™ " and sup |Fu(t,&)| < che &)

1€[0,T]

where ¢, ¢} > 0. Hence we have that

V.60 =YD 6 (VDo e 4 VT )

o CT(G 4D CTE) T w(e) ™

<V Dw(e) 2 (&) % max (v/Dc, V2T cy)e™min (k12) ()

o CT(G+DCriE) T wie) ™

We now choose a)(es)_1 of logarithmic type, similarly to Section 4.2 of [15] and p~l (¢) such
that the Levi conditions hold, i.e.,

Ce=4/Cre+yCae)=0(n(e ).
This proves that the net V, has the desired moderateness properties and therefore (u.); is a very
weak solution of order s € [1,1 + %]. Since k can be chosen arbitrary then we can get a very
weak solution for any order s. O

6. Levi conditions and very weak solutions: case 2

We now pass to investigate Case 2 where the right-hand side and initial data are distributions
with compact support.
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Theorem 6.1. Let us consider the Cauchy problem

Ou(t,x) = Y ai(dFu(t,x) +1(t, 8. d)u(t, x) = f(t,x),
i=1
u(0, x) = go(x),
(0, x) = g1(x),

wheret € [0, T], x € R" and

1,07, 00) = Y ci(t)dy; +d(0)0; + e(1).
i=1

Assume the following set of hypotheses for s > 1 (Case 2):

(i) the coefficients a; are real-valued distributions with compact support contained in [0, T]
with a; > 0 forall t € [0, T],

(i) feC(0,T], & RM),
(i) go, g1 € E'(R").

If the equation coefficients are regularised with a scale of logarithmic type and the following Levi
conditions

n 2

i) cie(DE +ec(t)

i=1

<ci(n@e™"))? (2 Zai,g<r)si2>

i=1

|de (1) 1> < ca(In(e™1))?,

are fulfilled for ¢ € (0, 1] small enough and for |&| large enough, then the Cauchy problem has a
very weak solution of order s.

This is a straightforward extension of Theorem 5.3. The main difference with respect to Case

1 is how we regularise f, go and g1. In detail, we use mollifiers of type (3) and order s and we
get that the nets

80,6 = 80 * D¢, 81,6 = &1 * Pe,

are y*-moderate nets (see Proposition 3.9). Concerning f, we have that

(f*Yepe)(t,x) = fs,y(l/fs(t —8)pe(x — )

is C*°([0, T], ¥s (R™))-moderate, with v mollifier of type (1). For the other equation coefficients
we proceed with the regularisation as in Case 1.
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Proof of Theorem 6.1. By repeating the transformation into a first order system and the energy
estimates of Case 1 at the Fourier transform level we arrive at the inequality (44), i.e.

te[0,7T]

Ve (2, )] <v/Do(e) "L (g) % (@w<e>—L|vg<o,s>|+¢ﬁ sup m(r,én)

o CT(G 4D CTiE) T wie) ™

’

for C, =4,/C1+yCae with M = 3L + k)/k and Cy ¢, C2 > 0 coming from the Levi
conditions as in the assumptions of Proposition 5.2. Since go, g1, f € £'(R™), we have from
Proposition 3.9 that go ¢, 1.6, fe(f,-) are ¥ (R")-moderate hence from Proposition 3.7(i) we
have that

1
Ve (0,8)] < e M )

- 1
and sup |Fe(r,€)| < che N2emr2e" ()
t€[0,T]

Gal—
Gl—

for some constants ¢j > 0 and ¢} > 0 and Ny and N, depending on the structure of initial data
and right-hand side. Hence for ()~ > 1 and some D > 0 we have that

p 11 11
Ve(t,6)] <V Da(e) L (€)% (*/5“’<8>‘LC’18‘N16‘W O+ V2T e e W)
o CT(GHD LTI T wie)™

S\/Ba)(e)*u(s)% max (x/Bc’l, \/ﬁc’z)ff min (k1. 2)e  (€)3 g~ max(N1.N2)

w eCr(GHD CrErTwE ™

Choosing w(g) ! of logarithmic type as in Case 1 and making use of the Levi conditions on
C. (ie. Co = 0(1n(8"))) we easily see that V; is y¥-moderate, as desired. O

7. Uniqueness and consistency

By analysing the proof of Theorem 5.3 and Theorem 6.1 is it straightforward to observe that
if equation coefficients and initial data are given by negligible nets then the very weak solution
(ug)e will be negligible too. This allows us to conclude that the very weak solution is unique
in the very weak sense, i.e., negligible changes in coefficients and data will lead to negligible
changes in the solution. This is equivalent to say that the Cauchy problem is well-posed in a
suitable space of generalised functions of Colombeau type as already observed in [15]. In the
rest of the section we will prove that when the coefficients are regular enough and the initial
data are Gevrey, then the very weak solutions are consistent with the classical ones obtained in
[14,25]. This requires to preliminary show that the (classical) Levi conditions formulated in [14]
imply the generalised ones introduced in this paper.
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Proposition 7.1. Let

Ou(t,x) = Y a0 u(t,x) +1(t, 8. d)u(t, x) = f(t.x),
i=1

n
where 1(t,0;,0,) =Y _ ¢;(t)dy; +d(1)3; +e(t),

i=1

and the real-valued coefficients a; are compactly supported, belong to C*([0, T1) with k > 2 and
a; >0foralli =1, ..., n. Suppose the Levi conditions on the lower order terms hold

2

i) & +e)

i=1

n 2 n
<C (Zh(ﬂ&) +2) ai (g |,
i=1 i=1

ld(@®)]* < Ca.
Then the Levi conditions also hold for the regularised lower order terms
2

n 2 n
<G (Zb,»,gmsi) +2) ai (& |,
i=1

i=1

i) cie(OE +ect)

i=1

y o~
lde (D] < Co,
for some constants Ci, G independent of ¢.

Proof. Starting with the first Levi condition,

2 2 2

(iZcisi +e) % e (1)

i=1

i) cieE +ec(t)
i=1

iZC,’ * e ()& +ex (1)
i=1

2
( * Qe (t)>

IA

n
iZCi%”i +e

i=1

2
= izn:cl-(t—r)éi +e(r — )| pe(T)dT
\wpp(we) i=l
1 2
=\ [ o [anai(t—r)s,?y%(r)dr (45)
\supp(:) i=l

By Holder’s inequality, the right-hand side of (45) can be estimated by
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< p(supp(ge)) / C [2Zal~<r—r)sf}%(r>2dr

supp(¢e) i=1

=£CC / zzai(rr)s,?wg(r)zdr)

\\SUPP(%) i=l

1 1 /T
=¢eCCq / 2;%0—1’)& ‘PS(T)EQD(E)
\§UPP(%) =
<CC / 2 ai(t - f)g;%m@df) 2Za, * Q€] )
supp(¢e) =1

=C (2Xn:a,~,ggi2> :
i=1

For the second Levi condition,

2 2
e ()2 = |d % 0o (1) = / d(t — Dpe(t)dz| < f d(t — D) ge (0)d
R
2 2
< /Cf%(r)dt =C /%(r)dt =C. O
R R

We are now ready to prove that every very weak solution will converge to the classical so-
lution as ¢ — 0 when the equation coefficients are regular enough. This result clearly holds
independently of the choice of regularisation, i.e., mollifier and scale.

Theorem 7.2. Let

Ou(t,x) = Y ai(dFu(t,x) +1(t, 8. d)u(t, x) = f(t,x),
= (46)
u(0, x) = go(x),

9u(0, x) = g1 (x),
where
n
12, 9, 00) = Y ci(0dy +d(0)d; +e(0),
i=1
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and the real-valued coefficients a; are compactly supported, belong to C*([0, T) with k > 2 and
a; >0 foralli=1,...,n Let gy and g belong to yi(R") and f € C([0, T]; y:(R")) with
s > 1. Suppose the Levi conditions on the lower order terms hold

2

i) g +e)

i=1

n 2 n
<C (Zb&r)&) +2) @ |,
i=1

i=1

ld(1)]* < Ca.

Then, any very weak solution (ug). of u converges in C([0, T]; y*(R")) as ¢ — 0 to the unique
classical solution in C*([0, T1, y*(R™)) of the Cauchy problem (46);

Proof. Let u be the classical solution. By definition we know that

DJii(t,x) = Y ai()DL1i(t, x) = 1(t,iD;, iD)ia(t, x) = — f (¢, x),
= N (47)
(0, x) = go(x),

D0, x) = —igy (x).

Note that the initial data do not need to be regularised because they are already Gevrey functions.
By Proposition 7.1, the Levi conditions also hold for the regularised coefficients with constants
independent of ¢. Hence, there exists a very weak solution (u.). of u such that

Diuc(t,x) = Y aj (1) D3 uc(t, x) — Le(t,iD;, iDy)ue (t, x) = — fu(t, x),
=l 48)
e (0, x) = go(x),

Du (0, x) = —ig1(x),

for suitable embeddings of the coefficients a;. Noting that the nets (a; » — a;)e, (cie — Ci)e,
(de —d)e, (ec — €)e and (fe — f), are converging to 0 in C([0,T] x R") fori =1, ..., n we
can rewrite (47) as

DJii(t,x) = Y ai (1) DFiu(t, x) — Lo (t,iD;, iD)i(t, x) = — fe(t, X) + ne (¢, x),
i=1 3 49)
u(0, x) = go(x),

D (0, x) = —ig1 (x),

where n, € C([0, T]; y*(R™)) and converges to O in this space. From (49) and (48) we get that
i — u, solves the Cauchy problem

172



M. Discacciati, C. Garetto and C. Loizou Journal of Differential Equations 319 (2022) 131-185

DY@ —ue)(t, %) = Y ai e (1) Dy, (@ — ue)(t, x) — L (1, iDs, D) (F — ue) = ne (1, %),

i=1
(' —ug)(0,x) =0,
(DU — Dyug)(0,x) =0.
Following the energy estimates of Case 1 and arguing as in the proof of Theorem 5.3, after reduc-
tion to a system and by applying the Fourier transform, we have an estimate of [(V — V¢)(z, §)|
as in (44), in terms of (V — V,)(0, &) and the right-hand side n.(#, x). In particular, since the
coefficients are of class C*, k > 2, we note that || ngg(-, &)llck 0,77y 1s uniformly bounded with

respect to €, because we can differentiate the entries up to order k, without putting any derivatives
on the mollifier. Therefore the estimate (27) in [15] becomes

T

/Ka,e(t,é)dt <cist
0

Hence the terms w(¢) L and w(e) ™™ disappear in (44) and we simply get

(V= Vo). 6)] <V/Dig) 2 <~/D|<V — V) (0,8)| + 2T s{gpﬂ@(r, s>|>
1€l0,
o LTS+ D LT )T

Note that % comes from the Levi conditions and from Proposition 7.1 it can be chosen indepen-
dent of ¢. Since (\7 — V)(0,&) =0and n, — 0in C([0, TT; y*(R™)), we conclude that u, — u
in C([0, T]; y*(R™)). Note that our argument is independent of the choice of the regularisation
of the coefficients and the right-hand side. O

8. Examples and numerical models
In this final section we will study the Cauchy problem

Ou(t,x) —a()du= f(t,x), t€[0,T],x€R,
u(0, x) = go(x),
0u(0, x) = g1(x),

under different set of hypotheses on the coefficients, right-hand side and initial data. For the
sake of the reader, we start by recalling some classical results for C* well-posedness for weakly
hyperbolic Cauchy problems that we will employ in the sequel.

8.1. C° well-posedness for weakly hyperbolic equations

The next theorem is due to the pioneer work of Oleinik on second order hyperbolic equations.
In [27], Oleinik considers the following Cauchy problem in the domain G ={0 <t < T, x € R™}
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w(t,x) — Y@/t ), + >0 Xuy, + 60 )y + et x) = f(t.x),  (50)
i,j=1 i=1

u(0,x) =go(x), u:(0,x)=g1(x),

where x € R™ and a’/ (t, x)&; £; > 0in G forall £ € R™, obtaining the C> well-posedness result
below.

Theorem 8.1. Assume that there exists a constant D such that for the coefficients of (50), the
inequality

S ar@'E)? < > Bagg; +a) g, 1)

i=1 i,j=1

holds in G ={0 <t <T,x € R"}, for any £ € R™. Here o > (2p + 6)~! (p being an integer
greater than or equal to —1), B is some constant for t € [0, ty], to = const. > 0 and a, B are
some positive constants for t € [to, T]. Let ai, ai{ , b, bO, b?, ¢ and their derivatives up to the
order k, k > 2, with respect to x and up to the order k — 2 with respect to x and t be bounded
in G. Let the derivatives of the form 8,085 of ai, ai{, b, b0, b?, ¢, where p e Ng, p < p+1
and B € N(I)\I 9 18| <k, be bounded for t € [0, ty] and the derivatives of these functions of the

form a[’af, 0 < p, |Bl < p+k, be bounded for t = 0. Suppose that the functions f, go, g1 have
compact support. Then there exists a unique solution u of (50) and the estimate

T
Ve elo, Tl llu( Mipg, sc<||go||i,k+p+4(R)+||g1||§,k+,,+3(R)+ / 1f (@, e gy do
0

o€[0,10]
P=Pp 2]Rm p§p+lRm
|Bl=p+k+ |Bl<k

1@ oyt D /|a;’aff(o,x)|2dx+ max ) /|a;’aff(a,x)|2dx>

(52)
holds provided that the norms of f, go and g1 on the right of (52) are finite, where the constant

C >0, depends on || - ||oo in G of the derivatives of the coefficients a'/, a;{, , bt bY, b?, c, as
stated above. If 2(k — 2) > m + 1, then the classical solution to (50) exists.

We now consider the Cauchy problem
e (t,x) —a(t)uxx =0, (33)
u0,x) =go(x), u(0,x)=gi1(x),

where x € R, 7 € [0, T] and a(¢) > 0 on [0, T]. By reformulating Theorem 8.1 in this context we
obtain the next statement.
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Theorem 8.2. Assume that there exists a constant D such that for the coefficient of (53), the
inequality

0 < Daf(t)+a;(t) 54

holds for any t € [0, T]. Here p is an integer greater than or equal to —1, D is some constant for
t €10, 1], to = const. > 0 and some positive constant for t € [tg, T]. Let a and its derivatives up
to the order k — 2, k > 2 with respect to t be bounded on [0, T). Let the derivatives of the form
d’ /dt? of a, where p € Ng, p < p + 1, be bounded for t € [0, to] and the derivatives of the form
dP /dt?, p < p, be bounded for t = 0. Suppose that the functions go, g1 have compact support.
Then there exists a unique solution u of (53) and the estimate

Ve el0, T lu(w, ) gy SCULN ks peag + 1811500015 ®)) (55)

holds provided that the norms of gy and g\ on the right of (55) are finite, where the constant
C > 0, depends on || - ||co on [0, T] of the derivatives of the coefficient a, as stated above. If
2(k —2) > m + 1, then the classical solution to (53) exists.

Remark 8.3. Note that if a, a; > 0 then the inequality (54) is automatically satisfied for all
D > 0.

Choosing p = —1 and k = 2 in the above estimate, we obtain the following.

Corollary 8.4. Assume that there exists a constant D such that for the coefficient of (53), the
inequality

0 < Da(r) + a; (1) (56)

holds for any t € [0, T]. Here D is some constant for t € [0, ty], to = const. > 0 and some
positive constant for t € [ty, T]. Let a be bounded on [0, T]. Suppose that the functions go, g1
have compact support. Then there exists a unique solution u of (53) and the estimate

Ve el0, 71 llu(w, )pg, <CUIg0l3s g + 18113 @) 57

holds provided that the norms of gy and g on the right of (57) are finite, where the constant
C > 0, depends on || - |0 on [0, T] of the coefficient a.

We conclude this section by focusing on two toy models where the coefficient a(¢) in the
principal is a Heaviside function or a delta distribution. For simplicity, we set f = 0.

8.2. First model: a(t) = H(t)
Let
32u(r,x) — H(t — 1)d%u(r,x) =0, 1[0, T],x eR,

u(0, x) = go(x), (58)
d;u (0, x) = g1(x),
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where go, g1 € C2°(R) and H is the Heaviside function

1, fort>0

H(@) =
@) 0, fortr<O.

By applying the regularisation methods described before, one can transform the Cauchy problem
(58) to

02ue(t, x) — He(t — 1)d%uc(t, x) =0, re€[0,T],x €R,
ug (0, x) = go(x), (59)
Orue (0, x) = g1(x),
where Hy = H * @, @.(t) = é(p(é) and ¢ € C°(R) with ¢ > 0 and f(p = 1. Note that since
go. &1 € C2°(R), we do not need to mollify them.
We now apply the results of Section 8.1 to the Cauchy problem (59).

Proposition 8.5. The solution net, u., of the Cauchy problem (59) fulfils

Ve el0,T1, e Il3pg, <CUIg0l7s g + 1811754 ) (60)
where C is independent of ¢.

Proof. We note that H,, Hbf > 0 and hence for any D > 0, the condition (56) is automatically
satisfied. Hence from Corollary 8.4, we get the estimate (60) where C depends on || Hs (- — 1) |0
on [0, T']. We now calculate || H;(- — 1)]| oo to show that it is independent of ¢.

[He(- — Dlloo = 1 H # ¢ (- — Dllooc = sup fH(t—l—r)%(r)dr
t€l0,T] R

S/ sup |H(l—1—f)§0a(f)|df=/1 X |ge(T)] dt

t€[0,7T] R

:/(pg(r)dr =1
R

Therefore || Hy(- — 1)||co < 1 and hence C can be chosen independent of . O

Remark 8.6. The proof of Proposition 8.5 holds for more general initial data g, g;. For instance
one can take go € H>(R), g1 € H*(R).

Remark 8.7. The argument of Proposition 8.5 fails if the regularisation of the dirac delta distri-
bution §; is considered in the Cauchy problem (59) instead of H,. Indeed, in this case we cannot

get a constant C independent of ¢. In fact,
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1
186 — Dlloo = 18 % @ (- — Dlloo =@ (- = Dlloo = H_ < )H E

where we have used that ¢ € CZ°(R) and hence it is bounded by M, on [0, T'] and that § * ¢, =
@, from distribution theory. Therefore, when the coefficient is § we cannot achieve boundedness.

8.2.1. Heaviside function

We consider again the Cauchy problem (58). Classically, this Cauchy problem can be solved
piecewise. First for # < 1 and then for 7 > 1 and taking the final values at r = 1 as initial values
for r > 1. For t < 1, the equation becomes u;; = 0. Using the initial conditions we obtain that

u(x,r) =1tg1(x) + go(x).

Therefore, u(x, 1) = g1 (x) + go(x) and u,(x, 1) = g1 (x) which are used as initial conditions for
t > 1. Fort > 1, using d’ Alembert’s formula we obtain that

x+t—1
gix+t—D+gix—t+D)+gox+t—1)+gox —t+1)

1
u(x,t) = 5 +§ / g1(s)ds.

x—t+1

Combining these two solutions together we obtain the unique piecewise distributional solution
i, to the Cauchy problem (58).

This proof is modelled on the proof in [10]. The new ingredient is that we are dealing now
with the Heaviside function where before the jump it is equal to zero, whereas in [10] it was
positive.

Theorem 8.8. For the Cauchy problem (58), every very weak solution converges to the piecewise
distributional solution u, as € — 0.

Proof. From assumption, go, g1 € C°(R). Let (u:), be a very weak solution of the Cauchy
problem (58) that vanishes for x outside some compact set, independently of ¢, t € [0, T]. By
construction we have that u, € C*°([0, T], H*(R)). Therefore we can use energy estimates.
We first note that H(z — 1) = H(t — 1)2, therefore our equation can be written as u;; — H(t —
1)%u,, = 0. Following the argument of the proof of Theorem 6.1 in [10], we now multiply the
regularised equation ug ;s — He(f — 1)2148,“ =0 by u,  and integrating by parts we have

/ (us,ttue,t + Hg(t — l)zus,xus,xt) dx =0.
R

Noting that

19

2
557 (el = Duteue)® = Holt = Dt stte e + Holt = DH( = Du? .

we obtain that
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39 (|u£t| + H (1 - 1) |“sx| dx— He(t — DH[(t — Dlue | *dx.
R
We therefore have the following energy estimate

[ (e et = 0P P) i = [ (11P + Hee = 102100 (61)

R R

t
+2/|H5(t— 1)H/ (1 — 1)|/|u5,x|2dxdt.

From the estimates obtained by employing Oleinik’s result in (60), we have that f]R|” ex(t,x) |2dx
is bounded on [0, 7']. We also note that,

/IHs(t—1)H§(t—1)|dt=f|He(t—1)(8*¢s)(t—1)ldt
R R

/Hg(r—l) <p(t€ )
R

di = / |, ()0 (y)ldy < / lo()dy < oo.

Noting that

[ eaan = [ (1wes P+ Hee = D2l )
R

R

and applying the energy estimates (61), we conclude that f]R |ue. (t, x)|>dx is bounded on [0, T].
We therefore have that (u;), is bounded in C1([0, T, L2(R)). By the Mean Value Theorem,
(ue)e is equicontinuous in C([0, T, L%(R)). Since (u;), is also bounded in C([0, T1, L2(R)),
by Arzela-Ascoli, (ug). is relatively compact in C([0, T, L2(R)). Furthermore, by (60) we
have that f]R |ug cx(t, x)|>dx is bounded on [0, T]. By the differential equation we get that
fR lug 1t (2, x)|2dx is also bounded on [0, T']. By the same argument as above, we obtain that

(ug)e is relatively compact in C 1([0, T1, L*(R)). Therefore, there exists a subsequence (ig, )k
such that

klim (ug )k =i € CL([0, T1, L*(R)) c C'([0, T], D' (R)).

But on every compact subinterval of (0, 1) and of (1, T'), H, is identically equal to O or 1, when
¢ is small enough. Therefore # is a distributional solution of the Cauchy problem (59) on both
strips. Since & € C([0, T1, D'(R)), so is @iy, and hence from the equation, so is also ;. We
therefore have,

i e (0. 11, D'(R) @ (1, T, D'(R)))..
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solution
L? error (log scale)

1 f 0 0.1 0.2 0.3 0.4 0.5
T €

Fig. 1. Numerical tests with mollifier ¢ ¢ (¢): exact solution # and numerical approximations u, for ¢ = 0.1, 0.05 (left);
norm [lug — ull ;2 (10.21) at t =2 versus ¢ (right). (For interpretation of the colours in the figure(s), the reader is referred
to the web version of this article.)

That is,  is the unique piecewise distributional solution to the Cauchy problem (59). Therefore
it =ii. Since (u.), is equicontinuous in C'([0, T'], L2(R)), we have that the whole net (i),
convergestou =u. 0O

8.2.2. Numerical model

We solve the Cauchy problem (59) numerically using the Lax—Friedrichs method (see, e.g.,
[33]) after reformulating it as an equivalent first-order system. We consider ¢ € [0.8, 2], x €
[0, 2], and periodic initial conditions go(x) = sin(2wrx) and g;(x) = cos(2mx). For the space
discretisation, we set the discretisation step Ax = 0.0007, and for the time discretisation we
choose At = 18_0 when H,(t — 1) = 0 and we take Ar adaptively when H,(t — 1) # 0O to ensure
that the Courant number remains equal to 1. We compute numerical solutions u, for various
values of ¢ and we compare them with the piecewise distributional solution u# obtained as in
section 8.2.1. More precisely, we compute the norm |[us — il ;2(0,2]) at # = 2 and show that it
tends to O for ¢ — 0 according to Theorem 8.8.

First, we consider the mollifier ¢; .(t) = % ¥1 (é) with

1
(I
P1(t) = oaazooze Y, il <1
, if 7] > 1.

Fig. 1 shows the exact solution u and the solutions u, at t =2 for ¢ = 0.1 and ¢ = 0.05 (left),
and the computed L? error norm for various values of & (right). We can see that the solutions u
better approach the exact solution i as ¢ is reduced and that the error norm decreases for & — 0

as expected.
To verify that results are independent of the choice of the mollifier, we repeated the computa-
tions taking now the mollifier @2 () = % <p2(§) with

1
e if |t] <2,

1
@ (t) = { 0.887988
if |¢] > 2.

’
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150 A 10
1
< 10
0.5 <
- 7]
g &
= 0 :: 10°
05 o
o S
10
-1
-1.5 1072

0 0.1 0.2 0.3 0.4 0.5
T €

Fig. 2. Numerical tests with mollifier ) ¢ (¢): exact solution # and numerical approximations us for ¢ = 0.1, 0.05 (left);
norm |lug — 'ZHLZ([O o) A= 2 versus ¢ (right).

Also in this case, the solutions u, better approach the exact solution # when ¢ — 0 and the
norm |lug — ull;2j0,2)) tends to 0 for & — 0 as shown in Fig. 2.

8.3. Second model: a(t) =46

Finally, we numerically study the problem (59) where the Heaviside function H; is replaced
by a regularised delta distribution §.. In this case, according to Remark 8.7, the argument of
Proposition 8.5 does not hold so that, in particular, it is not possible to identify a constant C
independent of ¢ such that inequality (60) is satisfied. Considering the same setting and discreti-
sation as in the previous tests, we solve (59) with a delta distribution §, regularised using the
mollifier ¢1 . to obtain numerical solutions u, for various values of e. Then, we compute the
ratio

2
||u8(7:, ) ||L2([O,2])

2 2
||g0||1—15([0,2]) +llg1 ”H4([0,21)

(62)

at T = 2 and we show that this ratio is not bounded independently of ¢ when ¢ — 0. The ratios
computed for several values of ¢ are plotted in Fig. 3, and they seem to confirm that boundedness
cannot be achieved in the case of coefficients as singular as delta.

Appendix A. Quasi-symmetriser
This appendix is devoted to the general definition of quasi-symmetriser for a matrix in

Sylvester form. We refer the reader to [25,14] for more details.
In the sequel, A(A) is an m x m Sylvester matrix with real eigenvalues 1/, i.e.,

0 1 0 ... 0
0 0 I 0
AW=1 1 ’
—aMn) =™ ) .. . =™

where
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0.3
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o
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0 0.1 0.2 0.3 0.4 0.5
€

Fig. 3. Ratios (62) computed for different values of & with u, the solution of (59) with coefficient §.

oM =D" > ad,

I1<ii<...<ip<m

for all 1 < h < m. In the sequel P,, is the class of permutations of {1, ..., m}, A, =
(Apys ovvs Apy) With A € R™ and p € Py, mih = (A1, « ooy Aie1y Aigls ovvs Ap) and X' =14 =
(A1, ..., Am—1). Following Section 4 in [25], we have the following definition.

Definition A.1. The quasi-symmetriser of A()) is the Hermitian matrix

Qfgm)()\') — Z Pg(m)()"p)*Pg(m)()\'p)9

pE Pm

where 8 € (0, 11, P () = H™ P (3), H™ = diag{6” ", ..., §, 1} and the matrix P (1)
is defined inductively by PV (1) = 1 and

0
P(m)()\,) _ P(mfl)()\/)

a" oy L o™y 1

Note that P™ () is depending only on A’.
Notations: Wi(m)(k) denotes the row vector

(" Vin), ..., 0" Vmn), 1), 1<i<m,

and W (}.) the matrix with row vectors W(m)

In the next proposition we collect the main properties of the quasi-symmetriser Q(m) (1). For
a detailed proof we refer the reader to Propositions 1 and 2 in [25] and to Proposition 1 in [9].
Note that for m x m matrices A; and A; the notation A; < A, means (Ajv, v) < (Apv, v) for
all v € C™ with (-, -) the scalar product in C™,
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Proposition A.2.

(i) The quasi-symmetriser Q((sm)()») can be written as

0 (W) +820" (M) + ... + 82D o™ ),

where the matrices Ql(m)()h), i=1, ..., m—1, are non-negative and Hermitian with entries
being symmetric polynomials in L1, ..., Ay.
(ii) There exists a function Cp,(A) bounded for bounded |\| such that

Cr()~1820 D1 < 0™ () < Cu(WI.
(iii) We have
10 (WAL — AW OV ()] < Cr(M)SOY (V).

@{iv) Forany (im — 1) x (m — 1) matrix T let T* denote the m x m matrix

T O
0O 0)°
Then, Q" () = QY (1) + 8231, 0V Vi)t
(v) We have

04" (1) = (m — HIW™ ) W™ (),

(vi) We have

det Q"W =m—-11 ] i-21p2

1<i<j<m

(vii) There exists a constant Cy, such that

ayn 0 gim ) <Cn [ GF+2%.

I<i<j<m
We finally recall the definition of nearly diagonal matrices.

Definition A.3. A family {Q,} of nonnegative Hermitian matrices is called nearly diagonal if
there exists a positive constant cp such that

QO = codiag Qg

for all o, with

diag Qa = diag{‘ﬁx,llv ey Qa,mm}~
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The following linear algebra result is proven in [25, Lemma 1].

Lemma A4. Let {Qy} be a family of nonnegative Hermitian m x m matrices such that det Qo >
0 and

detQy > Cqdu,1190,22 " * " Ga,mm

for a certain constant ¢ > 0 independent of a. Then,

Qo > cm!™m diag Qg
forall «, i.e., the family {Qy} is nearly diagonal.

Lemma A.4 is employed to prove that the family ng)()\) of quasi-symmetrisers defined

above is nearly diagonal when A belongs to a suitable set. The following statement is proven in
[25, Proposition 3].
Proposition A.5. For any M > 0 define the set

Su={LeR™: AT +25 <M —1j)% 1<i<j<m})

Then the family of matrices {Ql(;m)()n) :0< 68 <1,AreS8y} is nearly diagonal.

Using this we get the following corollary.
Corollary A.6. Under the Kinoshota-Spagnolo condition
IM>0: A6 (167 < MO (1, 8) — 4 (1.6))%,
forl1<i,j<m,tel0,T], forall§,
on the roots of the equation, the quasi-symmetriser is nearly diagonal.

We conclude this appendix with a result on nearly diagonal matrices depending on three pa-
rameters (i.e. 6, ¢, &) which will is crucial when dealing with regularised coefficients. Note that
this is a straightforward extension of Lemma 2 in [25] valid for two parameter (i.e. §, t) depen-
dent matrices.

Lemma A.7. Let {ng)(t, £):0<8=<1,0<t=<T,& €R"} be a nearly diagonal family of
coercive Hermitian matrices of class C Kint, k > 1. Then, there exists a constant C 7 > 0 such
that for any non-zero continuous function V : [0, T] x R" — C™ we have

1/k
dt < Cr Q" Ol o )

T
/ |3 05" 4, 8)V (1,8), V1, £))]
SOV E). V@ )V 1,5k

forall £ € R".
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