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Soliton interactions and Yang-Baxter maps for the complex
coupled short-pulse equation
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Abstract

The complex coupled short pulse equation (ccSPE) describes the propagation of
ultra-short optical pulses in nonlinear birefringent fibers. The system admits a variety
of vector soliton solutions: fundamental solitons, fundamental breathers, composite
breathers (generic or non-generic), as well as so-called self-symmetric composite soli-
tons. In this work, we use the dressing method and the Darboux matrices correspond-
ing to the various types of solitons to investigate soliton interactions in the focusing
ccSPE. The study combines refactorization problems on generators of certain ratio-
nal loop groups, and long-time asymptotics of these generators, as well as the main
refactorization theorem for the dressing factors which leads to the Yang-Baxter prop-
erty for the refactorization map and the vector soliton interactions. Among the results
obtained in this paper, we derive explicit formulas for the polarization shift of funda-
mental solitons which are the analog of the well-known formulas for the interaction
of vector solitons in the Manakov system. Our study also reveals that upon interacting
with a fundamental breather, a fundamental soliton becomes a fundamental breather
and, conversely, that the interaction of two fundamental breathers generically yields
two fundamental breathers with a polarization shifts, but may also result into a funda-
mental soliton and a fundamental breather. Explicit formulas for the coefficients that
characterize the fundamental breathers, as well as for their polarization vectors are
obtained. The interactions of other types of solitons are also derived and discussed in
detail and illustrated with plots. New Yang-Baxter maps are obtained in the process.

1 Introduction

Mathematical models of nonlinear wave propagation can often be reduced to a class of
nonlinear partial differential equations known as integrable systems. One of the most
widely studied integrable systems is the nonlinear Schrodinger (NLS) equation, which in
the last 50 years has been shown to be a universal model for weakly dispersive nonlinear
wave trains, with physical applications ranging from deep water waves, plasma physics
and nonlinear optics, to magneto-static spin waves, low temperature physics and Bose-
Einstein condensation. On the other hand, the propagation of ultra-short optical pulses
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(width~ 10~1%s and much smaller than the carrier frequency) in nonlinear media is better
described by the so-called “complex short-pulse” equation (cSPE):

o
uxt:u+§(\u|2ux)x, o==1 €h)

where u = u(x,t) is a complex function representing the electric field associated to the
propagating optical pulse. The cSPE was introduced relatively recently in [1], and like
NLS, the sign of ¢ distinguishes the two dispersion regimes (¢ = 1 corresponding to the
anomalous dispersion regime, or focusing cSPE, and ¢ = —1 to normal dispersion, or
defocusing cSPE). If one restricts u(x, f) to be a real function (representing, in this case,
the magnitude of the electric field), the above equation reduces to the (real) short-pulse
equation (SPE), which was originally introduced in the context of differential geometry
[2]], and was later derived as a model for the propagation of ultra-short pulses in nonlinear
silica optics [3]. Equations of short-pulse type:

Qur = 4iQ — 2i(RQQx)x, Ryr = 4iR — 2i(QRRy)x

were obtained in the earlier works [3} 6] through the negative Wadati-Konno-Ichikawa
flow [7HI0]. These equations reduce to (I) for R = —cQ* but with a complex time
t =4it.

A key feature of the SPE and the cSPE is that, in addition to standard smooth solitons,
both admit loop soliton solutions, which are not single-valued, and “cuspons”, and also
solutions that oscillate between single- and multi-valued states. For applications to bire-
fringent fibers, two orthogonally polarized modes have to be considered, and in analogy
to the Manakov system [4]], which is the extension of the NLS equation to 2-components,
several generalizations of the SPE were proposed in the literature for the propagation of
polarized ultra-short pulse in anisotropic media. While there is a sizeable amount of liter-
ature on the SPE, on its two- and multi-component generalizations and discretization (see
[5H9L [12H32]), the study of the cSPE and of its vector version, the complex coupled SPE
(ccSPE) also introduced in [[1], namely:

o
Uy =u-+ E(Hu||2ux)x, u= (ul,uz)T, =41, 2)

where u(x,t) is a two-component complex vector function and ¢ again distinguishes
between the focusing and defocusing equations, is obviously much more recent and less
extensive. Like NLS and the Manakov system, the defocusing cSPE and ccSPE only
admit dark solitons, i.e., solitons on a non-zero background. Soliton solutions for the
focusing cSPE equation have been constructed in [[1, 133H37]], and dark soliton solutions
of the defocusing cSPE have been obtained in [38} [39]. The inverse scattering transform
(IST) to solve the initial-value problem for the focusing cSPE equation was developed
in [40], and the long-time asymptotic behavior was analyzed in [41]. As to the focusing
ccSPE, several types of solutions were presented in [42H435]], and the IST was developed
in [46].

The main goal of this work is to study interactions of vector solitons of the focusing
ccSPE. It is known [47, 48] that the interactions between solitons in the Manakov model,
or more generally vector NLS, give rise to maps on their polarization vectors which pro-
vide solutions of the set-theoretical Yang-Baxter equation [49]]. In this context and also
in the context of discrete integrable systems, such maps are known as Yang-Baxter maps
[SO]. They arise in a much larger variety of contexts, and we refer the interested reader to
[51] for an overview of various key areas where the set-theoretical Yang-Baxter equation
(and its companion, the set-theoretical reflection equation [47, |52]]) can arise. From the



point of view of soliton dynamics, such maps ensure that multicomponent soliton inter-
actions are elastic and that the scattering of a multisoliton solution factorizes consistently
into a succession of two-soliton interactions. This is a well-known key feature of scalar
solitons, but it is more intricate to derive in the multicomponent case. Nevertheless, the
interplay between multicomponent integrable equations and Yang-Baxter maps is well
documented and finds its roots in the refactorization properties appearing in the under-
lying dressing method [53]. This was used extensively e.g. in [47]. In this paper, we
investigate Yang-Baxter maps for the focusing ccSPE, and use them to unravel the nature
of the corresponding soliton interactions. An essential new feature compared to the vector
NLS case is the variety of possible one-soliton solution that the model admits: fundamen-
tal solitons, fundamental breathers, composite breathers (generic or non-generic), as well
as so-called self-symmetric solitons. In a first instance, by considering the interaction
of two fundamental solitons, we derive a formula analogous to Manakov’s result for the
polarization shift of interacting vector NLS solitons. This gives a first example of the
Yang-Baxter maps involved in ccSPE. To get the full picture, we take advantage of the
ideas illustrated above, and classify the possible dressing factors creating those various
types of solitons. We then derive the “master” Yang-Baxter map arising from the refactor-
ization of the most general elementary dressing factors. Combining this with a long-time
asymptotic analysis of all the possible two-soliton solutions yields the various maps on the
polarizations of the solitons. All of them enjoy the Yang-Baxter property, being derived
from the “master” Yang-Baxter map, but take on different explicit forms.

For the rest of this work, we restrict our attention to the focusing ccSPE (so we as-
sume ¢ = 1, and simply refer to Eq. Z) with o = 1 as the ccSPE), and consider so-
lutions that are rapidly decaying as |x| — oo. The structure of the paper is as follows.
In Sec. 2 we give a brief overview of the IST for the ccSPE as developed in [46], and
of its one-soliton solutions, which include fundamental solitons, fundamental breathers,
and composite breathers, depending on the rank and structure of the norming constant
associated to the soliton. We also discuss in detail the case of self-symmetric discrete
eigenvalues, and derive the explicit expression of a self-symmetric soliton. In Sec. 3 we
discuss the reductions of the ccSPE to the case of real solutions. In Sec. 4 we provide
the explicit expressions of the (matrix) transmission coefficients corresponding to a 1-
fundamental soliton solution, a 1-fundamental breather solution, and a 1-self-symmetric
soliton solution. In Sec. 5 we use Manakov’s method [4] to investigate the pairwise inter-
actions of two fundamental solitons, and also the interaction of self-symmetric solitons.
Sec. 6 reviews the main idea of the dressing method and the notion of dressing factors
(or Darboux-Bécklund matrices), as well as the main refactorization theorem for such
dressing factors which leads to the Yang-Baxter property for the refactorization map. It
also contains the classification of the elementary dressing factors necessary to build the
three types of solitons in the ccSPE, as well as their various degenerations. Finally, the
long-time analysis of various two-soliton solutions leads to the derivation of the various
Yang-Baxter maps on the polarization vectors of the solitons. Our study reveals that upon
interacting with a fundamental breather, a fundamental soliton becomes a fundamental
breather and, conversely, that the interaction of two fundamental breathers generically
yields two fundamental breathers with a polarization shifts, but may also result into a
fundamental soliton and a fundamental breather. Explicit formulas for the coefficients
that characterize the fundamental breathers, as well as for their polarization vectors are
obtained. The interactions of other types of solitons are also discussed in detail and illus-
trated with plots. Finally, Appendices A-E provide more technical details regarding the
derivation of the explicit expression of the analytic scattering coefficients in various cases,
hodograph transformation and exact two-soliton solutions.



2 Overview of the IST and one-soliton solutions

Below, we give a succinct overview of the IST for the ccSPE as developed in [46]. The
ccSPE (2) with o = 1 possess the following Lax pair:

B ([ =ikl kU,
©x=XP= (—ka iklz) (32)
L - skuv —fu+tkuvu )
D, =TD = 27 2% x 3b
' (—g kvuvx — b+ skvu 56)
where the matrices U and V are given by
_ (i —iup TS
U= ( i —iu{> ,V=U “)
and [,; denotes the n X n identity matrix. In [46], the gauge transformation
&(x,t,k) = P’L(x,t)CID(x, t, k), 5)

with P chosen so that it diagonalizes the matrix iX /k, namely

(L —a » l+4g B 5 il
P—P(D; 12), p——zq, g = /14 ||ux||? a—1+q, (6a)

was used to control the behavior of the eigenfunctions at k = 0 and k = oco. Indeed, with
such a choice for P, the gauge transformation (5) reduces the Lax pair (3] to

Oy + Q:d = X, i+ Qb =T, @)
where
. 1 :
Qx = lngg , Qt (41]{ + kq||u||2) 23, 23 = dlag(lz, —Iz) , (8a)
) ,

g [k Zq(w) UsVar gl = 2q<1+q> U (8b)

. 1 4

Ve gt T am el T g Vel
A i (1 — q)lz —iux
r= 4kq ( iVy —(1- q)Iz) + )
+pj (apact fzmt) i(Uat +aV) 20; — il +iaVa
2 —2af — iV +iatUat (afa —afay) +i(atU+ Va)

Egs. (8a) can be integrated explicitly, giving Q(x, t) = if(x, t, k)X3 where

0(x,t, k) =ké(x, t) —t/4k, (j(x,t):x—f(w/lﬁ—uy||2—1>dy. )

Then, under the assumption U(x,t) — O sufficiently rapidly as x — +o0, one can show
that X, T" — 0 in this limits and hence define the Jost eigenfunctions

Su(x,t,k) = (Doq(x,t,k), Drn(x,t,k)) ~ Le PRIy 4o, (10)



as simultaneous solutions of the Lax pair (7). It is convenient to consider modified eigen-
functions with constant asymptotic behavior

M (x,t,k) = (My1(x,t,k), Msp(x,t,k)) = Dy (x, k)0 I x — Feo,
(11)

and one can prove that the 4 X 2 columns M_ 1, M, » are analytic for k € C" and con-
tinuous for k € IR, and the columns M 1, M_ 5 are analytic for k € C~ and continuous
for k € R. Since &, and & _ are two fundamental solutions of the Lax pair for any
k € R, one can define a 4 x 4 matrix S(k) (independent of x, t) such that

&_(x, k) = &y (x, £ K)S(K), S(k) = (Zg’g ZE’;;) . keR, (12

whose 2 x 2 blocks are such that a(k) (respectively, a(k)) is analytic in C* (respectively,
in C™) and continuous for k € R, while b(k), b(k) are in general only defined for k € R.
Equation (I2)) for k € R can be written as
M_1(x,t,k)a= (k) = My 1(x, £, k) + M o(x, t, k)2 @K o (k) (13a)
M_(x,t,k)a" (k) = My 2(x, £,k) + My 1 (x, t, k)e 2000 5(k) (13b)

where the functions M_ 1 (x,t,k)a=1(k) and M_5(x,t,k)a~!(k) are meromorphic in
the upper/lower half k-plane respectively, and

pk) =b(kja~'(k),  p(k)=b(kja'(k) keR, (14)

are the (matrix) reflection coefficients.
For future reference, we note that one can also express the columns of ®_ in terms of
the columns of d_ as

by (x, 1K) = d_(x,£K)S (k) S‘l(k)_(é—(k) d“‘)), keR, (15

where ¢, d, ¢, d are 2 x 2 matrix functions of k, and (T3) can be written in terms of the
analytic groups of columns of the modified eigenfunctions as

k)e 1 (k ) = M_1(x,t,k) + M_o(x, £, k)X 05Ky, (16a)
-1

M+,1 (x, c
(k) = M_(x,t,k) + M_1(x, t,k)e 2000 (k) , (16b)

t,

My (x, t,k)c

where r(k) = d(k)c~1 (k) and 7(k) = d(k)c ' (k) are the (matrix) reflection coefficients

from the right defined for system (T3). For future convenience, we refer to a(k),a(k) as

the (inverses) of the “left” transmission coefficients, and to ¢(k), ¢(k) as the (inverses) of
the “right” transmission coefficients.

The Lax pair (3) admits two symmetries, k — k* and k — —k*, which induce
corresponding symmetries in the scattering data. Specifically, the first symmetry implies

p(k) = —p'(k), ke€R,  deta(k)=deta’(k*), kecC~, (17a)
and the second symmetry gives

a*(—k*) = ma(k)on, keCt, @ (—k*)=nalk)en, keC, (17b)
p*(—k) = Uzp(k)(?’z, ﬁ*(—k) = (Tzﬁ(k)(?’z, keR, (17¢)



where 0p = ((1) 01) is the second Pauli matrix (see [46] for details). The discrete

spectrum consists of the values of k € C/R, for which the scattering problem admits
eigenfunctions in LZ(]R), and discrete eigenvalues appear in symmetric quartets:

= {kn, =k}, —kn, k5304, (18)

where, for each n, k,, —kj; are the zeros of deta( ) and coincide with the values of
k € C* where ®_ 1 and <I>+ > become linearly dependent, and —kj,, k;; are the zeros
of deta(k), which coincide with the values of k € C~ where CIDJr 1and & 2 become
linearly dependent. Moreover:
1. if rank a(k,) = rank a(—k};) = 1 and rank a(—k,) = rank (k) = 1, then
the zeros of deta(k) in C™ and the zeros of deta(k) in C ™~ are simple;

2. ifa(ky,) = a(—k) = 0xx2 and d(—k,) = a(k}) = 0px2, then the zeros of
deta(k) in C" and the zeros of deta(k) in C~ are double.
In both cases, it is shown in [46] that the points k,,, —k;; (resp., k};, —k,,) are simple poles

for the function M,,lu_l (resp., M,,zd_l) in C* (resp., C™), and one can define the
corresponding residues as follows

Resg—k, [M_1(x, t,k)a (k)] = e~/ M 5 (x, 8, k) Cr, (192

Resp— g [M_1(x, £, k)a=t (k)] = eHTReH /4 p o (x,t, —K5) Gy, (19b)

Resi: [M_o(x, £, k)a~1 (k)] = e 2Kt/ 4RI M 3 (o, 1,K5)C, (190)

Resi—_y, [M_o(x,t,k)a= (k)] = e 2kl pg g (x, 8, k)G, (19d)
where C,, is the 2 X 2 norming constant associated to the discrete eigenvalue k;;, and

Co=-C!, Co=—-0Citn, Cp=—02Citn. (20)

In the first case, i.e., when a(k),a(k) evaluated at the discrete eigenvalues are rank-1
matrices, the norming constants are rank-one matrices themselves; in the second case,
the norming constants can be either full-rank or rank-one matrices. The above results
were established in [46], under the implicit assumption that the matrices a and 4 have
equal ranks. In Appendix [A} we prove that a(k) and a(k) necessarily have the same rank
at each of the eigenvalues of a given quartet, namely rank a(k,) = rank a(—k};) =
rank a(k};) = rank a(—k,) for each n.

The starting point of the formulation of the inverse problem is equation (I3)), regarded
as the jump condition across the real k-axis between the eigenfunctions that are mero-
morphic in C*, and those that are meromorphic in C~. Specifically, one introduces the
sectionally meromorphic matrix function:

+(x(E& 1), t,k) = {(M,l(x(grf),f,k)ﬂ_l(k) My p(x(E,1),t,k)) keCt

(Mi1(x(&t),t,k) M_o(x(E t),tk)a"t(k)) keC~
20
and then defines

Pe(Bt k) = pe (x(E 1), 8,k), (@t k) = AL (&A= (E k), (22)

where " denotes functions in which the x-dependence has been replaced by a ¢-dependence,

and flo(§, 1) = limyg oo i (G, £, k) (see [46] for details). Using Eqs. 22), 2I), one
can write (13) as

R (G L O R Gl A PR



where § = k¢ — t/4k, for all k € R, which, supplemented with the normalization condi-
tion

fig =1y, k— oo, (24)

defines a Riemann Hilbert problem (RHP) with poles across the real k-axis. The formal
solution of the RHP is then given by the system

2 Res;— an+ (¢t k)

1’l

]:Z((:,t k =14+

N N
N Z Resy_ 1+ (¢, 1, k) N Z Resy—; fi— (G, t, k)

1 k+ Kk 1 k—k;
Resy— i, i (&,t,k) f (AA9)[(A79)
Z k+ Ky (k % i0) 4t (25)
R
which is closed using the residue conditions
Resy—, fi+,1(8, k) = 2 i, (8, 1,kn)Ca, (26)
Resy__j: iy 1(E k) = e2i9<¢'f'—’<ﬁ>;1+2(g t,—k:)Cp, (26b)
Resy_s i (8 t,k) = e 20CHkD 11 (2, t,k7)C,, (26¢)
Resy_ g, fia (&t k) = e 200 "" (&t —kn)Co, (26d)

foreachn =1,2,..., N.

The last step of the inverse problem amounts to reconstructing the solution of the
ccSPE from the solution fi1 of the RHP. Specifically, as shown in [46]], the reconstruction
formula is given by:

u(g,t) = 111%;; (( —1(§ t,0)ii(E, ¢, k)) (“_1(§,t,0)ﬁ(§,t,k))l,4>T, (27a)

ji
x—¢=lim [ L&, ,0) (g,t,k))11—1], (27b)

where expresses the original variable x in terms of the travel-time parameter ¢.
Whenever x = x(&) in (27b) is monotonic, so that for each x there is a unique ¢ such
that & = ¢(x), then (Z74) and (Z7B)) can be used to obtain the solution of the ccSPE in the
original physical variables, namely u(x, f).

Pure solitons can be obtained by setting p(k) = p(k) = Opxp, for all k € R in
Eq. (23). In this case, the system reduces to the following linear algebraic system for the
eigenfunctions

N
Res;_; i tk
(e tk) =1+ E k Iiznf;(ff )
n=1 n

N N
Res;__ 111 Ltk R « fl t, k Res;_ _ t k
N Z esy—_k: fi1 (¢ )+ Z esg—j:jl— (G, Z eSk—_k, il (&, t,k)

k + k= k—k; k+ky !
n=1 t n=1 *
(28)



with residue conditions given by (19), which can be solved analytically.

One-soliton solutions are obtained by setting N = 1 in the last relation, and solving
the corresponding system for the upper and lower blocks of the eigenfunctions. The differ-
ent types of one-soliton solutions that ccSPE admits depend on the choice of the norming
constant Cy. Specifically, if k; = 1 +iv; € C* and C; = (7,0) with ¥ = (ay, B1)7,
then the corresponding solution is a fundamental soliton, which is the natural vector gen-
eralization of scalar one-soliton solutions of the complex short-pulse equation. In this
case, the vector solution of the ccSPE is given by:

v —i —2ar: -
u@ﬂ:m%<ww2ﬂ%w@@w—m&

x=0¢+

Tk (29a)

21/1 1

k21 4 e2G—x0)’ (290)

where

GUEH =20+ t/AIRP), (60 = 2nE - m/2k P, 50 =log {1
If Cq is a2 x 2 rank-1 matrix with its columns being proportional to each other, say, C; =
(uy, k) for some multiplicative constants «, 4 € C, the corresponding solution is a
fundamental breather, which is a superposition of two orthogonally polarized fundamental
solitons, with the same amplitude and velocity but different carrier frequencies. In this
case, the vector solution is given by:

u(g, )

i1/1

= S
(k1 [23/ ] + [x|2

ech[1(¢,t) — xo] x

* *) L
X e—i((pl(if,t)—Zargkl)y*L +ei(¢1(€,t)—2argk1>,<u , (30a)
1edl 1odl
_ a2 1 _ [tV 1pl + [«
x_@HMH+ﬁam'“—b4 20 o G0

vt = (=B, a;)7 is such that yfy- = 0, and the quantities {; and ¢ are the same
as in the fundamental soliton case. Notice that equation implies that a generic fun-
damental breather solution of the ccSPE is governed by the vector 7y, which controls the
polarization vectors of the two orthogonally polarized solitons, and by the multiplicative
constants y and x. The fundamental breather in Eq. (30a)) reduces to a fundamental soliton
by setting either x = O and ¢ = 1, or x = 1 and u = 0. We point out that one between
the two constants x and p can always be scaled out, and in [46] # = 1 was chosen with-
out loss of generality. However, for the purpose of investigating soliton interactions it is
convenient to keep both constants in.

Lastly, one can consider Cq to be a 2 x 2 full-rank matrix, and in this case the corre-
sponding solution is a composite breather, which still corresponds to a minimal set of dis-
crete eigenvalues, but is a more complicated superposition of fundamental solitons. The
explicit expression of a composite breather is more easily derived using Darboux trans-
formations, and is given in Sec. 6 (see also Sec. 2.1 for the reduction to self-symmetric
(composite) solitons).

Finally, one can show that whether the fundamental 1-soliton and fundamental 1-
breather solution are smooth solitons or not depends on the location of the discrete eigen-
value k1 = 11 + iv; € CT. Specifically, like in the scalar case:

1. if v; < |#1], then the corresponding fundamental soliton and fundamental breather
solution has a smooth envelope as a function of x, ¢ in both components;



2. if v; > |m1], then this leads to a loop in the envelope of each component of the
solution (fundamental loop solitons/breathers);

3. if v; = |171], then this leads to a cusp in the envelope of each component of the
solution (fundamental cuspon solitons/breathers).

Note that in the case of a generic composite breather, it was shown in [46]] that the con-
dition v1 < |#1] is not sufficient to guarantee smoothness of the solution in terms of x, t,
and to the best of our knowledge, a regularity condition, which will necessarily have to
involve the norming constant, is presently not known.

2.1 Self-symmetric discrete eigenvalues and associated one-soliton solutions

If an eigenvalue k; = iv; is purely imaginary, then fk]’-‘ = kj and we refer to these
eigenvalues as self-symmetric eigenvalues. In this case, the quartet of eigenvalues reduces
to a pair k]-,k;f. The coalescence of the discrete eigenvalues k; and —k;‘ and k]*-k and —k;
induces a coalescence of the corresponding norming constants, namely, one needs to have:

Ci=¢C, G=C. 31

In addition, the symmetry relations among the norming constants still hold in the case
of self-symmetric discrete eigenvalues, and combining them with (31) yields a constraint
on the entries of the norming constants associated to each self-symmetric eigenvalue,
namely:

C] = —0'2(70'2. (32)

One can easily verify that if C; is a rank-1 matrix, then (32) implies C i = 0 and hence

in the case of a self-symmetric eigenvalue the only nontrivial solutions are associated to
. aj

full-rank norming constants. Let C; = (‘Bi gj) , where a;, Bj,v;,0; € C and detC; =

aj6j — Bjvj # 0. In this case, imposing the constraint (32), we obtain v = ﬁ;‘ and

(5]- = —a, which then gives

]
_ uj ,B* -~ —u* —‘Bik
Cj— (,3] _‘i;ﬁ), C]— (—,B]] “j]>. (33)

In the case of self-symmetric eigenvalues, instead of subtracting two residues in each
half plane, we now subtract one residue from both sides of the jump condition that
the matrix function i satisfies, and therefore this has an immediate consequence in the
formal solution of the RHP. For instance, for a pure self-symmetric 1-soliton solution
corresponding to a pair of eigenvalues k1, k] on the imaginary axis and associated norming
constants Cq, Cy as in (33), one can replace the definitions of the residues (I9) and derive
the equations which hold for the upper and lower blocks of ji+ in the analog of Egs. (28)
evaluated at k1 and k7 respectively, i.e.,

s 2t e 2

]’l—,l (kl) = 12 + kT — kl +,2(k1)C1/ ]’47,1 (kl) = kT — kl :u—i-,Z(kl)Cl s (34a)

~up &2t SUp o ayA vdn N e

fipolkn) = ——= i " (k))Cr, i (k) = b+ —— T (k)G ,  (34b)
ki — K kL — K

where 0; = ki& — t/4k; = i(v1¢ + t/4v7). Replacing the first half of into the
first half of (34a)), and the second half of (34a)) into the second half of (34D)), we obtain the



following expressions for the upper/lower blocks of the eigenfunctions

up Pib -1
k) = ( L+ Wclcl , (35a)
up 2101 oAl ) -1 i
i y(k) = — | b+ 7300 | G, 35b
4 oAby A\ !
i (k) = ( 2+ Wclcl , (35¢)
i (k) o2if; . Plify e -1 . 50
7 e Lo .
R A R B

Using the above eigenfunctions in the reconstruction formula (27)), we obtain the expres-
sion of the self-symmetric soliton:

*

1
u((:/ t) = _H SECh[gl (6/ t) - xO] ||’Z;,|| ’ gl (6/ t) = 21/1(‘: + i’/41/%) ’ (36)
a2 1 _ (% oo Yl
*=6F v% 1 + e2(L1—x0)’ = (,3]) ;Yo =log 2up

The special cases B = 0 (a diagonal, self-symmetric norming constant) and & = 0 (an
off-diagonal, self-symmetric norming constant) provide scalar solutions with 17 = 0 and
up = 0, respectively.

3 Real solutions of the ccSPE

The ccSP equation admits real solutions, and in this case the matrix potential U in (@)
satisfies the symmetry

us=-u, V=-ur. (37)
This induces an additional symmetry on the Lax operators
X*(x, b, —k*) = X(x,8,k), T*(x,t,—k*) = T(x,tk), (38)

and assuming uniqueness of solution of the equations of the Lax pair with prescribed
boundary conditions as x — oo, then the last symmetry implies

P (x,t, —k*) = Oi(x,t,k). 39)

Recall that @ and & are related through the gauge transformation (), and since P(x, t)
is unitary, one also has

&% (x,t, —k*) = Di(x,t,k). (40)

In turn, combining this last symmetry with the definition of the scattering matrix (12)), we
obtain

S*(—k*) = S(k), (41)

10



which implies additional symmetries on the scattering data and the reflection coefficients

a(—k*) = a(k), @ (—k*) = a(k), (42a)
b (—k*) = b(k), b*(—k*) = b(k), (42b)
0" (—k) = p(k), 5 (k") = p(k). “20)

From (T7)), it then follows that for real solutions of the ccSPE
deta(k) = deta*(—k*), (43)

but the reduction to real solutions does not induce an additional symmetry for the zeros
of deta(k) and deta(k). Hence, the discrete spectrum consists of either the quartet of
points {k,, —k};, k};, —ky }, where k;,, —kj; are the zeros of deta(k) on the UHP of C, and
ki, —ky are the zeros of deta(k) on the LHP of C, or the pair of points {ky, k};}, when
the discrete eigenvalues are self-symmetric, i.e., purely imaginary. On the other hand, the
reduction to real solutions imposes additional symmetries on the norming constants. Let
us assume that k;,, —k; are distinct simple zeros of deta(k) in C ", and therefore —k,, k};
are distinct simple zeros of det (k) in C . Since the discrete eigenvalues in C* comc1de
with the values of k where the columns &_ 1 and CI>+ » become linearly dependent, we
then have

& j(kn)a(kn) = Dya(kn)en, D_1(—ki)a(—k;) = Dyo(—kL)én, (44)

where ¢y, ¢, are the corresponding proportionality constants, and « (k) is the cofactor
matrix of a(k). Then, combining relations (40), @2a) and @4), we get

En - Cl’l' (45)
Now, the function M_,la_1 is meromorphic for k € C*, with simple poles at the points

ky, —k;};, and one can define its residues as in [46], and the norming constants are given
by

Cn ~ Cn
=— " Gp=—r 4
(deta)/ (kn)’ ¢ (deta)' (—kz) (46)

It is easy to check that

C,=—C;, 47)

since (@3) holds, and @3) implies (deta)’ (ki) = — [(deta)/ (kn)} *, where prime

denotes differentiation with respect to k. Similarly, considering M,,zﬁ’l, which has
simple poles at the points k};, —k, € C~, one can show that the associated norming
constants satisfy:

C, = —Cr. (48)

When the zeros of deta(k) and detd(k) are simple, it has been shown in [46] that the
norming constants are necessarily rank-one matrices, which implies that C, has either
one column identically zero, or the two columns proportional to each other. Combining
with the second of (20), one can conclude that no non-trivial norming constant exists
when one of the columns of C;, is identically zero. This implies that no real fundamental
soliton solutions exist. Now, if the norming constant C,, has proportional columns, i.e.,
Cn = (v,x7), where v = (&, ﬁn)T with ay,, By, &k € C, then one can prove that Egs.

11



and ({@8) combined give a constraint for the multiplicative constant «, i.e., Cy, is non-
trivial iff ¥ = =£i. The fundamental breather solution is then given by (30) with y = 1
and x = +£i.

Let us now assume that k,,, —k, are distinct double zeros of deta(k) in C*, and
therefore kJ,, —k, are distinct double zeros of deta(k) in C . It has been shown that they
can still be simple poles for the functions M,,ltf1 and M_,zc"z*l, and one can define
the corresponding residues and norming constants, using similar relations as in (6). The
symmetries (20) and hold as well, and in this case the norming constants are either
rank-one or full-rank matrices. We already analyzed the cases when C,, is a rank-one
matrix, and therefore let us assume

«
Cn = (ﬁ’; }) n, Bus Vs 0 € €, (49)
with detC, # 0. Egs. @7) and {@8) combined give the following constraint for the
entries of Cy,

Op =y, Tn = _,Bn/ (50)

and therefore C,, takes the form

a p—
Cn - " ﬁ?’l 7 Ky, ‘Bn S C (51)
ﬁn Xy
Finally, let us now consider the case of self-symmetric eigenvalues, i.e., an eigenvalue
pair {k, = iv,,k}; = —iv,}. In this case, there are three symmetries for the norming
constants which need to be satisfied simultaneously

G = —0xCior, Cu=—Cj, Cu=Cu. (52)

One can show that no non-trivial norming constants exists when C, is a rank-one matrix.
When C,, is full-rank, as in (@9), imposing the symmetries (52)) requires all entries of C,
to be purely imaginary, i.e., C, takes the form C, = (¢, —y*), where ¢ = (iotn, iBn ).
with &y, B € R.

4 Pure soliton transmission coefficients

In order to use Manakov’s method to investigate the pairwise interactions of two vec-
tor solitons [4]], one needs the explicit expressions of the (matrix) transmission coeffi-
cients corresponding to pure one-soliton solutions, namely the inverses of the matrices
a(k),a(k), which correspond to the transmission coefficients from the left, and the in-
verses of the matrices ¢(k), ¢(k), which correspond to the transmission coefficients from
the right. Both left and right transmission coefficients corresponding to 1-fundamental
soliton, 1-fundamental breather and 1-self-symmetric soliton can be computed as limits
of suitable blocks of analytic eigenfunctions as { — +oo. We give below the results, the
calculations are somewhat involved, and the details are provided in App. C.

Transmission coefficients of a 1-fundamental soliton. In the case of one fundamental
solitons, the (inverses of the) left and right transmission coefficients are given by

Kik—Fk Kk k+kf
) —di A ] 7T ]
(k) dlag(kjk—k;"k;?k+kj>’

(53a)
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ki k—ki K ktk;
7. — di - 71 ]
c](k) diag <k]*k—kj'kjk+k}*> (53b)
kki—ki GG kki—k G
ai(k) = I + — -2 + -t (53¢)
10 =B g T2+ 5 TR TP
—kr C.C. k' —ki C.C
¢j(k) = b+ G GG | kK k GG (53d)

?jk—k; il? Kk kK [l

where the norming constants correspond to a fundamental soliton, and hence C; has the
form 'C]- = (7j,0), and the other ones are obtained from (20). Introducing the unit-norm
polarization vectors

7 ()"
=1 Pj= , (54
P Tl P Tl
we can rewrite Eqs. (53c)-(53d) as follows
k¥ —k; ki —k*
k ] J s T k ] aka (552)

Kki—k | o kk;‘ k-m
¢j(k, p;) =Iz—k —F Pip; — Ny i/, (55b)

Ax AT

which, using the property p]’-‘p] + PP, = I, can be simplified to
Ktk [ R (8- (K)?
3k p) = Lt 12+<] )
PREELT k2 <k2 k2>
i [ E(rn)
Pl - (56b)

ci(k,pj) = = Iz+—pp
] k k+k k]2<k2 (k*)) RS

PP/ | (56a)

Transmission coefficients of a 1-fundamental breather. In the case of one funda-
mental breather, the (inverses of the) left and right transmission coefficients are given
by Egs. (B:32)), where the norming constant corresponds to a fundamental breather, i.e.,
Ci = (W7, %7)) f.or pj, k; € C. Note that the products of the norming constants in
Egs. can be written as follows

- = A W A
CiCj = —llI*68], CiCj = —llv;l[*é;8], 6= (K]i) , =6, (5T

GG = —||5,-||2m}, CiCi = —8;I1P% ™", 4 =7 (57b)
and therefore the transmission coefficients can be simplified into
k=K 587 | kki—ki 54
“k 812 Tk ko (16|
k ki —k; 66! k ki —k; 68!
k* k ki |6; ||2 k—|—k* |16 ||2'

a](k,éj) = 12 (58&)
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k=K gk kK g

ci(ky))=h—— / = , (58¢)
M) =B R Tyl R kTR Ty P
PP L ks /T Bk 70 (58d)
e k=K llvll> Kk kK [yl
Egs. (58) can be further simplified to

k+ke [ K2 ((k”f)Z—kz) ]

] ] ] ) * T
aj(k,q;) = s L+ q9:9; |, (59a)

: +k 2 2 _ (1*)2 ]

B (k (k) ) ]

Kirk [ RE-G2) ]
ci(k,qi) = L—L | L+ qQqf |, (59b)
] ] k]-k—i-kj i k]2 kz—ka) / ]_

kik+ks) [ R ((k’?)z—kZ) T

] j ] ] x T
citbp) = my |t 57— PP |- (59)
IR k]- (k+k;) i ka (kz _ (k;‘)2) I ]_

Kk+k) [ R (13— (K2
ai(k,p;) = L | b+ —"F7—Lpipl|, (59d)
] ) k](k+k]) i (k;k)z (kz—k]2> ] ]_

where p; = 'y]’f/||'yj|| and q; = 5;‘/||6j||, and we used once again the properties

p;‘p].T + f)}kf)].T = I, and q;»‘q].T + qjqu = I, to eliminate %; and 3]», respectively. The

above equations show that the expressions for a; and c; are exactly the same both for a
fundamental soliton and a fundamental breather solution. Also, note that if we set Kj = 0,
then the expressions of the transmission coefficients 4; and ¢; reduce to those which hold
for a fundamental soliton. Moreover, one can easily compute the determinants of a; and
aj, for either a fundamental soliton or a fundamental breather, and obtain the following

(k— k) (k+ k) (k—k?)(k+ k)

as expected. Also, using is easy to verify the symmetry
deta;(k) = (deta;(k*))", keC UR, 61)

for both a fundamental soliton and a fundamental breather.

Transmission coefficients of a self-symmetric soliton. In the case of one self-symmetric
composite breather, i.e., when the discrete spectrum consists of a purely imaginary dis-
crete eigenvalue and the associated norming constant C; is of the form C; = (v;, —7]4-),

with ; = (txj,,Bj)T, and aj, B; € C, the (inverse of the) left and right transmission
coefficients are given by:

ki —k . ki —k B o

which are all diagonal (in fact, proportional to the identity matrix) and independent of
the norming constant. Note also that their determinants have double zeros at the discrete
eigenvalues, as expected. Also, a;(k;) = cj(k;) = 0, and similarly for 7, ¢ at ki

14



5 Fundamental soliton interactions (Manakov’s method)

Let us consider a 2-soliton solution of the ccSPE which corresponds to a pair of discrete
eigenvalues k; = 7; + iv; and associated norming constants C; for j = 1,2. The problem
of interacting solutions can be investigated by looking at the asymptotic states of the so-
lution as t — +o0o. We assume that if the individual solitons travel at different velocities,
in the backward, i.e., as f — —oo, and forward, i.e., as { — +oo, long-time limits, a
2-solution breaks up into two individual solitons, i.e.

u(G t) ~uE (@) =uf (&) +uf (& 1), t— too, (63)

where u is the 2-soliton solution of the ccSPE, and u]i are 1-soliton solutions. If the two
solitons are both fundamental solitons, we expect u]i (&¢t) = p]i u]i (&, t) where u]i (&1)

are 1-soliton solutions of the scalar cSPE, and the (constant) unit-norm vectors p]?‘L are the
asymptotic polarizations of the solitons (cf. (29)).

Without loss of generality, we choose the discrete eigenvalues k; such that soliton-1
moves faster than soliton-2, i.e., we assume |vq| > |v| (recall that the soliton velocity
v = —1/4|kj|2, for j = 1,2, and so solitons always move to the left). Foreach j = 1,2,
let S]-* be a2 x 2 complex matrix that, together with the discrete eigenvalue k j determines
u; as t — —oo, and let us denote the corresponding matrices as t — 400 by S;r. In

other words, S]i play the role of the norming constant C; in determining in the 2-soliton
solution the form of soliton j in the limits ¢ — oo, according to Egs. (29) and (30). To
investigate the result of the interaction, we trace the passage of the eigenfunctions through
the asymptotic states, following the method developed by Manakov in [4]] (see also [55]]).
Assuming |£| is large enough so that the solitons are well-separated, we denote the centers
of the two solitons by x;. For the given choice of the soliton velocities, if f — —oo then
Xy < x1, and the order is reversed as t — +o0. In the following, we will assume that
both solitons are fundamental solitons. We then have the following: as t — —oco and
starting from x < x,, the eigenfunction & _ ; (k;) has the form

CIA>_,1 (kj) ~ E_Zkfg (%) s X << Xy, (64)
for j = 1,2, where { = {(x,t) is defined in (9). After passing through soliton-2 (the
leftmost soliton as t — —o0), since the corresponding state is a bound state for k = kp
but not for k = kq, then CTD,,l evaluated at k = kq, is given by (64) multiplied by the
corresponding soliton transmission coefficient, while CTD,J evaluated at k = ky behaves
like &_ 1 (ky) multiplied by S, . because ko is exactly the value where & jand 9, ,
become linearly dependent, cf. (I9). We therefore obtain

1 (ky) ~ e Mt (102> ay(k1), 0 <x<x, (65a)

b1 (ky) ~ 2t ( ?2 > Sy, X< x<xy, (65b)

where a, (k) is the scattering coefficient relative to soliton-2, and we have taken into ac-
count that for a fundamental soliton the coefficient only depends on the discrete eigenvalue
(cf (334). Upon passing through soliton-1, from (63a) we find

é_,1(k1) ~ oikig (g) Siax(kr), x < x, (66)
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since the corresponding state is a bound state for k = ki. Now, starting from x7 < x
as t — —oo and proceeding in a similar way, we find for the eigenfunction ®_ » (k]-) the
following asymptotic behaviors

& o (kj) ~ e (g) , <L, (67)

for j = 1,2, and, upon passing through soliton-1, we get

~

q>+,2(k2) ~ eik2§ (102) C1 (kz, Sl_)’ Xy L x K X1, (68)

where ¢y is the scattering coefficient relative to soliton-1, and we have taken into account
that according to (53d) this coefficient depends not just on the discrete eigenvalue ky, but
also on the asymptotic polarization of soliton-1. Now recall from [46] that the eigenfunc-
tions CTD,/l and @>+,2 evaluated at a discrete eigenvalue kj are related as follows

(i)f,l (k])oc(k]) = <i>+/2(k])C] (deta)/ (k]), (69)

where a(k) is the 2-soliton scattering coefficient, and a(k;) is its cofactor matrix. In gen-
eral, the explicit expression of a(k) and hence of its cofactor a (k) for a 2-soliton solution
can be expected to depend in a nontrivial way on the scattering coefficients of the individ-
ual solitons. If we restrict ourselves to 2 fundamental solitons, however, Eq. @ shows
that the left transmission coefficient is independent of the norming constants/asymptotic
polarizations, and moreover it is diagonal. Consequently, one has

o - (k;kk]- kjk+k;f>
a = lag | - ol e y
i Kik—k & k+k;

and therefore

oc(k)zﬁdiag(lcjk—'_k;,@k_kj) : (70)
=1 ki k+kj " ki k—k;
Now, comparing relations (66) and (67), and using Eq. for j = 1, we find
Sya(ky)a(ky) = Cy (deta)’ (K1), (n
while comparing relations (63b) and (68)), and using Eq. (69) for j = 2, we obtain
Sy a(ky) = c1(ka, S7)Ca (deta)’ (k2). (72)

We now follow a similar process for  — 400, with the order of the soliton centers being
reversed. Therefore, as t — 400 and starting from x < x1 we have

S 1(ky) ~ e e (%) , x<x, (73a)
for j = 1,2, and, after passing through soliton-1, we get
(i)f,l(kl) ~ eiklé (?2) ST, n K x L xy, (74)
while, upon passing soliton-2, we obtain
d . (k ikpe (O Sta.(k 75
—,1( Z)Ne b 2”1( 2), Xy L X. (75)
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On the other hand, starting from x; < x, we get

& (kj) ~ e <f2> , 1<y, (76)

for j = 1,2, and, after passing through soliton-2, we find
b, 5(ky) ~ "t (g) o(k,Sy), 1 < x < x. (77)

Comparing relations (74) and (77) and using Eq. (©9) for j = 1, we find
Sfoc(k1) = Cz(kl,S;)Cl (deta)/ (kl)/ (78)
while comparing relations and and using for j = 2, we obtain
S;_ﬂl (kz)ﬂ((kz) =G (deta)/ (kz) (79)

One can solve Egs. [71), , and with.respect to the norming constants C;, and
derive the following expressions from the analysis as f — —oo:

1

C = mSl_az(kl)a(kl), (80a)

Cy, = Wcll(kz,sl)sﬂ(kz), (80b)
while the asymptotics as t — +o0 yields:

C = mczl(kl,sg)sja(kl), (81a)

C = Ws;m(kz)a(kz» (81b)

Since the norming constants are time-independent, one must have

Sl_az(kl)zx(kl) = C2_1 (kl,S;)Si’_lX(kl) , (82a)

S;al(kz)ﬂé(kz) = C;l(kz, S;)S;ﬂc(kz) , (82b)
or equivalently

(s;az(kl) — ey (ky, s;)sf) a(ky) =0, (83a)

(s,jal (k) — ¢ 1 (k, s;)s;) a(ky) = 0. (83b)

Recall that we are considering the interaction of two fundamental solitons, whose norming
constants Cj are rank-one matrices with one column identically zero, i.e., C]' has the form
Cj = (7j,0), where y; = (wj,B;)7, with aj, B; € C. Moreover, the matrices S; , S5
coincide with the norming constants, i.e., Sf = (C; and S;r = (,, which implies that
s, =71 because soliton-1 is the “fast” soliton, and sz+ = 7, because soliton-2 is the
“slow” solitonEI Here, and for the rest of the paper, 52i denotes the first column vector

IRecall that the soliton velocities are negative, so “slow” and “fast” here are meant in absolute value.
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of the matrix S;E, and 31i denotes the first column vector of the matrix Sli. From (70 it
follows that

(Kk+k
a(k;) = TI diag |~ 0, (84)
]:1,2 ]

which means that only the first column of each of the matrix identities (83)) is specified.
In the fundamental soliton case, the second column of the matrices S; , S; is identically
zero, and assuming this remains valid for Sl+ , SE , then @ reduce to

Sf = cz(kl,Sf)Sl’az(kl), SE =1 (kz, Sf)S;al (kz) (85)
Specifically, from (53a) it follows that

_ Kk-k
2 Thk—k

c1(ka, S7)S5 (86)

On the other hand, the matrix c1(kp, 57 ) is a 2 x 2 full-rank matrix (cf. (53c)), and
therefore its product with S; from the right results in a 2 X 2 matrix whose second col-
umn is identically zero. This is consistent with the assumption that soliton-2 remains a
fundamental soliton after the interaction, and Eq. @ can be written in vector form as

S_:ﬁkz—kl
N

c1(ka, Sy )85 (87)

Similarly, under the assumption that Sf has the same structure as Sf (i.e., the one that
pertains to a fundamental soliton), (83a)) is equivalent to the first of (83)), and the latter can
be written in vector form as
k3 ki—k
+_ MM 2 +\g—
s = ~=——=0c(k1, 55 )s 88

1 kzk1—k§2(1 2 )81, (88)
where the scalar factor is the (1,1) entry of the matrix a3 (k1). Considering the explicit
expression for the transmission coefficient ¢;, one can solve for s, . Let us introduce
the unit-norm vectors

K j=12 (89)

where p;” = 9} /||71l| and p;” = 3 /|72, and recall the expression (56b) for c;. It is
convenient to introduce the quantity

—12
= g = e (' 0
which according to (87) becomes
= [ )Tk p st pi) (68) o
Inserting equation (36b) into the last one, and observing that
)" (1) (o) (03)" = [pr - (03)°| ©2)

18



and the fact that p]i are unit-norm vectors, we obtain that x? is explicitly given by

]
, 93)

where - denotes the scalar product between vectors, namely the sum of the products of the
components. One can also check that the following holds for x?,

2 ||5fLH2

~Aml*

2 |(ki — ko) (k1 +K3)
X (k1 —k3) (k1 + k2)

2 2 *\2 2 *)2
(kl_(kl) )(kz_(kz) ) - R
{” Pk e PP

X (94)

Dividing relation by |[s, || and relation by |[s; ||, and using the definitions of x
and p]i, we find

1 (k- ey

Py = (kikk; - (c1(k2,p7)) P (95a)
1 (ky ki — k5

+_ 1 [KaK—K V) *

P1 = X (k; k’l‘ —kz) (62(k1/P2 )) Py - (95b)

Substituting the expression (36b) for j = 1 and k = k into Eq. (954)), and for j = 2 and
k = kq into Eq. (95b), and using the relations

()" ()" (02)" = (P~ (1)) (P1) " (962)
()" (p5)" (p1)" = (pF- (1)) () (96b)

respectively, we obtain the expressions of the polarization vector for soliton-1 and 2 after
the interaction

1K=k (K k) [ (k) (K - (k3)?) .
PU= e ) (k) {m NGRS ((p3) -pl)p;}, 97a)
~_ 15 —K)(ks + k1) (k)2 (k2 = (K§)2) 7, _\» .
P2 = X(ké-ki)(kimg {P2++ (é)z ((i;)z _1;@ ((Pl) 'p;)pl } (97b)

in terms of the initial polarization vectors. Egs. are the analog of the well-known
Manakov formulas for the coupled NLS equation, and show that interacting fundamental
solitons exhibit a polarization shift, i.e., a redistribution of energy between the compo-
nents, unless the initial soliton polarizations are either parallel or orthogonal (in which
case one can easily verify that the soliton polarization vectors remain the same, upon in-
teraction, up to an overall phase shift). Notice that Egs. are symmetric with respect
to interchanging indices 1 and 2, and limits  — $o00, i.e., to obtain the expression for pl+
we simply need to swap the indices 1 and 2 and the limits { — F-o0 in the corresponding
relation for p, .

The above construction can be suitably modified to show that self-symmetric solitons
always interact in a trivial way (because all the corresponding transmission coefficients
are proportional to the identity, cf. (62), and to characterize the interaction of a self-
symmetric soliton and a fundamental soliton. However, as we show in Fig. [T} fundamen-
tal solitons do not remain such in general upon interacting with a fundamental breather.
Therefore, Manakov’s method is not effective to deal with more complicated soliton in-
teractions, since, on one hand, one has to make an a priori assumption on the nature of the
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solitons after the interaction and, on the other hand, if all transmission coefficients depend
in a nontrivial way on the asymptotic polarizations of the solitons, there is no guarantee
one would be able to find a closed form solution. Instead, we will resort to a different
approach: we consider the Darboux matrices corresponding to the various types of soli-
tons, and study soliton interactions by combining refactorization problems on generators
of certain rational loop groups, and long-time asymptotics of these generators. As we will
show in Sec. 6, this allows us to completely characterize all types of soliton interactions,
without making any a priori assumption on the nature of the solitons after the interaction.

(@ (b) ©

Figure 1: Examples of a fundamental soliton interacting with a fundamental breather. From left to
right, the three panels show the exact 2-soliton solution for three different examples. In the first
example, the initial polarization vectors of the fundamental soliton and of the fundamental breather
are chosen to be orthogonal to each other; in the second example they are chosen to be parallel;
and in the third example they are neither orthogonal nor parallel. Clearly, the initial fundamental
soliton does not maintain its structure upon interacting with the fundamental breather. Here, the
soliton parameters are: ki = 1/2+i/4, kp = 14i/2, a; = ¢, B1=1a=1, B = —él,
for the first example, ky = 1/2+i/4, ko = 1+i/2, a1 = ¢, B1=1, a = e, B = él, for
the second example, and ky = 1/2+i/4, ko =1+1i/2, a1 = el’2, B1=1 a, = el B2 =4,
for the third example, x; = 0 and x, = 1 in all the examples, which denotes that soliton-1 is a
fundamental soliton and soliton-2 is a fundamental breather before the interaction.

6 Yang-Baxter maps and general soliton interactions

In this section, we study soliton interactions in the ccSPE from the point of view of refac-
torization problems for Béicklund-Darboux matrices and Yang-Baxter (YB) maps. We
reproduce the results obtained previously with Manakov’s method, but also extend more
systematically the analysis to all possible two-soliton interactions in the models. This
is done by identifying and constructing the possible Bicklund-Darboux matrices corre-
sponding to fundamental solitons, fundamental breathers, composite breathers and self-
symmetric solitons. With these elementary building blocks at our disposal, the description
of soliton interactions is best obtained by combining abstract results on refactorization
problems on generators of certain rational loop groups and long time-asymptotics of these
generators. The underlying procedure is the so-called dressing method, which goes back
to [53]. We review the main idea in the next section.

It turns out that the equivalent Lax pair description for the ccSPE introduced in [45]
is more convenient for the purposes of the beginning of this section. We first review it,
and then use it to derive some general results on dressing factors and Yang-Baxter maps.
Then, from Section @ onwards, we translate the results back into our original spectral
parametrization and go on to derive the Yang-Baxter maps acting on the (polarization)
vectors characterizing the various types of solitons of the model.
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6.1 Review of Feng—Ling Lax pair formulation and dressing method

In [45]], the authors consider the following Lax pair obtained from (3) by the hodograph
transformation (D.2) from the coordinates (x,t) to the coordinates (¢, ¢) and with the
change of spectral parameter A = 1/k:

(8,1, A) = F(G,1,A) @(E, 1, A), 98)
q)t(gl t/ /\) = V(C, t/ )\) qD(é/ t/)\) ’

whereE]

Fetn =25 Inami@n, vie s = s+ inen o9

with

Vo(¢,t) = (qu(Oé’t) u(g't)) . (100)

The advantage of this formulation is that V(, t, A) has the same structure as that of the
well-known Lax matrix for a multicomponent nonlinear Schrédinger equation with 2 x
2 matrix potential U (¢, t). However, the structure of F (&, ¢, A) shows that the ccSPE
corresponds to a negative flow in that hierarchy. The Lax pair possesses the familiar
symmetry

FHELAY) = —F(EHA), VIELAT) = =V(EtA), (101)
but also, and crucially for the ccSPE, the additional symmetry
AF (&t -AYAT = F(EHLA), AV(EL-A)ATL=V(EHLA), (102

with )
A = diag (i0s,im2), 02 = ((3 61> . (103)

The summary of the ideas and results of the dressing method as introduced in [53]], adapted
to the present setting, are as follows. We also refer the reader to [54] for a nice review of
these ideas focused on multicomponent NLS systems which can be useful for some as-
pects of the present work. Starting from the potential Vy = 0, with the goal of construct-
ing pure soliton solutions, one considers two matrix-valued rational functions G4 (¢, ¢, A)
which are analytic, respectively, in the upper and lower half-plane for each ¢, ¢, satisfy
G.G_ =1IforA € R, Algn G+(&,s;A) = I, and are degenerate at a finite number
[e0)

of prescribed values of A in their respective domain of analyticity. The structure of their
degeneracies is determined by fixing degeneracy spaces corresponding to the norming
constants in the IST. An important result of [53]] is the following. The (¢, t) dependence
of those degeneracy spaces is controlled by a solution of (98)) for Vj, and the degeneracy
spaces uniquely fix certain projectors entering in the elementary factors contained in G
(matrix Blaschke factors). Below we discuss these aspects in more details.

Since we consider Vy = 0, the degeneracy space of G4 at A; is of the form

W

Iyi— LAY
(4 it )\],é) 3 ]}’ (104)

ker G4 (G, t,Aj) = span{e

2Note that the sign of V has been reversed with respect to [45] to account for the sign difference in the way
the ccSPE equation is written.
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where Wi is a rectangular matrix whose columns are constant linearly independent vectors
fixing the norming constants. As we will show below, the number of these vectors deter-
mines the rank of the corresponding projector. With V(,t,A) = $AX3 + 5Vy(E, t) then,

in general, a new solution V(&,£,A) = 153 + %170(5, f) is obtained by the formul

9(@/ £ A) = (atG+ (gr £ A) =+ G-‘r (gr £ )\)V((:, £ A)) G-‘r (gl £ )\)71' (105)

The key for explicit formulae is to characterize G. The generic result of [53] is that
G+ is a product of dressing factors (also known as matrix Blaschke factors or Backlund-
Darboux matrices) of the form

A—AF
I+ ( - 1) IL(&t), (106)

)x—)\j_

where Hj(ﬁ, t) are appropriate projectors. In the case where G is a product of N such
factors, j = 1,..., N, we have

1N _ 1
Gi(EtA) =1— X]El()\j* —ADIL(E 5 + 0 (;\2> . (107)
Inserting Eq. in (T03), recalling that
V(ELA) = i/\Zg + %Vo((f,t), V(ELA) = i)\zg, n %%(g,t), (108)

we obtain the following relation between the new solution and the old solution by com-
paring the constant terms in the expansion in 1/A

_ N /\j’ — A7
V(&) =Wt - L ——5— [1L(E, 1), 2] - (109)
=

In our case, recall that we take Vj(&, t) = 0 as the trivial seed solution.

The exact details on the location of A* and on the properties of the projector L1
depend on the particular model under consideration. We will study this below in con-
junction with the two symmetries (T0OI)-(I02). The important message is that the order
in which these factors appear in G is irrelevant for the final result. This is the impor-
tant observation that gives rise to Yang-Baxter maps via refactorization problems for the
dressing factors. In the sequel, we will follow closely the methodology of [47] to com-
bine the refactorization problem with long-time asymptotics in order to derive explicitly
Yang-Baxter maps acting on the parameters (norming constants) characterizing the soli-
tons within a multisoliton solution.

6.2 Refactorization and elementary Bdcklund-Darboux matrices for the ccSPE

The previous discussion motivates the study of certain refactorization problems for matrix-
valued rational functions of the form

A—u
Sapri(A) =1+ (/\—/3 — 1) I1, (110)

where I1is a projector and & # f are fixed complex numbers. The pointwise dependence
on (¢, t) can be dropped at this stage to formulate the general results. It can be reinstated

31t is a standard result that one could equally use G_.
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later on when using these results within the dressing method thanks to the property (104)
of the degeneracy spaces.

The rigorous study of refactorization problems in conjunction with the dressing method
has been undertaken in detail e.g. in [56]. When forgetting about the pointwise depen-
dence on the independent variables which are present in the dressing methods, such results
form part of general structural properties of certain rational loop groups which were stud-
ied in detail more recently in [57]. The symmetry (T0I) implies that we can use directly
the results of Sec. 6 in [56]. In particular, symmetry (TOI) implies that dressing factors
must satisfy the symmetry g;m—[(@’, £AY) = g;léln((;‘, t,A). Eq. (T10) then implies the

constraints § = a* and IT" = I, and therefore (TT0) becomes

a—a*

A —a*

Sari(A) =1 — II, « e C\R, IT> =11" =1I. (111)

An elementary factor g, 17 is characterized by a complex number with nonzero imaginary
part and by an Hermitian projector I'T which we call its data. We then have the following
result on the refactorization of two such factors (Sec. 6 of [56]).

Theorem 6.1 Let I1q, I1 be two orthogonal projectors and a1, a3 € C \ R be such that
a1 # ap and oy # a3, The unique solution of the refactorization problem

062—063 0(1*0(1( 0(1*1K Déz—aé
I— IT I— I, ) =(1- P I— P,
( A—a; 2)( A—a 1) ( A—ap Aoy

(112)
is given by
Pi=¢ g, j=12, (113)
where
¢ = (a] — )]+ (@ — ay)IT; + (a2 — a3)I1;. (114)

Moreover Pj, j = 1,2 are also orthogonal projectors.

Note that the rank of the projectors is preserved under refactorization. The most diffi-
cult part in this result is to establish that the matrix ¢ is always invertible. This result
shows that the refactorization problem induces a (parametric) map on pairs of orthogonal
projectors{ﬂ

Rip(ay,az) @ (I1y,I1p) = (P2, Py). (115)

The next result implies that this map is a (parametric) Yang-Baxter (YB) map.
?;111].1.11;6.2 Letaj € C\R, j=1,2,3 beas in Theorem i.e, o # ajand a; # Dc;f,

8as 115 (A) 8a 11, (A) 8y 11, (A) = a3, Py (A) 8y, P, (A) Gy 2y (), (116)
Then11; = P;, j=1,2,3.

Proof. The proof is the same as in Prop. 3.10 of [58].
As a consequence, we get the following result which goes back at least to [S9]].

4The attentive reader will notice that we have included the transposition (P1, Py) > (P2, Py) in the definition
of R so that it satisfies the Yang-Baxter equation, see corollary below. Without this, R would satisfy the so-called
braided version of the Yang-Baxter equation.
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Corollary 6.3 The map Ryz(a1, ap) satisfies the Yang-Baxter equation

Rip (a1, 2) Ryz(aq, a3) Roz(ap, 03) = Ros(ao, a3) Ryz(ay, a3) Ria(aq, a2).  (117)

The meaning of this equation and our notations are as follows. For instance, on the triplet
(I1q, I1p,T13), the LHS of (TT7) acts as

Riz(a1, a2) Rz (a1, a3) Roz(az, a3) (113,115, I15)
= Ryp(ag,a2) R13(061/0<3) (Hl/H( ),H§’>)
= Ryp(ay,a2) ( Hg))
- (i) yplit) (11) —
- (H3 ’ 2 ’ 1 ):(P?)/PZ/Pl)'
The YB equation means that the RHS of (IT7) produces exactly the same final result,
although the YB maps act in a different order and the intermediate projectors are not
equal:
Ros(az, a3) Riz(a1, a3) Rip(q, a2) (I3, 115, I13)
1 1
= Rn(a2,03) Ry <a1,a3> (", 1", 115)
2
= Ros(ag,3) (11, 113, 1Y)
2
= (H§ Ay ( ) H( )) (P3, P, Py).
In our case, the model also enjoys the additional symmetry (I02), which has nontrivial

consequences on the structure of the elementary factors that can generate a rational loop
group element G(A). For such a loop group element, the symmetry reads

G*(=A")=AGA) AL, (118)

The following two results show that the symmetry (TT8) requires to consider g, 17(A) with
specific data but also a product of two such elementary factors with specific data in order
to exhaust the possible generators of the known types of solitons in the ccSPE. Before we
proceed, note that because the ccSPE is described by 4 x 4 Lax pair, the projectors in the
elementary factors acts on C*. A nontrivial projector is therefore of rank 1,2,3. Due to

the relation N .
" _ -
gart(A) = ger(A) 7 = g SaIlt (A), (119)

where IT- = I — IT is the orthogonal complement projector of IT, we see that we can
work equally with IT or IT*. Obviously, when IT has rank 3, TT has rank 1 and vice-
versa, which shows that the rank 1 and rank 3 cases are equivalent. Hence, in the following
we will only consider the rank 1 and 2 cases.

Lemma 6.4 Let « € C\ R. The elementary factor g, 11(\) satisfies the first symmetry
in (I18) if and only if & = ia, a € R, and

I1=11 +AIT; AL, (120)
where 111 is a rank-1 projector. In that case, 11 is a rank-2 projector.

Proof.  If a and IT are as stated, it is straightforward to check that g, r1(A) satisfies
Samr (=A%) = Aga11(A)A~L. Conversely, suppose that (=A%) = Agari(A)AT!
This yields (A — a*)IT* = (A + &) ATI A~!, which in turn implies « = —a* and ITT* =
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ATIA~!. Since IT is a Hermitian projector, we can write IT = U U*, where U is
the matrix whose columns vectors form an orthonormal basis of ImII. In particular
utu = I, where r is the rank of I1. We have

II* = (IT")> = ATIA ' IT* = AU U A U UT. (121)

If r = 1, then U = (uy) is a column vector and we have U™ A~ U* = 0. This is due to
the form of A which implies that for any vector v € c*

T AT o =0=0 A0, (122)

Hence IT = 0, which is a contradiction so this case is not possible. Suppose now r = 2
with U = (u1,up). We have

[MI=AUMU, M=U AU =ixpoy, ap=ulA 1u (123)
Inserting into I'TU = U, yields
uy = ajp,Auj, uyp = —aj,Auj.

For consistency we must have |a1;| = 1. Using the relation to eliminate 5 in the expres-
sion (123) for I'T we find

I = —a, Aujul + wjp Aufud = wpud + Aujul A7 =TI, + AT AT!

where [Ty = uy u{ is a rank-1 projector. This completes the proof.

This shows that a single elementary factor always corresponds to a so-called self-
symmetric (purely imaginary) eigenvalue, and can only be built from a special rank-2
projector. In particular, it is not possible to create solitons for non self-symmetric zeros
with only one elementary factors because of the symmetry (I18). For this, we need a
product of two elementary factors, which we study below.

Lemma 6.5 Let a1,y € C\ R be such that a1 # &y and &y # o}, If

T(A) = 8y, 1T ()\)gﬂéz,nz (/\)/ (124)
satisfies (LI8), where gy, 11,(A) is as in (IT1), then either :
I wj = —tx;f, j = 1,2, and each elementary factor is of the self-symmetric type

classified in Lemma or;
2. ap = —af, and IT) = ATT; AL,

The proof of this lemma is given in Appendix C.
Several comments are in order.

Remark 6.6 For case 2. in Lemma6.3] it is interesting to note that we can obtain the
case of self-symmetric solitons of Lemma when the projector 11y is of rank 1 and by
allowing wq to be purely imaginary, even though this is not strictly allowed under the
assumptions on x1 and &y in Lemma Indeed, a direct calculation shows that T(A)
then exactly reduces to gy, 11 with IT as in (I20), of rank 2. Thus, we can use the factor
T(A) described in Lemma and recover the self-symmetric case as a limiting case if
desired, instead of treating it as a separate case. This means that T(\A) can be used to
deal with all possible cases of solitons in the model, allowing for the various possibilities
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for the rank of 11y and for the nature of ay (purely imaginary or not). From now on, we
will write the “elementary” factor in Lemmal6.5] as

To1(A) = gami(A)g e 17 (A) (125)

with the understanding that I1 is determined by 11 according to I1 = AIT*A L As
before, a and T1 will be called the data for T, r1(\).

Remark 6.7 In the rank-1 case, the factor Ty11(A) reproduces the Darboux matrix of
Theorem 1 in [45]. This can be checked by a direct calculation, observing that in the
rank-1 case, IT and 11 satisfy I1T1 = 0 = 111, so that
Toni(A) = &ar(A)§_ 4 7(A)
= 8 o fi(M)gar1(A)

- a—at o —a* . ox 1
= I—(/\_a*—1>H—</\_a*—1)AHA . (126)

This factor produces generically the fundamental breather solution, as will be clear below.
As explained above, taking o to be pure imaginary produces the special case of a self-
symmetric eigenvalue solution. We will see below that choosing the degeneracy space of
I1 to be generated by a special vector yields the case of a fundamental soliton as a special
case.

Remark 6.8 Property (C.17), which is easily checked for any Hermitian projector 11,
ensures that the two factors in Ty 11(A) commute

Tori(A) = &u(M)g_ 4 7(A) = &4 77 (A)ga11(A) - (127)

As a consequence, the YB map R (a1, a2) reduces to the identity map when ay = —a; and
when it acts on pairs on projectors (111, 11p) such that TT = ATT* AL

In view of our results and the previous remarks, for our model the refactorization
problem of Theorem should now be posed in terms of the binary elementary factor
Ta,n ()L) .

T 11 (A) Tag 115 (A) = Ty (A) Ty 1y (A) - (128)
All the possible subcases arising from specializing the data of T, r1(A) will describe all the
possible interactions between the various types of solitons in the model. This is studied in
detail in the next section. For now, let us first note that the refactorization problem (128}
is well-defined in the sense that, if the LHS is a product of binary elementary factors of
type Ty 11(A), then the RHS is also such a product. In other words, when considering
Ty, 11, (A) Tay, 1, (A) as a product of 4 elementary factors of type gu,r1(A)

Tlxl/nl ()L) TD‘Z,HZ ()L) = 8y, (A) gi,;q,ﬁl (A) 8o 1Ty (/\) gﬂx;m (/\), (129)
and refactorizing into

8ay,Py (A) g_,x;,pé (A) 8ay,Py (A) g_,,q,p’ (A)/ (130)

1

we have necessarily P]{ = AP]‘*A*l = 13] j = 1,2. Thus, we can consistently interpret

the result as the product Ty, p, (k) Ty, p, (k). To see this, one uses again the symmetry
(118), a comparison of the poles on each side of the equality, Liouville theorem and
Lemmato obtain the desired relation P]{ =A P].* AL
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The refactorization problem (128) yields a new parametric YB map which can be seen
as composite of the basic map Ry, (a1, &), restricted to special data. Notice that each ba-
sic map Rqp (a1, a2) accounts for a single refactorization, and therefore the refactorization
problem (128) amounts to considering the following composition of four R-maps

Ryg(a1, ) Ros (a2, a4) Riz(a1, a3) Roz(az, a3) (131)
acting on the quadruplet of projectors (I1y, Iy, T3, 1) with the restrictions that
L =15, Iy =113, ap=—af, ay=aj.

With this in mind, it is convenient and suggestive to denote the first space as 1, the second
space as 1, the third space as 2 and the fourth space as 2. Thus, dropping the parameters
for conciseness, we write

Ryg Rpg Ry3 Rog (T4, TTp, I3, T1y) = Ry5 Ryz Ria Ry, (113, I3, T, 1), (132)

Due to the above observation on the consistency of the refactorization for the binary ele-
mentary factors, the result of this operation is given by

Ry5 Ryz Rip Ry, (I14, 1y, TTp, TTy) = (Py, Py, Py, Py) . (133)

As for T, 1(A), ﬁj, j = 1,2 (resp., P, j = 1,2) are completely determined by IT;,
j = 1,2 (resp., P;, j = 1,2). Thus they are redundant and we can project the map onto
the first and third entries in the quadruplet to obtain a map acting on (I'ly, 1) to produce
(P, Py):

512(061,062) : (Hl,Hz) — (Pz, Pl) . (134)

Note that the indices are in bold to remember the difference between S and R. It is a
direct consequence of the YB equation for R that this map also satisfies the YB equation.
Indeed, in view of the definition of Syp(aq, ap) from (133), to show that the following
holds

S12(a1,a2) S13(a1, 43) Soz(a2, 43) = Sp3(az, 43) S1z(ar, a3) S12(aq, a2),  (135)
it is sufficient to show that

Ry5 Ry Ri2 Ry Ry3 Riz Ri3 Riz Ryz Rys Roz Ry
= Ry3 R35 Ro3 Ry3 Ry3 Ri3 Ri3 Ri3 Ry3 Ri3 Ri2 Ry, (136)

holds. Now, (I36) can be seen to hold using the YB equation for R repeatedly for various
combinations of indices 1,1, 2,2, 3,3 and remembering Remark which tells us that
R]»]T,j = 1,2, 3 is the identity map.

The map S is the map underlying all the maps describing the interactions of solitons
derived in the next section. Its YB property ensures that these various maps consistently
extend to multisoliton solutions with more than 2 solitons. This is similar to what is ex-
plained in detail in [47]], with the important difference that in the latter work one could
only have one type of solitons (vector NLS solitons of rank 1) whereas in the present
work, we have various types of solitons corresponding to the various allowed cases for T
rank 1 or 2, self-symmetric zeros or not. Note that the rank-1 case degenerates further into
fundamental solitons and fundamental breathers, but we find that the rank-2 case also de-
generates into various subcases described below. Indeed, as we will explain in Sec.[6.3.2]
to construct a full-rank soliton solution, one needs to consider four 2 x 1 vectors, and
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whether two out of the four vectors are linearly independent or not produces various sub-
cases that need to be discussed separately. To our knowledge, this is the first time that YB
maps are presented in a multicomponent integrable system with such a variety of soliton
interactions. As we will see below, this gives rise to different explicit forms of the map S,
depending on the type of solitons which interact. Our results could perhaps give a realiza-
tion in the context of soliton interactions of the idea of entwining YB maps as discussed
for instance in [60H62]]. However, this is beyond the scope of the present work.

6.3 Long-time asymptotic analysis and map on soliton data

To derive the induced YB map on the quantities controlling the solitons in a multisoliton
solution and interpret the soliton collisions from this point of view, we need to relate the
previous abstract results to objects appearing in the IST. This is the essence of the dressing
method as introduced in [S3)]. In view of our discussion in Sec. and in particular
formula (T04), all we need to do is to fix the matrices Wi corresponding to the eigenvalue
Aj. For a solution corresponding to a projector of rank 1, this matrix is just a column
vector (4 x 1 matrix), and the rank-2 case corresponds to a 4 x 2 matrix (see Sec. 6.3.2
for details).

6.3.1 Rank-1 case: fundamental breathers and fundamental solitons

We first review the construction for N = 1 to derive the rank-1 one-soliton solution (either
fundamental soliton or fundamental breather), and fix notations of the relevant parameters.
Then, we will study the case N = 2 in view of the refactorization results of the previous
section, and deduce the map induced on the parameters characterizing each soliton.

Case N = 1. In this case, fix A; = a7 + iby with b; < 0 (recall that Ay = 1/k; =

k% 2 and k; € C1), and we have
A — A A — A
G+ (& tA) = Tam(A) = (1— T Ajm) (1— A_i_)\lAHlA )
Ay — AX Ay — AX -
= I- I AIT{A! 1
A=A A (137

where TTy, which now depends on (¢, t) even though we did not show it explicitly for con-

ciseness, is determined by the condition ker G4 (&, ;A1) = span{ (3h1= g)z3q) }

Introducing the notations

By (&, 1) = e TN OT gy LA (f;) s1,meC?,  (138)
1
and recalling the definition of Ty (¢, t) = % this yields
2 (@) L(Etnt)
1 2v 1 + 2v 1
I (&, £) = s e mll t§151 e t& 7 , (139)
(C1) e M1 (C+v1 )7161‘ e 2v1 (-1 )717{
aj-+b7 \/\1\
where vi = — -1 = represents the velocity of the soliton envelope in the (¢, )

coordinates, and we have 1ntr0duced D(¢,t) = ®I(&,t)®1(E,t). It is convenient to set

b a
= 71 , 171 1
4V1 4V1

" (140)
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Then,

D(&t) = EvD||5|[2 4 e 21 Ev1)] |y, |2
= 2|[61]|][r1]] cosh [2v1 (& — vit) + 61 — 1], (141)

where %1 = ||81|| and €7 = ||«y;||. Note that the quantity D is real. Inserting in (T09),

we find that
17 02 U(ff, t)>
V ,t = 7
0(6 ) (u(ér’t)+ 02
with the one-soliton solution
U(E,t) = 4ivyvy sech [2v1 (& — vit) + 51 — 71] X

+ * T
X <ezi171(é+vlt) 51 ’Yl +62i1’]1(§+V1t)0.2 51 71 U'z) . (142)

[1821] [yl [811] [yl

Noting that (icov*)'v = 0 and ||icpv*|| = ||v|| for any v € C?, it is then convenient to
introduce the shorthand notation icov* = v, and write:

U((:, l’) = 4iv1vy sech [21/1 (g — Vlt) + 61 — ’}/1] X

t L (alyt
X 6—21‘171(€+V1t) 51 ’Yl + e2i171(6+V1t) 51 (’Yl ) . (]43)
[84[ 1l B[] [

Thus, the two vectors 7, and §; completely control the multicomponent structure of the
solution, and we refer to them as the polarization vectors of the one-soliton solution.

Recalling that
. —iu1 —iuz
U= ( iu} iui‘) ! (144)

one can easily extract the solution for the components u i for j = 1,2 and recover (30a).
However, doing so breaks the natural symmetric role played by the vectors 7, and 7
and makes the upcoming analysis of the YB map acting on the polarization vectors less
transparent. For this reason, we prefer to continue working with U and the vectors 7y, and
41.

At this point, having shown how to determine an explicit solutions from the structure
of the degeneracy space of G4 and having already introduced the parameters #;, V1 in
(T40), we will now revert to the spectral parameter k and the corresponding eigenvalue

kli

kZ%, k1=77]+i1/1=)\i1. (145)
Of course, all the general results on refactorization and YB maps are unchanged by this
redefinition. This allows us to compare more easily the forthcoming results with those
already obtained using Manakov’s method in Sec. 5 .

The polarization vectors also determine the phase shifts, and in particular the norms
of 81 and 7y, control the position shift. The discrete eigenvalue kq controls the velocity vy.
It is natural to denote this one-soliton solution as U (&, t;k1,71,61) to emphasize the
quantities controlling its properties (we may drop the (&, t) dependence for conciseness
when this does not lead to confusion).

Having identified the quantities determining one-soliton solutions of rank 1, we exam-
ine next the case of a two-soliton solutions built on rank-1 projectors, and investigate how
the refactorization problem on the projectors discussed above induces a scattering map on
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the polarization vectors. To this end, we analyze the asymptotic behavior of the projector
I11(¢,t) as |t| — oo along rays ¢ — vt = C (C constant) for v < vy and v > vy.
Case v < vi. In view of (T39), and recalling that v; > 0, then the dominant term is

e 211 (v=V1)t 45 + — oo, and we find that

0 O
T (Z,t) ~ (0 m{) +0 (e2“1<V*V1>t) . (146)
nn
71')’1
On the other hand, as f — —oo, the dominant term is e2"1 (v=v1)t and we obtain
55l
(&)~ (oo ) +0 (el (147)
0 0
'
As a consequence, denoting by 71, (resp., 775) the 2-dimensional Hermitian projector %
171
+
(resp., J}FA), we obtain
516,
kk’{*kl 0 0 kk’f*]ﬁ 0 0
Tker1(k)NI4*k*k* k \0 = 0 oo
1 k] — Ty 1 ki+k 27,02
+0 (ezvl(V*VW) , t oo, (148)
and

kki‘*k] gy 0 kki‘*kl (7271(’5“02 0

+0 (672V1(V7V1)t> , t— —oo. (149)

Case v > vy. In this case, the role of the dominant terms as t — o0 is swapped
compared to the previous case, so we immediately deduce

kk’lﬁ—kl gy 0 kkT—kl (727T§(72 0
Tklf“l(k)'“l‘*_iqk;—k(o 0) kKk+k\ 0 0

+0 (e—2”1<V—V1>f) .t oo, (150)

and

Te 1 () ,_kK-k 0 0\ kk-k 0 0
futh Yk ki -k \0 ) Kk t+k \0 oo

+ 9] (62v1(v—v1)t) , t— —oco. (151)

Case N = 2. Here, we have
G+ (k) = Tkz,nz (k> Tk],n1 (k) = Tkl,Pl (k> TkZ,Pz (k)/ (152)

where we recall that, in the parametrization with the spectral parameter k = %,

k ki —Tk kki—k .
Ty, 1, (k) = (14 T k{{ — H1> (14 T kll — AITIA 1> , (153)
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and similarly for the other factors. The projectors (IT3, 1) and (Py, P,) are related by
the map arising from the refactorization discussed previously. Now, (I09) gives

0 Ut kK —k =
(U(C?t)* 0, >_ e [T+ 703,25 +

K-k
20k [?

—ky
2|k Er [H2+H2,Z3} (1542)

[Pl + 131,23} + k22|k |I; [Pz + Pz,Za} (154b)

when we take V(&) = 0 as the trivial seed solution. The projectors are found from
conditions (T04). Using the fact that [IT;, ATI A~ = 0, these give

e*i(k]ﬁ*f/‘ikl)él
ImTII; = span { < eilkai=t/4k1) > } , (155)
efz(kzgft/4k2)§2
ImIT, = span {Tkl,l'h (k2) (ei(kzé—t/4k2)72 > } . (156)

Similarly, in view of (I152), we find

e—l(k1§—t/4k1)51
Im P; = span {TkZ,P2(kl) <ei(k15_t/4k1)'yl ) } , (157)
e—i(kz@—f/‘lkz)éz
Im P, = span { ( ei(kzg—t/zlkz),),z ) } . (158)

We are now in a position to discuss the map on the solitons polarizations arising from
soliton interactions, following the arguments given in Sec. 2.4 of [47].

Proposition 6.9 Suppose without loss of generality that ki and ky are such that vy > v1.
Then, up to exponentially small terms, as t — +0o0 the two-soliton solution is the sum of
two one-soliton solutions

U(E ) ~ U (& bk, vT,67) + U (Ko, vs,65), (159)

where the relations between the “incoming” polarization vectors (7;,6]7 ), j=1,2and

the “outgoing” polarization vectors ('y;r,ts;'), j = 1,2 are given by:

ko ki + K5 k3 (k)2 k2')' (12 ) _
+ 2 k1 T (v
K L+ , 160
71 k3 ki + ko l kz k2 ) ('Yz ) ')' 7 (160a)
_ k1 kz—l—k* k2 k* k% ')'1 (71) N
Tk I , 160b
" "T"ﬁkllz BB- & ) | ™ (1600
s Rkl [ (87 -8 (8))" ] o (160¢)
1 k; kl +k2 k2k2 ) (52 )1—52 17
ki ko + k] K2 (k)2 —k25+(5+) -
2T K 191 (91
b= ki k2 +kq l12+k% K2 — (k)2 (67 )67 65, (160d)

and the relations between these vectors and the “true” norming constants defining the
degeneracy spaces are

Y =7, Y =7 6 =61, 6 =6 (161)
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Proof. First, we study the behavior as f — 0. The argument will be similar for f — —oo.
The idea is to use the collection of estimates (T46)—(T51) appropriately applied to IT; and
Iy, or P and Py, recalling that vo > vy. Let ¢ = vit + C and let us use (I54b)) for the
expression of the solution. As t — co, we find that P, is block diagonal, hence so is P,
and therefore

0 U(g,t) Nki‘fh ~
(U(C,t)* 02> 2lk1]2 [P+ P (162)

7273

where now, using (T48) applied to Ty, p, (ki) and writing accordingly oo
212

view of we get that Im P; coincides with the span of

I — kiki—ky (0 0\ kiki—ka (0 0 e—ikii—t/4k1) 5
k2 k; - kl 0 Tly, k; k2 + k1 0 0'271'?;20'2 ei(klé—t/‘lkl)tyl ’

i.e.

= 7,,, in

e*l‘(k1§7f/4k1)5i
Im Py ~ span ei(kl‘:*t/‘Lkl)lny

In turn, this gives

ko ks —k Ky ks —k
+ _ _ffty TR A
L {14 ki —k 2 Kkt

0_27_[’,;20_2:| Y1, 61+ 251. (163)

Therefore, along & = v1t+ Candas t — oo, U(, ) behaves like U (&, t;k1,v{,67) .
Now we analyze the solution along ¢ = vyt 4 C as t — oo, following the same reasoning
applied to (154a). Now IT; becomes block diagonal so that it does not contribute to the
solution, which now behaves like

0, U@t K-k _
(U(é:,t)’r 0, )” AL [T + 15, %5 (164)

Using (I50) for Ty, y, (k2) and (I56)), we get that Im I'T, coincides with the span of

koki —ki (75, 0 ko ki —kq os oy 0 e—z‘(kzg—t/4k2)§2
Iy — = 1 — = 1 )
kiki—k \ 0 0 ki ky + ko 0 0 pilkal—t/4k2)q, ) 7

or equivalently

eilkaS—t/4k2) 53t
ImTI; ~ span { ( pilkal—t/4k2) o + > } ’

whence

_ &

ko K — ky ko Kt — Ky
7T, = e
516,

e e L

'Y;:’)’zr 5; = [14_

Therefore, along & = vpt 4+ C and as t — oo, U({, ) behaves like use! ((f, t;kl,'y;,&;') .
This proves the claim (I39) as + — co. The argument can be repeated as  — —oo, with
similar results. For brevity, we only provide the formulas for the asymptotic polarization
vectors:

kk—k  kk—k

_h _h _ 620
ko ks —ki 2 Kk + kg

516y

Y =71, 6 = {14 02ﬂ§202] o1, T,
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and

ky ki —ky ko ki — Ky

1.
e I R _n2 _ TN
T2 = [14 hki—k M Ktk

- 'Y-{'Yl.

. _
70, 02| Y2, Oy =62, Ty

Summarizing our previous results, we have the following relations:

K —k, vt +\t kK — k +\k (AT
v = 4_&3 2’72J£'Y+2 )+_k71 2 2(72(’)2)T('72+) olyr, (165
koky —ki ()t Kkt " () (rp)*
- ki kv ()" kk -k () ()" |,
Yy = 1_7* — -~ 0y —— —— 02| Y5, (165b)
? [4 kiki —ka (v )ty Kkt ka " () () ?
oo [ Bk he ) kk—k )@ T e
' kaky —ki (8,16,  kykatki " (6;)T(6,) |
s [, Rk —kEED K-k GDEDT T e
? kiki —ka (80)18)  Kiki+ka ()87 7]
Using the property
I A 7«7 M D I/ A D) 166)
2 02 = b — , 02 2 =Dh— 5
)" o PEHTeR (67157

for j = 1,2, one can reduce the last equations into (I60), where we essentially express the
polarization vectors after the interaction in terms of parameters characterizing the initial
solitons. Notice that since soliton-1 is faster than soliton-2, then the states before/after
the interaction coincide with the limits £ — =00, while for soliton-2 the state before the
interaction coincides with the limit t — +o0, and the state after the interaction coincides
with the limit t — —oo.

Remark 6.10 Note that one can easily rewrite eqs more explicitly as a scattering
map (y{,61,75,6,) (7?’,5{,7;’,5;) (which is its intended meaning) but then
(T60a) and (160d) become rather lengthy since one has to replace 7y and 87 by their

expressions in terms of y{ ,61 ,%, ,0, obtained from (160b) and (160c). This is the
reason why we chose to write the map more compactly as in (160).

Self-symmetric case. Note that from our general results on the structure of the dressing
factors, the self-symmetric case is simply a limit of the above results when k; and/or
k, become purely imaginary. It is easy to see that for instance if k; = —k; then the
maps (160a) and become trivial in the sense that the polarization vectors after the
interaction are proportional to those before the interaction. If ki remains generic then
(T60b) and (T60d) retains their matrix structure. If both zeros are self-symmetric then the
the map is trivial, again in the sense that only the norm of the vectors is changed upon
interaction, not their direction. This only produces a phase and position shift. This gives a
description of the interaction between a self-symmetric soliton and a fundamental breather
or between two self-symmetric solitons, respectively.

6.3.2 Rank-2 case: composite breathers

We present a formula for the one-soliton solution in the generic rank-2 case. Recall that
this means that the dressing factor is gy, r1, (k)gk,,11, (k) with ko = —kj and IT, =
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ATLY A~ where TT is a Hermitian projector of rank 2. Let ¢ and ¢, be a basis of
the image of I'l; (at t = { = 0) (we can choose them orthogonal wlog). Let

Dy (g, 1) = e 1 MEH/HI (9, ), (167)
then, dropping again the (&, ) dependence for conciseness,
Il = & (dId)) o], (168)
It is convenient to write
) T )
1= (ﬁ) ;2= (afl)  SumTLw €C, j=1,2. (169)
Then one obtains
Fii F
ot — (/11 12) ) 170
I (]:21 F (170)
where
Fi = 62V1(§+t/4|k1|2)51f§1 + 6—2V1(§+t/4\k1|2)ry11‘,),1, (171a)
Fip = e2V1(C+t/4|k1|2)51f—l—l + 6*2V1(§+f/4|k1\2)7{w1/ (171b)
Fn = €2V1(§+t/4|k1|2)771‘51 + 6*2V1(§+t/4|k1\2)w7{71, (171c)
Fop = 32V1(§+t/4|k1\2)711‘-[l + 3*2V1(§+f/4\k1\2)w1fw1' (171d)

Then in particular

. 1 (Fp -F
o)1 — < 2 12
(®1P1) D(&t) \=Fa1  Fn

After long but straightforward calculations, we find

2iv; 1 { i (E—t/4]k ) ( F —7*) <'Y+>
U(E,t) = e 4 1 P} T 22* *21 1
(&) k112 D(¢, 1) (1 ™) -F i w?

T

2in(E-t/4kaP) g, (57 ¢y (T2 Ty (M
+etn n(6] T 0. (173)

(61 ) ~Fi2 Fu ) \wf
Note that 77, = Fi1, Fp, = F22, and F7, = F1. Even though we could normalize the
four vectors 41,4y, T1, w1 characterizing the structure of a composite breather solution, it
appears less natural to do so in the above expression than in the case of the fundamental
breather. Thus we keep them non-normalized, and denote the above one-soliton solution

as

> , D(&t) = det i@, . (172)

qu (CI t; kl/ 51/ Y1, T1, wl) .
Two examples of such composite breathers are shown in Fig. 2]

Following the same reasoning as in the previous section, our next task is to determine
the asymptotic behavior of the projector ITy(¢, t) as [t| — co when ¢ — vi = C for
v < vy and v > vyq. Again, the calculations based on the explicit form of @1 (¢, t) are
long but straightforward. Unlike the rank-1 case, they show an interesting phenomenon:
we need to distinguish several cases depending on whether 8; and T; are independent
vectors or not, and similarly for ¢, and w;. We call the case where det(d1,T1) # 0 and
det(y;, w1 ) # O the generic case. If either det(d1,T1) = 0 or det(y,,w1) = 0, we will
talk about the non-generic case. As we show in Appendix E by computing the associated
transmission coefficients, in either of the above non-generic cases the composite breather
reduces to a fundamental breather. Moreover, one can see directly from (I73) that the
case where both determinants are zero does not produce a soliton solution. Therefore, in
the following we will only consider generic composite breathers.
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(a) (b)
Figure 2: Contour plots for composite breather solutions. The panels show the magnitude of the
component u1 (&, t) for two different examples. Here, the soliton parameters are: 8; = (1,2)7,
=2, 9 =10,2)T, w = (2,6/%)T and k; = 4/5 +i/5 for panel (a); ; = (1,1)7,
7 =(2,3)T,9=01,2)T,w; = (2,1)T and k; = 1/2 4 i/4 for panel (b).

Generic composite breather (det(d1,71) # 0 and det(y,,w1) # 0).
Case v < vy. Recalling that v; > 0, then the dominant term is e~ 21 (v=vi)t a5t — oo,
and introducing N = (7; w1), we find

0 0
I (¢ t) ~ (O N(N+N)_1N+> +0 (€2V1(V7V1)t> . (174)

Now since 4y;, w1 are assumed to be independent, the projector N (N N ) ~IN1is of full
rank equal to 2 and hence is simply the identity matrix I;. Consequently, we find

I1; (& t) ~ (8 g) +0 (e2V1(V—V1)f) . (175)

On the other hand, as t — —oo, the dominant term is 21 (V=) and we obtain, since
41, T are independent,

12 O 72U1(V7V1)t
L (&, 1) (o 0) +0 (e ) . (176)
As a consequence, we obtain
I 0,
Ty 1, (k) ~ bk kik | 40 (10 oo, (177)
141 02 ﬁﬁlz ( )
and
Tie 1, (k) ~ | K=K KR L 0 L0 (e—Zvl(v—V1)t) o —oo, (178)
0y L

Case v > vy. In this case, the role of the dominant terms as { — 400 is swapped com-
pared to the previous case so we immediately deduce

k—ky kHK
Tkl,Hl(k)N K kR 2 V2 +O(672vl(val)t), t —5 oo, (179)
0, I
and
I 0,
T, () ~ | g, kg Kk +O(e2v1<V*Vl)f), t— —oco.  (180)
2 k=K Ktk 2
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We are now in a position to derive the map induced on the vectors describing a two-
soliton solution made of composite breathers. We follow exactly the same reasoning as in
the rank-1 case, combining the above asymptotic results obtained on the projectors with
the refactorization properties that allow to express the solution in two equivalent ways.
Thus, one can show that, as  — oo,

U(E t) ~ UY(E bk, 00, i, T8, wi) + U (E ko, 65,75, T5 ,ws ), (181)
where the incoming/outgoing polarization vectors in,'y]i,'r]i,w]i, j = 1,2 are related
via the following maps. Note that we make use of the same property already used in the
rank-1 case to simplify the expressions, namely for any two-dimensional projector 7t of
rank 1 we have

T+onto=1. (182)

As discussed above, we assume that both composite breathers are generic, i.e., det(d i Tj) *
0 and det('y]-,w]-) # 0,7 = 1,2. We obtain the following relations between the incom-
ing/outgoing polarization vectors:

ki — ko ki + K

ki — ko k —‘rk*
+ 1 2/ 2 5=
1 kl—k;kl—i—kz 1-

T Tk k kY

— ko kq + K3 —ko kg + K3
wf:kl ki 1t 2w, Tf:kl kil—'— 27,
kl—k2k1+k2 kl—k2k1+k2
ko — k1 ko + Kk ko — ki ko + K5
vy = 2 12+ Lyf, 6F = 2 12+ L5y,
kg—k1k2+k1 kg—klkz-l-kl
ky — k1 ko + Kk ko —ky ko + k7

w;—z 12+1+T;_2 1 K2 + K7

kK ktk 2 2 T ok kot k2

and the following relations between these vectors and the norming constants:

p— + p—
Y1 =71, 51 =01, w, =wq, T1+=T1,

+ _ - _ + _ - _
Yy =72 0, =8, w; =wy, T, =T

We see that this map is trivial in the sense that the vectors characterizing a generic com-
posite breather are only rescaled upon interaction, thus only contributing to a phase shift
and position shift. The internal structure of generic composite breathers is not affected by
interactions.

6.3.3 Mixed rank-1 and rank-2 case

We can also investigate the map on the soliton data in the case where one soliton corre-
sponds to a rank-1 projector and the other to a rank-2 projector. As a result, below we will
be able to discuss the interaction between a fundamental soliton or a fundamental breather
with a composite breather.

We already have established the required methodology, so we simply state the results.
Suppose that soliton 1, with associated eigenvalue kq, corresponds to a rank-1 projec-
tor characterized by 81 and 9, and that soliton 2, with associated eigenvalue kj, corre-
sponds to a rank-2 projector characterized by 7, 7, T wy with det(dp, T2) # 0 and
det(y,,wy) # 0. As before, we assume without loss of generality that vo > vq. As
t — +oo,

U(E ) ~ UG bk, 07, 9E) + UL (E ko, 65,95, 5, wi), (185)
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with the following maps among the polarization vectors before/after the soliton interac-
tion:

+_k1—k2k1+k§ _ k k2k1+k2

M hhkte TR oRR +k25+ (186a)
E 5:]2112 b Zi I({i;) (k;‘l)(1 ?;1(?17)1 T (156
(e L L
o o A s o

k* k k2k2_k*2* —\t
v kiki+k [12 5 ki — (k)27 (67) ]Tzf (186¢)

2Ttk | 2R KK (6, )16,
while the relations between these and the norming constants are as follows
Y =71, 6 =861, Y =7 6 =6, wi=wy T, =T2 (187
Fig. 3] shows two examples of a fundamental soliton and a fundamental breather interact-

ing with a generic composite breather, showing that the fundamental soliton retains its
nature upon interacting with a generic composite breather.

(@) (b)
Figure 3: A fundamental soliton (left) and fundamental breather (right) interacting with a generic
composite breather. The panels show the magnitude of the first component of the vector solution.
Panel (a): interaction between a fundamental soliton and a generic composite breather. Panel (b):
interaction between a fundamental breather and a generic composite breather. Here, the soliton

parameters are: panel (a): 7, = (1,1/2)7,81 = (1,0) for soliton-1 being a fundamental soliton,

T T T AT . . .
anddp = (1,1)", 72 = (1,2) ., 72 = (1,2) , wp = <3,el) , for soliton-2 being a generic

composite breather. Panel (b): 1 = (1,1/ Z)T, 6 = (1, 1)T for soliton-1 being a fundamental

o N\T
breather, and 8, = (1,2)7, 7, = (2,1)", 12 = (10,2)7, wp = (e’,l) for soliton-2 being
a generic composite breather. In both examples, the discrete eigenvalues have been chosen as:
kv=1/2+i/4,kpy =1+1i/2.

Finally, Fig. ] shows some examples of mixed rank-1 and rank-2 soliton interactions,
as well as interactions between two rank-2 solitons, to illustrate the results we derived in
the current and the previous sections.
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© (d)
Figure 4: Soliton interactions. All the panels show the magnitude of the first component of the
vector solution. Panel (a): interaction between a fundamental soliton and a self-symmetric soli-
ton. Panel (b): interaction between a fundamental breather and a self-symmetric soliton. Panel
(c): interaction between a self-symmetric soliton and a generic composite breather. Panel (d): in-
teraction between two generic composite breathers. Here, the soliton parameters are: panel (a):
y1=(1,1/2)1,8, = (1,007, 6, = 1,17, 1o = 1,17, 92 = 10,2)T, w, = (2,-10)7
and ki = 1+4i/2, ky = i/4. Panel b): 71 = (1,1/2)7, 6, = (1,17, 8, = (1,1)7,
= (1,0 9 = 10,2)T, wy, = (2,-10)T and ky = 14i/2, k, = i/4. Panel (c):
6= 01,00 =0,y = 12w =@2-D6 =027 =021,
b= (1,2, w, = (3,ei>T andky =i/2,ky = 1+i/2. Panel (d): 81 = (1,2)". 71 = (2,3)",

AT
11 =102  w =2,-10".8 = (1,3 1= 2,312 = 1,2) @, = (3,¢) and
ki =1/4+i/5ky=1+i/2.

6.4 Discussion of soliton interactions using the Yang-Baxter maps

Thanks to the maps systematically derived above, the phenomenon observed in Fig. [T|can
now be explained. Looking at (T60), we note that the map on the polarizations decouples:
the 7y-type polarizations act on each other, and similarly for the -type polarizations. From
this point of view, the fundamental soliton sector is stable and the map reduces to a trivial
map where the polarizations are simply rescaled upon interaction. This is why two funda-
mental solitons remain fundamental solitons when interacting with each other. However,
in general a fundamental soliton interacting with a fundamental breather will become a
fundamental breather after the interaction. This is a very interesting phenomenon which,
to our knowledge, had never been identified before in studies on multicomponent soliton
collisions. We discuss this in more detail below.

Interaction of two fundamental breathers. A fundamental breather is obtained when
both components in é are non-zero. To study the interaction between two fundamental
breathers, without loss of generality we can consider 6] = 6; = (1,x})T, and §, =
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o = (1,x5)7T, kj € C, forj=1,2. The Vectors ¥{ =7 andy, = 7, are chosen to
be arbitrary, and after inserting these into (I60c)-(T60d) we obtain

6 = (di,e1)", 6F = (dz,ez)T, (188a)
a- bk (SRR G o
(SR, o
e gin (A mhnn) o
e (B 34’171&%”)

To determine the total change in the first column of the norming constants of the solitons,
we need to multiply relations and (I60D)) by the scalars dq and dy, respectively (cf.
(30a))). Therefore, we define

ky kv + k3 kK ((5)* =k 12 (10)*
=d I , 189
Ehth 2T RE -G )| (189)
ki ky + Ky B (k) =k ()t
=d I , 189b
ootk | 2T k2 2 — (kD)2 ()t | 7 (1896)
and introducing the following notations for the normalization constants
+112 -2
2 lsy |l 2 _ |lsy ||
X1 = ;X2 = , (190)
T ImlP 27 P
we find
X3 =P’ 26 =dlP2, (191a)
ky + kx 2 (kZ . (k*)Z) (kZ o (k*)Z) B )
2 _ |F1 T 1 1 2 2 4\
= 1 . , 191b
ki + ky { + k1 — k3|2 [ky + k32 Iy - (P2)] (191b)

where p; = 5 /||71]| and p, = 73/ ||7v2|| are unit-norm polarization vectors. Further-
more, the polarization vectors after the interaction are given by:

dikikidhk [ (k)2 (k2 _ (k*)z) B
+ 125 1 2 2 s n
T xik + : , (192
P1 X1 ko k5 + K5 {pl (k3)2 (k)2 — K2) ((p2)" - pP1) P> (192a)
C_dkkrk L BPE-RD .
Tk + : . (192b
P2 X2 ki k5 + k3 {pz (k)2 ((k3)2 — 3) ((p1)"P2) P (192b)

in terms of parameters characterizing the initial fundamental breathers, where pf =
+ + - _ (o~ -
(s7)*/[lsy || and py = (s )" /|ls; |-
Generically speaking, the quantities e; and e, in Eqs. (I88) are nonzero, which im-
plies that the two-soliton solution is a superposition of two fundamental breathers which
retain their nature throughout their interaction. However, there exists a specific value of
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the multiplicative constant x1, which involves the discrete eigenvalues and the second
multiplicative constant x, and which makes the quantity e; identically zero

(k)? ((k3)* — K3) 12

T2 (62— 1) + K (k)2 — (k5)2) [k

(193)

In this case, soliton-2 retains its nature, while soliton-1 becomes a fundamental soliton
after the interaction. Equivalently, there exists a specific value for the multiplicative con-
stant ko which makes the quantity e, identically zero, its expression is given by simply
interchanging the indices 1 and 2 in relation (T93)), and in this case soliton-1 retains its
nature, and soliton-2 becomes a breather. Fig. [5shows an example of interacting funda-
mental breathers when the multiplicative constant x; is arbitrarily assigned, but xq has
been computed via relation (T93), and an example of interacting fundamental breathers
where both multiplicative constants are arbitrarily assigned.

(a) (b)
Figure 5: Fundamental breathers interacting with fundamental breathers. Panel (a): the multiplica-
tive constant k; is arbitrarily assigned, while x7 is computed via relation (T93). Clearly, the initial
fundamental breather with multiplicative constant x, retains its nature, but the initial fundamental
breather with multiplicative constant k1 becomes a fundamental soliton after the interaction. Panel
(b): both multiplicative constants %1 and xp have been arbitrarily assigned, and one can observe that
both initial fundamental breathers retain their nature upon interacting with each other. The panels
show the magnitude of the first component of the vector solution. Here, the soliton parameters

T . \T N\ T
are: panel (a): y1 = (1,1/2)", 81 = (0.1840.1i,1)", 92 = (l,el> .6y = (1,1)", and

AT
ky = 1/2+i/4,ky = 1+i/2. Panel (b): 71 = (1,1/2)7. 8, = (1,1)T. 12 = (1,@’) ,
6 =1, ky=1/24i/4k =1+i/2.

Special cases. Next we show that interactions between two fundamental solitons, as
well as interactions between a fundamental soliton and a fundamental breather, are special
cases of interactions between two fundamental breathers. For two fundamental solitons,
one has to set Kj = 0, for j = 1,2, and therefore the initial vectors & j can be reduced to
51 =(1,0)T,and 6, = (1,0)7. It is easy to check from Egs. (I88) that, if x; = xp = 0,
then ey = ep = 0, which implies that the two fundamental solitons retain their nature
upon interacting with each other. Moreover, the scalars dq, d reduce to:

_kKk—k
Tk K

Kk =k

" TRk

dy (194)

which gives |d1| = |dz|. Consequently, from Eqs. (T91) it follows that the two normal-
ization constants coincide, namely, x;1 = x2 = x with x given by (93), and Eqgs. (192)
reduce to the expressions (97) we derived using Manakov’s method in Sec. 5. Note that
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one could alternatively choose ;1 = (0,1)" and 6, = (0,1)T, or &; = (1,0)T and
8> = (0,1)T and  arbitrary, and we still obtain that the two fundamental solitons retain
their nature upon interacting with each other.

Without loss of generality, let us now consider soliton-1 to be a fundamental soliton
and soliton-2 to be a fundamental breather. We therefore set k1 = 0 and let x, be arbitrary.
Then, 81 = (1,0)7,8, = (1,x*)T, x € C, and the vectors 7y, and 7y, are arbitrary. Using
Egs. @]} it is easy to check that, if x; = 0, then the scalars eq, e, are both nonzero and
reduce to:

TS < (k3)*— k3 Kk + ko

= , e=rx , 195
T+ kP Tkl + k) (ki —k5)" 27 " ki + ko (195)

€1

which shows that although the solution before the interaction is a superposition of a funda-
mental soliton and a fundamental breather, after the interaction it becomes a superposition
of two fundamental breathers, since necessarily e; 7 0 and e, # 0. Moreover, the po-
larization vectors after the interaction are given by Eqgs. (I92)), and the two normalization
constants are still given by Eqgs. (I91)), but now with dq, dy:

k Kt kz K 2 _ k2 * _
1:1(%1+2 1+ 5 (2)2 2 | 2=*1k1 kz' (196)
Rtk | RE— (k)2 1+ ki —k
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A On the ranks of the transmission coefficients 2 and a

In this section, we show that the ranks of the matrices 4 and 4 need necessarily to be
equal at each of the eigenvalues of a given quartet. To do that, we recall the 4 X 4 matrix
solutions

P(k) = (®_1(k), @1 2(k)), P(k) = (Py1(k), P_2(k)), (A.1)
where the (x,t) dependence has been omitted for brevity, and the bilinear combinations
A(k) = P*(x,t,k*)P(x,t,k), A(k) = P*(x,t,k*)P(x,t,k), (A2)

introduced in [46]. Using the analyticity properties of the Jost eigenfunctions, one can
easily show that the solution P and the bilinear combination A are analytic in C*, while
the matrix solution P and the bilinear combination A are analytic in C~. Next, we discuss
in details the correspondence between the ranks of the matrix P and the linear combination
A (resp., P and A), which will lead us to the goal of this section.

Let us assume ky, to be a zero of deta(k) in C*. Then, due to the symmetries of the
ccSPE summarized in Sec. 2, k}; is a zero of deta(k) in C~. Therefore, it is meaningful
to discuss the ranks of the matrices P(k;) and P(k}). It is clear that rankP(k,) < 3 and
rankP (k) < 3, since both matrices have zero determinant at the discrete eigenvalues. It
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is also clear that rankP(k; ) and rankP(k},) cannot be zero, because the 4 X 2 columns in
®_ 1 (ky) and in @ (k) are linearly independent, and so are the columns in P 1 (k};)
and in @_ 5 (k},).

One can also prove that rankP (k) and rankP(k};) cannot equal 1, by contradiction.
Let us assume that rankP(k,) = 1. Then the columns of ®_ ; (k;;) must be linearly de-

pendent, as well as the columns of @ 5 (k). Let us denote these columns as ®_ 1 (k) f].

and @ »(ky) ‘j respectively, for j = 1,2. The above implies that there exist constants
c1,¢2 € C not both zero, as well as constants c3,c4 € C not both zero, such that

Cl(bf,l |1 (x/ t/ le) + Czq)f,l |2(x/ t/ kn) = 02><l/ (A3a)
C3<D+,2 ‘ 1 (xl t/ kn) + C4(I)+,2 ’2(9(/ t/ kn) = 02><1/ (A3b)

for all x € R. Recall that the Jost eigenfunctions and the modified eigenfunctions are
related according to (TT]), and therefore the last relation becomes

M-, \1(36, tkn) +caM_ 1|, (x,t, kn) = Opx1, (A.4a)
C3M+,2 | 1 (X, £, kn) + C4M+,2 |2(xr t, k}’l) = 02><l/ (A4b)

for all x € IR. Moreover, recall that

M_q(x,t,k) ~ (%) , X = —o00, M. o(x, t, k) ~ <I.;) , X — +o00o,

and both M_; and M,  are analytic in the upper half plane of C, which implies that
as x — oo, the columns of M_ 1 and the columns of M, » are linearly independent.
Therefore, relation (A.4) does not hold, and (A-3) does not hold as a consequence, which
implies that the columns of ®_ ; and @ » are linearly independent. This contradicts our
initial assumption that rankP(k,;) = 1. One can use a similar argument to prove that
rankP (k) cannot equal 1. The above analysis allows us to conclude that the ranks of the
matrices P(ky) and P(k};) can only equal 2 or 3.
For the matrices A (k) and A(k) in (A22), as shown in [46] one has

A(k) = P (x,t,k*)P(x,t,k) = (aé];) a‘+(()12<*)) , (A.52)
A(K) = P (x, £, k) P(x, £, k) = (‘ﬂé’z‘*) ﬁ((’i)), (A.5b)

and, consequently,

rankA (k,) = ranka(k,) + ranka’ (k), (A.6a)
rankA (k,) = ranka® (k}) + ranka(k,). (A.6b)

Proposition 1 Let k,, be a zero of deta(k) in C™, k}: is a zero of deta(k) in C~. Then
one has rankP(x,t,k,) = rankP(x,t,k};) = 2 ifand only if a(k,) = a(k},) = 0, (i.e.,
rankA(k,) = 0). The same holds for the remaining points —k;, and —ky, in the discrete
spectrum.

Proof. Let us prove the first implication, i.e.,

rankP(x, t,k,) = rankP(x,t,k;) = 2 = a(k,) = a(k};) = 0,.
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Since rankP(x, t, k) = 2, then there exist two linearly independent vectors ej = (17]-, —C j) T
in C*/{0}, such that P(k,)ej = 041, for j = 1,2. From the definition of A(ky), it fol-
lows that A(ky)ej = P*(kj,)P(ky)e; = O4x1, which in turn gives

alkn)n; = O2x1, @' (k)& = Opyi1. (A7)

If the vectors 771 and #; are both linearly independent, then the first of Eqs. (A7) implies
that the dimension of the kernel of a(k;,) is 2, and therefore a(k,) = 0,. If the vectors {7
and §p are linearly independent, then the second of Egs. yields that the dimension
of the kernel of 4(kj;) is 2, and therefore a(k;;) = 0o, which proves the desired result.

Let us now assume that #1 and 7, are linearly independent and ¢; and ¢ are linearly
dependent. Then, there exists a complex valued constant 3 such that {» = B1. From the
definition of P(k,), we get

qD—,l (x/ t/ k}"l)ﬂl == ®+,2 (x/ t/ kn)glz q>—,1(x/ t/ kn)’72 = ﬁ®+,2(x/ t/ kl’l)gll
which implies
D (x, tkp)p =D 1(x, t,ky) (Br1) & P_1(x,t,kn) (12 — B171) = O4x1,

and 1 = P, since the columns of ®_ 1 (x, t, k) are linearly independent. But the last
one implies that the vectors #1 and 7, are linearly dependent, which contradicts our initial
assumption. If the vectors 771 and 77, are linearly dependent, i.e. if there exists some &« € C
such that 77, = a1, then similarly as before, we have two possibilities for the vectors ¢;
and §p. If &7 and ¢, are linearly independent, as before that will lead to a contradiction.
Now, if both {71, 72} and {1, {> } are linearly dependent, then we can find two constants
a, B € C such that p = ar; and ¢ = BG1. In this case, we get

Qf,l (x/ tl k}’l)’?l = ¢+,2(xr t/ kﬂ)él/ ‘X¢7,1 (x/ t/ kl’l)”]l = ,B¢+,2(x/ t/ ki’l)gll
which gives

q>+,2(xr £ kﬂ) (“é’l) = <I>+,2(x, £ kn) (,3(:‘(1) <~ q>+,2(x/ £ kn)(“ - ;B)gl = O4x1,

which in turn implies that « = p, since the columns of @ »(x, t,k,) are linearly inde-

pendent. But if & = B, then the vectors e; = (5, —&1)" and e; = (ary, —p&)" are
linearly dependent, which contradicts our initial assumption.

Let us now prove the other implication, i.e., let us assume that a(k,) = a" (k%) = 0,
and prove that rankP(k,) = rankP(k}) = 2. If a(k,) = af(k}) = 0,, then both
matrices have rank equal to zero, and therefore from (A.6) it follows rankA(k,) = 0.
Using Sylvester’s inequality, we obtain

0 = rankA(k,) > rankP(x,t,k;,) 4 rankP'(x,t,k}) — 4. (A.8)

Since rankP(x, t, k) and rankP* (x, t, k};) can be either 2 or 3, then for the last inequality
to hold, necessarily

rankP(x, t, k,) = rankP' (x,t,k}) = 2.

O

Prop. [1| establishes a one-to-one correspondence between rankP(k,) and rankA (k,),
when rank A (k;;) = 0. Here, we discuss the correspondence between the ranks of P(k;)
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and A(ky), when rankA (k) is either 1 or 2, and as we will see, together with the pre-
vious results, this shows that the matrices a(ky,) and 4(k}) need necessarily have equal
ranks. From Sylvester’s inequality, we get

rankA (k;) = rank (P* (k;)P(k) ) > rank(P*(k;)) + rank(P(ks)) — 4.

Let us assume rankA(k,) = 2, which implies that both matrices a(k,) and a(k},) have
rank equal to 1. We then have the following cases:

(la) rankP(k,) = rankP'(k}) = 2. In this case, from Sylvester’s inequality we get
2 > 242 —4 = 0, which is admissible. However, from Prop. || we have that
rankP(k,) = 2 implies rankA(k, ) = 0, which contradicts the initial assumption.

(1b) rankP(k,) = rankP' (k%) = 3. In this case, Sylvester’s inequality yields 2 >
34+ 3 —4 = 2, which is admissible.

(1c) rankP(k,) = 2 and rankP'(k};) = 3. In this case, from Sylvester’s inequality
we get 2 > 342 —4 = 1, which is admissible. However, according to Prop.
rankP(k,) = 2 implies rankA(k,) = 0, which contradicts the initial assumption.

Let us now assume rankA(k,) = 1, which implies that one of the matrices a(k,) and
a(k?) has rank equal to 0 and the other one has rank equal to 1. We then have the following
cases:

(2a) rankP(k,) = rankP"(k}) = 2. In this case, Sylvester’s inequality yields 1 > 2 +
2 — 4 = 0, which is admissible. However, Prop. [I| has rankP(k,) = 2 implying
rankA (k,) = 0, which contradicts the initial assumption.

(2b) rankP(k,) = rankP(k%) = 3. In this case, from Sylvester’s inequality we get
1> 3+3 —4 =2, which is not admissible.

(2c) rankP(k,) = 2 and rankP?(k}) = 3 (or vice-versa). In either case, Sylvester’s
inequality gives 1 > 3 +2 — 4 = 1, which is admissible. However, Prop. [1] gives
rankP (k) = 2 implies rankA(k,) = 0, which contradicts the initial assumption.

In conclusion, there is no admissible correspondence between the ranks of the matrices
P(k;) and A(ky,) when rankA (k) = 1, i.e., when a(k;,) and a(k¥) have unequal ranks.
Therefore, the matrices a(ky, ) and (k) need necessarily have equal ranks. Similar argu-
ments would give the result for the other two discrete eigenvalues in each quartet.

B Derivation of one-soliton transmission coefficients

In the following, we derive the expression of the transmission coefficients for 1-fundamental
soliton, 1-fundamental breather, and 1-self-symmetric soliton.

B.1 Transmission coefficients for a 1-fundamental soliton solution

We start by considering a 1-fundamental soliton solution. Assuming that the potential
decays rapidly enough so that Eqs. (I3) and (I6) can be extended slightly above or below
the real k-axis, one can use these equations to reconstruct the left and right transmission
coefficients as limits of suitable blocks of the modified eigenfunctions, namely

a(k) = lim M™ (x,t,k),  a(k)= lim M (x,tk), (B.la)

X—+4o0 X—+00
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c(k) = lLim M (%t k), c(k) = lim M+2(x tk). (B.1b)

X——00 X—r—00

From the definition of the sectionally meromorphic matrix function p+ in (ZI)), one has

c(k) = lim p" (x,t,k), c(k) = lim y+2(x tk), (B.2)

xX——00 x—»—00

where superscripts “P and dn denote the upper/lower 2 X 2 blocks of the corresponding
matrices. In Sec. 2, we also introduced the sectionally meromorphic matrix function

fie (x,t,k) = pt (x, ) ps(x, k), (B.3)

where ploo = Lm0 i+ (x,t,k), such that fi+ is normalized, as k — oo, and using a
similar notation for the upper/lower blocks of the functions y and fi+, we obtain

Mlil?l(x,f,k)—ﬂool( B 120 (x4, K) + pd (3, 1) 180 (3, 4,K), (B.4a)

U (1 k) = sy (x, 1) B (x, £, k) + um,2<x, ) 9% (x, k), (B.4b)
which, together with (B.2), yield

(k) = lim {yp(x £ 1%, (x, 1, k) + uiP (x, )yﬂljl(x,t,k)}, (B.5a)

X—r—00

e(k) = lim {#‘é‘o‘h(x,ﬂﬁfz(x,t,k)+#‘3§,‘z(x,t)ﬂir,‘z(x/t,k)}, (B.5b)

x——00

or equivalently

o) = Jim (A @0 AN @0+ pSEN @R}, B

k) = tim a4 (@0 A0 00 + pEhE 0 G LR}, B6b)

where the x-dependence has been replaced by the ¢-dependence. The upper/lower blocks
of fi_ 1 and i » are obtained by solving the linear system (28) and are given by:

2i0, 2ié*

) e ) v *\ A~
PG 0K = B+ g B k)G pE A Ve R
~dn eZiél ~dn _219* ~dn Y
]’l—,l(gft'k) = k— k ‘qu 2(6 t, kl)cl + k+k* V+2(§ _kl)cl’ (B.7b)
_up 67219* _up . 62191 _up _
y+,2(§,f,k) k*]/l (é’ t, k )C1+k+k n_ (g,t, —kl)Cl, (B.7¢)
d 67210* d 62161 e _
ﬁ+f}2(§l t’ k) = 12 k* ﬁ—nl ((: t kl)cl + k 4 k ;u (gl tl 7k1)cll (B7d)

where the eigenfunctions which appear in Eqs. (B.7) are given by the following expres-
sions for a 1-fundamental soliton:

5 . 1 ky 4k e2i(é1—éi‘) .
PR k) = g |- O I P, @
1
3 1 ki + k) e2i(Gi—0D)
PGt —ky) = Alfz— e ImlPding1,0)|, @)
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1 2261 6—21'@;
~dn xY
‘H 1(6/ t/kl) - A T — k] Cl + sz 1 (BSC)
1[ o205 _ Q26
«dn _ o
and
1 [ 267 _ 20
u = —
:u+ 2(‘:/ t/kl) Al — kT Cl + Zkl Cl ’ (B.9a)
1 260 _ 267 _
Lup ) — & .
y 1 (ky + k7)e2@=00) _
i (¢t k) X I + 21k — K2 1G], (B.9¢)
1 (k1 —Q—k*)eZi(él_éT) B
~dn ) — 1
where
. . N R 2i(61-67)
01 =0(k1), 07 =0(ky), 0O(k)=ki—t/4k, A=1-— WH’MHZ,
1 1)

and the (&, t) dependence in 6 has been omitted for brevity. Let us first focus in Eq. (B-6b),
and compute the limits of the upper/lower blocks of ji4 (¢, t,k) as { — —oo. Inserting

Egs. (B-8) into (B.7¢)-(B.7d) we obtain

up L 1 [ e—2i6 _ Q201 _
y+,2(§/t1 ) - Z k*kTC1+k+k1Cl ’ (BlOa)
12000 (1 1 . =
~dn _ -
y+,2<§/ t,k) =L+ A (kT — kl) {k — kT C1C + 7k+k1 Clcl} , (B.10b)

where we have taken into account that
diag(1,0)C; = 0p, diag(0,1)C; =0, CiC =0y, C1Cp =0y,

on account of the form of C; in the 1-fundamental soliton case, and of the symme-
tries (20). Since the scattering coefficients are time-independent, we can set t = 0 in
Egs. (B-10) and compute the limits of both sides as { — —oo, which yields

ég@w 1155 (8,0,k) = 0y, (B.11a)

ki—k GG ki —ki GG
k=ki |lvll?  k+ki |l

Jim i(8,0k) = I + (B.11b)

assuming that v; > 0, for j = 1,2. Combining Egs. (B-TT) with (B.6b), we find

o ki —kf C,C; ki —kt G
c(k) = | lim adn ,t) L+ 1 + 1 . (B.12)
0= (Jim, (e (2 k=& Tl K~k il
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As to the remaining blocks, i.e., relations and (B.7a)-(B.7D), one can then check that

lim % (&,0,k) = 0y, (B.13a)
{——o0 ’
, ki —ki GiC; ki —kt GG
lim P (8,0,k) = I, — 1 —1-1 1 , (B.13b)
A o © 0K =B = 3 T kTR Tl

and therefore

. R ki—ki CiC; ki —ki GG
c(k)=( lim " t) I — 1 il 1 . (B.14)
0= (tim 7@ (2 K=k mlE k<K ImlP

One can prove that the left and right scattering coefficients are related by the following
symmetries:

a(k) =c'(k*),  a(k) =c"(k), (B.15)
and therefore
ki —ki CiC; ki —k GG
alk) = L+ 1 + 1
<> (2 x5 Tl kT h TP
) ki —ki C;C; ki —k 6,6
ak)=|L - 1 - 1
® (2 k=& [P k4K P

N
hm ﬁjopl )> ,  (B.16a)

+
( lim .uooZ (¢, t)> . (B.16b)
0

Moreover, one can check that C;C; = —||o1|[*diag(1,0) and G;C; = —||y1|[2diag(0, 1),
and therefore Egs. (B.16) can be simplified to
_ e (LKL KL=k o)
a(k) = (12 diag < =k Tk Tk Lm flo1(C) ] (B.17a)
ki —ki ki —ki
c(k) = ( _lim tP I + diag | ——,=—1) . B.17b
c(k) <§3>mwyw,l(§)> < 2 +diag ( k—ky ’ k+k{ ( )

To complete the derivation of the transmission coefficients for a 1-fundamental soliton, it
remains to compute the limits of the quantities 71 (¢) and 197, (¢) as ¢ — —oo; let us
denote '

t t
B= ( lim ﬁlﬂ(@)) , D= ( lim ﬁinz(c)) : (B.18)
——co {——o0

This can be done using the asymptotics of a(k) and a(k), as k — 0, which recall from
[46], are given by

a(k) = (1+ik7) L + O(K?), a(k) = (1— ik§) b +O(K2), (B.19a)
'7:f ( 1+\ux||2—1) dx. (B.19b)

Moreover, from (B:I7a) one can easily compute the asymptotic expansion of a(k) as
k—0:

B -k K=k ki — kb k- ke s
a(k)—(lg—i-dlag( R >>B—|—kd1ag<(kl)2, 2 B+ 0O(k%),

(B.20)
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and equating the same orders of k in Egs. (B.20) and (B.19a), we obtain

) ko k o k* 2 k2
B = diag <k1' k%) , B =ijdiag (ki i)ki‘ T jki) , (B.21)

where the first part of this relation gives the matrix B explicitly. Furthermore, equating
the two expressions of B in (B.21)), we get the following two relations entry-wise

=k (k) -k (K
)2 _W<ﬁ>’ g k) ®22

which we can both solve independently, and obtain the same result for the quantity 4

ok _2ilmk,
k1|2 |k1]?

(B.23)

Finally, inserting the expression for B into Eqgs. (B.17)), we obtain the expressions for a(k)
and ¢(k) for a 1-fundamental soliton

s kik—ki ki k+kj
a(k) = diag (klk g Ek‘f‘kl , (B.24a)
N ki k—ki ki k+k
¢(k) = diag (ka R kAR ) (B.24b)

as functions of k and of the discrete eigenvalue k1, which are independent of the entries
of the norming constant. Similarly, we use equation to compute the asymptotic
behavior of a(k) as k — 0, which in turn we compare with its asymptotics given in
(B.19a). This yields the explicit expression of matrix D which we use together with

(B-16D) to obtain:

) ki —ki GG ki -k GG
atk) = (I - — : (B.252)
®) (2 K=k Il k<K [ml?
_ ~ = -1
ki — k3 1 k1 — kT C1CGy
X | I+ 1 — " ,
( ki lll? ko fll?
_ ~ = -1
ki — k3 1 k1 — kT C1Cy
ck)=|5L+ 1 - X (B.25b)
®) ( oImiE K mlP

ki—k GG ki —ki GG
X | I + o .
(2 k=i [l " k+k [P

Notice that the expressions of 4 and ¢ are more complicated than those of a and ¢; the
transmission coefficients 4 and ¢ depend both on the discrete eigenvalues and on the en-
tries of the norming constants. Summarizing, for a 1-fundamental soliton solution with
discrete eigenvalue kq and associated norming constant Cq, we find its transmission co-
efficients given by and (B.23). Moreover, one can explicitly compute the inverse
matrices which appear in Eqgs. and simplify the expressions of @;(k) and c;(k) into

33).
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B.2  Transmission coefficients for a 1-fundamental breather solution

Below, we derive the transmission coefficients for a 1-fundamental breather solution. The
procedure is similar, but in this case the norming constant C; takes the form C; =
(H17v1,%171), for p1, %1 € C, and the other ones are obtained from (20). Recall that
the transmission coefficients ¢ and ¢ are given by (B.6), and the upper/lower blocks of
fi_1 and i o are as in Eqs. (B.7), where the eigenfunctions which appear in Eqs.
are given by the following expressions for a 1-fundamental breather:

PG k) = % lb B (klZI;E (kI;{Be_Zif’{l)_zéT) ||'Y1||2H%,21 , (B.262)

A (Gt —k) = % I - (klz,: (k,i)ezfg)jﬁ vllleillr (B.26b)

F @) = £ l kf”kl Ci+ 62,2: Ci - Zkézéf;fé,fif)2||vlyZClH§,2 (B.260)
X (12 - %(12 - MH’YHFH%,Z))] ,

T k ! C 2iélc 22000 2CiH{, (B.26d
A (6t — 1)_Z RS 1+2k1(k1—k’1‘)2||71H 1Hj; (B.26d)

1 o2i(61-67) .
X (IZA(IZWH%H Hl,l) /

and A
PR ) = £ l ,fliekl G+ 622;1 5‘1] , (B.27a)
ek = k[ e i), B270)
ﬁi{g(g, t,k1) =1L — Ae(zli(fl_ég) [kl ik’{ C1Cy + zlklélczl] , (B.27¢)
9 (8t —k) = L+ m {mlqclcl - kllkiﬁcl(i] , (B.27d)

where we have introduced the notations

o= ) s (B, ) e
A=1- m(wz + )l (B.28b)

Taking the appropriate limits as stated in Eqs. (B.6), setting f = 0 because the scattering
coefficients are time-independent, and using the symmetry (B.I3), we can determine the
following expressions for the transmission coefficients

ki —k? C1G ky — ki Yo +

a(k) = L+ 1 + At
) ( F=8 (P T P ImlE Tk k (T P P

(B.292)
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_ ki — ki Ci1C ki —ki GG
C(k) =Al|lL+ 1 + - ’
< k=ki (Il + ) lInll> - k+ky (il +[<l?) [Inl?
(B.29b)
ki — k C1C ky — K (oY@}
c(k)=D | L+ L ,
( k=k (Il + ) [l - ktke ([ +163) [l
(B.29¢)
i Kt — kp C1C ki —ky ¢16 t
ﬂ(k) =L+ 1 " D",
( k=ki (> + ) [Inll> - k+k (> + [kal?) [Inll?
(B.29d)
where by A and D we denote the 2 X 2 constant matrices
A= lim (&), D= lim jdn(¢). (B.30)
g——00 ¢ g——o0 g

Again, computing the asymptotics of a(k) and (k) as k — 0 in the last equations and
equating same orders of k with the asymptotic behavior (B.19) one can compute the ma-
trices A and D explicitly

ky—ki  Hi, ki —ki  Hj,
A=1— 1 . + 1 . , (B.31a)
2T Tk Pl Tk P e
k¥ —k s k¥ —k 5.C
D=hL+-1_— GG L Go 7 (B3Ib)

K (mP+aP) nlP - kb (@l + P [l

and inserting these expressions into Egs. (B.29), we obtain the transmission coefficients
for a 1-fundamental breather solution:

kki—k: CiC; k ki —k; C,C;
af(k):I2+Fk_ki 2 ],]2 »Z_ki*k—i—k{ 2 ]{2 2’
i k=K (gl + ) 1l K i (il + 1i12)
(B.32a)
k ki —k CiCj k ki —kj CiC;
wb:b+ﬁf—# T ialals g T 27
: i (il =+ 1xi12) Nl 12 Ky kK (gl =+ D) ]
(B.32b)
Ci(k>:I2+Fk_ki 2 ],]2 »Z_ki*k—i—k{ 2 ]]2 2’
i k=K (gl + ) 1l K i (gl + 112)
(B.32¢)
kK —k; C,C; k ki —k; C.Ci
3(k) = b+ 55 k-] T ialats k*j T 2
k=K (g + 1g2) 1l kg kK (2 + 1x512) [l
(B.32d)

as functions of k, in terms of the discrete eigenvalue and the associated norming constant.

B.3 Transmission coefficients for a 1-self-symmetric soliton solution

Below, we derive the transmission coefficients for a 1-self-symmetric soliton solution, i.e.,
a composite breather with self-symmetric (i.e., purely imaginary) discrete eigenvalues.
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Recall that the transmission coefficients ¢ and ¢ are given by Egs. and using Egs. (33)
for the eigenfunctions of a self-symmetric soliton, we then obtain:

o210 At -1
t,k L+ —7—-=CC Cq, B.33a
P&t k) = K ( 2t ) 1) 1 ( )

4i6, -1

821(91 —01) B _
C1C1> C;C;, (B.33b)

vdn
Gtk =kt gy \ BT e oay

where taking their limits as { — —oo, and setting t = 0, we get

k—k
. .up 1
égl’fl i 5(6, k) =0, ghm y (& k) = (k — kT) I, (B.34a)

assuming again that v; > 0, for j = 1,2. Using Eqs. (B.6) and the symmetries (B.I3), we
obtain the following expressions for the transmission coefficients:

— k* u
c(k) = ,Ii I;l ( lim ﬁ(oion2(€)) e(k) = ’; 0 ( lim ﬁwpl(g)), (B.35a)

a(k) = K=k (e (&) ' ak) = K=K (i pan (&) ' (B.35b)
o k— k; {——o0 ‘uoo’l ! k— kl —00 ,uoo,z ’ ’

In addition, one can use the asymptotic behavior of a(k), a(k) as k — 0, and as done in
the previous cases obtain

lim 518 =~k lim p25(0) = —L, (B.36)
by which Egs. yield:

cwzglbbE®:<E+DQ,MM:MLﬁ®:dH B37)

C Proof of Lemmal6.5]
Lemma|6.5 Proof. Spelling out the condition (TT8) gives
o — &y Ny — &
I— IT I— IT; | =
( At a 1)( Aay 2

_ * _ *
(1 e S| AHlA‘1> <1 _hTh AHZA‘1> . C.1)
A— aj -

The poles on the LHS and RHS must coincide so we must have { —a1, —ap} = {a], a5 }.
Suppose —a1 = aj (and thus —a = «3); then we have from the last relation

A _az—@ «)
(1= (1- S -

1 T -1 a2 “; -1
- - .2
(I 1 T ATLA ) (I n ; AL A , (C.2)

which is rearranged into

1+2 1AHA 1—“1_“111 -
A A—af !
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&y — &) -1 & — &)
I— AT A I I ) . C3
( Ay )( T €

The LHS has no pole at a and a3, while the RHS has no pole at a1 and 7. In view of our
assumption on &1 and ap, this means that the common rational function of A represented
by this equality is an entire function on C with limit I at infinity. By Liouville theorem,
the function is the identity matrix, and for this to hold we find

I = AIGA™Y, j=1,2, (C4)

and each elementary factor falls into the realm of Lemma[6.4] This is case 1.
Suppose now that x; = —aJ. Hence, the condition (I18)) now reads

Dél—lXT * lX]—D(T *
I— ) (11— ) =
< A+ag 1>( A—a; 2

1M A1) (1o M T M A (C.5)
A—af ! A+ 2 ’ '

This takes the form of a special case of the refactorization Theorem [6.1] so we have
ATLA T =97 T ¢, ATLA T =¢ T ¢ (C.6)

with
¢ =2071+ (a7 — o) (I1] +I13) . (C.7)

This shows that IT; and Iy necessarily have the same rank and that IT} 4 I'T; commutes
with ¢, and therefore

I 4+ 1T =¢ L (I +113) ¢ = A (TT; +11) AL, (C.8)

Let us set
[ =11} —AILA = AT AT —T15. (C.9)

Then T = I't, and therefore T is diagonalizable, with real eigenvalues, by a unitary matrix
M:
I'=MDM", D=diag(dy,do,d3,ds), d; ER, j=1,...,4.

Since TrT' = rank I'l{ — rankIT, = 0, we get
di+dy+ds+ds =0.
Note that I = AT* A~L, and since M is unitary, we get
MDM'=AM*DM'A™' & M'AM*D=DM'AM". (C.10)

Let now A = MY A M*. A is an antisymmetric matrix which commutes with D. It is
also unitary, so its determinant has modulus equal to 1. This yields the conditions

(di—dj)A;j =0, i <], |ApAs — AizAgs + ApzAyl> = 1. (C.11)

This means that at least two d j must be equal as otherwise A = 0, which is a contradiction.
Suppose all d; are equal so I' = dl4, d € R. Note that

T =11} — 4+ Is — ATI, A~} (C.12)
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SO

= (147111‘7(147/\112/\—1)) (I — AT, A1)
= —(L—TIIHATL A — (I, - ATL A™HIT
= —(LL—AILA '—DAILA ' — (L —ATLA )T +ATLA™Y
= TAILA '+ AILAT'T-T. (C.13)

If I = dly, since I, is neither the identity nor 0, we must have d = 0, and therefore
I = AT, AL, T3 = AT AL (C.14)

Suppose now without loss of generality that dy = dy = d3 and dy # d;, | =
1,2,3. This is in contradiction with (C.I1), which requires Ajy = Ay = Azg = 0
but |A1p A3y — A13Ans + Ap3As|*> = 1. Similarly, we cannot have wlog d; = d; and
d3 #d;,j=1,2,4and dy # d;, j = 1,2,3. Hence, it remains the possibility d; = dp
and d3 = d4. Because of the zero trace of T, this means that T = dM X3 M', d € R.
It also means that only A1> and Az4 can be nonzero in the matrix A, hence M must be a
unitary matrix such that

0 Ap 0 0

+ «_ | A2 O 0 0
MEAME=1"06" 0 0 Ay
0 0 —-Azy O

Denoting IT) = Mt ATI, A=1 M, we can use (C.13) again to deduce
d(Z3 —dly — X3l — TI,X3) = 0. (C.15)

If d = 0, we are back to the case (C.14). Otherwise d # 0 and I = dMXsM" is
invertible. We show next that this leads to a contradiction so that this case is rejected. We
can write T(A) given in (124) as a sum of partial fractions

Ry Ry
P gy

T(A) =1+

where the residues are given by

Xy — % 2% M oy
2 1

Ry =—(ar —ap)Ihy (I - —=Ih ), Ro=—(ar —a3) ([ = ——=TTh | TI>.
! A — &

Now recall that we are in the case ap = —a7 and that we are imposing the symmetry

(I18) on T(A). Hence we must have R} = —A Ry A~! which yields explicitly

oy — ol oy — ol
(1 - 1};11‘) I = AT A7'A (1 _ A 1H2) AL (C.16)
&1+ o a1+ oy
Note that a1 + ] # 0 in the present case ap = —a7, since we assume in general that

ap # «q. Since we are considering the case where 115 = ATl A~1 —T, recalling that
AT* A~1 =T and noting that

I, ATl A7 =0, (C.17)
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we obtain the condition
oy — o
ay +af

(H;‘—AnlA*)rzr.

Since I' is supposed to be invertible, this yields

a1 —
a +af

(- AT AT =1,

which is a contradiction since the LHS has zero trace while the RHS obviously does not.

D Hodograph transformation and exact two soliton solution of the ccSPE

The ccSPE (2) admits an equivalent form written in conservation law:

(0), 5 () =0, o7 = /1wl ©.1)

which is satisfied provided that the components #; and their conjugates satisfy Eq. @.
We can now define a hodograph transformation

1
¢ = p~ldx + pT||u| 2dt, (D.2)

which converts the initial variables (x, t) to (¢, t). Recall that the travel-time parameter ¢
is defined by

{= f 1+ luyllPdy — f (\/H [y |2 1) dy, (D.3)
0 0
which implies
_9g a¢
¢ = adx + gdt, (D.4)

where

X
P)
_ 7 2 _ 2 =1
ac/axaxf Lt [fuy|[Pdy = \/1+ |[ux] 2 =p7,
0
X

X X
) 1 -1
_9 24, 1z, _ 1 2 -1 _p 2
aé‘/at—atf\/1+||uy||dy—fatp dy 2fay(unp )dy = | lul?,
0 0

0

which coincides with (D.2). Moreover, the hodograph transformation converts the Lax
pair (3) into the following one for ¥ (¢, t) = ®(x, t):

Ye = R(EEY, R(E k) = —ikp(E,)Z3 + kZ5Vo, (D.6a)
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i

where
i 022 U —iuq —iu2> +
Y3=d 1,1,-1,-1), V5= , U=1 .. L), v=u'.
3 iag( ) 0 < \% 02X2> ( iuy  —iug

The compatibility condition ¥z = ¥4z, gives a two-component coupled complex equa-
tion

1 .
Uiz =puj, p=1- 5 Ik ||u||§dt, for j=1,2. (D.7)

Conversely, one can define the inverse hodograph transformation
dx = pd& + gHqudt, (D.8)

which converts the Lax pair (D.6) and Eq. into the Lax pair (3) and the ccSPE (),
respectively. Therefore, the ccSPE equation (2)) is equivalent to equation through
the hodograph transformation (D.2), provided that p > 0.

Next, we provide a formula for exact 2-soliton solutions, which we used to verify
numerically some of the results in this paper. The formula can be obtained as a special
case of the ones derived in [45]] using Béacklund-Darboux transformations, but has been
adapted to the notations of this work and to some differences in the variables used in [45]]
compared to this work. First of all, we introduce the eigenfunctions ®1 and ®,, given by

P‘;(e_lgj
ke
CD] = ] i , 9] = gk] — l’/4k], ] = 1,2, (D9)
wje ]
,)/jelgj
where kj, are the two discrete eigenvalues, (tx i B j) T is the non-zero column of the norming
constant C]', and Jj, K are the two multiplicative constants, such that the two columns of
C; are proportional to each other. Specifically, the norming constant C; associated to the
discrete eigenvalue k;, for which ®; is given by (D.9), is assumed to be a rank-one matrix
— — T -
of the forn} C; = (ujvj %jvj), where v; = (aj, B;)", for j = 1,2. We then define the
4 x 4 matrix Y as follows

(D.10)

Y= [®), AD], P, AD = {Yl}

Y2|’

where we introduced the matrix A = diag(ioy,io). Next, we denote by M, the 4 x 4

matrix
My Mu)
M, = , D.11
z (le M @®.11)
where M;; are the 2 x 2 blocks defined as
My = [ |” Ol | I, My = [kal” OId, ) I, (D.12a)
K=k ks —ka
M ol i olA®; (D.12b)
12= —k k T k k T / :
kliki Q) AP, 7k1 fk; ;P
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* *k*
Kl ot MR _of g
Bk 2 —k}{—kk2 2 A% (D.12¢)
—k k * . .
I2OIAD;

My = ST
k] +k2 7k2+ki( 2 1

The exact two soliton solution of the ccSPE is then given by
Q21 = YoM, Y], Q2] = (Z% _‘7;*) . (D.13)
1

Note here that the vector solution u of the ccSPE (2), and the vector solution q of the
ccSPE in [45], namely

1
a+q— (el =0, q=(1,9)" (D.14)

are connected via the relation u1 = —iq] and up = —igp, for the two Lax pairs to match,
provided that k = 1/A holds for the discrete eigenvalues of the two systems. Therefore,
one can recover the exact 2-soliton solution of () using equation (D.T3), modulo the
change of dependent and independent variables given above. Moreover, in the case of the
2-soliton solution the quantity o takes the form

p=1—Ing (detMy), (D.15)
which after we equate with the expression of p in relation (D.7) yields
||u||?> = 21Ing (det My) . (D.16)

E Computation of the transmission coefficients from the Darboux matrices

It is instructive to derive the scattering coefficients of the soliton solutions created from
the zero solution by the dressing factor/Darboux matrix Ty, ry, (k). It is a standard result
of the dressing method that the scattering matrix S(k) defined in (I2)), is given in this case
by

—1
00 = Jim_ Tiym, () (fim T 8) ®1)

where the limits can be calculated at t = 0 (recall that the (¢, t) dependence of Ty, 1y, (k)
enters through Iy (&, t).) Thus, all we need to evaluate are the following limits

Jim T(2,0). (E2)

Let us focus on the case of a generic and a non-generic composite breather. Recall that in
those cases,

I1(§,0) = 1 (5)(P]()@1(5)) ' @{(5), (E3)

where

D1(¢) = e Mgy, ), (E.4a)

5 .
4)1 = (')/11) 4 4)2 = <:)11> ’ 51/71/1—1/‘01 S Cz, ]: 1/2/ (E4b)

and for a generic composite breather, we assume that det(d1,71) # 0and det(y; ,w1) #
0, while for a non generic composite breather, we can either assume det(d;,,71) = 0 and
det(yy,w1) # 0, ordet(d1,T1) # 0and det(y;,w1) = 0. Direct calculations give the
following estimates for each case.
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1. Case det(d1,71) # 0 and det(y;,w1) # 0 (generic composite breather):

I 0 02 02
Hl <02 02) 7 (: — 00, Hl <02 12 ’ é — —09, (ES)

and therefore

—ky ktk
Te, 11, (k) ]Ij llg kik1 L 0 E6
ky 1T, (K) ~ 1 ;G oo, (E.6a)
0, A
L 02
Ty, 1, (k) ~ 0, kh k-+k; L & — —o0. (E.6b)
k=K K7k

2. Case det(d1,T1) = 0 and det(vy; ,w1) # 0 (non generic composite breather):

I ~ <78‘;1 0 > & — oo, I ~ (02 02), & — —oco, (E.7a)

Tlw, 02 I
s, = 22, T, = ZEZE W, = Wy — ayy, (E.7b)
and therefore
Tiep 11, (k) ~ (T’z}’jg; 2 T,i{‘ii (k)>, & — +oo (E.8a)
Ty 1, (k) ~ (éi ’fz’i}%i} 12>, §— —oo, (E.8b)

where we introduced the notations "P and 9" for the upper/lower diagonal blocks
of the Darboux matrix, and

k ky—k k k—k .
T, (k) = (1 117151) (Iz L 102715102) . (E9a)

ki K —k Kk Ttk
k ki —k kk—k
dn _ o 1 1 . 1 1 "
T, (k) = (12 K=k ﬂwa) (12 Kk Uznwa@) . (E.9b)

3. Case det(d7,T1) # 0 and det(vy; ,w1) = 0 (non-generic composite breather):

I ~ L0 , & oo, T~ T 0; , &— —oco, (E.10a)
02 02 02 )

Tly
e, = T‘;‘Tj‘, Ta=Ti—ab, Ty = 7—171, (E.10b)
TyTa 7171
and therefore

k—ky Ktk 0
Tiep 11, (k) ~ ""‘T(’)‘*klz 12 , &= +oo, (E.11a)

h b

TP (k) 0,
Te, 11, (k) ~ | Fth - .

k11, (K) ( 0, Tlglnn] ) & — —oo, (E.11b)
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where here

k ki —Ik k ki —kq
up _ "M o 1 *
T, (k) = (Iz ok =k nra> (12 KTk Uznra@) , (E.12a)

k kT —kq k kF—k
TN (k) = (L — —-L L— —~—*——nnr,o). (EI2b
kl,Hl( ) (2 kt kf—km“) (2 kf k1+k02n7102 ( )
Now, using the above estimates and Eq. (E.I)), we can compute the scattering coefficients

a(k) and a(k) (note that consistently with pure soliton solutions, we find b(k) = 0 =
b(k)). To simplify the expressions, we use identities such as

kki—k 7' k ki —k
(i) = (i) w1
_ kik—k k ki —k .
= Em <12 kl WUQT[ 0'2) , (E14)

valid for any rank-1 two-dimensional projector 7t (recall that oy 7t*0y = I, — 7).
1. Case det(d1,T1) # 0 and det(7y;,w1) # 0 (generic composite breather):

(k) = k—ky k+ Kkt 306) = k—kik+k
k— wk+h” k— hk+w”

(E.15)

which implies that the points k = kq, —k7, are double zeros for the determinant
of a(k) on the upper half plane, but still simple poles for the RHP, because a(k)
becomes the identical zero matrix when evaluated at these points (resp., similar
statement holds for the points k = —kq , ki and the transmission coefficient a(k)).

2. Case det(d1,71) =0 and det(')rl ,w1) # 0 (non-generic composite breather):

k k; — k K~k
a(k) = <12 k k* k 5]) (IZ - ngznglaz) 7 (El6a)

_ k ki k k*
a(k) = (Iz + HW a) <12 k* k k 02 7T, a02> ’ (E16b)
and in this case one can show that
k—Fki k+k; _ _k+k1k—k1‘
deta(k) = R kR deta(k) = R k=R (E.17)

which implies that the determinant of a(k) has simple zeros at the points k1 , —kj
on the upper half plane, and that a(k) is nonzero when evaluated at these points
(resp., the determinant of (k) has simple zeros at the points —kq , k} on the lower
half plane, and 4 (k) is nonzero when evaluated at these points).

3. Case det(d1,T1) # 0 and det(y; ,w1) = 0 (non-generic composite breather):

a(k) = (12 - Fm ) <12 - F Kk Uzﬂralfz) , (E.18a)

_ o k kﬂ{ kl k k* k1 «
ﬂ(k) - (IZ - E k— k1 7-[71) (IZ + EWO—ZTLHO—Z ’ (Elgb)

which again gives us

k—ki k+ k!
k—kik+k’

k+ky k—k:
Kk k—k'

deta(k) = deta(k) = (E.19)

and we reach the same conclusion as before for the zeros of deta(k) and deta(k).
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The above computations show that in both cases the transmission coefficients of a non-
generic composite breather lead to rank-1 norming constants (see Sec. 2), and hence when
either det(d1,T1) = 0 or det(y; ,w1) = 0, a non generic composite breather reduces
to a fundamental breather. The above calculations show this spectrally and one can also
see this at the level of the solution. For instance, when T = ad1, reduces to (141)
with the role of vy, for the fundamental breather now played by the combination wj — a7y
where w1, %y; are the vectors characterizing the (non generic) composite breather.
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