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CrossMark
Abstract

Knowledge of the properties of biological tissues is essential in monitoring any
abnormalities that may be forming and have a major impact on organs malfunc-
tioning. Therefore, these disorders must be detected and treated early to save
lives and improve the general health. Within the framework of thermal ther-
apies, e.g. hyperthermia or cryoablation, the knowledge of the tissue temperat-
ure and of the blood perfusion rate are of utmost importance. Therefore, motiv-
ated by such a significant biomedical application, this paper investigates, for
the first time, the uniqueness and stable reconstruction of the space-dependent
(heterogeneous) perfusion coefficient in the thermal-wave hyperbolic model of
bio-heat transfer from Cauchy boundary data using the powerful technique of
Carleman estimates. Additional novelties consist in the consideration of Robin
boundary conditions, as well as developing a mathematical analysis that leads
to stronger stability estimates valid over a shorter time interval than usually
reported in the literature of coefficient identification problems for hyperbolic
partial differential equations. Numerically, the inverse coefficient problem
is recast as a nonlinear least-squares minimization that is solved using the
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conjugate gradient method (CGM). Both exact and noisy data are inverted. To
achieve stability, the CGM is stopped according to the discrepancy principle.
Numerical results for a physical example are presented and discussed, showing
the convergence, accuracy and stability of the inversion procedure.

Keywords: inverse coefficient problem, bio-heat transfer,
thermal-wave model, Carleman estimates, conjugate gradient method

1. Introduction

1.1. Physical background

Understanding the heat transfer in biological tissues is of crucial importance in biomedical
applications such as hyperthermia, thermal ablation or microwave heating, which are typ-
ical examples of thermal therapies used to treat cancer, menorrhagia and benign prostate
hyperplasia [1]. When mathematically modelling such applications, care should be taken to
include the underlying processes that are taking place such as heat conduction, blood perfu-
sion and heat generation due to metabolism. One formulation that takes into account these
mechanisms is based on the much celebrated Pennes’ parabolic reaction-diffusion equation
(obtained by taking 7 = 0 in equation (1) below), which was proposed to model the temperat-
ure evolution during cancer hyperthermia treatment [51], the thermal radiation from cellular
phones [55] and the ablation of afflicted tissues [28], among others. However, although still
widely used, the Pennes parabolic model of heat transfer implies infinite speed of heat propaga-
tion. This characteristic becomes practically unrealistic when modelling heat propagation in
biological tissues for which a non-negligible relaxation time-lag 7 (typically between 15-30
seconds) occurs [49]. Therefore, a more appropriate model taking into account that in biolo-
gical tissues thermal waves propagate with a finite speed is given by the hyperbolic equation
(461,

TCtissueull + (Ctissue + TCbWb)ut = kAu + wah (ll - uh) + Q + TQtv
(tx) € (0,T) % 9, 1)

where (2 is the spatial domain occupied by the tissue, T is a final time (in s) of interest, u
is the tissue temperature (in °C), u, is the (arterial) blood temperature (in °C), x and Cigye
are the thermal conductivity (in W (m °C)~") and heat capacity (in J (kg °C)~") of the tissue,
respectively, Cj, is the heat capacity (in J (kg °C)~") of the blood, wy, is the bood perfusion
rate (in s~') and Q contains the heat generations (in W m~3) due to metabolism and external
heating. Equation (1) is supplied with the initial conditions

u=%;, u =0 inQatt=0
and the Robin boundary condition
kOyu =h(ugmy —u) on (0,T) x 99, 3)

where @ is prescribed initial temperature (in °C), v is the outward unit normal to the bound-
ary 0f2 and h is the heat transfer coefficient (in W (m? °C)~!) between the tissue and the
surrounding ambient having a temperature U, (in °C). In case h — 0, equation (3) becomes
the homogeneous Neumann adiabatic boundary condition

d,u=0 on(0,T) x 09, 4)
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whilst in case |h| — oo, equation (3) becomes the Dirichlet boundary condition
u=ug, on(0,T)xN. 5)

In practical applications concerned with hyperthermia treatment or assessing burn injuries,
evaluating the blood perfusion rate w;, is of main interest. In this paper, we consider the case
when the unknown coefficient wj, = wy(x) is space-dependent across the tissue and we aim to
recontruct it from non-intrusive temperature measurements over the whole boundary 052 or on
a portion of it I’y C 052, namely,

u=0 on(0,T)x L. 6)

Before performing any analysis, equations (1)—(6) have to be non-dimensionalised. Assum-
ing that u, is a non-zero constant, we introduce the following dimensionless variables:

Cy t T u—u,
x=x\—=, t=—, T=—, u= ,
RT T T up
Dy —uy, Ugmp — Up T
Yo = s Uamb = s h=h )
up up HCtissue
TQ TC;,W;, ) e — up (7)
= s w = y = .
1, Ciissue Clissue up

With this non-dimensionalisation, equations (1)—(3) and (6) recast as (denoting F := Q + Q)
Uy + (1 +w(x))u, = Au—w(x)u+ F(t,x), (t,x) € (0,T) x Q=:Qp, (8)

u(0,-) =¢o, u;(0,-)=0 1inQ, 9)
Opu = h(tgmp —u) on (0,T) x O, (10)
u=40 on(0,T)x Ty, (1D

where, without any confusion, the dimensionless v, 'y, {2 and 92 have been denoted by the
same symbols as their dimensional counterparts. Equations (4) and (5) also take the non-
dimensional form

O,u=0 on(0,T) x99, (12)

U=tgy on(0,T)x 0N, (13)

Certain thermal experiments [7] may be designed so that the ambient temperature u,,, is
equal to the arterial blood temperature u. In such a situation, from (7) it follows that u,,, = 0
and equations (10) and (13) simplify, respectively, as

Opu+hu=0 on(0,T) x 9. (14)

and

u=0 on(0,7T)x . (15)

12. Mathematical background

In the mathematical analysis we consider the exposition in a more general setup than the partic-
ular physical model in equations (8) and (9). To start with, assume  C RY, d € N*, is an open
and bounded C2-domain. We mention that a one-dimensional related, but different inverse
problem has recently been analysed in [52].
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Consider the (homogeneous) Robin problem related to (8), (9) and (14) given by

Uy — Au+ Qou+ Qiu, =F in Qp,
du+hu=0 on (0,T) x 092, (16)
U=y, U= in{r=0} x Q,

where the functions Qg and Q; are in L*°(£2). Moreover, assume o € H! (), ¢ € L*(Q2), F €
L?(Q7) and h = h(x) € L>°(9£2). In most of the mathematical analysis presented below, Qp and
Q) are independent of each other, but we shall also consider the physical case of equation (1) in
which Qp(x) = w(x) and Q;(x) = 1 + w(x) in theorems 4.4 and 4.5. In the limit that A — 0 we
obtain the (homogeneous) Neumann problem in which the Robin boundary condition in (16)
is being replaced by (12).

This paper is organized as follows. In section 2, the mathematical formulation of the direct
problem and its well-posedness are presented. In section 3, the poweful technique of Carleman
estimates is discussed and the main theorem 3.3 is established. Section 4 is fully devoted to the-
oretically investigating the inverse coefficient identification problems of interest and establish-
ing conditional stability estimates. We mention herein that Lipschitz stability estimates, similar
to those established in theorems 4.1, 4.3 and 4.4, but for the wave equation ¢(x)u, = Au with
unknown coefficient c(x) were obtained in [36] and [35, theorem 3.6]. In section 5, the inverse
problem is recast as a variational problem. The resulting nonlinear least-squares minimizing
functional is proved to be Fréchet differentiable and an explicit expression for its gradient is
derived. Numerical results obtained using the conjugate gradient method (CGM) for a physical
example are presented and discussed in section 6 to confirm the proposed inversion algorithm’s
convergence, accuracy and stability. Finally, conclusions are provided in section 7.

1.3. Comparisons with other works

Our approach to the well-posedness of direct problem is based on Evans’ book [17] with adap-
tions to Robin boundary condition settings and some basic spectral theory of the Laplacian
[5, 6]. The method of Carleman estimates is inspired by approach developed in the book of
Bellassoued and Yamamoto [10], as well as the one of Lerner [44]. Theorem 3.3 extends the
Carleman estimate in [10, chapter 4], which can also be viewed as an extension of [44] in the
presence of boundary. There are several improvements obtained in this paper when comparing
with other literature. One improvement compared with [10] is to include all other boundary
contributions into the Carleman estimate (see remark 3.4). This can also be compared with the
work of Lasiecka et al in [40], where authors used a different approach to obtain the Carleman
estimate and their result looks different from ours. As an application of our Carleman estimate,
the stability estimates presented in section 4 are sharper than the works of [10, 23, 40, 47] (see
remark 4.2). This mathematical refinement is physically meaningful, as it results in a shorter
time of physical measurements on the boundary that is required to determine the solution in
the interior of the domain.

2. Direct problem

The well-posedness of the direct problem (16) is established in the literature, (see, for instance,
[37, chapter 4], [17, chapter 7] and [45]). First, we define the time-dependent bilinear form

Blu,v;1] ::/Vu-Vvdx+/(Qlu,—i—Qou)vdx—i—/ huvdy.
Q Q a9

4
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A function u in A;,, where

Ay = {u e L*0,T;H" (Q,h)) withu, € L*(0,T;L*()) and u,, € L*(0,T;H ' (Q,h))}, (17)

H'(Q,h) :={ve H' (Q) N CP(Q) with [, [A?dy < oo} and H'(Q,h) C H-'(Q2) is the
dual of H'(£2,h), is said to be a weak solution to (16) if

e (uy,v) +B[u,v;t] = (F,v) for every v € H' (Q; h).
o u(0,) = o, u(0,) = 1.

In the above, (-,-) denotes the real inner product in L?(£2). Note that the space H' (€2, h)
becomes H}(Q2) when || = oo, and H'(2) when h = 0. Moreover, the closure in the definition
of H'(,h) should be understood in the sense of the closure of domains of the quadratic form
given by Q(u,v) := [, Vu- Vvdx+ fBQ huvdy, (see, for instance, [6]).

Theorem 2.1. Let ¢y € H'(2), p1 € L*(2), F € L*(7), h € L>®(0), Qp € L>®() and Q €
L>(R) be given input data for the direct problem (16). Then there exists a unique weak solution
u € Ay, of the direct problem (16). Moreover, this solution satisfies the stability estimate

esssup ([lu(t, )| (o) + 1w, ) | 120)) < C(lF”LZ(QT) + lleollar (o) + ||<P1|L2(Q)>7 (18)

0T
where the positive constant C depends on the L -norms of Qp and Q.

We defer the proof to appendix A since methods of proving theorem 2.1 can be found in
various literature with some minor modifications. For instance, in [37, chapter IV, theorem
5.1], one can find a similar statement for the well-posedness of the Robin problem (16) but
with F € L'(0,T;L*(Q)) instead of F € L*(€)7), as in our theorem.

Remark 2.2. In the case of the homogeneous Neumann boundary condition (12) replacing the
Robin boundary condition in (16), theorem 2.1 holds by simply taking # = 0. Also, the well-
posedness of the solution u € H' (£27) of the homogeneous Dirichlet direct problem obtained
by replacing the Robin boundary condition in (16) by the zero Dirichlet condition (15) and
assuming g € H(‘)(Q) can be found in [37, chapter IV, theorem 4.2] or [17, chapter 7]. For the
inhomogeneous Dirichlet direct problem given by

Uy — Au+ Qou+ Quu, =F in Qp,

U = Ugmp on (0,7) x 09, (19)

U=y, U= in{r=0} x Q,
a unique solvability result for

ueV:={ucc(0,7);H(Q)) with u, € C([0,T];L*(2)) and u, € C([0,T]; H~(Q))}
can be found in [38, theorem 2.4 with # = 0], when the input data F € L' (0, T;L*(Q2)), o €
H'(Q), o1 € L2(Q), ttamp € H'((0,T) x 9Q) satisfies the compatibility condition
Uagmb = Yo ON {O} x O0f). (20)

and Qy = Q; = 0. Furthermore, it was also obtained that 9, u € L*((0,T) x 99). These results
can be generalized when the governing hyperbolic equation (19) contains the lower-order terms
Qo and Q; € L*(Q). In the particular case that F =0, then one can replace the condition
Uamp € H'((0,T) x 0S2) on the inhomogeneous Dirichlet data by u,;, € C([0,T]; H'/>(0)) N
H'(0,T;L?(09)), see [38, theorem 3.4].
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With higher regularity on the data F, ¢ and ¢, one could obtain higher regularity for the
solution u of the direct problem (16), as given by the following theorem.

Theorem 2.3. Leth € L™= (9Q), Qp € L*°(Q) and 0y € L™ (). Denote L := —A + Qo (x)] +
Q1(x)0; and let m € N. If oy € H" (), 1 € H"() and OFF € L*(0,T; H"~*(2)) for k =
0,...,m, satisfy the following regularity conditions:

@o,0 = o € H' (1), p1,0:=¢1 € H (),
©o,21 : —61 2F( ) £<p021 2€H (Q h) (lfl/lfl:21>7 (21)
Q1141 = OF(0,) — Loy a1 € HY(Q,h)  (ifm=21+1),

then there exists a unique solution u € Ay, to problem (16), which, in addition, satisfies the
regularity O%u € L= (0, T; H"T'=%(Q)) fork=0,...,m+ 1 and

m—+1
esssup > _ [|0ful gn1-+ () < Z 10 Fll 20,7, m—+(02) + 20l (@) + et lameey | > (22)
0<1<T 1o —o

where the positive constant C depends on the L°-norms of Qy and Q.

Proof. The proof is a minor change of theorem 6 in [17, chapter 7, section 7.2.3]. O

Remark that in case m = 0, the condition ¢, € H'(£2, /) in theorem 21 can be relaxed to be
@1 € L2(£2), as in theorem 2.1. Applying theorem 2.3 to the problem (8), (9) and (14), we also
obtain the following corollary, which will be useful in section 5 in the proof of theorem 5.1.

Corollary 2.4. Let h € L= (92) and w € L™ (Q). Denote L := —A+w(x)I[+ (14 w(x))0;
and let m € N. If p; =0, o € H"(Q) and OFF € L*(0, T; H"*(Q2)) for k=0,...,m, sat-
isfy the following regularity conditions:

00,0 7= o € H' (Q,h),

@001 1= 07 2F(0,-) — Loop—r € H' (LK) (ifm=2l), (23)

Lo =07 'F(0,) € H'(Qh)  (if m=21+1),

then there exists a unique solution u € Ay, to problem (8), (9) and (14), which, in addition,
satisfies the regularity O*u € L= (0, T; H"*'=X(Q)) for k=0,...,m + 1 and

m—+1 m
eSSSUPZ 10Fu]| o1 (2) < (Z 10FF 20, rsrmm—+(2)) + ||<P0Hm+1(9)> ; (24)

0<<T =0
where the positive constant C depends on the L>°-norm of w.

The rest of the paper concerns the analysis of inverse coefficient problems. The main ingedi-
ent that is used for proving stability estimates of these inverse problems is based on Carleman
estimates, which are introduced and discussed in the next section.

3. Carleman estimates

A brief review of literature. Applications of Carleman-type estimates for obtaining various
observability and controllability results in inverse problems were initiated by the groundbreak-
ing publication of Bukhgeim and Klibanov [12] and have subsequently been tremendously
successful in the last few decades [30, 31, 33-35, 57]. For instance, a Carleman-type estimate
can be obtained as in [42] for a parabolic setting or as in [43] for a hyperbolic setting. A sys-
tematic study of various Carleman estimates without boundary conditions, but under a general

6
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pseudo-convexity assumption, can be found in the book by Lerner [44]. As we will be focusing
on hyperbolic inverse problems, we will mainly employ tools developed by Bellassoued and
Yamamoto in [10], which can also be found in [24, 25]. Even though the book [10] focuses
on hyperbolic Carleman estimates under Dirichlet boundary conditions, the tool can be exten-
ded to cope with Neumann conditions and, more importantly, Robin boundary conditions in
our setting modelling the heat transfer with the surrounding ambient environment, as given by
equation (10). Note that Carleman estimates with boundary conditions can be traced back to
the work of Isakov in [27], Lavrent’ev et al in [41], as well as Tataru’s works in [53, 54].

Notations. The approach presented in this section can be adapted to more general manifolds.
For the sake of simplicity, we will assume that our n-dimensional time-space manifold, denoted
by X, is Minkowski, where the metric is given by 1 = d> — g and g is the Euclidean metric.
Therefore, we can identify vectors with covectors. That is, for vector fields V = (Vj, V) and
W = (Wo, W) on X, we have n(V, W) = VoW, — g(V, W). We will also denote 7(V, V) by n(V)
and g(V,V) by |V|?. For a given function f defined in the time-space, we will use df to denote
its exterior derivative, which means it is an n-component-wise vector. We will use Vfto denote
the vector containing the spatial components of df. In other words, Vfis a d-component-wise
vector, where d = n — 1. The Hessian with respect to g of a function, £, is denoted by V2fand

its action on vectors is given by VAV, W) := ZZ,H VW' OO, .

3.1. Carleman estimate: a control from interior

In this subsection, we will review a derivation of a classical Carleman estimate via the method
developed in [22, 44]. This will serve us as a guidance in the next subsection, when we extend
the method to cope with boundary conditions.

Let m € N*, a typical Carleman estimate (inequality) for an m-th order differential operator
P acting on R” and a suitable function ¢ is given by

3C >0, 3Ao > 1, such that VA > Ao, Yv € C5°(R"),
CAVIF -1y < 1P (¢, D +IAAIV 72 o) (295)

HY '(Rn
where D = —iV¢, pm (¢, §) is the principal symbol of P and HY (R") is the A-weighted Sobolev
space with norm

Mg = [ (1€ +30)" be)Fds.

where v denotes the Fourier transform of the function v. Note that the main role in (25) is
represented by the principal part of the operator P because contributions from lower-order
terms can be absorbed into )\||v||i1m,1 ®)’ When working with A-weighted Sobolev spaces
and A-dependent operators Py, we Cvill treat A the same as &, e.g. the symbol of Py will be a
polynomial in (£, \).

A strategy to prove the celebrated inequality (25) via pseudo-differential operators is
explored in great details in [44] and it is summarised below.

(1) Rewrite the right-hand-side of (25) as
1Pm (¢ D +INGIVII 2y = 195 AV 72y + 1P AV IIE2 ey + Re(PS 3p5 Alvsv)s (26)

where p;f » and p g are the formally self-adjoint and skew-adjoint parts of the operator
pm (¢, D +iXdg), respectively, and [-, -] denotes the commutator.

7
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(2) Let m € R and denote w = (|¢|> + A?)™. Let py ra(¢,&,\) be the sum of the principal
symbols of p; and p,, where

p1 = Op(w) ((P;A)*P:;A + (P;A)*p;A) )

Lo L @7
p2=3 (LIJ@,\,P@,\} + Py P ) )

where * denotes the adjoint and Op(w) is the classical quantization of the symbol w in &
variable, i.e. Op(w)v := (|D|> + A2)™v. The principal symbol of p; is equal to w|pm (¢, & +
iAd¢)|* and it is homogeneous in (&, \) with degree 2(m + m). Meanwhile, the principal
symbol of p, will be denoted by com—1,4 and it is a homogeneous polynomial of degree
2m — 1 given by

cm-1,6 = {Repm(¢, € +1iAd¢), Impy (¢, € +irdg)},
where {-,-} is the Poisson bracket. Choose some suitable function ¢ such that
CA(IEP + A2 < porm(C.6N)- (28)
(3) Apply the Fefferman-Phong inequality [18] to (28) and obtain

OVl oy < IPm(C,D +3AAG) 172y + C V-1 gy (29)

which is essentially the estimate (25) for sufficiently large .
Remark 3.1. We will briefly explain the reasons behind each step.

(1) The reason of the splitting in equation (26) is to involve the third term, which is one
order lower than p; in equation (27) for m = 0. Moreover, symbolic calculus of pseudo-
differential operators can be applied easily to the commutator.

(2) When m = 0, inequality (28) is the same as the sufficient condition of Carleman estimate
proved in theorem 28.2.3 of [22].

(3) The advantage of using the Fefferman-Phong inequality is that (29) holds for principally
normal operators, which include operators with complex-valued principal symbols. For
operators with real-valued principal symbols, one observes that (29) can be derived via

[1Pm (¢, D +IAG)V[|72 gy + COHV”?{;-'(RH)
> A7 pun(G. D +IMG)VI 2 oy + Collv It gy = CAM -1

for some m < 0, which can then be achieved by applying Gérding’s inequality to (28) with
m=—1/2.

This leads us to introduce the concept of strong pseudo-convexity.

3.1.1. Pseudo-convex functions.  As the pseudo-convexity of a function is important in estab-
lishing Carleman estimates, we will now give its definition.

8
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Definition 3.2. Let X be a n-dimensional manifold and P be an m-th order differential operator

with C!(X) principal coefficients and L% (X) complex-valued lower-order terms. A function ¢

is called strongly pseudo-convex at (y € X with respect to P if d¢ ({p) # 0 and for all ({,\) €
(R" x R4+ )\{0}, we have that

Pm(€0:6x,0) = Verm(Co,€x,0) - Vo (Co) = 0 implies
lim < 1 (Ve PG Vepm(Go.6.0))

e—0+ A+ €

+V26(Go) (Vepm (G- 6x.0): Verm(G0:600)) >0, (30)

where &) . =& +i(A+€)dg((y). Moreover, we say that ¢ is strongly pseudo-convex with
respect to P on a set U C X, if it is strongly pseudo-convex for each (, € U.

The operator in (16) defined by
P:=0+Q10,+ Qol = 0} — A+ 0,0, + QoI 31

satisfies the criteria of the operator in definition 3.2 for n = 1 4 d. Moreover, P is a second-
order (m = 2) differential operator and its principal symbol is given by p,(¢,x;t,x") = —t'> +
|x’|?, where (¢',x’) are the dual variables of (z,x). As quadratic polynomials can only have
complex roots in conjugate pairs, (30) is void for A # 0. Therefore, it simplifies the pseudo-
convexity criterion for second-order differential operators to

pg(to,)(o;l‘/,x/) = (Hp2¢)(t0,xo;t’7x’) =0 1mp11es (lejz(b)(l‘o,X();l‘/,x/) >0,

for all (#',x") € R'T9\{0} and H,, is the Hamiltonian vector field generated by p».
As for the choice of a pseudo-convex function ¢, the Carleman weight function,

o(t,x) = e with (t,x) = v(]x — xo|> = Blt — 10]?), (32)

is one of the mostly used (see, e.g. [36, formula (4.1)] or [35, formula (2.76)]) for hyperbolic
inverse problems in Minkowski time-space. Indeed for v > 0, 5 € (0,1) and (#,x0) & Qr, ¢
will be strongly pseudo-convex with respect to [] on 7 (see appendix B).

3.2. Carleman estimate with boundary conditions

If we can write a second-order differential operator as P = P, + P, where P is a first-order
differential operator with L>°(€27) coefficients, then ||Pyul|;2(q,) can be absorbed by choosing
sufficiently large constant C in (25). In other words, for the case of P being (31), it suffices to
establish a Carleman estimate for P = P, = [. Therefore, we will first establish a Carleman
estimate for the conjugate operator of [J, i.e. Py y = e*?e~*?, where ¢ is a function in

P = {qs(t,x) ="V, where y > 0, 9(1,x) = ¢o(x) — Bt (1) with § € (0,1),
such that dv) # 0 in Q7 and the Hessian of iy with respect to g is positive in (2,

ie. V2o (x',x") > palx'|?, ¥x' € RY, for some p > 5}7 (33)

where o = sup,¢ (o 7y [/’ (#)|. Here, the small positive parameter 3 and the large positive para-
meter v will be chosen so that Hérmander’s pseudo-convexity property (30) is satisfied. It
turns out that, for sufficiently large + and sufficiently small 3, a function ¢ € P is strongly

9
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pseudo-convex with respect to P on €17, see appendix B for the justification. A sub-class of P
is given by

Po={¢ € P with |Vijg| > 20 >0in Q},
for some positive constant §. We will use this sub-class of functions to obtain the Carleman
estimate (35) below.
For Q7 C X, one can decompose ||P¢7>\u||%2(91_) into

1Py ull2apy = 1PF el 720y + 1P 227200y +2 (P(,f,w,P;,Au), (34)

where P;;)\u =0u+ Nn(dg,d¢)u and Py \u=—2An(d¢,du) — A(O¢)u. Note that
equation (34) is an analogue of (26) up to a change of lower-order terms. In the follow-
ing theorem, we extend the results in [10, chapter 4] to include the lower (# = 0) and upper
(t = T) surface contributions.

Theorem 3.3. Let u € H*(Qr) and ¢ be a function in the set Py. Then there exists a positive
constant yo(3, 9, p), such that, for any v > ~y, there exist positive constants C(«, 3,7,6, p,Qr)
and \o(7y), for which the following estimate hold:

CA||u||§,&(QT) <Py aul oy + Bi+ Ba(T) = B2(0), VA=, (35)

where

1
Bi= 37 / Slul* (O +yn(de))d, todyde
(0,7)x 92

1
e [ sluP, (Av -+ V)
(0,T)x 0

— 27)\/ @ Oy un(du,dy)dyds
(0,7)x 92

+ A @ n(du)d,podydst — YA pud,u(Chp +yn(dy)) dydr
(0,7) x99 (0,7) x99

Jroz(erﬂ)”y)\/ ¢ (v|ul*0y1po — ud,u) dydt

(0,T)x 92
— ()’ / ¢*|u*n(dv) D, odydr, (36)
(0,7)x 92
and
1
By(t) = a(p+ ﬁ)y)\/ puudx — Ea(p—i— B)’yz)\/ & |ul*dx
Q Q
1
—on [ o (3 W @rEutut” - Bt~ 454100 + aw)
2 (Y V) = (00 +1(@0) + 0l )
= BN [ Sl @)
Q
The same estimate holds for P being replaced by P + Py, where Py is a first-order differential

operator with L™ (Qr) coefficients. The only difference is that Ay will also be dependent on
the L™ (Q2r)-norm of the coefficients.
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Remark 3.4. In the special case v (t) = (t — ty)* for some 0 < #y < T, then the boundary term
derived in [10, chapter 4] is different from 5, only by the first term in equation (36). The second
term B, in (37) is a new boundary contribution that is absent under the vanishing conditions
of u at t =0 and ¢t = T, which was imposed in [10, chapter 4].

Remark 3.5. An analogue of theorem 3.3 can be obtained by using the method developed
in [35, chapter 2], where a global Carleman estimate was obtained via a local version of it.
The boundary terms can then be achieved by calculating the divergence term and the time
derivative term in this local formula (see [35, theorem 2.5.1]). Moreover, the analysis can be
simplified by using only the explicit function (32), as in [35]. However, we have stated (and
proved) theorem 3.3 for any function ¢ € P, for generality and in order to be consistent with
Hormander’s approach to Carleman estimates (see [22]).

Proof of theorem 3.3. We will focus on (P; AP, Au) in (34). As in [10, chapter 4], one
has

(P;f,/\u,P(;)\u) — _2A / ) (dut, dp)d xdr — A / ity b d xdt
QT QT

+2) [ (Au)n(du,dp)dxdr+ X | (uAu)Dédxdt
Qr Qr

-2\ / un(du,de)n(de)dxdr — X [ |u|*n(d¢) e dxde
Qr

Qr
6
= Zlk.
k=1

Applying integration by parts to eliminate all the second-order derivatives of u in I, we have

L=\ |u,|2(¢)t,+A¢)dxdt72)\/ u,g(Vu,Ve,)dxdt
QT QT

A wraesa- [ (ufe)
(0,7) x99 Q

L=\ |u,|ZD¢dxdt—5/ |u|2D¢ndxdt—/\/ (uu,m¢)\§dx+5/ (|u|2D¢,>
2 Qr Q 2 Q

Qr

T
Jdx+ 2/\/ (g (Vu, V)| dx,
Q

T
dx,
0

L=X[ (IVul’O¢—2ug(Vu,Vé)+2V3¢(Vu,Vu)) dxdt
Qr
+A / (20, un(du,dd) + |Vul*0, ¢ ) dydt,
(0,7)x 92
Iy = /\/ (l|u2AD¢ |Vu|2D¢> dxdt+)\/ (uayum - 1|u|28V|:|¢> dydt,
r \2 (0,7)x 99 2

1
Is = 2)\3/9 Jul? (277(d¢)5¢+ |62 du +V2H(V ), V) — 2¢zg(V¢z7V¢)> dxdr

)\3 2 d 81/ dvd _)\3 2 ) d Td .
" -/(o,T)xaQu| 1(d9)0, ¢ dyds /Q(M ¢in( ¢))‘0 x

1
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Summing the above expression for [, ...,I5 and I5, we have
(P;Exu,P;Au) = 2)\/Q (Gulue|* — 2u,8(Vu, V y) + V2 (Vu, V) ) dxdt
T

+2° /Q ul* (dul i = 2618(V9, V1) + V>$(V, V) ddr
A [ PP edxdi+ Bo,
2 Ja,

where By is the summation of boundary terms in I; and it is given by

By = A (20, un(du,d¢) — n(du)d, ¢ ) dydt
(0,T) x99

+A / (u@,,qub - 1|u|2[“)l,Dgz5) dydt
(0,7)x 90 2

T / uPn(d6)d, ddyds
(0,7) x99

T

dx
0

+ /\/ <; |u‘2|:|¢t+2utg (Vu, Vo) — uu,0gp — u’|2¢’>
Q

—\3 26m(de))|" dx.
/Q (luPom(de)) | dx

Substituting ¢ (7,x) = (") where 1(t,x) = 1o (x) — 11 (¢), one has

(PE Py ) = 292 /Q ¢ (V200(Vat, Vi) = Byl +(n(du,dv)))?) dxde
20" [ S Nu (T00(Tr Ti) = 807" (07 + () )
_A |u|*0*pdxds + By. (38)

2 Qr

Now, By becomes

B=nf (zayumdu,dw) ()0 + ud (O +ym(d))
(0,T)x 92
1 1
- Ev\ulz(Dw +yn(de))dubo + §|u|20y(Awo +7|Vwo|2))dydt

+(yA)? / & ul*n(dip)0,bodydt
(0,7)x 92

+'y)\/
Q

+ 208 (Vit, Vo) — (O +49(de)) + B9 ] )

(3 1l (B 0it — B8 =B (O + ()

T

dx
0

+80N [ (@ 0iluPn(an)]d
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Since V29 (x’,x") > apl|x’|? for all x” € RY, together with equation (38), this shows that
I Vul| 12, is controlled by (P;f APy )\u) , and we are left to control the time-derivative term

of u,ie. =28y er @]’ |u,|>dxdt. This means that another positive term alike fﬂr &|u;|*dxde
is needed to overcome this latter term. This can be achieved by considering the following term:

/ (P \u)ugdxds = / (Ou+ N2n(do)u)updxdt.
Qr

Qr

Again, using integration by parts to remove all the second-order derivatives of u, one deduces

/QT(P;f’)\u)u¢dxdt: —/qub|u,|2dxdt+;/QT¢|M|2(D1& +yn(de))dxdr

+ [ ¢|Vul*dxdt + (y\)? / ¢*|u|*n(dep)dxdr + By,
QT QT

where Bj is a boundary term given by
vy T
Bl = / d) (7'”‘281/w - Mau”) dydl+/ <¢uu1)|gdx - 5/ (¢ |u|2'(/}t) |0 dx.
(0,7) x99 Q Q

Now, by Cauchy-Schwarz and Young’s inequalities, we have

Bl—/ qb\u,|2dxdt
Qr

1
<P sl + 5 | luPdsa

+ [ orvupadr (02 [ 6 n(an) axar, (39)
QT QT
forany 0 < e < h(jﬁ, where a := sup, |1, b := supq, [n(di))| and ¢ := infq, 1. Note

that there exits d = d(3,7,€7) such that [[1?¢(z,x)| < dé(t,x) for all (z,x) € Q7. Therefore,
applying equation (39) and

%¢| < do,
VoW ,x') = pald/?, V¥ e R,

to equation (38), we obtain

(PE Py a) + alp+ Be|P sullE o, + alp+ B)7ABy — Bo

> a(p—ﬂ)y)\/ ¢ (|l + [ Vul*) dxdt

Qr

A
+2(9A)? [ ¢ |ulH(vp)dxdr — % Slul*dxdr
SZT QT

— w /Q.r(u¢)2dtha
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where H(1) := pa| Vo> — Balwr]? — <& [5(dy)| + v ((de))*. Note that

(p+B)

H() = alp - 8)| Vil — an(@e) - == n(a)] + (n(ae)?

> a(p~ 194l ~ 23 a4 (ata))?
2 3 2
>a(p—ﬂ)|Vwoz—a(p1;6)-

i — B)§? a(p+3p)°
Since |V)y| > 20, we have that H()) > 2a(p — 8)6* for v > To(p—p)s?- Iherefore,
1Py aull72 0,y + x(p + B)yAB1 — Bo
- 1
> (P:g«\“’Pzﬁ,/\“) + EHP;S_,)\“”iZ(QT) +a(p+ B)yAB1 — By

> alp— A7\ /Q & (P + | Vu)dadr + (1)} /1 ¢ luPH(s)dxdr,

1
— a(p+3p)* o= maxd 07 o 2 a(p+p)? i
for v> = max{l, 16(p—5) 5 and A>xgi=e™"7 maxq S0, wotme ) e o This

shows that
Bl + BZ(T) — 82(0) = Oé(p + ﬂ)’)’)\Bl — Bo,

where B, defined by (36), is the contribution from time-like surfaces, and 3,(0) and B,(7)
are the contributions from the initial and final surfaces, respectively. Finally, using the fact that
¢ is positive and bounded in {27, we have

1Py aull72 (0, + alp + B)YAB1 — By
> ClaB,7,6,p,01) (A [ Gl + 9uraxar+ 3 [ |u2dxdt) .
Qr Qr

This completes the proof of theorem 3.3.

4. Inverse problems

Many inverse problems can be reduced to recovering coefficients in (16). For instance, see [26]
and [35, chapter 3] for recovering the wave speed and [56] for the damping coefficient. For
our applications, we focus on the recovery of the damping Q1 (x) or potential Qp(x) coefficient
appearing in (16), as well as of the blood perfusion coefficient w(x) appearing in (8). Thereby,
it suffices to consider the function of the type

(1, x) = &Yo@ =Bl—0))

This gives o =2 in (33) and we are left with the freedom of choosing 1)y satisfying
Vo (x',x") > 2p|x’|?, V' € R and  |Vibo| > 26 >0 on Q. (40)
As we would like to study observability or controllability through partial boundary data, we
thereby define I' . := {y € 90 : 9, ¢0o(y) = 0}, T :={y € 90 : dppo(y) <0} and I':={y €
0 : 0,10 (y) # 0}. Moreover, r_ = infycq 1)y and ry = sup, 1o will be used in our next

theorem, which is an application of theorem 3.3. This is also an improved version of the main
result in [23].
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Theorem 4.1 (Dirichlet boundary condition (13), Q¢(x) known, Q;(x) unknown). Let F €
LY(0,T;L2(£2)), Qo € L™= (), ttamp € H'((0,T) x 9Q), 0o € H' () and ¢, € L*(Q) satisfying
the compatibility condition (20). Fori = 1,2, let ul) €V be the solution to (19) with the space-
dependent coefficient Q| = Qi') € L>°(Q). Choose a 1) that satisfies condition (40). Assume
also that the following conditions hold:

(i) |p1(x)| = c1 >0a.e x€.
(i) u') € H*(0, T; H*+2(Q)) N H*(0,T; H(Y)) for some k > 4.

1
Denote by ¢V := 0,uV| (o 1)xoq. Then, for T > Ty := (”EL ) * we have the following
stability estimate:
||Q§1) - Q52)||L2(Q) < C||¢]t(1) —qz(2)|\L2((o,T)xr+)7 41)
where C depends on 3, Qg, 1o, @o, w1 and the L*-norms of Qy, Qgi) and u® fori =1,2.

Remark 4.2. The lower bound Ty is (r — r_)% when taking the limit of 5 * 1. This is better
1

than the ones in [10, 23, 40], which are greater or equal to ri. The set of solutions at (ii) in
theorem 4.1 is included in the admissible set A, defined in equation (17).

Proof of theorem 4.1. Following the standard technique, we consider the difference of u(!)
and u® . Define U := u() —u®, f(x) = QEZ) (x) — Qsl) (x)and R = u,(z). By extending U, le)
and R from (0,7) to (—T,T), as in appendix C, one has

(U,, —AU+0VU, + QOU) (,x) = f)R(t,x), (t,x) € (~T,T) x Q,

U(t,x) =0, 9,U(t,x) = q(l)(t,x) —q® (t,x), (t,x) € (=T,T) x 092,
U(0,x) =0, U,(0,x) =0 x €,
Now, take a function x € C*°[—T,T] that satisfy

0, [t—=Tl<e or [t+T|<e,
(1) = (42)
1, |f|<T—2e,
where € is a small positive number. Then w := x U, satisfies
Wi — Aw+ 01w, + Qow = xR + X' (2Us + 01 U) + XU, in (-T,T) x
W:07 auW:CIt(l) _qt(2)7 in (_T7 T) XaQ7 (43)

w(0,x) =0, w,(0,x) =f(x)R(0,x), in{r=0} x Q.

Moreover, w vanishes in { |t + 7| < €} x €. In this proof, the letter C will be used to denote dif-
ferent constants. By setting P := 07 — A + le)(?, + Qol, u := e*®w and ¢(t,x) = & (Yo()—Br)
in the framework of theorem 3.3, one concludes that

2
CMullzp (—7.myx0y < 1€ SR+ BOGOD || 1y

+9A ¢ e*?|0,w[*0,1bodydt, (44)
(=T, T)xT"4

where B(x,U) :=x’ (2U,,+Q§])Ut) +x"'U, and C depends on (3, 1y and Q7, whilst A

depends on 1)y and the L*°({2)-norms of Qy and le). Note that assumption (ii) in theorem

15
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4.1 and proposition D.1 of appendix D imply that R and R, € L ((—T,T) x 2)). As the sup-
port of x" and x’/ is contained in | &+ T| < 2¢, we have, by the estimate (18),
Ao 2
e B(XvU)HLZ((fT,T)XQ)

<C esssup e (”thHiz((—T,T)XQ)+HfR”%Z((—T,T)xQ)+||fR(Ov')||iZ(Q)>

[t—T|<2e,xeQ

yr—(e) yr_(e)
< CeP ( esssup  |R|>+  esssup |Rt|2> 11720y < Ce 11720
(t.x)€(=T.T)xQ (t,x)E(=T,T)xQ

(45)

1
for T > (#) ’ + 2¢, where r_ (g) := r_ — ¢ for arbitrary small e. Here, the constant C

in (45) depends on T, ¥, le), R and R,. Using the stationary phase method [21, section 7.7],
we have

||€M)fRz

2 2
) < esssup RS,
L2((=T,T)xQ) () (1) % 4 H ||L2(( T,T)X2)

T
= esssup |R,|2/ (82)‘4’(0’)‘)/ eZA(¢(”x)¢(0’X))f|2dt) dx
Q -7

(1,x)E(—T,T)x2

T
< esssup  |RJ / (eW(va) / |f|20(x%)dt> dx. (46)
Q —-T

(tx)E(~=T,T) xQ

Using the inequalities (44)—(46), we obtain

_1 . o= (©)
MWl (< € (OO DI iy + €Ul )
+A / $e*?|0,w|*0,bodydr. (47)
(=T, T)xT' 4
Now consider
/u,Pudxz/u,Xerewdx—l— /\/utA(u)dx
Q Q Q
+ / u(Abg 4+ N*by )udx + / ue*B(x, U)dx, (48)
Q Q

where A is a first-order operator acting on u with L>°(X) coefficients by € L°°(X) and b, €
L*°(X). Integrating the left-hand-side of equation (48) from O to T and using the boundary
conditions in (43), we have

T 1 T T
/ / wPudxds = - / / 0, ((O)* + Vu - Vu + Qou?) dxdr + / / 0'V () dxdr
0 Q 0 Q 0 Q

— 1 Ao (0,x) 2 T W )
S (e ’ f(x)R(O,x)) dx+ 0 (O,
2 Ja s
This means
/ LAx) PR (0, x) 2200 d x
Q

2
< C (I lezq-rm7x0) + €2°BOC O s oy ey + Ml ()

16
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Applying estimates (45) and (47) to the above inequality, we conclude

e (©)

[ VPR P00 < (1> i rmyeay + > I o
A / ¢e2A¢|8VW\28V1/)0dydt>.
(=T, T)xT'4

Note that || fe*?|| 12((—T,7)x ) can be estimated by the same factor as in (46). This reduces the
estimate to

/ LA(x)P|R(0,x) 20X d x
Q

2\ yr_ (e)
<C(e ¢

A+ 6210, WP, bodydr).  (49)

(=T, T)xI" 1
As assumption (i) in theorem 4.1 says that |R(0,x)| = |¢1(x)| = ¢; > 0, we have
)PP 00dr < € [ PRV
Q Q
Together with estimate (49) this yields

A2 < /g )P ar< /S DPIR(O,)|e*0Vdx

yr—(e)
< (A YAl + A / ] 6¢210, w0, todydr).  (50)

(=T, T)xT'¢
Since r_ > r_(e), we can choose A sufficiently large to absorb the first term in the right-hand
side of (50). Finally, we let £ \, 0, which completes the proof. O

Theorem 4.3 (Dirichlet boundary condition (13), Q1 (x) known, Qy(x) unknown). Let F €
LY(0,T;L2()), 01 € L*=(Q), o € H'(Q), 1 € L*(Q) and ugmy € H' ((0,T) x 0Q) satisfying
the compatibility condition (20). For i = 1,2, let u) €V be the solution to (19) with space-
dependent coefficient Qy = Q(()') € L> (). Choose a vy that satisfies condition (40). Assume
also that the following conditions hold:

(i) |o(x)| = co>0a.e x €.
(i) u') € H*(0,T; H*2(Q)) N H' (0, T; H(2)) for some k > 4.

1

Denote by ¢ := 0,uV| (o 1)xo0. Then, for T > Ty := (%) * we have the following

stability estimate:
1 2 1 2
||Q(() ) Q<() )||L2(Q) < C||6]z( g )|\L2((0,T)xr+)7 (51)
where C depends on 3, Qr, 1y, po, 1 and the L*°-norms of Qo, QY) and u® fori=1,2.

Proof. We will use the same strategy as that employed in proving theorem 4.1. Let U := u(!) —
u®, flx) = (()2)()6) — él)(x) and R = u®. As before, one has

<Ut, ~ AU+ QU+ 0V U) (1,x) = fOOR(1,x), (t,x) € (—T,T) x L,

U(tx) =0, d,U(t,x) =qV(t,x) —qP(t,x)  (6,x) € (—T.T) x 99, (52)
U(0,x) =0, U,(0,x) =0. xeq,
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Again, let x be the same as in equation (42) and then, w = x U; satisfies

Wi — Aw + Q1w + Q(()l)w =XfR:+ X/(ZU,, + 0 Ur) + X//Ut in (_Ta T) x Q,
w=0, d,w= q,(l) - q,(z) on (—7,T) x 09,
w(0,x) =0, w,(0,x)=f(x)R(0,x), in {r=0} x Q.

Now, set P := 9> — A+ 0,0, + Qél)l, u=e wand ¢(t,x) = ¢/ (¥0()—=B7) Then, theorem 3.3
gives

2
C)\”e)\(bWH?-[lA((_T’T)XQ) < ||€)‘¢ (R + X Uy + 01U) +X"Uy) ||L2((—T,T)><Q)

T / 610, w8, dodyd,
(7T,T) X F+

where C depends on 3, ¢y and Q7, whilst A depends on vy and L>°-norms of Q; and Q(()l). Now,
assumption (ii) in theorem 4.3 and proposition D.1 of appendix D give R, R, € L>=((—T,T) x
Q)), which implies the estimate (47). As assumption (i) in theorem 4.3 means that |R(0,x)| =
|po(x)| = co > 0, we thereby have the estimate (49). This completes the proof via the same
method shown in the proof of theorem 4.1. O

The same method gives the following theorem for the physical problem given by
equations (8), (9) and (13).

Theorem 4.4 (Dirichlet boundary condition (13), Qy(x) and Qi (x) = aQ(x) + b unknown).
Let F € LY (0,T;L2(2), ttamy € H'((0,T) x 99), wo € H' () and ¢ € L*(QY) satisfying the
compatibility condition (20). Let a and b € R be given numbers. Fori = 1,2, letu) € V be the
solution to (19) with space-dependent coefficients Qo = Q(()l) € L>*(Q) and Qil) = aQ(()l) +b.
Choose a 1)y that satisfies condition (40). Assume also that the following conditions hold:

(i) lap1(x) + @o(x)] = co1 >0 a.e. x € Q.

(ii) u') € H3(0, T; H*+2()) N H(0, T; H(2)) for some k > 4.

1
Denote by ¢\ := 8yu(i)|(0’T)XQQ. Then, for T> Ty:= (”gr’)z, the stability estim-
ate (41) holds.

Proof. The main difference to the proof of theorem 4.3 is that now we have R = aut(z) +u®,

Therefore, we require |[R(0,x)| = |ap1(x) + po(x)| = co1 > 0a.e.x € Q,asassumedin (i). O

For the Robin boundary condition (14), a control estimate based on the Carleman inequal-
ity (35) is given by the following theorem.

Theorem 4.5 (Robin boundary condition (14), Qo(x) and Q:(x) = aQo(x) + b unknown).
Let F € L*(07), po € H'(Q), 1 € L*(Q) and h € L>=(09). Let a and b € R be given numbers.
Fori = 1,2, letul) € Ay, be the solution to (16) with space-dependent coefficients Qo = Q((,i) S
L>(Q) and QY) = aQ(()i) + b. Choose a v that satisfies condition (40). Assume also that the
following conditions hold:

(i) lap1(x) + @o(x)] = co1 >0 ae. x € Q.

(ii) ul) € H*(0, T; H*+2()) N H?(0, T; H*(2)) for some k > 4.

1
Denote by p®) =y |(0.1)xo0- Then, for T > Ty := (%) 2, we have the following sta-
bility estimate:
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HQ(()I) - Q(()z) 2y <C (”Pz(l) _pt(Z)HLZ(O,T;H'(F)) + ”pt(tl) —py ||L2((O,T)><F)) , (53)

where C depends on 3, Qr, 1, po, ©1 and the L*°-norms of h, Q(()i) and u® fori=1,2.

Remark 4.6. For the zero-Neumann adiabatic boundary condition (12) instead of (14), the
same stability estimate (53) holds.

For higher regularity data, we have the following proposition related to theorems 2.3
and 4.5.

Proposition 4.7. Let N> m > g + 1, and a and b € R be given numbers. Assume that h €
L>®(092), o € H"™ 1 (Q) and o1 € H™(Q) satisfy condition (i) of theorem 4.5, and OFF €
L2(0,T;H™*(Q)) for k=0,...,m. Moreover, assume that the regularity conditions (21) are
satisfied. Then, for i = 1,2, the solutions, denoted by u') € A, which, in addition, satis-
fies the regularity 9*u') € L= (0, T;H"'=X(Q)) for k=0,....,m+ 1, to (16) with the space-
dependent coefficients Qg = Q(()l) € L>®(Q) and QY) = aQ(()l) + b, satisfy the estimates (22)
and (53).

Proof of theorem 4.5. As the proof is similar to the one of theorems 4.1 and 4.3, we will
only highlight the main differences. Let U := u() —u®, f(x) = 0§ (x) — 0" (x) and R =
au,(z) +u®, so that the form of (52) changes to

(U,, AU+ 0VU, + Q0U> (1,x) = f)R(1,), (1,%) € (~T,T) x 2,
8, U(t,x) + h(x)U(t,x) = 0, U(t,x) =pW(t,x) —p@ (t,x), (t,x) € (~T,T) x 09,
U(0,x) =0, U,(0,x)=0 xeq,

and the Carleman estimate (35) for e*®w becomes

C>\H6A¢W||%1;((4,T)xm

2
<l o (a0 )
L2((~T,T)x )

LA / 6 (WP G(h, 8)dyds + 7\ / 6 w20, odydt
(=T,T)x 90 (=T,T)x 92

— A / ¢ |0rw|* 0, Yodydt, (54)
(=T, T)x 90

where |Orw|? is the tangential part of |[Vw|? and G(h, ¢) is some smooth function of / and ¢.
Note that, the boundary control in (54) is over the whole boundary 02, whilst for the Dirichlet
boundary condition (13) the control in (44) is over the portion I';. of the boundary 0f2. Since

2y 6 wG( o)+ [ 62 |w, 0, odyds
(=T,T)x0Q (=T, T)x 0%

- ’Y)\/ ¢62A¢|8TW|26u¢0dydt <C <||W||zz(—T,T;H1(F)) + ||Wt||12‘2(7T,T;L2(F))) )
(=T,T)x 902
the right-hand-side of the above inequality shall be the replacement for the boundary term
in (47). The rest is the same as in the proof of theorem 4.1. ]

It is not hard to see that the initial data at # = 0 in (43) is key to obtain the stability control of
Qo or Q. This inspires us to study, for example, v = x U, or higher-order time derivatives of
U, which, in principle, will give us some estimates of Oy and Q;. However, in contrast to (43),

19



Inverse Problems 39 (2023) 065008 Y-L Fang et al

Py fails to be in L?((—T, T) x ) (see appendix C). Therefore, the Carleman estimate (35) will
no longer be useful. As shown in appendix C, the obstruction is exactly caused by extensions
of U, Qo, O and R from (0,7) to (—T,T). However, if we would like to obtain a control of
both Qp and Q; at an intermediate time, say ¢ = T/2 as in [47], then we do not need to worry
about singularities caused by extensions. Alternatively, one could use the method mentioned
in remark 3.5 to avoid the symmetric extension.

Remark 4.8. Although not detailed herein, it is worth remarking that by employing the micro-
local analysis of Lasiecka and Triggiani [39] to study the property of the operator P (defined
by (31)) around the boundary in the Robin boundary condition setting, one can improve the
stability estimate (53) to read as

1057 = 0 iz < € (I = PP lizqo.myery + I8 = PP o mxry ) s (59)

where the first term || p,(l) — pt(z) | 12((0,7);5" (1)) in the right-hand side of (53) has been replaced
by the sharper term ||p,(1) —pl(z) l22¢(0,1) <) in (55).

Section 4 was devoted to establish the uniqueness and several conditional stability estimates
for the inverse coefficient problems. However, the stability results expressed by the inequalit-
ies (41), (51), (53) and (55) involve the time derivatives of the measured boundary data, which,
when polluted by noise, give rise in itself to an ill-posed problem of numerical differentiation
that needs to be regularized. As such, the next section presents a variational formulation of
the inverse problem (8), (9), (11) and (14), which enables an iterative regularizing numerical
development based on the CGM.

5. Variational formulation

In order to solve the inverse problem (8), (9), (11) and (14) for the reconstruction of the
unknown dimensionless blood perfusion coefficient w(x) along with the dimensionless tem-
perature u(x, ), we minimize the nonlinear least-squares objective functional J : L?(2) — R
defined by

1 2
J(w) := 5H”('a‘;W)_9||L2((o,r)xro)» (56)
where u(-,-;w) denotes the solution of the direct problem (8), (9) and (14) for a given w €
L?(€2). In the next theorem, we prove that the objective functional (56) is Fréchet differentiable
and derive an expression for its gradient.

Theorem 5.1. The objective functional J defined in (56) is Fréchet differentiable and its gradi-
ent is given by

J'(w) = —/0 (u(t,x) +u,(t,x)) v(t,x)dt, (57)

where v(x,t) is the solution of the following adjoint problem:

Vir(£,) — (1 +w(x))ve(t,x) = Av(t,x) —w(x)v(t,x)
+ Jr, (u(t,y) = 0(1,9))3(x = y)dy,  (,x) € (0,T) x ,
v(T,x) =v(T,x) =0, x€Q,

Ouv(t,x) = h(x)v(t,x), (t,x) € (0,T) x 99,

(58)
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where § is the Dirac delta function, which in numerical computation is approximated by

1 x—y?
=)~ e (<)

where o is a small positive constant, typically 1073

Proof. Taking a small variation w € L*({2) of w, we have

1
J(w+dw) — / /F u(t,y;w) — 6(t,y))du(t, y;w)dydt + §H5“||iz((o,r)xro)7 (59)
0

where du is the solution of the sensitivity problem:

(8u) s+ (1 +w(x)) (u); = A(du) — w(x)du — (u+u)dw(x), (t,x) € (0,T) x £,
du(0,x) = (du);(0,x) =0, x€Q, (60)
0, (8u)(t,x) = h(x)du(t,x), (t,x) € (0,T) x ON.

For the sensitivity problem (60), we wish to establish that
||5“Hi2((o,r)xr0) =0 (||6WHL2(Q)) ;o as [[ow] 2y — 0. (61)
For this, we start with
[[0ullr2((0,7yx10) < ClIBul[ 1o (0,1:12(80)) < ClIdull oo (0,732 (902)) < CllBU| 0 (0,711 (02))- (62)
By applying theorem 2.1 to du satisfying the problem (60), we obtain
[[0ullzoe (0,731 (22)) < Cll(t +ur)dw|| 12 (2, (63)
Now, from corollary 2.4 and Sobolev’s inequality, we have that

HM||L°°(QT) + HMtHLoo(Qr) < C(||”||Loo(o,r;ym+l(9)) + ||Mz||L°°(0,T;Hm(Q)))

m
c (Z 10 F |l 20,754 (2)) + |0 (Q)) : (64)

k=0
for any m > max{ g, 1}. Finally, combining equations (62)—(64), we conclude that
l16ul 12 ((0,7) xT0) < ClIOW||12(02) (65)

where the positive constant C depends on the norms of ¢ and F, as in equation (24), and of
the L>°(92)-norm of w. Then, the inequality (65) implies the required statement (61).

Now, multiplying the PDE in (58) by du(x,7) and integrating over the solution domain
(0,T) x €, using the terminal and boundary conditions in (58) and also using (60), yield

//' u(t,yiw rwmw%,W@:—Afwm4<wmwwmmwmwmm<®>

From (59), (61) and (66) we obtain that J is Fréchet differentiable, and its gradient at w is given
by (57).
O

In the following subsection, the CGM is described for the minimization of the objective
functional (56).
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5.1 lIterative procedure

The CGM employed to minimize the objective functional J for the reconstruction of the space-
dependent perfusion coefficient w(x) is based on the recursive relation:

W' (x) = w'(x) — R (x), n=0,1,2,..., (67)
where the direction of descent R, is given by
_ =J'(wh), forn=0,
R (x) = { —J' (W) + BuRp_y, forn=102,..., (68)
the Fletcher—Reeves conjugate coefficient 3, is given by
17/ (w17
50:07 HZ#IU;Q)7 I’l:l,27...7 (69)
770 sy
and the search step size (,, is computed as the minimizer
= in J(w" —CR,), =0,1,.... 70
Cargrggg(WC)n (70)

To evaluate ¢, from (70), we have

n 1 n 2
S = CR) = 7 = CR) = Ol

We set dw" = R, and linearize u(x,#;w" — (R,) by a first-order Taylor series expression to
obtain

15)
u(‘v'iwn - CRn) ~ u(‘a'iwn) - CRnT;,('v‘;Wn) ~ u('v';wn) - Céu('v';wn)»

where du(x,#;w") is obtained by solving the sensitivity problem (60) with $w" = R,,. Then,
differentiating J(w" — (R,,) with respect to ¢ and making it vanish yield

B ‘fro Joy G,y w") = 0(t,))Su(t, y; w")drdy

(71)
2
[18u(-, 3w | 220,17 x 1)

n

5.2. Stopping criterion

For ensuring stability, we need to stop the iterations according to the discrepancy principle at
the first iteration n, for which

Jw™) <, (72)
where € is a small positive value, e.g. € = 1073, for exact data or

N S

€= 5”‘9 - 9”%,2((0,T)><F0)

for noisy data 6°.

5.3. Algorithm

The CGM proceeds as described in the following steps:

(1) Set n =0 and select an initial guess w° € L*(Q).
(2) Solve the direct problem given by (8), (9) and (14) to obtain u(-,-;w") and compute J(w")
from equation (56).

22



Inverse Problems 39 (2023) 065008 Y-L Fang et al

(3) Stop if the criterion (72) is satisfied. Else go to step 4.

(4) Solve the adjoint problem given by (58) to find v(-,-;w"). Compute the gradient J'(w")
from equation (57), the conjugate coefficient 5" from equation (69), and the direction of
descent R,, from equation (68).

(5) Solve the sensitivity problem given by (60) to obtain du(-,-;w") by taking dw" = R, and
compute the search step size (,, from equation (71).

(6) Update w" from equation (67), set n = n+ 1 and go to step 2.

The dimensional temperature u(t,x) and space-dependent perfusion coefficient w;,(x) can
be obtained, via (7), after u(t,x) and w(x) have been reconstructed.

In the next section, the proposed inversion algorithm’s convergence, accuracy and stability
are illustrated and discussed on a physical example.

6. Numerical results and discussion

We consider a physical example concerning the recovery of the blood perfusion rate w;,(x)
of a one-dimensional, one-layered biological skin tissue {2 = (0,L), which undergoes a laser
irradiation of the form, [13],

Q(x) = ulpe ™™, x€[0,L],

where p =700 m~! is the extinction coefficient of the tissue, Iy = 500 W m~2 denotes the
intensity of the laser and, for simplicity, the heat generation due to metabolism has been
neglected.

The initial and adiabatic boundary conditions, i.e. h = 0, taken from [2, 20], respectively,
are

u(0,x) = ®p(x) =37°C, u(0,x)=0, xe€]0,L],
and
—u,(t,0) = ux(t,L) =0, te][0,T].

The properties of the tissue are taken as: x =0.4 W (m °0)~ !, Cissue = 325 x 10*
J(m?°C)~" and L = 0.003 m, [19]. The properties of the blood are taken as: C, = 399 x 10*
J(m3 °O)~!, wy(x) =0.04 s~! and u, = 37°C, [4]. We also take 7 =20 s from [50] and
T =100s.

The above dimensional quantities transform, via (7), into the following dimensionless input
data:

Ctissue

L=L =1.9121, T=5, w(x) = 0.9822,

KT
u(0,x) = po(x) =0, u;(0,x) =0, h =0, F(t,x) = 0.0582¢ 0%, (73)

We wish to recover the dimensionless solution w(x) and u(t,x), allowing us to obtain,
via (7), the dimensional blood perfusion rate wy,(x) and the tissue temperature u(t,x).

The direct, adjoint and sensitivity problems present in the CGM described in section 5.1 are
solved using the Crank-Nicolson finite-difference method (FDM) [14] in one-dimension (d =
1) with a uniform mesh size L/M and time step 7/N. The two-point first-order backward finite
difference formula is used to approximate the time-derivative u,(¢,x) in (57). The trapezoidal
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rule is used for discretizing all the integrals present. The accuracy error, as a function of the
number of iterations 7, is defined as

E0) = W = wil s (74)

where w" stands for the numerical result obtained by the CGM at the iteration number n and
w denotes the true dimensionless blood perfusion coefficient (if available).

In the absence of an analytical solution for u(#,x) being available, we generate the input
measured data 6 in (11) numerically by solving first the direct problem given by

Uy + (1 +w(x))uy = upe —wx)u+ F(t,x), (t,x) € (0,7) x (0,L),
u(0,x) = u,(0,x) =0, x€(0,L),
—uy(1,0) = u,(t,L) =0, 1€ (0,7),

using the FDM, with the input data (73) and the true coefficient w(x) = 0.9822 assumed
known. We then consider only half of the boundary data for each u(z,0) = 6(¢,0) and u(t,L) =
0(t,L) obtained from solving the direct problem with M = N = 200 as our input data € in (11),
and solve the inverse problem with a coarser mesh of M = N = 100 in order to avoid com-
mitting an inverse crime. The data 6 is further perturbed by additive random noise, which is
numerically simulated as 0 = 6 + ep||0]| .o ((0,r)xT,)» Where p represents the percentage of
noise and ¢ are random variables generated from a Gaussian normal distribution with mean 0
and variance 1.

We run the CGM, based on minimizing the least-squares functional (56) with {2 = (0,L)
and I'g = 992 = {0, L} (full boundary temperature measurements) or {0} =I'y C 92 (partial
boundary temperature measurements) from the initial guess w’(x) = 0.5, which is reasonably
far from the true solution w(x) = 0.9822. Of course, since the inverse problem under con-
sideration is non-linear, the least-squares objective functional (56) is non-convex and a good
initial guess is required; otherwise the iterative minimization algorithm can get stuck in a local
minimum. Alternatively, one may employ the globally convexification method for coefficient
inverse problems originated in [32], further stated in [35, chapters 5-11] and [36, formula
(4.1)], and its second generation developed in [8, 9]. This method does not sufer from the
phenomenon of local minima and works for both the case of vanishing initial conditions [35,
chapters 7, 8, 10, 11], which are not in the framework of the Bukhgeim-Klibanov method, as
well as for the cases that are in that framework, i.e. non-vanishing initial conditions, such as
the one of this paper, [35, chapter 9], [8, 9, 36].

Figures 1(a) and 2(a) depict the monotonic decreasing convergence of the objective func-
tional that is minimized for full Dirichlet data measured over the whole boundary 'y = 92 =
{0,L} and for partial data measured over the portion I'g = {0}, respectively, as a function
of the number of iterations n, for p € {0,1,3}% noise. For exact data, i.e. p = 0, the object-
ive functionals in figures 1(a) and 2(a) rapidly attain very low values of 1.3 x 10~!! and
6.9 x 107!, respectively, in 20 iterations. For noisy data p € {1,3}%, the stopping itera-
tion numbers n* € {8,7} and n* € {7,4} are generated according to the discrepancy prin-
ciple (72) for 'y = {0,L} and T’y = {0}, respectively. Figures 1(b) and 2(b) depict the accur-
acy error (74), as a function of the number of iterations #, and the optimal iteration numbers
Nopt € {8,6} and nop € {7,5} for I'g = {0,L} and I'g = {0}, respectively, can be inferred. It
can be also observed that, the stopping iteration numbers n* generated according to the dis-
crepancy principle (72) are the same as the optimal ones nqp for p = 1%, while there is only
one iteration difference between n* and nqp for p = 3%. Of course, in practice only the values
of n* can be obtained by the discrepancy principle (72).
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Figure 1. (a) The objective functional (56), (b) the accuracy error (74), and (c) the exact
and numerical perfusion coefficient wy,(x) for p € {0,1%,3%} noise, in case of inverting
the temperature data (11) over the whole boundary, i.e. T'o = 92 = {0,L}.

The corresponding numerical solutions for the dimensional space-dependent perfusion

function wj(x) obtained via (7) are presented in figures 1(c) and 2(c) for I'y = {0,L} and
Ty = {0}, respectively. First, it can be seen that in the case of noiseless data, the numerical
solutions for the perfusion coefficient w;,(x) are very and reasonably accurate for I'y = {0,L}
and T'g = {0}, respectively. Second, in the case of noisy data, the numerical solutions are
reasonably stable and become more accurate, as the percentage of noise p decreases from
3% to 1% and then to zero. The accuracy errors E(w"+) € {0.006,0.058,0.095} for p €
{0,1%,3%} noise, obtained from figure 1(b), are smaller than E(w"*) € {0.033,0.10,0.11}
for p € {0,1%,3%} noise, obtained from figure 2(b), indicating that, as expected, the numer-
ical solution for the case of full boundary data 'y = {0,L} being inverted is more accurate
than the numerical solution obtained by inverting limited partial data over I'y = {0} only.
In closing, we mention that although this section has illustrated the performance of the CGM
only for a physical one-dimensional biological skin tissue, the CGM can also be numeric-
ally implemented in higher dimensions, as described recently in [3] for related inverse source
problem in the thermal-wave model of bio-heat transfer.
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Figure 2. (a) The objective functional (56), (b) the accuracy error (74), and (c) the exact
and numerical perfusion coefficient wy,(x) for p € {0,1%,3%} noise, in case of invert-
ing the partial temperature data (11) over a portion of the boundary I’y = {0}.

7. Conclusions

The inverse coefficient problem of recovering the unknown space-dependent blood perfusion
coefficient in the hyperbolic thermal-wave model of bio-heat transfer from boundary temperat-
ure measurements has been investigated. Uniqueness and conditional Lipschitz stability have
been established using the technique of Carleman estimates. These have been found valid over
a time interval (0,7) with 7 > (%)‘/2 that, for 3 € (1 — 7=, 1), is shorter than the usual

T> rL/z previously reported in the literature [23, 40]. Further, the problem has been refor-
mulated as a nonlinear least-squares minimization problem and has been numerically solved
using the CGM combined with the discrepancy principle for achieving stability. Numerical
results associated with a physical example have been presented and discussed. Accurate and
stable solutions have been obtained for both exact and random noisy data using the proposed
iterative CGM.

Further work associated with the thermal-wave model of bio-heat transfer is possible,
e.g. determining the shape, size and location of tumours within biological tissues using non-
intrusive boundary observations.
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Appendix A. Proof of theorem 2.1

In this appendix, we modify the method given in [45] and [17, chapter 7] for proving theorem
2.1.

Proof of theorem 2.1. The proof of existence is similar to the construction of weak solutions
via Galerkin’s method in [17, chapter 7] or, in a more abstract setting, in [45]. Below we give
a sketch of the proof. As we will focus on the case when d = 2 or 3, by Sobolev embeddings,
we have

(—A+iD) " L2(Q) = HA(Q) N H' (1) — €4 (Q) — L=(9),

which is a compact operator. As Qp € L*°(2) can be thought as a bounded operator from
L>°(2) to L*(Q), it follows that Qg(—A + il)~! is a compact operator and hence —A + Qy is
essentially self-adjoint and has a discrete spectrum. This way of establishing spectral properties
of self-adjoint operators uses the idea of relative compactness, which can be founded in [15,
chapter 4] or [29, section 1, chapter 4]. The idea of using compact embeddings to establish
relative compactness of Qp can be found in [11]. Therefore, we can choose an orthogonal
basis, denoted by {w}2,, of H'(Q;h) and L?(2). For instance, we can choose {w;}¢2, to
be the eigenfunctions of —A + Qy subject to the Robin boundary condition in (16). Standard
Galerkin’s method gives that for a given K € N*, the function uk(t,x) := ZkK:] d% (f)wi(x) isan
approximation solution to u(,x) that yields a weak solution to (16), where d% is determined by
satisfying ((uk )y, wi) + Blug, wi; 1] = (F,wi) fork = 1,.. ., K. The stability estimate (18) of ugx
can be established via energy estimates [17, chapter 7]. The energy function of u,, associated
with (16) is given by

Ex(r) = / ((ux)? +ug + [Vug|?) dx. (75)
Q

It is clear that Ex(r) is differentiable in 7, as the elliptic regularity theorem warrants the smooth-
ness of wy for k= 1,..., K. Differentiating (75) yields

1E;<(t) = ((ux)u, (uk)) o + ((ux)r, uk) o + (Vuk, V(ug)) o

2
((uk)ruxyo + (F, (uk))o — (Qouk, (uk))o — (Q1 (uk)s, (uk)r)o — (hug, (ug)r) oq-
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Then, by the Cauchy-Schwarz and Sobolev trace inequalities, we have

el = E0) + [ Ey(os < 4 (B0 + [ 1R 0s) +: [ Bty

By Gronwall’s inequality, we obtain

Ee() < ) (B0 + [ 1F ). 76)

where C(f) = C(1 + Cyte®). Inequality (76) gives the stability estimate (18) for ug. Now,
Banach-Alaoglu theorem gives the existence of a weak solution to (16) defined by u :=

Klim ug,. This proves the existence of a weak solution. The uniqueness of u follows similarly,
1—> 00
whilst the estimate (18) results immediately by taking the limit K; — oo in (76). This also

implies the continuous dependence on the data F € L*(Qr), o € H'(Q) and p; € L*(Q). O

Appendix B. A class of pseudo-convex phase function

In this appendix, we will show that the class of functions ¢(z,x) = e?(¥0()=F%1()) is strongly
pseudo-convex with respect to the wave operator P =[], = %83 — A when v and g satisfy
condition (78). The principal symbol of [, is given by p(t,x;’,x") = — "> 4+ [x’|*. Then
the action of Hamiltonian vector field H,, on ¢ is given by

Hys = {pas6} = 26 (”fr'w; n vg(x/,Vwo)> ,

C

'Yﬂtlz " B
C4

2
H;2¢ = {sz{P27¢}} = ¢ l4 1 +4’YV21/10(X/7X/) +4 (Czt/ﬂ}{ +7g(xlvvw0)> ] .

The strongly pseudo-convex condition in definition 3.2 on ¢/ C X is equivalent to ¢ satisfying
the following two conditions on /:

d¢ #0, a7
p2=Hpno=0 = Vi x')>7pBalx’, vx' eR’

Note that in the special case when v; (¢) = |t — o|?, our class of functions reduces to the one
in [10]. In this special case, i.e. ¢(t,x) = &7 (Vo) =8 =0l the strongly pseudo-convex condi-
tion (77) on U reduces to

t#ty or Vi #0,
{p2 =H,¢p=0 = yV(x',x")>298x")?, Vx’ € R 78
If V2o (x’,x") > 2p|x’|* for all x’ € R? on U, then the conditions
Vipg#0 and c*yp>~3 on U

will be sufficient for ¢ to be strongly pseudo-convex on U, which is exactly the assumption
(A.1) in [10, chapter 4] when ¢ =« = 1. For the time-space Minkowski manifold, one can

further choose 1(x) = |x — xo|2, hence ¢(t,x) = Y (x=x’=B(—1)") a5 in (32), and then
x0¢U and c*y>~y8 on U

will be sufficient to achieve the simplified strongly pseudo-convex second condition in (78).
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Appendix C. Symmetric extensions

In this appendix, we study some properties of extensions from (0,7) x 2 to (=T, T) x  of
solutions to

= (O A+ 010, +Q)U=F in(0,T)xQ,
O, U+h(x)U=0 in (0,7) x 09,
U=0, U,;=0 in{r=0} xQ.
Denote the extensions of U and F by U and F, respectively. We want U to be as regular as

possible when P acts on it, therefore it is natural to consider an even-time extension of U. That
is,

. U(t,-)  fort>0,
U(t,) = Ueyen(t, ") :=
(&) (t) {U(—t,-) for t < 0.

Similarly, we have odd extensions of functions in the time variable. This implies 8"U 1s even
(odd) in time if k is even (odd) For instance, U, (Ut)odd To match the even parity of F, we
need to have Qy = (Q0)evens 0, = (Q1)oaa and hence P = 9, — A + 016, + Qol. That s,

130 = (R ~A+010,+0)U=F in(~T,T)xQ,
A, U+h(x)U=0 on (—T,T) x 99,
=0, U,=0 in {r=0} x Q.
Since the principal symbol of P is unchanged, P meets the criteria of pseudo- convexity in defin-
ition 3.2. In other words, we are safe to apply the Carleman estimate to both P and U. Thanks
to the vanishing property of U at ¢ = 0, the action of P on w := U, is still in L*>((—T,T) x Q).

However, if we denote v := Uy, then Pp has a delta singularity at # = 0, regardless of the odd
or even extensions of U.

Appendix D.

In this appendix, we prove the following proposition that is needed in the proof of theorem
4.1. From [17, chapter 5], one has

Proposition D.1. Let m.k.ki,k, €N, 1 < py,p> < 0o and —1 < s < 1. Define

wkip (07T; wkep (Q)) = {u S 'D’(QT) with H Ha,kthsz‘,,z(Q)

' < oo fork < ky }
1(0,7)

and
Nems(Qr) 1= {u € D'(Q) with 0 w € (0, T; H"*1+2(0))
and O t'u € L2(0, T;H™ "~ (Q)) for k' < k}.
Then we have
Agoms(Qr) C WE(0,T; WmT12(Q)).

Proof. We first show the case k=0 and m = 0, i.e. that Ag o (Qr) C WO°(0,T; W12(Q)).
For u € D'(Qr), we have
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/ Au-udx
Q

C
<5 (I18ulfy + lulE-(e ) < € (Jul

where we have used the fact that the Laplace operator satisfies the strengthened transmission
condition with respect to £ and it is continuous from H**2(Q) to H* () for s > —7 (see [16,
theorem 9]), [ (vi,va2)| < [[villas () [v2lla—+ (o) for any vi € H*(2), v2 € H™*(£2), and Hy(2) =
H(Q) for —% <s< % (see [48, theorem 3.40]). Therefore, we have

d
V) o) <C < Cl| At e 2 1+

:2‘/ Vu-Vudx
Q

12++2(Q) + HutH%{ﬂ(QO ;

[l wo.o= (0, rw1.2(2)) = esssup [|u(t,-) || ()
0T

Xfx

< C(H””LZ(O,T;HJ“(Q)) + H”t”LZ(O,T;H*S(Q))) = CHMHAO,O,J(QT)?

where we have identified W2 (€2) with H*((2) for k > 0 and Lipschitz domains 2. This proves
the statement of the proposition for k =0 and m = 0. For other values of k and m, we only
need to substitute v := 9*D%u with |a| < m and apply the same estimate to v. O
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