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Abstract

We present an algorithm to predict the linear relaxation spectra for linear polymers of fully general and arbitrary polydispersity. As is
common in the tube theory descriptions of linear polymers, we assume that the stress relaxation is affected by both the constraint release and
tube escape modes, but unlike most existing descriptions we consider how these two modes of relaxation affect each other. We argue that the
proper description for relaxation in an arbitrary blend of linear polymers requires consideration of multiple embedded tubes affecting the dif-
ferent relaxation pathways; we propose a novel but minimal description involving five embedded tubes. Building on prior work for binary
blends, we derive the scaling level descriptions of the relaxation pathways. We use a large number of existing experimental results on
the stress and dielectric relaxations to validate our model, ensuring we explore a very broad range of parameter space. © 2023 Author(s).
All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1122/8.0000605

I. INTRODUCTION

The tube model of de Gennes [1] and Doi and Edwards
[2] reduces the complex many-body problem of the relaxa-
tion dynamics of polymer melts and concentrated solutions
to the relaxation of a test chain in an effective tube-like con-
fining potential [3–5]. Though the tube potential in a melt is
due to the chains that relax at the same time scale as the test
chain, models that assume a fixed tube diameter yield good
agreement with experimental results for the linear viscoelas-
tic responses of monodisperse polymers when contour length
fluctuations (CLFs) [6,7] are accounted for.

Since the tube potential in a melt is due to chains that
themselves are mobile, the obstacles responsible for the
entanglement constraints have a finite lifetime and this leads
to constraint release (CR) [8]. Even for monodisperse poly-
mers, CR plays an important role in describing the relaxation
process quantitatively. For example, the tube model without
CR cannot describe the separation of the dielectric and orien-
tational relaxation time scales for type-A polymers. For
monodisperse polymers, satisfactory models based on tube
theories that include CR are available, with the model due to
Likhtman and McLeish [9] often considered the
state-of-the-art.

The effect of CR for polydisperse melts is more pro-
nounced than in the monodisperse case: the original tube
model predicts a linear mixing rule [2] for the relaxation
function in direct contradiction to experimental findings.
Considering entanglements as binary events, Tuminello [10],
Tsenoglou [11], and des Cloizeaux [12] incorporated CR in a

simple way in the “double reptation” model to describe poly-
disperse polymers. The double reptation model and its exten-
sions give a useful tool to describe stress relaxation in
polydisperse melt with smooth molar mass distribution, but
fails for blends of sufficiently different molar mass species.
In particular, it assumes that the relaxation function of a
given chain length in a polydisperse melt is unchanged from
the relaxation function for the same chain length in a mono-
disperse melt. This assumption is contradicted by experi-
ments, especially on bidisperse melts where long-chain
relaxation is often accelerated upon dilution with short chains
[5,13–19].

An alternative approach to the problem is to eschew calcu-
lations based on the tube model entirely and to resort to sim-
ulations. One such method is the family of slip-link based
methods: single chain models such as the discrete slip-link
model of Schieber and co-workers [20] and the slip-spring
model of Likhtman [21]; or multichain methods such as the
NAPLES code [22] or multichain slip-spring models [23].
Although there are differences in detail, these models all
include the fundamental processes of reptation, CLF, and
CR. Further, once it has been set up and parameterized to
function with monodisperse polymers, there is essentially no
change in the simulation algorithm required to address poly-
disperse melts: their relaxation is predicted without further
parameter adjustment. Hence, slip-link based models are
becoming an efficient and practical method for prediction of
rheology of polydisperse linear polymer melts.

It may be tempting, in the light of the success of slip-link
models, to claim “job done” and to give the problem no
further thought. However, even if a computational model
gives perfect predictions, the task remains to describe and
quantify the nature of the polymer motion that gives rise to
the successful results: how do the processes of CR, CLF, and
reptation interact to give the chain dynamics in polydisperse
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melts? As well as being of academic interest, developing this
insight provides routes toward yet more efficient calculations,
and for improving on algorithms such as the Hierarchical
[24], BoB [25], and Time-Marching [26] models for
branched polymer relaxation.

A starting point for investigation of chain dynamics of
polydisperse melts has been to study the idealized case of a
bidisperse melt. Early theoretical work by Doi et al. [27] and
Viovy et al. [28] was based on two competing pictures: Doi
et al. used a version of the tube dilution model in which long
chains were considered to reptate unhindered along tubes
diluted by CR from shorter chains; Viovy et al. insisted that
motion along the diluted tube could only occur at a rate dic-
tated by the frequency of CR events. Both pictures influenced
subsequent work, for example, Park and Larson [17,29] fol-
lowed the tube dilution picture. More recent work by van
Ruymbeke et al. [19] and Read et al. [13,14,30,31] followed
more closely the Viovy et al. picture (insisting that motion
along the diluted tube is at the “rhythm of the release/forma-
tion of the short-long entanglements” [19]) but also adding
in effects of CLF. Read et al. [14,31] also grounded their
tube-based theory by comparison to slip-spring simulations.

The model we present below makes extensive use of the
results derived in Read et al. [13,14,31], generalizing these
to include the multiple constraint release (CR) times for fully
polydisperse systems. Our approach has been to use this pre-
vious work to dictate the overall form of the theoretical
model we develop, but also to recognize that most tube-based
theory assumes scaling forms that apply best when deep
within one dynamical regime or another (e.g., where chains
are well entangled, or where constraint release dominates
relaxation). In practice, transitions between different dynami-
cal regimes are broad (see e.g., Appendix C of [14]), and
almost all experimental results fall close to the transition
from one dynamical regime to another: hence we are required
to use crossover formulae that interpolate between different
dynamical regimes. The transition from entangled to unen-
tangled behavior is particularly troublesome in this regard:
the tube model assumes chains have a significant number of
entanglements, and so (by design) does not contain the nec-
essary detail to “predict” what happens at the transition. This
affects both the early time behavior of the modeling (how to
handle motion on time scales close to the entanglement time,
τe) but also the “disentanglement” that occurs when chains
progressively relax by CR. Hence, in developing the model
below we have needed to find a path between pragmatism
and idealism: using the “ideal” theoretical results to guide
the shape of the model, but also pragmatically making use of
experimental data to guide choices we have made in handling
the many crossovers between regimes. To aid this, we make
extensive comparison with experimental results, especially
on binary blends, using the two-dimensional projection of
parameter space suggested by Doi et al. [27] and Viovy et al.
[28] to ensure we explore the broadest variety of dynamical
regimes.

The result, then, is a model that we believe is robust in the
sense that it has been tested against a wide range of data and
is based upon recent theoretical development. We detail the
model in Sec. II and discuss parameterization and

comparison to experimental data in Sec. III. We conclude
with a summary of the novel developments in our algorithm
and with details of how the code can be freely obtained.

II. MODEL

A. Nested tube structure

We begin with a qualitative description of our proposed
nested tube structure. Within the tube model for a polymer
melt, the relaxation of stress after an instantaneous small step
strain is considered to be both due to (i) the chains exiting
from the original deformed tube and so able to relax orienta-
tion and (ii) and due to CR from relaxation of the chains
responsible for the tube constraint. We assume that the relax-
ation of stress due to CR can be adequately modeled via the
dynamic dilution hypothesis [32], which is a coarse-graining
operation that connects the effective tube diameter for stress
calculation to the fraction of chains already relaxed in a
certain time after a step strain. However, we do not follow
the subsequent common ansatz of dynamic dilution that
chains move freely along this dilated tube subject only to
chain friction; rather we account for the extra friction arising
from CR events [28]. This is an example of care that is
needed during a coarse-graining operation such as dynamic
dilution. It is usually clear how to average over fast degrees
of freedom when calculating a “static” property such as
stress, but the calculation of dynamic quantities such as trans-
port coefficients is harder, because smaller scale dynamics
affect the rate of transport at the coarse-grained scale. Our
nested tube structure is an attempt to represent these two
aspects of the coarse-graining process within the dynamic
dilution framework.

The two main modes of motion that allow a polymer to
escape from its tube are CLFs of the chain ends [6] and the
chain reptation [1,2]. In principle, CR affects both these
modes of motion: the chain has some freedom to relax in a
wider tube determined by the fraction of unrelaxed polymers.
Yet, motion along different tube diameters imposes different
friction constants and as a result there are optimal choices of
tube diameter for these two relaxation pathways. Figure 1
shows what we consider is a minimal model for describing
the relaxation in a system with a wide spectrum of CR time
scales. It depicts a number of nested tubes, the meaning of
which we now describe.

We begin with three “tube diameters” whose description
will be familiar to those who have dealt with previous tube
theories based on dynamic dilution. At the time scale τe, the
entanglement time or the equilibration time, a polymer chain
represented by the gray wiggly line is confined in the thin
tube of diameter a0. The thin tube determines the plateau
modulus and the early time relaxation. At a later time, the
“fat” tube diameter aF is determined by the fraction of chains
yet to escape by reptation or CLF from their original tubes;
this fat tube is, thus, the largest tube a test chain could possi-
bly explore while confined by its entanglements with cur-
rently unrelaxed chains. However, the rate of exploration of
the fat tube is limited by friction arising from faster CR
events: the thin tube undergoes “CR Rouse motion” but with
typically a broad spectrum of CR rates. This CR motion

694 C. DAS AND D. J. READ
D

ow
nloaded from

 http://pubs.aip.org/sor/jor/article-pdf/67/3/693/16776152/693_1_online.pdf



allows the chain to relax stress coming from chain subsec-
tions up to a “supertube” diameter aST � aF, depicted in
Fig. 1 by the arrows indicating hops of the thin tube. So, in
previous works on tube theory, aST determines stress relaxa-
tion from CR. For a sufficiently broad spectrum of CR times,
the fat tube diameter increases slowly and aST ¼ aF.
However, if a large fraction of the polymers escape their
tubes at similar times, then aF increases sharply, but the rate
of increase of aST is limited to a power law commensurate
with CR Rouse motion, until it “catches up” with aF. These
three “tube diameters” have been commonly used in many
publications on tube theory, see, e.g., [5,24,25,33,34]. We
retain this broad picture, but with some modifications to the
details as indicated below.

We now introduce two further “tube diameters,” also
depicted in Fig. 1, which we consider are necessary for a full
description. As noted above, chain motion along tubes of dif-
ferent diameters is subject to different friction. At the small-
est scale, motion along the thin tube a0 is subject only to the
chain friction. Motion directly along the primitive path of
any larger tube diameter is only possible via CR events, and
so is subject to the friction arising from these CR events.
Typically, exploration of wider tubes requires slower CR
events, and so is subject to greater friction. On the other
hand, the primitive path of wider tubes is smoother and
shorter: a chain does not need to travel so far along a wider
tube to achieve the same overall (3D) displacement. There is,
thus, a competition between motion along thinner tubes
(lower friction but a more tortuous path) and wider tubes
(higher friction but smoother path). In principle, motion
along all tube diameters occurs simultaneously, but we sim-
plify the picture by seeking the optimal tube for chain trans-
port “along” the nested tube structure. This optimal tube
determines the fastest route for reptation and is shown in
Fig. 1 as the tube with arrows along the tube contour, with
tube diameter aT.

We finally define an “equilibration” tube diameter, aeq. In
past works on binary blends, consideration of CLFs has

noted the requirement to make a distinction between (i) the
tube diameter for the fastest chain transport along the tube
detailed above and (ii) the tube diameter within which the
chain has freedom to retract. The latter requires only a local
equilibration in the tube, while the former involves a large-
scale chain transport from one section of tube to another.
The physical picture is that local rearrangements of the tube
structure give rise to local fluctuations in tube length, giving
the necessary freedom for CLF; these then couple to chain
transport along the tube, giving rise to the actual CLF. For
example, in many binary blends, chain transport is fastest
along the thin tube, yet CR events permit local equilibration
in the fat tube, and so “fat tube” CLF (i.e., to a depth permit-
ted by fat tube constraints) is achieved in practice via chain
transport along the thin tube [13,14,31]. It should be clear
from the above that the tube diameter aT determines the
optimal mode for chain transport along the tube for CLF (as
well as for reptation). Yet, we still need to consider which
tube diameter gives freedom for local equilibration, specifi-
cally for CLF. A first (and good) guess would be the super-
tube diameter aST within which local stress relaxation occurs.
We note, however, that the equilibration process we are dis-
cussing is distinct from the orientation relaxation required for
stress relaxation and potentially requires a greater number of
CR events to achieve. So, while obviously being related to
the same CR events, it may have slower dynamics. We, thus,
propose a further tube diameter aeq, defined as the tube diam-
eter within which CLF has freedom to occur at any given
time scale. Evolution of aeq with time is naturally driven by
the same events as for aST and so (as will be apparent below)
our suggested dynamics for the two are closely related. Our
(very much pragmatic) reasons for distinguishing the “super-
tube” from the “equilibration tube” are that (i) they are not a
priori obviously the same, (ii) comparison of our theory with
a wide range of experimental data suggested a need to distin-
guish them, and (iii) we realized that previous work examin-
ing the theoretical description of CLF in slip-spring
simulations with CR also made use of two different tube

FIG. 1. Multiple embedded tubes required to describe the relaxation of a test chain in an entangled polymer liquid.
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diameters in this way, even though it was not noted or explic-
itly discussed [14]. In Appendix A, we outline the main
results from those slip-spring simulations that indicate the
need for a separate “supertube” and “equilibration tube.” We
also indicate how making this distinction affects our predic-
tions in practice. Because of the closely related nature of aeq
and aST , in Fig. 1, we depict the exploration volume for the
equilibration tube with a dark gray circle and the supertube
with a lighter gray circle.

Finally, we note that each of the tube diameters aI
described above (where I could be fat tube, supertube, etc.)
may be related to an associated level of dilution fI via an
equation of form aI ¼ a0f

�α=2
I , where α is the dilution expo-

nent, e.g., aST and fST are related via

aST(t) ¼ a0f
�α=2
ST (t): (1)

Having now qualitatively described our proposed nested
tube structure, we now proceed to the technical details of
how to track these various tube diameters within a computa-
tional algorithm, and how we use them to obtain the relaxa-
tion modes of the chains. A reader not interested in these
technical details could proceed to the results in Sec. III.

B. Stress relaxation and tube escape

We assume that the stress relaxation modulus G(t) can be
expressed as a product of a term μ(t) characterizing the tube
survival probability and a term R(t) characterizing the CR
contribution as

G(t) ¼ G0
N μ(t)R(t), (2)

with G0
N being the plateau modulus. For a multicomponent

melt, direct determination of μ(t) and R(t) is difficult.
Instead, in a manner similar to previous works on branched
polymers [24–26], for each polymer component i we track
the amount of chain end escaped from the original tube, zi(t)
(counted in units of thin tube entanglements). We then
express the fraction of material still confined in the deformed
tubes as

f(t) ¼
X
i

wi 1� 2zi(t)
Zi

� �
: (3)

Here, wi is the weight fraction of the ith component with a
total number of entanglement Zi, and the sum is over all the
different components. Our computational scheme is made
self-consistent by computing the relaxation dynamics of indi-
vidual chains zi(t) based on the mean field f(t), which is
determined itself from Eq. (3).

We assume that the reduction of the tube survival proba-
bility μ(t) from a change in f at time t ¼ τ is not instanta-
neous, but has an exponential distribution about τ, and can
be expressed as

μ(t) ¼ �
ð1
0

df

dτ
e�t=τdτ: (4)

The above transformation from f(t) to μ(t) is a computational
and calculational convenience similar to that used in the BoB
and Hierarchical models [24,25]. It can be considered analo-
gous to the “box diagrams” used as a cartoon for stress relax-
ation processes in, e.g., [5,27,28]. In the “box diagram,” a
single exponential relaxation with time constant τ is repre-
sented as a sharp, instantaneous drop in f(t) at t ¼ τ. Hence,
the derivative �(df=dt) of the box diagram gives the relaxa-
tion spectrum (and has a δ-function at t ¼ τ for single expo-
nential relaxation). Equation (4) then converts from the box
diagram f(t) to μ(t). Computationally, this assumption leads
to the simplification that reptation can be considered a single
time event in relaxation of f(t), while retrieving the proper
reptation spectrum in the final calculation for the relaxation
moduli via μ(t). It should be noted that in this formalism μ(t)
is the true tube survival probability (reaching zero only
asymptotically at infinite time) while f(t) is merely a calcula-
tional tool toward μ(t) [f(t) can become zero at finite time
when one might say “everything has relaxed”].

When predicting dielectric relaxation of polyisoprene
below, we assume that the dielectric relaxation is propor-
tional to μ(t). This is appropriate for samples in which the
dipoles have a component pointing along the chain in a
single direction, but not in cases where the dipole direction
inverts along the chain [35,36]. In the latter case, a more
detailed formulation would be required. Also, our assumption
of dielectric responses being proportional to μ(t) neglects
additional contributions to the dielectric relaxation from fluc-
tuations of the chain about the tube axis at the ends [37]. For
this reason, when comparing with the dielectric loss measure-
ment ϵ00, we mark our predictions as μ00 to highlight that
these two quantities are not exactly the same. When chains
are only a few entanglements long, this difference can be
significant.

In a similar manner, we obtain the CR term R(t) from the
“supertube fraction” fST [see Eq. (1)] as

R(t) ¼ �
ð1
0

dfα
ST

dτ
e�t=τdτ: (5)

We detail later how fST is obtained within our computational
scheme. As in the calculation of μ(t), the exponential distri-
bution in the calculation of R(t) allows for a simple account-
ing of multiple CR events in a blend. The Maxwell forms of
μ(t) and R(t) also enable us to sample discrete time relaxation
in logarithmically spaced time intervals without introducing
spurious high-frequency oscillations in the dynamic moduli.

Readers familiar with previous works on prediction of
branched polymer rheology [5,24,25,33,34,38] may note that
the above scheme for calculating stress relaxation differs
from those earlier works. The formula for stress relaxation
proposed by Milner and co-workers [33,34,38] and used in
later computational schemes (including by us) [24,25] was

G(t) ¼ �G0
N

ð1
0

d ffα
ST

� �
dτ

e�t=τdτ: (6)

Our reason for setting Eq. (6) aside in the current work is (as
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detailed in Appendix B) that it is inconsistent with double
reptation for binary blends, resulting in the impossibility of
successful simultaneous prediction of dielectric and stress
relaxation data. Similar criticisms of Eq. (6) were made pre-
viously by Shchetnikava et al. [39] and the analysis in
Appendix B resolves their substantive point, which is a factor
of two error in the terminal time. We note that using Eq. (2)
in place of Eq. (6) is certainly not novel: Eq. (2) is used in
Likhtman and McLeish’s (LM) theory for monodisperse
linear polymers [9] and in Watanabe’s analysis of dynamic
tube dilation using rheology and dielectric spectroscopy [36].

In the rest of this section, we develop scaling level argu-
ments for the relaxation of z(t) and fST(t).

C. CR and the evolution of the supertube fraction

As common with existing theories [5,9,13,14,28,31,33,34],
we model CR as a Rouse relaxation process. Before formulat-
ing a theory for a broad spectrum of CR time scales, we con-
sider first the highly idealized case of a single, slow, CR time
scale of τCR � τe. The effective friction per monomer from
the CR hops is determined by the time scale τCR and is
expressed as

ζCR
ζ0

¼ Aζ
τCR
τe

, (7)

where ζ0 is the bare monomer friction and Aζ is a scaling
parameter found to be substantially smaller than 1 in slip-
spring simulations [31]. In general, both bare monomer fric-
tion and CR friction contribute to relaxation behavior and we
denote the total friction as ζ tot ; ζCR þ ζ0. For long chains,
the behavior of R(t) at intermediate times (much longer than
τCR but shorter than the terminal relaxation time) can be
deduced from the stress relaxation of the usual Rouse model
by replacing the monomer friction with ζ tot as

fα
ST (t) ≃ R(t) ¼

ffiffiffi
π

8

r ffiffiffiffiffiffiffiffiffiffiffi
ζ tot
ζ0

τe
t

s

¼
ffiffiffiffiffiffiffiffiffi
π

8
Aζ

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

Aζ

τe
τCR

s ffiffiffiffiffiffiffi
τCR
t

r
, (8)

where the prefactor
ffiffiffiffiffiffiffiffi
π=8

p
comes from the relaxation

modulus G(t) from solution of the standard Rouse model.
Concentrating on the limiting case of τCR � τe such that

the monomer friction can be ignored, extrapolating this long-
time power-law form of fST back to time t ¼ τCR yields

fST τCRð Þ ≃ π

8
Aζ

h i 1
2α; 1� δ1CR, (9)

whereas, for t , τCR, no relaxation by CR has occurred and
fST ¼ 1. Comparing these two suggests that fST should
remain equal to 1 for t , τCR, then drop by a fraction δ1CR at
t ¼ τCR, before relaxing via the power-law Eq. (8) for
t . τCR. Substitution into Eq. (5) yields, for R(t), an expo-
nential relaxation with time scale t ¼ τCR followed by long-

time power-law decay. The physical basis for this is that CR
events involve substantial local changes in tube configura-
tion: they are finite-sized hops of order the tube diameter
occurring at time scale τCR. Hence, a substantial relaxation
occurs at τCR, followed by the power-law relaxation from the
summed effect of multiple tube hops over much larger
lengthscales. This is in contrast to the standard Rouse model
(for a chain, rather than a tube) in which the stochastic diffu-
sive bead motion is continuous, involving infinitesimal hops
rather than finite hops. So, for tube motion at time scale τCR,
it is not appropriate to immediately apply the power-law
decay based on the Rouse model; rather, there should be a
drop in fSTat τCR followed by a power-law decay.

We note that the above result is different from the standard
assumption in several existing models about the supertube
relaxation (e.g., our own [25]) in which fST undergoes
power-law decay from initial value fST ¼ 1 at t ¼ τCR (i.e.,
without the drop by δCR). In the present work, we have
found that this drop, combined with the formulation of G(t)
in Eq. (2), is crucial in reconciling the differences in the
relaxation time scales observed in the rheological and dielec-
tric responses of monodisperse melts and binary blends.

The above applies when τCR � τe. As τCR approaches τe,
the monomer friction becomes significant compared to fric-
tion from CR hops and reduces the rate of diffusion from CR
events. As a result, fST does not drop so strongly at t ¼ τCR
before attaining the power-law Rouse relaxation. We account
for this by making the “drop” δCR dependent on τCR as

δCR(τCR) ¼ 1� 1� δ1CR
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Kζ
τe
τCR

r
(10)

where the form of the last term is inspired by the balance of
CR and monomer friction in Eq. (8). Since the tube picture
emerges only for t ≃ τe, we assume fST ¼ 1 for t , τe. To
have the correct response from solvent, we enforce
δCR(τCR ¼ τe) ¼ 0 in Eq. (10) which fixes Kζ in terms of the
parameter δ1CR to be

Kζ ¼ 1

1� δ1CR
� �2 � 1: (11)

We now consider a generic polymer melt, in which there
will typically be a spectrum of constraint release time scales.
Our strategy is to treat the unrelaxed fraction f(t) as the
primary dynamical variable, which decreases as chains
escape their tube by reptation and contour length fluctuation.
But, such tube escape also gives rise to CR, so the variation
of f(t) also encodes the spectrum of CR times: we need to
determine how the decrease of f(t) gives rise to the variation
of fST (t). A slow decrease in f(t) indicates a sufficiently
broad distribution of CR time scales (to be quantified below)
so that we can assume that the double reptation picture holds
and fST (t) ¼ f(t). Yet, a more rapid decrease in f(t) (e.g.,
when many chains reptate at the same time) indicates a sub-
stantial amount of CR occurring at a single time scale and
this causes an entry into a “supertube relaxation” regime with
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quasi-power law decay of fST (t) subject to constraint
fST (t) � f(t).

We work within a discrete time stepping scheme, in
which f(t) decreases by Δf during time step Δt. As will be
explained in Secs. III E and III F, the value of Δf is deduced
from the effects of CLF and reptation on Eq. (3). For now,
let us assume that Δf is known and examine the consequent
effect on fST . Consider a certain time t* at which this change
Δf takes place during the next step. We denote the value of
fST immediately preceding t* as f*

ST . In Eq. (9), where all
constraints relaxed at the same time, the drop in fST was
δ1CR. If only a fraction of Δf constraints are removed, then
fST would be immediately reduced by δ1CRΔf (i.e., in pro-
portion to the number of constraints removed). This applies if
t* � τe; for general t*, we instead use δCR as obtained from
Eq. (10) evaluated at τCR ¼ t*. Following the drop in fST ,
there follows a power-law decay according to Rouse scaling
so that at the end of the time step,

fα
ST (t

* þ Δt) ¼ [f*
ST � δCRΔf

iα ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t*

t* þ Δt

r
: (12)

We then enforce the constraint fST (t) � f(t). If the value of
fST (t

* þ Δt) resulting from Eq. (12) is less than f(t* þ Δt)
¼ f(t*)� Δf, then we enforce fST (t

* þ Δt) ¼ f(t* þ Δt),
i.e., the relaxation is not in the “supertube relaxation” regime
and fST (t) ¼ f(t). On the other hand, if fST (t

* þ Δt) is
greater than f(t* þ Δt) then we move to the next time step
without adjusting fST : here, we are in the supertube regime
and fST (t) . f(t). A sketch of the variation in fST during a
single time step is shown in Fig. 2, indicating the two possi-
ble scenarios. For the solid green line, fST (t) . f(t) at the
end of the time step and the simulation remains in the super-
tube regime; for the dashed red line, fST (t) ¼ f(t) is
enforced at the end of the time step. Note that the initial drop
in fST can never take fST below f(t* þ Δt) because fST is
always greater than or equal to f at the start of the time step,
and the initial drop in fST is always less than the drop in f
(i.e. δCR , 1 for all τCR ).

Now we can quantify what counts as sufficiently slow
decrease of f(t) to avoid entering the “supertube” regime.
Considering a discrete time interval Δt, a supertube relaxation
regime is initiated if

Δf . f*
ST

1� t*

t*þΔt

	 
1=2α

1� δCR t*
t*þΔt

	 
1=2α
: (13)

We note that Eq. (12) is applied even within the supertube
relaxation regime. Thus, if further reductions of f occur
during supertube relaxation, by an amount Δf during time
step Δt, then the instantaneous reduction of fST by δCRΔf is
still applied. Hence, in this scheme, supertube relaxation is
not a pure power-law decay, because it continues to be
affected by further reductions in f. This is necessary so that
the relaxation predicted by drops of Δf1 and Δf2 over two
subsequent time steps is practically equivalent to that from a
drop of Δf1 þ Δf2 all applied over a single time step (i.e.,
so that the scheme is insensitive to the chosen discretization
of time). It can also be argued on physical grounds: extra CR
events still produce extra hops in tube configuration even in
the supertube regime.

The above indicates how fST (t) may be obtained from
f(t) within an algorithm based on a discrete time step. To
complete the algorithm, we need to compute f(t) arising
from chain reptation and CLF. For this, we note that fST (t)
(or aST (t)) encodes how far a chain trapped in a tube can
move via CR, i.e., it indicates the effective friction for CR
events acting at different lengthscales, which is required for
prediction of reptation and CLF along tubes of different
diameters.

For chain motion along a tube with diameter aST (deter-
mined from fST ), we associate an effective friction constant
per monomer by inverting the first equality in Eq. (8), giving

ζ tot
ζ0

� �
jaST

¼ Bζ
t(fST )
τe

f2α
ST : (14)

Here, t(fST ) is the time at which fST (t) reaches a given value
corresponding to diameter aST via Eq. (1). We have intro-
duced an order one constant Bζ . If fα

ST (t) were to behave
identically as R(t), Bζ ≃ (8=π)—but in practice fα

ST (t) and
R(t) are not identical and we fixed Bζ at a value close to 8=π
that gave good predictions across a wide range of data.
Note that the friction obtained from Eq. (14) is valid only for
t � τe and we assume that fST (t) ¼ 1 for t � τe (i.e., the
supertube diameter remains identical to the thin tube diame-
ter for t � τe).

As time t increases [as does aST (t)], fST (t) decreases.
Then, Eq. (14) allows us to evaluate the effective friction for
motion along tubes at each diameter. So, Eq. (14) is evalu-
ated at each time, t, yielding the effective friction per
monomer for motion along tubes with diameter aST (t). This
information is then used to determine the subsequent relaxa-
tion dynamics of the chains, from which we update f(t).
Given the update of f(t), we then update fST (t) as indicated

FIG. 2. Schematic representation of the change in fST in a single time step.
Both the axes are in logarithmic scale. Two scenarios are indicated. For the
solid green line fST (t) . f(t) at the end of the time step and the simulation
remains in the supertube regime; for the dashed red line fST (t) ¼ f(t) is
enforced at the end of the time step.
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above; these steps form a self-consistent iterative loop to
update all variables at each increment of time.

D. “Equilibration” tube diameter

As noted in Sec. II A, we define an “equilibration” tube
diameter, aeq, which is the largest tube diameter within
which CLFs can be considered, and sets a maximum accessi-
ble tube for reptation to be considered. We argue that it takes
a number of CR hops up to a given lengthscale before the
tube is sufficiently equilibrated at that scale such that transla-
tional motion along that tube diameter can occur. Again, we
consider the long-time situation first, in which t � τe. Eq.
(14) gives the effective total friction per monomer at the
scale of a tube diameter aST . We can define a Rouse “equili-
bration time” by scaling up from the bare entanglement time
τe to the scale of aST , accounting for the extra effective fric-
tion,

τe,aST ¼ τe
ζ tot
ζ0

� �
jaST

f�2α
ST : (15)

Using Eq. (14) gives

τe,aST ¼ Bζ t(fST ): (16)

This simply serves to illustrate that although local equilibra-
tion and stress relaxation are linked, it would be a mistake
simply to define equilibration time from dynamics of fST

without further consideration. With Bζ ≃ 8=π, it suggests
“equilibration” at scale aST is delayed as compared to the
stress relaxation.

The scaling level description, especially the expression for
the friction coefficient in Eq. (8), holds only for t � τe.
Simulations with slip-spring models show that fast CR
(τCR � τe) introduces significantly larger friction for diffu-
sion than the linear form in Eq. (8) would predict [31]. We
heuristically account for these by allowing fST to relax only
for t � τe and using a modified expression for the equilibra-
tion time as

τe,aST ¼ Aeqt(fST ) 1þ Beq

ffiffiffiffiffiffiffiffiffiffiffiffi
τe

t(fST )

r� �
: (17)

Here, Aeq ≃ Bζ , and the new parameter Beq further delays
equilibration at short times and forces CLF in the thin tube at
short times. The particular form in Eq. (17) is motivated by
the expression of CR friction from slip-spring simulations
[31] and physically accounts for the influence of the chain
friction on hop lengths.

Consider a particular time, t*: we first obtain fST (t
*) as

detailed above in Sec. II C, i.e., t(fST ) ¼ t*. We then use
Eq. (17) to determine the equilibration time τe,aST for that level
of dilution. Hence, the time at which feq will (later) become
equal to fST (t

*) is τe,aST , i.e., feq(t ¼ τe,aST ) ¼ fST (t
*).

Noting that τe,aST . t*, this process allows us to predict, and
store, the evolution of feq(t) into the immediate future beyond
current time t*.

Now, at current time t*, we also need the current value of
feq(t ¼ t*), which is required to determine the subsequent
evolution of f(t) as detailed below. But since feq(t) has been
stored from previous time steps, we are always able to deter-
mine feq(t

*) by interpolation between the previously stored
data.

E. Reptation

Diffusion along fatter tubes requires a larger friction cons-
tant (due to longer CR times) but involves motion over
shorter contour lengths. The competition between these
determines the optimal tube diameter that is most advanta-
geous for reptation. We assume that motion along a single
tube diameter, aT (t), contributes overwhelmingly in the
reptation relaxation at time t. To determine aT (t), we calcu-
late the reptation time in all accessible tubes, i.e., tubes with
a � aeq(t), and select the one with the lowest predicted repta-
tion time.

To estimate the friction coefficient appropriate for
motion along tube of diameter aST , we calculate the CR con-
tribution to the friction from Eq. (14) as ζ tot � ζ0
¼ ζ0(Bζ (t=τe)f

2α
ST � 1). This CR allows motion directly

along the tube at diameter aST . We additionally include the
contribution of free diffusion along the bare tube (of diameter
a0) projected onto the scale aST (such free diffusion always
occurs, even in the absence of CR). To calculate the sum of
free diffusion along thin tube and CR diffusion along tube of
diameter aST , we follow Read et al. [13] using their form for
the friction coefficient for translational diffusion as

ζT
ζ0

� �
jaST

¼ 1

fα
ST þ 1= Bζ

t(fST )
τe

f2α
ST � 1þ 1

1�fα
ST

h i : (18)

Then, the time scale of reptation in aST at some time
t � τe,aST is given by

τd,aST (t) ¼
NζT
π2kBT

fα
ST Z � 2z(t)ð Þ2a20

n o

¼ 3Z Z � 2z(t)ð Þ2τefα
ST

ζT
ζ0

� �
jaST

; τd,a0Ψ(aST ): (19)

Here, we have included the reduction in the diffusion length
from CLFs achieved in time t, and τd,a0 ; 3Z Z � 2z(t)ð Þ2τe
refers to the reptation time in the thin tube with the same
reduction in the diffusion length from CLF. The factor

Ψ(aST ) ¼ fα
ST

ζT
ζ0

� �
jaST

(20)

gives the amount by which reptation enhanced by CR along
some tube aST is faster than purely along the thin tube. The
factor fα

ST in Eq. (20) arises from a geometric factor corre-
sponding to decreased primitive path contour length for
motion along the diluted tube. The factor ζT=ζ0ð ÞjaST corre-
sponds to the increase in friction required to move along that
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tube by CR motion. These two factors are frequently in com-
petition: the first always speeds up the reptation time, while
the latter slows it down.

To find the optimal tube for reptation at some time t, we
consider reptation along all tubes of diameter aST , aeq(t)
(noting that the time t1 ¼ t(fST ) at which the supertube
diameter reached aST is certainly earlier than t). The
minimum of Ψ(aST ) over a0 , aST , aeq(t) is denoted as
Ψmin(t), and this determines the tube diameter with the short-
est reptation time, i.e., the optimal reptation time at time t is

τd(t) ¼ τd,a0Ψmin(t): (21)

We denote the tube diameter associated with the minimum of
Ψ(aST ) as aT , with corresponding dilution fT .

We note that, perhaps surprisingly, the above analysis
shows that (i) the factor Ψ(aST ) in Eq. (20), (ii) its minimum
value Ψmin(t) at a given time, and consequently also (iii) aT
at a given time take the same value for all chains indepen-
dent of molecular weight! It is nevertheless possible, in a
polydisperse system, that longer chains terminally reptate
along a fatter tube than shorter chains, because Ψmin(t) may
have decreased (and aT increased) by the time the longer
chains reptate.

A further point is necessary here: during “supertube”
relaxation [i.e., when fST (t) . f(t)], we keep Ψmin(t) cons-
tant at its initial value from the start of the supertube relaxa-
tion. Our picture of CR Rouse relaxation is that of a thinner
tube exploring the current fat tube via CR while keeping the
thinner tube diameter constant: stress decay from CR is
handled here by the time evolution of fST . Allowing Ψmin(t)
to change during this time would allow the CR additionally
to contribute to speeding up of reptation, thus double count-
ing some of the stress decay (which should not be allowed).
Accounting for this is significant predominantly for chains
with a small number of entanglements (i.e., preventing them
from relaxing too fast within the algorithm).

In general, once an optimal reptation tube diameter aT is
found, Ψmin(t) will then typically remain at a constant value
until aeq(t) reaches another, more optimal tube diameter.
Considering a reptation dominated relaxation of bimodal
blends (i.e., when the relaxation from CLF can be neglected),
with a single CR time τCR ; τd,s, if τd,s � τe=f

2
S and

Bζ ¼ 1, the analysis here agrees with the theory of Viovy
and co-workers [14,28] deciding simply between reptation in
thin or fat tubes, provided we neglect the small difference
between fST and feq. Here, τd,s is the reptation time of the
short chains, and fS is the weight fraction of the short
chains.

F. Contour length fluctuation

To deal with CLF in a constantly evolving tube diameter,
we follow the analysis by Read et al. [14]. A crucial feature
of this is the distinction between (i) the optimal tube for
chain transport along the tube (CLF requires chain sections
to fluctuate back and forth along the tube over multiple tube
diameters) and (ii) the tube in which chains can locally equil-
ibrate, giving freedom to access deeper CLF through

equilibrium fluctuation. Hence, in the analysis for binary
blends by Read et al. [14], for some blends local equilibra-
tion is possible in the fat tube (so that CLF occurs to a depth
allowed by the fat tube) while the rate of CLF remains con-
trolled by chain transport along the thin tube. We now gener-
alize this to the case of nested tubes with multiple CR times.

The amount of chain end relaxed by CLF at a certain time
t can be viewed as the number of monomers capable of
moving coherently at that time. We assume that at t, the
optimal tube for translational motion of chain subsections
along the tube is given by the optimal tube diameter for

reptation, aT ; a0f
�α=2
T . The tube diameter in which mono-

mers can locally equilibrate via CR is the current equilibrium

tube diameter aeq(t) ; a0f
�α=2
eq (t). The translational friction

coefficient for motion along the contour of tube diameter aT
can be mapped onto an effective friction constant for motion
along the smoother contour of the current equilibrium tube
diameter aeq � aT as

ζCLF ¼ ζT
fα
T

fα
eq

: (22)

Hence, making use of Eq. (20) evaluated at its minimum,

ζCLF
ζ0

¼ ζT
ζ0

fα
T

fα
eq

¼ Ψmin(t)
fα
eq(t)

: (23)

The number of monomers that can participate in coherent
fluctuation is estimated by inverting the Rouse time of these
monomers as

n(t) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3π2kBT
ζCLFb2

s ffiffi
t

p ¼ Ne

ffiffiffiffiffiffiffiffiffi
ζ0
ζCLF

s ffiffiffiffi
t

τe

r
: (24)

Following Read et al. [14], these n(t) monomers have a col-
lective friction constant n(t)ζCLF , and thus a diffusion cons-
tant (kBT)=(n(t)ζCLF). Consequently, the rate of increase in

the mean-squared displacement l2aeq

D E
of the end monomer

via this correlated diffusion measured along the current tube
diameter aeq is, at the current time t,

d

dt
l2aeq

D E
¼ C1 kBT

n(t)ζCLF
¼ C1 a20

3π2

ffiffiffiffiffiffiffiffiffi
ζ0
ζCLF

s
1ffiffiffiffiffiffi
tτe

p

¼ C1 a20
3π2

1ffiffiffiffiffiffi
tτe

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fα
eq(t)

Ψmin(t)

s
: (25)

Here, C1 is a numerical constant. Mapping displacement
laeq along the tube at aeq onto displacement z along a0 (mea-

sured in the number of entanglements) l2aeq

D E
¼ fα

eq(t)a
2
0 z2
� �

.
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So,

d

dt
z2
� � ¼ Caffiffiffiffiffiffi

tτe
p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fα
eq(t)Ψmin(t)

q : (26)

Here, we have absorbed a factor of 1=3π2 in the new numeri-
cal prefactor Ca. Since feq is a monotonically decreasing
function of time, CLF is most efficient in the current (widest
available) tube. CLF is also accelerated when CR enhances
the translational motion along fatter tubes, as captured by
Ψmin(t). We retrieve the familiar Doi and Edwards [3] expres-
sion for CLF if we integrate the equation assuming fST ¼ 1
at all times (only thin tube is relevant for relaxation) and
Ca ¼ (2=3π3=2). Anticipating the advantage of logarithmic
time steps,

dz

d ln t
τe

	 
 ¼ Ca
2z

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fα
eq(t)Ψmin(t)

q ffiffiffiffi
t

τe

r
: (27)

G. Transition from CLF to reptation relaxation

In previous works, especially the Hierarchical model and
BoB models for predicting branched polymer viscoelasticity
[24,25], the transition from CLF to reptation is handled by
allowing CLF to continue, increasing z(t) for each polymer,
up until the reptation time accelerated by CLF as in Eqs. (19)
and (21). Although appealing, this recipe unfortunately leads,
in practice, to far deeper CLF and consequently faster repta-
tion than is correct (for example, in comparison of the BoB
and Hierarchical models to predictions for monodisperse
polymers from Doi and Edwards [3] or analysis by Likhtman
and McLeish [9]). This issue was highlighted by
Shchetnikava et al. [39] who noted the overprediction of
CLF in both Hierarchical model and BoB models.

A more correct scaling argument (see, e.g., [5]) is to
compare the time to relax to depth z by CLF with the time to
reptate the center of mass by distance z (measured in thin
tube entanglement units). When the chain segment currently
relaxing via CLF could have relaxed via reptation faster, the
dominant relaxation mechanism changes from contour length
fluctuation to reptation. If the segment z is reached via CLF
at time tc, we switch to reptation if

KR3Z 2zð Þ2Ψmin(tc) � tc: (28)

Here, KR is an order one constant. For a given chain, once
the inequality of Eq. (28) is satisfied, the chain is assigned a
reptation time according to Eq. (21) evaluated at t ¼ tc
(including the possible acceleration due to the availability of
wider tubes accessible at this time). From this time onward,
CLF relaxation is terminated for this chain and relaxation
happens by the reptation spectrum (including higher mode
contributions). Further relaxation of other chains does not
change the assigned reptation time (though we leave the pos-
sibility open for terminal relaxation via total loss of entangle-
ment described below).

For clarity, we emphasize the difference between this
“new” prescription and that used previously. In the BoB
and Hierarchical models, the depth of CLF increases con-
tinually right up to the reptation time at τd; the final repta-
tion time was determined using this maximal degree of
CLF to shorten the distance required to repate. In contrast,
in the present model, CLF only proceeds up to the point
where it becomes faster to relax to depth z by center of
mass reptation motion. This crossover occurs much earlier
than the reptation time (at the chain Rouse time for mono-
disperse chains, which is the natural time scale for CLF
motion). Consequently, CLF effects are much smaller in
the present model as compared to the BoB and
Hierarchical models.

For pure reptation (without CLF in fixed tube diameter),
the fraction of tube segment occupied as time t is given by

μrept(t) ¼
8
π2

X
p,odd

1
p2

e
�p2 t

τd,a0 : (29)

If, for a particular chain, the reptation time is assigned
at tc with the unrelaxed length of the chain as
ZR ; Z � 2z(tc), the maximum number of modes is selected
from pmax ¼ int τd=tcð Þ: The prefactor 8=π2 is changed to the
inverse of the finite sum

SR ;
Xpmax

p,odd¼1

1
p2

: (30)

Each exponential term in the sum is obtained via a step relax-
ation in f(t) occurring at τd,p ; (τd= p2). In practice, at time
τd,p, we increase z(t) by (1=2)ZR=(p2 SR) giving the desired
effect in Eq. (3).

H. Loss of entanglement

When the current tube diameter becomes comparable to
the size of a polymer (ZfST ≃ 1), the polymer is no longer
constrained by the tube constraints and the remaining
modulus from this chain is considered to relax with the
current time scale.

I. Subtube diameter relaxation

A part of modulus can relax by comparatively rapid rear-
rangement of the Rouse beads from tension equilibrium
along the tube axis. We use the form of Likhtman and
McLeish to describe this longitudinal Rouse contribution to
the relaxation moduli as

GL(t) ¼ G0
N

X
i,Zi.Zu

wi

4Zi

XZi�1

p¼1

e
� p2

Z2
i

t
τe
: (31)

Here, wi is the weight fraction of polymer i with Zi entangle-
ments and the sum over i only includes the entangled chains
(see Sec. II J). Relaxation faster than τe within the Rouse
bead picture is handled by considering the internal Rouse
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contribution as

GIR(t) ¼ G0
N

X
i,Zi.Zu

5wi

4Zi

XNeZi

p¼Zi

e
�2p2

Z2
i

t
τe
: (32)

We incorporate fast glassy relaxation contribution as a single
stretched exponential decay, [40,41]

Gg(t) ¼ G1 � 5
4
G0

N

� �
e

t
τg

	 
βg

: (33)

Here, G1 is the glassy modulus, τg is the “α-relaxation”
time, and the exponent βg , 1 controls the stretched expo-
nential decay observed experimentally. We assume that all
these relaxation processes do not affect the long time relaxa-
tion described by the tube model and the contribution from
these fast processes is added separately to the stress relaxa-
tion from the tube model in Eq. (2).

J. Relaxation of short unentangled chains

While our description is developed for well-entangled
chains, experimental blends and polydisperse melts often
contain a significant fraction of short unentangled chains. We
hypothesize that the stress decay from chains with Z , Zu is
described by a simple Rouse form and additive to the poly-
meric stress

GR(t) ¼ 5G0
N

4Z
X

i,Zi�Zu

XNeZ

p¼1

e�
2p2

Z2
t
τe : (34)

The effect of these short chains on the long molecules is
modeled by considering the entire weight fraction carried by
chains with Z , Zu relaxing with time scale τe in the calcu-
lation of the decay of fST . Here, Zu is an order one
parameter.

III. RESULTS AND DISCUSSION

A. Uncertainty of experimental results and fitting
the model parameters

The model developed here involves a number of parameters
that, in principle, can be determined by fitting experimental
observations. While a large number of studies on model
(narrow molar mass distribution) polymers and their blends are
available in the literature, an objective optimization of the
parameters by fitting the experimental observations is problem-
atic due to experimental uncertainties about the polymer char-
acterizations, and the presentation of the relaxation data. This is
exemplified by examining the molar mass dependence of the
zero shear viscosity for a series of nominally 1,4 polyisoprene
(PI) shown in Fig. 3. These polymers were anionically synthe-
sized and were characterized as having a low polydispersity.
Auhl et al. [42] and Abdel-Goad et al. [43] reported their zero
shear viscosity data at 25 �C. The data from Watanabe and
co-workers [18,44–46] were obtained by fitting the low-
frequency dynamic viscosity to the Cross model and shifting

the values to 25 �C with the reported time-temperature superpo-
sition (TTS) parameters. The viscosity in this plot is scaled by
M3:4

W to mitigate the dominant molar mass dependence so that
the differences between the samples are prominent. Here, our
expectation is not that all samples should lie on a horizontal
line, because in practice the viscosity deviates slightly from the
M3:4

W power law, especially at the low molecular weight end.
Rather, Fig. 3 allows us to compare viscosity values obtained
for polymers of nominally the same molecular weight. For
example, concentrating at MW ≃ 105g=mol, Fig. 3 shows that
the viscosities of the four different samples differ by up to a
factor of 4. A conventional view of the plot of viscosity versus
molecular weight, along with theoretical predictions, is shown
in Fig. 6. Here, the logarithmic scale hides the differences
between measurements that are more evident in Fig. 3.

The significant scatter in the zero-shear viscosity in
Fig. 3 can be due to multiple uncertainties about the
samples and the measurements. First, routine molar mass
determination from gel-permeation chromatography can
have large uncertainty and can vary systematically between
the different groups because of different protocols [47]. For
polydisperse samples, the detailed shape of the molar mass
distribution may be important but is seldom reported in the
literature. Second, the “headline” chemistry hides the fact
that different samples can have different microstructures
(and possibly different amounts of solvents) resulting in dif-
ferent responses [48–50]. Finally, the experimental results
are normally presented as composite master curves by com-
bining results from experiments at different temperatures
[51]. Different protocols used by different groups can result
in significantly different master curves from the same raw
data. Since η0 values were estimated from the dynamic vis-
cosity curves, any difference in constructing the master
curves also will affect the value of η0. Note that an uncer-
tainty in the molar mass of around 30% alone can explain
the scatter in η0 at MW ≃ 105 g/mol. The uncertainty in the
experimental data is expected mostly due to “systematic
errors”—for example, a certain separation column in the
GPC measurement or a certain protocol for constructing the
master curves. The somewhat smaller scatter in the data
from Auhl et al. [42] is probably because all the molar
masses of the samples were determined in successive

FIG. 3. Scaled zero-shear viscosity for various 1,4 polyisoprenes.
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measurements on the same GPC column and the rheology
measurements were performed on the same machine within
a short time. Thus, although we still expect errors in these
measurements, the systematic errors for these samples are
likely to be correlated and give deviations in an identical
direction.

In view of the uncertainties associated with the avail-
able experimental data, we have first reduced the number
of model parameters by assigning reasonable a priori
values to a subset of parameters, used results from avail-
able computer simulations to determine a few of the
parameters, and used selected experimental data to deter-
mine the remaining parameters. Of course, the parameters
so determined cannot describe all the experimental data
that we consider in this paper in view of the differences
between the experiments exemplified in the scatter of the
zero-shear viscosity. In describing some of the experimen-
tal data, we needed to reassign different molar masses
(and polydispersity) than the reported values. Also, in
some cases, the data are best described by assigning some-
what different values of the entanglement times for differ-
ent samples of the same headline chemistry. These
changes in the molar mass and variations in τe are clearly
stated where they have been used.

An alternative possibility to account for the uncertainties
in the experimental results in our modeling would be to
adjust parameters within likely ranges (instead of using
single well-defined values) and to present theoretical predic-
tions with confidence bands on each plot. We give an
example of such a plot in Appendix C. However, we believe
that the majority of the experimental uncertainty is from sys-
tematic and correlated reasons (e.g., an error in parameteriza-
tion of the pure sample is carried over in a correlated way
into blends from that sample). So, constructing a cost func-
tion to minimize for fitting the model parameters is prob-
lematic. Further, presenting simple confidence bands in
predictions across several graphs is misleading when we
expect those errors to be correlated. Finally, the resulting
predictions would have uncertainties larger than the subtle
changes in the viscoelastic and dielectric responses that we
are interested in describing. The confidence bands in many
of the blends considered in this paper would be much
wider than the separation between individual concentration
results, as is illustrated in Appendix C. Hence, for the
majority of the paper, we show sharp predictions using
only a single value for the material-dependent parameters
and ignoring the uncertainties; nevertheless, the reader
should be aware of these uncertainties and that they mani-
fest themselves in a correlated way across the data.

We assume that certain parameters are chemistry indepen-
dent and first detail our considerations in assigning their
values in Subsection III B. The chemistry dependent material
parameters are introduced separately along with results for
monodisperse polymers in Subsection III C.

B. Chemistry independent parameters

We use the tube dilation exponent α ¼ 1, consider mole-
cules to be unentangled if ZU � 1:5, and consider

molecules to relax completely by CR when ZfST ¼ 1. We
set the constant Bζ connecting CR time to friction as 2.0
and use the same value for the constant Aeq that determines
delay in accessing wider tubes for translational diffusion.
The choice of ZU , along with modification of short-time
CLF [Eq. (37)], determines the crossover of the slope of
molar mass dependence of the zero shear viscosity from
unentangled to entangled behavior. A different choice of
ZU would require a different modification to the short-time
CLF than reported here. The results remain qualitatively
unchanged with �10% variations in Bζ , or Aeq, and we fix
these parameters as 2 based on the Rouse result of a factor
2 difference between the stress and orientation relaxation
times.

We force predictions from our model for μ(t) to match the
stochastic simulation results of Likhtman and McLeish [9]
(LM model) in the long-chain limit. This fixes the prefactor
Ca for CLF, and the parameter KR associated with transition
from CLF to reptation. Likhtman and McLeish [9] found
that their simulation results for μ(t) can be described as
μ(t) ¼ 1� (cμ=Z) t=τeð Þ1=4 for t , τR with cμ ¼ 1:5 and the
reptation time can be expressed as τd ¼ 3Z3f (Z)τe. The
function f was fitted by them as

f (Z) ¼ 1� 2C1=
ffiffiffiffi
Z

p
þ C2=Z þ C3=Z3=2, (35)

with C1 ¼ 1:69, C2 ¼ 4:17, and C3 ¼ �1:55. Results for
μ(t) from our model for long chains in a fixed tube for
t , τR match that of Likhtman and McLeish [9] with
Ca ¼ 0:189. With a constant parameter KR determining the
switch between the CLF to reptation dominated relaxation
[Eq. (28)], the reptation time in the absence of CR is

τd ¼ 3Z3 1� 4Ca
ffiffiffiffiffiffiffiffiffi
3KR

pffiffiffiffiZp

 �2

τe: (36)

The leading order dependence of τd on Z can be matched
with the LM model using KR ¼ 1:664. However, the differ-
ences in the higher order terms result in significant underesti-
mates in the value of τd for moderately entangled chains as
compared to the predictions of the LM model (and experi-
ments). In order to describe the relaxation of moderately
entangled polymers in the same framework, we modify the
short-time CLF by introducing a time-dependence in Ca as
an approximation of step function about τe in the logarithm
of time as

Ca(t) ¼ Ca,0 þ Ca,1 � Ca,0
1þ τe=tð Þϵa : (37)

The long-time coefficient for CLF Ca,1 is chosen to be 0.189
such that for sufficiently long chains the predictions from our
algorithm for μ(t) in the absence of CR are indistinguishable
from the LM model predictions. We use experimental results
from Auhl et al. [42] on a series of PI to fit the short-time
coefficient Ca,0 ¼ 0:02 and the exponent ϵa ¼ 0:42 control-
ling the sharpness of transition to the long-time behavior.
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Note that these values overcompensate the deviation from the
LM predictions for the μ(t) for moderately entangled chains
and follows the experimental results closely down to unen-
tangled PI polymers. With our chosen parameters, the higher
order coefficients in the expansion of f (Z) in Eq. (35)
are different from those of Likhtman and McLeish and are
C2 ¼ 4:5 and C3 ¼ �1:98.

We use the rheology results of [13] on PI binary blends
and dielectric and mechanical relaxation of [44,45] data on
PI binary blends to assign δ1CR ¼ 0:3 as the fractional drop in
fST for long CR times. It is notable that recasting this value
in terms of Aζ , the proportionality constant between CR fric-
tion and time scale of CR [Eq. (7)], this value for δ1CR gives
Aζ ¼ 1:25, which is substantially larger than the value 0.047
obtained by Read et al. [14] from slip-spring simulations and
apparently confirmed by experimental observations of Malo
de Molina et al. [52]. The simplified model of Read et al.
[14], when applied to experimental data, assumes that the CR
time of the short chains is identical to their terminal reptation
time. In contrast, the detailed modeling proposed here con-
siders the full spectrum of CR times including CR from CLF
(which is a significant fraction of CR for moderately entan-
gled chains and significantly faster than reptation). Both the
simplified model of Read et al. [14] and our detailed model
in this work are applied to describe the same experimental
results (i.e., they must assign the same total friction from
CR). Hence, to match the same experimental data, a small
value of Aζ is needed for the simplified model but a larger
one is needed in the present work. In Appendix D, we show
that our model with Aζ ¼ 1:25 describes the binary blend of
[52] and explicitly show how CLF makes a large correction
to the assumption in the model of Read et al. [14] of a single
CR relaxation time. In this context, it is notable that the
present model still predicts a small value for the critical
Graessley parameter for crossover between relaxation by CR
or reptation for dilute long chains in a binary blend (see
Fig. 9). Nevertheless, the value of the constant Aζ and its
relation to constraint release rates from realistic polymers
deserves further investigation in future work.

We summarize the chemistry independent parameters in
Table I along with reference to the equations where they
appear in the text. We note that ZU and the short time correc-
tion to CLF determine the “crossover molar mass,” MX ,
between the entangled and entangled behavior. The ratio of

MX and Me is found in experiments to mildly depend on the
chemistry. Hence, ZU and the short-time correction to CLF
should also have some dependence on the chemistry. In our
modeling, we have fitted these parameters based on PI and
used the same values for PB and PS.

C. Material-dependent parameters and results for
monodisperse polymers

We begin with a consideration of fitting to data from near-
monodisperse polymers, since these form a base case allow-
ing us to fix parameters for a later description of polydisperse
materials. Note that we fully account for polydispersity even
for these narrowly distributed materials.

We use a series of well-characterized narrowly distributed
PI from Auhl et al. [42] to determine the Me, τe, and G0

N for
polyisoprene. These samples also serve to determine the
early-time modification of the prefactor to CLF. Figure 4(a)
shows the viscoelastic moduli (symbols) from [42] and our
predictions (lines) with Me ¼ 4:35 kg=mol, τe ¼ 1:3
�10�5 s, and G0

N ¼ 476 kPa. Note that for the 23k, 34k,
226k, and 483k samples we follow the molecular weight
labels from [13]. The molecular characteristics of these
samples from [42] are 12k [MW ¼ 13:5 kg=mol, polydisper-
sity index (PDI) = 1.04], 23k (23.4, 1.03), 34k (33.6, 1.03),
90k (94.9, 1.03), 226k (225.9, 1.03), 483k (483.1, 1.03),

TABLE I. Model parameters independent of polymer chemistry.

Parameter Value

α 1 Eq. (1)
δ1CR 0.3 Eqs. (9) and (10)
Bζ 2 Eq. (14)
Aeq 2 Eq. (17)
Beq 10 Eq. (17)

Ca,1 0.189 Eqs. (27) and (37)
Ca,0 0.02 Eq. (37)
ϵa 0.02 Eq. (37)
KR 1.664 Eq. (28)
ZU 1.5 Sec. II J

FIG. 4. (a) Storage and loss moduli of PI samples shifted to an isofrictional
state at 25 �C from [42] along with predictions from our model. (b) Zoomed
view of the loss moduli of the same samples presented in log-linear scale to
highlight the terminal relaxation.
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600k (634.5, 1.03), and 1000k (1131.0, 1.05). The zoomed
view of the loss moduli in Fig. 4(b) shows that for long
chains we overpredict the height of the reptation peak by
about 10%.

The choice of τe depends on the high-frequency glassy
relaxation to some extent [40,41]. However, for many poly-
mers, the high-frequency relaxation of local conformation
(segmental modes) and the low-frequency relaxation of chain
conformation (chain modes) follow different temperature
dependencies for the horizontal shift factor [53]. While a rea-
sonably smooth master curve can be obtained by combining
different temperature measurements [54], the resulting master
curve will depend on the details of the fitting procedure. For,
our description of PI, we fix G1 ¼ 109 Pa, and τg ¼
7� 10�11 s from the stress and dielectric relaxation experi-
ments, respectively, from the work of Mohamed et al. [55].
We fix the stretching exponent βg ¼ 0:37 to best describe the
slope of the high-frequency elastic moduli in Fig. 4. With the
uncertainty about the validity of TTS and lack of extensive
good quality glassy responses in the literature, we assume
that the high-frequency contribution simply shifts in propor-
tion to τe if the reference temperature of 25 �C is changed.

Similarly, Fig. 5 shows both the mechanical viscoelastic
response and the dielectric loss modulus for a series of PI
samples from Matsumiya et al. [46]. The predictions for ϵ00

are calculated as μ00=10. Here, we used slightly different

values of τe for each of the different samples to describe the
data (see Table II). A modification such as this is required to
account for the differences in zero shear viscosity between
different samples evident in Fig. 6, both in terms of apparent
discrepancy of the overall trend between the Matsumiya and
Auhl data, but also to account for variation from one sample
to the next. A different value of τe might represent a slightly
different microstructure. An alternative, here, would be to
attribute the scatter in data to differences in calibration and
variation in GPC measurements between groups, or to differ-
ent TTS procedures. Nevertheless, we have found that the
simple expedient of allowing a small change in τe and of
making correlated changes for blends of these materials (see
below) allows a consistent description of both the monodis-
perse samples and their blends. In the present work, this was
particularly important to us since these PI samples and their
blends were used to determine δ1CR. So, we matched G0 from
the highest available frequency to the crossover frequency as
closely as possible for these samples with a variable τe. This
procedure ensures that differences in microstructure or Tg do
not affect the fitting of δ1CR. Nevertheless, the range of varia-
tion in τe is rather small and in most cases using a single τe
will result in visually very similar plots (the symbol sizes in
the figures in this paper are of similar dimensions as the

FIG. 5. Mechanical and dielectric relaxation moduli of PI samples from
[46] along with predictions from our model.

TABLE II. Molar masses of PI from Watanabe et al.

Label MW (kg/mol) PDI τe at 40 °C (10−6 s)

L14k 14.4 1.03 5.2
L18k 17.6 1.04 6.5
L21k 21.4 1.04 6.5
L34k 34.4 1.04 6.8
L43k 43.2 1.03 9.9
L60k 59.9 1.05 6.8
L94k 94.0 1.04 5.9
L99k 98.5 1.04 8.7
L179k 179.0 1.02 6.8
L308k 308.0 1.08 7.6

L626k 626.0 1.06 7.0
L1M 1120.0 1.13 5.9

FIG. 6. Zero-shear viscosity as a function of the molar mass for 1,4
polyisoprenes.

FIG. 7. Storage and loss modulus of PS from Schausberger et al. [56] and
Matsumiya et al. [57] along with predictions. The data from M96 have been
shifted to 180 �C.
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variation in τe used): i.e., once δ1CR is determined, it is then
possible to get reasonable looking predictions using a single
τe value.

Of particular note in Fig. 5 is that we capture the offset
(by roughly factor 2) between the peaks in dielectric and rhe-
ological loss modulus. This prediction is a direct result of
using Eq. (4) for dielectric relaxation and Eq. (2) for stress
relaxation, together with the step drop in fST parameterized
by δCR as outlined in Sec. II C. As a result, CR is predicted
to increase the rate of stress relaxation. The use of Eq. (6) for
stress relaxation would not produce this effect. We show the
molar mass dependence of viscosity predicted from our
model in Fig. 6 by considering a series of polymers with a
narrow fixed polydispersity of 1.01. The parameters chosen
for these predictions are the same as used in describing the
PI samples in Fig. 4. We superpose literature data of various
PI samples in the plot. Because of the logarithmic scale and
since we have not removed the dominant M3:4

W scaling from
the viscosity, the differences in the experimental data are not
so evident as in Fig. 3, but are still visible on close inspec-
tion. The theoretical curve closely matches the Auhl data, as
expected.

Turning to other polymer chemistries, Fig. 7 shows the
dynamic modulus for PS6 (2.54M; 1.13), PS5 (757k; 1.09),
and PS4 (292k; 1.09) at 180 �C from Schausberger et al.
[56]. The molar masses of these samples were updated in a
later publication [58]. The data for M96 (96.4k; 1.05) from

Matsumiya et al. [57] have been shifted from the reported
110 �C by scaling the frequency and modulus with factors
2:5� 106 and 0:87, respectively. The parameters used for the
predictions in Fig. 7 are Me ¼ 12:87 kg=mol, τe ¼ 2:2
�10�4 s, G0

N ¼ 220 kPa, τg ¼ 1:3� 10�9 s, G1 ¼ 1:2GPa,
and βg ¼ 0:39.

Figure 8 shows the dynamic modulus from two PB
samples from Li et al. [59]. The synthesis of these samples
resulted in significant end-linking. GPC results of PBD2 are
described as a blend of 10% 147k (PDI=1.13) and 90% 94k
(1.02). The PBD3 sample is described as a blend of 10%
292.5k (1.03), 40% 268k (1.03), and 50% 253k (1.03). The
figure also shows the results of 410k (411.5k; 1.01) from
Wang et al. [16] that extend significantly in the glassy
regime. This dataset was shifted by scaling the frequency and
modulus with factors 0:859 and 1:01, respectively. The pre-
dictions in Fig. 8 used Me ¼ 1:63 kg=mol, τe ¼ 2:5� 10�7 s,
G0

N ¼ 1:2MPa, τg ¼ 4:5� 10�12 s, G1 ¼ 1:2GPa, and
βg ¼ 0:32.

We summarize the material parameters for all three chem-
istries in Table III. We quote values of τg and G1 as ratios of
τe and G0

N, respectively, in this table. In describing data from
different reference temperatures, we have used Rouse scaling
of the modulus shift (vertical shift in G0

N proportional to the
product of density and absolute temperature) and change in
τe (horizontal shift factor aT ). Our assumption that time-
temperature superposition approximately holds requires τg
and G1 to vary in the same way with temperature as τe and
G0

N, respectively, and their ratios need to be approximately
temperature independent. In Table III, the τe values for PI,
PB, and PS refer to those used in describing data presented
in Figs. 4, 7, and 8, respectively. As discussed above, some-
what different values of τe are required to describe some of
the other polymers considered in this paper. We include a
range for the values of τe for each of these chemistries in
Table III that we needed to describe all the different experi-
mental data.

D. Binary blends of narrow molar mass distribution
polymers

We turn now to binary blends composed of monodisperse
polymers of two chain lengths. For each polymer chemistry,
the structure of these melts can be characterized by three
parameters: the molecular weight of the long and short poly-
mers (which can be expressed in terms of the number of
entanglements, ZL and ZS along long and short chains) and
the volume fraction fL of long chains in the melt. This nev-
ertheless produces a rich variety of modes for polymer
motion, dependent on the degree to which long chains are
restricted by entanglements with other long chains, and the
relative rate of CR from short chains, as compared to
other modes of long-chain motion. For a pure reptation
description of polymer motion (i.e., ignoring CLF), Viovy
et al. [28] proposed a two-dimensional projection of the
three-parameter space: parameter ~ZL ¼ ZLfL characterizes
the degree to which long chains are entangled with them-
selves (assuming dilution exponent of one); the Graessley
parameter Gr ¼ ZL=Z3

S characterizes the relative importance

FIG. 8. Storage and loss modulus of PB PBD2 and PBD3 from Li et al.
[59] and 410k from Wang et al. [16] along with predictions at 25 �C.

TABLE III. Material parameters for 1,4 PI, 1,4 PB, and atactic PS at the
shown reference temperature.

1,4 PI 1,4 PB a-PS

Tref (°C) 25 25 180
MK (g/mol) 113 105 720
Me (g/mol) 4350 1630 12 870
τe (s) 1.3 × 10−5 2.5 × 10−7 2.2 × 10−4

[1.3–3] [2.5–5.1] [1.2–3.8]
G0

N (kPa) 476 1200 220
G1
G0

N
2100 1000 5455

τe
τg

1.86 × 105 5.56 × 104 1.69 × 105

βg 0.37 0.32 0.39
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of CR from short chains on the dynamics of the long chains.
Small values of Gr correspond to slow CR (so that reptation
along the thin tube dominates) while larger values of Gr cor-
respond to faster CR, opening up other avenues for long-
chain relaxation. This picture was modified by Read et al.
[14] to include the additional effects of CLF, resulting in a

suggested modification of the Graessley parameter to

Gr* ¼ ZL
3Z3

S f (ZS)
, (38)

where f (Z) introduced in Eq. (35) is the Likhtman–McLeish
[9] correction to reptation time due to CLF. We use results
for monodisperse polymers from our model to estimate f (Z)
for the short chains in assigning Gr* in this paper. Both
Viovy et al. and Read et al. use the two-dimensional
(~ZL, Gr*) space to map out regions where different dynamical
behavior from long chains is expected, for example, where
reptation is expected to be dominated by motion along thin
or fat tubes. For summaries for this, see for example,
[5,13,14,28].

For our purposes, we employ the suggested two-
dimensional (~ZL, Gr*) map of parameter space as a means to
ensure that we test our model against as wide a variety of dif-
ferent types of binary blend as possible. It is not sufficient to
demonstrate predictions only in a small window of this
space, where typically only one or two relaxation mecha-
nisms are dominant. Accordingly, we show in Fig. 9 the two-
dimensional (~ZL, Gr*) space populated by the locations of
the various sets of data we investigate. It can be seen that
these span a wide range of relative CR rates, as well as long

FIG. 10. Viscoelastic responses for PI 226k/23k blends from [13] at the
shown weight fractions along with predictions.

FIG. 9. Location of the various bimodal blends modeled in this study on
the Viovy diagram. The green triangles indicate cases where the terminal
relaxation of the long component is via CR. The black circles and the red
squares indicate cases where the long component relaxes by reptation in the
thin or the fat tube, respectively. Because of small but finite polydispersity
of the samples, in some cases, different molar mass components of the long
chains access different terminal relaxation pathways.

FIG. 11. Viscoelastic responses for PI 483k/34k blends from [13] at the
shown weight fractions along with predictions.
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chains ranging from dilute to well entangled with one
another.

We first consider several studies which employed two
polymers of different molar masses and systematically varied
the relative weight fraction of the components to vary ~ZL

while keeping Gr* fixed (horizontal lines in the Viovy
diagram). Figures 10 and 11, respectively, show the visco-
elastic responses of blends of PI 226k and 23k (Gr* ¼ 0:54)
and of PI 483k and 34k (Gr* ¼ 0:32) considered by Read
et al. [13]. We use identical values of τe, Me, and G0

N for the
predictions as we used for the monodisperse polymers con-
sidered in Fig. 4. In both cases, at the lowest concentrations
of the long chains (fL ¼ 0:04), the long chains become
unentangled in the supertube and the final relaxation of the
long component is via disentanglement. At higher concentra-
tions, the terminal relaxations of the long chains are via
chain motion along the thin tube. With reduction in fL, the
peak in G

00
shifts to higher frequencies—the reduction in the

reptation times in these cases is due to enhanced CLF in the
fat tube [i.e., in terms of the notation of Eq. (27), Ψmin(t) cor-
responds to chain motion along the thin tube, while fα

eq(t)
allows freedom for CLF taking place in the fat tube, as

described in [13] and [14]]. Our predictions capture shifts in
both the frequency and modulus in the dynamic viscoelastic
moduli without any additional fitting parameters.

Figure 12 shows the viscoelastic and dielectric responses
for blends of PI 308K and either 21K (plots a,c,e) or 94K
(plots b,d,f ) from [44] and [45]. We show μ00=10 as proxy
for ϵ00. As with the predictions for the individual compo-
nents, we have used slightly different values of τe for the dif-
ferent blends (τe between 6.2 and 7.2 μs for blends with 21k
and between 5.9 and 6.5 μs for blends with 94K). The data
for low concentrations of the long chains fit with the same
values of τe as required to fit the pure short chains. The ter-
minal relaxation of the long chains in the 308K/21K blend
(Gr* ¼ 0:92) is via CR for fL � 0:02, via reptation in the fat
tube for 0:03 � fL � 0:1 and via reptation in the thin tube
for fL � 0:2. With small values of the Graessley number
(Gr* ¼ 0:005, i.e., very slow CR), the long chains in the
308K/94K blend switch over to reptation in the thin tube
from terminal relaxation by CR for fL � 0:03.

Figure 13 shows the experimental data and predictions for
a series of bimodal PB blends measured by Wang et al. [16].
The 410K long chains (MW ¼ 411:5 kg/mol, PDI=1.01) were

FIG. 12. Viscoelastic and dielectric responses for PI 308K/21K blends from Watanabe et al. [44] and for PI 308K/94K from Watanabe et al. [45] at the shown
weight fractions along with predictions.
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blended at 5, 10, 20, 40, 60, and 80% concentrations in
different short chains resulting in ~ZL between 12.6 and 202.
For these predictions, we use τe ¼ 2:15� 10�7s at the
reference temperature of the experimental data of 40 � C.
Using the TTS parameters from [59], this corresponds to
τe ¼ 4:4� 10�7s at 25 �C, approximately 75% larger than
those used for predictions in Fig. 8.

Figures 13(a) and 13(b), respectively, show the elastic and
viscous responses with the 100K short chains (MW ¼ 99:1
kg/mol, PDI=1.01). With very small Gr* ¼ 6� 10�4, the ter-
minal relaxation of the long chains are in the thin tube at all
concentrations. The 410K chains also reptate in the thin tube
at all concentrations in the blends with the 44K sample
(MW ¼ 43:9 kg/mol, PDI=1.01) with Gr* ¼ 0:01 shown in
Figs. 13(c) and 13(d).

The blends with 3.9K (MW ¼ 3:9 kg/mol, PDI=1.1) in
Fig. 13(f) have Gr* ¼ 40:8 and show a transition from thin
tube to fat tube reptation for the long chains as a function of
the 410K concentrations. The long chains at concentrations
20% (~ZL ¼ 50:5) or below reptate in the fat tube. The long
chains at 40% (~ZL ¼ 101) and higher concentration blends
undergo reptation in the thin tube. This transition with increas-
ing long-chain concentration, from reptation along fat tube to

reptation along the thin tube, is the expected behavior from
the Viovy diagram [5,14,28]. The reason is that at higher long-
chain concentrations the “fat tube” is not so fat and becomes
longer and more tortuous than it was at low concentrations:
thus, reptation along the fat tube becomes slower with increas-
ing concentration. In contrast, reptation along the thin tube
stays the same rate and eventually becomes the faster process.

The short species 3.9K in these blends have relatively
high polydispersity (1.1). Assumption of a log-normal distri-
bution suggests that 9.5 wt. % of the chains are below 1:5Me

and have been assumed to relax by unentangled Rouse
dynamics in our calculations. For the 5% blend, the entan-
gled chains below 9.1 kg/mol reptate in the thin tube. The
resulting increase of the tube diameter makes the remaining
high molar mass tail of the 3.9K species effectively unen-
tangled. In the 10% blend, thin tube reptation is accessed by
the entangled chains below 8.4 kg/mol in the 3.9K species.
The remaining 0.4 wt. % of short chains having higher molar
mass reptate in a fatter tube (of diameter much smaller than
the fat tube accessed for reptation of the 410K species). This
change from thin to fat tube reptation shifts to 7.7 kg/mol for
the 20% blend (0.9 wt. % chains in the high molar mass tail
of 3.9K species reptate in the fat tube). All entangled chains

FIG. 13. Master curves for PB blends at the shown weight fractions from Wang et al. [16] along with predictions.
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of the 3.9K species reptate in the thin tube for the higher
concentration blends.

Figure 14 shows the experimental data on blends of PB
550K and 20K (Gr* ¼ 0:17) from Park and Larson [17]
along with our predictions. We have assumed a PDI=1.05 for
the 550 kg/mol sample and a PDI=1.02 for the 20 kg/mol
sample. The pure 550K sample experimental data were pre-
sented from measurements at 70 �C with the appropriate hori-
zontal shift, but without any vertical shift. To compensate,
our predictions for the pure 550K sample have been shifted
vertically by a factor 1.116. These predictions use the same
material parameters as used for the predictions in Fig. 8, spe-
cifically the same τe ¼ 2:5� 10�7 s. At the lowest concentra-
tion of the long chains (fL ¼ 0:01), the long chains become
unentangled in the fat tube before reptation can be accessed.
The terminal relaxations of both the short and long species
are reptation in the thin tube for all the higher concentration
blends.

The dashed lines in Fig. 15 show the dynamic moduli
for PS50K (MW ¼ 51:7 kg=mol, PDI = 1.026), PS100K (MW

¼ 102:8 kg=mol, PDI = 1.022), and PS390K (MW ¼ 390
kg=mol, PDI = 1.06) from Nielsen et al. [60]. Also shown
with solid lines are dynamic moduli for three blends from the
same reference: BL1 (4.02% PS390K in PS50K matrix,
~ZL ¼ 1:22, Gr* = 0.82), BL2 (14.37% PS390K in PS50K
matrix, ~ZL ¼ 4:35, Gr* = 0.82), and BL3 (14.02% PS390K

in PS100K matrix, ~ZL ¼ 4:25, Gr* = 0.07). The predictions
(lines) are with G0

N ¼ 0:22MPa, and τe ¼ 0:39 s for PS390K
and τe ¼ 0:44 s for PS50K, PS100K and the blends. The ter-
minal relaxation of the high molar mass component in blend
BL1 is via CR (disentanglement). The terminal relaxation of
the high molar mass component in BL2 is partly via reptation
in fat tube (the shorter chains) and partly via disentangle-
ment. The high molar mass component in blend BL3 relaxes
by reptation in the thin tube, except for the small fraction
with M . 780 kg/mol, which relaxes via disentanglement.

We next consider PB bimodal blends from Struglinski and
Graessley [61] (Figs. 16 and 17) and Rubinstein and Colby
[62] (Fig. 18) which have been influential in developing the-
ories for relaxation in bimodal blends, but which occupy a
relatively small area in the Viovy diagram. These blends
have comparatively large ~ZL (long chains remain well entan-
gled after the terminal relaxation of the short component)
and small Gr* ensuring the terminal relaxation of the long
component via reptation in the thin tube. Figure 16 shows
the elastic and loss moduli for 41k/174k blends
(Gr* ¼ 0:0085) in log-log plot; the loss modulus is shown in
a log-linear plot in Fig. 17. Figures 17(b) and 17(c) show the
loss modulus in log-linear plot for the 41L/435L blends
(Gr* ¼ 0:02) and the 174L/435L blends (Gr* ¼ 10�4).
Overall, our predictions capture the shifts in the modulus as a
function of weight fraction of the long chains in all cases.

FIG. 14. Viscoelastic responses for PB 550K/20K blends from Park and
Larson [17] at the shown weight fractions along with predictions.

FIG. 15. Viscoelastic responses for PS 50K, 100K, and 390K and three
blends from Nielsen et al. [60] along with predictions. The dashed and solid
lines show predictions for the pure materials and the blends, respectively.
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However, the experimental loss peak for 435L shows a wide
high-frequency flank absent in our predictions. Figure 18
shows the loss modulus for blends of PB 355k and 71k
(Gr* ¼ 1:5� 10�3) from [62] in the log-linear plot. This
dataset captures both the reptation peaks from the short and
the long components. While our predictions capture the shift
in the reptation time of the short chains with concentration
correctly, the height of the reptation peak for the short com-
ponent in our model decreases faster than in the experiments
as a function of the concentration of the short chains. Such
differences are hardly visible on a log-log plot. It may be that
capturing details down to the level of accuracy visible on a
log-linear plot will require going beyond the mean field
assumptions of this paper, toward an accounting for hetero-
geneity in the local environment of each chain.

Keeping the weight-fraction of the long chains fixed while
varying the molar mass of the short components explores dif-
ferent values of Gr* at a fixed ~ZL (i.e., vertical lines in the
Viovy diagram of Fig. 9). In Figs. 19–22, we consider three
such sets of blends with ~ZL ¼ 0:72, 3:4, 232, and 469:3
respectively.

Figure 19 shows the experimental data and predictions for
blends of 0.5% PI 626K in various short matrix considered
by Sawada et al. [18]. The long chains in these blends are

FIG. 16. Dynamic modulus G
0
and G

00
for PB 41k/174k blends from

Struglinski and Graessley [61] at the shown weight fractions along with
predictions.

FIG. 17. Loss modulus G
00
for PB 41k/174k, 41k/435k, and 174k/435k

blends from Struglinski and Graessley [61] at the shown weight fractions
along with predictions.

FIG. 18. Loss modulus G
00
for PB 355k/71k blends from Rubinstein and

Colby [62] at the shown weight fractions along with predictions.
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not self-entangled (~ZL ≃ 0:72). In making the predictions for
the blends, we have used the values of τe fitted for the short
majority components (Table II). The predictions for the vis-
coelastic responses for the pure short chains are shown with
dashed lines, while those for the blends are shown as solid
lines in Fig. 19. For the blends with L14k (Gr* ¼ 7:7), L18k
(Gr* ¼ 3:9), L21k (Gr* ¼ 1:9), L34k (Gr* ¼ 0:35), and
L43k (Gr* ¼ 0:15), the long chains become unentangled in
the supertube before they can relax by reptation, i.e., terminal
relaxation is via a CR Rouse process. For the blends with
60K (Gr* ¼ 4:9� 10�2) and 179k (Gr* ¼ 1:2� 10�3), the
terminal relaxation for the long chains is via reptation in the
thin tube. Hence, our predictions are consistent with a small
value for the critical Graessley parameter for transition
between terminal relaxation via CR or via reptation.

Figure 20 shows experimental viscoelastic moduli (filled
symbols) of 2% long PS F270 in various short PS matrix
from Montfort et al. [63] along with the predictions (solid
lines). Also shown are the experimental data and predictions,
respectively, with open symbols and dashed lines for
the single component polymers. The molar masses, polydis-
persity indices, and the entanglement times used for describ-
ing the single component polymers are shown in Table IV.
The high molar mass samples F39 and F270 suggest
τe ¼ 1:9� 10�3 s at the reference temperature 160 �C
(τe ¼ 2:1� 10�4 s at 180 �C using the reported TTS shift
factor). Using F39 as the reference sample and assuming that

η0 � M3:4
W holds for the high molar mass samples, we assign

a molar mass of 2200 kg/mol for F270 instead of the reported
2700 kg/mol [63]. We also required a higher polydispersity
(PDI = 2.0 instead of the reported 1.2) for this sample.
Although such reassignment of both molar mass and PDI is
not ideal, it appears to be justified from the rheology data of
the pure sample. Predictions for the blends are made without
further adjustment of the parameters, so the procedure
appears robust. The lower molar mass samples are described
with higher values of τe, possibly due to different glass tran-
sition temperatures from the chain-end effect.

We use the τe of the majority short component to describe
the blends with 2% F270 (~ZL ¼ 3:4) in Fig. 20. The long
chains in the blend with F04 (Gr* ¼ 17:8) become unen-
tangled in the supertube before they can access reptation. The
delayed CR in the blend with F11 results in terminal relaxa-
tion by reptation in thin tube for the chains with
M , 6� 102 kg/mol (occupying 13wt. % of F270). The
longer chains in F270 become unentangled before they can
relax via reptation. With further delay in CR in the blend with
F20, this crossover molar mass is pushed to 6000 kg/mol and
95 wt. % of F270 relax by reptation in thin tube. The CR from
the short component relaxation is slow enough in the blend
with F39 matrix such that the terminal relaxation is entirely by
reptation in thin tube for the long F270 component.

FIG. 19. Viscoelastic responses of 0.5% PI 626k in various short PI matri-
ces from Sawada et al. [18] along with predictions. FIG. 20. Viscoelastic responses for series of PS of different molar masses

and 2% high molar mass F270 in short matrix from Montfort et al. [63]. The
sample F270 is best described by MW ¼ 2200 kg/mol and PDI=2.0.
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In Fig. 21, we show experimental data for mechanical and
dielectric relaxation from Matsumiya et al. [46] along with
predictions from our model for PI 21k, 43k, 99k, 179k, 1.1M
and blends with a minority of short chains in the 1.1M
matrix at the shown weight fractions. The molecular charac-
teristics and the values of τe used to make the predictions for
the pure samples are shown in Table II. For the blends, the τe
for the majority component 1.1M gives good agreement
with the data. The long chains in the blends reptate in the
thin tube. The first three blends (10% short chains)
have ~ZL ¼ 232 and the Graessley number varies between
Gr* ¼ 3:4 (blends with 21k) and Gr* ¼ 0:016 (blends with
99k). The blend with 179k has ~ZL ¼ 206 and Gr* ¼ 0:002.
The large ZL and comparatively small Gr* ensure thin tube
reptation for the long chains. However, the real interest here
lies in the relaxation of short chains in the majority long
chain matrix. The predictions capture the peak heights and
positions of G

00
, and the peak heights of ϵ

00
from the relaxa-

tion of the short chains and for the long chains in the blends
correctly. We note that for the short chains in the blends, the
relaxation times of μ(t) and rheological relaxation times are

FIG. 21. Viscoelastic and dielectric responses for PI blends with (a) 10% 21k, (b) 10% 43k, (c) 10% 99k, and (d) 20% 179k in 1.1M matrix from Matsumiya
et al. [46] along with predictions. μ00=10 is used for predictions for the dielectric loss ϵ00.

FIG. 22. (a) Viscoelastic responses and predictions for a series of PB from Liu
et al. [64]. The predictions require significantly lower molar mass for the 1.2M
sample and higher molar mass for the 14k sample. Predictions with reported
molar masses are shown with dashed lines. (b) Viscoelastic responses of 10% PB
1.2M in various short PB matrices from Liu et al. [64] along with predictions.

TABLE IV. Molar mass, PDI, and entanglement time used in modeling for
PS from Montfort et al. [63].

Label MW (kg/mol) PDI τe at 160 °C (10−3 s)

F04 35 1.06 3.5

F11 110 1.05 3.5
F20 200 1.06 2.0
F39 390 1.1 1.9
F270 2200 2.0 1.9

(2700) (1.2)
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similar, both being similar to the dielectric relaxation time of
the pure short chains. This is because CR effects (which
accelerate rheological relaxation) are suppressed in the
blends. In contrast, the rheological relaxation time of pure
short chains is faster, since this is accelerated by CR. For
smaller molar masses of the short component [Figs. 21(a)
and 21(b)], the experimental ϵ00 shows that the short compo-
nent peak moves to lower frequencies in the blend compared
to pure short components. This feature is not captured by μ00

in our predictions. We believe this may be because, for short
chains, fluctuations of the chain ends about the tube axis
[37] make a significant contribution to the dielectric relaxa-
tion. These end fluctuations become suppressed in a long
matrix compared to pure short component and shift the
dielectric peak to lower frequencies.

Figure 22(a) shows the experimental viscoelastic
responses and the predictions for a series of PB considered
by Liu et al. [64]. The responses for the samples 22K
(MW ¼ 22:8 kg/mol, PDI ¼ 1:05), 39K (MW ¼ 38:6 kg/mol,
PDI = 1.03), 99K (MW ¼ 98:8 kg/mol, PDI = 1.03), and
160K (MW ¼ 163 kg/mol, PDI=1.01) are well described with
τe ¼ 2:5� 10�7 s. A significantly higher molar mass (19 kg/
mol) compared to the reported MW ¼ 13:2 kg/mol is required
to describe the lowest molar mass sample 14K (PDI=1.05).
Similarly, a lower molar mass of 850 kg/mol compared to the
reported 1240 kg/mol is required to describe the highest
molar mass sample 1.2M (PDI = 1.13). The predictions with
the reported molar masses for these two samples are shown
with dashed lines in Fig. 22(a).

Figure 22(b) shows the viscoelastic responses of 10 wt. %
of the short polymers in the long 1.2M matrix [64], which
are again aimed at discerning the relaxation of short chains in
a majority long chain matrix (the so-called “probe rheol-
ogy”). As with the predictions for the single components
samples, we use MW ¼ 850 kg/mol for the matrix polymer
(~ZL ¼ 469). The Graessley number Gr* for the blends varies
between 2:5� 10�4 (for blends with 160K) and 0.32 (for
blends with 14K). The large ~ZL and not too large Gr* ensure
that the terminal relaxation of the long component in all the
blends is via reptation in the thin tube. The predictions cor-
rectly capture the frequencies of the local maximum in the
G

00
from the terminal relaxation of the short components.

Again, the relaxation of the short components in the blends
is slower as compared to the pure short chains (the latter
being accelerated by CR).

E. Polydisperse polymers

In our approach, polydispersity is included from the
beginning and all the results shown so far already include
mild polydispersity even for “monodisperse” components.

For large polydispersity, specifying only the first two
moments of the molar mass distribution (i.e., MN and MW )
may not be sufficient to characterize the distribution. For this
reason, first we consider two artificially constructed polydis-
perse PS created by blending narrowly distributed samples
by Wasserman and Graessley [65]. The weight fractions of
the components were chosen to mimic smoothly varying
broad distributions. The sample M1 was constructed by

mixing 0.1% 2.98k, 0.2% 5.57k, 0.4% 9.1k, 0.8% 19.6k, 3%
37.9k, 15% 96.4k, 26% 190k, 35.8% 355k, 14% 706k, 3.9%
1.09M, and 8% 2.89M. The sample M2 was constructed by
adding �1:2% higher molar mass component (3.84M and
4.48M occupying 0.7% and 0.3% of the total material in
M2) in a solution of M1. Thus, the two polymers have
nearly identical MN , but the higher moments of M2 are sig-
nificantly larger than those of M1. In our numerical calcula-
tions, we assume that the reported molar masses of the
components refer to their weight averaged molar masses and
use a PDI=1.01 for each component. Figure 23(a) shows the
viscoelastic responses of these two samples at a reference tem-
perature of 150 �C along with predictions from our model
using τe ¼ 8:58� 10�3 s. The predictions correctly capture
the slight increase in the viscous response and the more signif-
icant increase in the elastic response for M2 at low frequen-
cies, as compared to the responses of M1. For both the
samples, the first three components are unentangled. The
remaining components show enhanced CLF due to relaxation
of shorter components, but the final reptation for all these
components is in the thin tube. This possibility of enhanced
CLF in a fatter tube, but with reptation taking place along the
thinner tube was discussed for binary blends in [13] and [14],

FIG. 23. (a) Dynamic modulus master curves at 150 �C for two multicom-
ponent PS blends M1 and M2 from Wasserman and Graessley [65] along
with predictions. (b) Results from a commercial PS with PDI=1.87 from the
same reference. The solid lines are predictions based on the reported polydis-
persity, and the dashed lines are predictions with PDI=1.03 keeping MW

fixed.
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in the context of datasets such as those in Figs. 10 and 11. In
the present model, it means that feq is less than one (and aeq
larger than the thin tube) allowing freedom for enhanced CLF.
Yet, Ψmin remains close to 1 (i.e., chain transport is faster
along the thin tube and aT ¼ a0). Equation (27) indicates how
these two factors combine to give an enhanced CLF rate.

Figure 23(b) shows the viscoelastic responses and predic-
tions for a commercial PS (MW ¼ 321 kg=mol, PDI = 1.87)
from [65]. For these predictions, we assume that a log-normal
distribution provides sufficiently accurate description of the
molar mass distribution. The figure also shows predictions
for a hypothetical polymer with the same weight averaged
molar mass, but with narrow polydispersity (PDI = 1.03). In
both cases, the reptation relaxation of the entangled chains is
in the thin tube. The higher polydispersity in this case
smoothens the reptation peak in G

00
and reduces the modulus

at the reptation peak compared to narrowly distributed
sample.

Figure 24 shows the experimental viscoelastic responses
of a high polydispersity sample PS8 from Montfort et al.
[66] and a low polydispersity sample F39 (MW ¼ 390k,
PDI=1.1) from Montfort et al. [63] together with theoretical
predictions. The peak area in the GPC data of PS8 is well
described by a log-normal distribution with MW ¼ 390k and
PDI=2.9. However, the log-normal distribution was found to
overestimate the high molar mass tail. Thus, the true MW of
PS8 is lower than 390k. We model PS8 with a log-normal
distribution with an exponential cutoff with a characteristic
molar mass 3:5� 106 g/mol. The predictions in Fig. 24 use
τe ¼ 2� 10�3 s corresponding to the reference temperature
of 160 �C.

IV. SUMMARY AND OUTLOOK

The algorithm presented in this paper can be considered
making use of ideas developed in earlier papers [13,14,31]
for rheology and chain dynamics in binary polymer blends,
but generalizing these to include the multiple CR times for
fully polydisperse systems. Although the form of the algo-
rithm is consistent with those earlier papers, we have allowed
experimental data to guide choices of parameters, where

appropriate. We have also included suitable crossovers to
describe early time relaxation and the transition between
entangled and unentangled motion. The algorithm has been
tested against linear stress and dielectric relaxation data for a
very broad range of monodisperse, bidisperse, and polydis-
perse polymer melts. We view the key elements and develop-
ments in the algorithm to be as follows:

† A nested tube structure based broadly on the dynamic dilu-
tion picture (see Fig. 1). In addition to the commonly used
thin tube (no dilution), fat tube (full dilution), and super-
tube (indicating stress relaxation by CR), we added two
more: an optimal tube for the fastest reptation (along-tube)
motion, in Sec. II E; and an “equilibration” tube (the
largest available tube for reptation or CLF), in Sec. II D.

† We reject Eq. (6) for stress relaxation (commonly used in
branched polymer theories, including our own [25]) in
favor of Eqs. (2), (4), and (5), which are closer to the
double reptation [12] picture and to the expression used by
Likhtman and McLeish [9] for monodisperse material.

† CR is modeled as an immediate drop in the supertube frac-
tion fST followed by power-law decay (see Fig. 2 and dis-
cussion in Sec. II C). This, combined with the equation
used for stress relaxation, is essential for reproducing dif-
ferences in dielectric and stress relaxation times, and
change in relaxation time of short chains when embedded
in long chain matrix (see Appendix B).

† CLF proceeds at a rate determined by the optimal tube for
the fastest along-tube motion, but to a depth permitted by
local equilibration from CR (i.e., CLF in a “fat” tube via
motion along a thinner tube [13,14]), as detailed in Sec. II F.

† We also reexamined the criterion used for crossover from
CLF to reptation relaxation, in Sec. II G. Here we found
that the criterion used in some earlier models (BoB [25]
and Hierarchical [24]) overestimated both relaxation due to
CLF and the extent to which CLF accelerates terminal
reptation.

The excellent comparison with experimental data suggests
that this algorithm can be useful in making predictions for
linear rheology of a substantial range of polydisperse
polymer melts.

Nevertheless, it will be apparent even from the brief
summary above that the model developed is, in several
respects, not compatible with our previous algorithm to deter-
mine linear rheology of branched polymers (the BoB model
[25]) or with the previous work upon which that algorithm
builds. Although designed for branched polymers, the BoB
model can be used to predict rheology of broadly polydis-
perse linear polymers, but will often require a different
parameterization to that used in this paper. Especially for
some of the binary blend data used in the present work, the
BoB model will not work. There is a clear need to revisit the-
ories for branched polymer relaxation in light of the more
recent understanding of interaction between CR, CLF, and
reptation emerging from studies of binary blends.

The computer source code used in generating the predic-
tions in this paper, executable and documentation are avail-
able for download at https://github.com/chinmaydaslds/
LP2R.

FIG. 24. Dynamic responses of a polydisperse sample PS8 from Montfort
et al. [66] and a comparatively narrow dispersity sample F39 from Montfort
et al. [63].
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APPENDIX A: ON THE OBSERVATION OF DISTINCT
aST AND aeq IN SLIP-SPRING SIMULATIONS

Our claim that we need to keep track separately of two
tubes, the “supertube” aST and “equilibration tube” aeq (with
associated volume fractions fST and feq) are not intuitively
obvious. Typically, in tube theories, it has been considered
that these two tubes are equal. As noted above, one reason
for claiming that these two tubes are not equal lies in obser-
vations from the slip-spring simulations of [14] and [31].
Because those papers did not explicitly draw attention to this
difference, in this appendix, we highlight the relevant fea-
tures of those simulations and their analysis.

Both [14] and [31] make use of an effective friction cons-
tant per monomer (or simulation bead) arising from CR

Rouse motion, which is (for a slow CR process)

ζCR ¼ 2kBT
b2N2

eα
2
CR

τCR, (A1)

where τCR is the mean hop time of a single time scale CR
process. The parameter αCR was found to equal 1.2 by mea-
surement of diffusion of chains in a slip-spring model where
reptation was suppressed [31]. Hence, a chain subsection of
N monomers has a CR Rouse time of

τRCR ¼ N2b2ζCR
3π2kBT

¼ 2N2

3π2α2
CRN

2
e

τCR: (A2)

This can be used to obtain an effective supertube volume
fraction (for diffusion and stress relation) by setting fST

¼ Ne=N and τRCR ¼ t to give

fST (t) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
3π2α2

CR

τCR
t

s
: (A3)

The fact that this is not simply fST (t) ¼
ffiffiffiffiffiffiffiffiffiffiffi
τCR=t

p
is one

reason why we propose a drop in fST in Sec. II C, since the
asymptotic fST (t) is smaller than expected.

Read et al. [14] also examines the effect of CR on the
CLF process in the slip-spring model. One qualitative obser-
vation (see Fig. 3 of [14]) is that enhanced CLF in wider
tubes does not occur significantly until after the typical CR
time scale τCR. There, thus, is no evidence of a sudden jump
at τCR in the widening tube for CLF (in contrast to fST ) but
instead a smooth onset of enhanced CLF. This, then, is already
a clue that a separate tube diameter will be required. Equation

FIG. 25. Influence of Aeq on relaxation in binary blends: PB blend experimental data from Wang et al. [16], the solid lines are predictions with Aeq ¼ 2 and
the dashed lines are predictions with Aeq ¼ 1.
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(5) of [14] specifies the effective equilibration feq used to
model the data in their Fig. 3. Asymptotically, in the limit of
slow CR and dilute long chains, this gives at long time

feq ¼
ffiffiffiffiffiffiffiffi
τhop
t

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cf
α2
CR

τCR
t

s
, (A4)

where the hop time was specified as

τhop ¼ cfN2
e b

2ζCR
kBT

, (A5)

and the parameter cf was in fact set equal to 1 to model the
data.

Comparing Eqs. (A3) and (A4) indicates that, at least for
successful modeling of the slip-spring simulations, fST

(which governs diffusion and stress relaxation from CR pro-
cesses) and feq (which governs the tube in which CLF can
occur) are not the same. Indeed, typically feq is larger than
fST at any given time, and correspondingly aeq is smaller
than aST . One consequence in [14] can be observed in their
Fig. 6 for the modified Viovy diagram. The boundary
between regions 3 and 4 (a competition between reptation in
thin and fat tubes, related to fST ) is shifted downwards in the
diagram, indicating that diffusion along the fat tube is faster
than might be expected. However, the boundary between
regions 3c and 3b (a competition between CLF in the fat
tube or thinner tubes, related to feq) is not correspondingly
shifted downwards. This is another indication of fST being
faster than feq.

In Fig. 25, we illustrate the effect of considering aeq differ-
ent from aST for two set of PB blends from Wang et al. [16].
The dashed lines are predictions with Aeq ¼ 1 (i.e. aeq ¼ aST ),
while the solid lines are with Aeq ¼ 2. All other parameters
are the same as in the predictions for Fig. 13. In logarithmic
scale, the effect of Aeq is visible only when the reptation time
of the two components is sufficiently well-separated such that
the long chains undergo CLF in the fat tube for a substantial
portion of its relaxation before reptation (ZS is small), and
there is a large change in aST from the relaxation of the short
chains (fL is small). For the 410K/44K blends (panels a and
b), the relaxation spectra between the two choices of Aeq are
slightly different for the 5% and 10% blends. For higher fL,
the two curves are indistinguishable in the figure. The differ-
ence is more prominent for the 410K/3.9K blends (panels c
and d), where the difference is visible up to fL ¼ 0:2.

APPENDIX B: ON DOUBLE REPTATION AND THE
EXPRESSION FOR STRESS RELAXATION

In this paper, we make use of Eqs. (2), (4), and (5) to cal-
culate the stress relaxation function, contrasting this with the
equation commonly used in branched polymer tube theories,
Eq. (6). Here, we briefly discuss the difference between these
expressions when applied in the simple double-reptation
[12] limit for binary blends. We assume a blend with fraction
fS short chains with bare reptation time τS, and fraction
fL ¼ 1� fS long chains with bare reptation time τL. Then, a

simplified double reptation picture [5] can be obtained by
assuming both f(t) and fST (t) obey

f(t) ¼ fST (t) ¼
1 t , τS,
fL τS , t , τL,
0 t . τL:

8<
: (B1)

With dilution exponent 1, this then gives, from Eqs. (4)
and (5),

μ(t) ¼ R(t) ¼ fL exp � t

τL

� �
þ fS exp � t

τS

� �
, (B2)

and so, using Eq. (2)

G(t)

G0
N

¼ f2
L exp � 2t

τL

� �
þ f2

S exp � 2t
τS

� �

þ 2fLfS exp � t

τL
� t

τS

� �
: (B3)

although greatly simplified, this has features that are broadly
consistent with experimental observations. These can be
observed by considering different limits as follows:

1. For pure long (or short) chains, e.g., fL ¼ 1, there is a
factor of two difference between relaxation time of stress,
G(t), and dielectric response, μ(t). Such a difference can
be observed in, for example, Fig. 5.

2. For pure short chains (fS ¼ 1), the stress relaxation time
is obtained from the second term in Eq. (B3) and is τS=2.
In contrast, for short chains in a long chain matrix
(fS � 1 and τL � τS), the short-time stress relaxation is
dominated by the last term in Eq. (B3), with relaxation
time close to τS, which is also the dielectric relaxation
time. Such observations are qualitatively clear, for
example, in Figs. 21(c) and 21(d).

In Eq. (B3), these two predictions arise due to a combination
of using Eqs. (2), (4), and (5) for the stress relaxation, and
also having a step drop in fST giving a substantial amount of
CR at the time scale of relaxation of the entangling chains.
Although we go beyond the double reptation approximation,
we retain these features in the theoretical development in the
main body of the paper.

In contrast, using Eq. (6) with Eq. (B1) gives

G(t)

G0
N

¼ f2
L exp � t

τL

� �
þ (1� f2

L) exp � t

τS

� �
: (B4)

This gives neither the factor of two difference between stress
and dielectric relaxation time for pure chains nor the differ-
ence in stress relaxation peak for short chains in long chain
matrix. We believe it impossible to reproduce these key
experimental observations using Eq. (6) for stress relaxation.
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APPENDIX C: MODEL PARAMETERS AND
EXPERIMENTAL DATAWITH SYSTEMATIC ERRORS

In an idealized scenario, experimental data are of use for a
model such as ours in three distinct ways: first, the model
parameters can be fitted with a subset of data from fully speci-
fied samples. Second, a separate set of fully specified samples
serve to validate the model. Third, the model can estimate
experimental parameters for results from a partially specified
experiment. To avoid circularity, these three sets should ideally
be separate. Ideally, the fitting procedure for parameters should
consider experimental uncertainties to yield a parameter range
and predictions should give confidence bands.

The above procedure is feasible for experiments where
random errors dominate the results. Unfortunately, the main
uncertainty in polymer rheology data is dominated by sys-
tematic errors in polymer characterization (molar mass distri-
bution, glass transition temperature, etc.). Considering the
scatter in the zero-shear viscosity shown in Fig. 3, and for
now attributing the observed scatter in the data only to the
uncertainty in the molar mass determination, in Fig. 26 we
replot our results on PB 174K/41K blends from Struglinski
and Graessley [61] assuming that the molar masses of the
two components can be +15% different from the specified
molar masses (a reasonable confidence interval for GPC).

The uncertainty in the polymer translates to confidence
bands in our predictions.

As can be seen in Fig. 3, the confidence bands for the dif-
ferent concentrations overlap with each other considerably.
However, since the experimental errors are mostly systematic,
the different concentration data will most likely share a corre-
lated systematic error (e.g., in the long component molar mass
is higher, then all the predictions are pushed toward longer ter-
minal relaxation time). This feature of correlated error is not
well represented by simple confidence bands. Further, for an
individual sample, a systematic error in molar mass can be
compensated by adjusting other model parameters. Across a
wider range of samples, this interplay between potential char-
acterization errors and potential errors in model parameters
results in a degree of circularity that tends to break the ideal-
ized scenario presented at the start of this appendix.

Hence, pragmatically, we present our predictions as lines
rather than confidence bands in our plots. In our model vali-
dation/prediction, we have reassigned molar masses of the
parent components where necessary. Similarly, for a single
concentration, the entire frequency response shares the same
glass-transition temperature (Tg). Where necessary, we have
used separate τe to describe individual blends with the con-
straint that the blends must have Tg that lies between the two
Tg of the parent components: i.e., τe of the blends lie
between the τe required for the parent components and vary
systematically depending on the concentration.

APPENDIX D: ON NUMERICAL VALUE OF Aζ

For the slip-spring simulations, Read et al. [14] assigned a
value of Aζ ¼ 0:047 based on a measurement of the diffusion
of chains with constraints having a well-defined exponential
distribution of CR times with time constant τCR. In this
appendix, we discuss the reason that their estimate of Aζ was
so different from the one used in this paper. Slip-springs are
just an idealized model, and there is no particular reason to
expect that CR in real polymers follows exactly the same
path as in slip-springs (in particular, a real entanglement
could be a collective effect of interactions with multiple
chains). So, the real Aζ could easily be different from the
slip-spring simulation value.

FIG. 27. Imaginary part of the complex viscosity η00 for PI 80K/12K blends
from Malo de Molina et al. [52] along with predictions.

FIG. 26. One PB blend series from Struglinski and Graessley [61] with con-
fidence bands showing the prediction with 15% uncertainty in the molar
mass.

718 C. DAS AND D. J. READ
D

ow
nloaded from

 http://pubs.aip.org/sor/jor/article-pdf/67/3/693/16776152/693_1_online.pdf



The parameter Aζ is not directly accessible from the
experiments. Read et al. [14] provided a formula that can
describe the terminal relaxation time of the long chains in a
bimodal blend based on the number of entanglements of the
components, volume fraction, and the relaxation time of the
short chains. Malo de Molina et al. [52] used this formula to
show that the terminal time of the long chains in a 80K/12K
blend can be described by the form of Read et al. [14]. The
agreement for the terminal time of the long chains at high
volume fraction of long chains in itself does not prove that
real chains require Aζ ¼ 0:047. In fact, the interpolation form
for the friction is so arranged is to make it rather insensitive
of Aζ at high fL. Malo de Molina et al. presented their data
in terms of real and imaginary viscosity components and the
relaxation time was accessed from the peak in the imaginary
viscosity. In Fig. 27, we show that our current model detailed
model with Aζ ¼ 1:25 describes the terminal time of the long
chains in the experiments of Malo de Molina et al. equally
well (and also describes the full frequency spectra). The pre-
dictions use τe ¼ 1:9� 10�5 s.

To investigate the effect of CLF, we show the time evolu-
tion of f(t), fST (t), μ(t), and R(t) in Fig. 28 from a separate
calculation for the 10% blend where we ignored the small
polydispersity to aid in visualization.

The first drop in fST (orange symbols) is at τe. It then
follows (and in the graph completely overlaps) the relaxation
of f(t) due to CLF until the terminal relaxation at
τd,s � 1:7� 10�4 s. At this point, f(t) drops to just below
0.1 as the short chains reptate. There is a corresponding drop
in fST from a value of 0.44 to a value of 0.35 followed by
supertube relaxation until 4� 10�3 s. We note here that a
substantial part of the relaxation of fST (from a value of 1
down to a value of 0.44) is provided by CLF and then the
last part (from 0.44 to 0.35) by the δCR parameter, which we
relate to an effective Aζ .

An approximate description for the above system (com-
mensurate with the previous analysis of Read et al. [14]
based on a single CR time scale) would be to hold value of
fST ¼ 1 until the terminal relaxation τd,s followed by a larger
drop (from 1 to 0.35) to give the same fST (t), or equivalently
R(t) in the supertube relaxation region. In this particular case,

assigning a single CR time at τd,s will lead to a much larger
value of δCR corresponding to a value of Aζ that is about a
factor 7 smaller than 1.25 used in our current model.

Thus, proper incorporation of CLF explains partly the
reason of the different values of Aζ required in our model
and in model based on slip-spring simulations. In the particu-
lar example of Molina et al. [52], the lack of CLF in a sim-
plified model accounts for a factor 7 difference in the value
of Aζ compared to the current more detailed model. This still
leaves a factor of 3.8 difference between the two models.
However, the parameter Aζ does not appear in isolation, but
rather is combined with multiple other parameters to predict
the observed relaxation spectra. These other parameters do
not have similar physical meaning to connect between the
two theories directly. In general, the experimental systems
where the value of δCR or Aζ is important are typically ones
where the short chains are a relatively short (in terms of the
number of entanglements) and where CLF effects are large.
As is evident in this work, we describe a wide range of data
with the current parameterization.

APPENDIX E: CALCULATION OF THE DYNAMIC
MODULI

The dynamic moduli are calculated from the decay of Φ
and ΦST as

G* ωð Þ
G0

N

; iω

ð1
0
ds μ tð Þ R tð Þe�s iωþsð Þ ¼

ð
τk

dτk � df

dτk

� �

�
ð
τm

dτm � dfα
ST

dτm

� �

ω2τ2km

1þ ω2τ2km
þ i

ωτkm
1þ ω2τ2km

�
:

(E1)

Here, τkm ; τkτm=(τk þ τm) and the integrals involving τk
and τm are between zero and infinity. Since f goes to zero at
the final reptation time τd of the last surviving polymer, the
first integral can be approximated as

ð
τk

dτk � df

dτk

� �
)

Xτk�τd

k

�Δf τkð Þ½ 	: (E2)

Taking account of the long-time power-law decay of ΦST

beyond the terminal reptation time, we divide the second
integral as a sum until τd where we accumulate values of
ΦST at discrete time intervals and an integral as

ð
τm

dτm � dfα
ST

dτm

� �
)

Xτm�τd

m

�Δfα
ST τmð Þ� �(

þ fα
ST τdð Þ ffiffiffiffiffi

τd
p

2

ð1
τd

dτmτ
�3=2
m

�
: (E3)

The resulting integrals in the complex modulus allow
FIG. 28. Time evolution of μ(t), R(t), f(t), and fST (t) for PI 10% 80K
polymer in 12K matrix.
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closed form expressions as

I 0 ;
ð1
τd

dτm � dfα
ST

dτm

� �
ω2τ2km

1þ ω2τ2km

¼ fα
ST τdð Þ
2

ω2τ2k

ð1
1

ffiffiffi
x

p
dx

ω2τ2kx
2 þ τk=τd þ xð Þ2

;
fα
ST τdð Þ
2

ω2τ2k I 1
τk
τd

, ω2τ2k

� �
, (E4)

I 00 ;
ð1
τd

dτm � dfα
ST

dτm

� �
ωτkm

1þ ω2τ2km

¼ fα
ST τdð Þ
2

ωτk

ð1
1

dxffiffiffi
x

p τk=τd þ xð Þ
ω2τ2kx

2 þ τk=τd þ xð Þ2

;
fα
ST τdð Þ
2

ωτk I2
τk
τd

, ω2τ2k

� �
: (E5)

For real positive a � 1 and real positive b, the integrations
I1(a, b) and I 2(a, b) result in

I 1(a, b) ;
ð1
1

ffiffiffi
x

p
dx

(aþ x)2 þ bx2

¼ 1

2
ffiffiffi
2

p
αβa

βγ(1þ α)t1
b

� 2
ffiffiffi
a

p
t2


 �
, (E6)

I 2(a, b) ;
ð1
1

dxffiffiffi
x

p (aþ x)

(aþ x)2 þ bx2

¼ 1

2
ffiffiffi
2

p
αβa

�γβt1 � 2
ffiffiffi
a

p
(1þ α)t2

� �
: (E7)

Here, α ;
ffiffiffiffiffiffiffiffiffiffiffi
1þ b

p
, β ;

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

p
, γ ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a(α � 1)

p
, δ

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a(α þ 1)

p
, t1 ; ln (aþ α þ ffiffiffi

2
p

γ)=(aþ α � ffiffiffi
2

p
γ)

� �
, and

t2 ; tan�1 (2
ffiffiffi
2

p
αδ)=(δ2 þ γ2 � 2α2)

� �
.
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