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This study investigates the settling behaviour of bidisperse colloidal silica suspensions in two different
size ratios (100:500 nm and 500:800 nm) with various mixture ratios and volume fractions, using an ana-
lytical photocentrifuge. For dilute systems, translation of settling rate profiles to size distributions
resulted in more accurate measurements for both monodisperse and bidisperse systems than using
dynamic light scattering, in comparison to SEM. However, a critical limitation was also observed, as dis-
tinction between upper (smaller particle) and lower (larger particle) interfaces could only be measured
for total volume fractions <�0.02. For 500:800 mixtures, results were compared with Richardson-Zaki
and modified Batchelor model predictions. The Batchelor model proved more accurate at predicting
the lower interface rate, while both models over predicted the upper interface, likely due to increased
drag that was most evident with higher fractions of smaller particles. For 100:500 cases, higher centrifu-
gal rotation speeds were required to settle the 100 nm particles, and the influence of Brownian motion
was evident. It was also found that the smaller particles obtained a lower initial settling rate than its ter-
minal velocity, due to induced anisotropic effects or backflow from the 500 nm fraction, which was again
more evident with a greater proportion of smaller particles.
� 2023 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).
1. Introduction

The sedimentation of colloidal suspensions has been intensively
studied for many years [1–3]. Its importance is found in many
practical applications, such as solid–fluid separations [4–6], food
[7], as well as cosmetics and paints [8], where sedimentation the-
ory is used to predict the efficiency of industrial processes or pro-
duct shelf-life, for example. Therefore, a number of studies have
been reported over the years on characterising complex colloidal
settling (e.g., [9,10]) and the prediction of settling rates (e.g.,
[11,12]). The Richardson-Zaki model [13] is one of the most popu-
lar methods to predict changes to sedimentation with concentra-
tion, using an empirical power-law hindrance function.
Alternatively, Bachelor [14] derived a linear relationship between
the mean fall velocity of a particle and the concentration for
diluted monodisperse suspensions, where the coefficient of the
equation has been further discussed and modified by other authors
(e.g., [15,16]). These two models are in relatively good agreement
for semi-dilute and dilute suspensions [17]. Related models that
are suitable for higher particle concentrations [18] and larger par-
ticle ranges [19] have also been proposed.

In addition to empirical models, there are also mathematical
treatments of sedimentation which relate the settling velocities
to the properties of suspensions. In particular, Kynch’s one-
dimensional monodisperse zonal sedimentation model [20] is
regarded as the first truly numerical model for the sedimentation
and separation of particle fractions forming incompressible cakes.
It has been further extended by various authors (e.g., Davis and
Russel [21] who included Brownian diffusion for colloidal particles,
and van Deventer et al., who incorporated aggregate densification
[22]). While these numerical models have been used to predict
the hindered settling velocity of various systems [23], they are rel-
atively mathematically intensive, and are most suited to studies
focused on the compressive consolidation of dispersions rather
than dilute or semi-dilute settling.
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For real industrial processes and products, one of the greatest
challenges in predicting sedimentation and separation is that sys-
tems are not always monodisperse, and in fact, bidisperse and
polydisperse suspensions are more common. Bidisperse suspen-
sions can be regarded in many ways as the ‘simplest’ case of poly-
disperse systems, allowing investigations into the underlying
mechanisms of multi-sized particle settling. For example, Richard-
son and Zaki [24] proposed a modification based on monodisperse
suspensions for application to polydisperse systems, using the total
volume fraction of particles. Other investigations have showed,
nonetheless, that this formula did not match well with experi-
ments of large differences in size or density [25], although further
modification to power-law models for sedimentation of bidisperse
and polydisperse dispersions have been proposed [26,27]. Also,
empirical models have not always proved to be accurate in bidis-
perse sedimentation, especially for large particles [28]. While the
sedimentation of polydisperse systems is more complex than
bidisperse, it is known to be strongly influenced by the size distri-
bution of particles [29]. Therefore, the use of multiple particle size
ratios in investigations will aid in understanding the interaction
between different size classes. It has also been reported that the
mixing ratio of particles influences the relative viscosity of species
in bidisperse sedimentation [30], which is not something that is
fully taken account of in most analytical sedimentation models.

Another complexity with studying fine colloidal systems is that
separation occurs naturally over extended periods of time that is
difficult to measure accurately, and may be subject to other forces
such as Brownian motion [10], which counters the gravitational
movement. To overcome challenges of slow settling systems, cen-
trifugal sedimentation is a simple but useful intensified solid–liq-
uid separation method. Within the high value chemicals
industry, centrifugal separators are a very common method to
accelerate settling processes; either for solids waste management
[31–33] or as an investigative technique to study products which
are formulated for long shelf lives [34–36]. In particular, laser
based centrifugal analysers can simultaneously track interfacial
settling rates of multicomponent systems, using scanning light
transmission data. Modern instruments have been developed into
very useful tools to investigate colloidal suspensions, allowing illu-
mination across their entirety by having detectors that can mea-
sure light extinction profiles instantaneously with micrometre
scale resolution [37].

It is reported that even very small changes in dispersion state
can be detected. For example, Lerche [38] characterised both mono
and polydisperse systems ranging from nano to micro sized with
the same instrumentation, showing the high reliability of cen-
trifuge data and analysis methods. Analytical centrifuges can also
measure the size distribution of suspensions, where results have
been shown to be more accurate than dynamic light scattering
(DLS) devices [39] especially for bidisperse and polydisperse
nanoparticles [40], and have been used to separate bidisperse
charged nanoparticle suspensions [41]. Furthermore, centrifugal
sedimentation may lead to enhanced Reynolds number dependent
wake effects [42], as well as Drafting-Kissing-Tumbling (DKT)
events [43,44] that can lead to a modified drag force acting on trail-
ing particles. This phenomena has been verified by simulations
[42] and has been found to be even more prevalent in dilute sus-
pensions [45].

While significant theoretical and experimental work exists on
bidisperse settling, as outlined, considerable questions remain into
their sedimentation dynamics and, in particular, the interactions
between one size fraction on the settling of another. Especially
for fine colloidal systems, more understanding is required into
the effect of size and concentration ratios on sedimentation, and
whether changes in specific ratios significantly affect particle drag
or enhance wake effects. Such changes may also modify the accu-
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racy of common sedimentation models that are widely used indus-
trially for predicting behaviour. Additionally, while it is clear
analytical centrifugation has become a standard technique for
characterising slow-settling dispersions over the last decade or
so, analysis of multi-species systems is still complex. Limitations
exist from the interaction of particle species on total light trans-
mission of particle fractions, which needs to be clearly defined
for bidisperse systems.

Therefore, the aim of this work is to investigate the sedimenta-
tion of bidisperse colloidal particles of the same material with an
analytical centrifuge. Specifically, two size particle ratios of col-
loidal silica are used (500:800 nm and 100:500 nm sizes) in various
mixing ratios and total volume fractions. Sedimentation profiles
from dilute systems are converted to size distributions and com-
pared to dynamic light scattering and scanning electron micro-
scopy (SEM) for comparison. Then, the fractional interfacial
sedimentation rates are measured for various systems, where
instrumental limitations due to reduced light transmission are
examined. Extracted settling rates of both the larger and smaller
particle fractions are then compared to bidisperse modified
Richardson-Saki and Batchelor models. These are used to highlight
the influence of mixture ratios on particle drag or wake effects that
may alter the following object’s velocity from local hydrodynamic
interactions.
2. Materials and methods

2.1. Materials

The colloidal silica particles used were Angstrom Sphere� silica
powder, with nominal quoted mean sizes of 100, 500 and 800 nm
(Fiber Optic Center Inc., USA). The particle densities (qp) were mea-
sured as 2.2 g/cm3 for the 100 nm silica particles and 1.92 g/cm3 for
the 500 nm and 800 nm particles, using a Pycnomatic ATC gas pyc-
nometer (Thermo Electron, USA). The density results are close to
expectations for silica particles [46]. Suspensions were prepared
by adding silica powder to a 1 � 10-4 M potassium chloride (KCl)
background electrolyte solution, using KCl crystalline powder
(Fluka Chemie GmbH, Germany) and ultrapure Milli-QTM water,
with a resistivity of 18.2 MO.cm at 298 K (Millipore, USA). The sus-
pensions were placed in an ultrasonic bath (XUBA3, Grant) for
15 min prior to characterisation without heating. Samples were
then further dispersed using an ultrasonic Sonic Dismembrator
(Fisher Scientific) at 80% amplitude for 5 min. The purpose of the
ultrasonic bath and probe was to fully homogenise the suspensions
before any measurements were taken.

Two different size ratios were investigated, comprising nominal
500 and 800 nm silica particles (with a relative mean size ratio of
1.6) as well as 100 and 500 nm particles (with relative mean size
ratio of 5). Bidisperse nanoparticle suspensions (500: 800 nm and
100:500 nm) were prepared in three relative mixing ratios on a
volume basis (1:2, 1:1, 2:1). The total volume fractions of the bidis-
perse suspensions ranged from 0.001 to 0.03 for the mixture of
100 nm and 500 nm particles, and from 0.0005 to 0.05 for the mix-
ture of 500 nm and 800 nm particles. It is noted that while the
actual particle size distributions were confirmed through detailed
characterisation (see Section 2.2) for simplicity, the species are
labelled as per the manufacturer specifications throughout (100,
500 and 800 nm sizes).
2.2. Particle characterisation

A Zetasizer� Nano ZS dynamic light scattering analyser (Mal-
vern Panalytical ltd., UK) was used to confirm the size distribution
of the silica particles. Dispersions at 1000 ppm concentration were
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firstly prepared using the procedure outlined above. For the mea-
surements, three separate samples were analysed over a 120 s
measurement time with three runs for each sample. Autocorrec-
tion functions were fitted using the Zetasizer� ‘‘general purpose
mode” for the monodisperse systems and ‘‘multiple narrow mod-
es” for the bidisperse suspensions. Additionally, ultra-high-
resolution scanning electron microscopy SU8230 (Hitatchi, ltd.)
was used as a further method to confirm average particle sizes
and particle morphology. To enhance the electrical conductivity,
dry silica particles from the manufacturer were placed as a mono-
layer under high vacuum conditions and coated with a layer of car-
bon on a standard SEM stub. Energy-dispersive X-ray spectroscopy
(EDS) was also used to ensure samples were pure silica particles
without any contamination.
2.3. Centrifugal sedimentation experiments

Phase separation of both monodisperse and bidisperse suspen-
sions was monitored using a LUMiSizer� analytical centrifuge
(LUM GmbH, Germany). The LUMiSizer� [38] enhances sedimenta-
tion by exposing sample dispersions to a centrifugal acceleration
greater than earth gravity. The analysis uses a method called ‘Space
and Time resolved Extinction Profile’ (STEP�) technology, which is
an updated approach from classical static light scattering [37]. The
centrifuge rotation rate can be altered from 0 to 4000 rpm and the
effective detection zone ranges from 105 to 130 mm. In the LUMi-
Sizer�, a light source pulses near-infrared (865 nm) light through
the side of each sample cell at user-specified times. The light inten-
sity was normalised prior to each run. A 25 mm 2048 element CCD-
line detects the intensity of transmitted light across the length of
the sample, yielding transmission profiles that can be converted
to interface sedimentation, using appropriate transmission thresh-
olds. The transmission profiles were recorded every 10 s through-
out each run. Each sample was sealed and placed horizontally in
the analyser, along the radial axis, with the top of the sample near-
est to the centre of rotation. The base of sample was determined to
be at a radial distance of 129.3 mm from the centre of rotation. The
centrifugal acceleration, a, is given by Eq. (1):

a ¼ ð2pnÞ2r ð1Þ
where n is the number of centrifuge revolutions per second and

r is the radial position in the centrifuge, with r = 0 at the centre of
rotation. The height of sample cell in the centrifuge in this study is
20 mm. Due to the position of the sample in the centrifuge, r is
given by Eq. (2):

r ¼ rmax � x ð2Þ
where rmax is the radial position (m) at the base of the sample

and x is the position. As the particles sediment towards the end
of the tube, the acceleration does slightly increase with the settling
interface. For this study, it ranged from 975 m/s2 to 1195 m/s2 (es-
timated from the change in x between the start and end of each
experiment). Initially, the sedimentation of monodisperse
nanoparticle suspensions (nominal 100, 500 and 800 nm as
detailed) were measured for volume fractions / = 0.001–0.03.
Then, the sedimentation of bidisperse suspensions of 500:800
and 100:500 nm mixtures were measured for total volume frac-
tions of / = 0.001–0.03, using the particle mixing ratios described
in Section 2.1.

To verify some of the trends observed using the centrifugal
analyser, a Turbiscan� earth gravity optical analyser was also used
(Formulaction, France). Dispersions were added to 20 ml sample
cells and the optical transmission and backscatter were obtained
every 10 min automatically. The total measuring time was 48 h,
3

due to the slow settling of the colloidal particles under earth
gravity.

3. Results and discussion

3.1. Dispersion characterisation

Scanning electron micrograph images were obtained for the sil-
ica sphere particles, as shown in Fig. 1. From these results, particles
are confirmed as spherical in morphology and close to the size pro-
vided by the manufacturer, see example particle sizing in the figure
annotations. Further, size distributions derived from SEMs are
shown within the Electronic Supplementary Material (ESM),
Fig. S1. The average size from SEM distributions were very close
to manufacturer expectations for the 500 and 800 nm particles,
but were � 15% larger than expected for the 100 nm particles.
For sedimentation analysis, the measured means were used in
calculations.

As well as being used to directly analyse bidisperse sedimenta-
tion at various concentrations (see proceeding sections) the LUMi-
Sizer� analytical centrifuge was also utilised to measure particle
size distributions, based on an integration of the settling velocity
and Stokes law.

Here, the extension value, E, can be transformed from transmis-
sion values and is related to the fraction of particles at a given dis-
placement, where it is a ratio of the measured transmission of the
dispersion, T, and the transmission of the sample cell filled with the
dispersion media only (T0). Then, the extension value E at a given
displacement is calculated, according to Eq. (3):

E ¼ � lnð T
T0

Þ ð3Þ

A given particle size can be measured using the centrifuge mod-
ified Stokes law, as given in Eq. (4):

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

18gf

ðqp � qf Þx2tm
lnðrm

r0
Þ

s
ð4Þ

where d is the particle diameter (m) of spherical particles in an
unhindered laminar sedimentation regime. qp is the particle den-
sity (kg/m3), qf is the fluid density, x is the angular speed (radi-
ans/s), gf is the dynamic viscosity of the fluid (Pa�s), r0 is the
starting position of the particle (m), rm is the measurement posi-
tion (m), and tm is the measurement time (s).

The ‘Constant Position’ approach, which is used in particle size
measurements from LUMiSizer� data, is based on the time source
of the registered intensity of the emergent beam. Alternatively,
the particle velocity can be determined from the ‘Constant Time’
approach by measuring the travelled distance of particle in a given
time, t, by spatial resolving. The cumulative volume weighted par-
ticle size distribution, Q(d), is calculated directly from the integra-
tion of the extension values across the profile length. The
volumetric cross section, Av, is calculated from Mie theory [47] or
determined experimentally. Here, E(r) is the extinction and can
be used as the dependent variable, with position, r, as independent
variable to calculate the distributions of velocity and size.

QðdÞ ¼

REðrÞ
Emin

r2
AV ðdÞdEðrÞ

REmax

Emin

r2
AV ðdÞdEðrÞ

ð5Þ

The cumulative volume weighted particle size distribution, Q
(d), can be obtained directly from the extinction profiles, which
equates the volume percent (%) of undersize particles. Then, the
volume weighted distribution density qln(d) can be calculated,



Fig. 1. Scanning electron micrographs of silica nanoparticles, with nominal mean sizes of (a) 100 nm (50.0 k magnification), (b) 500 nm (20.0 k magnification), (c) 800 nm
(20.0 k magnification).
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and can be regarded as qualitatively equivalent to a volume per-
cent distribution [48], at least for the purposes of peak matching.
The light transmission profiles of monodisperse systems are shown
within the Electronic Supplementary Material (ESM), Fig. S2, and
the resulting weighted density particle size distribution (PSD)
results are shown in Fig. 2, where they are compared to volume
% PSDs measured by dynamic light scattering using the Zetasizer�.
It is noted that only dilute systems can be analysed using the
Stokes equation to estimate size, and the data in Fig. 2 were gener-
ated from dispersion volume fractions of 0.001. For a more direct
comparison, the volume % distributions from DLS were also con-
verted to the weighted distribution, qln(d), function, as given
within the ESM, Fig. S3, with results being consistent with trends
displayed in Fig. 2.

From the monodisperse PSD results, all three types of silica par-
ticles were measured to be close to their manufacturer defined
sizes, especially for the 500 and 800 nm particles, while their poly-
dispersity indexes from DLS were 0.031, 0.012 and 0.07 for the
nominal 100, 500 and 800 nm particles respectively, confirming
that the suspensions are all nearly monodisperse [49]. Interest-
ingly, results also suggest that sizes measured from the LUMiSizer�

were both closer to the manufacturer specifications, and with
much smaller distributions than through DLS (which can be visu-
ally observed in Fig. 2 for all three particle types). Similar results
have been found by Chiu and co-workers [39], for example, who
compared size distributions of organic/inorganic coatings from
analytical centrifuge and DLS, also reporting that the analytical
centrifuge produced more accurate PSDs. The limitations of DLS
measurements for particle size have also been discussed by Ander-
son et al. [50], who suggested that DLS is not suitable for measuring
particles with broad size distributions, while they also found that
Fig. 2. Particle size distributions of the three nano-silica dispersions, as measured by the Z
volumetric differential distribution (red, right hand axis). Particles have nominal sizes of (
in this figure legend, the reader is referred to the web version of this article.)
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the analytical centrifuge was one of the best techniques to study
non-monodisperse particle systems.

The main considered reason for the distribution broadening is
the relative influence of larger particles on scattered intensity
(where I / d6 in the Rayleigh regime)[51]) meaning that only a
few larger particles or aggregates can skew the data or increase
the error in the autocorrelation inversion [52]. While the larger
800 nm particles in this study would be strictly outside of the Ray-
leigh limit, the issues of peak broadening are reduced, bur remain.
In this case also, the particles are towards the upper measurable
limit by DLS, due to their small Brownian diffusions. Additionally,
DLS measurements may be affected by any associated bound ion
or electrical double layers, due to their effect on Brownian diffusion
(and thus measured hydrodynamic diameter) which is most preva-
lent when they are of the same size order as the particles them-
selves [53]. In fact, it is evident from Fig. 2 that the DLS
overestimates the smallest 100 nm particles more so than the
500 or 800 nm particles, where the relative double layer effects
will be more significant.

Importantly, the LUMiSizer� matched the SEM estimations for
the nominal 100 nm particles, with measurements giving a mean
size of � 115–120 nm. Further, the LUMiSizer� detected a small
degree of aggregation, as evident in the distribution in Fig. 2(a),
which visually affected the transmission profiles to those expected
from a true monodisperse system (see also Fig. S2(a)) although this
did not significantly alter the mean sizes. To further probe the
influence of any aggregation of the fine particles, 100 nm disper-
sions were also analysed at 1000 and 4000 rpm using a 0.005 vol
fraction for comparison, with results presented within the ESM,
Fig. S4, along with the related velocity distributions. Similar to
the 0.001 vol fraction data presented in Fig. 2, there is evidence
etasizer� as a volume distribution (black, left hand axis), and by the LUMiSizer� as a
a) 100 nm, (b) 500 nm, and (c) 800 nm. (For interpretation of the references to colour



Fig. 4. LUMiSizer� transmission profiles of bidisperse silica suspensions (500 and
800 nm particles) at a volume ratio of 1:1 and total volume fraction of 0.001, under
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of a particle aggregation peak (which is more noticeable in terms of
velocity, as related to size squared) although, again, the aggregates
don’t affect the detection of the primary mean.

To further investigate the comparison of analytical centrifuge
and DLS, bidisperse particle size distributions of the 100:500 and
500:800 ratio systems (both at a relative volume mixing ratio of
1:1) are shown in Fig. 3. It is clear, again, that the DLS size data
has a greater level of polydispersity that the centrifuge measure-
ments. For the 500:800 mixture, the increase in the measured size
range is to a level where only a broad monodisperse peak is actu-
ally measured, rather than the two discrete sizes, which are, how-
ever, clearly analysed with the centrifuge. From the LUMiSizer�

distributions also, the intensities of the two peaks are relatively
close in both systems, indicating that the mixing ratio of 1:1 was
recovered by the weighted distribution correctly. In general, the
bidisperse suspensions accentuate the trends observed in the sin-
gle particle systems where the DLS technique leads to greater
spread in the size measurements, which is not consistent with
the level of dispersity evident with the centrifuge or SEM.
a 1000 rpm centrifuge speed. Solid horizontal lines indicate mean transmission
values for each separate interface.
3.2. Sedimentation of 500 and 800 nm particle mixtures

An example LUMiSizer� light transmission sedimentation pro-
file of a 500:800 nm particle mixture is presented in Fig. 4 to illus-
trate a typical change with time in transmission percentage over
the sample height. Each profile signifies the transmission situation
at a particular time, with green colours representing transmission
at the end of the measurement, and a red colour designating pro-
files at the beginning. When there are two kinds of particles at dif-
ferent velocities, as in the example provided, the profile will
present an inflection point that represents a border between parti-
cle factions, which can be tracked by the instrument. The transmis-
sion profiles in Fig. 4 clearly highlights two species are present at
higher and lower transmission levels [54] that settle with time,
with each curve representing a time period of 10 s. The higher per-
centage transmission represents the upper interface (smaller
500 nm silica in this case) while the lower one represents the lar-
ger 800 nm silica particles. The mean interface positions are
defined and tracked using the average transmission in each frac-
tion. As sedimentation occurs, the profiles move from the meniscus
to the bed. The mean sedimentation velocities of the two particle
Fig. 3. Particle size distributions for bidisperse silica systems, as measured by the Zeta
volumetric differential distribution (red, right hand axis). Shown are 1:1 vol ratio dispers
(For interpretation of the references to colour in this figure legend, the reader is referre
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fractions can be determined from the change in the average inter-
face positions (shown by the horizontal bars in Fig. 4) over time. It
is clear, in the case presented in Fig. 4, that the lower interface sed-
iments faster (and thus is associated with the larger particle spe-
cies) from the greater separation between each transmission
profile.

What is an important consideration in the analysis is how the
total particle volume fraction of the two species affects total trans-
mission, and thus the ability to designate each separate interface. It
is also noted that the measured transmission is not strictly equal to
the transmission within suspension sample. Instead, it can be con-
sidered as a normalised total transmittance, which also depends on
light reflection from the sample walls. To better understand these
limitations, given in Fig. 5 are the average mean transmission posi-
tions and ranges for the upper and lower interfaces at various total
volume fractions of 500:800 nm mixtures, for relative volume
ratios of 1:2, 1:1 and 2:1. It is clear that the transmission of the
lower interface ‘disappears’ with an increase in the total volume
fraction of the particles, a phenomenon that is slightly more
sizer� as a volume distribution (black, left hand axis), and by the LUMiSizer�, as a
ions for the cases of (a) 100 and 500 nm particles, and (b) 500 and 800 nm particles.
d to the web version of this article.)



Fig. 5. Time averaged LUMiSizer� light transmission profiles for the case of 500: 800 nm particle mixtures under 1000 rpm at various total volume fractions, with different
volume ratios of (a) 1:2, (b) 1:1, and (c) 2:1. Datapoints represent mean time averaged values of the interface transmission, while scale bars represent averaged transmission
range of each interface.
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pronounced with a higher ratio of smaller species. Essentially, the
lower interface can only be detected if there is a measurable trans-
mission difference between the 500 and 800 nm particle fractions.
If the upper dispersion fraction has zero transmission (e.g., the ini-
tial concentration of the smaller particles is great enough to fully
extinguish the light through the cell) then it is not possible to dis-
tinguish the lower interface, and it is masked. Therefore, there is an
upper limit to the particle volume fractions that can be measured
in bidisperse systems with this device. Although the lower inter-
face of the 1:2 was recognised at 0.03, it is very hard to obtain
any statistical data. From the results presented in Fig. 5, the highest
concentration that two interfaces could still be clearly detected
was a volume fraction of 0.02 (in the case of the 1:2 and 1:1 ratio
systems) and 0.015 (for the 2:1 system).

Some samples were also characterised with the Turbiscan�

gravity settling system, to confirm the reasons for the extinguish-
ment of the lower interface in the LUMiSizer�. While the Turbis-
can� does not utilise centrifugal force to accelerate phase
separation, it has a backscatter detector that can be used to mea-
sure interfaces in concentrated systems that exhibit zero transmis-
sion. These results are shown within the ESM (Fig. S5) for a 1:1
ratio system of 500:800 nm particles, at total volume fractions of
0.02 and 0.04. Each interface could be tracked clearly in both cases,
highlighting that size fractional separation occurs at higher con-
centrations, and the lack of a second visual interface with LUMiSi-
zer� data (beyond a volume fraction of 0.02) is simply from
instrument limitations. The result means that total volume frac-
tions are still below a point where hindered settling becomes sig-
nificant enough to impede size fraction separation, which would
cause sedimentation to occur alternatively through a collective
zonal front [12].

While there were limitations to the analysis by the LUMiSizer�,
for total volume fractions / = 0.02 and below, the front tracking
model was clearly able to differentiate the average settling velocity
of each interface for suspensions below this concentration. An
example of the front tracking data is given Fig. 6, showing the nor-
malised height versus time (for the case of total volume fractions of
0.01 and 0.015 and a 1:1 vol ratio of 500:800 nm particles at
1000 rpm). Other example datasets for the 500:800 particle sys-
tems are given within the ESM (Fig. S6).

The average settling rate for each interface can be determined
from the linear gradient change (indicated by dashed lines in the
figure). Clear delineation between the interfaces is observed and
assumed to correlate to the separated size fractions. Additionally,
it is noted that the actual experimental change in height versus
time is not quite linear. The change increases slightly towards
the end of the running time, with the interfaces near the base of
the sample tube (which is more noticeable for the slower, upper,
interface). This phenomenon is to be expected, and due to the
enhancement in centrifugal force as the interface moves outwards
6

as sedimentation continues, causing particle depletion [11].
Nonetheless, given the relatively small nature of this deviation,
the average linear change in height versus time was used to esti-
mate the mean settling rate for each particle species as concentra-
tion was varied (for tests at both 1000 and 2000 rpm). To further
confirm the accuracy of the front averaging, velocity distributions
for example 500:800 mixtures were extracted using the constant
position mode, where the peak means were compared to estimates
from front tracking (see ESM, Fig. S7 & and Table S1). Both methods
gave values within 5%, although the front tracking method was
used in the results presented due to its simplicity.

For the various sedimentation rate data collected, results were
compared firstly to the Richardson-Zaki (‘R-Z’) model [24] to
understand the influence of concentration on interface settling
rates. The R-Z model for bidisperse systems can be described as fol-
lows in Eq. (6) and Eq. (7):

v i ¼ u0
i f i ð6Þ

f i ¼ ð1� /Þn ð7Þ
Here, vi is the velocity (m/s) of species i and ui

0 is the free-
settling (‘Stokes’) velocity of an isolated particle of species i. Criti-
cally also, fi is the hindered settling function of the R-Z model for
monodisperse systems that is directly applied to polydisperse sys-
tems. It dictates the changes in sedimentation velocity with total
particle volume fraction, / = R /i, where n is an empirical value
that is often quoted to be in the range of 4.65–6 [55], depending
on conditions such as Reynolds number. In this study, the value
of n was taken as 5.1, as determined for spherical particles at
low Reynolds numbers by Garside and Al-Dibouni [56], although,
given the small total volume fractions, a variance of n within this
range would only modify predicted settling rates in the order of 1%.

In addition to the Richardson-Zaki model, data was compared
with the Al-Naafa and Selim [16] modified Bachelor settling model
[57] in a wider volume fraction range. Bachelor’s theory is based on
pairwise particle interactions, and has been shown to match well
with experimental data in relatively dilute suspensions [16,17].
Linear hindrance coefficients are used to describe the hindering
effect. The hindered settling velocity, vi, of a particle of species (i)
in a polydisperse suspension of, N, discrete particles is given by
Eq. (8):

v i ¼ u0
i ð1þ

XN
j¼1

Sij/jÞ ð8Þ

Here, again, ui0 is the Stokes velocity of species i, while /j is the
volume fraction of species j in the mixture. Also, Sij are dimension-
less sedimentation coefficients from the study of Batchelor and
Wen [15], which are related to the size ratio (k = dj/di, or 1.6 and
5 in the 500:800 and 100:500 cases) and the relative density ratio



Fig. 6. Normalised sedimentation front versus time data for 500 and 800 nm particle dispersions (at a 1:1 concentration ratio) under a centrifuge speed of 1000 rpm, and total
volume fractions of (a) 0.001, and (b) 0.015. Dashed lines represent average interpolated linear settling rates for each species.

H. Chen, X. Jia, M. Fairweather et al. Advanced Powder Technology 34 (2023) 103950
(c = (qj-qf)/(qi-qf) = 1) of the bidisperse system. Thus, the hindered
settling velocities of upper and lower interfaces can be obtained.
The Sij values used in this study are recorded within the ESM
(Eqs. S1-4) following the values set by Batchelor and Wen for the
given size ratios [15].

The Stokes terminal velocity can be independently calculated
for spherical particles under centrifugal acceleration by Eq. (9):

u0
i ¼ d2ðqd � qcÞa

18lc
ð9Þ

where d is the disperse phase diameter (m), qd is the dispersed
phase density (kg/m3), and a is the acceleration experienced (m/
s2). Additionally, qc (kg/m3) and lc (Pa.s) are the density and vis-
cosity of the continuous phase, respectively.

When particles of two sizes are settling together, the upflow of
displaced fluid is caused by the combined effect of the sedimentation
of the larger and smaller particles. In Al-Naafa and Selim’s paper [16],
the upper zone and lower zone are separated and the sedimentation
coefficients are related to each specific species concentration. For the
lower zone, two expressions for sedimentation velocities in the com-
bined settling zone were proposed by them, as given in Eq. (10) and
Eq. (11), where v is the settling velocity, l and s are the large and
small particles, respectively, and the subscript ‘20 refers to the sub-
scripts ‘10and ‘20 refer to the upper and lower zone.

v l;2 ¼ ð1� /l � /sÞ5:55½u0
l ð1� /lÞ � u0

s/s� ð10Þ

v s;2 ¼ ð1� /l � /sÞ5:55½u0
s ð1� /sÞ � u0

l /l� ð11Þ
For the upper zone, the lower zone settling velocities vl,2 and vs2

are used to calculate the volume fraction /s,1 which can be
expressed as given in Eq. (12), where /s,2 is the initial concentra-
tion of the smaller particle species.

/s;1 ¼ v l;2 � vs;2

v l;2 � vs;1
/s;2 ð12Þ

Since the upper zone contains only the slower-settling smaller
particles, the settling velocity of upper zone is given more simply
as Eq. (13) [16].

v s;1 ¼ u0
s ð1� /s;1Þ6:55 ð13Þ

The work of Al-Naafa & Selim [16], who also studied dilute sus-
pensions of nanoparticles (ɸ < 0.03), confirmed the theoretical
7

exponent prediction of 6.55 given by Batchelor [14] and thus is also
used in the current model. As the volume concentration in this
study is < 0.05, the velocity of the upper zone [19] in dilute suspen-
sion can be given as per Eq. (14). Eq.(12) and (14) can then be
solved simultaneously for /s,1 and vs1.

vs;1 ¼ u0
s ð1� 6:55/s;1Þ ð14Þ

Fig. 7 presents both the upper and lower interface settling rate
data for 500:800 particle mixtures with ratios of 1:2, 1:1 and 2:1
(data generated at both 1000 and 2000 rpm are shown). Settling
rates are compared to both the Richardson & Zaki power-law
model and the Al-Naafa & Selim (‘NAS’) modified Batchelor model,
where the upper interface was predicted using a 500 nm particle
size to calculate the initial settling rate (u10), and the lower interface
using an 800 nm size (u20). It is noted also that while the lower (fas-
ter) settling interface could only be detected for total volume
fractions < 0.02, the upper (slower) settling interface was mea-
sured for total volume fractions up to 0.05.

In particular for mixing ratios of 1:2 and 1:1, the upper (slower)
settling interface is better predicted by the R-Z model, where the
NAS model slightly overpredicts sedimentation. The lower (faster)
interface settles at rates slightly below those of either theoretical
models (inferring enhanced hindered settling) although it is better
predicted by the NAS model, up to the instrument limit of detec-
tion (consistent with previous work which used the Batchelor
model [58]). For the 2:1 ratio case, both models give a similar pre-
diction for the larger particles, while in this case, the smaller par-
ticles have a reduced settling rate in comparison to either model
(inferring enhanced hindered effects for the upper zone). Both
models give overall best predictions for the 1:1 case. Therefore, it
is clear then that the relative particle ratios affect sedimentation,
for the same total concentration, implying mixture fractions influ-
ence the hindered settling behaviour. In addition, the effect of cen-
trifugal force on the accuracy of model predictions is minimal, as
there is little difference in correlation between the 1000 and
2000 rpm cases (although the actual settling rates are considerably
different) implying that the accelerated fractionation is not
considerably affecting results.

Other hydrodynamic or dispersion interactions between parti-
cle fractions may also contribute to a modified hindering effect,
which is not considered by the model functions. For example,
particle wake effects can cause further drag and what is known



Fig. 7. Comparison of averaged linear settling velocities for 500 and 800 nm mixed particle dispersions at various total volume fractions, to calculated estimations using the
Richardson & Zaki (‘R-Z’) [13] and Al-Naafa & Selim (‘NAS’) [16] models. Shown is data for relative 500:800 nm particle ratios of (a) 1:2, (b) 1:1, and (c) 2:1, all under
centrifuge speeds of (i) 1000 rpm and (ii) 2000 rpm.

H. Chen, X. Jia, M. Fairweather et al. Advanced Powder Technology 34 (2023) 103950
as ‘drafting-kissing-tumbling’ events, but these are generally found
for systems with Reynolds number > 1 (e.g., Zaidi et al. [43])
whereas Reynolds numbers estimated from terminal velocities in
8

the current study are in the order of 10-4-10-3. Simulations by
Yin & Koch [42] explained reduced settling rates in terms of struc-
tural anisotropy that occurs in the dispersions, although again,
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effects were most evident for larger Reynolds numbers than the
studies case. However, we believe they may be more pronounced
in bidisperse systems, where the larger particles settle through
the smaller fraction. For example, previous simulations of bidis-
perse colloidal suspensions at low Reynolds number by Abbas
et al. [58] indicated that particle diffusion and transverse velocities
can be significantly modified for each phase, depending on the
mixture ratio, leading to variance in settling velocities. Addition-
ally, bidisperse simulations by Koo [59] again for relevant low Rey-
nolds numbers, showed consistently that settling velocities were
lower than empirical predictions at low total volume fractions,
and varied depending on size ratio.
Fig. 8. LUMiSizer� transmission profiles of bidisperse silica suspensions (100 and
500 nm particles) at a volume ratio of 1:1 and total volume fraction of 0.02, under a
4000 rpm centrifuge speed.
3.3. Sedimentation of 100 and 500 nm particle mixtures

One potential difference between the 100:500 nm particle mix-
tures and the 500:800 nm systems, is the increased influence of
Brownian motion on the smaller 100 nm species. To illustrate the
effect of Brownian motion, the Peclet number [60], which is the
ratio of the advective transport and diffusive transport rates, can
be calculated using the terminal velocity of particles. For l, the
characteristic length (m) of particle, taken as the diameter, v the
relative flow velocity, taken as the terminal settling velocity (m/
s), and D (m2/s) the mass diffusion coefficient of the particles in
fluid, the Peclet number can be calculated from the Stokes-
Einstein equation [61]:

Pe ¼ v l
D

ð15Þ

Peclet number calculations are given Table 1 for both 100 and
500 nm particles at various centrifuge speeds from 1000 to
4000 rpm. In general, Peclet numbers < 0.1 infer diffusion domi-
nated behaviour [62]. Using this threshold, it is clear that in the
lower rpm region (below 3000 rpm) the behaviour of 100 nm silica
particles is mainly controlled by Brownian motion [63], which may
lead to a reduction in the clarity of the upper interface fraction
observed through transmission.

The interface transmission profiles for the 100:500 nm particle
mixtures are shown within the ESM (Fig. S8) for an overall volume
fraction of 0.01 and a 1:1 particle ratio. Indeed, it is evident that for
lower rpm (1000 & 2000 rpm) the upper interface is not easily dis-
cernible at all. However, for 3000 and 4000 rpm, both particle frac-
tions can be detected with separate interfaces. We believe
Brownian diffusion of the 100 nm particles at the lower rpm is sig-
nificant enough to continue mixing with the larger particle frac-
tion, reducing the separation. Therefore, for the main
experiments presented, only data at 4000 rpm was analysed for
the 100:500 nm particle systems. A further example of the raw
transmission profiles is given in Fig. 8 (for the case of a 1:1 particle
ratio and total volume fraction of 0.02).

From the transmission profiles in Fig. 8, there was some other
interesting behaviour observed for the upper (100 nm) particle
fraction. In particular, there was evidence of an oscillation phe-
nomenon towards the beginning of the sedimentation in the upper
transmission area near the meniscus (see annotated box in the fig-
ure). We believe that, despite the high 4000 rpm centrifuge, this
observed oscillation may be due to Brownian motion of the
Table 1
Peclet numbers for 100 nm and 500 nm silica particles under different centrifugal
rotation speeds, using their terminal velocities.

Particle size 1000 rpm 2000 rpm 3000 rpm 4000 rpm

100 nm 0.01 0.04 0.09 0.16
500 nm 0.64 25.68 57.71 102.61
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100 nm particles still having some effect. In general, there will
be some time lag before the smaller 100 nm particles attain their
terminal velocity in the high gravity field due to the competing
Brownian motion, which makes the initial profiles relatively noisy.
In addition, it may indicate some nanoparticle adsorption either to
the liquid meniscus itself or to the tube walls. While these were
uncoated silica nanoparticles, they may still have a large enough
particle contact angle to adsorb to air–water interfaces, although
detachment energies should still be low [64]. It also may be a
direct optical effect of the meniscus or upper discontinuity in the
tube. It is noted that due to the much larger size ratio for the
100:500 nm particle case, the relative transmission of the
100 nm particles is much greater than for the 500 nm particles,
making any distinction of the upper particle zone difficult at low
total concentrations.

Despite these additional variations, average settling rates from
each particle fraction were still successfully measured for a range
of particle mixture ratios and total volume fractions. Fig. 9 presents
two examples of the particle fraction interface versus time data for
the 100:500 nm particle mixtures at different total volume frac-
tions (and a 1:1 relative particle ratio). Fig. S9 within the ESM gives
further examples of settling data from other total volume fractions
analysed with the same particle ratio. In general, average linear
settling rates for both particle fractions were clearly estimated
from these figures (shown by the dashed lines) although the inter-
facial data is noisier for the 100 nm fraction at low total particle
levels (likely due to the competing influence of Brownian motion,
as discussed).

Using these calculated averages, the settling velocities of the
100:500 nm particle mixtures in different volume fractions are
shown in Fig. 10 (i, a-c), again in comparison to estimations from
the R-Z power-law model and the NAS modified Batchelor model.
Evaluations are similarly made at three different particle mixture
ratios (1:2, 1:1 and 2:1 relative ratios). From the results, both mod-
els predict the settling rates of both particle species to a greater
accuracy than the 500:800 nm systems, likely because of the larger
degree of separation in particle settling rates from the wider size
ratio and centrifuge speed. The modified Batchelor model does also
give some improvement in prediction for the larger (faster settling)
particle fraction, especially in the case where there is a greater
degree of larger particles in the mixtures, likely due to the separa-
tion of the individual particle fractions within the model.

Fig. 10 (ii, a-c) displays further analysis into the interaction
between particle species. Specifically, the measured settling veloc-
ity of smaller particles was estimated in different sections; being



Fig. 9. Normalised sedimentation front versus time data for 100: 500 nm particle dispersions (at a 1:1 concentration ratio) under a centrifuge speed of 4000 rpm, and total
volume fractions of (a) 0.015, and (b) 0.03. Dashed lines represent average interpolated linear settling rates for each species.
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those before complete sedimentation of the larger 500 nm fraction
(black circles) and those afterwards (inverted red triangles) in
comparison to the calculated terminal velocity.

It is observed that in all cases, that the initial settling rate of the
100 nm particles is slower than the rate post 500 nm particle depo-
sition, meaning that the 500 nm particles further hindered the sed-
imentation of the 100 nm fraction. This effect also appears more
significant in mixtures with a greater ratio of 100 nm particles,
highlighting the impact of the relative concentration of the smaller
species again, in which the larger particles sediment through (con-
sistent with the 500:800 case).

The increase in the settling rate post deposition of the 500 nm
species may be explained by the reduced overall hindered settling
effects from the lower total volume fraction once the 500 nm par-
ticles have sedimented (and this relative effect is more significant
for cases of higher 500 nm ratios). However, there is also evidence
of greater hindering effects for the sedimentation of the smaller
species in the initial times when the two fractions are in contact.
Again, we believe there is enhanced dispersion anisotropy from
the larger particles settling through the smaller fraction, while
due to the greater size ratio, backflow effects may be heightened,
which have experimentally been determined to influence sedimen-
tation of spheres in Stokes flow regimes where Re � 1 [65,66]. As
an extension, Howard et al. [67] highlighted effects of upflow and
zonal banding in simulations of heavy particles in mutually buoy-
ant suspensions subjected to variable shear, all be it for systems at
higher concentrations. There is also potential for the 100 nm aggre-
gates to affect sedimentation by increasing the local effective vol-
ume fraction of the dispersion in the initial region before they
settle out. Lastly, a comment is made regarding the influence of
these dispersion effects on non-spherical systems, which may be
of more interest industrially. Given that drag is enhanced in non-
spherical particle systems [68,69], any hydrodynamic influence of
particle phases settling through one another will be heightened,
potentially reducing phase separation more than for spherical
systems.
4. Conclusions

In this study, centrifugal sedimentation experiments were con-
ducted with bidisperse colloidal silica dispersions in two different
size ratios, using an analytical photo centrifuge (LUMiSizer�).
10
Specifically, particle mixtures of 500:800 nm dispersions (mean
size ratio of 1.6) and 100:500 nm dispersions (mean size ratio of
5) were investigated at three different volume mixture ratios
(1:2, 1:1 and 2:1) to understand the importance of fluid-particle
effects from the larger size fraction on the settling of the smaller
particles. Results were compared to modified empirical models to
predict the influence of total volume fraction on settling rate. For
truly dilute suspensions (where the influence of volume fraction
is ignored) the LUMiSizer� was able to gain very reproducible size
distributions for both monodisperse and bidisperse systems, by
integration of the velocity distribution (and using Stokes law to
convert to size). Distributions compared very well to estimates
from SEM and manufacturer expectations, and in fact, were a lot
closer than measurements using dynamic light scattering (DLS)
with a Zetasizer�. In particular, results showed that DLS is not very
suitable to measure the size distribution of colloidal bidisperse
suspensions, where size peaks may overlap.

For sedimentation studies at various total volume fractions, the
LUMiSizer� was shown to have an upper concentration limitation
where only one interface could be detected by the instrument.
For the 500:800 nm mixtures, this volume fraction was � 0.015
for most mixtures. However, below this limitation, both particle
fractions separated clearly, and average settling rates of each size
fraction were able to be analysed. Settling data was compared to
the Richardson-Zaki [13] model and the modified Batchelor model
of Al-Naafa & Selim [16]. The 500:800 nm particle mixture data, in
general, compared well to both models, although the Batchelor
model proved more accurate at predicting the lower faster inter-
face rate (of the larger particles) while both models slightly over
predicted the upper slower interface (smaller particle fraction).
Correlation was also dependent on the mixture ratio, with predic-
tions poorest for systems with higher fractions of smaller particles.
It appears that the smaller particle fraction experiences a greater
degree of hindrance than modelled, which may be due to disper-
sion anisotropy or backflow causing enhanced drag from the larger
particle fraction, as it settles through the smaller particle zone.

For the case of the 100:500 nm particle mixtures, it was evident
that Brownian motion was contributing significantly to the overall
movement of the 100 nm particles, which was confirmed with esti-
mation of the Peclet number. Therefore, higher centrifugal rotation
rates (of 3000 and 4000 rpm) had to be used to clearly separate the
particle fractions. Again, interfacial settling data was compared to
the empirical models, where the modified Batchelor model pro-



Fig. 10. (i) Comparison of averaged linear settling velocities for 100 and 500 mixed particle dispersions at various total volume fractions, against calculated estimations using
the Richardson & Zaki (‘R-Z’) [13] and Al-Naafa & Selim (‘NAS’) [16] models. (ii) The analysis of 100 nm particle velocities before and after 500 nm particle fraction has settled.
Data is given for particle ratios of (a) 1:2, (b) 1:1, and (c) 2:1.
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vided better estimates again for the lower interface (larger parti-
cles). In this case, the influence of the larger particle fraction was
highlighted by analysing the velocity of the upper (smaller) parti-
cle fraction before and after sedimentation of the larger particles.
11
Again, evidence of enhanced drag was evident in the separation
of the smaller 100 nm particles, where their initial settling velocity
was below their predicted terminal velocity within the initial time
window before complete sedimentation of the larger particles.
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Once more, these effects were more prevalent for systems with a
greater volume fraction of smaller species. Overall, results high-
lighted the practical advantages and limitations of using analytical
photo centrifuges for characterisation of bidisperse sedimentation.
It also suggests a more complete model is required to take into
account the additional hindrance factors evidenced, and in partic-
ular, the influence of particle mixture ratio.
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