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Local polynomial estimation of nonparametric general

estimating equations

Francesco Bravo*

University of York

January 2023

Abstract

This paper investigates estimation of nonparametric general estimating equations. The
paper considers estimators based on local polynomial versions of the generalized method of
moments and the generalized empirical likelihood approaches, and derives their asymptotic

distribution under weak dependency of the observations.
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1 Introduction

General estimating equations models' are very useful generalizations of the standard estimating
equations models widely used in statistics, see for example the quasi likelihood approach to
generalized linear models of McCullagh and Nelder (1989) and 7, as they allow for the dimension
of the estimating equations to be bigger than the dimension of the unknown parameters, and
include, for example, the quadratic inference functions developed by 7. When the unknown
parameters are finite dimensional, their estimation is typically carried out using Hansen’s (1982)
(see also ?) generalized method of moments (GMM) approach, or, more recently, Newey and
Smith’s (2004) generalized empirical likelihood (GEL) approach. Both methods have their own

merits: GMM is often easier to compute (especially for linear models), but requires a two-step
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"'We use the term general rather than generalized to avoid any confusion with the generalized estimating
equations (GEE) terminology that has become predominant in the quasi likelihood estimation with longitudinal

data literature (see for example 7).



estimation procedure to achieve the minimum (asymptotic) variance bound, whereas GEL can
be computationally more demanding, but it achieves the variance bound automatically (the
so-called internal studentization property).

The main contribution of this paper is to extend these two general approaches to nonpara-
metric general estimating equations models, that is general estimating equations models with
unknown infinite dimensional parameters. This extension is theoretically interesting but, more
importantly, empirically relevant as it is now widely acknowledged that many general estimating
equations models are misspecified, with the cause of misspecification often attributed to para-
metric constraints implied by an underlying theoretical model. For example, in the so-called
C-CAPM (consumer based capital assets pricing model), see for example 7, the general estimat-
ing equations are based on a parametric specification of the utility function. More generally, any
parametric specification of the so-called pricing kernel in the popular stochastic discount factor
model used in the asset pricing literature (see Cochrane (2001) for a review, and Example 2 in
Section 2 below) can lead to misspecified general estimating equations. In another important
example, the parametric restrictions implied by the rational expectations assumption, see for
example 7, can also lead to misspecified estimating equations. The nonparametric general esti-
mating equations model considered in this paper is an important generalization of a number of
papers, including the nonparametric quasi-likelihood model of Severini and Staniswalis (1994),
the nonparametric estimating equations model of Cai (2003), the nonparametric moment con-
ditions model of Lewbel (2007), the nonparametric dynamic panel data model of Cai and Li
(2008) and the nonparametric stochastic discount factor model of Fang, Ren and Yuan (2011)
and of Cai, Ren and Sun (2015), among many others, because it allows for the dimension of the
estimating equations to be bigger than that of the unknown infinite dimensional parameters. In
particular, instrumental variable estimation, which is widely used in econometrics and statistics,
see for example 7, 7 and Example 1 in Section 2 below, is allowed.

This paper contributes to the literature on estimating equations by proposing new local poly-
nomial versions of the GMM (LPGMM henceforth) and GEL (LPGEL henceforth) estimators.
These two new estimators are important extensions of the local polynomial estimator introduced
by Fan and Gijbels (1996) (see also 7). The paper establishes the asymptotic normality of both
the LPGMM and LPGEL estimators under an a-mixing assumption on the dependence of the
observations (see Doukhan (1994) for examples and properties of o mixing processes). This
result is important (and useful) for three reasons: first, it allows weakly dependent observations,
which is particularly useful in macroeconomics and finance, since macroeconomic and financial
data typically exhibit some form of serial dependence. Second, it allows to estimate derivatives,
which are often of interest; for example, in finance, the first and second derivatives of the ex-
pected value of an option price with respect to the underlying asset price or its volatility are

useful indicators of financial risk. Third, the minimum square error (MSE) optimal bandwidth



for estimating the unknown infinite dimensional parameters depends, among other things, on
an asymptotic bias term involving higher order derivatives (see the theorems in Section 3 for
an expression of this bias), which have to be estimated and the local polynomial estimators
proposed in this paper automatically give the estimates of such derivatives.

The rest of the paper is structured as follows: next section introduces the model, whereas

Section 3 presents the main results. An Appendix contains all the proofs.
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The following notation is used throughout the paper: indicates transpose, 77"

denote, respectively, first, second and the j —th derivative of a function with respect to its unique

7 bM

argument, "®” is the Kronecker product, "diag (-)” is a diagonal matrix, 0 and O denote,

respectively, a vector and a matrix of zeros, and for any vector v, v¥% = vo™.

2 The model and the estimators

Let {Z], U}, denote a strictly stationary sequence of random vectors taking values in Z CR%
and U CR, and let h € H =H1 X Hs X ... X H; denote a k dimensional vector of unknown

functions, where H is a pseudo-metric space of functions. The model considered is
E[m (Zy,h(Up))|Us] =0 a.s. for a unique h = hy, (1)

where m : Z x H — Rl is a vector of known functions with [ > k. The specification of (1) is
fairly general and can accommodate many models used in empirical research as the following

two example illustrate.
Example 1 (Instrumental variables smooth coefficients model) Let
Yz = Xz-h[) (Ut) -+ Et,

where E (¢;|X;,U;) # 0, and assume that there exists a vector of instruments Wy € R (I > k)
such that E (e,|W, Uy) = 0. The law of iterated expectations implies that

E[W: (Y — X[h(Uy)) U] =0 a.s. for a unique h = hy,
which is of the same form as that of (1) with Z; = [Y;, X7, W/]" and

Example 2 (Nonparametric stochastic discount factor model) Let R;; (j = 1,...,J) denote the
(excess) returns of J risky assets and Ry denote the (excess) market return. Following Wang
(2003) and Wang (2009), let hyiy = 1—hg (Ur) Ryre1 denote the so-called nonparametric pricing
kernel that satisfies E [hi1 @ Ry1| Xy, Uyl = 0 a.s., where Ry = [Riy, ..., Ryj;]" and X, denote a



set of additional conditioning variables. The law of iterated expectations implies that, for any

vector of functions ¢ : X —R!
Eq(Xt) (hiy1 @ Ri1) |Ue] = 0 a.s. for a unique h = hy,
which is of the same form as that of (1) with Z, = [R}, X]]" and
m (Zy, h (Up)) = q(X¢) hiy1 @ Rypa.

Throughout the rest of the paper, it is assumed that, at a given point U; = ug, hy can be

polynomially approximated by

ho(U) =Y jl!hg--j (10) (U = o) = 3 ﬁhﬂ (U, — " @)

Thus, for U; = ug, (2) implies that (1) must also be approximately zero, that is

E |:m (thTBerl |:17"'7 (Ut b u0> :| ) |Ut = U(]:| %97 (3)

where h = [h], ..., h;Hr and Bp1 = diag[1/0!,...,07/p!], which forms the basis for the local

polynomial estimation proposed in this paper, and represents a generalization of the localized

moment restriction used by ? for the smooth coefficients model they considered.

It is important to note that unless the dimension dim (m) = [ of the estimating equations m
is such that [ > Z’;ﬁ dim (h;), the unknown parameters hg ™" (ug) cannot be consistently esti-
mated, a well-known fact in both the econometric and statistical estimation theory. Therefore,

to achieve consistency, the following augmented general estimating equation is considered

T U— pT
wit)=[1 g gy | om(zurm 1 (S5,

To incorporate the localized nature of restriction (3), let b =: b(7T") denote the size of the local

neighborhood where the polynomial approximation (2) is valid - the bandwidth - and let the
kernel function K : i —R denote a symmetric probability density function. Then the localized
sample analog of (3) is given by

7y o0 0 K (P ) = () ()

where g (h,ug) = g+ (h) K (U — up) /b) and for a generic function f;, fi= ST fi/Tb; the
LPGMM estimator then is defined as

~ —

h = argming” (h, uo)” Wpi1 (u0) g% (b, uo) (5)
heHe



where the parameter space H¢ is specified in the next section, and Wp-ﬁ-l (ug) is a, possibly
random, RV yalued positive semi definite matrix- see the discussion after Theorem (2)
for an example. The LPGEL estimator is defined as the solution to the saddlepoint problem

B = arg min sup 5 (v (A, h,up)), (6)

heHtc xeAr(h)

where p (0% (X, b, uo)) = DY 1P (vE (N hyug)) /T, of (X, b, ug) = )\T K (h,up), X =: X (up), p
is a a concave function on its domain, an open set Ay containing 0, Ay (h {/\ vE (N h,ug) € AO}
for t = 1,..,T, and h are fixed values of h. For example, the local polynomlal version of the
empirical likelihood (LPEL) estimator is

T

1
hel =arg min sup — log (1 — v (X, h,u)) . 7
smip sup > log (1 of O\l wo) )

Remark 1 In practice the LPGEL estimator can be computed iteratively as follows:

Step 1. For an arbitrary fived h, compute A = = arg maxXyeaq(h) P ( ()\ h uo))

~

Step 2. Compute ﬁ” = arg Minpey,, P <UK <)\ ,h, u0>
Step 3. Iterate Steps 1 and 2 until a specified degree of convergence is achieved for both X and

Ep . The convergence of both estimators is guaranteed by the concavity of p in X\ and Assumption

A2 below on the parameter space Hc.

3 Asymptotic results
To simplify the notation, let m (Z;, ) := my (+),
Q1 () = / G (v) dv ® E (my (ho (U2)*2 U = uo) f (uo)
Gy (o) = [ VK (0) @ B @me (o (U) /071U = o) f ()
for (0 <1i,7 <p), where f is the marginal density of U; at ug, and assume that:

A1 The process {Z],U,},., is strictly stationary o mixing, with mixing coefficient o (t) =
O (t) with a = (2+0) (1 4 6) /¢ for some § > 0,

A2 (i) There exists a unique ho such that E [m, (ko (U;)) |Uy = uo] = 0, (ii) [Ag, ..., (hg™")"]" €
int (H¢), where He is a compact subset of RV (iii) hg is (p + 1) continuously differ-

entiable at wuy,

A3 (i) Omy (h) /O™ exists and is continuous at ug for each h € He a.s., (ii) the functions
E[my (ho) Uy = wol, E [mt (h0)®2 Uy = uo] and E [0my (ho) /O™ |Uy = uy] are continuous,

5



(i) B (e )P U, = ), B (g0 ()% U = w) and B (g, (k) /017 Uy = u) < o0
uniformly in A € He and for all u in a neighborhood of ug, (iv) for ¢ > 2

B sup (s GO+ o (0F) 10 = .U = o] <

EHo

for all v and v in a neighborhood of wuy, (v) Gpy1 (up) has rank (p+ 1)k, Qpiq (uo)
is positive definite and the matrices Xunyw (uo) = Gpi1 (wo)” Wpia (o) Gpia (ug) and

Sipra-1 (to) = Gpi1 (o) Qpia (uo)_1 Gp+1 (up) are nonsingular,

A4 (i) the kernel function K : & — R has a compact support, say [—1,1], (ii) the marginal
density f of U, is twice continuously differentiable at U; = wug and strictly positive at
U = wuyp, (iil) the joint density fi: of Uy and Uy for ¢ > 2 is continuous at ug, (v) for &
given in A1, the bandwidth b satisfies b — 0 and TH' %/ (149 — 00 as T — o0,

A5 p (vF (X h,up)) is twice continuously differentiable in v, (-) in a neighborhood of 0, with
pj=—1 (] =1, 2) and Pj = aj’y (Ut) /avg|7)t:07

A6 for all u in a neighborhood of ug, (i) /Wpﬂ (u) & W,y (u), where W,y (u) is a positive

definite matrix, (ii)

(a) H (El - h0>7 . (ﬁpH - hg--p)T)
(b) HX’ ‘(ﬁg - ho) (E;;H - hg--P) ]

(iil) max;<r ‘/):TgtK (Ep, uo>‘ =0, (1).

20,

P

20, 20,

Assumption Al specifies the dependence structure of the process {Z], U}/, as a mixing
with a rate of decay on the mixing coefficient « (t) that is standard in the literature on non-
parametric models for time series, see for example Cai, Fan and Yao (2000). Assumption A2(i)
is a standard identification assumption that can be often verified by imposing more primitive
conditions on m and/or some of the components of the random vector Z;. For example, for
the instrumental variables smooth coefficients model (1), A2(i) is implied by the condition
rank (E (W, X7 |Uy = ug)) = k. The compactness assumption A2(ii) is as in Lewbel (2007), but
can be replaced by other assumptions to control for the complexity of the pseudo metric space ‘H
- typically expressed in terms of covering or bracketing numbers (see Van der Vaart and Wellner
(1996) for a definition), such as when H is a Holder or a Sobolev space. Assumptions A3-A5
are standard, respectively, in nonparametric estimation and GEL estimation, see, for example,
Masry (1996) and Newey and Smith (2004), respectively. Assumption A6(ii)(a) is a high level

assumption, which can be shown using the uniform law of large numbers combined with the



slightly stronger (than A2(i)) identification condition that for any £ > 0, there exists a ¢ (§) > 0,

such that for all u in a neighborhood of g

nf E[[|g" (o, w)]] > ¢ (&) (8)
(| (h1=ho)"..os(pa—hg ") 7| 2€

Assumption A6(ii)(b) is also a high level one, and can be verified using the same arguments
used by Newey and Smith (2004), which consist of first assuming the existence of a consis-
tent LPGEL estimator for h, say h?, such that H/g\K (EP,U>H = 0, (Bp+1/(Tb)1/2 +bp+j>
(j =1 for j odd, or j =2 for j even), from which the consistency of the corresponding estima-
tor \ = arg maXAGAT@ﬁ('UK <)\,E”,u)> follows by a Taylor expansion combined with the
uniform law of large numbers; next, the consistency of E” can by shown again by the uniform
law of large numbers combined with (8). Finally, a saddlepoint argument can be used to show

that HﬁK <E", u) H =0, <Bp+1 / (Tb)? + ppti ), which in turn implies the consistency of \.
The following theorems establish the asymptotic distributions of the LPGMM and LLGEL

estimators.

Theorem 1 Under A1-Aj and A6(ii)(a), as (Th)"* — oo,
1 — ho
(T)"* By b S

l...p
hp+1 — hg

N (0,5, (w0) G (u0)” Wit (o) Qpa (o) Wit (o) G (uo) 2yl (o))

where
b(ug) = — [ [P K (v)dv -+ [T (v)do ]T®
Omy (ho (), | bPihg ™t
oo (B G = |

for p odd and
b(ug) =— [ JuPPK (v)dv -+ [0PP2K (v)do } ®

omy (ho (Uy)) _ - hg--P-i-lf/ (o) hg..p—f—z
oy 5 (220 g =y g (J Ll o)

for p even.

Theorem 2 Under A1-A5, A6(ii)b and (iii), as (Tb)"* — oo,

-~

R — ho
(T B, : “b(ug)| SN <Q, S0 (uo)) ,
ﬁpﬂ — hg'?
p

where b(up) is as defined in Theorem 1.



Theorems 1 and 2 show that both the LPGMM and LPGEL estimators are characterized
by the same asymptotic bias. On the other hand, it is easy to show that the asymptotic
covariance matrix of the LPGEL estimator is the smallest (in the matrix sense) for any LPGMM
estimators based on W1 (ug) # Qi1 (ug) " + 0, (1). Thus E;jm_l
bound (minimum asymptotic covariance matrix) for the class of LPGMM estimators indexed by

(up) represents the lower

Wyt1 (uo), which can be achieved if the classical two-step GMM estimation procedure is used,
where the first-step is used to obtain preliminary consistent estimators, say El,..., TLpH to be
used in the second-step estimation to compute ﬁ/\pﬂ (uo) = Qi1 (1), to achieve the lower
bound E;jm,l (uo).

Theorems 1 and 2 also show that the proposed estimators have a non negligible asymptotic
bias b (ug), as it is typical of any kernel based estimator. To make them operational for inferential
purposes, b(ug) can be either estimated, using the local polynomial approach of this paper,
or, alternatively, under the additional undersmoothing condition 70> — 0, can be eliminated
altogether.
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4 Appendix

Throughout this Appendix let h, = [hg, hop} o+ () = 9() /h, and “CMT”, “CLT”,
"LLN” and "w.p. — 1”7 denote Continuous Mapping Theorem, Central Limit Theorem, (possibly
uniform) law of large numbers, and with probability approaching 1.

Proof of Theorem 1. By A2(ii), the first order conditions 0 = 9PT1g« (E, uO)T /WPH (ug) g% (E, u0>
are satisfied w.p. — 1. Then, by a mean value expansion

T ~

0= apHZJ\K (E, Uo) Wyt (uo) [EJ\K (hg,uo) + apH?K (E, UO)T (Tb)1/2 Bpia <E - EO)T} )

where h is on the line segments between ho and E By A2(ii) the class of functions GX =
{31”“9[( (h),h € Hc,u}, for all u in a neighborhood of wug, is Euclidean (see ? for a defi-

nition) since it’s the pointwise multiplication of the two Euclidean classes of functions Gy =

9



{0 g (h),h € Hc} and GF = {K (v — u) /b, u}, hence by the envelope assumption A3(iii), the
LLN implies that H@Y"“AK (ﬁ, u0> — Gpi1 (uo H =0, (1) , hence

(1) Byy |(B—ho) | =1 (o) 07755 (o) Wien (o) (T1)/* G (B, o)

T ~

where ipﬂﬁ (ug) = ortigh (ﬁ, u0> Wit (1) P71G% (R, uo), hence by A3(v) and CMT

(T8 By [(B= o) | = Syitaw () Gipen (o) W (1) (1) G (g ) + 0, (1)

Next, we prove the asymptotic normality of (Tb)l/ 2 ( (hg,up) — E (ZJ\K (hy, uo))); the proof is
similar to that of Cai et al. (2000), so we just sketch it. First notice that

T 1
Var ((T0)"5" (1 w)) = Var (m o5 (ho,u())) N
2 T—-1
T; _t CO’U( b (hmuo) gtlil (ﬁo,u0)> = AlT‘f‘AQT,

and

T

2

=dr

Cov ( (hg,uo), 9t+1 (hy, uo) )H = Agir+Agor,

CO'U (gé (h,O"U,O) gt+1 ho,“O)

for a sequence of positive integers dy — 0o as T — oo, such that drb — 0. Then by A3(iii)
)

Az < O (bdr) — 0, while Apr < CbY, o ()75 b-21+0/2+) = o (1) by Davydov’s in-

equality (Hall and Heyde 1980)[Corollary A.2] and d%™b = O (1), hence by a standard kernel

calculation

A= B 5 6 (o 00)) | = [ B} 6 ()| = s (1) 400,
Let . .
1 T K K —1/2
W ;9 (9:° (ho, wo) — E (9" (ho,uo))) := (T) / ;Dt

for any 6 € R®+D! such that ||f|| = 1, and note that Var <(Tb)71/2 ST Dt> = w (up) +o(1),
where w (ug) = 078,41 (up) 6. Partition {1,...,T} in 2¢r + 1 subsets, where ¢gr = |T'/ (rr + s7)|
with rp = L(Tb)l/QJ and s, = L(Tb)lﬂ/log TJ, where |-] is the integer part function, and
define

Jj(rr+sr)+rr (J+1)(rr+s7) T
A?)le - E Dt7 A32jT - E Dta A33T - E Dt?
t=j(rp+sr)+1 t=j(rr+st)+rr+1 t=qr (rr+s7)+1

10



so that

T qr qr

1 1

(Tb)1/2 g D, = W ( g Aziyr + E Aszjr + A33T> = Aur + Awr + Asr.
t=1 j=1

J=1

Then, it is possible to show (see Cai et al. (2000) for details) that E (A%,/T) — 0 (I =2,3),
)E fexp (17 Aurr)] =TT, E [exp (e Asyyr)]| = 0,71 E (A2,0/T) = w (up) and

j=1

Z;ﬁ;l E(A30) 1 (\Agle] > ew (ug) (Tb)1/2> /(Tb)** = 0 for any & > 0. Thus, by the Lindeberg-

Feller CLT, (Tb)*? Ay 4 N (0, w (up)) and the conclusion follows by the Cramer-Wold device.
Finally, we find an explicit expression for the asymptotic bias E (g% (hy, uo) /b). For p odd, in
a neighborhood of |U; — ug| < b, (2) and A2(iii) imply

p+1
1 1.5 j
h/() (Ut) = Z mh] J (Ut — U(])'7 + Op (bp+1) s
j=1

hence

p[ ] < [T s sy e

B G 01 - e LoDV IGEE (Vo)™
K (Ut > “0) £ (U) dU,

== [ [ K @) dv [PK ) do o [P ()do | @
E [Ww = uo +vb] (f (o) + O (b)) bzi—g;;l

11



and the conclusion follows by the symmetry of K (-). For p even

E{—gt[((ﬁb“’“‘))] :/[1 Uw (@)prée

Omy (ho (U,)) (0P 0P (U — ug\ P
E _
PRSP (T, — (p+2) U, —
o () e K (P s a

:/[1 v o UP]T(X)E

Oh™ (p+ 1)

_Omy (ho (Ur)) <bp+lh8”(p+1)

2p/--(p+2) v
%U(I)Jr?)) ’Ut = Uug + Ub] K (U) <f (uo) -+ f’ (UO) vb + % (Ub)Q) dv
= —ppt2 [ [oP2K (0)dv -+ [oPK (0)dv [ v*P2K (v) dv } ®QF [WW = ug

h6~.p+1f/ (UO) hg..p+2 ,
((P+ DU (uo) * (p+ 2)!> (f (uo) + O (v*))

and the conclusion follows again by the symmetry of K (-) m
Proof of Theorem 2 . By A2(ii) the first order conditions

0= (07 (v (AN Buo)) foxm.05 (" (R Bowo) )|

are satisfied w.p. — 1. Then by a mean value expansion

o

[ 95 (v" (0,hg,u0)) ] Po(v (A w)) 82’3(”;@}?’“0)) /
5 eV~ o (Th)* B (ZP "y )
25(vE (MR 25(vE (MR p+1 | IV ng ),
ap-l-lp (UK (07h07 UO)) P( 8l§8,\f 0)) p( (3&)@2 o))

where )\ is on the line segment between 0 and X and h” is on line segments between b and E” .

Since

PLET) 3 (o () (o ()
t=1

(a/\)®2

Assumption A6(iii) and CMT imply that max;<r

pi (8 (VB su0) ) +1) = 0, (1) (G = 1,2)
hence the triangle inequality and the same arguments used in the proof of Theorem 1 for the
Euclidean class of functions G2 = {¢* (h)®* h € He, u} show that

0%p (vK (X, n’, ug)>

(a)\)®2

L3 (1))

+ Dy (uo) || < max ‘pzvf (X, EP,UO> + 1‘ X

+ 50

% ET: (95 (Epa U0>>®2 + Qpi1 (uo)
t=1
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and similarly for

0%p (UK (X, n’, u0> ) >

95 (UK (X, 7 uo)) JONONT + Gpsr (o)
0p (1). Thus by CMT

=0, (1) and ‘

T

(T0) 211, Bya] [N, (0 — 1) ] = (T6)"* G (h, o)

0

Qe () G (o) ] +o, (1)

Gp+1 (UO)T )

and the conclusion follows as in the proof of Theorem 1. m
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