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s✉❡s ❛♥❞ ❝❛♣t✉r❡❞ ❜② t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❬✶❪✳ ❚❤❡ ♥♦✈❡❧t② ❛♥❞
♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ❛r❡ t♦ ❛❝❝♦✉♥t ❢♦r s✉❝❤ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ t❤❡r♠❛❧✲✇❛✈❡ ❜✐♦✲❤❡❛t ♠♦❞❡❧
❛♥❞ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✐ts s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t
❢r♦♠ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts ❛t t❤❡ ✜♥❛❧ t✐♠❡✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜✲
❧❡♠ ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛❧♦♥❣ ✇✐t❤ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s
✉♥❞❡rt❛❦❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳ ■♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ✭❋❉▼✮ ✉s❡❞ ❛s ❛ ❞✐r❡❝t
s♦❧✈❡r✱ ✐s ❞✐s❝✉ss❡❞✱ ✇❤✐❧❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ ❢♦r ✐♥✈❡rs✐♦♥ ✐s ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥ ✹✳ ◆✉♠❡r✐❝❛❧ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡s ❢♦r ✐❞❡♥t✐❢②✐♥❣ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢
❞✐✛❡r❡♥t ♥❛t✉r❡ ❛r❡ ✐❧❧✉str❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛❧♦♥❣ ✇✐t❤ ❛ ♣❤②s✐❝❛❧ ❡①❛♠♣❧❡
❝♦♥❝❡r♥✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ ♦❢ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ s✉❜❥❡❝t❡❞ t♦ ❛♥
❡①t❡r♥❛❧ s♦✉r❝❡ ♦❢ ❧❛s❡r ✐rr❛❞✐❛t✐♦♥✳ ❙❡❝t✐♦♥ ✻ ❤✐❣❤❧✐❣❤ts t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤✐s ✇♦r❦✳

✷✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❣♦✈❡r♥✐♥❣ ❤②♣❡r❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✮ s✉❜❥❡❝t t♦ ❛♣♣r♦✲
♣r✐❛t❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤❡♥ t❤❡ ✉♥❦♥♦✇♥ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t wb(x) ✐s ♥♦t
❝♦♥st❛♥t✱ ❜✉t ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❣❡♥❡r❛❧✐t② ❛❧❧♦✇s ❡①t❡♥❞✐♥❣
♣r❡✈✐♦✉s ❛♥❛❧②s❡s ❬✸✱ ✹✱ ✺❪ ❜② t❤❡ ❛✉t❤♦rs t♦ ✐♥✈❡st✐❣❛t❡ ❤❡t❡r♦❣❡♥❡♦✉s t✐ss✉❡s ✇❤✐❝❤ ❛r❡ ♠♦r❡
❣❡♥❡r❛❧✴r❡❛❧✐st✐❝ t❤❛♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♦♥❡s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❛❧❧ t❤❡ ♦t❤❡r t❤❡r♠❛❧ ♣❛r❛♠✲
❡t❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ❛♥❞ ❝♦♥st❛♥t✱ ❛♥❞ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
t✐♠❡✲❞❡♣❡♥❞❡♥t ❝❛s❡ ♦♥❧② ❛❧t❤♦✉❣❤ ❛ s✐♠✐❧❛r ❛♥❛❧②s✐s ❤♦❧❞s ❛❧s♦ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

▲❡tt✐♥❣ L ❬♠❪ ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✜♥✐t❡ t✐ss✉❡ s❧❛❜ ❛♥❞ t❢ ❬s❪ ❛ t✐♠❡ ❞✉r❛t✐♦♥ ♦❢
✐♥t❡r❡st✱ t❤❡♥ ❡q✉❛t✐♦♥ ✭✶✮ s✐♠♣❧✐✜❡s t♦✱ ❬✷✶❪✱

Ctτ
∂2T

∂t2
(x, t) +

(

Ct + τCbwb(x)
)∂T

∂t
(x, t) = k

∂2T

∂x2
(x, t)− Cbwb(x)(T − Ta) +Qm +Qe

+τ
∂

∂t
(Qm +Qe), (x, t) ∈ (0, L)× [0, t❢], ✭✷✮

✇❤❡r❡ Ct := ρtct ❬❏✴✭♠3 ❑✮ ♦r ❏✴✭♠3 ◦❈✮❪ ❛♥❞ Cb := ρbcb ❬❏✴✭♠3 ❑✮ ♦r ❏✴✭♠3 ◦❈✮❪ ❛r❡ t❤❡
❤❡❛t ❝❛♣❛❝✐t✐❡s ♦❢ t✐ss✉❡ ❛♥❞ ❜❧♦♦❞✱ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✷✮ s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✲
❞✐t✐♦♥s

T (x, 0) = ϕ(x),
∂T

∂t
(x, 0) = ψ(x), x ∈ [0, L], ✭✸✮

✷



✇❤❡r❡ ϕ ❛♥❞ ψ ❛r❡ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ ❝♦♥✈❡❝t✐✈❡ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

−k
∂T

∂x
(0, t) = h0(t)(T∞,0(t)− T (0, t)), t ∈ [0, t❢],

k
∂T

∂x
(L, t) = hL(t)(T∞,L(t)− T (L, t)), t ∈ [0, t❢],

✭✹✮

✇❤❡r❡ h0 ❛♥❞ hL ❛r❡ ❤❡❛t tr❛♥s❢❡r ✭❡①❝❤❛♥❣❡✮ ❝♦❡✣❝✐❡♥ts ❬❲✴✭♠2 ❑✮ ♦r ❲✴✭♠2 ◦❈✮❪ ❛t t❤❡
❜♦✉♥❞❛r✐❡s x = 0 ❛♥❞ x = L✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ T∞,0 ❛♥❞ T∞,L ❛r❡ t❤❡ ❛♠❜✐❡♥t t❡♠♣❡r❛t✉r❡s
❬❑ ♦r ◦❈❪ ♦✉ts✐❞❡ t❤❡ ❜♦✉♥❞❛r✐❡s x = 0 ❛♥❞ x = L✱ r❡s♣❡❝t✐✈❡❧②✳

❆s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❡❛s✉r❡♠❡♥t t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ♠✐ss✐♥❣ ❦♥♦✇❧❡❞❣❡ ♦❢ wb(x)✱ ✇❡
❝♦♥s✐❞❡r s♣❡❝✐❢②✐♥❣ t❤❡ ✜♥❛❧ t✐♠❡ t❡♠♣❡r❛t✉r❡

T (x, t❢) = Tt❢(x), x ∈ [0, L], ✭✺✮

✇❤❡r❡ Tt❢ ✐s ❛ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝♦✉❧❞ ♠❡❛s✉r❡ t❤❡ ❜♦✉♥❞❛r② t❡♠♣❡r❛✲
t✉r❡

T (0, t) = µ1(t), t ∈ [0, t❢], ✭✻✮

♦r
T (L, t) = µ2(t), t ∈ [0, t❢], ✭✼✮

s✉❝❤ t❤❛t ❢r♦♠ ✭✹✮✱ ♣❛rt✐❛❧ ❈❛✉❝❤② ❜♦✉♥❞❛r② ❞❛t❛ ✇♦✉❧❞ ❜❡ ♣r❡s❝r✐❜❡❞✱ ❬✶✹✱ ✷✷✱ ✸✸✱ ✹✷❪✱ t❤❡
♣❛rt✐❛❧ ✐♥t❡r✐♦r ♦❜s❡r✈❛t✐♦♥

T (x, t) =: T (x, t), (x, t) ∈ ω × (0, t❢], ✭✽✮

✇❤❡r❡ ω ✐s ❛ s✉❜❞♦♠❛✐♥ ♦❢ (0, L)✱ ❬✶✺❪✱ ♦r t❤❡ t✐♠❡✲❛✈❡r❛❣❡ t❡♠♣❡r❛t✉r❡ s♣❡❝✐✜❝❛t✐♦♥

∫ tf

0

χ(t)T (x, t)dt = E(x), x ∈ [0, L], ✭✾✮

✇❤❡r❡ χ ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥✱ ❬✶✾❪✳
❯♥✐q✉❡♥❡ss r❡s✉❧ts ❢♦r t❤❡ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s

(

wb(x), T (x, t)
)

s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rs❡ ♣r♦❜✲
❧❡♠ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✷✮ ✇✐t❤ τ = 0✱ ✐✳❡✳ t❤❡ P❡♥♥❡s✬ ❜✐♦✲❤❡❛t ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥

Ct

∂T

∂t
(x, t) = k

∂2T

∂x2
(x, t)− Cbwb(x)(T − Ta) +Qm +Qe, (x, t) ∈ (0, L)× [0, t❢], ✭✶✵✮

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
T (x, 0) = ϕ(x), x ∈ [0, L], ✭✶✶✮

❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✻✮✱ ✭✼✮ ❛♥❞ t❤❡ ❡①tr❛ ♠❡❛s✉r❡♠❡♥t ✭✺✮ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ♦r
t❤❡ ❤❡❛t ✢✉①

−k
∂T

∂x
(0, t) = q0(t) ♦r k

∂T

∂x
(L, t) = qL(t), t ∈ [0, t❢] ✭✶✷✮

❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❬✶✻❪ ❛♥❞ ❬✸✶❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r t❤❡ ❤②♣❡r❜♦❧✐❝ ✐♥✈❡rs❡
♣r♦❜❧❡♠ ✭✷✮✕✭✺✮✱ ♦r ✭✷✮✱ ✭✸✮✱ ✭✺✮✕✭✼✮✱ ♦r ✭✷✮✕✭✹✮✱ ✭✻✮✱ ♦r ✭✷✮✕✭✹✮✱ ✭✼✮✱ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ❛r❡

✸



♥♦t ❦♥♦✇♥ ②❡t✱ ❜✉t t❤❡② ❝♦✉❧❞ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❢✉t✉r❡ ✉s✐♥❣✱ ❡✳❣✳ t❤❡ t❡❝❤♥✐q✉❡s ❢r♦♠
❬✶✾❪ ✭❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s✮ ❛♥❞ ❈❤❛♣t❡r ✽ ♦❢ ❬✸✵❪ ✭s❡♠✐✲❣r♦✉♣ t❤❡♦r②✮✳

❚❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ✭✷✮✕✭✺✮ ❝❛♥ ❜❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧✐③❡❞✱ ❛s
❢♦❧❧♦✇s✳ ❆ss✉♠✐♥❣ t❤❛t Ta ✐s ❛ ♥♦♥✲③❡r♦ ❝♦♥st❛♥t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss
✈❛r✐❛❜❧❡s✿

(x̄,▲) =

√

Ct

kτ
(x, L), (t̄, t❢) =

1

τ
(t, t❢), u =

T − Ta
Ta

, ϕ̄ =
ϕ− Ta
Ta

,

ψ̄ =
τψ

Ta
, u∞,0 =

T∞,0 − Ta
Ta

, u∞,▲ =
T∞,L − Ta

Ta
, ut❢

=
Tt❢ − Ta
Ta

, ✭✶✸✮

(

h̄0, h̄▲

)

=

√

τ

kCt

(h0, hL), F =
τ(Qe +Qm)

TaCt

, w =
τCbwb

Ct

.

❚❤❡♥✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠ ♦❢ t❤❡ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ✭✷✮✕✭✺✮ ✭♦♠✐tt✐♥❣ t❤❡ ❜❛rs ❢♦r
❝❧❛r✐t② ❛♥❞ ❞❡♥♦t✐♥❣ f = F + Ft✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∂2u

∂t2
(x, t) +

(

1 + w(x)
)∂u

∂t
(x, t) =

∂2u

∂x2
(x, t)− w(x)u(x, t) + f(x, t),

(x, t) ∈ Ωt❢
:= (0,▲)× [0, t❢], ✭✶✹✮

s✉❜❥❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

u(x, 0) = ϕ(x),
∂u

∂t
(x, 0) = ψ(x), x ∈ [0,▲], ✭✶✺✮

t❤❡ ❝♦♥✈❡❝t✐✈❡ ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

−
∂u

∂x
(0, t) = h0(t)

(

u∞,0(t)− u(0, t)
)

,
∂u

∂x
(▲, t) = h▲(t)

(

u∞,▲(t)− u(▲, t)
)

,

t ∈ [0, t❢], ✭✶✻✮

❛♥❞ t❤❡ ✜♥❛❧ t✐♠❡ t❡♠♣❡r❛t✉r❡

u(x, t❢) = ut❢
(x), x ∈ [0,▲]. ✭✶✼✮

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ t❤❛t t❤❡ ❛♠❜✐❡♥t t❡♠♣❡r❛t✉r❡s T∞,0 ❛♥❞ T∞,L ❛r❡ ❝♦♥st❛♥t ❛♥❞
❡q✉❛❧ t♦ t❤❡ ❛rt❡r✐❛❧ t❡♠♣❡r❛t✉r❡ Ta✱ ❛♥❞ t❤❛t t❤❡ ❤❡❛t tr❛♥s❢❡r ❝♦❡✣❝✐❡♥ts h0 ❛♥❞ hL ❛r❡
❛❧s♦ ❝♦♥st❛♥t✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✻✮ s✐♠♣❧✐❢② ❛s

−
∂u

∂x
(0, t) + h0u(0, t) = 0,

∂u

∂x
(▲, t) + h▲u(▲, t) = 0, t ∈ [0, t❢], ✭✶✽✮

❛♥❞ t❤❡ ♣r♦❜❧❡♠ ✭✶✹✮✱ ✭✶✺✮✱ ✭✶✼✮ ❛♥❞ ✭✶✽✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡
♠♦r❡ ❣❡♥❡r❛❧ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ♦❢ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜②

∂2u

∂t2
(x, t) +

(

1 + w(x)
)∂u

∂t
(x, t) = ∇2u(x, t)− w(x)u(x, t) + f(x, t),

✹



(x, t) ∈ D × [0, t❢], ✭✶✾✮

u(x, 0) = ϕ(x),
∂u

∂t
(x, 0) = ψ(x), x ∈ D, ✭✷✵✮

∂u

∂n
(x, t) + h(x)u(x, t) = 0, (x, t) ∈ ∂D × [0, t❢], ✭✷✶✮

u(x, t❢) = ut❢(x), x ∈ D, ✭✷✷✮

✇❤❡r❡ D ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ R
d✱ ✭d = 1, 2, 3✮✱ ✇✐t❤ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r② ∂D ♦❢

♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ n✱ h = h(x) ✐s ❛ ❣✐✈❡♥✱ s✉✣❝✐❡♥t❧② s♠♦♦t❤✱ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ❜♦✉♥❞❛r②
❤❡❛t tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✱ f ∈ C([0, t❢];L2(D))✱ ϕ ∈ H1(D) ❛♥❞ ψ ∈ L2(D) ❛r❡ ❣✐✈❡♥ ❞❛t❛✱
w ∈ C2(D) ❛♥❞ ut❢ ∈ D(A)✱ ✇❤❡r❡

D(A) =







U =

(

u

✈

)

∈ H2(D)×H1(D);

(

∂u

∂n
+ hu

)∣

∣

∣

∣

∂D

= 0







, ✭✷✸✮

✐s t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r

A =

(

−I I

∇2 −wI

)

✭✷✹✮

❛❝t✐♥❣ ♦♥ t❤❡ s♣❛❝❡ X = H1(D)× L2(D) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❢❛♠✐❧② ♦❢ ❡q✉✐✈❛❧❡♥t ♥♦r♠s✱ s❡❡
♣✳✺✾✵ ♦❢ ❬✸✵❪✱

|||U |||2 = ∥∇u∥2L2(D) + β∥u∥2L2(D) + ∥✈∥2L2(D) +

∫

∂D

h(x)u2(x)ds, ✭✷✺✮

❢♦r β > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤❡ ♦♣❡r❛t♦r A ✐s ❝❧♦s❡❞ ❛♥❞ ✐ts ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ✭✷✸✮ ✐s
❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡ X✳ ❖♥ r❡✇r✐t✐♥❣ ✭✶✾✮ ❛s t❤❡ s②st❡♠

{

ut = ✈− u,

✈t = ∇2u− w(x)✈+ f(x, t),
✭✷✻✮

✇❡ ❝❛♥ ✈✐❡✇ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✾✮✕✭✷✶✮ ❛s t❤❡ ❛❜str❛❝t ❈❛✉❝❤② ♣r♦❜❧❡♠
{

U
′(t) = AU (t) + F(t), t ∈ [0, t❢],

U (0) = U0,
✭✷✼✮

✇❤❡r❡ A ✐s ❣✐✈❡♥ ❜② ✭✷✹✮✱ U (t) = (u, ✈)❚✱ F = (0, f)❚ ❛♥❞ U0 = (ϕ, ϕ+ ψ)❚✳

✺



❘❡♠❛r❦ ✶✳ ✭❈❛s❡ ♦❢ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮
■♥ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

u(0, t) = u(▲, t) = 0, t ∈ [0, t❢], ✭✷✽✮

♦❜t❛✐♥❡❞ ✇❤❡♥ µ1 ❛♥❞ µ2 ✐♥ ✭✻✮ ❛♥❞ ✭✼✮ ❛r❡ ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ t♦ Ta✱ ♦r ✐ts ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧

❢♦r♠

u(x, t) = 0, (x, t) ∈ ∂D × [0, t❢], ✭✷✾✮

✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❘♦❜✐♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✶✮✱ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♦♣❡r❛t♦r A

❛♥❞ t❤❡ s♣❛❝❡ X s✐♠♣❧✐❢② ❛s D(A) = (H2(D) ∩H1
0 (D))×H1

0 (D) ❛♥❞ X = H1
0 (D)× L2(D)

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ✉s✉❛❧ ❢❛♠✐❧② ♦❢ ♥♦r♠s

|||U |||2 = ∥u∥2H1(D) + ∥✈∥2L2(D). ✭✸✵✮

❚♦ ❛❞✈❛♥❝❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ♦♥❡ ❝♦✉❧❞ ♣♦ss✐❜❧② ♠❛❦❡ ✉s❡ ♦❢ t❤❡ t❤❡♦r② ♦❢ s❡♠✐✲
❣r♦✉♣s t♦ s❤♦✇ t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♦♣❡r❛t♦r A ❞❡✜♥❡❞ ❜② ✭✷✹✮ ✐s t❤❡ ✐♥✲
✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ C0✲❣r♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs ✐♥ t❤❡ s♣❛❝❡ X✱ s❡❡ ❬✷✼✱
♣♣✳✷✷✵✲✷✷✷❪✱ ❜✉t t❤✐s ✐s ♥♦t ②❡t ❛✈❛✐❧❛❜❧❡✳ ■♥st❡❛❞ ✇❡ s♦❧✈❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ✐♥✈❡rs❡ ❝♦❡✣✲
❝✐❡♥t ♣r♦❜❧❡♠ ✐♥ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ✭✶✹✮✕✭✶✼✮ ❢♦r
r❡❝♦♥str✉❝t✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) ❛♥❞ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t
w(x) = τwb(x)Cb/Ct✳

❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ✐♥✈❡rs✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✐♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥ ✸✱ ✇❡ s♦❧✈❡ t❤❡
❧✐♥❡❛r ❛♥❞ ✇❡❧❧✲♣♦s❡❞ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✻✮ ✇❤❡♥ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ✐s
❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ✉s✐♥❣ ❛♥ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❋❉▼ ❜❛s❡❞ ♦♥ t❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥
s❝❤❡♠❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❋❉▼ ❞✐r❡❝t s♦❧✈❡r ✐s ✈❡r✐✜❡❞ ♦♥ ❛ ❜❡♥❝❤♠❛r❦
❡①❛♠♣❧❡✳

✸✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❞✐r❡❝t ♣r♦❜❧❡♠

❇❡❢♦r❡ ❛tt❡♠♣t✐♥❣ t♦ s♦❧✈❡ t❤❡ ♥♦♥✲❧✐♥❡❛r ❛♥❞ ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✼✮✱ ✇❡ ❞❡s❝r✐❜❡
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❛♥❞ ✇❡❧❧✲♣♦s❡❞ ❞✐r❡❝② ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥s ✭✶✹✮✕
✭✶✻✮ ✇❤❡♥ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡ v✱ ❬✶✶❪✱ ❛s

v(x, t) :=
∂u

∂t
(x, t) +

(

1 + w(x)
)

u(x, t), (x, t) ∈ Ωt❢
. ✭✸✶✮

❚❤❡♥✱ ❡q✉❛t✐♦♥ ✭✶✹✮ r❡✇r✐t❡s ❛s

∂v

∂t
(x, t) =

∂2u

∂x2
(x, t)− w(x)u(x, t) + f(x, t), (x, t) ∈ Ωt❢

. ✭✸✷✮

❋r♦♠ ✭✶✺✮ ❛♥❞ ✭✸✶✮ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

v(x, 0) = ψ(x) +
(

1 + w(x)
)

ϕ(x), x ∈ [0,▲]. ✭✸✸✮

✻



❆♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❛❜♦✈❡ s♣❧✐t ✭✸✶✮ ❛♥❞ ✭✸✷✮ ❝♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ṽ := ut + w(x)u ❛♥❞
ṽt + ṽ = uxx + f(x, t)✳

❲❡ s✉❜❞✐✈✐❞❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ Ωt❢
✐♥t♦ M ❛♥❞ N s✉❜✐♥t❡r✈❛❧s ♦❢ ❡q✉❛❧ ♠❡s❤

s✐③❡s ∆x = ▲/M ❛♥❞ ✉♥✐❢♦r♠ t✐♠❡ st❡♣ ∆t = t❢/N ✱ r❡s♣❡❝t✐✈❡❧②✳ ❆t t❤❡ ♥♦❞❡ (xi, tj)✱ ✇❡
❞❡♥♦t❡ ui,j := u(xi, tj)✱ vi,j := v(xi, tj)✱ wi := w(xi)✱ h

j
0 := h0(tj)✱ h

j
▲
:= h▲(tj)✱ u

j
∞,0 :=

u∞,0(tj)✱ u
j
∞,▲

:= u∞,▲(tj) ❛♥❞ fi,j := f(xi, tj)✱ ✇❤❡r❡ xi = i∆x ❛♥❞ tj = j∆t ❢♦r i = 0,M

❛♥❞ j = 0, N ✳
❚❤❡ ❈r❛♥❦✲◆✐❝♦❧s♦♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❛❝❝✉r❛t❡✱

❞✐s❝r❡t✐③❡s ✭✸✶✮ ❛♥❞ ✭✸✷✮ ❛s

ui,j+1 − ui,j
∆t

=
1

2

(

vi,j − (1 + wi)ui,j + vi,j+1 − (1 + wi)ui,j+1

)

,

i = 0,M, j = 0, (N − 1), ✭✸✹✮

vi,j+1 − vi,j
∆t

=
1

2

(

1

(∆x)2
δ2xui,j − wiui,j + fi,j +

1

(∆x)2
δ2xui,j+1 − wiui,j+1 + fi,j+1

)

,

i = 0,M, j = 0, (N − 1), ✭✸✺✮

✇❤❡r❡ u−1,j = u(−∆x, tj) ❛♥❞ uM+1,j = u(▲ + ∆x, tj) ❢♦r j = 0, N ✱ ❛♥❞ δ2xui,j := ui−1,j −

2ui,j + ui+1,j✳
❊q✉❛t✐♦♥s ✭✶✺✮ ❛♥❞ ✭✸✸✮ ❛r❡ ❞✐s❝r❡t✐③❡❞ ❛s

ui,0 = ϕ(xi), vi,0 = ψ(xi) + (1 + wi)ϕ(xi), i = 0,M, ✭✸✻✮

❛♥❞ ❡q✉❛t✐♦♥ ✭✶✻✮ ✐s ❞✐s❝r❡t✐③❡❞ ❛s

−
u1,j − u−1,j

2(∆x)
= hj0

(

uj
∞,0 − u0,j

)

,
uM+1,j − uM−1,j

2(∆x)
= hj

▲

(

uj
∞,▲ − uM,j

)

,

j = 0, N. ✭✸✼✮

❙♦❧✈✐♥❣ ✭✸✹✮ ❢♦r vi,j+1✱ ✇❡ ♦❜t❛✐♥

vi,j+1 =

(

1 + wi +
2

∆t

)

ui,j+1 +

(

1 + wi −
2

∆t

)

ui,j − vi,j, ✭✸✽✮

❢♦r i = 0,M ✱ j = 0, (N − 1)✳ ■♥tr♦❞✉❝✐♥❣ ✭✸✽✮ ✐♥ ✭✸✺✮✱ ✇❡ ♦❜t❛✐♥

−Aui−1,j+1 +Biui,j+1 − Aui+1,j+1 =Aui−1,j + Ciui,j + Aui+1,j + 2vi,j

+
∆t

2

(

fi,j + fi,j+1

)

, ✭✸✾✮

❢♦r i = 0,M ✱ j = 0, (N − 1)✱ ✇❤❡r❡ A :=
∆t

2(∆x)2
✱ Bi :=

(

2

∆t
+

∆t

(∆x)2
+ 1

)

+

(

1 +
∆t

2

)

wi

❛♥❞ Ci :=

(

2

∆t
−

∆t

(∆x)2
− 1

)

−

(

1 +
∆t

2

)

wi ❢♦r i = 0,M ✳

❆t ❡❛❝❤ t✐♠❡ st❡♣ tj+1 = (j + 1)∆t ❢♦r j = 0, (N − 1)✱ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❞✐s❝r❡t✐③❡❞

✼



❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ❜② ✭✸✼✮✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜② ✭✸✽✮ ❛♥❞ ✭✸✾✮ ❝❛♥ ❜❡
r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ t✇♦✲st❡♣ ✐♠♣❧✐❝✐t ❋❉▼ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❢♦r♠✿

L̃j+1
uj+1 = Ẽj

uj + 2vj + b̃
j, ✭✹✵✮

vj+1 =

[

(

1 +
2

∆t

)

I + W̃

]

uj+1 +

[

(

1−
2

∆t

)

I + W̃

]

uj − vj, ✭✹✶✮

✇❤❡r❡✿

uj =
(

u0,j, . . . , uM,j

)❚
, vj =

(

v0,j, . . . , vM,j

)❚
, W̃ = ❞✐❛❣(w0, . . . , wM),

I ✐s t❤❡ (M + 1)× (M + 1) ✐❞❡♥t✐t② ♠❛tr✐①,

L̃j+1 =

















B0 + λj+1
1 −2A 0 . . . 0 0 0

−A B1 −A . . . 0 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

0 0 0 . . . −A BM−1 −A

0 0 0 . . . 0 −2A BM + λj+1
2

















,

Ẽj =

















C0 − λj1 2A 0 . . . 0 0 0

A C1 A . . . 0 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

0 0 0 . . . A CM−1 A

0 0 0 . . . 0 2A CM − λj2

















,

b̃
j =



























∆t

2

(

f0,j + f0,j+1

)

+ 2A∆x
(

hj+1
0 uj+1

∞,0 + hj0u
j
∞,0

)

∆t

2

(

f1,j + f1,j+1

)

✳✳✳
∆t

2

(

fM−1,j + fM−1,j+1

)

∆t

2

(

fM,j + fM,j+1

)

+ 2A∆x
(

hj+1
▲
uj+1
∞,▲ + hj

▲
uj
∞,▲

)



























,

✇❤❡r❡ λj1 = 2A∆xhj0 ❛♥❞ λj2 = 2A∆xhj
▲
❢♦r j = 0, (N − 1)✳

❲❡ ♥❡①t ❝♦♥s✐❞❡r ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ t♦ ✈❡r✐❢② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡
♣r♦♣♦s❡❞ ❋❉▼ s❝❤❡♠❡✳

✸✳✶ ❱❡r✐✜❝❛t✐♦♥ ❡①❛♠♣❧❡

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✻✮ ✇✐t❤ ▲ = t❢ = 1 ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥♣✉t ❞❛t❛✿

u(x, 0) = ϕ(x) = x+ sin(πx) + 5,
∂u

∂t
(x, 0) = ψ(x) = 1, ✭✹✷✮

h0(t) = h▲(t) = 1, u∞,0(t) = t− π + 4, u∞,▲(t) = t− π + 7, ✭✹✸✮

✽



f(x, t) = x+ (x+ 1)
(

t+ x+ sin(πx) + 5
)

+ π2 sin(πx) + 2, ✭✹✹✮

❛♥❞
w(x) = 1 + x. ✭✹✺✮

❚❤❡♥✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

u(x, t) = x+ t+ 5 + sin(πx). ✭✹✻✮

❚❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭r♠s❡✮ ❣✐✈❡♥ ❜②

rmse
(

ut❢
)

=

√

√

√

√

1

M + 1

M
∑

i=0

[

u♥✉♠❡r✐❝❛❧
t❢

(xi)− u❡①❛❝tt❢
(xi)

]2
✭✹✼✮

✇❛s ♦❜t❛✐♥❡❞ ❛s rmse(ut❢) ∈ {0.0354, 0.0083, 0.002} ❢♦r M = N ∈ {5, 10, 20}✱ r❡s♣❡❝t✐✈❡❧②✱
✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❋❉▼ ✐s t✇♦✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r✲
❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ❛❧♦♥❣s✐❞❡ t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) ✐♥ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✼✮
✐s r❡❝❛st ❛s ❛ ❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❛ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ t❤❡ ▼❆❚▲❆❇
❜✉✐❧t✲✐♥ r♦✉t✐♥❡ ❧sq♥♦♥❧✐♥ ✐s ❞❡s❝r✐❜❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

✹✳ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✐♥✈❡rs❡ ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐s❤ t♦ ♦❜t❛✐♥ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ✉♥❦♥♦✇♥ ❜❧♦♦❞
♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕
✭✶✼✮ r❡❢♦r♠✉❧❛t❡❞ ❛s ♠✐♥✐♠✐③✐♥❣ t❤❡ r❡❣✉❧❛r✐③❡❞ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

G(w) := ||u(·, t❢)− ut❢(·)||
2 + λ||w(·)||2, ✭✹✽✮

✇❤❡r❡ u s♦❧✈❡s t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✻✮ ❢♦r ❛ ❣✐✈❡♥ ❡❧❡♠❡♥t w(x)✱ λ ≥ 0 ✐s ❛ r❡❣✉❧❛r✐③❛t✐♦♥
♣❛r❛♠❡t❡r t♦ ❜❡ ♣r❡s❝r✐❜❡❞ ❛♥❞ t❤❡ ♥♦r♠ ✐s t❤❡ L2[0,▲]✲♥♦r♠✳

❚❤❡ ❞✐s❝r❡t❡ ❢♦r♠ ♦❢ ✭✹✽✮ r❡❛❞s ❛s

G(w) =
M
∑

i=0

[

u(xi, t❢)− ut❢(xi)
]2

+ λ

M
∑

i=0

w2
i , ✭✹✾✮

✇❤❡r❡ w = (wi)i=0,M ∈ R
M+1
+ ✳ ❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮ ✐s ♣❡r❢♦r♠❡❞

✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦① r♦✉t✐♥❡ ❧sq♥♦♥❧✐♥✱ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ s✉♣♣❧②✐♥❣
❜② t❤❡ ✉s❡r t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❬✷✸❪✳ ❚❤✐s r♦✉t✐♥❡ ❛tt❡♠♣ts t♦ ✜♥❞
t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ s✉♠ ♦❢ sq✉❛r❡s ❜② st❛rt✐♥❣ ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❣✉❡ss w(0) ❢♦r w✳ ❚❤✐s
r♦✉t✐♥❡ ✐s ❝♦♠♣✐❧❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿

❼ ❆❧❣♦r✐t❤♠ ✐s t❤❡ ❚r✉st✲❘❡❣✐♦♥✲❘❡✢❡❝t✐✈❡ ✭❚❘❘✮ ♠✐♥✐♠✐③❛t✐♦♥✱ ❬✶✵❪✳

❼ ▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❂ ✹✵✵✳

❼ ▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ❂ 102 × ✭♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s✮✳

✾



❼ ❚❡r♠✐♥❛t✐♦♥ t♦❧❡r❛♥❝❡ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡ ❂ 10−20✳

❼ ❙♦❧✉t✐♦♥ t♦❧❡r❛♥❝❡ ❂ 10−20✳

❼ ▲♦✇❡r ❛♥❞ ✉♣♣❡r s✐♠♣❧❡ ❜♦✉♥❞s ♦♥ t❤❡ ✉♥❦♥♦✇♥s ❛r❡ 10−10 ✭✈❡r② s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠✲
❜❡r✮ ❛♥❞ 103 ✭❧❛r❣❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✮✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✼✮ ✐s s♦❧✈❡❞ s✉❜❥❡❝t t♦ ❜♦t❤ ❡①❛❝t ❛♥❞ ♥♦✐s② ✜♥❛❧ t✐♠❡ t❡♠♣❡r✲
❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts ✭✶✼✮✳ ❚❤❡ ♥♦✐s② ❞❛t❛ ❛r❡ ♥✉♠❡r✐❝❛❧❧② s✐♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

uϵ
t❢
(xi) = ut❢(xi) + ϵi, i = 0,M, ✭✺✵✮

✇❤❡r❡ ϵi ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ●❛✉ss✐❛♥ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥
③❡r♦ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ σ ❣✐✈❡♥ ❜②

σ = p× max
x∈[0,▲]

|ut❢(x)|, ✭✺✶✮

✇❤❡r❡ p ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡✳ ❲❡ ✉s❡ t❤❡ ▼❆❚▲❆❇ ❢✉♥❝t✐♦♥ normrnd(0, σ,M + 1)

t♦ ❣❡♥❡r❛t❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ϵ = (ϵi)i=0,M ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♥♦✐s② ❞❛t❛ ✭✺✵✮✱ ✇❡ r❡♣❧❛❝❡
ut❢(xi) ❜② u

ϵ
t❢
(xi) ✐♥ ✭✹✾✮✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ❥✉st ❞❡s❝r✐❜❡❞ ❛r❡ t❡st❡❞
❢♦r t❤r❡❡ ♥✉♠❡r✐❝❛❧ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡s ✐♥ ✇❤✐❝❤ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❡①❤✐❜✐ts
❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉rs s✉❝❤ ❛s s♠♦♦t❤✱ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ♦r ❞✐s❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ t❤❡
r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ ♦❢ ❛ r❡❛❧✲✇♦r❧❞ ❧❛s❡r✲✐rr❛❞✐❛t❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✐s
♣❡r❢♦r♠❡❞✳

✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❚❤✐s s❡❝t✐♦♥ ❛ss❡ss❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❛❝❝✉r❛❝②✱ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ t❡st ❢♦r ❛✿ ✭✐✮ s♠♦♦t❤ ✭❊①❛♠♣❧❡ ✶✮✱ ✭✐✐✮ ♣✐❡❝❡✇✐s❡
s♠♦♦t❤ ✭❊①❛♠♣❧❡ ✷✮ ❛♥❞ ✭✐✐✐✮ ❞✐s❝♦♥t✐♥✉♦✉s ✭❊①❛♠♣❧❡ ✸✮ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
w(x)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r r❡tr✐❡✈✐♥❣ ❛ ❞✐♠❡♥s✐♦♥❛❧ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ ♦❢ ❛ ❜✐♦❧♦❣✐❝❛❧
t✐ss✉❡ ✐rr❛❞✐❛t❡❞ ❜② ❧❛s❡r ✭❊①❛♠♣❧❡ ✹✮✳ ❚❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭r♠s❡✮ ✐s ✉t✐❧✐③❡❞ t♦
❡✈❛❧✉❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❛s ❢♦❧❧♦✇s✿

rmse(w) =

√

√

√

√

▲
M + 1

M
∑

i=0

[

w♥✉♠❡r✐❝❛❧(xi)− w❡①❛❝t(xi)
]2
. ✭✺✷✮

■♥ t❤❡ ✜rst t❤r❡❡ ❜❡♥❝❤♠❛r❦ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✇❡ t❛❦❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱
t❢ = ▲ = 1✳ ❲❡ ❛❧s♦ t❛❦❡ M = N = 40 ✐♥ t❤❡ ✐♥✈❡rs❡ ❝❛❧❝✉❧❛t✐♦♥s✳

✺✳✶ ❊①❛♠♣❧❡ ✶ ✭s♠♦♦t❤ ❝♦❡✣❝✐❡♥t✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✼✮ ✇✐t❤ ❛ ❧✐♥❡❛r ❛♥❞ s♠♦♦t❤ ✉♥❦♥♦✇♥ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
❝♦❡✣❝✐❡♥t w(x) ✇✐t❤ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✹✷✮✕✭✹✹✮ ❛♥❞

ut❢(x) = x+ sin(πx) + 6. ✭✺✸✮

✶✵



❚❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❛❜♦✈❡ ✐♥♣✉t ❞❛t❛ ✐s ❣✐✈❡♥ ❜② ✭✹✺✮ ❛♥❞ ✭✹✻✮✳ ❲❡ t❛❦❡ t❤❡
✐♥✐t✐❛❧ ❣✉❡ss ❢♦r w(x) ❛s t❤❡ ♣❛r❛❜♦❧❛ ❣✐✈❡♥ ❜②

w0(x) = x2 + 1, x ∈ [0,▲], ✭✺✹✮

✇❤✐❝❤ ✐s r❡❛s♦♥❛❜❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ tr✉❡ s♦❧✉t✐♦♥ ✭✹✺✮✳ ■♥ ❣❡♥❡r❛❧✱ ♦t❤❡r ✐♥✐t✐❛❧ ❣✉❡ss❡s
♣r♦❞✉❝❡❞ s✐♠✐❧❛r r❡s✉❧ts ❜✉t✱ ♦❢ ❝♦✉rs❡✱ s✐♥❝❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✐s ♥♦♥✲❧✐♥❡❛r t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥❛❧ ✭✹✾✮ ✐s ♥♦♥✲❝♦♥✈❡① ❛♥❞ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ♦❢ ♠✐♥✐♠✐③❛t✐♦♥ r❡q✉✐r❡s ❛ ❣♦♦❞ ✐♥✐t✐❛❧
❣✉❡ss❀ ♦t❤❡r✇✐s❡ ♦♥❡ ❝❛♥ ❣❡t st✉❝❦ ✐♥ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ st❛rt t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
❝♦❡✣❝✐❡♥t w(x)✱ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ♥♦✐s❡ ✐♥ t❤❡ ✜♥❛❧ t✐♠❡ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t ✭✺✸✮✱ ✐✳❡✳
p = 0 ✐♥ ✭✺✶✮✳ ❚❤❡ ✉♥r❡❣✉❧❛r✐③❡❞ ✭✐✳❡✳ ✇✐t❤ λ = 0✮ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✱ s❤♦✇✐♥❣ ❛ r❛♣✐❞ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣
❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ❧♦✇ ✈❛❧✉❡ ♦❢ O(10−25) ✐♥ 7 ✐t❡r❛t✐♦♥s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ r❡tr✐❡✈❛❧
♦❢ w(x) ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✹✺✮✱ ✇❤❡r❡ ✇❡
❛❝❝♦♠♣❧✐s❤ ❛ s♠❛❧❧ rmse(w) = 2.4× 10−3✳ ❋r♦♠ t❤✐s ✜❣✉r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❛♥ ❛❝❝✉r❛t❡
❛♥❞ st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞✳

✭❛✮
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❋✐❣✉r❡ ✶✿ ✭❛✮ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❛♥❞ ✭❜✮
t❤❡ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ✇✐t❤ ♥♦ ♥♦✐s❡ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✶✳

◆❡①t✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♥♦✐s❡ ✐♥
t❤❡ ❞❛t❛ ✭✺✵✮✳ ❲❡ ❛❞❞ ✈❛r✐♦✉s ❧❡✈❡❧s ♦❢ ♥♦✐s❡ p ∈ {0.01, 0.1}% t♦ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✶✼✮✱ ✈✐❛
✭✺✵✮ ❛♥❞ ✭✺✶✮✳ ❋✐❣✉r❡s ✷ ❛♥❞ ✸ ✐❧❧✉str❛t❡ t❤❡ r❡❝♦✈❡r❡❞ ❢✉♥❝t✐♦♥ w(x)✱ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤
r❡❣✉❧❛r✐③❛t✐♦♥✳ ❋r♦♠ ❋✐❣✉r❡s ✷✭❛✮ ❛♥❞ ✸✭❛✮✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r
w(x) ✇✐t❤ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥ ♣♦ss❡ss s♦♠❡ ♦s❝✐❧❧❛t✐♦♥s ✇✐t❤ rmse(w) = 0.5151 ❢♦r p = 0.01%

❛♥❞ rmse(w) = 0.8802 ❢♦r p = 0.1%✳ ❚❤✐s ✐s ❡①♣❡❝t❡❞ s✐♥❝❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✭✶✹✮✕
✭✶✼✮ ✐s ✐❧❧✲♣♦s❡❞ ❛♥❞ s❡♥s✐t✐✈❡ t♦ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ✐♥t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t ✭✶✼✮✳ ❍❡♥❝❡✱
r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ st♦r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡
❝❤♦♦s❡ t❤❡ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ❜❛s❡❞ ♦♥ tr✐❛❧ ❛♥❞ ❡rr♦r✳ ❚❤❛t ✐s✱ ✇❡ st❛rt

✶✶



✇✐t❤ ❛ s♠❛❧❧ ✈❛❧✉❡ ♦❢ λ ❛♥❞ t❤❡♥ ❣r❛❞✉❛❧❧② ✐♥❝r❡❛s❡ ✐t ✉♥t✐❧ ❛♥② ❤✐❣❤ ♦s❝✐❧❧❛t✐♦♥s ❞✐s❛♣♣❡❛r✳
❇② ❞♦✐♥❣ s♦✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝❤♦✐❝❡s ♦❢ λ = 10−5 ❢♦r p = 0.01%❀ s❡❡ ❋✐❣✉r❡ ✷✭❜✮✱ ❛♥❞
λ = 10−3 ❢♦r p = 0.1%❀ s❡❡ ❋✐❣✉r❡ ✸✭❜✮✱ ♣r♦✈✐❞❡ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r
t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ✇❤❡r❡ ✇❡ ❛❝❝♦♠♣❧✐s❤ s♠❛❧❧ rmse(w) ∈

{0.0956, 0.1829} ❢♦r p ∈ {0.01, 0.1}%✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹ ❛❧♦♥❣s✐❞❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✹✻✮ ❛♥❞ t❤❡
❛❜s♦❧✉t❡ ❡rr♦rs ❜❡t✇❡❡♥ t❤❡♠✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥
t❤❡ ❡①❛❝t ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r u(x, t) ✐s ❛❝❤✐❡✈❡❞✳ ❋r♦♠ ❋✐❣✉r❡s ✶✭❜✮✱ ✷✭❜✮✱ ✸✭❜✮✱ ✹
❛♥❞ ❚❛❜❧❡ ✶✱ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣❛✐r ♦❢
❢✉♥❝t✐♦♥s

(

w(x), u(x, t)
)

✇✐t❤ r❡s♣❡❝t t♦ ❞❡❝r❡❛s✐♥❣ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥♦✐s❡ p ❢r♦♠ 0.1% t♦
0.01% ❛♥❞ t❤❡♥ t♦ ③❡r♦ ❤❛s ❜❡❡♥ ❛❝❝♦♠♣❧✐s❤❡❞✳

❚❛❜❧❡ ✶✿ ❚❤❡ rmse(w) ❞❡✜♥❡❞ ❜② ✭✺✷✮✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ❢♦r p ∈ {0, 0.01, 0.1}% ♥♦✐s❡✱ ❛♥❞ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✶✳

p λ rmse(w) ▼✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ■t❡r
✵ ✵ 2.4× 10−3 3.1× 10−25 ✼

✵✳✵✶✪

✵ ✵✳✺✶✺✶ 1.1× 10−6 ✺✵
10−6 ✵✳✶✹✺✻ 9.8× 10−5 ✹✵
10−5 ✵✳✵✾✺✻ 9.6× 10−4 ✸✽
10−4 ✵✳✶✵✹✾ 9.5× 10−3 ✹✹
10−3 ✵✳✶✹✵✺ 9.4× 10−2 ✸✻

✵✳✶✪

✵ ✵✳✽✽✵✷ 3.3× 10−4 ✽✽
10−4 ✵✳✷✼✷✷ 1.1× 10−2 ✹✶
10−3 ✵✳✶✽✷✾ 9.7× 10−2 ✸✾
10−2 ✵✳✶✽✽✺ 9.4× 10−1 ✾✼
10−1 ✵✳✷✹✶✶ ✾✳✶✹✸✾ ✾✼

✺✳✷ ❊①❛♠♣❧❡ ✷ ✭♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝♦❡✣❝✐❡♥t✮

❚❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ❤❛s ❝♦♥s✐❞❡r❡❞ r❡tr✐❡✈✐♥❣ ❛ s✐♠♣❧❡ ❧✐♥❡❛r s♣❛❝❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣❡r❢✉✲
s✐♦♥ ❝♦❡✣❝✐❡♥t ✭✹✺✮✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❡st✐♠❛t✐♥❣
❛ ❧❡ss s♠♦♦t❤ ❝♦❡✣❝✐❡♥t ❣✐✈❡♥ ❜② ✭✺✻✮ ❜❡❧♦✇✳ ❲❡ t❛❦❡ t❤❡ ✐♥♣✉t ❞❛t❛ ❣✐✈❡♥ ❜② ✭✹✷✮✱ ✭✹✸✮✱
✭✺✸✮ ❛♥❞

f(x, t) =

∣

∣

∣

∣

x−
1

2

∣

∣

∣

∣

+ π2 sin(πx) +

(

∣

∣

∣

∣

x−
1

2

∣

∣

∣

∣

+
1

2

)

(

t+ x+ sin(πx) + 5
)

+
3

2
. ✭✺✺✮

❚❤❡♥✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤✐s ✐♥♣✉t ❞❛t❛ ✐s ❣✐✈❡♥ ❜② ✭✹✻✮ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t)
❛♥❞

w(x) =

∣

∣

∣

∣

x−
1

2

∣

∣

∣

∣

+
1

2
, ✭✺✻✮

❢♦r t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ❢♦r t❤❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ w(x) ✐♥ t❤✐s
❡①❛♠♣❧❡ ✐s t❛❦❡♥ ❛s ✶✱ ♥❛♠❡❧②✱

w0(x) = 1, x ∈ [0,▲]. ✭✺✼✮
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❋✐❣✉r❡ ✷✿ ❚❤❡ ❡①❛❝t ✭✹✺✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.01% ♥♦✐s❡ ❛♥❞
✭❛✮ λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−5 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ❢♦r
❊①❛♠♣❧❡ ✶✳
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❋✐❣✉r❡ ✸✿ ❚❤❡ ❡①❛❝t ✭✹✺✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.1% ♥♦✐s❡ ❛♥❞ ✭❛✮
λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−3 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ❢♦r ❊①❛♠♣❧❡
✶✳

❆s ♣r❡✈✐♦✉s❧② ❝❛rr✐❡❞ ♦✉t ✐♥ ❊①❛♠♣❧❡ ✶✱ ✇❡ ❜❡❣✐♥ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡
s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦✐s❡✲❢r❡❡ ✐♥♣✉t ❞❛t❛✱ ✐✳❡✳ p = 0

✐♥ ✭✺✶✮✳ ❚❤❡ ✉♥r❡❣✉❧❛r✐③❡❞ ✭✐✳❡✳ ✇✐t❤ λ = 0✮ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✺✭❛✮✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ❛ r❛♣✐❞
♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❛ ❧♦✇ ✈❛❧✉❡ ♦❢ O(10−25) ✐s ❛❝❤✐❡✈❡❞ ✐♥ 10 ✐t❡r❛t✐♦♥s✳
❋✐❣✉r❡ ✺✭❜✮ ❞❡♣✐❝ts t❤❡ ♥✉♠❡r✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ w(x) ❛❧♦♥❣s✐❞❡ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✺✻✮✱
✇❤❡r❡ ✇❡ ❛❝❤✐❡✈❡ ❛ s♠❛❧❧ rmse(w) = 1.9 × 10−3✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✱ ❛s ✐♥
❊①❛♠♣❧❡ ✶✱ t❤❛t ❛♥ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r w(x) ✐s ♦❜t❛✐♥❡❞✳

✶✸



✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✹✿ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ✭✹✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t)✱ ✇✐t❤ ✭❛✮
p = 0 ❛♥❞ λ = 0 ✭✐✳❡✳ ✇✐t❤ ♥♦ ♥♦✐s❡ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ✭❜✮ p = 0.01% ♥♦✐s❡ ❛♥❞ λ = 10−5✱
❛♥❞ ✭❝✮ p = 0.1% ♥♦✐s❡ ❛♥❞ λ = 10−3✱ ❢♦r ❊①❛♠♣❧❡ ✶✳ ❚❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs ❜❡t✇❡❡♥ t❤❡♠ ❛r❡
❛❧s♦ ✐♥❝❧✉❞❡❞✳

✶✹
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❋✐❣✉r❡ ✺✿ ✭❛✮ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❛♥❞ ✭❜✮
t❤❡ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ✇✐t❤ ♥♦ ♥♦✐s❡ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✷✳

◆❡①t✱ ✇❡ ✐♥❝❧✉❞❡ p ∈ {0.01, 0.1}% ♥♦✐s❡ ✐♥ ut❢(x) ❣✐✈❡♥ ❜② ✭✺✸✮✱ ✉s✐♥❣ ✭✺✵✮ ❛♥❞ ✭✺✶✮✱
t♦ ❛ss❡ss t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳ ❚❤❡ ❡st✐♠❛t❡❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)
✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s ✻ ❛♥❞ ✼✱ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✳ ❆s ✐♥ ❊①❛♠♣❧❡ ✶✱ ❤✐❣❤
♦s❝✐❧❧❛t♦r② ❛♥❞ ✐♥❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ❢♦r w(x) ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ rmse(w) = 0.5184 ❢♦r p =

0.01% ❛♥❞ rmse(w) = 0.5682 ❢♦r p = 0.1%✱ ✇❤❡♥ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s ♥♦t ✐♠♣❧❡♠❡♥t❡❞❀ s❡❡
❋✐❣✉r❡s ✻✭❛✮ ❛♥❞ ✼✭❛✮✳ ❚❤❡r❡❢♦r❡✱ r❡❣✉❧❛r✐③❛t✐♦♥ ✐s r❡q✉✐r❡❞ t♦ r❡❝♦✈❡r t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡
s♦❧✉t✐♦♥✳ ❇② tr✐❛❧ ❛♥❞ ❡rr♦r ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝❤♦✐❝❡s ♦❢ λ = 10−5 ❢♦r p = 0.01%❀ s❡❡
❋✐❣✉r❡ ✻✭❜✮✱ ❛♥❞ λ = 10−2 ❢♦r p = 0.1%❀ s❡❡ ❋✐❣✉r❡ ✼✭❜✮✱ ♣r♦✈✐❞❡ ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r w(x)✱ ✇❤❡r❡ ✇❡ ♦❜t❛✐♥ s♠❛❧❧ rmse(w) ∈ {0.0721, 0.1329} ❢♦r p ∈

{0.01, 0.1}%✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t)
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✭✹✻✮ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs
❜❡t✇❡❡♥ t❤❡♠✳ ❋r♦♠ t❤✐s ✜❣✉r❡✱ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t
❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ✐s ❛❝❝♦♠♣❧✐s❤❡❞✳ ❋r♦♠ ❋✐❣✉r❡s ✺✭❜✮✱ ✻✭❜✮✱ ✼✭❜✮✱ ✽ ❛♥❞ ❚❛❜❧❡ ✷✱ ✐t
❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞✱ ❛s ✐♥ ❊①❛♠♣❧❡ ✶✱ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❜❡❝♦♠❡ ❝❧♦s❡r t♦ t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ ❛s p ❞❡❝r❡❛s❡s ❢r♦♠ 0.1% t♦ 0.01% ❛♥❞ t❤❡♥ t♦ ③❡r♦✳

✺✳✸ ❊①❛♠♣❧❡ ✸ ✭❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥t✮

❚❤❡ ♣r❡✈✐♦✉s t✇♦ ❡①❛♠♣❧❡s ♣♦ss❡ss❡❞ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ♣❛✐r ♦❢ ❢✉♥❝✲
t✐♦♥s

(

w(x), u(x, t)
)

✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ♣r♦♣♦s❡❞ ✐♥✈❡rs✐♦♥ ♠❡t❤♦❞ ❢♦r r❡❝♦♥✲
str✉❝t✐♥❣ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❝♦❡✣❝✐❡♥t ❣✐✈❡♥ ❜② ✭✻✵✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ ❛♥
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r u(x, t) ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❲❡ t❛❦❡ ✭✹✹✮ ❢♦r t❤❡ s♦✉r❝❡ f(x, t) ❛♥❞ t❤❡
❢♦❧❧♦✇✐♥❣ ✐♥♣✉t ❞❛t❛✿

u(x, 0) = ϕ(x) = 0,
∂u

∂t
(x, 0) = ψ(x) = 0, ✭✺✽✮

h0(t) = h▲(t) = 0, u∞,0(t) = u∞,▲(t) = 0. ✭✺✾✮

❲✐t❤ ✭✺✾✮✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✻✮ ❜❡❝♦♠❡ ❛❞✐❛❜❛t✐❝✳ ❆s ❢♦r t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥

✶✺



❚❛❜❧❡ ✷✿ ❚❤❡ rmse(w) ❞❡✜♥❡❞ ❜② ✭✺✷✮✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ❢♦r p ∈ {0, 0.01, 0.1}% ♥♦✐s❡✱ ❛♥❞ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✷✳

p λ rmse(w) ▼✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ■t❡r
✵ ✵ 1.9× 10−3 1.4× 10−25 ✶✵

✵✳✵✶✪

✵ ✵✳✺✶✽✹ 7.9× 10−7 ✻✸
10−6 ✵✳✶✵✾✺ 2.6× 10−5 ✹✺
10−5 ✵✳✵✼✷✶ 2.4× 10−4 ✺✷
10−4 ✵✳✵✼✷✺ 2.4× 10−3 ✹✷
10−3 ✵✳✵✽✾✶ 2.4× 10−2 ✹✵

✵✳✶✪

✵ ✵✳✺✻✽✷ 8.1× 10−5 ✺✽
10−4 ✵✳✷✺✹✼ 2.8× 10−3 ✹✻
10−3 ✵✳✶✹✺✸ 2.5× 10−2 ✹✼
10−2 ✵✳✶✸✷✾ 2.3× 10−1 ✾✼
10−1 ✵✳✷✵✵✺ ✷✳✷✶✵✷ ✾✼

✭❛✮

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

✭❜✮
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0.8
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1.2

❋✐❣✉r❡ ✻✿ ❚❤❡ ❡①❛❝t ✭✺✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.01% ♥♦✐s❡ ❛♥❞
✭❛✮ λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−5 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ❢♦r
❊①❛♠♣❧❡ ✷✳

❝♦❡✣❝✐❡♥t w(x)✱ ✇❡ t❛❦❡

w(x) =







1, 0.25 ≤ x ≤ 0.75,

0, ♦t❤❡r✇✐s❡,
✭✻✵✮

✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❞✐s❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❛♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) ❜❡✐♥❣ ❛✈❛✐❧❛❜❧❡✱ ✇❡ ❣❡♥❡r❛t❡ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✶✼✮ ♥✉♠❡r✲
✐❝❛❧❧② ❜② s♦❧✈✐♥❣ ✜rst t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✻✮✱ ✉s✐♥❣ t❤❡ ❋❉▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱
✇✐t❤ t❤❡ ✐♥♣✉t ✭✹✹✮ ❛♥❞ ✭✺✽✮✕✭✻✵✮✱ ✇❤❡r❡ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✭✻✵✮ ✐s ❛ss✉♠❡❞ t♦
❜❡ ❦♥♦✇♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ut❢

(x) ✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✱ ❢♦r ✈❛r✐♦✉s

✶✻
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❋✐❣✉r❡ ✼✿ ❚❤❡ ❡①❛❝t ✭✺✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.1% ♥♦✐s❡ ❛♥❞ ✭❛✮
λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−2 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ❢♦r ❊①❛♠♣❧❡
✷✳

♠❡s❤ s✐③❡s M = N ∈ {20, 40, 60}✱ s❤♦✇✐♥❣ t❤❛t ❝♦♥✈❡r❣❡♥t r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞✳
❲❡ ❝♦♥s✐❞❡r ❤❛❧❢ ♦❢ t❤❡ ❞❛t❛ ❢♦r ut❢

(x) ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✇✐t❤
M = N = 80 ❛s ♦✉r ✐♥♣✉t ❞❛t❛ ✭✶✼✮ ❛♥❞ t❤❡♥ s♦❧✈❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❝♦❛rs❡r ♠❡s❤
♦❢ M = N = 40 t♦ ❛✈♦✐❞ ❝♦♠♠✐tt✐♥❣ ❛♥ ✐♥✈❡rs❡ ❝r✐♠❡✳ ❲❡ t❛❦❡ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ❢♦r t❤❡
✉♥❦♥♦✇♥ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) ❛s

w0(x) = 0.4, x ∈ [0,▲]. ✭✻✶✮

❆♥❛❧♦❣♦✉s q✉❛♥t✐t✐❡s ❛♥❞ ❝♦♥❝❧✉s✐♦♥s t♦ ❋✐❣✉r❡s ✶✕✸ ❛♥❞ ❚❛❜❧❡ ✶ ♦❢ ❊①❛♠♣❧❡ ✶ ❛♥❞
❋✐❣✉r❡s ✺✕✼ ❛♥❞ ❚❛❜❧❡ ✷ ♦❢ ❊①❛♠♣❧❡ ✷ ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ♦❜t❛✐♥❡❞ ✐♥ ❋✐❣✉r❡s ✶✵✕✶✷ ❛♥❞
❚❛❜❧❡ ✸ ♦❢ ❊①❛♠♣❧❡ ✸✳

❚❤❡ ❡①❛♠♣❧❡s ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r ❤❛✈❡ ❜❡❡♥ ❜❡♥❝❤♠❛r❦ t❡st ❡①❛♠♣❧❡s t♦ ❞❡♠♦♥str❛t❡ t❤❡
♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡ ♣r♦♣♦s❡❞ ❢♦r r❡❝♦♥str✉❝t✐♥❣ t❡st ❢✉♥❝t✐♦♥s ♦❢ ❞❡❝r❡❛s✐♥❣ s♠♦♦t❤♥❡ss✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❡ ✐♥✈❡rs✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r r❡tr✐❡✈✐♥❣ ❛ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
r❛t❡ wb ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥ ♦❢ ❛♥ ✐rr❛❞✐❛t❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳

✺✳✹ ❊①❛♠♣❧❡ ✹ ✭✐rr❛❞✐❛t❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✮

❯♥❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐❞❡♥t✐❢②✐♥❣ ❢❛❜r✐❝❛t❡❞ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
✭s♠♦♦t❤✱ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s✮✱ ✐♥ t❤✐s ✜♥❛❧ ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r r❡❝♦✈❡r✲
✐♥❣ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ wb ✐♥ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮✕✭✺✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧✱ ♦♥❡✲❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ ✉♥❞❡r❣♦❡s
❧❛s❡r ✐rr❛❞✐❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✱ ❬✸✹❪✱

Qe(x) = ρtκΛ0e
g(x−0.01), x ∈ [0, L], ✭✻✷✮

✇❤❡r❡ κ ❬❦❣−1❪ ❛♥❞ g ❬♠−1❪ ❛r❡ t❤❡ ❛♥t❡♥♥❛ ❝♦♥st❛♥ts✱ ❛♥❞ Λ0 ❬❲❪ ✐s t❤❡ tr❛♥s♠✐tt❡❞ ♣♦✇❡r✳
❚❤❡ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❛❦❡♥ ❢r♦♠ ❬✶❪ ❛♥❞ ❬✶✷❪✱ r❡s♣❡❝t✐✈❡❧②✱ r❡❛❞ ❛s✿

✶✼



✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✽✿ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ✭✹✻✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t)✱ ✇✐t❤ ✭❛✮
p = 0 ❛♥❞ λ = 0 ✭✐✳❡✳ ✇✐t❤ ♥♦ ♥♦✐s❡ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ✭❜✮ p = 0.01% ♥♦✐s❡ ❛♥❞ λ = 10−5✱
❛♥❞ ✭❝✮ p = 0.1% ♥♦✐s❡ ❛♥❞ λ = 10−2✱ ❢♦r ❊①❛♠♣❧❡ ✷✳ ❚❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs ❜❡t✇❡❡♥ t❤❡♠ ❛r❡
❛❧s♦ ✐♥❝❧✉❞❡❞✳

✶✽
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❋✐❣✉r❡ ✾✿ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ut❢
(x) ♦❢ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ♦❢ ❊①❛♠♣❧❡ ✸ ✇✐t❤ ✈❛r✐♦✉s

♠❡s❤ s✐③❡s M = N ∈ {20, 40, 60}✳

✭❛✮

0 20 40 60 80
10

-6

10
-4

10
-2

10
0

10
2

✭❜✮

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

❋✐❣✉r❡ ✶✵✿ ✭❛✮ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❛♥❞
✭❜✮ t❤❡ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ✇✐t❤ ♥♦ ♥♦✐s❡ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✸✳

T |t=0 = ϕ = 37 ◦❈✱ Tt|t=0 = ψ = 0 ❛♥❞ h0 = hL = T∞,0 = T∞,L = 0✳ ❲❡ ❛❧s♦ t❛❦❡ t❢ = 100

s ❛♥❞ L = 0.04 ♠ ❢r♦♠ ❬✶✽❪✳ ❚❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✐ss✉❡ ❛r❡ t❛❦❡♥ ❛s t❤❡
r❡❢❡r❡♥❝❡ ✈❛❧✉❡s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✹✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ s♦✉r❝❡ ✭✻✷✮ ❛r❡
❝♦♥s✐❞❡r❡❞ ❛s✿ κ = 12.5 ❦❣−1✱ g = −127 ♠−1 ❛♥❞ Λ0 = 5 ❲✱ ❬✸✹❪✳

❚❤❡ ❛❜♦✈❡ ❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t✐❡s tr❛♥s❢♦r♠✱ ✈✐❛ ✭✶✸✮✱ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss
✐♥♣✉t ❞❛t❛✿

▲ = 25.2666, t❢ = 5, w(x) = 0.8, u(x, 0) = ϕ(x) = 0, ✭✻✸✮

∂u

∂t
(x, 0) = ψ(x) = 0, h0(t) = h▲(t) = 0, u∞,0(t) = u∞,▲(t) = 0, ✭✻✹✮

f(x, t) = 0.0089e−0.2011x+1.27 + 0.0046. ✭✻✺✮

✶✾



❚❛❜❧❡ ✸✿ ❚❤❡ rmse(w) ❞❡✜♥❡❞ ❜② ✭✺✷✮✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ❢♦r p ∈ {0, 0.01, 0.1}% ♥♦✐s❡✱ ❛♥❞ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✸✳

p λ rmse(w) ▼✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ ✭✹✾✮ ■t❡r
✵ ✵ ✵✳✵✺✾✷ 1.7× 10−6 ✻✺

✵✳✵✶✪

✵ ✵✳✶✶✻✷ 1.5× 10−5 ✺✾
10−6 ✵✳✶✵✽✾ 3.5× 10−5 ✻✷
10−5 ✵✳✵✽✹✾ 2.2× 10−4 ✻✸
10−4 ✵✳✶✵✵✼ 1.9× 10−3 ✺✷
10−3 ✵✳✶✹✵✺ 1.9× 10−2 ✺✻

✵✳✶✪

✵ ✵✳✻✽✺✹ 9.1× 10−4 ✽✸
10−4 ✵✳✶✻✽✺ 3.3× 10−3 ✺✾
10−3 ✵✳✶✹✾✽ 2.1× 10−2 ✺✷
10−2 ✵✳✶✾✶✸ 1.8× 10−1 ✹✾
10−1 ✵✳✷✽✸✻ ✶✳✹✽✶✺ ✾✼
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❋✐❣✉r❡ ✶✶✿ ❚❤❡ ❡①❛❝t ✭✻✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.01% ♥♦✐s❡
❛♥❞ ✭❛✮ λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−5 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮✱ ❢♦r
❊①❛♠♣❧❡ ✸✳

❲❡ ✇✐s❤ t♦ r❡❝♦✈❡r t❤❡ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x) = 0.8 ❢♦r x ∈ [0, 25.2666] ❛♥❞ t❤❡
t✐ss✉❡ t❡♠♣❡r❛t✉r❡ u(x, t)✱ ❛❧❧♦✇✐♥❣ ✉s t♦ ♦❜t❛✐♥✱ ✈✐❛ ✭✶✸✮✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✐t✐❡s wb(x)

❛♥❞ T (x, t)✳ ❚❤✐s ❦♥♦✇❧❡❞❣❡ ✐s r❡q✉✐r❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❆rr❤❡♥✐✉s t❤❡r♠❛❧
❞❛♠❛❣❡✱ ❬✶✱ ✷✺❪✳

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ u(x, t) ❜❡✐♥❣ ❛✈❛✐❧❛❜❧❡✱ ✇❡
❣❡♥❡r❛t❡ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✶✼✮ ♥✉♠❡r✐❝❛❧❧② ❜② s♦❧✈✐♥❣ ✜rst t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✭✶✹✮✕✭✶✻✮✱ ✉s✐♥❣
t❤❡ ❋❉▼ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇✐t❤ t❤❡ ✐♥♣✉t ❞❛t❛ ✭✻✸✮✕✭✻✺✮✱ ✇❤❡r❡ t❤❡ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥
❝♦❡✣❝✐❡♥t w(x) ✐s ❛ss✉♠❡❞ ❦♥♦✇♥✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ut❢

(x) ✐♥ ❡q✉❛t✐♦♥ ✭✶✼✮ ❛r❡
❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✸✱ ❢♦r ✈❛r✐♦✉s ♠❡s❤ s✐③❡s M = N ∈ {5, 10, 15}✳ ❋r♦♠ t❤✐s ✜❣✉r❡ ✐t ❝❛♥

✷✵



✭❛✮

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

✭❜✮

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

❋✐❣✉r❡ ✶✷✿ ❚❤❡ ❡①❛❝t ✭✻✵✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t w(x)✱ ❢♦r p = 0.1% ♥♦✐s❡
❛♥❞ ✭❛✮ λ = 0 ✭✐✳❡✳ ✇✐t❤♦✉t r❡❣✉❧❛r✐③❛t✐♦♥✮ ❛♥❞ ✭❜✮ λ = 10−3 ✭✐✳❡✳ ✇✐t❤ r❡❣✉❧❛r✐③❛t✐♦♥✮ ❢♦r
❊①❛♠♣❧❡ ✸✳

❚❛❜❧❡ ✹✿ ❚❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❛ t②♣✐❝❛❧ s❦✐♥ t✐ss✉❡✳

❙②♠❜♦❧ ❱❛❧✉❡ ❯♥✐t ❘❡❢✳
ρt, ρb ✶✵✺✵ ❦❣✴♠3 ❬✷❪
ct, cb ✸✽✵✵ ❏✴✭❦❣ ◦❈✮ ❬✷❪
k ✵✳✺ ❲✴✭♠ ◦❈✮ ❬✷❪
wb ✵✳✵✹ s−1 ❬✷❪
Ta ✸✼ ◦❈ ❬✷❪
τ ✷✵ s ❬✷✻❪
Qm ✸✸✽✵✵ ❲✴♠3 ❬✶✽❪

❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❝♦♥✈❡r❣❡♥t ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✳
❲❡ ❝♦♥s✐❞❡r ❤❛❧❢ ♦❢ t❤❡ ❞❛t❛ ❢♦r ut❢

(x) ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ✇✐t❤
M = N = 80 ❛s ♦✉r ✐♥♣✉t ❞❛t❛ ✭✶✼✮ ❛♥❞ t❤❡♥ s♦❧✈❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❝♦❛rs❡r ♠❡s❤
♦❢ M = N = 40 t♦ ❛✈♦✐❞ ❝♦♠♠✐tt✐♥❣ ❛♥ ✐♥✈❡rs❡ ❝r✐♠❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ t❛❦❡ t❤❡ ✐♥✐t✐❛❧
❣✉❡ss ✭✻✶✮✳ ❋✐❣✉r❡ ✶✹ ❞❡♣✐❝ts t❤❡ ✉♥r❡❣✉❧❛r✐③❡❞ ✭✐✳❡✳ ✇✐t❤ λ = 0✮ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ❢♦r ❡①❛❝t ✭✐✳❡✳ p = 0✮ ❛♥❞ ♥♦✐s② ✭✇✐t❤ p = 0.1% ♥♦✐s❡✮
❞❛t❛✳ ❋r♦♠ t❤✐s ✜❣✉r❡✱ ❛ r❛♣✐❞ ♠♦♥♦t♦♥✐❝ ❞❡❝r❡❛s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ t♦ ❧♦✇ ✈❛❧✉❡s ♦❢ O(10−31)

✐♥ ♦♥❧② 6 ✐t❡r❛t✐♦♥s ✐s ♦❜s❡r✈❡❞✳
❋✐❣✉r❡ ✶✺ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ s♣❛❝❡✲✇✐s❡ ♣❡r❢✉s✐♦♥

❢✉♥❝t✐♦♥ wb(x)✳ ❋r♦♠ t❤✐s ✜❣✉r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❛❝❝✉r❛t❡ ❛♥❞ st❛❜❧❡ ♥✉♠❡r✐❝❛❧ ✐❞❡♥t✐✜✲
❝❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❜♦t❤ ❡①❛❝t ❛♥❞ ♥♦✐s② ♠❡❛s✉r❡♠❡♥ts✳ ◆♦ r❡❣✉❧❛r✐③❛t✐♦♥ ✇❛s ❢♦✉♥❞
♥❡❝❡ss❛r② ❢♦r s✉❝❤ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ♥♦✐s❡ ✐♥ t❤❡ ❞❛t❛✱ ❜✉t✱ ♥❡✈❡rt❤❡❧❡ss✱ t❤✐s ♥❡❡❞s t♦ ❜❡
❡♥❢♦r❝❡❞ ❢♦r ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ♥♦✐s❡✳

✻✳ ❈♦♥❝❧✉s✐♦♥s

✷✶



0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

❋✐❣✉r❡ ✶✸✿ ❚❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ut❢
(x) ♦❢ t❤❡ ❞✐r❡❝t ♣r♦❜❧❡♠ ♦❢ ❊①❛♠♣❧❡ ✹ ✇✐t❤ ✈❛r✐♦✉s

♠❡s❤ s✐③❡s M = N ∈ {5, 10, 15}✳
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❋✐❣✉r❡ ✶✹✿ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✭✹✾✮✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱ ✇✐t❤ ♥♦
♥♦✐s❡ ✭✐✳❡✳ ✇✐t❤ p = 0✮ ❛♥❞ p = 0.1% ♥♦✐s❡✱ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✹✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡
t❤❡r♠❛❧✲✇❛✈❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r ❢r♦♠ ✜♥❛❧ t✐♠❡ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t ❤❛s ❜❡❡♥
✐♥✈❡st✐❣❛t❡❞✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥✱ ❛♥ ✉♥❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❋❉▼ ❜❛s❡❞ ♦♥ t❤❡
❈r❛♥❦✲◆✐❝♦❧s♦♥ s❝❤❡♠❡ ❤❛s ❜❡❡♥ ✉s❡❞ ❛s ❛ ❞✐r❡❝t s♦❧✈❡r✳ ❚❤✐s ❤❛s ❜❡❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛
❝♦♥str❛✐♥❡❞ r❡❣✉❧❛r✐③❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧✱ ♣❡♥❛❧✐③❡❞
❜② ❛ ❚✐❦❤♦♥♦✈ r❡❣✉❧❛r✐③❛t✐♦♥ t❡r♠ t♦ r❡st♦r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❤❛s ❜❡❡♥ ♠✐♥✐✲
♠✐③❡❞ ✐t❡r❛t✐✈❡❧② ✉s✐♥❣ t❤❡ ▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦① r♦✉t✐♥❡ ❧sq♥♦♥❧✐♥✳ ❆❝❝✉r❛t❡ ❛♥❞
st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✉♥❦♥♦✇♥ ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡✱ ❢r♦♠
❜♦t❤ ❡①❛❝t ❛♥❞ ♥♦✐s② ❞❛t❛✱ ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛❝❤✐❡✈❡❞ ✉s✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ♠❡t❤♦❞ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ ❢♦r t❤r❡❡ ❜❡♥❝❤♠❛r❦ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ▼♦r❡♦✈❡r✱
❛ ❞✐♠❡♥s✐♦♥❛❧ ❜❧♦♦❞ ♣❡r❢✉s✐♦♥ r❛t❡ ♦❢ ❛ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡ s✉❜❥❡❝t❡❞ t♦ ❛♥ ❡①t❡r♥❛❧ s♦✉r❝❡ ♦❢
❧❛s❡r ✐rr❛❞✐❛t✐♦♥ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✐❞❡♥t✐✜❡❞✳
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❋✐❣✉r❡ ✶✺✿ ❚❤❡ r❡tr✐❡✈❡❞ ❝♦❡✣❝✐❡♥t wb(x)✱ ✇✐t❤ ✭❛✮ ♥♦ ♥♦✐s❡ ✭✐✳❡✳ p = 0✮ ❛♥❞ ✭❜✮ p = 0.1%

♥♦✐s❡✱ ❛♥❞ ♥♦ r❡❣✉❧❛r✐③❛t✐♦♥✱ ❢♦r ❊①❛♠♣❧❡ ✹✳

❚❤❡ ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ♣♦t❡♥t✐❛❧❧②
♠♦r❡ ❛❝❝✉r❛t❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r✱ ❡✳❣✳ ♠♦❞❡❧s ♦❢ ❢r❛❝t✐♦♥❛❧✲♦r❞❡r ♦r ✐♥
✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✇✐❧❧ ❜❡ ✉♥❞❡rt❛❦❡♥ ✐♥ ❢✉t✉r❡ ✇♦r❦✳

❉❡❝❧❛r❛t✐♦♥

❈♦♥✢✐❝t ♦❢ ✐♥t❡r❡st✳ ❆❧❧ ❛✉t❤♦rs ❞❡❝❧❛r❡ t❤❛t t❤❡② ❤❛✈❡ ♥♦ ❝♦♥✢✐❝ts ♦❢ ✐♥t❡r❡st✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍✳ ❆❤♠❛❞✐❦✐❛✱ ❘✳ ❋❛③❧❛❧✐✱ ❛♥❞ ❆✳ ▼♦r❛❞✐✳ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❛♥❞
❤②♣❡r❜♦❧✐❝ ❤❡❛t tr❛♥s❢❡r ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t ❛♥❞ tr❛♥s✐❡♥t ❤❡❛t ✢✉① ❝♦♥❞✐t✐♦♥s ♦♥
s❦✐♥ t✐ss✉❡✳ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❍❡❛t ❛♥❞ ▼❛ss ❚r❛♥s❢❡r✱ ✸✾✭✶✮✿✶✷✶✕✶✸✵✱
✷✵✶✷✳

❬✷❪ ❆✳ ❆❧❦❤✇❛❥✐✱ ❇✳ ❱✐❝❦✱ ❛♥❞ ❚✳ ❉✐❧❧❡r✳ ◆❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ t✐ss✉❡ ❜❧♦♦❞
♣❡r❢✉s✐♦♥✱ t❤❡r♠❛❧ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ❛♥❞ ❝♦r❡ t❡♠♣❡r❛t✉r❡✳ ❏♦✉r♥❛❧ ♦❢ ❇✐♦♠❡❝❤❛♥✐❝❛❧
❊♥❣✐♥❡❡r✐♥❣✲❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❆❙▼❊✱ ✶✸✹✿✵✽✶✵✵✹✱ ✷✵✶✷✳

❬✸❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❏✳ ◆✐❡s❡♥✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧ ♣r♦♣❡rt✐❡s ✐♥ ❛
✇❛✈❡✲t②♣❡ ♠♦❞❡❧ ♦❢ ❜✐♦✲❤❡❛t tr❛♥s❢❡r✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r

❍❡❛t ✫ ❋❧✉✐❞ ❋❧♦✇✱ ✸✵✭✶✷✮✿✺✶✹✸✕✺✶✻✼✱ ✷✵✷✵✳

❬✹❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❏✳ ◆✐❡s❡♥✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ ♠✉❧t✐✲❧❛②❡r❡❞ ❜✐♦❧♦❣✐❝❛❧ t✐ss✉❡s✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ✾✾✿✷✷✽✕✷✹✷✱ ✷✵✷✶✳

❬✺❪ ▼✳ ❆❧♦s❛✐♠✐✱ ❉✳ ▲❡s♥✐❝✱ ❛♥❞ ❏✳ ◆✐❡s❡♥✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ t❤❡r♠♦✲♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
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♦❢ ❛ str❛t✐✜❡❞ t✐ss✉❡✳ ❆❞✐❛❜❛t✐❝ ❤②♣♦❞❡r♠✐❝ ✇❛❧❧✳ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❍❡❛t

❛♥❞ ▼❛ss ❚r❛♥s❢❡r✱ ✶✷✻✿✶✵✺✸✼✻✱ ✷✵✷✶✳

❬✻❪ ❋✳ ❙✳ ❇❛③á♥✱ ▲✳ ❇❡❞✐♥✱ ❛♥❞ ▲✳ ❙✳ ❇♦r❣❡s✳ ❙♣❛❝❡✲❞❡♣❡♥❞❡♥t ♣❡r❢✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❡st✐♠❛✲
t✐♦♥ ✐♥ ❛ ✷❉ ❜✐♦❤❡❛t tr❛♥s❢❡r ♣r♦❜❧❡♠✳ ❈♦♠♣✉t❡r P❤②s✐❝s ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ ✷✶✹✿✶✽✕✸✵✱
✷✵✶✼✳
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