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WARING’S PROBLEM WITH SHIFTS
SAM CHOW

ABSTRACT. Let ui,...,us be real numbers, with p; irrational. We investi-
gate sums of shifted kth powers §(x1,...,2s) = (1 —p1)* +.. .+ (zs—ps)*.
For k > 4, we bound the number of variables needed to ensure that if 7 is real
and 7 > 0 is sufficiently large then there exist integers x1 > p1,...,2s > fis
such that |§(x) — 7| < n. This is a real analogue to Waring’s problem.
When s > 2k? — 2k + 3, we provide an asymptotic formula. We prove
similar results for sums of general univariate degree k polynomials.

1. INTRODUCTION

Since its formulation [23] in 1770, Waring’s problem has been the benchmark
for research on diophantine equations in many variables. Presently, inequalities
of the shape

Mzt 4. At <
enjoy a similar status in the world of diophantine inequalities. We proffer an
alternate analogue to Waring’s problem. Let s and k be positive integers, and
let p1,...,ps be real numbers, with p; irrational. We investigate the values
taken by sums of shifted kth powers

Flar,we) = (w1 — )"+ (s — p)*
for integers x; > u; (1 <1< s).

Definition 1.1. For integers k > 2, let s1(k) be the least integer such that the

following holds whenever s > s1(k). Let p,...,us be real numbers, with p;
irrational. Let n > 0 be real number, and let 7 be a sufficiently large positive
real number. Then there exist integers ;1 > p1,..., x5 > s such that

[Fx) -7l <mn. (1.1)

Theorem 1.2. For 4 < k < 12 we have s1(k) < C1(k), where C1(k) is given
in the table below.

TABLE 1. Upper bounds for s;(k).

k 4 ) 6 7 8 9 10 11 12
C1 (k) 16 27 38 o1 70 87 104 120 135

2010 Mathematics Subject Classification. 11D75, 11E76, 11P05.
Key words and phrases. Diophantine inequalities, forms in many variables, inhomoge-
neous polynomials.
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2 SAM CHOW

Further, if k > 4 then
s1(k) < 4klogk + (2 + 2log 2)k — 3. (1.2)

A simplification of our methods shows that s;(2) < 5, and the author showed
in [4] that s1(3) < 9. Given more variables, we may obtain an asymptotic
formula counting solutions to (1.1). For positive real numbers 7 and 7, denote
by N(7) = Ns(7;m, ) the number of integral solutions x € (u1,00) X ... X
(s, 00) to (1.1).

Theorem 1.3. Let n > 0. Let k > 4 and s > 2k* — 2k + 3. Then
N(1) ~2n'(1 + 1/k)SF(s/k)_17's/k_1.

By a simplification of our methods, we may obtain a similar asymptotic
formula for sums of five shifted squares, and the author showed in [4] that
eleven variables suffice when k& = 3. Theorem 1.3 implies that s;(k) < 2k* —
2k + 3. We can achieve better bounds, even in a more general setting, at
the cost of not having an asymptotic formula for N(7). We introduce some
definitions in order to state our results precisely.

Definition 1.4. Let hq,..., hs be degree k polynomials with real coefficients.

We say that

1<s8
is indefinite if k is odd, or if the leading coefficients of hq,...,hs do not all
have the same sign.

Definition 1.5. Let k > 2. For i = 1,2,...,s, let h;(z) be a degree k poly-
nomial with real coefficients given by

hz(x) = Blkxk + ...+ 51'113 + 61'0.
The polynomials hq, ..., hs satisfy the irrationality condition if there exist

2'1, ig € {1, 2, RN S} and jl,jg € {1, 2, ce ,k’} such that ﬁizjz 7é 0 and 51'1]'1/51‘2]'2
is irrational.

Definition 1.6. For integers k > 2, let so(k) be the least integer such that
the following holds whenever s > so(k). Let hy,...,hs € R[y| be degree k
polynomials satisfying the irrationality condition, and put H(x) =, hi(;).
Let 7 > 0 and 7 be real numbers, and assume that H(x) is indefinite. Then

there exists x € Z* such that
|H(x) — 7| <n. (1.3)

In [4], the author showed that s(3) < 9. Meanwhile, a result of Margulis and
Mohammadi [14, Theorem 1.4] implies that so(2) < 3. Freeman [9, Theorem 1]
studied so(k) as k — oo, demonstrating that so(k) is dominated by a function
that is asymptotic to 4klog k. Here we provide an exact bound. We can also
achieve better upper bounds for so(k) when a specific value of k is given.

Theorem 1.7. For 4 < k < 12 we have so(k) < Cy(k), where Cy(k) is given
in the table below.
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TABLE 2. Upper bounds for so(k).

k 4 ) 6 7 8 9 10 11 12
Co(k) 18 29 43 29 79 99 115 132 149

Further, if k > 4 then
so(k) < 4klogk + (24 2log2)k — 3. (1.4)

Our overall strategy is to use the Davenport-Heilbronn method, in the style
of Freeman [9]. A classical major and minor arc dissection is also needed,
the point being that either a Weyl sum is small or its coefficients have good
simultaneous rational approximations. To deduce Theorems 1.2 and 1.7, we
restrict some of the variables to lie in ‘diminishing ranges’, an idea that goes
back to Hardy and Littlewood [11]. For the remaining variables, we use known
analogues to Weyl’s inequality (see Lemma 2.3). These save a power of o(k)
per variable on classical minor arcs where, for d € N, we define

. 24-1 d<8
o(d)™ = , (1.5)
4(d* —3d+3), d=0.

Note that o(d) is a decreasing function. We will ultimately deduce the follow-
ing bounds, which are responsible for many of our results.

Theorem 1.8. Let k > 4 and t be positive integers, and put
E =1+max(2k — 2, |k(1 —1/k)'a(k)*]).

Then

s (k) <2+ FE (t=0,1). (1.6)

Choosing t optimally gives Table 2. Moreover, specialising
t = [2klogk + klog 2]
in Theorem 1.8 and using the fact that
(1—1/k)F < 1/e

yields (1.2) and (1.4) when k > 9. For 4 < k < 8, these inequalities follow
from Tables 1 and 2.

The methods developed in [4], based on low moment estimates for Weyl
sums, allow us to obtain better bounds for s;(k), particularly if & is not too
large. Owing to the technical nature of our general bound, we defer this until
§5. From the above discussion, it remains for us to establish Theorem 1.3,
Theorem 1.8, and the bounds implicit in Table 1.

The bounds C(k) given in Theorem 1.2, for the most part, fall far short
of the corresponding records for Waring’s problem, which we list below (see
[22]). Here G(k) is the least positive integer s such that every sufficiently large

positive integer is a sum of at most s kth powers of positive integers, and B(k)
is the best known upper bound for G(k).
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TABLE 3. Upper bounds for s;(k) versus upper bounds for G(k).

k] 4 5 6 7 8 9 10 11 12
Ci(k)| 16 27 38 51 70 & 104 120 135
Bk)| 16 17 24 33 42 50 59 67 76

The discrepancy is not surprising, since divisibility cannot be used in the
inequalities case. One could argue that a fairer comparison would be to [19]
and [20], which predated smooth numbers. There the bounds

G(5) <21, G(6)<3l, G(7)<45 G(8) <62, G(9) <82
are given, and Theorem 1.2 provides comparable bounds.

Theorem 1.3 uses Wooley’s work [25] on Vinogradov’s mean value theorem,
via the proof of [2, Lemma 5.3]. The theorem is then established via a recipe
developed by Freeman [8] and Wooley [24]. Since an asymptotic formula is
sought, diminishing ranges cannot be used here. The number of variables
needed in Theorem 1.3, namely 2k? — 2k + 3, slightly exceeds the number
currently required to obtain an asymptotic formula in Waring’s problem (see
[25, Theorems 1.3 and 1.4]). This is to be expected, since the latter uses Hua’s
lemma as an input, and we cannot use this since our polynomials may be
irrational.

The work underpinning Theorem 1.8 will come as no surprise to Freeman’s
devotees. Indeed, we follow [9], with the only additional ingredient being
Wooley’s latest efficient congruencing work [25]. The main purpose of this
paper is to seek the best upper bounds on s;(k). We find that we can achieve
better bounds on s (k) by using more slowly diminishing ranges. These ranges
were used in [20], however the methods that we use to produce low moment
estimates for these ranges are necessarily different.

As the history of Waring’s problem is well known, we merely point the
reader towards [22]. For inhomogeneous additive diophantine equations, one
can consult [16, §11.4 and §12.4]. Most research on diophantine inequalities
has focussed on additive forms (see [2] for a summary). At the opposite ex-
treme, real forms have been considered in the most general settings (see [7] and
[18]). As discussed, Freeman [9] studied additive inhomogeneous polynomials.
Other specialisations include Harvey’s work [12] involving norm forms and the
author’s work [3] on split forms.

Since Margulis’ resolution of the Oppenheim conjecture [13], dynamical tech-
niques have proven to be a highly effective means of tackling quadratic dio-
phantine inequalities. As mentioned, Margulis and Mohammadi [14, Theorem
1.4] have generalised Margulis’ result, showing that s¢(2) < 3. Gétze [10]
handled positive definite quadratic forms in five or more variables, thereby
proving the Davenport-Lewis conjecture. As far as the author is aware, sums
of shifted powers were first considered by Marklof [15], who studied sums of
shifted squares in relation to the Berry-Tabor conjecture from quantum chaos.
The cubic case was discussed in [4], and here we examine quartic and higher
degree polynomials.
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We now expound on our strategy for proving Theorem 1.8 and the bounds
implicit in Table 1. The treatment of the Davenport-Heilbronn major arc is rel-
atively standard. Classical minor arcs are treated using low moment estimates
involving diminishing ranges. Our simultaneous rational approximations allow
us to develop an e-free analogue to Hua’s lemma on classical major arcs (see
Lemma 2.3 and Corollary 2.4). Finally, we invoke [9, Lemmas 8 and 9] to
obtain a nontrivial upper bound on Davenport-Heilbronn minor arcs. The low
moment estimates required for Theorem 1.8 come almost for free, due to the
nature of the diminishing ranges. We use more ambitious diminishing ranges
to obtain the bounds implicit in Table 1. There we classify our classical ma-
jor arcs according to the size of the denominator, and then apply different
techniques appropriately.

The plan for this paper is as follows. In §2, we present work of Freeman
which exploits the irrationality of y1, introduce our main kernel function, anal-
yse classical major arcs in some generality, and apply Wooley’s work on Vino-
gradov’s mean value theorem. In §§3-5 we prove Theorem 1.3, Theorem 1.8,
and the bounds implicit in Table 1, respectively.

We adopt the convention that € denotes an arbitrarily small positive number,
so its value may differ between instances. Bold face will be used for vectors, for
instance we shall abbreviate (z1, ..., x,) to x. For real numbers z, we denote
by |z] the greatest integer n such that n < z. We shall use the unnormalised
sinc function, given by sinc(z) = sin(z)/z for x € R\ {0} and sinc(0) = 1.
The pronumeral P will always denote a large positive real number. We shall
use g(«), gi(a) and f;(a) to denote Weyl sums, to be explicitly defined in each
situation.

The author thanks Trevor Wooley for suggesting this line of research, as
well as for his dedicated supervision. Thanks also to an anonymous referee for
carefully reading this manuscript.

2. PRELIMINARIES

The following observation is the starting point for some of our inductive
proofs.

Lemma 2.1. Let h be a real polynomial of degree d > 2. Let x and y be
integers such that x,y > P and

|h(z) = h(y)] <n.
Then x = y.

Proof. The mean value theorem gives
(h(z) = h(y))/(x —y) > P,
so |z —y| < 1. O]

We will require Freeman’s bounds on Davenport-Heilbronn minor arcs. In
[9, Lemmas 8 and 9], the underlying variables lie in the range (0, P]. The same
results hold, with the same proof, when the underlying variables lie in (bP, c¢P)]
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for some fixed real numbers b > 0 and ¢ > b. We summarise this in the lemma
below. For h € R[z], and for real numbers b > 0 and ¢ > b, we shall write

Gelash) = D e(ah(z)).
bP<x<cP
Note the identity
gb,c(a; h) = gO,c(a; h) - gO,b(a; h)7

which will be used to infer certain bounds.

Lemma 2.2. Let k > 2 be an integer, let £ < 1 be a positive real number, and
let hy, he € Rly| be degree k polynomials satisfying the irrationality condition.
Let 0 < b < c, and let

gi(a) = gre(as by),  i=1,2.

Then there ezists a positive real-valued function T(P) such that

lim T(P) = o
P—oo
and
sup  |gi(a)ga(a)] < PPT(P)~1. (2.1)

PEk<|al<T(P)
This may appear stronger than Freeman’s conclusion that

sup  |gi(@)gz(a)| = o(P?). (2.2)

PEh<|al<T(P)
However, the bound (2.2) gives a positive real-valued function 7} (P) such that

lim 7T1(P) = 0o

P—oo

and

sup  |gi(a)ge(a)| < P*Ti(P)~"
PERLal<T(P)

By putting T(P) = min(T'(P),T1(P)), we obtain (2.1) with Ty(P) in place of
T(P).

We will make particular use of the kernel function
K(a) = K,(a) = n - sinc*(ran).
This was first used by Davenport and Heilbronn [6]. It satisfies
0 < K(a) < min(1, |a]™?) (2.3)

and, for any real number ¢,

/Re(at)K(a) da = max(0,1 — |t/n|). (2.4)
Similarly
4/Re(0zt)K(2a) da = max(0,2 — [t/n]). (2.5)
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For k > 0, we define the indicator function

L, if |t <k
U.(t) = 2.6
®) {O, if |t| > k. (2:6)

By (2.4) and (2.5) we have
0< / e(at)K (o) da < U, (1) < 4 / e(at) K (20)da < 20y, (). (2.7)

The following lemma is integral to our classical major arc analysis. The
idea is that if a Weyl sum is large then its coefficients have good simultaneous
rational approximations. Given such rational approximations, we can follow a
standard procedure to bound the Weyl sum. Recall (1.5).

Lemma 2.3. Let d > 2 be an integer, and let h € R[x] be a monic polynomial
of degree d. Let 0 < b < ¢, and let g(o) = gpc(a;h). Let a € R, and assume
that
|g(a)\ > Pl—a(d)—i—s‘

Then there exist relatively prime integers a and q such that

0<q< P@@ lgoe — a| < Po@—d (2.8)
and

gla) < ¢ VP + P,

where f = o — a/q. The implicit constant does not depend on the coefficients
of h.

Proof. Define ay, ..., aq by

and note that oy = . For ¢ € N and v € Z%, put
q

S(q,v) = Ze((vd:vd +...+wvzx)/q).

r=1

For 607617"'7ﬁd € Ra put

cP
18) = [ elpua ... Bra -+ o) d,

P

First assume that d < 8. At least one of |gg,(cv; h)| and |go.(cv; h)| must
exceed P77+ Thus, by [1, Theorem 5.1], there exist ¢o € N and v € Z¢
such that

q0<Pda(d)7 (qo,vdw--vvl):]-) (qO,Ud,...,UQ)<P8
and '
’qOCYj — Uj’ < Pda(d)ij (1 g] g d)
Put By = ag and
Bi=oj—qv; (1<j<d).
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It follows from [1, Lemma 4.4] that

g(a) — g5 " S(a0. V)I(B) < gy /P~
Now [21, Theorems 7.1 and 7.3] give
g(a> << qé—l/dpa + qg_l/dp(l + Pd|/6d|)_1/d
< qgfl/dP(l + Pd|ﬁd’)fl/d.

The integers a = v4/(qo,vq) and ¢ = qo/(qo,vq) have the desired properties.
[t remains to consider d > 9. From [25, Theorem 11.2] we deduce that there
exist 7 € N and a € Z¢ such that r < P%@ and

Ira; — a;| < PP (1<j<d).

Now [1, Lemma 4.6] gives ¢y € N and v € Z% such that

go < P (g0, v, v2) < 2d°
and

\qoa; — vj| < plold)=i (1<j<d).
Dividing by (qo, v4, - - -, v1), we may assume further that (g, vg,...,v1) = 1.
The rest of the proof is identical to the case d < 8. O

This allows us to formulate an e-free analogue to Hua’s lemma on classical
major arcs.

Corollary 2.4. Let k > 2 be an integer, and let u > 2k be a real number.
Fiz a degree k polynomial h € R[z], and fit L > 0. Let 0 < b < ¢, and let
g(a) = gpc(ash). Put

N={aeR:|g(a)] > Pl_”(k)+€},
and let 31 be the intersection of N with an interval of length L. Then

/u]g(oz)|“da < P, (2.9)

Proof. By changing variables, we may assume that i is monic. We then apply
Lemma 2.3 with d = k; note that if ¢ € N then there are Op(q) integers a
satisfying (2.8) for some a € 4. Hence

/ glo)*da < P* 3 qireeiy
)it

q<Pkd(k:)
where
J = / (1+ PFp)~w/*dp <« P7*,
0
As u > 2k and ¢ is small, we now have (2.9). O]

Lastly, we will need the following application of Wooley’s work on Vino-
gradov’s mean value theorem.
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Lemma 2.5. Let ¢ be a polynomial of degree k > 3 with real coefficients, let
X be a large positive real number, and let n be a positive real number. Let
t = k* —k+1 be an integer, and let Uy (X) denote the number of integer
solutions to the inequality

> (6wy) = ow))| < m
j<t
with 1 < xj,y; < X. Then
U¢7t(X) < X2t_k+€.
Proof. The proof of [2, Lemma 5.3] shows that
Upa(X) < XFED2 (X)),
where J; (X)) is the number of integer solutions to the system
d @ —y)=0 (1<I<k)
j<t
with 1 < z;,y; < X. Moreover, from [25, Corollary 1.2] we have
Jt k(X) < )(215—k(k-l—l)/2-‘y-67
completing the proof. O

3. AN ASYMPTOTIC FORMULA

In this section we prove Theorem 1.3. Let 7 be a large positive real number,
and put

p=rl/k (3.1)

We may plainly assume that

0K ftryn s < 1. (3.2)
One can easily check that

N(T) . N*(T) < P(k—l)(s—l)/k _ O(Ts/k_l),
where N*(7) is the number of integral x € [1, P]® satisfying (1.1). It therefore
suffices to prove the theorem with N*(7) in place of N (7).
For:=1,2,...,s, put

gila) =) elale — ui)").

<P

Let 0 < £ < 1, and recall that py ¢ Q. With T'(P) as in Lemma 2.2, applied
to the polynomials (z — p;)* and (2 — ug)*, we define our Davenport-Heilbronn
major arc by

M={acR:|a| <P}, (3.3)

our minor arcs by

m={acR:PF*<|a <T(P)}, (3.4)
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and our trivial arcs by

t={aeR:|a|>T(P)}. (3.5)
Next we deploy a kernel function introduced in [8, §2.1]. Put
L(P) = min(log T'(P),log P), §=nL(P)™! (3.6)
" (ad) sin(ra (2 + )
sin(mrad) sin(ra
Rele) = 2026 ’ '
From [8, Lemma 1] and its proof, we have
Ki(a) < min(1, L(P)|a|™?) (3.7)
and
0< / e(at)K_(a)da < U(t) < / @)K ()da <1,  (38)
where we recall tRhe definition (2.6). Moreover]R the expression

‘/ (at) K (a) da — U()‘

is less than or equal to 1, and is equal to 0 whenever ||t| —n| > nL(P)™!.

It will be convenient to work with nonnegative kernels in part of the analysis,
as in [17, §2]. We note that

[Ke(@)]* = Ky (o) Ky (o), (3.9)
where
K (a) = sinc*(mad)
and
K (a) = (2n £ 6)%sinc®(ma(2n £ 0)).
As (2.7) holds for all n > 0, we also have

0< /e(at)Kl(a) da < 07'Us(t) < L(P) - Us(t) (3.10)
R
and
0 < /R e(at) Ky (a) da < (20 £ 6)Uzyss(t) < Uapis(t). (3.11)
From (3.8) we have
R_(P) < N*(1) < Ry (P),
where
Ri(P) = / gi(a) - gs()e(—ar) Ki(a) da.
It therefore remains to shovf that
Ri(P) =2nT'(1 + 1/k)*T'(s/k) " P*=F 4 o(P*7H). (3.12)
We begin by demonstrating the bound

/Ut g1(a) - gs()e(—ar)Ki(a)da = o(P*7F). (3.13)
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For this purpose it suffices, by symmetry and Holder’s inequality, to prove that

/Ut |91(e)g2(@)g3(@)* K i ()| da = o(P*7"). (3.14)
Recalling (1.5), let

N={aeR:|g(a)] > P oW}

put n = R\ 9, and let 4 be the intersection of 91 with a unit interval. For
subsets U C R, write

Z.(U) :/(]\91(04)92(04)93(04)5QKi(oz)]da.

By assumption we have s > 2k* — 2k + 3. Thus, by (3.10), (3.11), Lemma
2.5 and a trivial estimate we have

/ gi() 1K (@) da < PSTYREL(P)
R
and

[l K @) da < Pk
fori=1,2,3. Cauchy’finequality, (3.6) and (3.9) now give
/ lgi(@)*  Ki(a)|da < PFRFE - (1=1,2,3).
Therefore, by iélder’s inequality, we have

/|gl(04>92(01)g3(a)5—3Ki(a)|da < f)s—l—lc—s—e7
R
SO

Zi(n) < (sup|gs(a)]) - ps—1-kte

aen

< PS*’C*U(]C)ﬁ’?E _ 0(psfk’). (315)
Combining Corollary 2.4 with (2.1) gives

| In(@m(@)n(0) "l da < (suplar(a)aala))) - P>

acm
< PsfkT(P>71
which, recalling (3.6) and (3.7), yields
Zo(mNN) < PFT(P) T L(P) = o(P57F). (3.16)

By Corollary 2.4 and a trivial estimate, we have

/u g1 () ga (@) gs(@)*~?| daw < P*F.

In light of (3.6) and (3.7), we now have

Z.(tNN) < PF i L(P) - (T(P) 4+ n)~2? = o(P*%). (3.17)

n=0
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Since
mUtCnU(mNN)U(ENMN),

the inequalities (3.15), (3.16) and (3.17) give (3.14), which in particular estab-
lishes (3.13).

Next we consider
10 = [ @)+ g.(@)e(~ar)Kafa) da, (3.18)
m

following the recipe given in [24, §6]. Define

1= [ claryar,

@ _ ‘e(—arT o) do

7~ [ 1oy e(-an)Ks(a)d
and

¥ :/Rl(oz)se(—ozT)Ki(a) da.

By [1, Lemma 4.4], if & € 9 and 1 < i < s then

gi(a) = /OP e(a(r — )" dz + O(1) = I(a) + O(1).
Recalling (3.7), we now conclude that
I — 1) « pEEpsl = o(PoR, (3.19)
since £ < 1. Moreover, it follows from [21, Theorem 7.3| that
I(a) < |a| /¥,
so by (3.7) we have

¥ -1 « / a *Fda = o(P*7H). (3.20)
P&k
The final step is to provide asymptotics for
¥ = / / e(a(zh + ...+ 2% — 7)) Ki(a)dadx.
(0,Ps JR
Changing variables with u; = P~*2F (1 < i < s) yields
7P = l{;_SPS/ (uy - ug) ¥ LAL (u) du,
(0,1]°

where
A (u) = / e(a(PH(ur + ..+ 1) — 7)) Ka(a) da.
Put ‘
N A
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and
I = / (uy - - us) V¥ LA (1) du.
(0,1)

In light of (3.1) and the discussion following (3.8), we see that
Ax(u) = A%(u),
except possibly when
lug + ...+ us — 1| =nP~% < pP*L(P)™, (3.21)

in which case we have |[Ay(u) — A*(u)| < 1. If (3.21) is satisfied then there
exists j € {1,2,...,s} such that u; > 1. For j =1,2,...,s, let T; denote the
set of u € (0, 1]® satisfying (3.21) and u; > 1. Now

/(ul...us)l/kl du < Pka(P)fl (1 g] < 8),
T.

J

SO
/ (uy - ug) VF Y (AL (u) — A*(u)) du = o( P7).
(0,1]°
Thus,
(3) _ 1L—SDST* _ s—k
IO — k=PI = o(PH). (3.22)
For u € (0,1]°, write u’ = (uy,...,us—1) and Y =1 —u; — ... —us_y. For

S C (0,1]°, define

I(9) = /S(ul ) YETIA (1) du

Let I; = I((0,1)*7! x (0, P71)) and I, = I((0,1]*~! x [P~,1]), so that
=1+ L. (3.23)
First we show that
I, = o(P7%). (3.24)
Since fOIF1 us* ! du, = o(1), it suffices for (3.24) to show that

/ (uy - ugg) FIAT () du’ < PR, (3.25)
(07113—1

uniformly for us € (0, P71). Let 0 < ug < P~%. If A*(u) = 1 then there exists
je{l,2,...,s—1} such that u; > 1. For j =1,2,...,5 — 1, let R; denote
the set of u’ € (0,1]*"! such that A*(u) =1 and u; > 1. Now

/ (ul---us_l)l/k_l du’ < P7* (1<j<s—1),
R;
which establishes (3.25) and in particular (3.24).

If A*(u) = 1 and u, > P~! then |us — Y| < nP~* so, by the mean value
theorem,

ui/k*l i Yl/k*l < (P71>1/k72pfk — Pkafl/k _ 0(1)
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Combining this with the bound
1
/ (g - - - gy ) /F / A*(u) dugdu’ < P~F
(0,1]5-1 p-1
gives
I — Iy = o(P7%), (3.26)

where

1
]3 = / (u1 s U5_1Y>1/k_1 / A* (u) dus du'.
(071}5—1

P—l
Let R be the set of u’ € (0,1]°7! such that Y > 0. As |u, — Y| < nP~*
whenever A*(u) # 0, we have

1
I3 = /(u1 . -ule)l/klf A*(u) dug du’.
R p-1
Next we show that
I;— I, = o(P7%), (3.27)

where

]4 = /(u1 s 'US_1Y)1/k_1/A*(u) dus dll/
R

R

= opp~* / (uy - us Y) YA 1 du'.
R

Let u € RxR be such that A*(u) = 1. Then |u,—Y| < nP~* sou, > —nP~*.

If uy < P~' then Y < 2P7! and u; > 1 for some j € {1,2,...,5 — 1}, so we

can change variables from u; to Y to show that the contribution from these u

is o(P~%). Meanwhile, if u; > 1 then Y > 1 —nP~* and uy,...,us_y < P7F,

so the contribution from these u is also o(P~%). We have established (3.27).
The computation

1 1
/ (ur -y V) ' = / / (ur -y YV)5
R 0 0

w1 <1
=T(1/k)*T(s/k)~"
is standard (see [5, p. 22]). Therefore
Iy = 20P*"T(1/k)*T'(s/k)~".
In view of (3.23), (3.24), (3.26) and (3.27), we now have
I* =200 (1/k)°T (s /k) ' P7% 4 o(P7F).
Combining this with (3.19), (3.20) and (3.22) yields
I = 2ql(1 + 1/k)*T(s/k) " P*F + o(P*F), (3.28)

where we recall (3.18). Finally, (3.13) and (3.28) give (3.12), completing the
proof of Theorem 1.3.
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4. CLASSICAL DIMINISHING RANGES

In this section we prove Theorem 1.8. We shall restrict some variables to lie
in diminishing ranges with the exponent 1 — 1/k, exploiting the fact that we
may obtain square root cancellation on the even moments associated to such
ranges.

Lemma 4.1. Let k > 2 and t be positive integers, let hy,..., hy € Rlx] be
degree k polynomials, and let  be a positive real number. Let ¢ > 1, let
AN=1-=1/k and, for j = 1,2,...,t, put \; = N~'. Then the number T of
integral solutions to
> s = hitw))| < (4.1)
j<t
with PY < z;,y; < cPY (1 < j < t) satisfies T <, P12,
Proof. We proceed by induction on t. If £ = 1 then Lemma 2.1 yields T' < P.
Now let t > 1, and assume that the conclusion of Lemma 4.1 holds with ¢ —1 in
place of ¢, for all large P and all n > 0. We apply this inductive hypothesis to
ha, ..., hy, with P? in place of P, and with 27 in place of 7. Since Aj = A\j1
(2 < j < t), this tells us the number S of integer solutions xs, ..., T, Yo, .., Y
to

‘Z(hg‘(%) —hj(y;))| < 2n

with PY < x;,y; < cPY (2 < j < t) satisfies
S <« (P)\)Al‘f‘---‘f')\tfl — P>\2+---+>\t‘
Thus the number of solutions counted by 7" with z; = y; is at most
cPS < pPMt-TA,

It therefore remains to show that 7" < P+ where T” is the number
of solutions counted by T" with x; > y;. Put y; = x and x1 = x + h. Let C be
a large positive constant. The mean value theorem gives

[l (1) = ha(yn)| > P* Yoy —ya| = AP
By combining this with the inequalities (4.1) and

t

> (hylwy) = hiyy)) < PP = PF,

=2
we deduce that 0 < h < C.
Put
fila)= Y elahi(z)) (2<j<H)
PN <a<eP
and

F(a) = fa(@) - fil).
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For real numbers «, define

= > > elalhlz+h) = h(2)).

0<h<C P<z<cP
In light of (2.7), a trivial bound on G(«) gives

T < / G(a)|F(a)*K(2a) da < P/ |F(a)?K(2a) da
R R
< PS <« phteth

completing the proof. O

We are now ready to prove Theorem 1.8. Let s > 2t + E, and let n > 0.
With A =1 —1/k, put

N=XNT1 (1K<, A=M+...+\ (4.2)
Let 0 < & < N\, and let v be a small positive real number.

4.1. A first upper bound for s;(k). In this subsection we prove (1.6) for
1 = 1. Let 7 be a large positive real number, and define P by 7 = (E+2.1) P*.

We need to show that there exist integers x1 > 1, ..., Ts > s satlsfylng (1.1).
We may plainly assume (3.2) and, by fixing the Varlables Tt Faly -« -5 Ts if
necessary, that

s=2t+F. (4.3)

Let

gi(a) = Z ela(r —pw)*)  (1<i<s),
P <z<2PNi

where

j:ﬂwz{L. sisb (4.4)
i —E+1)/2], E<i<s

By (2.7), it suffices to prove that
/ gi(a) - gs(a)e(—ar)K(a) da > pE+2A—k
R

Recall that pq ¢ Q. With T'(P) as in Lemma 2.2, applied to the polynomials
(z—p1)* and (z — p2)*, we define our Davenport-Heilbronn arcs by (3.3), (3.4)
and (3.5).

Lemma 4.2. We have
/ gi(a) - gs(a)e(—ar)K (o) da > PEYIAE
m

Proof. For X > 0 and a € R write

Ia,X) = /2X e(ax®) dz.

X
With j = j(i) as in (4.4), let

Li(a) = I(a, PY) (1<i<s).
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Define
W = / g1(a) - gs(a)e(—ar)K (o) da,
m

7@ = /zmll(a) o Ig(a)e(—ar)K(a) da

and
760 = /R L(a) -+ I(a)e(—ar) K (a) da.

Given p € R and X € (0, P], it follows from [1, Lemma 4.4] that if & € M
then

> clale =)= [ elalo—mHds+ O

X<z<2X X
=I(a, X)+ O(1).
Recalling (2.3), we now conclude that
T _ T@)  pe-kpi+2A=di _ o pE+2A-k) (4.5)
since £ < A;. By [21, Theorem 7.3] we have
I(a, P) < |a| /¥,

and now (2.3) and a trivial estimate give

¥ -1 <« P22 / 0Bk gy = (B (4.6)
pE—k

as B> 2k —-1>k—2.
With j = j(i) as in (4.4), write R = [];.,(P*,2P%], and consider

20— [ [[ctotet s st = oo

By (2.4), changing variables yields

I(3) > / (77 - |y1 +...+ Ys — T|) ) (yl o ys)l/k_l dY> (47)
R
where R is the set of y € R® such that
PG <y, < 28 PRAG) (1<i<s) (4.8)

and
lyr + ...+ ys — 7| <.

Let w be a small positive real number. Let V denote the set of y € R such
that

P* <ua,ys,. .. ypee < (1+w)P" (4.9)
and

1+ ..+ ys — 7| < /2.

By positivity of the integrand in (4.7), we have

73 » pHER2AA/E-D peas(V) = PURER2A)  meas(V).
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As 7= (E +2.1)P* and w is small, we have
Pron<r—y,—... —y,<11P*
whenever the inequalities (4.8) and (4.9) are satisfied. Hence
meas (V) > PHE-1T28),

SO
70) . pU-k)(E+24) pk(E-142A) _ pE+2A—k (4.10)

The bounds (4.5), (4.6) and (4.10) yield the desired result
Z(l) > PE+2A—I€'
UJ

By Lemma 4.2, Holder’s inequality and symmetry, it remains to show that
/ ‘91(04)92((1)93(04)13 H 9E+2j71(04)2‘K(04) dor = O(PEHA%)- (4.11)
By inspecting (4.4), we see that
gpiai-1(@) = > el — ppiaj—1)b).
PY<z<2Pi
Fix i € {1,2,3}, let
N={aeR:|ga)) > PI7®*}

put n = R\ 9, and let 4 be the intersection of 91 with a unit interval. For
subsets U C R, write

10) = [ 1@ [T gesar-s(a)?|K () do
v 2<j<t
In view of (2.7) and (4.2), Lemma 4.1 implies that
[ a7 T] gpess(@?IK (@) da < P
R 2<<t
A straightforward computation gives A = k(1 — \'), so
E>kXNo(k) ™ = (k—A)o(k) ™.
As v and ¢ are small, we must therefore have
(E—7)o(k)—e>k—A.
Hence
I(n) < (sup |gi(a) )77 P2 < pETIAmo)ate

aen

= o(PET2ATE=, (4.12)
Since F + 2 > 2k + 1, Corollary 2.4 and a trivial estimate yield

/|gi(a)E+2—'y H gE+2j_1(CJé)2|dOé < PE+2A—7—k
)1t

2<j<t
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which, recalling (2.3), gives

I(N) < pEr2a-k=— (4.13)
and
I(tN M) < PPPAHFTN(T(P) 4 n) 2 = o( PPFAF), (4.14)
n=0

The inequalities (4.12) and (4.14), together with a trivial estimate and Holder’s
inequality, yield

/ 91()g2(a)gs(@)” ] grs2j1(0)’[K(a)da = o(PPH47F). (4.15)

t 2<j<t

Combining (4.12) with (4.13) gives

/lgi(a)EH_'y H 9E+2j71(04)2‘K(04) da < PE+2A—k—y
R

2<<t

for i = 1,2,3 which, by Hélder’s inequality and (2.2), yields

/ ‘91(04)92(@93(@)]5 H 9E+2j—1<@)2‘K<04) do — O<PE+2A—I€)_

2<<t

This and (4.15) give (4.11), completing the proof of (1.6) for ¢« = 1.

4.2. An upper bound for sy(k). In this subsection we prove (1.6) for . = 0.
Let hq,...,hs € R[z] be degree k polynomials satisfying the irrationality con-
dition, and put H(x) = >, hi(z;). Let 7 € R, and assume that H(x) is
indefinite. We need to show that there exists x € Z* satisfying (1.3). Without
loss of generality h; and ho satisfy the irrationality condition. We may evi-
dently assume that 7 = 0, and that hy is monic. Let a; = 1, a9, ..., as be the
leading coefficients of hq, ..., hs respectively. As H(x) is indefinite, we may
assume without loss that a; < 0 for some J € {2,3}. By fixing the variables
Totr i1, - - -, T if necessary, we may plainly assume (4.3).

Define r € R by
—ayt =3+ lai, (4.16)
<8
and note that » > 1. Let w be a small positive constant, and let ¢ be a large

positive constant. Let P be a large positive real number. With j = j(i) as in
(4.4), let

gla)= > elahi(z)) (1<i<s),
P <g<ceP

where we recall (4.2). By (2.7), it suffices to prove that

/R gi(a) - gs(@) K (@) da > PPF2A7F,

With T'(P) as in Lemma 2.2, we define our Davenport-Heilbronn arcs by (3.3),
(3.4) and (3.5).
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Lemma 4.3. We have
/ g1(a) -+ gy (@)K (@) da > PPH2AE,
m

Proof. Let
cPNi

Ii(a) = / e(ahi(z))dz  (1<i<s),
P
with j = j(¢) as in (4.4). Define

0 /m g1(0) - go(0) K (o) day,

70 = / L(a) -+ I(a)K(a) da
m
and
70 = / Ii(a)-- - Iy(a)K(a)dao.
R
Mimicking the proofs of (4.5) and (4.6), we deduce that
TW — 73 = o(PE2A-F) (4.17)

and
T3 — 10 = o(PEFT2A~k), (4.18)

With j = j(i) as in (4.4), write R = [],_,(P%,cP%], and consider

yAS) ://e(aH(x))K(a) da dx.
RJR
Let I =4{2,3,...,E+2}\ {J}. Asr > 1 and w is small, we must also have
r —w > 1. Let X denote the set of (z3,...,2s) € R*! such that
(r—w)P<z;<(r+w)pP,
P<a, < (14+w)P (iel)

and
PN < x; < cPNO) (E+2<i<s).
By (2.4), we have

VAU / max(0,n — |H(x)|) dx >V, (4.19)
R

where V' is the measure of the set of x € [P, cP] x X such that |H(x)| < n/2.
In view of (4.17), (4.18) and (4.19), it remains to show that
meas{r; € [P,cP]: |H(x)| < n/2} > P (4.20)

uniformly for (xs,...,2,) € X.
Let x' = (29,...,2s) € X, and put

Ax) = —n/2 - Z hi(z;).
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Then
LP* < A(X') <UP*,
where
L=—a;(r—2w)"—(1+20)") |aj
el
and

U= —as(r+2w)k -+ (1+2w)k Z |a;].

iel

Since w is small, it follows from (4.16) that £ > 2. As c is large, we also have
U< c*—1. Now

2PF < A(x) < (" — 1)P". (4.21)
The polynomial h; is strictly increasing when its argument is sufficiently
large. As A(x’) is large and positive, there exist unique positive real numbers
m and M such that hy(m) = A(x') and hy (M) = A(X') + 7. Recalling that h,

is monic of degree k, we now deduce from (4.21) that

P<m<M<cP.
Any 1 € [m, M] satisfies |H(x)| < /2, and the mean value theorem gives
(M —m)™t < (M —m) Y hy(M) — hy(m)) < M*! <« PF1,
Thus we have (4.20), completing the proof of Lemma 4.3. O

The remainder of the proof is identical to that of (1.6) for ¢ = 1, which is
given in §4.1. Thus we have established (1.6) for « = 0, thereby completing
the proof of Theorem 1.8.

5. SLOWLY DIMINISHING RANGES
In this section we deduce the bounds in Table 1 by proving a more general
result. Recalling (1.5), we henceforth write
v=o(k—1), A=1—-(1—-0)/k. (5.1)

We shall use A as our diminishing ranges exponent. Using an iterative proce-
dure, we achieve square root cancellation on low even moments associated to
these diminishing ranges. The tth step fails by a power of E* to deliver square
root cancellation on the 2¢th moment; see Lemma 5.3. Definition 5.1 coins an
adjective for when E* vanishes at each of the first n steps.

Definition 5.1. Let £ > 2. An integer n is k-good if n = 0, or if n > 0 and
the following holds for t = 1,2,...,n. With (4.2), let

ep=v+1/24+(A—-1)2k—-1-20(k))/(2k—-2)— A (5.2)
and, for 2 </ < t, let
er=v+A—-2-20k) - Ng1+...+ M)+ (k—=2)(v—-1)+ M, (5.3)
where M, = max(0,1+2(1 —¢)/k) - A\gko(k). Put
E* = max(0,e1,...,6). (5.4)
Then E* = 0.
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Note that if n € N is k-good then so is n — 1. We shall prove the following.

Theorem 5.2. Let k > 4. If k =4, lett =4 and E = 8. Otherwise, lett be

a k-good integer such that
v

N> T olh) (5.5)
and
2t + E > 4k, (5.6)
where
E=1+max(k—1,|o(k) k(A —v)/(1 —v)]). (5.7)
Then

Choosing t optimally yields the bounds implicit in Table 1. It therefore
remains to prove Theorem 5.2. Note that 3 is 4-good but 4 is not. Note that
(5.5) and (5.6) also hold in the case k& = 4. We begin by establishing some
even moment estimates.

Lemma 5.3. Let k > 4, let t be a positive integer satisfying (5.5), and assume
that t — 1 is k-good. Recall (4.2), (5.1) and (5.4). Let p € R, and let n > 0.
Then the number T of integral solutions to

> (s = ) = (= 1)) < (5.8)
j<t
with PN < xj,Y; < 2P% (1 < j <t) satisfies T <, PAtetET
Proof. We proceed by induction on ¢. By Lemma 2.1, the conclusion holds
for t = 1. Let t > 1, and assume that the conclusion of Lemma 5.3 holds
with £ — 1 in place of ¢, for all large P and all n > 0. We shall apply this
inductive hypothesis with P* in place of P, and with 27 in place of . To do
so, we note firstly that ¢ — 2 is k-good because ¢t — 1 is, and secondly that (5.5)
implies that X2 > v/(1 — o(k)). Since t — 1 is k-good, and since \; = A\;_;
(2 < j < t), the inductive hypothesis tells us that the number S of integer
solutions xy, ..., x4, Yo, ...,y tO

’Z((l’j — 115)" = (y; — 11)")| < 21 (5.9)

with PY < Tj,Y; < 2P (2 < j < t) satisfies
S <« (P)\))\1+...+)\t71+€ < P)\g—‘,-...—l-)\t—i-s — PA—I—FE. (510)
Thus the number of solutions counted by T with z; = y; is at most
(P+1)S < P~Te,

Since E* > 0, it therefore remains to show that 7" < PAT+E" where
T’ is the number of solutions counted by 7" with z; > y;. Put y; = = and
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1 = x + h. Let C be a large positive constant, and write H = C'P". The
mean value theorem gives

(@1 = )" = (1 — p0)*| > P Yy — | = P
By combining this with the inequalities (5.8) and

t

D (5= p)* = (g — my)*) < P2 = PP

=2
we deduce that
0<h<<CPMFL—Cp =

Put
fila)=" > elalw—p)F) (2

PYi<x<2PY

Fa) = fala)--- fil@).

For integers h and real numbers «, define

Pp(a) = Z e(a(z +h—m)* —alz — m)h).

P<x<2P

N

j<t)

and

By (2.7), we have

T’<</Z‘I>h a)]* K (2a) da

h<H

Z/ @), () F(a)?| K (2a) dov (5.11)

h<H
Let h € N and o € R. The polynomial associated to the Weyl sum &5 («),
namely
(@ +h—m)* = (z—m)",
has degree £ — 1 and leading coefficient kh. Thus we may apply Lemma 2.3 to
the polynomial
(x+h—m)" = (z—m)*
kh ’
with d = k — 1, and with kha in place of . We thereby deduce that if
’q)h(a)’ > P17v+5

then there exist relatively prime integers a and ¢ such that

0<q< PEv (5.12)
lgkha — a| < PE-DE-D (5.13)

and
Dp(a) < ¢ VED P14 PF1Ep|g) Y kD, (5.14)

where f = a — a/(qkh).
For h,q € N and a € Z, denote by M, (g, a) the set of o € R satisfying (5.13)
and (5.14). For h,q € N, let 9;,(q) denote the union of the sets M, (g, a) over
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integers a such that (a,q) = 1. For h € N, we make the following definitions.
Let

my = {a € R : |y(a)] < PI0F).

By (1.5) and (5.1), it is easy to show that ko (k) < (k — 1)v. Denote by smﬁj)
the union of the sets 9, (q) over integers ¢ such that

preke®) < g < pl=bv, (5.15)
Write A\;y1 = 0. For £ = 2,3,...,t, denote by Dﬁg) the union of the sets 9,,(q)
over integers ¢ such that

P)\@+1k0’(k) < q < P)‘Zkg(k)7 (516)

and let uﬁf) be the intersection of E)Jtﬁf) with a unit interval. From the discussion

above, we have

<t

Now (5.11) gives

T/<<Im+zzjf(f)a

h<H I<t
where

In=)_ /m h 1Dy, (a) F(a)?| K (2a) dex

and
1, :/m [ Pn(a)F(0)*|K(20)dar (h < H 1L H).
9'nh

Moreover, by (2.7) and (5.10), we have
Iy < 37 (sup [@4(a)]) - § < PUHHS < PAYE

h<H acmy,
Since H < P¥ and E* > 0, it now suffices to prove that
IV« pATE vt (1 <<, (5.17)

uniformly in positive integers h < H. Let h < H be a positive integer.
Now we show that if ¢ € N, ¢ < P*=D" o € My, (q), 2 < j <t and
|fj(@)] > pritizokte (5.18)

then

q < prikolk) fila) < ¢ VRPN (5.19)
Let ¢ € N, a € My(q) and 2 < j < ¢, and assume (5.12) and (5.18). As
a € My(q), there exists a € Z such that (a,q) = 1 and o € My(¢g,a). By
Lemma 2.3, there exist integers u and r such that

0 <7< Prike®) lroc — u| < PAkE®)=D (5.20)

and
fila) < re7 ik pi, (5.21)
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By (5.13) and (5.20) we have

la/q — khu/r| < |kha — a/q| + |kha — khu/7|
1 kh
< qP(k:—l)(l—v) + 7,ap)\]-k:(l—o(k)) :

As \; = N1 we note from (5.5) that \; > v/(1—0o(k)). Since h < H = CPY,
we can now use (5.12) and (5.20) to deduce from (5.22) that |a/q — khu/r| <
(qr)~'. Hence a/q = khu/r. Thus, recalling that (a,q) = 1, we see that ¢ < r.
Now (5.20) and (5.21) imply (5.19).

We draw the following conclusions from the above discussion. Firstly, if
a € zmﬁf) then a € 9,(¢) for some integer ¢ satisfying PA* %) < ¢ < P17
(2<j<t),s0

(5.22)

|F(a)] < PA-DA-ok)te, (5.23)
Secondly, if 2 < ¢ < t and o € My, (q) for some integer ¢ satisfying (5.16) then
[fi(e)] < PMOe®E (1< <) (5.24)

and

fj(a) < PAj(l—cr(k))+e +q6—1/kp)\j < qa’—l/kPAj (2 <j< é), (5'25)
where &' = (\jko(k))e.

Holder’s inequality gives
1/(2k—2) 7(2k—3)/(2k—2
10 < kD) gk eh2), (5.26)
where
Jin :/ |y ()| 72K (2a) da
o

h
and

Jon = / " | F ()| #E=/E=3) [ (90 da.
mi!

If ¢ € N then there are at most gkh + 1 integers a satisfying (5.13) for some
a € 'V Thus, by (5.14) and (5.15), we have

/(1)|<I>h(04)|2k‘2da<< > qh-gPPy,
uh

q<P(k—1)'u
where
Jn = / (1+ P*'khB)2dB < K 1P,
0

Hence
/(1) |(I)h<a)|2k72 da < Pk)*l‘i’&
b1t

h

which, by (2.3), yields
Jip < PP (5.27)
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Moreover, on recalling the definition of S from (5.9), the inequalities (2.7),
(5.10) and (5.23) give

Jop < sup |F(a)|Y@3g « pA-D0-0M0)2/(2k-3)+eg
aemg”
< PA-1)(2k—1-20(k))/(2k—3)+2¢ (5.28)

Substituting (5.27) and (5.28) into (5.26) yields
[}(ll) < P1/2+(A71)(2k71720‘(k))/(2k72)+8 — PA+617’U+E’ (529)

where we recall (5.2).
Let ¢ € {2,3,...,t}. If ¢ € N then there are at most gkh + 1 integers a

satisfying (5.13) for some a € ﬂgf). Now (5.13), (5.14), (5.16), (5.24) and
(5.25) yield
I](f) < P1+2(A—1)—2U(k)’()\4+1+~~~+>\t)+€X}(LZ)7

where

¢ —0)/k—1/(k—
X}(l) — Z gh - OO0 7,

q<P>‘lka(k>

where
(qkh)—lp(k—l)(v—l)
Thg = / (14 PH1knp)~1/ =1 gp.
0

The calculation

Tha < Pl V=1 ((qkh)flp(kq)(vq))(k,g)/(k,l)
< h—lq—(k—Z)/(k—l)p—1+(k—2)(v—1)

now gives
Ii(f) < P2A—2—2U(k)-()\g+1+...+)\t)+(k—2)(v—1)+e Z q2(1—£)/k
q<P)\Zko'(k)
< pAteviE (0 L), (5.30)

where we recall (5.3).

In light of (5.4), the bounds (5.29) and (5.30) yield (5.17), completing the
proof of Lemma 5.3. 0

We are ready to prove Theorem 5.2. Let s > 2t + E, and let n > 0. Let 7
be a large positive real number, and define P by 7 = (E + 2.1)P*. We need
to show that there exist integers x1 > pi,...,zs > us satisfying (1.1). By

fixing the variables xo; g1, ...,z if necessary, we may plainly assume (3.2)
and (4.3). Recall (4.2) and (5.1). Let 0 < £ < A;, and let y be a small positive
real number. Define ¢i, ..., gs, T(P) and our Davenport-Heilbronn arcs as in

§4.1, but note that A is different here. By (2.7), it suffices to prove that

/Rgl(a) o gs(@)e(—aT)K (o) > PEF2A—k,
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Noting that ' > k > k — 2, the proof of Lemma 4.2 gives

491(a)...gs(a)e(—a7)K(a) do > pE+2A-k

By Holder’s inequality and symmetry, it now remains to show that
/ |91() )7 T 9ms25-1(@)*|K (@) da = o PPF2A7H).
mUt 2<j<t
By inspecting (4.4), we see that
get2j-1(q) = Z e(a(r — ,UE+2j—1)k)-
PN <a2Pi
Fix i € {1,2,3}, let
N={acR:|ga) > Pobrey

put n = R\ I, and let 4 be the intersection of 91 with a unit interval. For
subsets U C R, write

/ 10:(0)5 2 [ g2y (02| K (0) do
2<;<t
If £ =4 then (2.7) and Lemma 5.3 yield
1@ T gmesmsf@)? K (@) da < P20
2<j<t
since 3 is 4-good and (13/16) > 2/7. Now
](n) < (sup |gi(oz)|)8*7 . PS‘OH < P3.011+(877)7/8+e.

aen

Thus, as v is small, we have
I(n) < P10'011_7’7/8+€ — O(PE+2A_k_'Y)

when k = 4. The exponents have been computed by machine.
If £ > 5 then t is k-good, so (2.7) and Lemma 5.3 yield

/'gi(o‘)2 [T 92125-1(0)* 1K (a) da < PR
R 2<j<t

Now
I(w) < (suplgs(@)])P~ - PA+ < pAHE- (s +2:

aen

Recalling (4.2), (5.1) and (5.7), we deduce that
Eo(k) > k(X' —v)/(1 —v) =k — A.
As 7 and ¢ are small, we must therefore have
(E—~v)o(k) —2e >k — A.

Hence
I(n) = o( PET227F)
for k > 5, and we have already shown this for k£ = 4.
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Lemma 5.4. Let i € {1,2,3} be as above. Then

/|gi(0‘>E+2_W H gryoj_1()*|da < PEF2ATRY,
s

AN/

Proof. Let
fila) = gi(@)
and
fila) = gpizja(a)  (2<j <)
By Lemma 2.3, if a € 4 then there exist relatively prime integers a and ¢ such
that
0<q< P®, lgor — a| < Pro=k (5.31)
and
fila) < ¢ EP(L+ PR, (5.32)

where = a —a/q. For ¢ € N and a € Z, denote by (g, a) the set of a € 8
satisfying (5.31) and (5.32). For ¢ € N, let ${(q) denote the union of the sets
$U(q, a) over integers a such that (a,q) = 1. Write \yyq = 0. For £ =1,2,... ¢,
denote by U® the union of the sets £l(g) over integers ¢ satisfying (5.16).

Note that
§ = L_J;J(f)7
1<t

SO

i@ T fi@)Plda <7 L, (5.33)

U <<t <t
where
= / 1A1@P2 I fi@)lda (1 <e<).
o 2<j<t
We now fix £ € {1,2,...,t}. By (5.33), it remains to show that
I, « PEF2A=k= (5.34)

Let o € (g, a) for some relatively prime integers ¢ and a satisfying (5.16),
let 2 < j < t, and assume (5.18). By Lemma 2.3, there exist integers u and r
satisfying (5.20) and (5.21). By (5.20) and (5.31) we have

la/q —u/r] <|a—a/q| + |a —u/r|
1
< qpk—ka(k) + r PAk(—o(k))

As \; = A1 we note from (5.5) that \; > v/(1 — o(k)). We can now use
(5.16) and (5.20), together with the inequality v > o(k), to deduce from (5.35)
that |a/q — u/r| < (qr)~'. Hence a/q = u/r. Thus, recalling that (a,q) = 1,
we see that ¢ < r. Now (5.20) and (5.21) imply (5.19).

Let o € 8(q) for some g € Z satisfying (5.16). From the above discussion,
if 2 < j <t then (5.19) holds whenever (5.18) holds. Thus, we deduce (5.24)

(5.35)
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and (5.25). If ¢ € N then there are at most ¢ + 1 integers a satisfying (5.31)
for some a € 4. By (5.16), applying (5.24), (5.25) and (5.32) now yields
I, < PE-728+(E=20(0)(Ars1+t20) Z g\~ (B0 /ke )
)
where

J _ /00(1 n Pkﬁ)f(E+2*’Y)/k dﬁ
0

Since E > k and 7 is small, we must have J < P7*, so
Ig < PE+2A7k*'y+(E*20(k))()\g+1+...+/\t) Z qlf(Ef’y+25)/k+E. (536)
q<P)\[ko'(k)

If £+ 2¢ > 2k then the sum is O(1) and so (5.34) holds. We may therefore
assume in the sequel that

(< k—FE)2. (5.37)
From (5.36) we now have

[, & PEH2A—k=rte=20(k)(eatth) +Acko (k) (2~ (B+20=7)/F)

As 7 and ¢ are small, it therefore suffices to show that
Mk(2 = (E+20)/k) <2(Xpg1 + ...+ M). (5.38)

As an intermediate step, we show that
1—w
2\

For 4 < k < 8, we simply check this directly. Now suppose k£ > 9. As
A > (k—1)/k, we have

12_;’ >1—H>1—ﬁ21—9/16>6”_1
> (1= (1= v/l =
Thus we have (5.39) for all integers k > 4.
By (5.6) and (5.37) we have
t—0>t—(k—E/2) =2t +E)/2—k>k

This and (5.39) give

1-— > AR, (5.39)

1—

1—w

t—€< k 1_ .
A A< 7

Now
k kX

—<

2 1-vw

as we recall (5.1). Hence
MNE/2 < XN F X2 AT = A A

Since E > k, this gives (5.38), completing the proof of Lemma 5.4. O

(1—\"9 = A

-~ 1_)\th
1_A< )7
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The remainder of the proof is identical to that of (1.6) for + = 1, which
is given in §4.1. Thus we have established Theorem 5.2 which, as discussed,
produces the data in Table 1.
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