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A B S T R A C T   

The design of high-speed railway lines involves geotechnical challenges, one of which is the risk of dynamic track 
amplification, for example on track sections where the train speed approaches the track-ground critical speed. In 
these cases, soil strains increase significantly with an increase in train speed, far exceeding the limits of linear 
elastic behaviour. This can result in a non-linear reduction of soil stiffness. To better understand this relationship, 
this paper studies the influence of soil non-linearity on the critical speed of concrete slab and ballasted tracks. To 
perform an in-depth analysis into non-linear critical speed, two models are used: a 3D FEM approach, and a novel 
dispersion curve technique. Using the models, the effect of soil plasticity on non-linearity is studied, with 
different ranges of plasticity found to play an important role. Secondly, the influence of soil thickness and loading 
magnitude are evaluated. It is shown that ballasted tracks are deeply affected by the non-linear soil behaviour, 
compared to a concrete slab track. Further, it is shown that for the ballasted tracks, the relationship between the 
critical speed and shallow upper soil layer thickness can be weak.   

1. Introduction 

During the last few decades there has been a significant growth in the 
development of high-speed railway lines, mainly due to the advantages 
they offer in terms of travel time and sustainability. 

From a geotechnical point of view, there are several challenges in the 
design and implementation of high-speed railway lines [1,2]. One of 
these is the presence of soft soils, characterised by low wave propagation 
speeds (Cs < 100–120 m/s), in which dynamic wave propagation can be 
induced, as the speed of the train (≈ 80–90 m/s) approaches the natural 
wave speeds in the track and ground materials. This phenomenon is well 
known in railway geotechnical engineering and it is called “critical 
speed” [3–6], which formally corresponds to the speed of a non- 
oscillating moving load that causes the largest amplification of the dy
namic response of the track [7]. When this occurs, there is an increase in 
the deformations of the ballast and subgrade, increasing the risk of 
derailment [8] and maintenance costs. 

In recent years, the scientific community has taken steps towards a 
deeper knowledge and understanding of the critical speed phenomenon. 
Since the 2000 s, when the Ledsgard case marked the beginning of the 
study of this phenomenon [9–14], different methods have been pro
posed for calculating the critical speed, ranging from analytical 

solutions [3–6,15,16] to numerical models. Among these it is worth 
highlighting the 2.5D numerical approaches [4,17–20], especially suit
able for homogeneous geometries in the longitudinal direction of the 
track, and periodic numerical models [21,22], suitable for simulating 
periodic structures in the longitudinal direction of the track, both 
formulated in the frequency/wavenumber domain. 

When the geometry is neither homogeneous nor periodic, 3D nu
merical models are typically required [23]. These can be formulated in 
the frequency domain, for example using boundary elements to prevent 
wave reflections [24–26]; or in the time domain, which tend to be more 
demanding in terms of computational efficiency, but more versatile for 
the study of complex geometries and non-linear behaviour [27–32]. 

When the train approaches the critical speed of the track-ground 
system, soil strains are amplified and the strain range can exceed the 
linear elastic threshold. Although in most of the researches on critical 
speed the linear elastic model has been used to simulate the behaviour of 
the soil, in recent years a few studies have been presented on the in
fluence of non-linear soil behaviour, both by means of the linear 
equivalent approach [14,27,33] and with truly non-linear models 
[27,28]. Abu Sayeed and Shahin [28] showed how the non-linear 
behaviour of the soil has limited little influence on the critical speed 
on ballast tracks. However, Dong et al. [33], through a linear equivalent 
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approach, showed how the non-linear behaviour of the soil has a rele
vant effect on the critical speed for ballast tracks, causing a reduction in 
the critical speed of between 11% and 20% with respect to the linear 
elastic assumption. Also, Alves Costa et al [14] and Shih et al. [27] found 
that the critical speed is significantly lower when linear equivalent 
models and non-linear models are used to simulate the behaviour of 
railway subgrade. 

The linear equivalent approach and, in general, most non-linear soil 
models, are based on the stiffness and damping curves as a function of 
cyclic strain. These curves are influenced by several geotechnical pa
rameters such as: mean principal effective stress (p’), plasticity index 
(PI), void ratio (e), over-consolidation ratio (OCR) and the number of 
cycles [34–36]; with PI and p’ being the most influential values [37]. 
According to Ishibashi and Zhang [38] the effect of p’ is more important 
for soils with PI values lower than 15–30, while for higher PIs its effect is 
negligible. Regarding the effect of PI, Vucetic and Dobry [37] concluded 

that soils with a high plasticity tend to exhibit a more linear behaviour at 
small strain compared to soils with a lower PI. 

In this context, the main objective of this research is to undertake a 
thorough numerical analysis of the influence of soil non-linearity on the 
critical speed of high-speed railway lines, considering both slab and 
ballasted track. The novel contributions are the analysis of PI and soft 
soil thickness on critical speed. In particular, the influence of the load 
magnitude on critical speed is studied, considering both types of tracks 
and different values of PI. 

2. Numerical modelling 

In this section, the dynamic response of railway track foundations to 
moving loads is experimentally validated using a non-linear soil model. 
For this, a well-documented case in the technical literature, Ledsgard 
[14], is used. 

2.1. Numerical model description 

The numerical model is a 3D FEM model formulated in the time 
domain, developed using Plaxis software [39]. The geotechnical profile 
of Ledsgard [14] and the numerical model are shown in Fig. 1 and in 
Fig. 2. The dimensions of the model are 80x40x30 m in the longitudinal, 
horizontal and vertical directions respectively, thus making the domain 
similar in dimensions to the values used in alternative 3D models of the 
same site [29,31,40–42]. The railpad is modelled as a linear spring (kp 
¼ 250⋅106 N/m and cp ¼ 22.5⋅103 N⋅s/m), whereas the rail is simu
lated as a beam, equivalent to a UIC-60 section. The remaining track 
components (sleeper, ballast and subballast) and ground are modelled 
using 3D solid elements. 

The numerical model is made up of 370,181 elements and 523,961 
nodes with an average element size of 1.231 m. The maximum 
element size is 3.863 m and the minimum size is 0.066069 m. 
Quadratic tetrahedral solid elements (10 node elements) are used. To 
prevent boundary reflections, viscous dampers [39] are applied on 
domain edges, except in the symmetry plane, where the horizontal 
movements are impeded. 

Regarding the numerical modelling of moving loads, this is applied 
using the equivalent nodal force method, in keeping with that stated in 

Fig. 1. Ledsgard characteristics: a) global view; b) detailed view.  

Fig. 2. Finite element mesh of Ledsgard case.  
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[43]. For this purpose, the train moving load is considered as 
triangular pulse distributed along three nodes, as described in 
[28]. In this context, the time interval is defined according to the 
Courant-Friedrichs-Lewy criteria [27,28], with an implicit Newmark 
integration scheme, as shown below: 

Cn =
Δt × c

Lmin
< 1 (1) 

where: Cn is the Courant number, Δt is the time interval, c is the 
speed of the moving load and Lmin is the distance between two adjacent 
loading nodes. In all models, the Courant number was assumed 0.95. 

2.2. Soil constitutive model 

The constitutive model to simulate the non-linear behaviour of the 
soil is the Hardening Soil Small Strain Model [44,45], which is a soil 
model that takes into account the G degradation curve as function of the 
soil strain. The Mohr-Coulomb failure criterion is used and the model is 
capable of simulating both shear and compression soil hardening, using 
hyperbolic laws combined with classical plasticity theory. For 

unloading–reloading cycles, the model follows the Masing rules, also 
showing hysteretic damping [44]. 

As regards the degradation curves of G and the damping considered 
in the HSsmall model, these have the following equations [46]: 

Gs/G0 =
1

1 + 0.385⋅γ
γ0.7

(2)  

ξ =
ED

4πEs
(3)  

ED =
4G0⋅γ0.7

0.385

(

2⋅γ −
γ

1 + γ0.7/0.385⋅γ
−

2⋅γ0.7

0.385
⋅ln

(

1 +
0.385⋅γ

γ0.7

))

(4)  

Es =
G0⋅γ2

2 + 2⋅0.385⋅γ/γ0.7
(5) 

where ED is the area of the closed loop, ES is the energy stored at 
maximum strain γmax, G0 is the small strain shear stiffness, Gs is the 
secant shear stiffness, γ is the shear strain, γ0.7 is the shear strain for Gs/ 
G0 = 0.722 and ξ is the damping. 

The geotechnical properties at Ledsgard are shown in Table 1 and 
Table 2, in accordance with that shown by Alves Costa et al. [14]. 

Fig. 3 shows the degradation curve of G and the damping. 

2.3. Experimental validation 

For the validation of the constitutive model of the soil, the results are 
compared with real measurements [14]. Four different train speeds are 
considered: 70, 140, 180 and 204 km/h. The mechanical and geometric 
characteristics of the train are shown in Alves Costa et al. [14]. 

Fig. 4 shows the results for each speed, showing a good fit for all 
cases, both for speeds lower than the critical speed (70–140 km/h) 
and those closer to the critical speed (180–204 km/h). Although 

Table 1 
Soil elastic properties.  

Layer h (m) ρ (kN/m3) G0 (kN/m2) ν (-) 

Embankment 1.2  18.00  79.51×103  0.19 
Dry crust 1.1  15.00  5.95×103  0.49 
Organic Clay 3.5  12.60  2.17×103  0.49 
Clay 1 4.5  14.75  5.31×103  0.49 
Clay 2 6  14.75  11.18×103  0.49 
Clay 3 14.9  14.75  14.75×103  0.49 

where h makes reference to the soil thickness, ρ the soil density and ν to Pois
son’s ration. 

Table 2 
Soil properties in HSsmall model.  

Layer E50 (kN/m2) Eoed (kN/m2) Eur (kN/m2) φ 
(◦) 

C 
(kN/m2) 

Ψ 
(◦) 

Embankment  16.67×103  16.67×103  35.00×103  45.00  5.00  12.00 
Dry crust  0.75×103  0.75×103  2.25×103  0.00  50.00  0.00 
Organic Clay  0.40×103  0.40×103  1.20×103  0.00  30.00  0.00 
Clay 1  0.70×103  0.70×103  2.10×103  0.00  30.00  0.00 
Clay 2  1.37×103  1.37×103  4.12×103  0.00  40.00  0.00 
Clay 3  1.62×103  1.62×103  4.87×103  0.00  50.00  0.00 

where E50 is the secant Young modulus for stress level corresponding to 50% of the shear strength, Eoed is the oedometric Young modulus, Eur is the unloa
ding–reloading stiffness and Ψ the dilatancy angle. 

Fig. 3. Degradation curves for: a) shear modulus reduction; b) Damping ratio (grey colour – embankment; yellow colour – dry crust; brown colour – organic clay; 
blue colour – clay 1, 2 and 3). 
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Fig. 4. Comparison between computed time histories of sleeper displacements for different train speeds (Southbound direction): (a) V = 70 km/h; (b) 140 km/h; (c) 
V = 180 km/h and (d) V = 204 km/h. 

Fig. 5. Reference case for the concrete slab track.  

Fig. 6. Reference case for the ballast track.  
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some discrepancies are shown, overall a strong agreement in terms 
of shape and magnitude is found. Therefore, the model is consid
ered acceptable for studying the response of alternative high-speed 
railway lines, where the non-linear behaviour of the soil plays a 
relevant role. 

3. Influence of plasticity index (PI) 

3.1. Reference scenario 

An objective of this study is to evaluate the influence of non-linear 
soil behaviour on the track-ground critical speed. To enable a compar
ison of the effects of linear versus non-linear behaviour, a linear refer
ence case for both ballast and concrete slab track is defined. This then 
allows for different non-linear parameters to be compared against a 
benchmark. Thus, Fig. 5 and Fig. 6 show the reference cases for the slab 
and ballasted tracks respectively. The corresponding linear elastic ma
terial properties are shown in Table 3. 

The critical speed for the reference scenario is computed using Plaxis 
3D. The dynamic amplification factor (DAF) and vertical displacement 
field at the critical speed are presented in Fig. 7 for the slab track, and in 
Fig. 8. for the ballasted track. As can be seen, the critical speed for the 
ballasted track is considerably smaller compared to the slab. This is 
because ballasted tracks have reduced bending stiffness, and therefore 
sensitive to the geotechnical properties of the shallow soil, in 

Table 3 
Material properties.  

Layer E 
(MPa) 

ρ (Kg/ 
m3) 

ν (-) ξ (-) Cs (m/ 
s) 

Slab/Sleeper 25e3 2500  0.20  0.01 2041 
Embankment (ballast and 

subballast) 
200 2000  0.30  0.03 196 

Soft soil 30.5 1600  0.35  0.03 84 
Stiff soil 208 2000  0.30  0.03 200 
Rail (UIC 60) 210e3 7850  0.30  0.01 3208 
Rail pads Kpad ¼ 50⋅106N/m, Cp ¼ 22.5⋅103N⋅s/m and 

0.6 m of longitudinal spacing  

Fig. 7. Results for the slab track reference case: a) DAF curve; b) vertical displacement field at the critical speed.  

Fig. 8. Results for the ballast track reference case: a) DAF curve; b) vertical displacement field at the critical speed.  

Table 4 
Material properties adopted for the HSsmall model.  

Element E50 (kN/m2) Eoed (kN/m2) Eur (kN/m2) φ 
(◦) 

c (kN/m2) Ψ 
(◦) 

γ0.7 

Embankment (ballast and subballast) (PI 0) 35×103 35×103 70×103 45 5 10 7.5×10-5 

Soft soil (PI 70) 1.3×103 1.3×103 4×103 0 50 0 1.4×10-3 

Soft soil (PI 50) 1.3×103 1.3×103 4×103 0 50 0 9.7×10-4 

Soft soil (PI 30) 1.3×103 1.3×103 4×103 0 50 0 6.7×10-4 

Soft soil (PI 15) 1.3×103 1.3×103 4×103 0 50 0 3.6×10-4 

Stiff soil 40×103 40×103 80×103 35 5 10 2.4×10-4  
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comparison to slab tracks. Another interesting aspect that should be 
highlighted is the magnitude and shape of the displacement field at the 
critical speed. The Fig. 7 and Fig. 8 show that the ballast track develops 
greater displacement, thus leading to higher amplification. 

3.2. Non-linear approach 

To study the influence of nonlinear soil properties on the critical 

speed, four scenarios are analysed. These have similar properties to the 
reference cases, however the soil has varying plasticity indexes: 15, 30, 
50 and 70, which generally characterise the range values of plastic 
soils [47]. All scenarios consider the Hardening Soil Small (HSsmall) 
constitutive model to describe the mechanical behaviour of the soils, as 
well as for the embankment. It should be mentioned that the authors 
assumed the embankment as a composed layer of ballast and suballast. 
Table 4 shows the material properties used as inputs for the HSsmall. 

Fig. 9. DAF curves for different plasticity index: a) slab track; b) ballasted track.  

Fig. 10. Schematic illustration of how the real section is translated in the analytical model.  

Fig. 11. Spatial G degradation or PI 70 slab track: a) 3D view; b) Cross section on the loading plane.  
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The γ0.7 values are considered according to the suggestion presented 
by Ishibashi and Zhang [36]. It should be pointed out that for the soft 
soil, only the γ0.7 value is altered for the different PIs considered, while 
the remaining parameters are kept constant. Typically, the stiffness of a 
soil is lower if the PI is high, however, the Norwegian Geotechnical 
Institute [47] has tested clays with Cs values between 80 and 100 m/s 
and yet PI variables between 10 and 53. Hence, although less common, it 
is possible to find clays with low Cs values but high PIs. 

The critical speed is computed, considering an axle load of 180kN 
[17], for the range of PI (plasticity index) values, with the results 
summarized in Fig. 9a for slab track and in Fig. 9b for ballasted track. 
Firstly, as can be observed, allowing non-linearity to develop gives rise 
to lower critical speeds in comparison to the linear elastic case, which is 
due to the degradation of soil stiffness. Further, for lower PIs, higher 
levels of degradation are induced, and consequently, the critical speed is 
lower. Nevertheless, the differences found between both track systems 
are meaningful, showing that the critical speed in slab tracks is reduced 
by between 3 and 8% in comparison with the linear elastic case. Addi
tionally, the effect of soil non-linearity is more pronounced in ballasted 
tracks, where the differences are up to the magnitude of 30%. 

In order to further investigate the influence of PI on the critical 
speed, an analytical procedure, where the critical speed is computed 
using dispersive analysis [4,48], is also used. For this, both the track and 
the soil media are described analytically (the mathematical approach 
followed is described in APPENDIX). Fig. 10 shows a schematic illus
tration of how both systems are considered for the dispersive analysis, 
where it can be seen that the slab track is modelled as a two-layered 

Bernoulli-Euler beam connected with springs and dashpots. For bal
lasted track, the system is similar but considers the sleepers as a beam 
without bending stiffness. Regarding the soil stratum, the average 
degraded soil properties are computed using Plaxis 3D. Vertically the 
soil is divided into horizontal layers with one meter thickness, whereas 
horizontally the region is limited by the embankment, as shown in 
Fig. 10. This makes it possible to include the degradation produced by 
nonlinear behaviour in the analytical analysis. 

To better illustrate the procedure followed, a detailed explanation is 
now presented. To evaluate the resulting properties, a transversal sec
tion on the loading plane, as shown in Fig. 11a, is considered. For that 
section, the average G modulus is computed for an area beneath the 
embankment (Fig. 11b). To better discretized the degradation obtained 
the authors suggest to divide the soil into 1 m thickness layers, as shown 
in Fig. 11b. 

With the degradation obtained for each of the soil layers it can be 
computed the reduced linear properties using the following equation: 

cd =
̅̅̅̅̅̅̅̅̅̅̅̅
G/G0

√
⋅c (2) 

where cd is the degraded wave velocity, G/G0 the degradation ob
tained and c the linear wave velocity. 

Fig. 12 shows the dispersion curves obtained considering the 
degradation pattern for the soil for all the cases expressed in Fig. 9. Note 
that the critical speed is determined using the intersection point of the 
track and ground dispersion curves [4,48,49]. As can be seen in Fig. 12a, 
for slab tracks the intersection point occurs on a branch of the soil 
dispersion curve where the degradation pattern does not have a great 

Fig. 12. Dispersion curves for all PI assumed: a) slab track; b) ballasted track.  

Fig. 13. Average G-degradation in slab track: a) soil; b) embankment.  
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influence. This fact can be explained by taking into consideration that 
lower frequencies are associated with higher wavelengths, and, conse
quently, are less sensitive to local characteristics, such as stiffness 
degradation at shallow depth. In contrast, the ballasted track dispersion 
curve (Fig. 12b) is shifted upwards in comparison to the slab track. This 
fact is due to the reduced stiffness of the ballast track in comparison to 
the slab track. Thus, this upwards shifts means that the intersection 
point with the soil dispersion curve will be found on a branch where the 
shallow layers of the soft soil play a more relevant role. Therefore, a 
slight increase in the degradation of these layers produces a greater 
impact, i.e., a greater decrease in the critical speed. This explains the 

greater influence of the PI on the ballast track critical speed in com
parison to the slab track. It should also be highlighted that there is a 
good fit between the analytical and the numerical results, proving that 
the region beneath the embankment controls the critical speed of the 
track. This fact validates the simplification made by the authors in 
computing the degradation pattern only in the region beneath the 
embankment. 

In order to compare the global degradation levels of both track sys
tems for every PI considered Fig. 13 and Fig. 14 are presented. On 
scrutinizing the results, it can be seen that for lower PIs a higher 
degradation is observed, being greater in ballasted track than in slab 

Fig. 14. Average G-degradation in ballasted track: a) soil; b) embankment.  

Fig. 15. DAF curves for an axle load of 120 kN: a) slab track; b) ballasted track.  

Fig. 16. Average G-degradation in slab track: a) soil; b) embankment.  
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ones. Therefore, it can be seen how lower PIs give rise to lower critical 
speeds. 

4. Influence of axle load 

When using a nonlinear constitutive model, the loading magnitude 
has a major influence once degradation is induced. In this context, the 
present section assesses the influence of changing the axle load to 120 
kN, for all the PI scenarios introduced above, corresponding to the 
lowest plausible load for a high speed train [17]. The related dynamic 
amplification curves (DAF) are shown in Fig. 15. 

When the results shown in Fig. 15a are compared with the results 
obtained for an axle load of 180 kN (Fig. 9a), it can be stated the 

magnitude of axle load has a negligible influence on critical speed for the 
higher PIs in slab tracks. Conversely, for lower PIs, a small influence can 
be observed, because a lower load will result in a lower degradation 
magnitude. For the ballasted track the results for the lightweight axle 
(Fig. 15b) are compared with those corresponding to the heaviest 
(Fig. 9b). It is observed that the influence of the magnitude of the load is 
limited for high values of PI (50–70), hardly varying from 71 m/s to 72 
m/s. However, when the PI is low (15–30) the load magnitude for bal
lasted tracks is influential. More specifically, the critical speed for the 
lowest PIs is reduced by between 7% and 12%. These differences can be 
justified that in soils with low PIs the level of degradation is higher, 
causing a lower critical speed. 

As previously described, the degradation pattern is calculated using 

Fig. 17. Average G-degradation in ballasted track: a) soil; b) embankment.  

Fig. 18. Dispersion curves for load of 240 kN per bogie: a) slab track; b) ballasted track.  

Fig. 19. Variant scenarios: a) Homogeneous; b) 2 m of soft soil; c) 4 m of soft soil.  
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Plaxis 3D and the results for the average degradation are shown in 
Fig. 16 and Fig. 17. As expected, lower degradation percentages are 
obtained in comparison to the previous cases. Further, for high PI’s, the 
degradation is similar, however for low PI’s differences in degradation 
are more pronounced. This justifies the differences between the critical 
speeds obtained for the two loading scenarios. 

Fig. 18 shows the dispersive analysis for the degraded scenarios. The 
conclusion drawn for the DAF curves is again true: the critical speeds for 
the higher PI are almost identical to those expressed in Fig. 12, while the 
critical speeds are highly sensitive for the lower PI’s (30 and 15). Hence, 
it can be concluded that the loading amplitude has a negligible effect on 
the critical speed for the case of a slab track, while for ballasted tracks it 
has a moderate influence on the critical speed for soils with low PIs. 
However, for soils with high PIs, the effect of the magnitude of the load 
is practically negligible. 

5. Influence of thickness of surface soil layers 

To study the influence of surface soil layers, three new scenarios are 
modelled where the thickness of the top soil layer is either 2 m, 4 m, or 
infinitely deep, as illustrated in Fig. 19. 

For the models presented in Fig. 19, the critical speed for the PI 
scenarios discussed previously, and the linear elastic case, is calculated. 
Fig. 20, shows the critical speed for the scenarios, as function of both the 
PI and upper soil thickness. 

From the results, it is observed that the influence of upper soil 
thickness on critical speed is different for both track systems. Regarding 
the slab track, for scenarios with thinner upper soil layers, greater 
dispersion is present when varying the PIs, thus increasing the influence 

of the (potentially stiffer) soil layers below. Alternatively, for geotech
nical profiles with thicker upper soil layers, the effect on critical speed 
induced by varying PI is residual. 

Regarding the ballasted track, the results show that the thickness of 
the upper soil has limited influence on the critical speed, when consid
ering nonlinearity. This fact is independent of the PI and, for example, 
comparing the two extreme cases (homogeneous soft soil and soft soil 
thickness of 2 m) it is observed that both scenarios have a similar critical 
speed. However, when solely linear elastic behavior is considered, an 
increase in the thickness of the upper soil layer results in a lower critical 
speed. Further, the thinner the upper soil layer, the greater the differ
ences between results from the non-linear and the linear elastic models. 
This occurs because when the upper soil layer is thinner, the increase in 
stress levels is greater. Therefore, soil strains are greater in a thinner soil 
layer, causing a greater degradation of the stiffness. This can be seen in 
Fig. 21, where the shear strains of the two extreme scenarios are 
compared. Note that in these cases the numerical results are obtained 
considering linear elastic behavior at the critical speed. 

As previously shown in this and other researches [2], the critical 
speed of ballasted tracks is strongly influenced by the geotechnical 
characteristics of the shallow soil layers, when considering linear elastic 
behavior. However, the current analysis shows a weak correlation be
tween the critical velocity and the thickness of the upper soil layer. This 
is because even for a shallow layer 2 m deep, the stiffer soil below has 
minimal influence on the critical speed. 

In order to confirm this finding, the calculation of the critical speed is 
carried out for all the scenarios found in Fig. 19 but now considering a 
shear wave velocity of the upper soil layer of 60 and 100 m/s. The 
remaining geotechnical properties are identical to those of the reference 

Fig. 20. Critical speed as function of PI and soft soil thickness: a) slab track; b) ballasted track.  

Fig. 21. Shear strain for ballasted track: a) Homogeneous soil; b) Layered with 2 m soft soil.  
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case. 
Fig. 22 show the critical speed as a function of the thickness of the 

upper soil layer and the PI for the two new scenarios. It is seen that the 
critical speed is almost independent of the thickness of the soil in non- 
linear models. However, once more, for the linear elastic case an in
crease in the critical speed is observed as the thickness of the upper soil 
layer decreases. 

Fig. 22a further shows that for the softest soil (Cs ¼ 60 m/s) the 
thickness of the upper soil layer has a residual influence, which is 
negligible for the cases of Cs ¼ 80 and 100 m/s. In fact, it can be 
seen that for thicknesses of 2 m, the critical speed increases slightly 
compared to the cases of thicknesses 4 m, 8 m and the homoge
neous soil in a nonlinear model. This slight increase in critical 
speed occurs for all PIs except for the lowest (PI 15), for which the 
critical speed remains unchanged. 

To further confirm this finding, one final example is analysed 
(Fig. 23a), in which the embankment is supported by a thin layer of soft 
soil (Cs = 80 m/s). Fig. 23b shows the results obtained and they are 
compared with the reference cases with a thickness of 2 m and the ho
mogeneous soil. As can be seen, the critical speed remains unchanged, 

verifying that the geotechnical properties of the soft soil on which the 
track lies are what determines the critical speed. 

6. Conclusion 

The influence of non-linear soil properties on the track-ground crit
ical speed of high-speed railways has been studied using 3D FEM 
simulation and analytical dispersion curve analysis. 

For slab tracks it has been shown that the effect of non-linear soil 
behaviour has a moderate influence on the critical speed. For high 
Plasticity Indexes (PI > 50), the differences with the linear elastic case 
are below 4% while for low PIs (PI < 30) they are approximately 7%. 
Thus, a higher PI causes a smaller reduction in the critical speed with 
respect to the linear elastic case, because the degradation of its stiffness 
is limited. Further, for the cases studied (axle load <= 180kN), the effect 
of the magnitude of the load on slab tracks is negligible, causing no 
notable differences in the critical speed values. 

Regarding the influence of the thickness of a soft uppermost soil 
layer, it has been shown that the effect on slab tracks is important. The 
greater the thickness of this soft soil, the lower the critical speed, 

Fig. 22. Critical speed as function of PI and soft soil thickness for: a) Soft soil with Cs of 60 m/s; b) Soft soil with Cs of 100 m/s.  

Fig. 23. Test scenario with a thin layer of soft soil: a) 3D scheme; b) Critical speed comparison.  
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because the deeper stiff soil has a high influence. Regarding the influ
ence of PI, it plays a more important role for thinner layers of soft soil, 
compared to thicker sections. 

For ballast tracks, the critical speed is greatly affected by soil non- 
linearity, particularly for lower PI’s. In fact, the critical speed for soils 
with low PI’s (IP < 30) is reduced by up to 30% with respect to the linear 
elastic model, while for high PI’s (IP > 50) the maximum difference is 
15%. Regarding the influence of the magnitude of the load, it’s effect 
also depends on the PI. For high PI values, the influence of the load 
magnitude is limited, while for low PIs (15–30) the influence of the load 
magnitude is higher, reaching differences of up to 12%. 

Finally, it has been found that the thickness of upper soft soil layers 
on ballast tracks has a limited influence on the critical speed, meaning 
the critical speed is similar for a homogeneous soft soil and a stratum 
with a thin shallow soft soil layer overlying the same homogenous 
halfspace. It must be highlighted that such conclusion is related to the 
scenarios here considered. For these cases, the critical speed is strongly 
dictated by the characteristics of the soft ground on which the 
embankment lies. 
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Appendix A 

Dispersion relation of the ground. 
For a ground in free vibration conditions, its dispersive behaviour can be computed by determining the real roots of the dispersion equation. 

Following the transfer matrix formulation proposed by Sheng et al. [50], the dispersion equation, which establishes a relation between displacements 
(u0) and pressures (p0), is given by: 

(
[R][S]− 1

[T21] − [T11]
)
{

ũ0

}

=
(
[T12] − [R][S]− 1

[T21]
)
{

p̃0

}

(A1) 

In order to obtain non-zero values in the previous equation, the following equation needs to be enforced: 

det([K(0, k3,ω]) = 0 (A2) 

where [K] corresponds to the dynamic stiffness matrix: 

[K(0, k3,ω)] =

⎡

⎣
k11(0, k3,ω) 0 0

0 k22(0, k3,ω) k23(0, k3,ω)
0 k32(0, k3,ω) k33(0, k3,ω)

⎤

⎦ (A3) 

Thus, for a specific frequencyω, the dispersion curve is obtained by solving the following equation: 

k22k33 − k32k23 = 0 (A4) 

Fig. 24. Analytical description, and corresponding stiffness matrix, of rail tracks adopted in the paper: a) slab track; b) ballast track.  
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Dispersion relation of the track. 
A similar procedure is needed to compute the dispersion curve for a free track in free field condition, where the governing equation is given by: 

[K]{u} = 0 (A5) 

representing [K] the track’s stiffness matrix and {u} the vertical displacements. 
Assuming a Bernoulli-Euler formulation, both the tracks are modelled as a superposition of Winkler beams as shown in Fig. 24. Superimposed on 

the Fig. 24 can be found the stiffness matrix for each case. 
For a non-zero solution, the determinant of the matrix must respect the following relation: 

det([K]) = 0 (A6) 

Thus, the bending dispersion curve for the track is derived by solving equation (A6). 
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