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A significant hurdle in the adoption of resolvent analysis is the singular value decomposition
(SVD) of the large linear operators involved. A matrix sketching algorithm is used to extract
the primary forcing and response modes, with their associated gain. The formulation of an
iterative algorithm is shown to be able to calculate the SVD of the resolvent operator accurately.
The sources of error due to the selection of a test vector are discussed and it is shown that an
accurate calculation of the forcing and response modes can be obtained by utilizing a test
vector corresponding to a single point. The strength of this algorithm is shown by calculating
the resolvent modes for a flow over a NACA 0012 airfoil at a Reynolds number of 23,000.
This method is shown to converge for an arbitrary selection of test vector, obtaining results in
agreement with past studies of this flow.

I. Introduction

Modal analysis has become a widespread tool in fluid mechanics [1, 2, 3, 4, 5, 6, 7]. Among these modal
decomposition techniques, resolvent analysis reveals the input-output relationship with respect to a mean flow of interest
[8, 9, 10]. Resolvent analysis is based on the concept of a particular solution under forcing, as opposed to global stability
analysis which focuses on the homogeneous solution [11]. For this reason, resolvent analysis provides insights on how
the flow responds to harmonic input to the system as well as the transient dynamics [12, 13]. As flows are exposed to
perturbations and forcing at all times, resolvent analysis becomes a very attractive tool for characterizing, modeling, and
controlling high-dimensional flows. Noteworthy here is that resolvent analysis can be performed about time-averaged
turbulent base flows if the fluctuations about the base states are statistically stationary McKeon and Sharma [10], Farrell
and Ioannou [14]. For these reasons, resolvent analysis stands out as essentially the only operator-based modal analysis
technique that can handle practical engineering flows at high Reynolds numbers.

As a resolvent operator is spatially discretized, it can be represented by a matrix whose dimension is proportional to
the number of spatial discretization points (grid size) and the number of state variables. The size of this matrix becomes
very large for high-Reynolds number turbulent flows and especially for those without homogeneous directions (e.g.,
spatial periodicity). In such a case, computational challenges are encountered as the singular value decomposition of
large-scale matrices demands significant computational resources and memory allocations.

Although the task of performing the resolvent analysis may seem daunting for large-scale flow problems, it should
be noted that most fluid flow studies require only the dominant features of the flow to be revealed. That means that the
amount of insights to be revealed is relatively small compared to the amount of data held by the large resolvent matrix.
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This allows for the use of low-rank approximation of the large matrices to be considered to reduce the computational
efforts necessitated by the singular value decomposition.

In particular we consider a technique referred to as sketching to extract the dominant characteristics of the original
large-scale matrix. Sketching involves passing a test matrix comprised of a few linearly independent column vectors
through the operator to be analyzed. The product of the original matrix and the test matrix holds important information
about the action of the original matrix on the test matrix. In other words, the product should capture the dominant
vectors in the range of the original matrix. The use of a random test matrix for determining appropriate rank reduction
has resulted in the establishment of the randomized numerical linear algebra, which has become an active area of
research in recent years.

In the present work, we place our focus on the choice of test matrix or test vector for the resolvent analysis and how it
can be chosen based on the base flow. Furthermore, we demonstrate that in certain cases the singular value decomposition
may be eliminated from the randomized resolvent algorithm, which significantly reduces the computational burden.

We first examine the randomized resolvent algorithm and its effect on single test vectors. Through this analysis we
are able to derive error expressions for the forcing and response modes and the gain. We then perform resolvent analysis
using this algorithm for flow over a NACA 0012 airfoil using test random vectors, and vectors corresponding to a single
point in the flow. We discuss how the error is affected by the choice of test vector as well as how the behavior described
by the error expression derived earlier manifests in modes obtained through this method.

I1. Methodology

A. General Resolvent Analysis
For an unsteady fluid flow, we can decompose the state vector ¢ into a time-invariant base flow ¢ and the time-variant
fluctuations ¢’ as
g=q+q". (D
The time-variant and time-invariant state vectors are related by the following equation
oq’
—— =Lgq'+f, 2
o1 q9 f 2)
where L is the linearized Navier—Stokes operator and f represents the collection of nonlinear terms, which can be
interpreted as an internal forcing [10]. We can analyze the frequency response of the flow through analyzing the Fourier
transform of equation (2)
_inw =Lq6w+fw‘ (3)
The frequency w can be chosen to be real for stable Lg or complex as w = w, + i for unstable Ly, where w, and 3 are
both real and g discounts the modal growth rate of Lg [15, 16]. By rearranging (3) we can obtain an operator that maps
a forcing input to a response of the state vector ¢ in the form of

do,=Af o (4)

where
A = [-iol - Ls]™', S

is the resolvent operator. We can write A as its singular value decomposition (SVD)
A =UZV". (6)

Written in this form, V represents the primary directions in which forcings are most effective, referred to as forcing
modes, U represents the response s these forcings will induce, referred to as response modes, and X represents the
associated gains mapping between the forcing modes and the associated responses.

B. Randomized Resolvent Analysis

The size of the resolvent operator is proportional to the number of grid points used to discretize the flow field. For
higher-Reynolds number flows, the grid needs to be well-refined making the resolvent operator large in its size, and
hence makes it difficult to perform an SVD.



Algorithm 1: Randomized Resolvent Analysis [17]

Require: Discrete resolvent operator A € C"™*™
Function randomized_resolvent (k):

1 Q « randn(m,k) // generate random forcing vectors Q
2 Y — AQ // sketching: obtain response vectors Y by passing Q to A
3 (Q,~) « qr(Y,0) // obtain orthonormal response bases Q fromY
4 B — QA // obtain forcing bases B by passing Q to A*
5 (~,~,V) « svd(B) // obtain forcing modes via reduced SVD of B
6 U* — AV // obtain gain-scaled response modes UE by passing V to A
for j «— 1tok do
7 X norm(U’f‘zm’j, 2) // recover gain
8 Uim,j « Uﬁm’j/Ej,j // obtain unit-norm response modes U
end

return (U, X,V)

The randomized resolvent analysis can be used to reduce the computational cost and memory requirement associated
with performing the SVD while producing accurate resolvent modes and gains [17]. The reduction in computational
costs is accomplished by performing the SVD on a low-rank approximation B of the full resolvent operator A instead of
on A itself. The first step towards obtaining the low-rank approximation is called sketching. In this most crucial part of
the randomized resolvent analysis, a sketch matrix Y is generated by passing a tall and skinny test matrix Q € R"*k
(m > k) through the resolvent operator as

Y =AQ. @)

Oftentimes, this test matrix € is chosen to be a random matrix, Q = rand(m, k). The focus of the present study is to
take a detailed look at this sketching process with respect to the accuracies of the recovered resolvent modes and gains
and complement the randomized algorithm with physical insights.

The sketched matrix Y should contain the dominant effect of the operator A. We perform the QR decomposition of
Y to obtain a low-rank basis aligned with the primary actions (directions) of the resolvent operator A

Y = OR. ®)
We then project the resolvent operator A onto this low-rank basis, to obtain a low-rank approximation of the resolvent
B=Q"A e Ckm 9)

We can then perform the SVD of this projected matrix B
B=UzvV". (10)

While U is the left singular vectors, we can obtain more accurate response modes of A by right multiplying the resolvent
operator by the forcing modes V yielding
Av =ou, (11)

Since the left singular vectors are unitary (|u| = 1), we obtain

o =[Av|, (12)
u=oc"Av. (13)

This process is outlined in algorithm 1 and discussed in detail by Ribeiro et al. [17].

First the test matrix € is passed through the resolvent in line 2 to form the sketch matrix ¥, whose columns represent
responses to the k forcing vectors Q. In this step, the forcings excite response modes associated with the largest gains.
However, these excited response modes appear in every column of the sketch matrix, or equivalently the response
vectors Y. To extract the response modes, the response vectors Y are orthonormalized via a QR decomposition in line
3 to provide a set of orthogonal bases Q for the response modes. The resolvent operator A is then projected onto



those bases @ in line 4 to produce a low-rank projected operator B, which holds the principal characteristics of A.
The forcing modes V are then extracted in line 5 through the SVD of forcing bases B. These forcing modes are left
multiplied by A to yield ou in line 6 (viz. equation 11) and subsequently separated into o~ and u by using the unitary
nature of the singular vectors in lines 7 and 8 (viz. equation 13). This randomized resolvent analysis algorithm has
been demonstrated to perform well even with k < m to determine the forcing modes, response modes, and gain while
retaining its numerical accuracy.

C. Iterative Sketching Algorithm

Let us take a detailed look at sketching within the randomized resolvent analysis, algorithm 1. In line 1, we form a
random test matrix Q € R”>¥_ which can be considered as being comprised of k random forcing vectors in the length
of the state variable m. We take this perspective to derive an iterative formulation, in which we utilize the forcing modes
obtained by the algorithm as test matrix for the next iteration. In what follows, we seek an algorithm that finds the
primary forcing and response modes along with the largest singular value through an iterative formulation.

Sketching plays the most important role in the algorithm of the randomized resolvent analysis. The test matrix €
initiates the sketching process with the attempt of exciting modes with the largest gains. If this attempt is successful, the
rest of the algorithm shall produce the optimal gains and the associated forcing and response modes, yielding an accurate
SVD. As a matter of fact, the test matrix € is the tunable input we have control over in the randomized resolvent analysis.
The choice of  is crucial in producing accurate resolvent modes and gains, and we can rely on physical insights of the
problem to improve the design of €.

A random matrix is intuitively the first choice for the test matrix €, if one has little knowledge about the physics
of the operator [18]. Since a random € can be interpreted as white forcing, it excites all response modes and allows
those with highest gains to be amplified when being passed through the resolvent operator. However, better choices for
Q can be made with the physical knowledge of the problem. Ribeiro et al. [17] considered a physics-informed test
matrix based on the velocity gradient of the base flow and showed that the use of such test matrices can further enhance
the accuracy of the randomized analysis with fewer number of vectors. Their demonstration showed great potential of
leveraging flow physics in the design of test matrices.

We develop algorithm 2 by replacing the test matrix of algorithm 1 with a test vector, that is, a test matrix where
k = 1. In this case, the sketch vector y contains the response bases for the forcing vector . Since we only have a single
vector to represent the response, there is no need for orthogonalization and we normalize the response y to obtain an
approximation to the primary response mode. Similar to algorithm 1, we can determine the primary forcing basis by
projecting the resolvent operator onto the response mode based on

A*u,- = 0;V;. (14)

Due to the usage of a test vector, performing the SVD is not necessary and reduces to a simple normalization in algorithm
2. From here, we can once again utilize equation 11 to extract the response mode with greater accuracy. Since the
response and forcing modes may not be accurate with a single evaluation, we then resort to an iterative procedure for
lines 1 to 4. For the iterative process, the forcing mode from the previous iteration is used as the test vector for the
following iteration, establishing algorithm 2.

Algorithm 2 considers a user-selected test vector as the test matrix Q. If we define the inner product a; = (v;, Q),
we can show that

m
exact
y =20'iaiu,- (15)
i=1
where u{**“' is the exact ith response mode. From this, we can determine an expression for b*
1 m
b= > oa e, (16)
vl £

The forcing mode can be found by simply normalizing v;
vi=b"/|Ib"]|. a7

We recover the response mode and its gain by multiplying v by the resolvent operator to obtain

1 S 3 exact
o = —— oTau’; (18)
1] Zl Pt



Algorithm 2: Resolvent Analysis with a test vector  (iterative)

Require: Discrete linear operator Lg € C™™, test vector Q € crmxl
Function test_vector_resolvent(w):
fori =11t N do

1 y — [—iwl - Lq] \Q // solve linear system for y
2 q < y/lylk // normalize y
3 b« q*/[—iwl - Lq] // solve linear system for b
4 Q—b"/lql> // normalize b and transpose
end
5 v Q // setVio Q
6 u* — [—ia)l - Lq] \v // solve linear system to recover u®
7 o — |lu*|] // recover gain
8 u<— UE/O' // recover response mode

return (u,0,v)

The main feature of this test vector based algorithm is that we make only a single attempt to initially excite the
optimal responses. This prompts the question of how this test vector should be chosen. As previously discussed, Ribeiro
et al. [17] suggested that the mean-flow physics should inform the choice. In this study, we will take this idea to its
extreme by considering the case where the test vector  is comprised of forcing at a single spatial point. We will later
examine the effectiveness of this test vector with respect to the location of forcing. With the single-point test vector, we
will use the iterative approach in algorithm 2 where the right singular vector obtained by the algorithm is then reused as
the test vector for N iterations of this procedure.

We can apply equations 15-18 to the iterative form of the algorithm and substitute the values of ||y|| and ||b|| to
obtain

m 2N ko
=19 Vi

y = ==l it (19)

b
\[Z?i] 0'1-4N |ai[?

m 2N +1 %
Lo T

ou = i i i , (20)
Z?i] O'?Nlafi|2
m 4N +2 2

o2 = i=19; | @1
Z?il 0'l~4N|a’i|2

These expressions show the dependence of the output of the algorithm on all the singular values, and also on the initial
test vector via «;. Picking the test vector to perfectly align with the leading forcing mode would give a; = ¢;; and these
expressions would then give the singular triplet (o, #1,v) with no error. To examine the effect of a non-perfect choice
we will make the assumption that the resolvent operator is low-rank. This will mean that oy > 0» > ... > on. This
assumption allows us to Taylor expand the above expressions to give an estimate of the error in the obtained modes.

m 0_1_4N|a,l_|2

2
b=l ~ > (22)
i=2 crf‘N|a1|2’
m_AN+2| 12
g ~ Gl (23)
= ol
>m o ;)
o ~ : i=2 7 ! (24)

20’?‘N_I|a1|2

While it is impractical to perform even a rough approximation of the error prior to performing the SVD, these expressions
still provide valuable insight on the sources of error. From this we can see that at leading order the relative error for the



singular values |- — o |/oy is O(o3™ /o), for the forcing ||y — v is O(o3" /o}™) and for the response |lu — u, ||
is 0(0_22N+1/0_12N+1)'

This algorithm will produce much more accurate results for systems where o1 > 0%, 03,04, .... This agrees
with the observations in [17]. For cases where o /0 is sufficiently large, this algorithm will produce accurate results
regardless of the test vector used, including random test vectors. While the magnitude of the singular values are purely
system dependent, the test vector can be selected to minimize error. An ideal test vector is aligned perfectly with with the
first order forcing mode. Realistically this is very difficult since the structure of the forcing modes cannot generally be
known in advance. Instead we rephrase the problem as attempting to find a vector which is nearly orthogonal to all other
modes except for the first, and due to the assumption that the resolvent operator is low rank, we are primarily interested
in ensuring orthogonality to specifically the second order mode. By localizing the forcing in a region where the second
order mode is weak we can minimize this source of error. As a result, we can obtain a more accurate approximation for
flows where the first two modes are spatially separated.

Forcing a single point of the flow means that a; will be smaller than what could be obtained by using a global
forcing, however if the point is chosen using some physical insight as to where the first order forcing mode should
appear then a; should be significantly larger than @,. Through careful selection of the test vector, accurate results can
be obtained using a single point test vector.

III1. Results

A. Problem setup

We consider the application of the present formulation to uncover the response characteristics of turbulent separated
flow over a NACAO012 airfoil [19]. For the resolvent analysis, we consider the flow response with respect to the time-
averaged turbulent base flow, which is obtained by a high-fidelity large-eddy simulation. The computation is performed
for the flow over an airfoil at an angle of attack of @ = 9°, a chord-based Reynolds number of Re = Usc/v = 23,000,
and a free-stream Mach number of M., = 0.3. The flow is taken to be spanwise-periodic with an extent of 0.2c.

A finite-volume compressible flow solver CharLES [20, 21] is used to perform the large-eddy simulation of the
turbulent flow over the wing. This solver is second and third-order accurate in space and time, respectively, with the
Vreman’s model [22] implemented for the subgrid-scale model. The spatial domain is chosen to be x/c € [-19, 26],
y/c € [-20,20] and z/c € [-0.1,0.1] in the streamwise, transverse, and spanwise directions, respectively, with the
leading edge positioned at the origin. This computational domain is discretized with a C grid. We specify the freestream
velocity and temperature at the far field and prescribe a no-slip adiabatic boundary condition on the wing surface. A
sponge layer is applied over the outlet to enable outgoing disturbances to exit the domain without reflecting back towards
the near wake of the wing.

The base flow visualized in figure 1 is obtained by taking the time and spanwise average of the turbulent flow. As
the whole computational domain is not required for the resolvent analysis, we extract the base flow over x/c € [-15, 16]
and y/c € [-12, 12]. The discretization of the resolvent operator over this sub-domain results in a resolvent operator
of size 0.75 million by 0.75 million, which will be used in the subsequent analysis. The computational setup and the
simulated base flow have been verified and validated extensively, as reported in our past studies [17, 19].

B. Resolvent analysis

We first examine results from the resolvent sketching algorithm for two choices of sparse test vectors, and compare
the results obtained to results obtained using two different random test vectors. The first sparse test vector contains
non-zero values only for the entries corresponding to the point of with the highest ratio a1/, and zeros otherwise. All
non-zero elements in the vector are equal such that ||a|| = 1. The second sparse test vector is similar in construction,
with non-zero elements corresponding to point in the freestream. The points effectively represent the best and worst
case scenarios for the selection of test vector. The random test vectors used are both generated using a random normal
distribution, however one is additionally weighted according to the velocity gradient as described in [17]

Results from resolvent analysis at St = 1, 8 = 0 and St = 6, 8 = 207 are summarized in figures 2 and 3. Both of
these are cases in which the algorithm can potentially struggle as o7 /07 is not very large, ~ 6 and 20 respectively. For
the former case, all response modes converge by ten iterations, with results showing excellent agreement. A poorly
chosen test point results in the forcing mode converging more slowly, not converging by the tenth iteration. However
selecting a test point at the location of the maximum velocity gradient results in the solution converging, and once again
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Fig.1 Flow over a NACA 0012 airfoil at a Reynolds number of 23,000 and and a Mach number of 0.3 visualized
by the Q-criterion isosurfaces (a). Time-averaged flows for the u (b) and v (c) components of velocity.

obtains excellent agreement with the exact solution. Of all the methods, a single test point near the leading edge of the
airfoil performs best after a single iteration, while a single test point in the wake performs the worst, as it is unable to
excite the first order forcing mode at all.

For the St = 6, 8 = 20r case, the results follow a similar pattern. After the first iteration, the random test vector,
gradient weighted random test vector, and the single point near the leading edge are already very difficult to distinguish,
in agreement with the results of Ribeiro et al. [17] The single point forcing near the wake is unable to excite the forcing
mode, however by the tenth iteration also results in an accurate solution. While the random test vector has been shown
to work consistently, a single point test vector can obtain even better performance when chosen correctly as it can more
precisely target purely the first order mode.

Convergence behavior of the iterative algorithm is shown in figures 4 and 5. The convergence rate for all methods
follows the theoretical predictions, depending only on the ratio 0| /o». The convergence rate for some high error test
vectors demonstrates odd behavior for the initial iterations, since the error is so large in these cases that the simplifying
assumption used in the Taylor expansion of the error formula is no longer valid. For the St = 6, 8 = 20x case, the
wake test vector actually converges slower than the St = 1, 8 = 0 case despite a higher o /0. Early on the error for
this case is dominated by the spatial discrepancy between the test vector and the forcing mode resulting in a value of
a1 /as ~ 1070, In order for the solution to converge the test vector in future iterations must overlap with the structure of
the forcing mode, which is more difficult in the 8 = 207 case as the size of the forcing mode is much smaller.

While the convergence rate is indeed similar for all methods, the choice of sketch vector can have a dramatic impact
on the initial error, with a single sketch point placed at the leading edge of the airfoil has an error of order < 10~ while
a randomized vector has an error of 102 for St = 1, 0 /om =~ 6. For cases with ratios o /o» = 1, poorly chosen test
vectors can struggle to converge, however proper selection of the test vector can result in convergence after only 1 or 2
iterations.

We additionally examine the error and convergence behavior of the algorithm for a selection of points on the surface
of the NACA 0012 airfoil located at the leading and trailing edge, as well as the half chord on the pressure and suction
side. The first iteration error depends on the ratio @ /a;. The spatial distribution of this ratio, as well as the test points
examined on the surface are presented in figure 6. The first order forcing mode is primarily located near the leading edge
of the airfoil, extending over the suction side, resulting in the test points in those regions outperforming the pressure side
and trailing edge cases by several orders of magnitude, as presented in figure 7. While the initial error strongly depends
on the selection of test point, all cases converge at the same rate due to the independence of the convergence rate from
a1 /a;. The convergence rate is instead problem specific, determined by the ratio in singular values o /0.

We also examine the structure of the forcing modes obtained after the first iteration in figure 8. The forcing mode
calculated using the point placed at the leading edge is practically indistinguishable from the one obtained through the
full SVD. The forcing mode calculated using the point at the trailing edge captures the primary features of the forcing
mode, but also erroneous structures near the trailing edge. The additional structures are formed due the this point also
exciting the second order mode, which is located primarily in the wake. The forcing modes calculated using this point
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Fig. 2 Forcing and Response modes at St = 1, 8 = 0 for different types of test vectors after 1 and 10 iterations
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Fig.3 Forcing and Response modes at St = 6, 8 = 20 for different types of test vectors after 1 and 10 iterations
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Fig.8 Forcing Modes calculated using a point at the leading edge, a point at the trailing edge, and the full SVD
respectively

are therefore a superposition of the first two modes. The vector containing the leading edge point is nearly orthogonal to
the second order forcing mode while also aligning much more closely with the first mode, dramatically improving the
accuracy of the result.

IV. Conclusion

While resolvent analysis has been shown to be a powerful tool in design of fluid control systems, the computational
burden of performing the SVD on the resolvent operator can be a significant hurdle in its implementation. Sketching
the resolvent operator can significantly reduce the computation time and memory requirements of the SVD. While a
randomized test matrix is suitable for many cases, performance can be improved through careful selection of the a test
vector when higher order modes are not necessary. Using a test vector makes it relatively simple to examine how exactly
the sketching process affects the accuracy of the algorithm. The error analysis of the algorithm suggest that the test
matrix can be sparse without a loss in performance. We show that when properly selected, a single point test vector can
outperform a full test vector.

An important term in the error analysis is the inner product @; = (V;Q). The improvement of the accuracy for test
vectors more closely aligned with the forcing mode leads us to formulate this algorithm as an iterative process, where
the test vector in the next step is the forcing mode calculated in the current step. Utilizing this iterative algorithm we can
obtain results in excellent agreement with traditional SVD methods using arbitrary test vectors, with the number of
iterations necessary for convergence significantly reduced by careful selection of the initial test vector.
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