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analogue for monopole chains of Donaldson’s association of monopoles with rational maps.
The construction is based on the Nahm transform, which relates monopole chains to Higgs
bundles on the cylinder. As an application, we classify charge k monopole chains which are
invariant under actions of Z,,. We present images of these symmetric monopole chains
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1. Introduction

This paper concerns monopole chains. An SU(2) monopole chain is a pair (A, ®) consisting of an SU(2) connection A
and an su(2)-valued section ® over R? x S! satisfying the Bogomolny equation,

FA =xd%o, 1)

and the boundary conditions,

IFA =0, |®|~v+ulnpasp— oco. (2)

Here u,v € R, u> 0 and p is the radial coordinate on RZ. The second boundary condition implies that & is non-vanishing
for large p, so defines a map from a torus to R3\ {0} with well-defined degree k € Z. In fact k is non-negative and is
related to u via u =k/g, with 8 being the circumference of S!. For a more detailed discussion of the boundary conditions
see [7,32]. There is a fairly substantial literature on monopole chains [7-9,12,13,15,16,24-27,32]. Like monopoles on R3,
monopole chains form moduli spaces which are known to be hyperkdhler [13]. Monopole chains can be identified with
difference modules via a Kobayashi-Hitchin correspondence [32].

In the first part of this article we describe results which allow one to study the moduli spaces of monopole chains fairly
directly. The first of these, Theorem 5, is a Kobayashi-Hitchin correspondence between certain moduli spaces M’,ﬁ,iggs of
parabolic Higgs bundles on CP' and moduli spaces /\/l’]flit of solutions of Hitchin’s equations on the cylinder. The latter
correspond to moduli spaces lenon of monopole chains, via the Nahm transform of Cherkis-Kapustin [7]. The second,
Theorem 7, gives a bijection between the moduli spaces M¥ and moduli spaces /\/t’S‘pec of spectral curves equipped with

Higgs
parabolic line bundles.
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i k k k k ; i ’
The composition Mgpec = Moo = My — Mo, can be viewed as the analogue for monopole chains of Donaldson’s

[11] and Jarvis’ [22] maps from moduli spaces of rational maps to moduli spaces of monopoles on R3. Spectral data consist
of algebraic curves and line bundles and, like rational maps, are much easier to write down than explicit solutions of (1).
This is what makes Theorems 5 and 7 useful. Donaldson’s rational maps were used to great effect by Segal and Selby in
their work on Sen’s conjectures [34], and similarly our result could perhaps be used to study the cohomology of moduli
spaces of monopole chains.

In the second part of this article we use these theorems to study monopole chains with a high degree of symmetry. We
consider cyclic groups Z,S'.,” generated by the following maps R? x ST — R? x S:

szsl=cx(R/Z)a(g,x+Z).—>(ez’“/mg,x+%+z). (3)

By classifying invariant spectral data, we show in Corollary 11 that for each k > 0 and 0 <[ < k there exists a monopole

chain of charge k invariant under the action of Zéi') . Assuming that the map Mﬁiggs — M’r‘non is surjective, these are the

only Zg;)—invariant monopole chains in M’fnon. We have also been able to construct these monopole chains numerically,
and images are presented near the end of this article.

Our work on symmetric monopole chains can be viewed as the analogue for monopole chains of constructions of sym-
metric monopoles obtained in the 1990s [18-21]. It is also motivated by several papers that constructed cyclic-symmetric
monopole chains using ad hoc methods [24,25,27]. Our classification includes several new examples of symmetric monopole
chains which were not accessible using the methods of these papers. Our work here parallels recent work of Cork [10], who
classified cyclic-symmetric calorons (instantons on R3 x S1). Additional motivation comes from the paper [15], which con-
structed minimisers of the Skyrme energy on R2 x S!. These energy minimisers turned out to be invariant under groups of
the form Z,(g). A well-known heuristic says that skyrmions resemble monopoles [28], so studying Zf,';)—invariant monopole
chains presents a more systematic way to study minimisers of the Skyrme energy on R? x S,

We now outline the contents of this article. In section 2 we describe in detail the Higgs bundles on CP! that correspond
to monopole chains. They are particular examples of filtered Higgs bundles. Theorem 5, which relates these to Hitchin’s
equations on the cylinder, is a particular case of a Kobayashi-Hitchin correspondence established in [31]. To keep this
article relatively self-contained we given an independent proof of parts of this theorem in an appendix.

In section 3 we prove Theorem 7, which relates filtered (or parabolic) Higgs bundles on CP' to spectral curves equipped
with parabolic line bundles. Although most of this material is fairly standard in the Higgs bundle literature, the inclusion of
parabolic structures may not be.

In section 4 we prove our main result, Theorem 10, which leads to a classification (in Corollary 11) of monopole chains
invariant under actions of Z(27<)' This section also includes a discussion of various groups which act naturally on the moduli
spaces. The proof of Theorem 10 uses standard tools, such as the Abel-Jacobi map, but is technically rather intricate.

In section 5 we write down the Higgs bundles that correspond to these symmetric monopole chains. Although the
existence of these Higgs bundles is guaranteed by Theorems 7 and 10, writing them down explicitly does not appear to be
straightforward. From these explicit Higgs bundles we have been able to construct the associated monopole chains through
numerical implementations of the Kobayashi-Hitchin correspondence and Nahm transform. Pictures of these monopole
chains are presented at the end of section 5.

2. Parabolic structures and Higgs bundles

In this section we describe parabolic Higgs bundles associated with monopole chains. We begin by defining and de-
scribing basic properties of parabolic bundles. Although this material is standard, our presentation is not, and readers
are encouraged to review this even if they are familiar with parabolic bundles. We then describe in some detail the
parabolic Higgs bundles relevant to monopole chains, and finally prove a Kobayashi-Hitchin correspondence relating these
to monopole chains.

2.1. Parabolic vector bundles

Definition 1. Let E — M be a rank k holomorphic vector bundle over a Riemann surface M and let P € M. A parabolic
structure at P is a filtration of the fibre at P,

0=EX cE¥'c...cE} CES =Ep, (4)
together with real numbers al;,"q, e ozg (called weights) satisfying
ag+l>a$§”_]>a’,§”_2>...>a2. (5)

A parabolic structure is called full if kp =k, and in this case the quotient spaces E%/E';r] are all one-dimensional. A framed
parabolic vector bundle consists of a holomorphic vector bundle E — M together with parabolic structures at a finite set P
of points.
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A local holomorphic frame eo, ..., e,_1 near a parabolic point P is said to be compatible if, for each 0 <i < kp, there
exist integers m}, such that E}, =spanfe;(P) : m}, < j <k}. In the particular case of a full parabolic structure, this means
that E’}, = span{e;(P), ej+1(P), ..., ex—1(P)}. A holomorphic trivialisation is called compatible if it is induced by a compatible
frame.

The sheaf of holomorphic sections of a framed parabolic vector bundle E will be denoted £, and for any parabolic point
P the sheaf of holomorphic sections o such that o (P) € E}, will be denoted &P,

Definition 2. Let E be a framed parabolic vector bundle. A hermitian metric h on E \ P is said to be compatible with the
holomorphic structure if near each parabolic point P there exﬁsts a holomorphic coordinate z on a neighbourhood U of P
with z(P) =0 such that for all 0 <i <k and all oz;,_l <a< a},,

{se&lu : his,5)=0(z*")} =P |y. (6)

Parabolic structures are a way to encode monodromy of a connection. To see this, consider the singular hermitian metric
on the trivial rank k vector bundle over C defined by the matrix

. 0 1 k—1

h = diag(|z|*®, |z]*%, ..., |z]*% ).

This is compatible with the parabolic structure at zero in which Eg consists of vectors whose first i entries vanish. The
Chern connection of this metric is

dz
A=h"19h= ~ diag(ad, o, ... af™").

. . 0 k-1 . . . .
The gauge transformation g = diag(|z|~%o,...,|z|"% ) brings us to a unitary gauge, in which

Ars g ldg + g ' Ag =idd diag(ed, of, ..., af ™),
with 6 = argz. In this form the connection clearly has holonomy around z = 0 described by a(").

Given a framed parabolic bundle E with parabolic structure at P, we define sheaves £ for all n € Z as follows. Let
U CM be an open set. If P ¢ U set £"’|y =&y. If P € U, let zp be a local coordinate that vanishes at P, and let q,r be
integers with 0 <r < kp such that n = gkp +r. Let £*”|y be the set of meromorphic sections o of E over U such that z,,_qo
is holomorphic near P and (z,,_qa)(P) € E',. Then there is a filtration

gkt DP - gheP o ghkp =P - cgP cgce P, (7)
We also define associated weights af} = o}, 4+ q. Then

.‘.>ot£§”+1>05’,§P>otlf,‘°_1>...>a1]7>otg>ot;1>.... (8)
If h is any compatible metric and U c M is an open set containing P then £"P|y is the set of holomorphic sections s of
E|y\(py such that h(s, s) = O (|zp|>*P).
Each of the sheaves £"7 is locally free! and of the same rank as £. The holomorphic vector bundle F defined by the
locally free sheaf £"F, such that F = E"P, is called the twist of E by nP. This bundle carries a natural parabolic structure at
P such that

FP = gttmP -y e 7, (9)

The associated weights are

Br =ap™m. (10)

Since by definition F|m\(py = £|m\(p)» the bundles F|yn(p) and E|m\(py are canonically isomorphic. In the case of line
bundles L twisting is equivalent to tensoring with the line bundle associated with the divisor —nP and adding n to the
parabolic weights oc}); we use the notation £ = £[—nP] in this case.

Similarly, for any divisor ) ,.pnpP supported in the set 7 of parabolic points, one can define a twist EXpmPP of £
Twisting defines an action of the free abelian group Z” generated by the parabolic points on the moduli space of framed
parabolic vector bundles, and the associated equivalence classes are called unframed parabolic vector bundles. An unframed

1 For example, if E — C has a full parabolic structure at z=0 and ey, ..., ex_; is a compatible frame near z=0, then e, ..., €1, %eo is a frame for
evr,
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parabolic vector bundle has a unique representative such that the parabolic weights all lie in the interval [0, 1), so unframed
parabolic vector bundles can equivalently be defined as framed parabolic vector bundles satisfying this constraint. Most
literature refers to what we have called unframed parabolic vector bundles as “filtered sheaves” [31,32] or simply “parabolic
vector bundles”; we have introduced the distinction between framed and unframed bundles for later convenience.

If h is a hermitian metric on E[pn\(py and F is a twist of E then h induces a metric on F|py\(p), because F|y\(p) =
E|m\(p) canonically. The weights (10) have been defined in such a way that h is compatible with the parabolic structure on
F if and only if it is compatible with the parabolic structure on E.

An important invariant of framed parabolic vector bundles is the parabolic degree, defined by

kp—]

pardeg(E) = deg(E) + Y > ap dim(E;i/Eit1). (11)
PeP i=0

This is invariant under twist, so descends to an invariant of unframed parabolic vector bundles.
2.2. Parabolic Higgs bundles and Hitchin’s equations

To construct monopole chains we will need a parabolic vector bundle E and a meromorphic section ¢ of End(E). The
section ¢ will have prescribed behaviour at the parabolic points, and the next proposition summarises this behaviour.

Proposition 3. Let E be a framed parabolic vector bundle of rank k with full parabolic structure at a parabolic point P. Let ¢ be a
meromorphic section of End(E) which is holomorphic away from the parabolic points. Then the following are equivalent:

(i) ¢ induces isomorphisms of stalks ("7 p — (E@~VP)p foralin € Z. '
(ii) ¢ has a simple pole at P. The residue Resp¢ of ¢ at P is a surjective map E?, — E’,‘,‘l, and ¢ induces isomorphisms Ej, —

EST/EN foro <i <k

(iii) Let z be any local holomorphic coordinate that vanishes at P. There is a compatible local holomorphic frame ey, ..., ex_1 for E
such that the matrix of ¢ with respect to this frame takes the form
—fi-1(2)
¢ = : Idy—1 (12)
-f1(2)
c/z—fo» |0 -+ 0

for some holomorphic functions f;(z) and non-zero c € C.

Proof. First we show (i) implies (ii). Choose a holomorphic coordinate z that vanishes at P. Since z¢(Ep) € (E*=DP)p C
Ep, z¢ maps local holomorphic sections to local holomorphic sections, and so ¢ has a simple pole. The filtration of the
fibre of E at P is recovered from the stalks of the sheaves £"7 by setting E, = (5”’)1)/(5"”),: for 0 <i <k. Since ¢

induces isomorphisms (£"7)p — (£™~VP)p it also induces isomorphisms EL, = (17)p/(EP)p — (ETDP)p /(EkDP)p =
EL1/EX1. Finally, z¢ induces a map E9 = (£%P)p/(EXP)p — (EK=DP)p /(ECKDP)p s (XD, /(gkPYp = EK=T which is
a composition of surjections, hence the residue of ¢ is a surjective map E?, — E’,‘,‘l.

Next we show (ii) implies (iii). Let ex_1 be a local non-vanishing holomorphic section of E such that e;_1(P) € E’I‘,_l. Let
ex_1_i = ¢lex_1 for 0 <i <k. Since ¢(E}) C Ei’!, e; are all holomorphic in a neighbourhood of P and e;(P) € E%,. Since
the maps ¢ : E"P — E"P_]/Ell‘,_l are isomorphisms, e;(P), ..., ex_1(P) form a basis for Eip and moreover ey, ...,ex_1 form a
local frame for E. Since Resp¢ : E?, — E’I§_1 is surjective and Resp¢(e;) =0 for 0 < i <k, it must be that Resp(eg) = cex_q
for some c # 0. It follows that the matrix of ¢ has the stated form with respect to this frame.

Finally we show (iii) implies (i). It is clear from the matrix form of ¢ that ¢ ((£"")p) € (£™~DP)p. To show that the map
¢ (E™)p — (E™DP); is an isomorphism we just need to exhibit an inverse. The inverse of the matrix given for ¢ is

0 - 0] z(c—zfo2)!
zfi—1(2)(c — zfo(2)) !

(13)
Idk—]

zf1(2)(c — zfo(2))"

It is clear that ¢~ (£~ DP)p) C (£"P)p, and that this map of stalks is the inverse of the map of stalks induced by ¢. O
Note that condition (i) (and hence conditions (ii) and (iii)) is invariant under twist: if ¢F is a section of End(E) satisfying

(i) near a parabolic point, and F is a twist of E, then the induced section ¢ of End(F) also satisfies condition (i).

Now we are ready to state the main definition of this section.

4
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Definition 4. Let E — CP' be a rank k framed parabolic vector bundle with two parabolic points such that pardeg(E) = 0.
Suppose that the parabolic structure at each parabolic point P is full and that the weights satisfy

g =) for 0<i<k 14

ap—ap =, for 0<i<k. (14)

Let ¢ be a meromorphic section of End(E) which is holomorphic away from the parabolic points and which satisfies any of

the three equivalent conditions of Proposition 3 at each parabolic point. Then the equivalence class of a pair (E, ¢) under

bundle isomorphisms is called a framed cylinder Higgs bundle. An equivalence class of framed cylinder Higgs bundles under
twist is called an unframed cylinder Higgs bundle.

The usual approach to Higgs bundles involves a section of End(E) ® K, rather than End(E). One can easily obtain such a
section from our definition by tensoring ® with a section of K1 with simple poles at the parabolic points. The resulting
section @ will have poles of order 2 at the parabolic points, and the pair (E, ®) is an example of a wild Higgs bundle. In
the terminology of [31], it is an example of a good filtered Higgs bundle (but not an unramifiedly good filtered Higgs bundle).
From a different perspective, (E, ¢) could be thought of as a twisted Higgs bundle (see e.g. [4,29]) with parabolic structures
(see e.g. [23]).

Before proceeding to describe the relationship between cylinder Higgs bundles and monopole chains, let us fix some
conventions. By choice of coordinate w we identify CP' with C U {oo}, and without loss of generality we assume that
the two parabolic points are w =0 and w = oco. The boundary condition (iii) implies that det¢ has simple poles at each
parabolic point, so that

(—l)kdetqb:ao—%—coow (15)

for constants cg, dg, Coo. We may assume without loss of generality that w is chosen such that co =c =: c.

Let us fix B > 0. We obtain from a cylinder Higgs bundle (E,¢) a Higgs bundle (in the usual sense) (E|c+, ®) over
C*=CP! \ {0, co} by setting & = ¢2C/13—WW' A hermitian metric h on E which is compatible with the parabolic structure is
called hermitian-Einstein if

Fh.=Fh 4 [®, d*"] = 0. (16)

Here F" denotes the curvature of the Chern connection A" of h and ®*" denotes the hermitian conjugate with respect to
h. The commutator of 1-forms is understood in a graded sense: [®, ®*']:= ® A *" + ®* A ®. It is sometimes convenient
to introduce operators D” = 3 + ® and Dy = o + ®*; then the quantity F" defined in (16) is equal to D"D} 4 Dy, D", and
can be understood as the curvature of the connection D” + Dj,.

Given existence of a hermitian-Einstein metric, the hermitian-Einstein equation (16) and the condition that ¢ is holo-
morphic may be rewritten in a unitary gauge with respect to the real coordinates x!, x? defined by w = exp(B(x' + ix?))
as:

F12=%[¢,¢T] v
¢ . 3¢ :
O=m+lﬁ+[A1+lA2’¢]' e

These equations are known as Hitchin’s equations. Cherkis and Kapustin [7] established a bijection between monopole
chains and solutions of Hitchin’s equations on the cylinder subject to the following conditions:

H1. Tr(p(w)%) for . =1,...,k — 1 extend to holomorphic functions on CP;
H2. det(¢(w)) extends to a meromorphic function on CP! with simple poles at 0 and oo;
H3. |F1212 = 0(Jx!|73) as |x!| — oo.

Solutions of Hitchin’s equations satisfying H1, H2, H3 correspond to cylinder Higgs bundles. More precisely,

Theorem 5.

(i) Every unframed cylinder Higgs bundle admits a compatible hermitian-Einstein metric which is unique up to scaling.

(ii) The norm of the curvature of the Chern connection of the metric constructed in (i), measured using the cylindrical metric x'dx! on
R x S, decays faster than any exponential function of |x'| as |x'| — oo. In particular, the corresponding solution of Hitchin's
equations satisfies H1, H2 and H3.

(iii) Conversely, given any solution of Hitchin’s equations on the cylinder satisfying H1, H2, H3, the underlying bundle E and section ¢
can be extended to a cylinder Higgs bundle on CP'.
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Part (i) of this theorem follows from the fact that every good filtered Higgs bundle admits a wild harmonic metric. This
is proved in [32] in a rather general setting. The corresponding statement for unramifiedly good filtered Higgs bundles over
Riemann surfaces was proved earlier in [3], and the statement for good filtered Higgs bundles over Riemann surfaces is
easily deduced from this by taking a ramified covering. For completeness, we give a direct proof of part (i) of the theorem
in an appendix.

Part (ii) of this theorem follows from Proposition 7.2.9 of [31]. Again, a direct proof of this part is given in the appendix
to this paper.

Part (iii) of the theorem follows from Theorem 21.3.1 of [31], which states that every good wild harmonic bundle admits
a natural filtration. According to [31], in the case of Riemann surfaces the proof is simpler than that given in [31] and
follows from earlier work of Simpson.

Combined with Cherkis-Kapustin’s results on the Nahm transform, Theorem 5 gives a natural correspondence between
monopole chains and cylinder Higgs bundles.

3. Spectral data

In the previous section we saw that monopole chains correspond to cylinder Higgs bundles, i.e. twisted Higgs bundles
over CP! with prescribed parabolic structures. In this section we describe how cylinder Higgs bundles correspond to
spectral data consisting of curves in CP'! x CP! equipped with parabolic line bundles. Spectral curves are a standard
feature of the theory of Higgs bundles [17], and their relevance to monopole chains was already highlighted in [7]. The
novel contribution of this section is the incorporation of parabolic structures.

Let (E, ¢) be a framed cylinder Higgs bundle. The associated spectral curve S C CP'! x CP! is defined by the equation

det(zldg — ¢ (w)) =0. (19)

More precisely, let wy, 7, :CP! x CP' - CP" be the projections onto the first and second factors, so that 7, (w, ¢) =
w, me(w,¢)=¢ for w,t e C C CP'. Let zg,z; be holomorphic sections of @(1) — CP' such that zg/z; = ¢. Then
ScCP! x CP! is the vanishing set of the section det(né‘zoldE — n;zln‘j‘vqb) of 7{2‘(9(1().

Let us consider the form of the spectral curve in more detail. Near the point w =0 we may choose a trivialisation so

that ¢ takes the form given in equation (12) (with local coordinate z = w). Then

k—1

det(clds — §) = —— + 5+ Y ¢ filw), (20)

i=0

Thus the coefficient of ¢! for i > 0 is a holomorphic function of w near w = 0, while the coefficient of ¢° has a simple
pole. A similar analysis near w = oo shows that the coefficients of ¢! for i > 0 are also holomorphic near w = oo, and the
coefficient of ¢© again has a simple pole. It follows that the coefficients of ¢ are constant functions of w for i > 0, while
the coefficient of ¢° is —c(w 4+ w™1) plus a constant.”? Thus the equation defining the spectral curve takes the form [7]

k—1
C .
—cw—W+§"+§ a;izt =0 (21)
i=0

for constants a; € C. Observant readers may recognise equation (21) as the spectral curve for Toda mechanics.® This reflects
the fact that, regarded as an integrable system, the moduli space of Higgs bundles on a cylinder is the Toda model [30].

The spectral curve S is irreducible and hence an integral scheme. To see this, write the defining equation as a polynomial
in w with coefficients in C[¢]:

k-1
Wz—c1w<§k+ZGiCi)+1. (22)

i=0

This satisfies Eisenstein’s criterion, because there exists a degree one polynomial that divides the coefficient of w but
does not divide the coefficients of w? or wP. Therefore the polynomial is irreducible, and S, which equals the closure in
CP'! x CP! of the associated affine variety, is also irreducible.

In fact, for generic values of the coefficients a; the spectral curve is nonsingular. The map S — CP! given by (w, ¢
is two-to-one, so this curve is hyperelliptic. Its genus is k — 1 [7]. For all values of a; the curve contains the points Pg, P
with coordinates (w, ¢) = (0, c0) and (o0, 00).

2 1

recall that the coefficients of w and w~" were fixed to be equal by our choice of coordinate w - see the discussion around equation (15).
3 1 am grateful to S. Ruisenaars for this observation.
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In cases where S is a nonsingular curve it carries a natural line bundle L. This is defined to be the cokernel of the map
wizoldg — iz ¢ iy EQ@ wfO(=1) — my,E. (23)
The fibre of L at a point (w,¢) € SNC* x C is then

Lw=Ew/Im(¢(w) —¢ld: Ey — Ey). (24)

The sheaf of holomorphic sections of L is denoted L. If S is singular there is no line bundle but one still has a torsion free
invertible sheaf L.

The bundle E and endomorphism ¢ can be recovered from the spectral data [17,4]. Let 7 : S — CP' be the k-to-one
map 7 (w, ¢) = w. The push-forward 7, (L) is a locally free and of rank k, so defines a vector bundle over CP'. Now any
holomorphic section of E over an open set U C CP! determines a section of 7*E over w~!(U) C S via pull-back, and
hence determines a section of L over 7 —!(U) via the map E — L. Thus there is a natural map

E — . (L). (25)

This map induces an isomorphism from E to the bundle determined by m.(£) [17,4], so E can be recovered from the
spectral data. The endomorphism of L|s\(p, p,) determined by multiplication with ¢ induces an endomorphism of &£|cx =
74 (Lls\(Pg,P»}) Which agrees with ¢, so ¢ can also be recovered from the spectral data.

Note that the preceding construction differs from that of [17], which takes L to be the kernel (rather than cokernel) of
¢ — ¢lId. The two approaches are however related, as explained in [4].

Having described the relationship between (E, ¢) and (S, L), we now introduce parabolic structures on L and explain
how the parabolic structures on E can be recovered from them. Our construction is similar to one studied in [1]. First we
introduce filtrations on L at the points P = Py, P, by setting

P = £[—iP]. (26)
This induces filtrations on 7, L by setting
(L) P) = 1, (L[-iP]). (27)

The function £ =1/¢ on S has zeros of order 1 at the points P = Py, P, so multiplying sections with ¢ induces surjections
of stalks,

¢ :L[—-iPlp — L[—(i+1)P]p (28)

Therefore we have an isomorphism of stalks,

(L) TP 1 py = (T L)mepy, 1> 0. (29)

On the other hand, we know from the boundary conditions of ¢ that the stalk (£ () p) of £ is equal to the image of
Ep under ¢, Since the endomorphism ¢~ corresponds to multiplying with  we conclude that the filtration 7, (£[—iP])
agrees with the filtration £, Thus the filtration of E can be recovered from its spectral data.

We have seen that £ has natural filtrations at Py and P, corresponding to the filtrations of £. In order to define
parabolic structures at these points we introduce weights

ap =kad ;). P=Po, P (30)
The weights of £ can easily be recovered from the weights of £ using the formulae
0 .
. op +1 .
a;T(P)sz, 0<i<k. (31)

The following proposition shows that this association of parabolic weights on £ and £ is natural:

Proposition 6. Let h be a compatible hermitian metric on L — S and let £ = L. For any open set U C C* and section o €
7. L7 -1y define a function

nih(o,0):U—> R, mwh(o,0)(2)= Z h(o,o)(w, ). (32)
(w,p)emr~1({w})

Then m.h defines a hermitian metric on E near the parabolic points which is compatible with the parabolic structures.

7
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Proof. Close to (but not at) the parabolic points the map 7 : S — CP! is k-to-1, and there is a canonical decomposition

. Liw.z)-

w.0)er~1({w})

12

Ey

Then m.h is equal to the sum of the hermitian metrics on these summands, and is in particular a hermitian metric.

Now we show that this metric is compatible with the parabolic structure of £. Let P = Pg or P be one of the parabolic
points of S. Then ¢ = ¢! is a local coordinate on S that vanishes at P, and z=w or w~! is a local coordinate on a
neighbourhood U of 7 (P) e~(CIE”l that vanishes at 7 (P). In these coordinates the projection 7 can be written ¢ — z(¢),
and we know that |z| = 0(|¢[*) and |¢] = 0(|z]'/*) as ¢ — 0. )

Let 0 € m,.L|y and « € R. Suppose that h(c, 0)(Z) = 0(|Z|%*®) as £ — 0. Then

mh@,0) @)=Y h(o,0)@) =0 =0(z*).
ten=1({z)

Conversely, suppose that m.h(c, 0)(z) = 0(|z|**). Then

h(o,0)(F) < mh(o, 0)(z(©)) = 0(1z1**) = 0(|Z|%?).

Therefore, for a;’(},) <a= O‘jr(PV

mh(o,0)=0(z1*) <= h(o,0) = 0(||*%)
& 0 € LI-iPll-1 @y =E'lu.

So m.h is compatible with the parabolic structure of £. O
We summarise this discussion by stating the precise relationship between cylinder Higgs bundles and their spectral data.

Theorem 7. There is a one-to-one correspondence between the moduli space of framed rank k cylinder Higgs bundles and the moduli
space of spectral data (S, L), where S is a curve in CP! of the form (21) and L — S is a framed parabolic line bundle (or torsion free
invertible sheaf) with parabolic structures at the points Py, P, such that

pardeg(L) =k — 1. (33)
This correspondence respects the actions of Z. x Z given by twisting at the parabolic points, so induces a correspondence between the
moduli spaces of unframed cylinder Higgs bundles and unframed spectral data.

Proof. The only part that has not been proved in the preceding discussion is the statement about the parabolic degree of
L. By the Grothendieck-Riemann-Roch theorem,

1
R (34)

Now cq(L) = deg(L), c1(E) = deg(E), c1(CP') =2 and ¢;(S) =2 —2g(S) =4 — 2k, so

deg(L) = deg(E) + 2k — 2. (35)

From the definition of parabolic degree and equation (30),
pardeg(L) = deg(L) + ap, + o (36)

k=1 /.0 o ; 0 ;
ap +i  op +i+1-k
deg(E) = deg(E 8 x 37
pardeg(E) eg()+i26‘< — + . (37)
=deg(E)—i—o:,(§0 +Olgoc +k—1). (38)
Since pardeg(E) =0,

pardeg(L) = pardeg(E) —(k—1)+2—-2k=k—1. O (39)

We have defined parabolic structures on L — S using cylinder Higgs bundles. The spectral curve S and line bundle L
can equivalently be defined directly in terms of the monopole chain [7]. Mochizuki [32] has identified parabolic structures
associated with monopole chains, and these should induce parabolic structures on L. It would be interesting to know
whether the two parabolic structures on L associated with Higgs bundles and monopole chains agree.

8
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4. Spectral data with cyclic symmetry
4.1. Group actions on the moduli space

In this section we will study fixed points of groups which act naturally on the moduli space of cylinder Higgs bundles.
We begin by describing the action of these groups, and their interpretation for monopole chains.
First, there is a group U(1)g which acts by multiplication on ¢:

el . (E,¢) = (E,e?¢). (40)

This action multiplies the determinant of ¢ by a phase and in particular maps the parameter ¢ to e?c (see equation (15)).
Cherkis and Kapustin [7] regard this parameter ¢ (which is e~ in their notation) as fixed, and they study moduli spaces
of solutions of Hitchin’s equations with a fixed value of c. So from their perspective, only the subgroup Z; of U(1)g acts on
the moduli space, and in general elements of U(1)s map from one moduli space to another. We however do not give the
parameter ¢ special status, so U(1)g acts on the moduli spaces of framed and unframed cylinder Higgs bundles.

Under this action the spectral curve S maps to its image under the transformation

W, 8) > (w,e’¢) (41)
of CP! x CP. The line bundle L maps to its pull-back under the inverse of this map. For monopole chains on R? x S}},

the action of U(1)g corresponds to rotation of the plane R2.

Next, there is a group Z, which acts on (E, ¢) as pull back under the map w — —w. Note that under this map the
coefficients of w and 1/w in our expression (15) for det(¢) are multiplied by -1, so the action respects the condition that
these coefficients are equal. The spectral curve S is mapped to its image under the map

(W’ é‘)'_) (_W7 ;)s (42)

acting on CP'! x CP', and the line bundle L is mapped to its image under pull-back.

The corresponding action on monopole chains is to twist with a line bundle over R? x S}; equipped with a flat connection
whose holonomy about the circle is —1. This is equivalent to what is known in the physics literature as a “large” gauge
transformation. The analogous action on the moduli space of calorons (i.e. instantons on R3 x S') is sometimes known as
the rotation map [10,33].

Finally, there is an action of R on the moduli space of framed cylinder Higgs bundles given by adding real numbers to
the parabolic weights:

(@7 (py)> X (Poc)) > (i (pg) + X U (p gy = X)- (43)
We remind the reader that the points 7 (Pg), T (Pso) € CP! are those with coordinates w = 0, co. This action is defined in
such a way that the parabolic degree is unchanged. If x =n € Z then, up to twist, this action is equivalent to

i i Kk (Po)+kn (Pog) i i
(€05 (o) g (poy)) +> (ETKMTEOHNTER) ol sl ) (44)

because a}, 4+n= ai,ik”‘ Now &=kt (Po)+kn (Poo) = £ (Pg) — nir (Pog)] = € since the line bundle on CP! associated to
the divisor 7w (Pg) — 7w (Py) is trivial. Therefore Z C R acts trivially and there is a well-defined action of U(1)r :=R/Z on
the moduli space of unframed cylinder Higgs bundles. The corresponding action on spectral data is

(S.Lad.ap ) (S.Loap +ky.a) _ —kx). (45)
7 (o) &
hermitian-Einstein metric compatible with the weights in equation (43) is |w|2Xh. The Chern connection of |w|?*Xh dif-
fers from that of h by ydw/w = xB(dx' + idx2). Transforming to a unitary gauge, we see that the action of U(1)r on
solutions of Hitchin’s equations is

(A1, A2, @) > (A1, Az +ix Bldg, 9). (46)

For monopole chains on R? x 5}3, this corresponds to translation in the circle S =R/AZ by Bx.

If h is a hermitian-Einstein metric on E compatible with the parabolic weights (« ;(Pm)) then the unique

4.2. Maximal symmetry

We have seen that there is a natural action of the group

Z> x U(1)g x U(D)T (47)

on the moduli space of unframed cylinder Higgs bundles. We now seek points in this moduli space with non-trivial sta-
biliser. Our first result is
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Lemma 8. Let G C Z, x U(1)g x U(1)T be a subgroup which fixes a point in the moduli space of unframed cylinder Higgs bundles of
rank k. Then the image of G under the projection Z, x U(1)g x U(1)r — Zy x U(1)g is a subgroup of the cyclic group of order 2k
generated by

R:(w,?)— (—w,exp(—im /k)¢). (48)

If the image of G equals the whole of this cyclic group then the spectral curve S of the fixed point is nonsingular and given by
cw? 4c— wg" =0. (49)

Proof. Recall that the equation of the spectral curve takes the form cw? +c —w (;k +apq T4 ) Written this way,
the coefficients of w2 and w® are unchanged under transformations in Z, x U(1)g x U(1)t, so a transformation fixes the
curve if and only if it fixes the remaining coefficients of the remaining terms.

Now U(1)r acts trivially on the curve, while (1, e'?) € Z, x U(1) multiplies the coefficient of w¢J by +e~. The co-
efficient of we is non-zero, and clearly invariant if and only if (+1, e?) = R" for some n. Finally, the remaining coefficients
a; are invariant under R if and only if they are all zero. O

Motivated by this result, we say that a stabiliser subgroup G C Z, x U(1)g x U(1)7 is maximal if its image in Z, x U(1)g
is generated by the transformation R defined in (48). From the perspective of monopole chains on R? x S}}, maximal groups

are those which act on R? as the cyclic group of order 2k.
4.3. Classification

The goal of the remainder of this section is to classify points in the moduli space of cylinder Higgs bundles with maximal
symmetry group. If a cylinder Higgs bundle has maximal stabiliser group then its spectral curve S is of the form (49) and
its parabolic line bundle must be invariant under the lifted action of R up to twist: thus

(RTI*L,af +kx,ap  —kx) = (L[~IPo —mPol, ap; +m, ap, +1) (50)
for some y € R and I, m € Z. Clearly this equation is solved by choosing m = —I, x = —I/k and choosing £ such that
R*L = L[IPs — IPg]. (51)

Thus in order to classify cylinder Higgs bundles with maximal symmetry we need to classify line bundles L solving equation
(51). A cylinder Higgs bundle whose line bundle solves this equation will be invariant under the action of the order 2k cyclic
subgroup of Z; x U(1)g x U(1)7 generated by

(=1, exp(wi/k), exp(2lmi/k)). (52)

This group will be denoted Zgil).

In order to solve equation (51) we employ the Abel-Jacobi map, which gives an explicit parametrisation of line bundles
on S of fixed degree. Given bases w’ and & for H%(S, 2'?) and H{(S,Z), with j=1,...,gand i=1,...,2g, the period
lattice TT C C¢ is the lattice generated by the vectors

I, = fa)l,...,/wg ) (53)

Si i

The Jacobian 7 is defined to be the quotient C&/T1. The Abel-Jacobi map u sends degree O divisors to points in the Jacobian
and is defined by the equations

P P
w(P—Q)= /aﬂ/a)g and w(D+D") = (D) + w(D". (54)
Q Q

A divisor lies in the kernel of this map if and only if its induced line bundle is holomorphically trivial, so the Abel-Jacobi
map is a bijection from the space of degree 0 line bundles to the Jacobian.

Now we describe convenient choices of basis for the homology and cohomology groups of the curve S defined by (49).
It is useful to regard S as a branched double cover over C, with covering map (w, ¢) — ¢ and branch points the roots of
c% = 2c. Let y denote the curve in S which starts at P,, and ends at Py and whose image in the ¢-plane encloses one
branch point, as depicted in Fig. 1. We denote by —Ry the image of y under the action R with reversed orientation, and
by y — Ry the closed curve obtained by joining ¥ and —Ry. Then y — Ry is homologous in H{(S,Z) to the curve §p

10
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Po
[ J —Ry
S
0 Po
Po
[ 14
P

Fig. 1. Curves used to construct the homology basis for S (see text for details). The curve S is represented as a two-sheeted branched covering over C
using the map S > (w, ¢) — ¢, and the branch points are indicated by solid circles.

depicted in Fig. 1. The 2k images 8; = Ri8y of this curve under the action of Z, provide a spanning set for Hi(S, Z) (but
they are not linearly independent).
A convenient basis for H%(S, 1:9) is

dg

wl =Cicd1 ,
i€ w—k/2c

i=1,...,k, (55)

with C; € C denoting some normalisation constants which are yet to be chosen (see page 255 of [14]). This cohomology
basis transforms nicely under the action of R~! defined in (48):

R¥al = —e—Imilkgyi (56)

It follows that the integrals of w/ over the curves R'y and §; are determined by its integral over y:

/M:/mwd (57)
Riy v

:(_efjni/k)i/-a)j (58)
Y
fd:/d_ ol (59)
Si Riy Rit+ly
— ((_e—jni/k)i _(_e—jﬂi/k)i+1)fwj_ (60)
Y

We will choose the constants C; so that

fwj:l. (61)

14

We remark that the integral on the left of this equation is guaranteed to be non-zero, since if it was not, the integral of !
over all the curves §; would be zero, contradicting the fact that w/ represents a nontrivial class in H%(S, ") and §; span
H1i(S, Z).

11
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With these choices of bases, the generators of the period lattice defined in (53) are

1

_ 1
Mi=pd-p)| .|, i=0,....2k—1, (62)

1
where p is the matrix representing the action of R:
wi/k

p = —diag(e VK g2k e=k=Dmi/ky (63)

The divisor (Pg — P«,) that appears in equation (51) corresponds under the Abel-Jacobi map to the point in the Jacobian
represented by the following vector:

/0! 1
fy w? 1

Io= _ =|.| (64)
fy C.Uk—] ]

Addition of this vector generates an action of Z on the Jacobian, and the quotient by this action will be denoted 7 /(To).
By equation (62) pI'g — I'g € I, so multiplication with the matrix p gives a well-defined action on 7 /(I'g). Any solution
(L, of (51) determines a fixed point of p in 7 /(T"g), so finding these fixed points helps to solve equation (51). The fixed
points are classified in the following:

Proposition 9. There are precisely k fixed points of p in 7 /(T'0). They are represented by the vectors,

I(1—p) Ty, [=0,1,...,k—1. (65)

Proof. We begin with a few linear algebraic observations. Let

fRiya)] 1
fRiya)z i 1

= . =p'| .| i=0,...2k—1. (66)
L :
fRiya) ! 1

The vectors I'; and IT; are related as follows:

=T = Tip1=0-p)l;. (67)
The 2k vectors Iy, ..., 'ox_1 are not linearly independent over R: they satisfy two non-trivial relations,
k—1 k—1
Z F2i =0 and Z Fz,’_;,_] = 0, (68)
i=0 i=0
because roots of unity sum to zero. However, the vectors I'g,...,'5;_3 are linearly independent over R. To show this,
suppose that 2?263 «;Tj = 0 for some real numbers «;. Then additionally Zfﬁf a;i[i =0, so
2k—3 A 2k—3 A
D ai(—e T =0 and Y ai(—e™*) =0 Vj=1,... k-1, (69)
i=0 i=0

in other words, the polynomial Zfﬁf a;x' has 2k — 2 distinct roots. Since the degree of this polynomial is less than or
equal to 2k — 3 it must be zero, so the coefficients «;j must vanish.

Since the vectors Ig,...,T'5_3 are linearly independent and (1 — p) is invertible, by equation (67) the vectors
o, ..., ITy,_3 are linearly independent and by equations (67) and (68) they generate TIT.

Let T be the lattice generated by Ilg, ..., [1o¢_3 and ['g. Then [7/(I'g) = C¥=1/I". Moreover, I" equals the lattice gener-
ated by I'o, ..., I'yx_3, because by (67) the IT; can be expressed in terms of the I';, and conversely I'; =Ty — ’];10 I;.

The fixed points of p in C*~1/T" are represented by solutions z € C¥~1 of
pz=2zmod I (70)

12
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The set of solutions z € C*¥~! to this equation is the lattice (1 — p)~'T, so the set of solutions in C*¥~1/TI" is the quotient
((1—p)~'I")/T"; we need to determine the size of this set. The quotient ((1— )~ 'T")/T is an abelian group which is clearly
isomorphic to I'/(1 — p)T'. Note that the lattices (1 — po)I" and IT are equal, since by equation (67) IT; = (1 — p)I';. Thus the
number of fixed points equals the size of the abelian group I'/II.

Equation (67) implies that

' =Tj41 mod I1, (71)

and hence that the group I'/IT is generated by I'g. Equations (71) and (68) imply that kI'g = 0 mod I1, so the order of 'y
in I'/T1 divides k. We claim that the order of 'y equals k. It will follow that I'/IT has size k, and that there are k fixed
points of the form stated in the proposition.

To prove our claim we derive an expression for I'g in terms of the basis I, ..., [1y;_3 with the help of equation (68):
1k—l k—Zk_]_l.
Fo= Ezrzi-l—ZT(HszHzm) (72)
i=0 i=0
Sk—1-i
ZZT(HZi"'HZi*l)' (73)
i=0

It is clear from this expression that II'g can be written as a linear combination of the IT; with integer coefficients if and
only if [ =0 mod k. Since the basis vectors ITg, ..., [To;_3 generate I, the order of 'y in C¥~1/IT is k as claimed. O

The preceding proposition allows us to prove:

Theorem 10. For fixed |c| > 0 and k € N there are, up to the action of Z, x U(1)g x U(1)t, precisely k distinct unframed cylinder
Higgs bundles with maximal symmetry. They are fixed by the groups ZS{'), withl=0,...,k—1.
Proof. The spectral curve S of a maximally symmetric cylinder Higgs bundle must be the one given in equation (49). The
group U(1)y alters the phase of the parameter c, so for fixed |c| and up to the action of U(1)g this curve is unique.

By twisting we can arrange that the line bundle L has degree zero, so must be one of the line bundles identified in the
previous proposition. Any such line bundle corresponds to a point in the Jacobian represented by a vector

jTo+11=p) Ty, jez, 1=0,....k—1. (74)

Recall that twisting with the divisor P, — Pg corresponds to adding I'g in the Jacobian. Thus by twisting we may arrange
that j =0, and up to equivalence there are precisely k possibilities for the line bundle L, labelled by 1.

Since degL =0 and pardegL =k — 1, the parabolic weights must satisfy ago + a?,x =k — 1. It follows that the weights
are unique up to the action of U(1)r.

Finally, since

pl(1 = p) 'Tg =11 — p)~'Ty — Ty, (75)

R*L = L[IPs — IPg]. Therefore, from the discussion surrounding equation (51) the cylinder Higgs bundle is invariant under
the action of Z(zil). ]

As an immediate consequence we obtain

Corollary 11. For fixed k e N, [ =0, ...,k — 1 and |c| > O there exists a monopole chain invariant under the action of Zg(”. This

monopole chain is unique up to the action of Z, x U(1)t x U(1)g. There are no monopole chains invariant under the action of
7@+
2k

5. Construction of monopole chains

In this section we present pictures of the Z,-symmetric monopole chains whose spectral data we have just discussed.
The construction of the monopole chains proceeds in three stages: (i) find the associated Higgs bundle; (ii) solve the
hermitian-Einstein equation to find a solution of Hitchin’s equations; (iii) apply the Nahm transform to construct the
monopole chain. Only the first stage can be accomplished explicitly; the remaining two are implemented numerically. We
first describe how the monopole chains are constructed, and finish with a discussion of the qualitative features of these
monopole chains.

13
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5.1. Higgs bundle and metric with cyclic symmetry

We identify C* with C/(2mi/B)Z by writing w = e?S. We work in a holomorphic trivialisation over the covering space
C, so that the Higgs field ¢ is represented by a rank k holomorphic matrix-valued function of s € C. Since this defines a
section of a bundle over C/(27i/B)Z it must be periodic up to a holomorphic gauge transformation U:

$(s+27i/B) = U(s) ' $(s)U(5) (76)

In order to have Z,, symmetry it must satisfy

wp(s+7i/B) =V () 'V (s) (77)

where

w = exp(wi/k) (78)

and V is a holomorphic invertible matrix-valued function. Like ¢, this function V represents a section of a bundle over
C/(2mi/B) so must be periodic up to a gauge transformation in the following sense:

V(s+2mi/B) = U(s) 'V (s)U(s + i/B). (79)

Note that the argument of U on the right is s + mi/B rather than s for consistency with equations (76) and (77): U(s)
represents a map from the fibre Es 27i/p at s+ 2mi/B to Es, and V(s) represents a map from Eg, /g to Es, so both sides
of equation (79) compose nicely to give maps from Es 3yi/g to Esiazi/g-

Thus to construct a Zo-invariant Higgs bundle we need to solve equations (76), (77) and (79). Combining equations (77)
and (76), we see that

W?P(s) = W (s) g (s)W (s), where W(s) := V (s)V (s +mi/B)U(s)"". (80)
This equation places constraints on W: since det(¢) # 0, w? must be an eigenvalue of the adjoint action of W ~! with
multiplicity at least k. This means that the eigenvalues of W must be distinct and their ratios must be kth roots of unity.
We may therefore choose to work in a gauge in which

W (s) = w(s)diag(1, w?, o?, ..., w*?%) (81)

for some function w(s). It follows that

¢ (s) = c/* =1 diag(po(s), ¢1(5), ..., Pr_1(5)) (82)

where X is the “shift” matrix introduced in equation (124).
The gauge transformation V (s) in equation (77) needs to preserve this form of ¢. Therefore it must be of the form

V(s)= ! diag(Vo(s), V1(s), ..., Vir_1(s)) (83)
for some [ € {0, 1,...,k — 1}. Then equation (77) becomes
wpi(s+7i/B)=ViS)Vi1(5) 'pjn(s), j=0,....k—1 (84)

In this equation and those that follow, indices are to be understood modulo k: thus for example V_; = V}_1.
From the equation (15) we see that
k—1
e el =N (=D detgp =] [ 5). (85)
j=0
The zeros of the function on the left of this equation are the points s, = 2p — 1)7i/2p for p € Z. Each of these must
be a zero of precisely one of the functions ¢;. By applying a gauge transformation if necessary, we may assume without
loss of generality that —mi/28 is a zero of ¢o. Then equation (84) tells us that (2p — 1)7ri/28 is a zero of ¢_j. Thus the
distribution of zeros amongst the functions ¢; is completely determined by equation (84).
This observation guides the choice of the functions ¢;. Let

pi) =[] w6, i) =e Ptk (86)
iEZk
il=j mod k

These satisfy equation (85) and have zeros in the desired places. Moreover,

14
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1iGs+7mi/B) =07 1jp(s) (87)
and
. o Mpi(s) j=0mod m
pis iy =1 PO , (88)
®j+1(5) Jj#0 mod m
where
m:=ged(k, I). (89)
Inserting these into equation (84) gives
_ w!™™ j=0modm
Vi)V = ! . (90)
w j#0 mod m
The solution of this equation is
Vi(s) = v(s)w! medm (91)
for some function v(s).
The gauge transformation U is determined by V and W via equation (80):
UGs)=W (@) IV (s)V(s+mi/B) (92)
=2 diag(Uo(s), ..., Us1(5)) (93)
Uj(s) :=v(s)v(s + mi/B)w(s) o~ p=2mfloort/m) (94)

where floor(j/m) = (j — (j mod m))/m denotes the greatest integer less than or equal to j/m.

We have now solved equations (76) and (77): ¢ is given in equations (82) and (86), V is given in equations (83) and
(91), and U is given in equations (93) and (94). It remains to solve equation (79). A short calculation using equations (83),
(91), (93), (94) shows that

W(s)v(s+2ni/,8)wzlv(s)

-1 . _

U@is)” V(s)U(s+mi/B) = WG T TUBVE) (95)
Therefore the remaining equation (79) is equivalent to

w(s+7i/B) =0’ w(s). (96)

In order to determine the symmetry type of this solution we now turn our attention to the hermitian metric. This is
represented by a positive hermitian matrix-valued function h satisfying

h(s +2mi/B) = U(s)Th(s)U (s)
1P/ 2h(s + 7i/B) = V (5)Th(s)V ().

(97)
(98)

The first of these says that h defines a metric on the bundle over C/(27i/B)Z, and the second says that h is invariant

under the action of ZZ"

¢ » Where I is to be determined. The equations together imply that

1e2P'5/% 2h(s) = W (5)Th(s)W (5), (99)
where W was defined in equations (80) and (81). Taking determinants, we see that
P12 = [w(s) . (100)

It follows that w(s) equals e2P's/k times a phase. Comparing with (96) we see that I’ =1, so the solution has Zﬁl) symmetry.
Equation (99) is then solved by

h(s) = expdiag(yo(s), ¥1(5), ..., Yk-1(5)) (101)

for real functions ;(s).
We now impose the condition that det(h) =1, or equivalently,

k—1
> Vi) =0. (102)
j=0
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No generality is lost in doing so: the hermitian-Einstein equation implies that Indeth is a harmonic, and therefore equal to
the real part of a holomorphic function f. Applying the gauge transformation exp(— f(s)/2k)Id, then ensures that deth = 1.
With condition (102) imposed, and V given in equations (83) and (91), equation (98) is solved by

v(s) =ePSK yis+mi/B) = vi(s). (103)

It is straightforward to check that these conditions also ensure that equation (97) is solved.
5.2. Hermitian-Einstein equation and the Nahm transform

This completes our description of the Z(Zil)—invariant Higgs bundle. Switching to a unitary gauge, the solution is

¢=C1/k2_1
diag(eWk-17V0/2gy eWo=¥1)/2g,  eWk2=Vi-1/2¢ ) (104)
A== 2 diagtyo, v, ... i 1) (105)
1= 2 9%, g(Yo, ¥1, ..., Yk—1
i 0 .
Ay = = —diag(¥o, Y1, ..., ¥k-1), (106)
28X1

with A being the Chern connection and s = x! 4 ix2. The cases | = 0 and (for even k) I = k/2 of this solution were previously
obtained by Maldonado [25]. Note that, from equations (88) and (103), these are the cases where the functions ¢; and ;
are invariant under s — s + 2mi/B. The remaining cases of the solution are new.

By construction this solves the second of Hitchin’s equations (18). Inserting this into the first of Hitchin’s equation (17)
(i.e. the hermitian-Einstein equation (16)) yields

eI Ay = 19411 exp(Wrj = Yjr1) = 19> exp(Prj-1 = ). (107)

These are the variational equations for the functional

mIB oy
/Z(%wz/"wwz+|¢j+1|2exp(z/fj—wj+1)) dx'dx?, (108)
0 —oo i=0

which is of course the Donaldson-Simpson functional. Equations (107) are a form of the affine Toda field equations. This
is a consequence of invariance under the subgroup Zj C Zo: it has been known for some time that Zj-invariant Higgs
bundles are equivalent to affine Toda equations [2].

The differential equation (107) needs to be supplemented with boundary conditions coming from the parabolic structures
at x! = +oo0. Rather than deal with the parabolic structures directly, it is more straightforward to proceed by examining the
differential equation (107). From our earlier work we know that the right hand side, which represents [¢, #'], should tend
to zero as |x!| — oco. The asymptotics of |¢j|2 are given by

,  |e2Pr'im/k i — 0 mod m
pjI= ~ : (109)
1 Jj # 0 mod m.
Inserting these into the right hand side of equation (107) and equating to zero gives
—w j=0 mod m
Ve =29+ =1 2K o mod m (110)
0 otherwise.

This difference equation has a unique solution satisfying the constraint (102), leading to the asymptotic boundary conditions

2B8x! -1
~ ﬂILX | (m——(j mod m)) as |x!] > oo. (111)

Vi >

Thus Hitchin data for cyclic monopole chains can be constructed by solving the differential equation (107), subject to
the boundary conditions (111). Although the Hitchin equations are (like all reductions of self-dual Yang-Mills) integrable,
we have elected to solve this equation numerically. We used a heat flow technique to solve a discretised version of the
equations (107) on a finite cylinder defined by |x!| <L for some L > 0, with Neumann boundary conditions based on (111)
imposed at x! = +L.
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Having solved the Hitchin equations, the corresponding monopole chain can be constructed using the Nahm transform.
This involves the operators

D :<(y1+iyz>ldk—¢ 2005+ As) + y3 )
y 2005+ A5) —y3  (y1—iy)lde—9" )"

i (1 —iyDldy — ¢ —2(3s + As) — y3
Py = ( =20+ A) +y3  (y1+iy)ldg — ¢> ’ (113)

which depend on y € R3 and act on C2*-valued functions Z(x1,X2). Since in our ansatz the Hitchin data is periodic up to
a gauge transformation U, these functions Z are required to satisfy

2 1,241
z (xl,xz + %) = (U(" o ) U(xl,OxZ)—l) Z(x',x%). (114)

(112)

It is known that the dimensions of the spaces of L2-normalisable solutions of DyZ =0 and lD;Z =0 are respectively 0 and
2 [7].

The Nahm transform is a two-step process; the first step is to find for each y € R3 an L2-orthonormal basis for the
kernel of E;, i.e. solutions Z1(x; y), Z2(x; y) to D];,Za =0 normalised such that

27 /B oo
/zlzbdxldx2=aab. (115)
0 —o©

In the second step the monopole Higgs field is constructed via

21 /B oo
¢3ab(y)=i/ /x1zlzbdx1dx2. (116)
0 —oo

We carried out this process numerically, using our numerical Hitchin data. Rather than solve the equation lZ)I,Z =0
directly, we solved instead the equation LDyI,D;Z = 0. The two equations are equivalent (since [}, has zero-dimensional
kernel) but the latter is more amenable to numerical solution because the differential operator involved is nonnegative and
of second order. The formula that we used for Dylﬁ; is

¢ 1.61— DAY 205 + [As, $))
by = <—2<as¢ A oD (o7, g1 — aAdY 117
AN = (31 + A1) + (92 + Az + iy3ldy)?
1
—§{¢—3’1—i}’2,¢T—3’1+i3’2}- (118)

(Note that this identity assumes that A, ¢ solve Hitchin’s equations.) This was converted to a matrix by replacing derivatives
with finite differences; in order to obtain L%-normalisable solutions we imposed Dirichlet boundary conditions on Z. The
resulting operator lDle];, was stored as a sparse matrix and its smallest eigenvalues were computed using an algorithm
included in the MATLAB software package. Our numerical approximation to the basis Z1, Z, of the kernel was given by the
two eigenvectors corresponding to the smallest eigenvalues. In practice the two smallest eigenvalues were always very close
to zero, in the sense that they were less than 1% of the third-smallest eigenvalue. This gives an indication of the reliability
of our numerical scheme.

Finally, the gauge-invariant quantity ||<f>||2 = %Tr((ﬁqﬁ) was evaluated for points y in a rectangular lattice by evaluating

the integrals (116). From this, the energy density was calculated using Ward’s formula & = A||$||2 [36] for the energy
density.

5.3. Features of the monopole chains

Energy density isosurfaces of monopole chains with k = 4 and various values of | and 8 are shown in Figs. 2, 3 and 4.
The ng) -symmetric chain is not shown, but this corresponds to a reflection of the Zéz)—symmetric chain in Fig. 3. These
are representative of images obtained for other values of k (images of Z4-symmetric 2-monopole chains can be found in
[26]). These images clearly exhibit the expected order 8 symmetry, and appear to have additional symmetries: for example,
Figs. 2 and 4 have some reflection symmetries.

For large values of 8 the images resemble chains of well-separated monopoles, such that in the limit 8 — co one could
obtain a monopole on R3. The individual monopoles have charges 4, 1 and 2 in the cases of Zgo), Zg) and Zgl) symmetry.
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Vg8

Fig. 2. Energy isosurfaces for Z;O)—symmetric 4-monopole chains with c =1 and B/2m = 0.07 (left), 0.14 (centre) and 0.28 (right). The range of the vertical
axis is 38, so the image covers three “periods”. Images are not to scale. The isosurface shown is where the energy density is 0.6 times its maximum value.

94:

Fig. 3. Energy isosurfaces for Z;z)—symmetric 4-monopole chains with ¢ =1 and 8/2m =1 (left), 2 (centre) and 3 (right). The range of the vertical axis is
B. Images are not to scale. The isosurface shown is where the energy density is 0.6 times its maximum value.

Fig. 4. Energy isosurfaces for Zg‘”-symmetric 4-monopole chains with c=1 and B/2w = 0.3 (left), 0.6 (centre) and 1.2 (right). The range of the vertical
axis is 28, so the image covers two “periods”. Images are not to scale. The isosurface shown is where the energy density is 0.6 times its maximum value.

The general pattern seems to be that a Zg{')-symmetric k-monopole chain breaks up into individual monopoles of charge
gcd(k, I). For small values of 8 the monopole chains in Figs. 2 and 3 appear to separate to codimension-2 defects.

The middle pictures in Figs. 2 and 4 consist of cylindrical shells with hollow interiors, and can be considered examples
of magnetic bags [5]. The magnitude of the scalar field ¢ is close to zero on the interior of the shell, and seems to attain
the value zero at isolated points on the central axis. So these are “cherry bags”, in the terminology introduced in [6].

Finally, we note that the middle image of Fig. 4 is very similar to a picture of a Skyrme chain obtained in [15]. It remains
to be seen whether any of the other monopole chains constructed here correspond to Skyrme chains.

Appendix A. Proof of Theorem 5, parts (i) and (ii)

This appendix proves parts (i) and (ii) of Theorem 5 using results of Simpson [35]. We begin by considering part (ii),
which concerns the behaviour of hermitian-Einstein metrics near parabolic points.
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Proposition 12. Let (E, ¢) be a rank k cylinder Higgs bundle and let z be a local holomorphic coordinate on CPP! such that
z = 0 is a parabolic point. Then there exists a compatible holomorphic trivialisation for E near 0 and local holomorphic functions
b1, o, ..., Px_2 such that _1(0) # 0 and

k—2

$(2)= Y $i(2)Z(2)' where Z(2) =

i=—1

(119)

Proof. We start by choosing a compatible trivialisation of E near z= 0 as in part (iii) of Proposition 3. The eigenvalues
and eigenvectors of ¢ are not single-valued functions of z, so we work on the k-fold covering with coordinate u, such that
z=cuk. Then it can be shown that ¢ (cu¥) has an eigenvector of the form

uk—] + O(uk)
o) = :
u+0@u?
1+ 0(u)
(The corresponding eigenvalue is 1/u + 0(1).) Let w = e2™/k: then o;(u) := o (w'u) for i=0,...,k — 1 are eigenvectors of

¢ and form a local frame.
Let 7;(u) be the frame

(wiu)k—l

Ti(u) = : , i=0,...,k—1,
w'u

1

and let g(u) be the invertible matrix-valued function such that g(u)t;(u) = oj(u). Then

g(ou)Ti(u) = g(wu)Ti_1 (W) = 0j_1(wu) = oi(u) = gW)Ti(U),

so g(wu) = g(u) and g can be written as a function of z = cuX. Therefore g defines a change of trivialisation away from
the point z = 0. By construction, the eigenvectors of g~'¢g are 7;(u), and it follows that g~'¢g can be written in the form
(119).

It remains to show that the trivialisation defined by g is compatible with the parabolic structure at z = 0. It suffices to
show that g extends to z=0, and that g(0) is invertible and lower-triangular.

To this end, note that 7; can be written 7; = Zj e;Vji, where e; are the standard basis vectors for C¥ and Vi =
(w'u)*=1=J are entries of a Vandermonde matrix (with 0 < i, j < k). From definition of o;(u) above, and the fact that
@k 1 vl = vy vj‘,.l = &;;, we obtain that

O(sz)
gei=gri(V hHji=o;(Vv hji= 1 ,
o(1)

with “1” in the ith position. Thus at the point cuk =z =0, g is a lower triangular matrix.
Finally, we note that the holomorphic function ¢_1(z) in equation (119) cannot vanish at 0, because by definition ¢ has
a pole at the origin. O

Consider the following metric, defined near a parabolic point P using the trivialisation provided by Proposition 12:

0
20{,,’.

hp = diag(|z]2%%, ..., 2127 ). (120)

This is compatible with the parabolic structure at 0. The Chern connection of this metric is
hp _ -1 0 k-1,92
A" =h}, dohp = diag(ap,...,ap )7. (121)
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It has zero curvature, and non-trivial holonomy about the parabolic point (as the af[, are not all zero).
It will prove convenient to consider the same metric in an alternative, non-periodic gauge. Let s =r + it be a local
holomorphic coordinate such that z=e~#S. We apply a holomorphic gauge transformation ¢ — g~ '¢g, hp — g'hpg with

g=exp (diag(ag,...agg—])ﬂs). (122)
The resulting expressions for ¢, hp and A" are
k-2 ) )
¢= D 9P PIEI hp=1dy, A" =0, (123)
j=—1
where
0
> (124)

This gauge is quasi-periodic, in the sense that local sections of E are represented by vector-valued functions v (r, t) satisfying
v(r,t + 27 /B) = exp(—2midiag(ad, ...,k H)v(r,b). (125)

Note that H*"» = HT = H~1. It follows that [¢, $*"'P] = 0. Moreover, since F'» =0 the metric hp is hermitian-Einstein.
We will use the trivialisation just defined to study the decay properties of a second hermitian-Einstein metric. Before
doing so we state and prove a useful lemma:

Lemma 13.

(a) Let f:[0, 00) — Rg be a bounded non-negative real function satisfying f” > m? f for some m > 0. Then f'(r) < 0 for all r and
fry=0(€™)asr — oo.

(b) Let F :[0,00) x S' — R0 be a bounded non-negative real function satisfying AF > 0, such that fs' F(r,t)ydt =0(e ™) as
r — oo for some m > 0. Then sup; F(r,t) = 0(e™™) as r — oo.

(c) Let F : [0, 00) x ST — R0 be a bounded non-negative real function satisfying AF > m?F for some m > 0. Then sup, F(r, t) =
O ™) asr— oo.

Proof. (a) Consider the function g(r) = f'(r) + mf(r). This satisfies g’ > mg. Suppose that g(a) > 0 for some a € [0, c0).
Then g(r) > g(@)e™=® for all r > a. This implies that f grows exponentially and contradicts the boundedness of f. So
f'(r) +mf () <0 for all r. It follows that f’ <0, and that f = 0(e™™").

(b) Choose a positive constant C such that /51 F(r,t)dt < Ce™™", Since AF > 0, the value of F at any point rg,tg is
bounded from above by its average over a ball of radius € > 0. Therefore

1 1
F(ro,to) = — / F(r,)drdt < — / F(r,t)drdt
TE e
Be(r,t) [r—rol<€
1 ro+€
<— Ce ™dr=0(e"™). (126)
TE
ro—e€
(c) Consider the function f(r) = fs' F(r, t)dt. This satisfies f”(r) > m? f(r), so by part (a) f(r)= 0(e~™) as r — oo, and
by part (b) sup; F(r,t)=0(™™) asr—oco0. O

Now we consider the decay properties of a hermitian-Einstein metric. In order to state the next result we need to recall
the definition of the Donaldson-Simpson functional. Let (E, ®) be a Higgs bundle over a (possibly non-compact) Riemann
surface M. Let hg and h; be two hermitian metrics such that hq(-, ) = ho(-,e¥-) for some section  of End(E) which is
hermitian with respect to hg. Choose a local frame for E consisting of eigenvectors of y» which is orthonormal with respect
to ho, and let A; denote the associated eigenvalues. Given any section X of End(E), we denote the matrix components of X
with respect to this basis by X;;. Let o be the real analytic function

eX—x—1
0
px) =1, * X7 (127)
3 x=0
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The Donaldson-Simpson density is defined by

DS(ho, hy) =iTr(Y F') =iy " p(hj — A)D"Yji A Dy Vi (128)
i,j
=iTr(y (F" + & A ®*hoy)

3 a h, h
+ 2P0 =) {3 A @+ [0 L 5L,y
ij
Here * denotes the Hodge star with respect to some metric compatible with the complex structure; in particular, % acts
as multiplication by —i (resp. i) on A1:? (resp. A%1). Note that the 2-form DS(hg, h1) does not depend on the choice of
orthonormal basis, and is thus defined globally, even though the orthonormal frame may exist only locally. The Donaldson-
Simpson functional is defined by

DS(ho,h1):/DS(h0,h1) (129)

M
Simpson proved the existence of hermitian-Einstein metrics on stable Higgs bundles by studying the gradient flow for
this functional. Note that although our definition of the Donaldson-Simpson functional involves a choice of metric, it is

independent of this choice since the action of % on 1-forms is conformally invariant.
We are now ready to state our first result on the decay of hermitian-Einstein metrics:

Proposition 14. Let E be a cylinder Higgs bundle and let z = e~P5 be a local holomorphic coordinate such that z = 0 is a parabolic
point P, and write s =r + it for real coordinates r, t. Let hp be a hermitian metric defined as in (120) and let v be a bounded traceless
self-adjoint section of End(E) such that h(-, e¥-) is a hermitian-Einstein metric. Then

(a) ¥ decays uniformly and exponentially inr asr — oo;

(b) f(rZR} DS (hp, h) < oo for sufficiently large R; and

(c) |D"¥|? and |D”D;1P Y| are integrable functions, where the norms and integrals are defined using the metric hp and the cylindrical
metric dr? + dt.

Proof. Let A; denote the eigenvalues of ¥ and let us choose a local frame consisting of eigenvectors of { which is or-
thonormal with respect to hp. Again, we write X;j; for the matrix elements of an endomorphism X with respect to this
frame.

The following identity plays a key role in this proof:

@D ey =S T (130)
€ = T P Vi

Here the right hand side is understood to equal D;Ipxjf,j if A; = Aj. We now present a short proof of this identity.
First, the identity [y, e¥] =0 implies that (D}, eV, Y= (D}, ¥, e¥] and hence that
le™VDj eV . yl=e VD, e’ yl1=e"V[D} v.e’]. (131)

This implies that (A; — Ai)(e*‘/’D;lPe"’)ij = (MM — 1)D}, ¥ij, and if A; # &; the result follows. Second, consider the case
that A; = for some i, j at a given point z. Without loss of generality we may assume that ;(z) = 1;(z) =0, since neither
side of equation (130) is changed by adding a multiple of the identity matrix to i». We have that

eV =Id+ v + ¥ o)y, (132)
where p is the analytic function defined in equation (127). Then
D}, ¥ =D} ¥ + Dy, (W p(Y )Y + ¥ o)D) . (133)

We are interested in the i, j-component of this matrix equation. Since v is diagonal and ;; = ¥;; = 0 at the point z, the
i, j-component is (e~¥ D;lpe*”)ij (2) = Dy, ¥ij(2), which was to be proved.

Let N be the non-negative real function N = Tr(¥2) and let n(r) = fs1 N (r,t)dt. We aim to prove the following two
identities for some positive constant C:

AN > 4% DS(hp, h) (134)
/DS(hp,h)(r, t)dt > Cn(r). (135)

s1
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Here A =32 + 82 is the Laplacian with respect to the cylindrical metric dr? 4 dt? and * denotes Hodge star for the same
metric. It follows from these and from Lemma 13 that n(r) decays exponentially as r — oo and that n’(r) <0 for all r. Since
AN >0 the lemma shows moreover that sup, N/ (r,t) decays exponentially with r, as claimed in (a). Moreover, claim (b)
will also follow because the fact that n’(r) <0 will imply that

4 / DS < / ANdrdt:ranolon’(r) —n'(R) < —n'(R) < c0. (136)

r>R r>R

First we prove identity (134). Differentiating N yields

ON =Trd" (y?) =TrD}, () =2Tr (YD}, ¥) =2 Ai(Dy ¥)ii

since [®*? 2] is traceless. Then, by equation (130),

ON =2 xi(e”VDj, e )i =2Tr(ye VD e¥).
i

The hermitian-Einstein equation for h reads
0=F"=F" +D"(eVDj,e).
Therefore differentiating A/ again and employing the identity (130) yields
JON =2Te(D" (e V' Dj e?))
=2Tr(D"y ne VD eV — yF")
ohi—Hi

=2y Yy D"ji A D} Wi — 2Te(Y F'7).
i)

The identity (134) for AN = —2i% 39N then follows from the definition (128) of the Donaldson-Simpson density and the
fact that the analytic function

e*—1 e*—x-1

P x2

is non-negative for all x € R.
Now we prove identity (135). Note that, by construction, F'? =0 and [®, ®*"?] = 0. Since v is bounded we know that
there is a positive constant C; such that

«DS(h, hp) > Cy * Tt (z‘np A %(3Y)*10 £ [@, Y] A +[D, 1//]*’10) . (137)

We work in the gauge of equations (123) and (125). In this gauge ¥ need not be diagonal. We write ¥ = 2 + 1, where
YD is diagonal and ¥ has zeros on its diagonal. As a result of equations (125) and (14), the entries of ¥ satisfy

Yij(r. £+ 27 /) = XD gy ) = 270Dy ), (138)
Thus the entries of - are quasi-periodic. By considering the Fourier series or otherwise we deduce that
_ - 1
[ st nsuyniae= 5 [Tz co [ (139)
st st st

for a positive constant C, that depends on k.

Now consider the term *Tr([®, Y] A #[®, ¥]*"?) = %Tr(tp[qb, [¢*P, ¥1]). Recall from equation (123) that the leading term
in ¢ as r — oo is the matrix e#/*<~1 where ¥ is given in equation (124). It is straightforward to check that the self-adjoint
operator [Z71, (z~H Q1 =[="L[=, -] acting on traceless diagonal matrices has positive eigenvalues. Therefore there
exists a constant C3 such that for sufficiently large r

KTr([@, Y] A #[D, Y1™7) > C3Tr((w)?). (140)

Identity (135) follows from inequalities (139) and (140).

Having established parts (a) and (b) of the proposition, we now prove part (c). By equation (137) the integral of |D” |
is bounded above by a multiple of the Donaldson-Simpson functional, which is finite by part (b). We establish integrability
of |D”D’y| using the following identity, whose proof is similar to that of (130):
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Ai—hi
et —1 "n/ hp
e (D"Dp,¥)ij = Fyj
n et e —e M e — e Dy A D!
A=\ Ai— A hj— hk e Zhe Pl
—Ai Al phk Aj _ pMk
e et —e eti—e , "
* Ai—Aj ( A=k Ak >thw”{AD Vg (141)

As has already been observed, F"? = 0. The coefficients of the remaining three terms are analytic functions which remain
bounded as A; — Aj, A; — Ax or Ay — A; approach 0. Moreover, the coefficient (eti—H — 1)/(kj — Aj) of (D”D;n)l//),-j never

vanishes. Since v is bounded, it follows that \D”DLPW is bounded from above by a constant multiple of |D”v|? and thus
is integrable. O

To prove our next result on the decay of hermitian metrics, we need the following lemma:

Lemma 15. Let X be the k x k matrix defined in equation (124). Consider the following functions on the space of k x k hermitian
matrices:

Vig)=Tre Vs ey — sz —e Vxe?) (142)
Vo) =Tr((S e Vse? [, eV xe?)) (143)
Vi) =Tr((S7 eV ze? [z, e V=7 e?)). (144)

Then there exist constants € > 0 and C > 1 such that
Wl <e = 0<V;(y) <CVj(¥) Vi, je(l,2,3}. (145)

Proof. Let U denote the set of all k x k hermitian matrices and let A denote the set of hermitian matrices that com-
mute with X. One can show that A is equal to the intersection of the span of the linearly-independent matrices
Idg, =, 2, ..., =1 with U. We will show that:

1. Vi(¥) =0 and dV;(y) =0 for ¥ € A.
2. The quadratic forms Q; on U/A defined by the hessians of V; at 0 are positive definite.

The result then follows by considering the Taylor expansions of V; about points ¥ € A.
Item 1 follows almost immediately from the observation that the matrices

e Vsl —x7l m_eVze?, [T e VzeV], [Z,e ¥z le¥] (146)

all vanish when ¢ € A.
For item 2, we introduce the operator T(X) = [, [~ !, X]]=[Z~!, [, X]] acting on hermitian matrices X. A short
calculation shows that the hessians of V1, V3, V3 are

dZ
Fvl(t><)|t=O =Tr(XT (X)), (147)
2 d2 5
sz(txﬂt:o = vaxﬂt:o =Tr(XT*(X)). (148)

Since X is unitary it can be diagonalised, and the eigenvalues of T are of the form |A; — )Lj|2 for eigenvalues A;, Aj of . It
is straightforward to check that the eigenvalues of X are distinct (in fact they are the roots of unity), so precisely k of the
eigenvalues of T are zero. The corresponding eigenspace is A, and T defines a positive definite operator on U/A. It follows

that the quadratic forms Q; on H/A are positive definite. O

Now we state our second result about the decay of hermitian-Einstein metrics, from which part two of Theorem 5
follows:

Proposition 16. Let E be a cylinder Higgs bundle and let z = e~#* be a local holomorphic coordinate such that z = 0 is a parabolic
point, and write s =r + it for real coordinates r, t. Let hp be a hermitian metric defined as in (120) and let  be a bounded traceless
self-adjoint section of End(E) such that h = hp(-,e¥") is a hermitian-Einstein metric. Then sup, |FP|(r, t) decays faster than any
exponential function as r — oo.
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Proof. We work in the gauge of equations (123) and (125). Consider the functions

Vi@, ) =Tr(Z* — 71 (z*h — g1y

=Tr(E=* + =1z~ 1)) — 2k (149)
Va(r, ) =Tr([Z71, (271)*?) (150)
Va@r, t) =Tr((Z 71, (2~ [z, =*)). (151)

These are just the compositions of the functions V1, V;, V3 studied in Lemma 15 with . They are periodic, in the sense
that Vi(r,t + 27 /B8) = Vi(r,t). This is most easily shown by rewriting these functions in terms of Z = e~Ps/ks, which
represents a well-defined section of End(E) over the cylinder.

We aim to estimate AV);. First, since 3 =0,

WV =Tr(ohs + (=~ H*h s T). (152)

Then, using again the holomorphicity of ¥ and the hermitian-Einstein equation (16), we obtain

* AV = 2100V (153)
= —21Tr((A"T) A d"s + "= A (")

— 2iTr(Z*'F", 14 (2~ H*[FP, =7 1) (154)
=2Tr((A"E)*" A xd"E + "= A %" E7T))

«Tr(Z" (g, ¢*"1. 1+ ()6, ¢*"1. B7'D). (155)

The leading term in the expansion of ¢ given in equation (123) is a positive multiple of ef$/kx~1, so there exists a positive
constant Cy such that, for sufficiently large r,

AV = Cre?PrkTe(zHh =1, (2], 5]

+@E e (=T, =) (156)
— C]ezﬁf/k’rr([z—]’ (2—1)*h][2, E*h] _"_ [2—1’ (2—1)*h]2) (157)
= C1e?R (v, +13). (158)

Let € be the constant given in Proposition 15. By Proposition 14 1 satisfies the estimate |/ (r,t)| < € for sufficiently large
r. Therefore by Lemma 15 there exists a constant Cp such that, for sufficiently large r,

AV; > Cpe?Prlky, . (159)

By choosing r sufficiently large the coefficient of V; on the right hand side can be made arbitrarily large. Therefore by part
(c) of Lemma 13 sup, Vi (r, t) decays faster than any exponential function of r.
Now we consider the curvature F" of the Chern connection of h. By the hermitian-Einstein equation,

1
|2 = |[®, 012 = ZTr([qs,cb*“]Z). (160)

By equation (123) the leading contribution to ¢ at large r is e#/*~1. Therefore there exists a constant C3 such that, for
sufficiently large r,

IF'[p < Cae* R Tr((=71, (7)) = Gz k. (161)
By Proposition 14 and Lemma 15 there exists a positive constant C4 such that, for sufficiently large r,
|FM2 < Cqe®PT/kyy . (162)

We have already shown that sup; Vi (r, t) decays faster than any exponential function, and it follows that sup; |F h|ﬁ decays
faster than any exponential function. O

Now we prove part (i) of Theorem 5. For the existence part we appeal to a theorem of Simpson [35]. Simpson proved
existence of a hermitian-Einstein metric by applying a heat flow to the Donaldson-Simpson functional. To use this theorem
we need to show that the Higgs bundle is stable and supply a suitable initial hermitian metric.

First we show stability of (E, ¢). This entails showing that every ¢-invariant sub-bundle of E satisfies a slope-stability
condition. We establish this trivially by showing that there are no non-trivial ¢-invariant sub-bundles.
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To show that E|c+ has no ¢-invariant subbundles, consider the curve in C* x C defined by the characteristic polynomial
of ¢:

det(¢Idg — ¢ (w)) = 0.

(This is the spectral curve, and was discussed in more detail in section 3.) The map (w, {) — w gives a k-sheeted branched
covering of this curve over C*, and the sheets of this covering correspond to the eigenvalues of ¢. Near a parabolic point
P one obtains from part (iii) of Proposition 3 that the curve has equation

0=0"+ i@+ 4+ fi@)¢ + fo(@) —¢/z.

It follows that for sufficiently small z # 0 the eigenvalues of ¢ are distinct. Moreover, as z circles once around the point
z =0 the eigenvalues are cyclically permuted.

Suppose that F C E is a ¢-invariant sub-bundle. The eigenvalues of the restriction of ¢ to F at any point z form a subset
of the set of eigenvalues of ¢. Since these eigenvalues depend continuously on z as it circles the point z =0, this subset
must be invariant under cyclic permutations, hence is either the whole set or the empty set. Thus F has rank either k or 0,
so is not a non-trivial sub-bundle.

Now we construct a suitable initial hermitian metric. We may assume without loss of generality that E has degree O,
since the degree can be changed by twisting E. Since the parabolic degree of E is zero, this means that the parabolic weights
satisfy

k—1
> Y ap=0 (163)

Pe{0,00} i=0

Let us choose a non-vanishing holomorphic section e of the line bundle AX(E); doing so trivialises AX(E), and provides an
identification of hermitian metrics h on AX(E) with positive real functions h(e, e).

Recall that the cylinder Higgs bundle has two parabolic points P = 0, oo, with local coordinates zo = w and zoo = w
Near each such point choose a compatible frame eg, ey el’:_1 as in Proposition 12. We may assume that these frames satisfy
eg A A e,f_l =e, since if not we can multiply them by a non-vanishing local holomorphic function so that they do. We

then choose hermitian metrics hg, ho, near each point as in equation (120). The induced metrics on AX(E) are

-1

det(hg) = |w?2i%, det(hay) = |w|22i%, (164)

By equation (163), det(hoo) = |W|22i o Therefore there exists a smooth hermitian metric h; on E which agrees with hg
near w =0 and hs, near w = oo, such that the induced metric on AX(E) is

det(h)) = [w[>Xi% (165)

By construction, F vanishes in neighbourhoods of the parabolic points so has compact support. Therefore |FM n, is
bounded, so h; satisfies the hypotheses of Simpson’s theorem. Simpson’s theorem gives a hermitian metric h = hi(-,e?")
such that det(h) = det(h;) = |[w|22i%, h and h; are mutually bounded, |D"|p, is square integrable, and

Fh— %Tr(]—"h) =0. (166)

Since TrF" = Tr(F") = 39 In|w[2Xi% =0, F" =0 and the metric h is hermitian-Einstein. Since h; is compatible with the
parabolic structure and h, h; are mutually bounded, h is also compatible with the parabolic structure. Finally, since h, h; are
mutually bounded, the section v is bounded with respect to h; and Proposition 16 gives that the curvature F" decays faster
than any exponential function.

Now we establish uniqueness statement of part (i), following a standard argument. Suppose that hy = h;(-,e¥1-) and
hy = hj(-,e¥2.) are two hermitian-Einstein metrics which are compatible with the parabolic structures. The condition of
compatibility ensures that the self-adjoint sections 1, ¥, are bounded with respect to h;. Then |D"v;|p, and |D”D;”1//,-|h,
have bounded integrals by Proposition 14.

Let ¢ be the unique self-adjoint section of End(E) such that hy = h;(-,e¥-). Let hy = h1(-,e®D¥.) and let f:[1,2] > R
be the function f(t) = DS(hy, h¢). Then f(t) has critical points at t =1, 2. By a result of Simpson [35],

DS(hy, heys) = DS(hy, he) + DS(he, heys). (167)
Therefore
- / Tr(@y A #(0y)™ + [@, Y] A x[®, Y1) > 0. (168)
dt? ' ' -
CP"\{0,00}
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Since f has critical points at t =1, 2, d2f/dt? = 0. It follows that ¢ is holomorphic and commutes with .

We claim that these conditions imply that ¥ is a multiple of the identity. We could prove this using stability, but in
the present case it is simpler to make a direct argument. Consider the characteristic polynomial det(¢ — v (w)) of . The
coefficients are holomorphic real-valued functions of w € C*, and hence constant. Therefore the eigenvalues Ao, ..., Ax_1 of
¥(w) are independent of w. Recall that near a parabolic point the eigenvalues of ¢ are distinct. Since ¥ commutes with
¢ the eigenspaces of ¢ are subspaces of eigenspaces of . Recall that the eigenspaces of ¢ are cyclically permuted as one
circles the parabolic point. It follows that the eigenvalues Ag, ..., Ax_1 of ¢ are invariant under some cyclic permutation,
hence equal. Therefore v is proportional to the identity operator and h; is a rescaling of hj.
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