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Abstract—This paper considers the fixed-interval smoothing
for jump Markov systems. An optimal backward-time recursive
equation for computing the joint posterior of the state vector
and model index is established first. A suboptimal algorithm is
then developed to approximate the new Bayesian smoother under
nonlinear state-space models with additive Gaussian noise. The
proposed method utilizes the well-known assumed density filter-
ing with Gaussian assumption and the expression for the quotient
of two Gaussian densities to compute the smoothing posterior. It
eliminates the need for finding the inverse of the state dynamics
and can handle singular process noise covariance, compared with
several existing multiple model smoothers. Promising results are
obtained in simulations using a maneuvering target tracking task.

I. INTRODUCTION

Fixed-interval smoothing estimates the system states in a
time interval using all the measurements collected within that
interval [1], [2]. It provides better state estimates at the cost
of some delay over filtering that utilizes only the measure-
ments received before and up to the sampling time of the
state [3]. For linear Gaussian state-space models, the Rauch-
Tung-Striebel (RTS) smoother [4] gives the optimal solution.
For nonlinear state-space models, Gaussian smoothing [5] or
optimization-based methods [6] may be used.

The multiple model approach can be integrated into fixed-
interval smoothing to improve performance, when abrupt
changes are present in the system state due to load distur-
bances, additive faults [7], [8] and target maneuvering [9]. In
this way, a bank of state-space models is used and the system
switches among them according to a Markov chain at each
sampling time. The considered system now becomes a jump
Markov system. Fixed-interval smoothing for jump Markov
systems has been applied in track extraction for multi-target
tracking [10], maneuvering target tracking [11]-[14], sensor
registration in radar networks [15], articulatory inversion [16]
and air traffic control trajectory reconstruction [17].

A few algorithms are available for the fixed-interval smooth-
ing for jump Markov systems. The two-filter approach [18],
which is based on the optimal Frazer-Potter linear smoother
[19], [20], combines the output of a forward-time interacting
multiple model (IMM) filter and a backward-time IMM filter
to find the smoothed states. Besides requiring the calculation

of the inverse of the state dynamics, this technique assumes
that the measurement likelihood can be well approximated
using the state posterior computed by the backward-time IMM
filter, which may not be satisfied in practice [2], [21].

In [10], a generalized pseudo-Bayesian of order 2 (GPB2)-
type smoother was developed. It computes the joint posterior
of the state vector and model index through assuming that the
smoothed state is accurate enough so that its posterior can be
approximated using the Dirac delta function. This degrades
the performance when the noise becomes large. In [22], a
IMM-type smoother was developed based on several strong
assumptions on the state-space models [23]. The method from
[23]-[25] combines the output of the forward-time IMM filter
and RTS smoothers to produce the smoothed states. Evaluating
the measurement likelihood is still needed when calculating
the posterior probability of the model index. This is done
by the backward-time IMM filter, similar to the two-filter
approach. In [26], the algorithm in [23] was generalized to
the case where the process and measurement noises are both
non-Gaussian. In [27], we developed a closed-form algorithm
for fixed-interval smoothing under linear Gaussian state-space
models. It approximates directly the backward-time Bayesian
recursive equation for calculating the joint posterior of the
state vector and model index for enhanced performance. This
method requires linear state dynamics and the process noise
covariance being invertible, which limits its applications.

This paper significantly extends the algorithm in [27] so that
we can handle nonlinear state dynamics and singular process
noise covariance matrix. For this purpose, we first derive a
new optimal backward-time recursive equation for calculating
the joint posterior of the state vector and model index. Next,
a suboptimal algorithm that approximates, using the assumed
density filtering (ADF) with Gaussian assumption [5], the new
Bayesian smoother is developed under nonlinear state-space
models with additive Gaussian noise. The expression for the
quotient of two Gaussian densities [28], [29] is utilized to
obtain a closed-form solution. In the theoretical development,
comparisons between the proposed method and the smoothers
developed in [10], [23] and [27] is performed. Simulation
experiments using a maneuvering target tracking task demon-
strate the good performance of the proposed algorithm.



The rest of this paper is organized as follows. Section
II presents the optimal backward-time recursive equation for
computing the joint posterior of the state vector and model
index. Section III gives the proposed smoothing algorithm
under nonlinear state-space models. Section IV shows the
simulation results. Section V concludes the paper.

II. OPTIMAL BACKWARD-TIME RECURSIVE SMOOTHING
A. Problem Formulation

Let Mtj denote that the jth state-space model of the jump
Markov system in consideration is in effect during the sam-
pling period (¢ — 1,¢]. Under model M}, the system state x;
and measurements z; at time instant ¢ are sampled from the
following model-matched state prediction probability density
function (PDF) and measurement likelihood:

x¢ ~ p(xi[xi—1, M) and 2, ~ p(zdlxr, M), (1)

Here, j = 1,2,...,r and r is the number of models that
the jump Markov system admits. M} evolves according to
a homogeneous Markov chain with transition probabilities

= Dij, )

where i,7 = 1,2,...,r and E;‘\/Izlpij = 1. The model
switching is assumed to be independent of the state dynamics.

We need to obtain the state posterior p(x¢|z1.;) to achieve
fixed-interval smoothing, where ¢t = 1,2,....k — 1, k is the
interval length and z1., = {z1,22,...,2;} represents the set
of measurements collected within the time interval. For this
purpose, we first find the joint posterior of x; and M},
p(x¢, M]|z1.1), and then marginalize out M} using

p(Mt] ‘Mgél)

Xt|Z1 :k

Zp x¢, M} |z1.1). 3)

B. Optimal Recursive Equation for Computing p(x;, M} |z1.;.)

We shall derive an optimal backward-time recursive equa-
tion for computing the joint posterior p(x;, M} |z1.%), j =
1,2, ...,r, to enable the evaluation of (3). To begin, we assume
that the joint posterior of the state x;y; and model index
MH_1 at time instant ¢ + 1, which is p(xyi1, M}, |Z1.),
t = 1,2,...,r, is already available. As a result, the joint
posterior p(xt, M} |z1.1) can be found via [10], [27]

T
P(Xt,MﬂZLk) = Z/p(Xt»Mtj,Xt+1,Mf+1|Z1:k)dXt+1 =

T
Z/p(xt,Mtj\xﬂrl,Mf+17Z1;t)P(Xt+1,MZ+1|Z1:k)dXt+1-

“4)

To obtain the second equality in (4), we utilized the fact that

due to the Markov property, [x7, M/]T is independent of the

measurements in {z¢1, Zi42, ..., 2} given [x{,,, M} 17,
To evaluate the summands in (4), we note that

p(xe, M %441, M, .21,
= p(Mg ‘Xt-‘rl? MZJ,-la Xt, zl:t)p(xt|xt+17 Mti-i,-la Zl:t) (5)
= P(Mt] \Mti+17 Xt Z1:t)P(Xt\Xt+1, MtiH, Zl:t)~
Here, the second equality again comes from the Markov
property that the model index in effect during (¢t — 1,¢], M J’?,
becomes independent of the system state at time ¢ + 1, X441,
when My, ; and x; are both given.

Putting (5) into (4) reveals that to find the summands in (4),
we actually need to compute the integral

/p(xt|Xt+1>Mti+1azl:t)p(xt+1;Mti+1|21:k)dxt+1~ (6)
Following the way leading to the second equality in (4) yields
p(xe|Xet1, M1, 21:0) = p(xe[Xeg1, My, 21k). (7)

After applying (7) and substituting p(xy41, M}, |2z1.4) =
P(Xep1| My, Z1:0)p(M{ 1 |21.1), We can re-write (6) as

/p(xt|xt+1aMti—i-lazlzt)p(xt-i-lvMti-&-llzlzk)dxt-‘rl

()
= p(x¢| My 41, 21:6)p(My 1 |2Z1:1).-

The expression for p(xt|Mti+1, Z1.) is given in (9) shown
at the bottom of this page, where the Bayes theorem is
used to obtain the equality. Specifically, p(x¢41|x¢, M{, )
is the prediction PDF of the state vector x;y; under model
M. Besides, p(x;|M],,z1.) is the model-matched fil-
tering posterior of x; after the model mixing [3], which
is indeed computed during the forward-time multiple model
filtering process. The denominator p(xsi1|M/, | ,2z14) =
J p(xeqr[xe, MY )p(x¢|M{,,21.4)dx; is the normalization
factor. Therefore, (9) has the same functional form as the
single model optimal Bayesian smoothing equation [2], [30].
This enables using e.g., the computationally efficient nonlinear
RTS smoother [5] to compute p(x;|M; 11,21k ), Which will be
utilized in this work for smoothing algorithm development and
has been used in the smoother in [23].

We proceed to write p(M} | M/, |,X¢,21.4) in (5) as

p(xt|Mtj7 Zl:t)p(Mg‘Mti—Hv Zi:t)

pMj M’l y Xty Z1:¢) = ;
( t| t+1 t f) p(xt|Mtl+17Z1:t)

)

(10)
where p(x;| M} 1, M],21.4) = p(x¢|Mj,z1.1) has been ap-
plied. p(x¢| M, z1,) is the model-matched filtering posterior
of the state x, and p(M | M}, z1.,) is the mixing probability
[3]. These two terms, as well as p(x¢|M{,,21,;) in the de-
nominator, are all computed during the forward-time multiple

p(Xe41]%e, thi+1)p(xt ‘Mti+17 Zi:t)

(X1 | My, 21:0)dx 1. ©))

p(xe| My, 210) = /

p(Xit1 ‘Mti—i-lv Z1:t)



model filtering process and can be considered known when
the fixed-interval smoothing is performed.
Using the results in (5)-(10), we can express (4) as

; S p(xe| MY 2y )p(xe | MYy 21)
p(x¢, M} |z1.1,) = : a A
( t t‘ 1 ) ; P(Xt|MZ+1,Zl:t) tlk
(11)
where j = 1,2, ...,r, and
Bt = p(MF My 200) - p(Myl20s). (12)

Note that the above theoretical development that leads to
(11) is exact. This completes the derivation of the new optimal
backward-time recursive equation for computing the joint
posterior p(x¢, M} |z1.x).

C. Comparison with the Optimal Smoother in [10] and [27]

The optimal fixed-interval smoother, based on which the
smoothing algorithms in [10] and [27] are developed, stems
from (4) as well. It has a functional form different from that
in (11) because when evaluating p(x;, M} [x; 11, M{ 1, 21.¢)
in (5), it applies the Bayes theorem directly to arrive at

p(xe, MY [x¢ 41, My, 21:0)
 p(Xegr, My [xe, MY )p(xe, MY |21.40)
B P(Xt1, M1 4|21:4)
Pxepa | My, xe)p(xe| M, 21.)
P(Xt+1\Mii+1azlct) .
The term in the third row of the above equation, however, is

not a posterior of the state x;. This can be verified by noting
that the denominator can be expressed as

13)

r
P(Xt+1\MtZ+1,let) = Zp(xt+lv M15]|MZ+1, Z1.t)

Jj=1

T
= ZP(XtH\Mtier Mtjazht)p(Mg‘MfH»Zl:t),

Jj=1

(14)

which is not equal to [ p(x;41| M} 1, %:)p(x:| M}, 2. )dx; =

p(xe1| M4, M7, zy.;). As a result, the integral in (4) cannot

be evaluated using e.g, the nonlinear RTS smoother from [5].
To bypass the aforementioned difficulty, [10] introduces

p(xe, MY [Xp g1, My q,21:1)
~ p(Xep1| My, x0)p(xe| MY, 21.4) p(Xe41| My, M 21.4)
P(Xt+1|Mf+1, M}, z1.) (X1 My, 21:4)
15)
The first term on the right hand side of (15) is now a posterior
of x;. [10] further simplifies (15) through replacing x;;; in
the second term on its right hand side with the mode of
the smoothing posterior p(x;41|M; ,21.z). As expected, the
associated approximation error would increase when the noise
level becomes larger. On the other hand, in [27], we put (13)
into (4) and evaluated the result using the expression for the
quotient of two Gaussian densities for linear Gaussian state-
space models. But the application of the developed algorithm
is limited to the scenario with linear state transition models
and non-singular process noise covariance.

III. PROPOSED SMOOTHING ALGORITHM
A. Algorithm Development

This subsection gives a suboptimal fixed-interval smoothing
algorithm that approximates the optimal Bayesian smoother
in (11) when the state-space models the jump Markov system
admits are nonlinear with additive Gaussian noise. In this case,
the model-matched state prediction PDF and measurement
likelihood in (1) would become

P(Xt|Xt—1»Mg) = N(Xt;fj(xtfl)v Q{q)»
p(ze|xs, M) = N(z; hy(x4), RY),

(16a)
(16b)

where f;(-) and h;(-) are the nonlinear state transition function
and measurement function under model M]. N(y;u,X)
denotes a multivariate Gaussian PDF with mean g and co-
variance X on the random vector y.

Assume that the forward-time filtering is carried out first
using the IMM filter [3]. It employs the ADF with Gaussian
assumption (i.e., Gaussian filtering [1], [2], [5], [31]) in place
of the linear Kalman filter (KF) to handle the nonlinearity
in the state-space models. Let the model-matched filtering
posterior of the state and posterior probability of the model
index obtained in the update stage of the IMM filter be

p(Xt|Mtja z1:) = N (x; /‘zw Pz\t)’
p(M}|z1:) = w

(17a)
(17b)

J
tlt
where t = 1,2,...,k and 57 = 1,2,...,7. In the prediction
stage of the IMM filter, the filtering posterior of x; after
model mixing, the mixing probability, and the model-matched
prediction PDF of x;; are calculated. We denote them as

P(xe| My, 21.0) = N (xi5 By, Py, (18a)
p(M] My, 21.0) = @), (18b)
p(xt+1|Mti+17 z1:) = N (X113 ”i+1‘t7 Pi+1|t). (18¢c)

The forward-time IMM filter stops at time instant k. The
proposed algorithm then starts the backward-time smoothing
with evaluating (11) using ¢ = k—1 and p(xy41, M{ ,|z1.) =
p(xk| M, 216 )p(M}|21.1) = N(xk;u};‘k,,Pm) : w]ig“kj (see
(17)). The obtained result is substituted back into (11) to find
p(Xp—2, Mi_,|z1.1), j = 1,2,...,r. This process continues
until p(xl,Mf |z1.1) is found and the desired fixed-interval
multiple model smoothing is accomplished.

We are ready to present the steps for evaluating (11). As the
joint posterior p(x¢41, M{, {|z1.;) is a scaled Gaussian PDF
at t = k — 1, we express it using the following general form:

p(Xey1, Miyy|21) = p(xeq |M]y 1, 21)p (MY 211
=N (x¢41;3 Pigfhs P§+1\k) Wi ks
19)
where t =1,2,...,k — 1.
Step-1: We evaluate p(x;|M/,|,z1;) in (11) first. As
pointed out below (8), its definition (9) has the same functional
form as the single model optimal Bayesian smoother. From



(17), (18a), (18c) and (19), all the terms in the integrand in
(9) are Gaussian densities. We can follow [5] to arrive at [23]

P(xe| M4y, 21k) = N (%25 3 Pl (20)
where
By = By + Gyl 1k — B, (21a)
Piy, =Py, + Gi(Pyyy — Piy )G 21b)
“tl , and Pt| , are the mean and covariance of the filtering

posterlor of the state x; after model mixing (see (18a)),
while o gt and P! fr1)e are the mean and covariance of the

prediction PDF of x;,1 given in (18c). The gain matrix G! is
Gi=Ci(Py) ", (22)

where C! is the cross covariance equal to
Ch = [ o = ) (:00) = 12y TN ol Py
(23)

Step-2: Substituting (17), (18a) and (20) into (11) yields
"N (% H’i\t’ Pi\t)N(Xt;p’i\k’ Pi\k)

=

i=1

e

p(xt, M} |z1.1,)

(24)
We proceed to evaluate the summands in (24). Specifically, by
the product rule for two Gaussian densities, we have that

N(Xt;ﬂf\ta Pz\t)N(XtQ ﬂi\ka Pi\k)

AR 9
= N(Mi“; p’tlk-7Pg|t + Ptlk)N(Xtv 'uf|k7Pi|k)
where
'B’grk = ﬂi\k + Pi\k(Pzp + Pi\k)fl(u{\t - ﬂi\k), (26a)
. . —1
Pl = (@) + @) (26b)

Next, applying the expression for the quotient of two Gaussian
densities [27]-[29]

NipeZe) el Ny, )

N ta, Za)  [Za =] Ny e, o — e)’
where 3, = (3, =3, )"t and gy, = (2, .~ 3, Ty,
we arrive at
N(Xtvl«"t‘kvpzrk) _ |Pt|t| N<Xt7p’t|k7pi|lk)

N(Xt7 I-l't|t7 Pt\t) |Pt|t - t|‘k| N(Htlt, I"Lt|k7 P P]Z

Here, ut‘ ., and P/ o) are equal to

o N

Pi\lk ((Piug) ) 1) ; (28a)

wij = Pl (Pl B, — Py 'ity) . (28b)
Step-3: Putting (25) and (27) into (24) yields

p(xe, M} |21.%) Z dt‘k (Xt H{‘iw Pi\lk)’ (29

N(Xt;p’i”vpiﬁ) bk

12y

where the weights d’! are defined as

t|k

dj\lk ¥ |lk P} |t‘ _ N(Ngm ﬂilk’Pi\t + Pi“@) (30)

t t ; iy
|Pt|t t\kl (“’t|t7u’t|k’P t)t Piuc)

and hjZ _ift w§+1\k according to (12), (18b) and (19).

Itis clear from (29) that the joint smoothing posterior at time
t would be a Gaussian mixture with 7 components, although
the joint smoothing posterior at time £+ 1 is a scaled Gaussian
density (see (19)). To maintain the computational tractability,
we approximate p(x;, M7 |z1.x) in (29) using

p(xe, M{ |21:0) = N (xis g, Pl) -y G

such that it has the same functional form as (19). Invoking the
method of moment matching [32], p’ ks and P o) are found via

T dﬂ
; tlk i
M = D s o e (32a)
=1 l 17|k
r dj\zk-
t j ji i \T
Pi|k Z S (Pt\kJF(l‘t\k i) (B — 1)) )
=1 l 17tk
(32b)
The smoothing posterior probability w? | v 18 equal to
Zz djl
1 %k (33)

wz|k = T li °
i1 2iet dyl),

This completes the development of the suboptimal fixed-
interval algorithm under nonlinear state-space models with
Gaussian noise. We can see that different from the smoother
n [27], the proposed method does not require the inverse of
the process noise covariance Q¢ _; and the state transition can
be nonlinear.

B. Algorithm Implementation

The validity of (29) requires that P/ Hk is positive definite.
We can show that this is true when ¢ = k£ — 1. Specifically,
from the deﬁnltlon of P/ in (28a), we need to prove that

t|k
Pil ‘ | 21 18 positive definite. Putting (26b) and (21b) yields

_ -1
i|t Pt\/g - 1:)t|t ((Pt\t ( t\k )
= Pi\t Pt\k + Ptlk(Pt\t + Ptlk) tlk

=GP — Pl (G + Pt|k(P§\f +Pl) P

(34)

The second equality in (34) is obtained via invoking the matrix
inversion lemma. We can see that in the third equality of (34),
the second term is positive definite. The first term, on the other
hand, is at least positive semidefinite when ¢t = k£ — 1. This
is because in this case, Pt+1\t Pi+1|k = PZ\k—l — P};Ik is
the difference between the covariances of the prediction PDF
and filtering posterior of the state xj. It is at least positive

semidefinite under Gaussian filtering, which completes the



proof that Pt‘f Pglzk in (34) and as a result, Pt‘k in (28a)
are both positive definite when ¢ = k — 1.

Nevertheless, the above observation may not hold for ¢ <
k — 1, as observed in the simulation experiments. To address
this aspect, the uncertainty-injection (UI) technique [33], [34]
is employed to scale up the covariance P’ e using

P, < X-Pj,, (35)

where A > 1 is determined by increasing its value until P t‘k
in (28a) becomes positive definite. In this case, we set I

tlk 1
(30) to be dt‘k = hirk = _t|t . t+1‘k (see the definition of
hi"k in (12) and the discussion under (30)).

The computation steps that the proposed fixed-interval
smoother performs at each time instant ¢ < k are summarized
in Algorithm 1 shown below. It can be seen that to find the
joint posterior for each model index M, we need to evaluate
r smoothers in closed form. Thus, the proposed fixed-interval
smoother indeed has a computational complexity close to that
of the GPB2-type algorithms from [10], [27] and the method
given in Algorithm 1 of [23].

Algorithm 1: One Step of the Proposed Smoother

Input: {Ht‘t, t‘t, t‘t}; 1,2,...m {wt‘t}z 1,2,.
{l"’tJrl\t’ t+1\t}1 L,2,..m {“t\ﬁ t\t}% 1,2,
{“tJr.l\k:’Pthrl\k:’. t+1\k:}l 1,2,.m

Output: {uz‘k,Pz‘k,wglk}j:LZ "

1fori=1,2,....,r do

LTy g=1,2,..., r

2 Calculate Ci and G using (23) and (22);

3 Compute ﬂ;lk and Pé‘k using (21);

4 end

sfor j=1,2,...,7 do

6 fori=1,2,...r do

7 Compute “t| , and P! ks using (26);

8 A1

9 Increase A until A - Pg‘t P K is posmve definite;

10 Evaluate, with P;l . Teplaced by A - P! e (28) and
(30) to find ut|k, P;llk and dﬁk :

11 if A > 1 then dilk T, |t t+1|k’

12 end

13 Calculate ug‘k and lek using (32);

14 Find wg‘k using (33);

15 end

C. Comparison with the Smoother from Algorithm 1 of [23]

The smoother presented in Algorithm 1 of [23] is closely
related to the technique developed in Section IILA in the sense
that it also uses N (xy; ugfk, Pi‘lk) given in (27) to evaluate the
model-matched state smoothing posterior p(x¢| M/, 21.1.). But
it computes p(x¢|M,z1.;) and the posterior probability of
the model index, p(M}|z1.x), sequentially, instead of finding

them jointly as in (29). Sepcifically, the Algorithm 1 from [23]
finds p(x;| M, z1.1,) via

p(thMtjy Zl:k) = ZN(Xt; l/”é‘zka P;‘Zk) (M;+1|Mtj7 Zl:k)?

} (36)
where p(M;,{|M],z1.) is approximated using

i j b,i
P(M 1| MY,Z1:) o pji 'N(/’l't\ﬁ ”t\k" PZ\t P G

Here, pjl is the model transition probability defined in (2),
and p’ e and P’/ 4| are the mean and covariance of the model-
matched filtering posterior of x; (see (17)). /,th’]; and Pf; are
the mean and covariance of the maximum like{ihood estimate
argmaxy, p(Zey1.x |X¢, Mf+1). They are equal to [18], [23]

-1

b,i DI \— DI \—
Pl = (P = ()7
b, bi (i \—15i i \—1ri
Ht\lk =Py <(Pt\k) 1!"t\k = (P 1Ht|t) )
where ﬂi‘t and Pi‘t are defined in (18a), while ﬂi‘k and Pi‘k,
are given in (21).
Pf‘; in (38a) may not always be positive definite'. In fact,

we can show by following the same approach leading to (34)
that substituting (21b) yields

f)ilt o Pi\k = Gi(Pi-&-l\t - Pi+1|k)(Gi)T-

In other words, the inverse of Pf‘; would only be posi-
tive semidefinite when ¢t = k£ — 1, if the number of mea-
surements in zj is smaller than the dimensionality of the
state xj. In this case, [23] considers the Gaussian density
N(y’tlt’p’ﬂk’Pﬂt + Pt|k) in (37) to be a flat prior such that
p(M{ ,|M],z1.;) ~ pji. At the same time, the posterlor
probability for the model index is set to be p(M |z1.,) = tl o
7 =1,2,...r, which are just the model posterior probabilities
computed by the forward-time IMM filter. Th1s approximation
may lead to the performance degradation if P ik * being singular
occurs frequently (see the Simulation Results section).

(38a)

(38b)

(39)

IV. SIMULATION RESULTS
A. Simulation Setup

We adopt a simulation scenario very similar to the one
employed in [27], [35]. A stationary sensor at the origin
measures the range and bearing of a target to estimate its
trajectory. At sampling instant ¢, the measurements are related
to the target state vector X; = [x¢, ys, ¢, ] through

Vi +y?

”:Lrwwm

where [z, ;)7 is the target position, [iy, 7] is the target ve-
locity, and tan~!(-) denotes the four-quadrant inverse tangent
function. w; is the zero-mean Gaussian measurement noise
vector with covariance R = diag(c2, 07), where o, = 100m
and oy = 0.5°.

:| + Wi, (40)

ICompared with % 7!

tlk * tlk
of PZ It (see (34) and the discussion below).

is less likely to be singular, due to the presence



To realize the fixed-interval smoothing of the target state
x¢, we collect k = 200 measurements with a sampling period
of T' = 3s over an interval of 600s. At the beginning of this
time interval, the target is located at [234.92km, 85.50km]”
and moving with an initial velocity [—141.4m/s, —141.4m/s]%".
Within the interval, the target motion follows the constant
velocity (CV) model most of the time. Mathematically, in this
case, the target state x; evolves according to [9]

xe =Fxy_1 + v, (41)
where the state transition matrix F is
I T I

F = [O I ] . 42)

The target makes two turns within the time interval, accord-

ing to the following constant turn (CT) model [9]
x; = F(w) xi—1+ vi_1, (43)

where the state transition matrix F(w) is

10 sin(wT)/w —(1 = cos(wT))/w
Flw) = 0 1 (1—cos(wT))/w sin(wT) /w
00 cos(wT) —sin(wT)
0 0 sin(wT) cos(wT)
(44)
The first turn lasts for 18 seconds from 200s to 218s, and it has
an acceleration of 1g with a turn rate of w = —0.05rad/s. The

second turn lasts for two minutes from 480s to 600s, and it
has an acceleration of 0.5g with a turn rate of w = 0.022rad/s.
Fig. 1 shows a sample target motion trajectory.

80 4
60

0 50 100 150 200
x (km)

Fig. 1. A sample target trajectory. The triangle denotes the sensor. The circle
gives the initial position of the target. The blue curve is the target trajectory.

In (41) and (43), v;_1 is the Gaussian process noise with
zero mean and covariance Q = UEGGT, where G =
(172 1,7 -1,)" and 0, = 1mis.

We compare the estimation accuracy of the fixed-interval
smoother proposed in Section III.A with that of five bench-
mark methods. They include the forward-time IMM filter [3],
two-filter approach [18], GPB2-type technique from [10], the
smoother from Algorithm 1 of [23] and the method from [2772.

2The process noise covariance Q = 02GGT is singular, which renders
the smoother proposed in [27] inapplicable here. To allow the performance
comparison, diagonal loading is applied such that the smoother from [27] in
fact uses Q + blkdiag(T2 -I2,02) as the process noise covariance.

All the algorithms employ the same bank of r = 7 state-
space models. These models share the measurement equation
in (40), but their process equations are different. Specifically,
one state-space model adopts the CV model in (41) while
the other six state-space models use the CT models in (43)
with turn rates set to +0.02rad/s, £0.033rad/s and +0.1rad/s.
The model switching is assumed to follow a Markov chain
with a known transition probability matrix P whose diagonal
elements are 0.8 and off-diagonal elements are 0.0333.

The output of the forward-time IMM filter is utilized by
the five simulated smoothers to achieve fixed-interval state
smoothing. We initialize the IMM filter using the target range
and bearing measurements obtained at the first sampling time.
The initialization process is the same as the one used in [27],
[35] and thus, it is omitted here for brevity.

To handle the nonlinearity in the measurement equation
in (40), the Gaussian filtering framework using the cubature
rules-based numerical integration [36] is applied. Note that
in the current simulation setup, the state dynamics are still
linear. The purpose of this setting is to enable the perfor-
mance comparison between the proposed technique and the
smoother from [27], as well as the two-filter approach that
requires finding the inverse of the state dynamics. When the
state dynamics become nonlinear, to implement the proposed
smoother in Section III.A, the cross covariance C}; defined in
(23) may need to be evaluated numerically as well. In this
case, again, the cubature rules could be used to compute Ci.

B. Results and Analysis

We quantify the performance of the six algorithms in
consideration in terms of their target position estimation root
mean square errors (RMSEs) and target velocity estimation
RMSEs. The results are shown in Figs. 2 and 3, and they are
obtained through averaging over 2000 Monte Carlo ensemble
runs. In the figures, three vertical lines are added to indicate
the starting time (200s) and ending time (218s) of the first
turn, as well as the starting time (480s) of the second turn.

According to Figs. 2 and 3, the five smoothers all provide
evident performance gain over the forward-time IMM filter
(‘IMM Filter’), which is expected because more measurements
are explored in smoothing. Besides, the smoothers offer similar
target velocity RMSEs but the GPB2-type smoother from [10]
(‘GPB2 Smoother’) yields the largest target position RMSEs.
This may come from the use of the approximation that the
smoothing state posterior is concentrated around its mode (see
the discussion below (15)), which may become invalid under
the relatively large noise level used in the simulation. The
performance of the fixed-interval smoother proposed in this
paper (‘Proposed’) is close to that of the two-filter approach
[18] (‘Two-Filter’) and the smoother from [27] (‘Method from
[271). But the new algorithm eliminates the need to find
the inverse of the state dynamics and no longer requires the
process noise covariance being invertible. Besides, they are
superior to the smoother from Algorithm 1 of [23] (‘Method
from [23]’) in terms of greatly reduced target position RMSEs.
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Fig. 2. Comparison of target position RMSEs.
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Fig. 3. Comparison of target velocity RMSEs.

The observed performance improvement over the smoother
from [23] may be explained by examining the average poste-
rior probabilities of the model indexes. For this purpose, we
plot in Figs. 4, 5 and 6 the posterior probabilities for the CV
model, CT model with turn rate w = —0.033rad/s and CT
model with w = 0.02rad/s. The two CT models are selected
because they have turn rates close to those of the first turn
(w = —0.05rad/s) and the second turn (w = 0.022rad/s).

1 . . . . . . . I "
—— IMM-Filter
Two-Filter

= GPB2-Smoother
Method from [23]| |
Proposed
Method from [27)] |
4 5 6 7

Time (min)

Model Probability
o o

o

Fig. 4. Comparison of the CV model probabilities.

We can see from Figs. 4-6 that the posterior model proba-
bility found by the smoother from [23] is very close to that of

— IMM-Filter

Two-Filter

— GPB2-Smoother

Method from [23]

Proposed
Method from [27]

Model Probability
°c o o
= o o
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o
w

I
N
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Fig. 5. Comparison of the CT model probabilities (w = —0.033rad/s).

—— IMM-Filter
Two-Filter
—— GPB2-Smoother
Method from [23]
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Model Probability

o ©°
R
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Time (min)

Fig. 6. Comparison of the CT model probabilities (w = 0.02rad/s).

the forward-time IMM filter. This indicates that the covariance
matrices of the maximum likelihood estimates, which are
Pi”; given in (38a), become non-invertible frequently (see
Section III.C). The underlying reason is possibly that we
use a relatively large bank of r = 7 state-space models,
which increases the chance that there is at least one singular
covariance matrix P;;c

On the other hand, the proposed smoother, as well as the
one from [27] and the two-filter approach, better identifies
the target motion mode. Specifically, from 1s to 200s and
from 218s to 480s when the target motion follows the CV
model, the posterior CV model probabilities calculated by
the proposed smoother are significantly bigger than that of
the method from [23] (see Fig. 4). The observations from
Figs. 5 and 6 are similar. They demonstrate, respectively,
that the proposed smoother performs better in finding the
correct target motion mode during the first turn from 200s
to 218s and the second turn from 480s to 600s. The improved
performance may be owing to two factors. First, the covariance
of the model-matched smoothing posterior computed by the
proposed smoother, which is Pﬁk in (28a), is less likely to be
singular (see the analysis in Section IIL.B). Second, even when

P/ |Zk is singular, thanks to the optimal smoother (11) it is based



gi gt
on, the proposed smoother uses dt‘k = Wy Wy g, 1O calculate

the model probability (see (33) and the discussion under (35)).
This still enables the utilization of the information from the
forward-time IMM filter contained in the mixing probability
w]), and the information from smoothing included in w] ke
In contrast, the method of [23] explores the model probability
obtained during the forward-time IMM filtering only when

one covariance PZ; is not invertible. This may lead to the

degraded estimation performance observed in Fig. 2.

V. CONCLUSIONS

For the problem of fixed-interval state smoothing for jump
Markov systems, this paper first derived a new optimal
backward-time recursive equation that can calculate the pos-
terior of the state vector and model index jointly. We then
developed a closed-form algorithm that uses Gaussian filter-
ing techniques to approximate the newly obtained Bayesian
smoother under nonlinear state-space models with additive
Gaussian noise. The proposed optimal smoother and the sub-
optimal smoothing algorithm were contrasted against several
existing approaches to highlight their underlying differences.
The good performance of the proposed smoothing algorithm
in a maneuvering target tracking task in terms of improved
estimation accuracy over multiple benchmark methods was
illustrated using simulations.
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