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Abstract We continue to develop the most general theory of one-sided fractions started in Bavula (Localizable
sets and the localization of a ring at a localizable set. arXiv:2112.13447). The aim of the paper is to introduce
10 types of saturations of a set in a ring and using them to study localizations of a ring at localizable sets, their
groups of units and various maximal localizable sets satisfying some natural conditions. The results are obtained
for denominator sets (the classical situation), Ore sets and localizable sets.
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1 Introduction

In the paper, all rings and their homomorphisms are unital.

In [2], Ore’s method of localization was extended to localizable left Ore sets, a criterion was given of when a
left Ore set is localizable, and prove that all left and right Ore sets of an arbitrary ring are localizable (not just
denominator sets as in Ore’s method of localization). Applications are given for certain classes of rings (semi-prime
Goldie rings, Noetherian commutative rings, the algebras of polynomial integro-differential operators).
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In [3], some basic results of the most general theory of one-sided fractions was developed and the following
new concepts were introduced and studied: the almost Ore set, the localizable set, the perfect localizable set, the
localization of a ring and a module at a localizable set. Their relations are given by the chain of inclusions:

{Denominator sets} € {Ore sets} < {almost Ore sets} C {perfect localizable sets}

C {localizable sets}.

Localizable sets are generalization of Ore sets and denominator sets, and the localization of a ring/module at a
localizable set is a generalization of localization of a ring/module at a denominator set.

In this paper, for a subset S of a ring R, the following concepts are introduced: the left saturation S;', the right
saturation S‘r“” , the weak saturation S™*, the left weak saturation S;**, and the right weak saturation S}*. If the set
S is a left or right localizable set then so are some of its saturations (Thereom 1.2).

In Sect. 2, for a left denominator set S € Den;(R) of aring R, explicit descriptions of the group of units (SR)*
of the ring S —IR, and the monoids (SR) IX and (SR) of left and right invertible elements of § ~IR are obtained
(Theorem 2.1).

The largest element S;(R, a, S~ R) in (Den;(R, a, S~! R) C) and its characterizations where S € Den;(R).
Let S, T € Den;(R). The denominator set T is called S-saturatedif sr € T, forsomes € Sandr € R,thenr € T,
andif r’s’ € T, forsome s’ € Sandr’ € R, then+' € T, [2].

LetS € Den;(R), a = ass;(S) := {r € R|sr = 0forsomes € S},Den;(R, a) := {T € Den;(R) | ass;(T) = a},
and

Den;(R,a, S™'A) = {T € Den;(R, a) | T-'R~S"'R, anR — isomorphism}.
[2, Proposition 3.1] describes the largest element S; (R, a, S -1 R) of the partially ordered set (Den; (R, a, S -1 R), ©).
[2, Lemma3.3.(1)] gives another description of S;(R, a, S~!R) in terms of the group of units of the ring S~!R.

Lemma 1.1 ( /2, Lemma 3.3.(1)]) Let R be a ring, S € Den;(R,a), and o : R — S™'R, r 7. Then the set
Si(R, a, N R) = o1 ((Sfl R)*) is the largest element of the partially ordered set (Den;(R, a, §—1 R), Q). The
set S;(R, a, s-1 R) is S-saturated.

Similarly, for a right denominator set S € Den, (R, a) (resp., S € Den(R, a)) , we denote by S, (R, a, RS™hH
(resp. S(R, a, S~IR)) the largest element of the poset (Den, (R, a), €) (resp., (Den(R, a), ©)).
Definition. Let R be aring and S € R. The sets
§* :={a € R|ba,cb € S for some b, c € R},
§%" :={a € R|ab,bc € S for some b, c € R},
SY :={a € R|ba,ac € § for some b, c € R},
S :=={a € R|ba € S for some b € R},
S :={a € Rlac € S for some ¢ € R}

are called the left saturation, the right saturation, the weak saturation, the left weak saturation, and the right weak
saturation of S, respectively. By the very definition,

SWS = S 8PS D SN S5, S C S0, and S5 C S, (1.1)

A ring R is called a finite ring if yx = 1 implies xy = 1 (every one-sided inverse is the inverse).
Theorem 1.2 is another characterization of the sets Sy (R, a, s-1 R) in terms of the five saturations above where
x € {l, r, ¥}. Its proof is given in Sect. 2.

Theorem 1.2 Let R be a ring.
1. If S € Den;(R, a) then S;(R, a, ST'R) = Syt
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2. If S € Den,(R, a) then S,(R, a, RS™!) = 5.
3. If S € Den(R,a) then S(R,a,S™'R) = S;(R,a,S7'R) = S;(R,a, RS™") = 8§59 = $5 = §¥ and
Sws — S;at N Ssat
sat,

If S € Deny(R, a) and the ring S™'R is a finite ring then S;(R, a, S”'R) = Syt = S,
Ifand S € Den, (R, a) and the ring RS™" is a finite ring iff S, (R, a, RS™) = §5¢ = §¥s,
6. If S € Den(R, a) and the ring S™'R is a finite ring iff

S(R.a,S7'R) = Si(R,a,S7'R) = S,(R,a, RS!) = §}* = §}* = §"% = 5} = 5.

@R

Theorem 1.2 shows that saturations of % denominators sets are also * denominators sets.

Corollary 2.2 is a strengthening of Theorem 1.2 in the case when the ring S~ R is either a domain or a one-sided
Noetherian ring or does not contain an infinite direct sum of one-sided ideals. Corollary 2.3 shows that saturations
are idempotent functors in the case of denominator sets.

Applications are given for the algebra S, of one-sided inverses (Proposition 2.5) where saturations are explicitly
described (the algebra S,, is not a finite ring. It is neither left nor right Noetherian, not a domain and contains infinite
direct sums of left and right ideals).

Finiteness criterion for a localization of a ring via its saturations. Theorem 1.3 is a finiteness criterion for a
localization of a ring at a localizable set which is given in terms saturations.

Theorem 1.3 Let R be a ring.
1. If S € Deny(R, a) then the ring S™' R is a finite ring iff Si(R, a, STIR) = §}* = §}"*.
2. If S € Den, (R, a) then the ring RS~ is a finite ring iff S, (R, a, RS™!) = Ssat = §ws,
3. If S € Den(R, a) then the ring S™'R is a finite ring iff
S(R,a,S7'R) = S/(R,a, ST'R) = S, (R, a, RS™!) = §9" = §391 = §¥s = §}* = §»5.

The largest element S, (R, a, S”'R) in (Ly(R, a, S~'R) C) and its characterizations where S € L. (R, a).
In Sect. 3, the results of Sect. 2 for the denominator sets are generalized for localizable sets. At the beginning
of Sect. 3, some results are collected from [3] on localizable sets and localizations of rings at localizable sets.
Proposition 3.8.(2), is an explicit description of the largest element S, (R, a, S~'A) of the partially ordered set
(Ly«(R,a,R), ) of all x localizable sets S in R with assg(S) = a and R(S*]) ~ R where * € {l,r, 0}
Theorem 3.10 is another characterization of the set Sy (R, a, R(S -1 )) which is given in terms of the five saturations
(it is an analogue of Theorem 1.2 but for localizable sets). In the case of Ore sets, we can strengthen Theorem 3.10,
see Theorem 1.4.

Definition. Let R be aring and S € R. The sets

SPsat .= {a € R |s1basy, tichty € S for some s1, 52,11, 1 € S and b, c € R},
§Psal .= {a € R|sjabsy, tibcty € S for some sy, 52,11, 1 € S and b, ¢ € R},
SYPS .= {a € R|s\basa, tiact) € S for some s1, 52,171,172 € S and b, c € R},
St .= {a € R|sibasy € S for some 51,57 € S and b, € R},

S;pbs :={a € R|sjabs, € S for some 51,520 € S and b € R}

are called the left bi-saturation, the right bi-saturation, the weak bi-saturation, the left weak bi-saturation, and the
right weak bi-saturation of S, respectively. By the very definition,

was — Slwbs N S}ubs ) Slbsal N stat’ Slbsat C Slwbs’ and stat C S;Ubs. (12)

Theorem 1.4 We keep the notation of Theorem 3.10. Suppose that S € Ore(R, a) where a = assg(S).

1. S(R,a, STIR) = SPsat = ghsat — gubs,

2. Suppose, in addition, that the ring S~ R is either a domain or a one-sided Noetherian ring or does not contain
an infinite direct sum of one-sided ideals then S(R, a, STIR) = Slwbs = S,wm.

The proof of Theorem 1.4 is given at the end of Sect. 3.
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2 Localizations of a Ring at Denominator Sets, their Groups of Units and Saturations

Let R be a ring. A multiplicative subset S of R is called a left Ore set if it satisfies the left Ore condition: for
eachr € Rands € S, Sr(|Rs # 0. Let Ore;(R) be the set of all left Ore sets of R. For S € Ore;(R),
ass;(S) := {r € R|sr =0 for some s € S} is an ideal of the ring R.

A left Ore set S is called a left denominator set of the ring R if rs = 0O for some elements r € R and s € §
implies tr = 0 for some element ¢ € S, i.e., r € ass;(S). Let Den;(R) be the set of all left denominator sets of R.
For S € Deny(R),let ST'R = {s~!r |s € S, r € R} be the left localization of the ring R at S (the left quotient ring
of R at S). Let us stress that in Ore’s method of localization one can localize precisely at left denominator sets. In a
similar way, right Ore and right denominator sets are defined. Let Ore, (R) and Den, (R) be the set of all right Ore
and right denominator sets of R, respectively. For S € Ore, (R), the set ass,(S) := {r € R|rs = 0 for some s € S}
is an ideal of R. For § € Den,(R), RS™! = {rs~!|s € S, r € R} is the right localization of the ring R at S.

Given ring homomorphisms v4 : R — A and vp : R — B. A ring homomorphism f : A — B is called an
R-homomorphism if vg = fv,. A left and right set is called an Ore set. Let Ore(R) and Den(R) be the set of all
Ore and denominator sets of R, respectively. For § € Den(R),

S'R~Rs™!

(an R-isomorphism) is the localization of the ring R at S, and ass(R) := ass;(R) = ass;(R).

For aring R and * € {/, r, #}, Den, (R, 0) be the set of x denominator sets 7 of R such that T C Cg, i.e., the
multiplicative set T is a « Ore set of R that consists of regular elements of the ring R.

The group of units (S ~1 R)*and monoids of one-sided inverses of a localization S~! R where S € Den;(R).
For a ring R, we denote by R its group of units. Let R,X :={a € R|ba = 1forsomeb € R} and R} :={a €
R|ab = 1 for some b € R}, the sets of left and right invertible elements of the ring R, respectively. The sets R/*
and R are multiplicative monoids that contain the group R* and R* = RN R. Thering R is called a finite ring
if ab = 1 implies ba = 1 (every one-sided inverse is the inverse). The ring R is a finite ring iff R* = R = R
iff R* = R/ iff R* = R). Every domain or a one-sided Noetherian ring is a finite ring. It is well-known that
the algebra of one-sided inverses, S| = K (x, y| yx = 1), is not a finite ring (see [1] for generalizations and their
properties). Let K be a field of characteristic zero and /; be the subalgebra of the algebra Endx (K [x]) which is
generated by the K-derivation 0 = % and the integration f : K[x] — K[x], x" fl—',l where n > 0. Then the
K -algebra homomorphism

S| — I, xn—)/, yH— 0

is an isomorphism (since d [ = 1.S; = @; ;o Kx'y/,and I; = @, ;.o K [* 9/). Clearly, the elements 3 and [
are not invertible (since ker(d) = K # 0). Hence, the algebras S; and /; are not finite.

For a ring R and its left denominator set S, Theorem 2.1 gives an explicit descriptions of the set (S™'R)*,
(S7'R); and (ST'R)X.

Theorem 2.1 Let R be aring, S € Den;(R), and T € Den,(T). Then

1. (S7T'RY* ={s~la|ba, cb € S for some b, c € R, s € S}.

2. (S7'R) ={s"'a|ba € S for some b € R, s € S}.

3. (S_IR);‘ = {s_la |tia = art, a1b = t1 for some elementst,ty € Sanday,b € R,s € S}.

4. (AT_l)rX = {as ' |ac € S forsomec € R, s € S}.

5. If in addition, S € Den(R) then (S"'R)* = {s 'a|RaNS # 0, aANS # W) = {s 'a|ba,ac € S for some
b,ce R,s € S}.

6. If. in addition, the ring R is finite then (S~™'R)* = (S’IR)IX ={s"'a|ba € S for someb € R, s € S}.

7. If. in addition, the ring R is finite and S € Den(R) then (S"'R)* = {s'a|ba € S for some b € R,s € S} =
{s7'a|ab € S for some b € R, s € S).
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Proof 2. An element s~ 'a € ST'R (where s € S and a € R) belongs to the monoid (S™'R); iff a € (ST'R)/
iff t=1b1a = 1 for some elements ¢ € S and by € R iff ba € S for some element b € R (the equality bja =t
that holds in the ring S~ R is equivalent to the equality #;(bja — t) = 0 in R for some element ¢; € S, then put
b =1t1by).

l.Let B={s"'a|ba,chb € S forsome b, c € R,s € S}.

(i) B € (S7'R)*: If ba = s and c¢b = t for some elements s, 7 € S and b, ¢ € R then

b-as ' =1 and tilc-bzl,

andsob € (ST'R)* andsoa = b~ s € (SIR)*.
(ii)) B 2 (S~'R)*: Given an element a € R such thata € (S"'R)*. Thena € (S’lR)lX, and so ba = s for
some elements s € S and b € R, by statement 2. Then a ' =s71p, and so

as Vb =1.

Hence, b € (S_IR)IX, and so cb € S, by statement 2.
By the statements (i) and (ii), B = (S “IR)*.
3. Anelement s~ 'a € ST'R (where s € S and a € R) belongs to the monoid (S_lR),X iffa € (S_IR),X iff

at”'b=1

for some elements r € S and b € R. The set S is a left Ore set, hence tja = ait for some elements 7; € S and
d} € R.Now,at™'b=1and rja = a|t iff

_ T1
tat~'b =ajb = T and tia = ajt
iff tgaib = 1o7; for some element 7, € S and t1a = ait iff rga/lb = 1o7; for some element 7, € S and
110 = noa)t iff
tia =ait and a1b =1

where t; = o171 € Sand a; = rzai € R (the operations are reversible).
4. By statement 2, (RT_I),X ={as™'|ab € T, s € T} (apply statement 2 to the opposite ring

(RT—I)op — (Top)—lRop

of the ring TR™1).
5. The second equality is obvious. By statement 4,

(RS~ ={as™'|ac € S for some c € R,s € S}.
Since S is a denominator set, ST!R ~ RS~ !. In particular,
(S_IR);( = (RS_I);< = {as~!|ac € S for some ¢ € R, s € S}.

By statement 2, (S"IR)* C (S_lR)lX = {s‘la |ba € S for some b € R, s € S}. Now, statement 5 follows from
the fact that R* = R N R.
6. The ring R is a finite ring. Hence,

(ST'RY* = (S7'R) ={s"'alba € S forsome b e R,s € S},

by statement 2.
7. The ring R is a finite ring and S € Den(R). Hence,

(S_IR)X = (S_IR)IX = {s_la |ba € S for some b € R, s € S}, by statement 2,
(ST'R)* = (AS_l)rX ={s'a|ab € S for some b € R, s € S}, by statement 4,

and statement 7 follows. O
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Proof of Theorem 1.2 1. Statement 1 follows from Theorem 2.1.(1) and Lemma 1.1: a € S;(R, a, S—IR) iff ‘f €
(S7'R)* (Lemma 1.1)iff s~'b-a = 1andr~'c-b = 1 forsome elements s, r € Sand b, ¢ € R (sinceb-as~! = 1)
iff sb-a,tc-b e S forsomeelementss,t € Siffa e Sf”t.

2. Statement 2 follows from statement 1 (by applying statement 1 to the opposite ring).

3. By Lemma 1.1 and its right analogue, we have that

SIR,a, ST'R) =o' ((ST'R)) = S, (R, a, RSTH).
Therefore,
S(R,a,S7'R) = Si(R,a,S”'R) = S,(R,a, ST'R) = §}*" = 5},

by statements 1 and 2. By (1.1), S** D S;‘” N Sf‘”. Given an element a € S¥*. Then ba, ac € S for some elements
b, ¢ € R. It follows that % S (S_IR)X. By Lemma 1.1, we have thata € S;(R, a, S_lR), and so

ac S;'ll[ — S;’ml — ;‘al n S;vat.

Therefore, S¥* = §)* N 3.

4. The first equality in statement 4 follows from statement 1. By the very definition, $}* < §**. Given an
elementa € S;**. Then s := ba € S for some element b € R. Then s~'b-a = 1. By the assumption, the ring S~! R
is a finite ring. Hence, % € (S"R)X. By Lemma 1.1 and statement 1, a € S;(R, a, STIR) = Slm’. Therefore,
S = 8.

5. Statement 5 follows from statement 4 (by using the opposite rings).

6. Statement 6 follows from statements 3-5. O

Corollary 2.2 1. Suppose that S € Den;(R) and the ring S™' R is either a domain or a one-sided Noetherian ring
or does not contain an infinite direct sum of one-sided ideals then S;(R, a, ST'R) = Syt = 8.

2. Suppose that S € Den, (R) and the ring RS~ is either a domain or a one-sided Noetherian ring or does not
contain an infinite direct sum of one-sided ideals then S, (R, a, RS™hH = Ssat = §ws,

3. Suppose that S € Den(R) and the ring S™'R is either a domain or a one-sided Noetherian ring or does not

contain an infinite direct sum of one-sided ideals then
S(R,a,S7'R) = Si(R,a, ST'R) = S, (R, a, RS™!) = §5" = §59 = g = g5 = §¥s,

Proof The ring is a finite ring provided it is either a domain or a one-sised Noetherian ring or does not contain an
infinite direct sum of one-sided ideals. Now, statements 1-3 follow from Theorem 1.2.(4-6). ]

If the ring R is a domain the fact that o ' ((S~'R)*) = {a € R | ba € S} was proven in [4, Proposition 10].
Corollary 2.3 Let R be a ring.
1. IfS € Deny(R, a) then (S;“f>;w = S5,
2. If S € Den, (R, a) then (Sf’”)jm — §5,

sat

sat ws
3. If S € Den(R, a) then (s;“’)l — (Sf“’) - (Sw) = gpar = gsat = gus,

.
sat ws
4. If S € Deny(R, a) and the ring S™'R is a finite ring then (Sf‘”)[ = (S;”S)l = S/ = 8.

ws

sat

5. Ifand S € Den, (R, a) and the ring RS~ is a finite ring iﬁ‘(Sﬁ‘”) = (S}”S) = S = §¥s,
r r

6. If S € Den(R, a) and the ring S~ R is a finite ring iff

(Ssat>sat _ (Ssal>sal _ (Sw5>ws _ (Sws)ws _ <Sws>w& _ SSLZI _ SS(ZZ _ Sws _ Sws _ Sws
1 I - r - - ! ! - r - -l - Yr - — X T P

r

Proof The corollary follows from Theorem 1.2. O
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Proof of Theorem 1.3 . 1. (=) Theorem 1.2.(4).

(<) Suppose that S;(R, a, ST'R) = S* = S§}"S. We have to show that (S"'R)* = (S7'R)) = (S7'R)*.
Notice that
SR =R =R & TR =R & (STIR =R
So, it suffices to show that (ST R)* = (S_IR)IX. An element s 'a € STIR belongs to the set (s~! R)lX where
s€Sanda € Riff ¢ € (ST'R)* iff t~'ba = 1 for some elements t € S and b € Riff ba € S iff
aeS”.
Similarly, an element sla e STIR belongs to the set (S~'R)* where s € Sanda € R iff% e (ST'R)* iff
t~'ba = 1 for some elements r € S and b € R such that t='b € (S™'R) iff ba € Sand cb € Siffa € SF*.
Therefore, (ST!R)* = (S™'R)/ iff
S;‘at — S]w&‘
and we are done.

2. (=) Theorem 1.2.(5).
(<) Repeat the proof of the implication (<) of statement 1 by making obvious modifications (changing ‘I’ to

).
3. Statement 3 follows from statements 1 and 2. |
The algebra S,, of one-sided inverses. Let K be a field and K * be its group of units, and P, := K[xy, ..., x,]

be a polynomial algebra over K.

Definition, [1]. The algebra S, of one-sided inverses of P, is an algebra generated over a field K by 2n elements
X1y +eeys Xny V1, - - -, Yn that satisfy the defining relations:

Vixy =---=yuxp =1, [x;,y;] =[x, x;]=[yi,y;]=0 foralli # j,

where [a, b] := ab — ba, the commutator of elements a and b.

By the very definition, the algebra S, is obtained from the polynomial algebra P, by adding commuting, left (or
right) inverses of its canonical generators. The algebra S; is a well-known primitive algebra [5], p. 35, Example
2. Over the field C of complex numbers, the completion of the algebra S; is the Toeplitz algebra which is the
C*-algebra generated by a unilateral shift on the Hilbert space /*(N) (note that y; = x{). The Toeplitz algebra is
the universal C*-algebra generated by a proper isometry.

Clearly, S, = S‘IX’” and S; = K{x,y|lyx = 1) = @i,jzo Kx'y/. For each natural number d > 1,
let My(K) = @ﬁj_;o K E;; be the algebra of d-dimensional matrices where {E;;} are the matrix units, and
My (K) = h_[I)l My(K) = @i’ jeN K E;; be the algebra (without 1) of infinite dimensional matrices. The algebra
S; contains the ideal F := @i,jeN K E;j, where

Ejji=x'yl —xTy i >0. (2.1)

For all natural numbers i, j, k, and [, E;; Ex; = 8 E;; where § j is the Kronecker delta function. The ideal F is an
algebra (without 1) isomorphic to the algebra M (K) via E;; — E;;. Foralli, j > 0,

XEijj =Eit1,j, YEij=Ei—1; (E_1;:=0), (2.2)
Eijx =E;j1, Eijjy=E;j1 (Ei-1:=0). (2.3)
S| =K ®xK[x]® yK[y] D F, 2.4

the direct sum of vector spaces. Then
S]/FZK[x,x_l]z:Ll, X = X, yi—)x_l, (2.5)

since yx = 1, xy=1— Egpand Egg € F.
Lemma 2.4 is used in the proof of Proposition 2.5.
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Lemma 2.4 Let R be a ring, a be an ideal of R, and w : R — R := R/a, r — r + a. Suppose that S is a
multiplicative set in R such that S := 7(S) € Deny (R, b) and a C ass,(S) wherex € {l, r, #}. Then S € Den, (R, b)
where b = 771 (b).
Proof We prove the lemma for * = /. The other two cases can be proven in a similar way. For each element r € R,
let7 =7 (r).

(i) S € Ore;(R): Given elements s € Sandr € R. Thens € Sand 7 € R. Since S is a left Ore set in R,
517 = r1s for some elements s; € S and r; € R. Hence,

a = Ss\r —ris €a.

Since a C ass;(S), we can choose an element, say s, € S, such that 0 = soa = s2s517 — 52715, and the statement (i)
follows.

(i) ass;(S) = b: Given an element » € b. Then b € b, and so 56 = 0 for some element s € S (since
S € Den(R, E)). Hence, sb € a, and so tsb = 0 for some element ¢t € S (since a C ass;(S)). Therefore,
b € ass;(S) and b C ass;(S).

Conversely, given an element a € ass;(S). Then sa = 0 for some element s € S. Thensa = 0,andsoa € b and
a € b. Therefore, b D ass;(S), and the statement (ii) follows.

(iii) S € Den;(R, b): In view of the statements (i) and (ii), we have to show that if as = 0 for some elements
a € Rands € Sthena € b. Clearly, as = 0,and soa € b. Hence,a € 7! (E) = b, as required. O

The algebra S, admits the involution
n:Sy =S, xi—>y, yir>xi, i=1,...,n,

i.e. it is a K -algebra anti-isomorphism (n(ab) = n(b)n(a) for all a, b € S,) such that n2 = idg,, the identity map
on S,,. So, the algebra S, is self-dual (i.e. it is isomorphic to its opposite algebra, 1 : S, ~ S;”). This means that
left and right algebraic properties of the algebra S, are the same.

Leta, := (x;y1 — 1,..., x,y, — 1), an ideal of S,,. By [1, Eq. (19)], the factor algebra

Su/ty = L, = K[x{', ..., xE1

is the Laurent polynomial algebra. Clearly, L) = {Ax® | A € K*, a € Z"} where x* = x{" -+ - x,". Let
c:S,—~>L,, ar~ a-+a,.

Then £, :=0 " (L)) = {Ax* +a|r e KX, a € Z", a € a,)}.

Proposition 2.5 Let X = (x{,...,x,) and Y = (y1, ..., yn) be multiplicative submonoids of (S,, -) that are
generated by the elements in the brackets. Then

1. Y € Deny(Sy, an), YISy = Ly, Si(Sp, an, Ly) = Y} =Y = L,

2. X € Den,(Sy, an), SuX ™' = Ly, $,(Sp, a, Ly) = X34 = XS = L,,.

Proof 1. Recall that S, = S¥". By [1, Eq. (19)], @ = p1 + -+ p; + - + p, Where

P1 =F®Sn—1»-~-113i :Si—l®F®Sn—iv-~-»pn ZSn—l(X)F~

By (2.2), p; < ass;(S;) where S; = {yij | j = 0} € Y. Hence, a, < ass;(Y). Notice that Y € Den;(L,, 0). By
Lemma 2.4, Y € Den;(S,, a,). Now,

Y_ISH = Y_I(Sn/an) = Y_an = L,.
The algebra Y 'S, ~ L, is a Noetherian algebra. Hence,
Si(Sp,a, Ly) = Ylsat = Ylws =L,

by Corollary 2.2.(1) and Lemma 1.1.
2. By applying the involution 7 of the algebra S, to statement 1 we obtain statement 2 (since n(a,) = a,,
n(Y)=Xand n(X) =7Y). ]
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3 Localizations of a Ring at Localizable Sets, their Groups of Units and Saturations

The goal of Sect. 3 is to generalize results of Sect. 2 for localizable sets. At the beginning of the section, we collect
some results on localizable sets and localizations of rings at localizable sets from [3] that are used in the section.

The ring R(S~!). Let R be a ring and S be a multiplicative set in R (thatis SS € S, 1 € Sand 0 ¢ ). Let
R{Xys) be aring freely generated by the ring R and a set X5 = {x; | s € S} of free noncommutative indeterminates
(indexed by the elements of the set S). Let us consider the factor ring

R(S7") := R(Xs)/Is (3.1)

of the ring R(Xg) at the ideal I generated by the set of elements {sx; — 1, x;s — 1|s € S}.
The kernel of the ring homomorphism

R— R(STYH, r>r+1g (3.2)

is denoted by ass(S) = assg(S). The ideal assg(S) of R has a complex structure, its description is given in [3,
Proposition 2.12] when S is a left localizable set.

Localizable sets.

Definition, [3]. A multiplicative set S of a ring R is called a left localizable set of R if
R(SY={""F|5€S,7eR}#{0}
where R = R/a, a = assg(S) and S = (S + a)/a, i.e., every element of the ring R(S™1) is a left fraction 5~ '7 for
some elements s € S and ¥ € R. Similarly, a multiplicative set S of a ring R is called a right localizable set of R if
R(S™') ={rs~'|5 € S,7 € R} # {0},
i.e., every element of the ring R(S™") is a right fraction 75! for some elements 5 € S and 7 € R. A right and left
localizable set of R is called a localizable set of R.

The sets of left localizable, right localizable and localizable sets of R are denoted by LL;(R), L. (R) and L(R),
respectively. Clearly, L(R) = L;(R) N L, (R). In order to work with these three sets simultaneously we use the
following notation IL.(R) where x € {/, r, #} and @ is the empty set (L(R) = Ly(R)). Let

assL.(R) = {assg(S) | S € L (R)}. 3.3)
For an ideal a of R, let L,(R, a) = {S € L,(R) | assg(S) = a}. Then

LR =[] L.«Ra (3.4)

aecass Ly (R)

is a disjoint union of non-empty sets.
The ideals a(S), 'a(S) and a'(S). For each elementr € R, letr-: R - R, x — rxand-r : R — R, x — xr.
The sets

'Cr:={r € R| ker(-r) =0} and Cy :={r € R| ker(r-) = 0}

are called the sets of left and right regular elements of R, respectively. Their intersection

Cr="CrNCh

is the set of regular elements of R. The rings

Q1.(R) :=Cg'R and Q,(R) := RCy'

are called the classical left and right quotient rings of R, respectively. Goldie’s Theorem states that the ring Q; ;(R)

is a semisimple Artinian ring iff the ring R is semiprime, udim(R) < oo and the ring R satisfies the a.c.c. on left
annihilators (udim stands for the uniform dimension).
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Proposition 3.1 ([3, Proposition 1.1]) Let R be a ring and S be a non-empty subset of R.

1. Suppose that there exists an ideal b of R such that (S+b)/b C Cr/p. Then there is the least ideal, say a = a(S),
that satisfies this property.

2. Suppose that there exists an ideal b of R such that (S+b)/b C 'Cg/p. Then there is the least ideal, say’a = "a(S),
that satisfies this property; and'a(S) C a(S).

3. Suppose that there exists an ideal b of R such that (S+b)/b € C}, /6" Then there is the least ideal, say a’ = d/(S),
that satisfies this property; and ' (S) C a(S).

‘We have the inclusion
a(S) C ass,(R) (3.5)

where % € {/, r, #}, [3, Lemma 1.2]. The proof of Proposition 3.1 contains an explicit description of the ideal a(S).
The ideal a(S) is the key part in the definition of perfect localizable sets that are introduced in [3].

The structure of the ring R(S~!) and its universal property. Recall that for a ring R, we denote by R* its
group of units. Theorem 3.2 describes the structure and the universal property of the ring R(S™).

Theorem 3.2 ([3, Theorem 1.3]) Let S € L, (R, a) where x € {I,#}, R=R/a,t : R — R, r =7 =r + aand

S = 7(S). Then

1. S € Den, (R, 0).

2. The ring R(S™') is R-isomorphic to the ring E_IE.

3. Let b be an ideal of R and w* : R — RT = R/b, r = r" =r + 6. If ST = 7n7(S) € Deny(R",0) then a C b
and the map

——1= -1 w—1
ST R—STR, s F st 4T

is a ring epimorphism with kernel §_1 (b/a). So, the ideal a is the least ideal a of the ring R such that S 4+ a €
Deny(R/a, 0).

4. Let f : R — Q be a ring homomorphism such that f(S) C Q* and the ring Q is generated by f(R) and the
set {f(s)""|s € S}. Then

(a) a C ker(f) and the map
5TR—> 0. 5 e f)7 )
is a ring epimorphism with kernel §7] (ker(f)/a), and

Q={fe)""fr)|seS,reR).

(b) Let R = R/ker(f) and % : R — R, r > = r +ker(f). Then S := % (S) € Den;(R, 0) and S™'R ~ Q,
an R-isomorphism.

In view of Theorem 3.2.(1,2), for S € L4(R) we denote by S™!R the ring R(S™") for % € {/, #} and by RS™!
for % € {r, #}. In particular, for S € L(R),

R(STHy=8""R~ RS

1 1

Elements of the rings S~'R and RS~! are denoted by s~'r and rs~!, respectively, where s € S and r € R.
Sometime, in order to make arguments shorter for S € L, (R) we denote the ring RS™! by STIR.

For the algebra S,, and its multiplicative set Y, Lemma 3.3 presents explicitly all the ingredients of Proposition 3.1
and Theorem 3.2.

Lemma 3.3 /. Y € Ore(S,) and Y ¢ Den,(S,), Y C'Cs,, ass;(Y) = a,, and ass,(Y) = 0.
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2. The ideals a(Y) = a(Y) = a, and'a(Y) = 0 (see Proposition 3.1).
3. We keep the notation of Theorem 3.2. Then for all x € {L, r, #},

(a) Y € Li(Sy, 0), a = ay, and YIS, ~S,y ' ~1L,,
(b) §n :=~Sn/a = Sﬁ/an =L,
() Y = ¥ € Den,(S,, 0).

Proof 1. The equalities y;x; = 1,i = 1, ..., n, implies that y; € ’CSn, andso Y C ’an. Hence, ass,(Y) = 0. By
Proposition 2.5.(1), ass;(Y) = a,. Hence, Y ¢ Den,(S,) (since 0 # a, = ass;(Y) € ass,(Y) = 0).

By Proposition 2.5.(1), Y € Ore;(S,). To finish the proof of statement 1, it remains to show that Y € Ore,(S,,).
Since S, = S‘?", it suffice to prove the statement for n = 1, thatis ¥ = {yi |i > 0}, we drop the subscript ‘1°. The
algebra S; is generated by the elements x and y, and ¥ = {y’ |i > 0}. So, it suffices to check that the right Ore
condition holds for the elements x € S; and y € Y, i.e. to prove that there are elements a € S; and y’ such that
xy' = ya. It suffices totake i =2 anda = 1 — Eqi:

xy?=(1 =1 —=xy)y=(—-Ew)y=y—Eoq =y(l — Epy).

2. By statement 1, Y C 'Cs,, and so 'a(Y) = 0. By Proposition 2.5.(1), Y € Den,(S,, a,). Hence, a(Y) = a,.
On the one hand, a(Y)" € a(Y) = ay,, by Proposition 3.1.(3). On the other hand, a, C a(Y)’, by (2.2). Therefore,
a¥Y) = a,.

3. The case x = [ follows from the fact that ¥ € Den; (S, a,,) (Proposition 2.5.(1)). It suffices to consider the
case where x = r. By statement 1, ass;(Y) = a,,. Clearly, ass;(Y) C assg(Y). Since S, /ass;(Y) =S, /a, = L, and
the elements of the set Y are units in the Laurent polynomial ring L,,, we have that assg(Y) = a,,, ¥ € L,(S,, a,,)
and S, Y ! >~ L,. Now statements (b) and (c) follows. |

For the algebra S, and its multiplicative set X, Lemma 3.4 presents explicitly all the ingredients of Proposition 3.1
and Theorem 3.2.

Lemma 34 /. X € Ore(S,) and X ¢ Den;(S,), X C Cén, ass,(X) = a,, and ass;(X) = 0.
2. The ideals a(X) ='a(X) = a, and a(X)' = 0 (see Proposition 3.1).
3. We keep the notation of Theorem 3.2. Then for all x € {L, r, @},

(a) X € Ly(Sy, ), a = ay, and XIS, ~S, X' ~L,
(b) S_n ::~Sn/a = Sn_/an =L,
(c) X = X € Den,(S,, 0).

Proof Since n(Y) = X and n(a,) = a,, the lemma follows from Lemma 3.3. O

For each element o = («, ..., a,) € N, let

supp(e) = {i |o; #0,i € {1,...,n}}.
Recall thato : S, — S,/a, = L,, a+ a+ a,. Notice that

Sy = Ph Kx*y' & a,. (3.6)
o, BeN" supp(a)Nsupp(B)=0

Consider a subgroup of units Z := {x* | & € Z"} of the algebra L,. Its pre-image
Z = 071(2) = {xo‘yﬁ +a, |, B € N, supp(ar) N supp(B) = ¥} 3.7

is a submonoid of (S,,, -).

Lemma 3.5 Z € Den(S,, a,) and Z7'S, ~ S, Y~ ~ L,,.
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Proof Clearly, Y < Z. Then, by Lemma 3.3.(1), a, = ass;(Y) C ass;(Z). Similarly, X < Z. Then, by
Lemma 3.4.(1), a, = ass,(X) C ass,(Z). The algebra S,,/a, = L, is a domain. Hence,

ass;(Z) = ass, (Z) = ay,.

Since the set Z = 0(Z) is a group of units in the algebra L,, we must have Z € Den(S,, a,,) and z-1s, ~
Sy Y '~ L,. O
Lemma 3.6 Let Rbearing, S € Ly(R,a)and T € ILy(R, b) such that S C T where x € {l, r, #}. Then a C b and
for x € {l, ¥} the map ST'R — TR, s~'r +— t~'r is an R-homomorphism with kernel S~ (b/a) = §7] (b/a)
where S = {s + a|s € S}. A similar result holds for x = r.

Proof Recall that a = assg(S) and b = assg (7). Let Q be a subring of 7~ R which is generated by the images
of the ring R and the set {s~!|s € S} in T~!'R (recall that S C T). Applying Theorem 3.2.(4a) to the ring
homomorphism R — Q C T~ 'R, r — T we obtain the ring R-homomorphism

SR - T_lR, sl s

Since ST'TR=S 'Rand T-'R=T"" (R/b) where T = {t + b |t € T}, the kernel of the R-homomorphism is
—1
s ' (b/a). O

The posets (L. (R), ©) and (Loc,(R), —). The set (Loc.(R, a), —)isaposet where A| — Ayif A = R(Sfl)
and Ay = R(Sz_l) for some localizable sets Si, S2 € L. (R, a) such that the map A; — A, sl_lr — sl_lr if
x € {l, ¥} (resp., rsl_l
denominator set S we can assume that §; € S, (for example, by taking S, = o, ! (Azx) where 0o : R — Ajp,
r %, see Proposition 3.8.(2)). By Proposition 3.8.(2),

Al — Ay iff S(R,a, A1) C Si(R, a, Ay).

In the same way, the poset (Loc,(R), —) is defined, i.e. A| — Aj if there exist S;, S» € L (R) such that S| C S,

Al = R(Sl_l) and Ay = R(Sz_l), A — Aj stands for the map ¢ : A — A, sl_lr — sl_lr if % € {/, &} (resp.,

1 1.
rs; > rs;  if x = r). The map

— rsl_l if %« = r) is a well-defined homomorphism. Moreover, enlarging if necessary the

L.(R) — Loc.(R), S+ R(S7, (3.8)

is an epimorphism from the poset (L.(R), €) to (Loc;(R), —). For each ideal a € Ass.(R), it induces the
epimorphism of the posets (L. (R, a), €) and (Loc.(R, a), =),

L.(R,a) — Locy(R,a), S+ R(S™!). (3.9)

The sets L, (R) and Loc,(R) are the disjoint unions

LR = || Li«R.a). Loci(R)= || Loci(R.a). (3.10)
acAss«(R) acAss;(R)

For each ideal a € Ass.(R), the set L. (R, a) is the disjoint union

L.(R, a)) = |_| L.(R,a, A) (3.11)
A€llocy(R,a))

where Ly (R, a, A) := {S € Ly(R, a) | R(S™') ~ A, an R-isomorphism}.
The largest element S, (R, a, S'R) in (L.(R, a, S”'R) C) and its characterizations where S € L.(R, a).
Proposition 3.7.(1) is a practical criterion for a multiplicative set S of a ring R to belong to the set L. (R, a).
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Proposition 3.7 Let S be a multiplicative set of a ring R.

1. Suppose that there exists an ideal a of R such that a C assg(S) and S := 7(S) € Den, (R, 0) where 7 : R —
R:=R/a,a+> a+ a. Then a = assr(S) and S € Ly (R, a).

2. § € Ly(R, b) iffthereisanideal a of R suchthata C band S := n(S) € Den,(R, O)wheremwr : R — R := R/q,
ara+a

Proof 1. Since the elements of the set S are invertible in the localization R of the ring R at S, there is an R-
epimorphism from R(S_l) to R. In particular, assg(S) C a. Hence a = assg(S), and then S € L, (R, a) (by
Theorem 3.2.(1)), and statement 1 follows.

2. (=) If § € L,(R, b) then it suffices to take a = b, by Theorem 3.2.(1).

(«=) This implication follows from Theorem 3.2.(3). O

Proposition 3.8.(2), is an explicit description of the largest element S, (R, a, S~! A) of the partially ordered set
(Ls(R,0a,57'R), Q).

Proposition 3.8 Ler S € Ly.(R,a), 7 : R — R = R/a,a — a+a,ando : R — S7IR r — r/1 where
xe{l,r 0}

1. Suppose that T € Deny(S™'R, 0) be such that 7 (S), 7(S)~' € T.Then T := T N R € Den;(R,0), S :=
2T, S "RCT '"R~T"'(S"'R), and T' := 0~ (T) € Lo(R, a, T~'(S"'R)).

2. The set Si(R,a,S 'A) = o '(ST'R)*) is the largest element of the partially ordered set
(Li(R,a,S7'R), ©).

Proof 1.()T := TNR € Deny(R,0),S := 7(S) C T,and S 'R CT 'R ~ T~'(S~'R): This is a particular
case of [2, Lemma 3.3.(1)].

(i) T’ € L.(R, a, T 'R = T~1(S7'R)): The set T’ = o~ !(T) is a multiplicative set in R that contains S.
Since S € T’, we have the inclusion of ideals

a = ass4(S) C ass, (7).
Since 7(T") = n(c "X (T)) =0 (e (T)) =T NR =T and T € Den;(R, 0), we have that
T’ € L.(R, a),

by Proposition 3.7. (1). Since T 'R7! (S~'R) (the statement (i)), 7' € Ly (R, a, T~ (S~ R)).
2. Clearly, (S_lR)X IS Den*(S_lR, 0) C }L*(S_IR, 0). By statement 1,

o' ((ST'R)) € Li(R, 0, ST'R).

On the other hand, if 7 € Ly(R, a, S™'R), then 7(7) C (S~'R)*, and so

T co '((ST'R)).

Therefore, the set o~ (S~ R)*) is the largest element of the poset (L. (R, a, S~'R), ). O
By Lemma 3.5,

Z € Den(Sy, a,) and Z7'S, ~S,Z" ' ~ L,.

For the algebra S, and its multiplicative set S = Z (see (3.7)), Lemma 3.9 gives an explicit description of the set
S«(Sy, a,, Ly), see Proposition 3.8.(2).

Lemma 3.9 We keep the notation as above. Then for all x € {L, r, @},

S«(Sp, an, Ly) = {Kxxay +ala, B e Nn}
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Proof Leto :S, = Z7'S, ~ L,,r — % Now, the result follows from Proposition 3.8.(2),

S«(Sn. tn, Ln) = 67 (L)) = {K*x*y? + ay |, B € N", supp(er) N supp(B) = ¥}

since L, ={K*x” |y € Z"} and S, = Dy genr supp(a)nsupp(p)=1 Kx*yP @ a,. O
Theorem 3.10 is another characterization of the set S, (R, a, R(S™!)) in terms of the five saturations.

Theorem 3.10 Let R be a ring, a be an ideal of R, 1 : R — R := R/a, a — a +a, and S := n(S) for a subset S

of R (in statements 1-6 below, saturations of S are given in the ring R).
sat

1. If S € Li(R, a) then S|(R, a, ST'R) = n~1(S;™).

2. IfS € L,(R. a) then S,(R, a, RS™') = 71 (5.

3. IfS € L(R,a) then S(R,a, S™'R) = S(R,a,S"'R) = S,(R,a, RS™) = 77 '(5"") = z7' (") =
7Sy and " = 5" N5

4. If S € Ly(R, a) and the ring S™'R is finite then S;(R, a, S™'R) = n~1(5)"") = n=1(5").

5. Ifand S € L, (R, a) and the ring RS™" is a finite ring then S,(R, a, RS™") = xS}y = =1 (S"").

6. If S € L(R, a) and the ring S~ R is a finite ring then
S(R,a,S'R)=8/(R.a,5'R) =S,(R,a, RS ) =7 ') =215

= ') =77'S) =7 D).

Proof Given S € L*(R a). Let A = R(S™!) be the localization of the ring R at the localizable set S. By
Theorem 3.2. (1 2),8 € Den*(R 0) and the ring A is R-isomorphic tothe localization of the ring R at the denominator
set S.Letg : R — A, a — 7- Then the map o : R — A, r > 7 is the composition of the composition map
o = on. Therefore, by Prop0s1tion 3.8.(2),

Si(R,a,A) =0 1 (A) ="' @ ' (4¥)).
Now, statements 1-6 follow from statements 1-6 of Theorem 1.2, respectively. O

Corollary 3.11 We keep the notation of Theorem 3.10.

1. Suppose that S € L;(R) and the ring S™'R is either a domain or a one-sided Noetherian ring or does not
contain an infinite direct sum of one-sided ldeals then Si(R,a, S~ 'Ry =n~! (Ssm

2. Suppose that S € 1L, (R) and the ring RS™" is either a domain or a one-sided Noetherian ring or does not
contain an infinite direct sum of one-sided ideals then S, (R, a, RS~ hy=xz-1 (SW) P (Elrm).

3. Suppose that S € 1L(R) and the ring S™'R is either a domain or a one-sided Noetherian ring or does not

contain an infinite direct sum of one-sided ideals then
S(R,a,S'R) =S/(R,a,S'R) =S,(R,a, RS ) =7~ '(§}") =715
=7 '@ =2 1S =2 1S,

Proof The ring is a finite ring provided it is either a domain or a one-sised Noetherian ring or does not contain an
infinite direct sum of one-sided ideals. Now, statements 1-3 follow from Theorem 3.10.(4-6). |

By [3, Theorem 1.6.(1,2)], if § € Ore(R) then S € LL(R) and

assg(S) = {a € R|sat =0 for some s,t € S}. (3.12)

Proof of Theorem 1.4 We keep the notation of Theorem 3.10. Given elements @, b € R. Thenab € Siffba € S+a
iff s1basy € S for some elements 51, s € S, by (3.12).

1. Now, statement 1 follows from Theorem 3.10.(3) and (3.12).

2. Similarly, statement 2 follows from Corollary 3.11.(3) and (3.12). |
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