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1. Introduction
1.1. Background and motivation

The main goal of this paper is to investigate the relation between three basic sets
arising from Dirichlet’s fundamental theorem in the classical theory of Diophantine ap-
proximation. It is therefore natural to start with the statement of the theorem and in
turn describe the associated sets. For « € R, let (z) := min{|z —m| : m € Z} denote the

distance from x to the nearest integer and for x = (z1,...,x,) € R" let
(x) :== 121%)(”(931) .

Theorem 1.1 (Dirichlet). For any x € R™ and N € N, there exists ¢ € Z such that
(gx) <N~ = and 1<¢<N. (1.1)
An important consequence of Dirichlet’s theorem is the following statement.
Corollary 1.1 (Dirichlet). For any x € R™ there exist infinitely many q € N such that
(qx) <q 7. (1.2)

The above foundational theorem from the theory of simultaneous Diophantine ap-
proximation prompts the following natural question:

Question I. Can Dirichlet’s theorem be improved?

The following notions help make the question more precise. Following Davenport &
Schmidt [11], for a particular x € R™ we say that improvement in Dirichlet’s theorem is
possible if there exists a constant € € (0,1) such that, for all N > Ny(x, ) sufficiently
large there exists g € Z such that

(gx) < eN~= and 1<¢<N. (1.3)

For obvious reasons such an x is referred to as Dirichlet improvable and we let DI,
denote the set of Dirichlet improvable points in R™. Furthermore, we say that x € R" is
singular if it is Dirichlet improvable with € > 0 arbitrarily small; that is, for any € > 0
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for all sufficiently large N there exists g € Z satisfying (1.3). We let Sing,, denote the
set of singular points in R™. By definition, we clearly have that

Sing, C DI,
and it is easily verified that Sing,, contains every rational hyperplane in R™. Thus
n —1 < dimSing, <n.

Here and throughout, dim X will denote the Hausdorff dimension of a subset X of R™.
In the case n = 1, a nifty argument due to Khintchine [17] dating back to the twenties
shows that a real number is singular if and only if it is rational; that is

Sing; = Q. (1.4)

Recently, Cheung & Chevallier [7], building on the spectacular n = 2 work of Cheung
[6], have shown that

dim Sing,, = 11 for all n > 2.
n

Note that since n”—; > n — 1, this immediately implies that in higher dimensions Sing,,
does not simply correspond to rationally dependent x € R™ as in the one-dimensional
case — the theory is much richer.

In [11], Davenport & Schmidt established various results concerning the set DI, of
Dirichlet improvable points and the set Bad,, of simultaneously badly approximable
points. In particular they showed (see [11, Theorem 2]) that

Bad, C DI,,. (1.5)

Recall, x € R™ is said to be badly approzimable if there exists a constant ¢ = e(x) € (0, 1)
so that

(gx) > eq vV geN. (1.6)

In other words, Bad,, corresponds to those x € R™ for which the right hand side of the
inequality appearing in Dirichlet’s corollary, namely (1.2), cannot be improved by € > 0
arbitrarily small. By definition, we clearly have that Bad, N Sing, = @. It is worth
mentioning the well known fact that Bad,, is a set of n-dimensional Lebesgue measure
zero but of full dimension; i.e.

dimBad,, =n.
In view of (1.5) it thus follows that



4 V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316

dimDI,, =n.

In a follow-up paper [12], Davenport & Schmidt showed that DI, is a set of n-dimensional
Lebesgue measure zero and thus in terms of measure and dimension it has the same
properties as the set Bad,,. In the case n = 1, much more is true: any irrational x € R
is Dirichlet improvable if and only if it is badly approximable. This for example follows
directly from [11, Theorem 1] and together with (1.4) implies that

DI, = Bad; U Sil’lgl. (17)

Thus, in view of (1.7) we have a complete characterisation in dimension one. In higher
dimensions, we know that

DI, 2> Bad, U Sing,

but surprisingly it seems unknown whether or not equality is possible. In other words,
the answer to the following basic problem seems unknown. As far as we are aware, it
first appeared in print in Fabian Siiess’ beautifully written PhD thesis [28, Section 4.1].

Problem 1.1. Is the set DI, \ (Bad,, U Sing,,) empty when n > 27

The key goal of this paper is to show that it is not. Maybe it is “folklore” that in
higher dimensions there exist Dirichlet improvable points that are neither badly approx-
imable nor singular. However, we would like to stress that we are unaware of any such a
statement.

Theorem 1.2. For n > 2, the set
FS, := DI, \ (Bad,, U Sing,)
has continuum many points.

We suspect that our theorem is far from the truth. Indeed, it may well be the case
that for n > 2

dimFS, =n.

As we shall see in the next section, we actually prove a more general and effective version
of Theorem 1.2. Unfortunately, the effective Theorem 1.5 sheds no light on the dimension
of FS,,. However, it does imply various natural strengthenings of Theorem 1.2 such as
the following in which we also remove the set VW, of very well approximable numbers.
Recall, x € R™ is said to be very well approzimable if there exists a constant e = £(x) > 0
such that
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(gx) < q_(%*‘a) for infinitely many ¢ € N .
Theorem 1.2*. For n > 2, the set
FS, := DI, \ (Bad,, U Sing,, U VW,,)
has continuum many points.

Remark 1.1. Following the appearance of the first pre-print version of this paper on the
arXiv, Nikolay Moshchevitin kindly pointed out the work of Akhunzhanov and Shatskov
[2]. For n = 2, they compute the Dirichlet spectrum for simultaneous approximation
by rational points with respect to the Euclidean norm. In short, their method uses the
theory of best approximations and can be adapted to construct Dirichlet improvable
points in R? that are not simultaneously singular or badly approximable. At the point
of revising this paper for publication, the details of the adaptation have since appeared
in the paper [1] involving Akhunzhanov and Moshchevitin — see the “in particular”
statement following [1, Theorem 1].

1.2. The setup, further background and main results

Recall that from the classical point of view there are two forms of Diophantine approx-
imation in R™; one corresponding to (simultaneous) approximation by rational points as
considered in the previous section and the other corresponding to (dual) approximation
by rational hyperplanes. Concerning the latter, the dual version of Dirichlet’s theorem
states that for any x € R™ and N € N there exists q € Z"~{0} such that

(q-x)<N™" and  |qf| <N. (1.8)

Here and elsewhere q - x := q121 + - - + ¢n &y, is the standard inner product and ||q|| :=
max{|qi1],...,|qn|} is the supremum norm of q. Also, recall that () = min{|z—m]|:m €
Z}. In [12, Theorem 2|, Davenport & Schmidt proved that the dual form of Dirichlet’s
theorem is improvable if and only if the simultaneous form of Dirichlet’s theorem (The-
orem 1.1) is improvable. So it follows that x € DI, if and only if there exists € € (0, 1)
such that, for all N > Ny(x, ) sufficiently large there exists q € Z™~ {0} such that

(@ x)<eN™ and |q| <N. (1.9)

Indeed, the same transference between the simultaneous and dual forms of approximation
is true when considering the set of singular points Sing,,. However, this dual versus
simultaneous equivalence for singular points (and indeed badly approximable points)
holds in a much wider context. This we now describe since it will be the setting of our

main result.
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Let d be integer satisfying 0 < d < n — 1. The setup we now consider is one in which
we approximate points x € R™ by d-dimensional rational affine subspaces L C R”. With
this in mind, we let

d(x,L) := min [x -yl = min mmax |zi -yl (1.10)

denote the minimal distance between x and L. We also let H(L) denote the height
of L. In short, H(L) is the co-volume of the sub-lattice Z"*! N Ly where Lg is the
unique (d + 1)-dimensional subspace of R™*! containing the d-dimensional embedding
{(y1,---,Yn,1) 1 y € L} of L into R**!. This notion of height is relatively standard
and is usually referred to as the projective or Weil height of L — see [8,20,24] for more
details. Note that when d = 0, L reduces to a rational point % = (%17 . %”) for some
(p,q) € Z™ x Z ~ {0}. In turn, we have that

H(I max d lqz; — pi
= an —
(L) {IIpll. lal} d(x,L) 112?2% P

Also note that when d = n — 1, L reduces to a rational affine hyperplane {y € R" :
q -y = p} for some (q,p) € Z"~{0} x Z. In turn, we have that

|qla';1 + ...+ qnTn _p|
H(L) = max{|p|, |all} ~ and  d(x,L) = lal

To simplify notation the symbols < and > will be used to indicate an inequality with
an unspecified positive multiplicative constant. If ¢ < b and a > b we write a < b, and
say that the quantities a and b are comparable. In the above, the implied ‘comparability’
constants are dependent on n. Thus, up to some multiplicative constants, the extreme
cases d = 0 and d = n — 1 correspond to the standard simultaneous and dual forms of
Diophantine approximation. We now consider the natural analogues of the sets Bad,,
and Sing,, introduced within the framework of simultaneous Diophantine approximation
in §1.1. With this in mind, we start by stating a Dirichlet type theorem for approximation
by d-dimensional rational subspaces. Throughout, given n € N and d € {0,1,...,n—1},
we let
d+1
wq = .

n—d

Theorem 1.3. Let n € N and d be integer satisfying 0 < d < n — 1. Then for any
x € R"™ there exists a constant ¢ = ¢(n,d,x) > 0, such that for any N € N there exists
a d-dimensional rational affine subspace L C R"™, such that

d(x,L) < cH(L)"'N—w¢ and  H(L) < N. (1.11)

The above statement is a consequence of standard tools from the geometry of numbers
such as Minkowski’s second convex body theorem and Mahler’s theory for compound
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bodies. For completeness, the details are given in §4 (see Proposition 4.1 in §4.1.2 and
Proposition 4.3 in §4.2.1). In turn, the theorem gives rise to the following statement.

Corollary 1.2. Let n € N and d be integer satisfying 0 < d < n — 1. Then for any
x € R™ with at least (d 4 1)-rationally independent coordinates, there exists a constant
¢ = c¢(n,d,x) > 0 and infinitely many d-dimensional rational affine subspaces L C R™
such that

d(x,L) < cH(L) 7%, (1.12)

Remark 1.2. Proposition 4.3 in §4.2.1 together with the remark immediately preceding
it, enables us to explicitly compute the constant ¢ = ¢(n, d, x) appearing in the above
results. Observe that if we restrict x to a bounded subset of R™, then the constant ¢ can
be made to be independent of x. In particular, if x € [0,1]™ then in the simultaneous
(resp. dual) case we can replace H(L) by |g| (resp. ||q]|) in the theorem and corollary, and
the inequalities corresponding to (1.11) and (1.12) remain valid if we translate x by an
integer vector. Thus, up to a constant dependent only on the dimension n, Theorem 1.3
and its corollary coincide with the classical simultaneous and dual forms of Dirichlet
theorem and its corollary.

Taking our lead from the classical simultaneous and dual settings, we say that a point
x € R™ is d-singular if for any given ¢ € (0,1) and N > Ny(x,¢,d) sufficiently large,
there exists a d-dimensional rational affine subspace L C R™ such that

d(x,L) < eH(L)"'N~“* and  H(L)<N. (1.13)

On the other hand, we say that a point x € R™ is d-badly approzimable if there exists a
constant € = ¢(x) € (0,1) so that

d(x,L) > e H(L)™'7w4 (1.14)

for all d-dimensional rational affine subspaces L C R™. Finally, we let Sing‘fl (resp.
Bad?) denote the set of d-singular (resp. d-badly approximable) points in R™.

The following shows that the well known classical equivalence between the simultane-
ous and dual singular points (and indeed badly approximable points) holds in the general
context of approximation by d-dimensional rational affine subspaces. We provide a proof
in §2.2.

Proposition 1.1. Let n € N and d be integer satisfying 0 < d <n — 1. Then,

Sing,, := Sing’ = Sing? and Bad,, := Bad’ = Bad" .
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Remark 1.3. Note that for the purpose of defining d-singular and d-badly approximable
points it makes no difference whether the minimal distance d(x, L) is defined via the max-
imum norm (as in (1.10)) or some other norm (such as the Euclidean norm). The point
is that these notions are not sensitive to the actual value of the constant ¢ = ¢(n, d, x)
appearing in Theorem 1.3 and its corollary. Thus, most importantly, the set Singz (resp.
Badi) coincides with the classical simultaneous singular (resp. badly approximable) set
when d = 0 and the dual singular (resp. badly approximable) set when d =n — 1. How-
ever, when it comes to defining the ‘right’ notion of d-Dirichlet improvable points it is
paramount that ¢ is optimal and that (an appropriate version of) Theorem 1.3 coincides
with the classical simultaneous and dual forms of Dirichlet theorem. Clearly, in its cur-
rent form it fails to do so. In the last section of this paper we shall propose two versions
(algebraic and geometric) of Theorem 1.3 leading to corresponding notions of Dirichlet
improvable points that rectify this issue. Although it is not particularly relevant within
the context of our main result, we hope the last section is of independent interest. In
short, we show that within either setting the corresponding d-Dirichlet improvable sets
DIZ are all equivalent and coincide with the classical set DI,,; that is, the set of Dirichlet
improvable points in R™ defined via either the classical simultaneous (d = 0) or dual
(d = n — 1) form of Dirichlet’s theorem (both gives rise to the same set thanks to the
aforementioned statement of Davenport & Schmidt). It thus follows that the d-Dirichlet
improvable sets defined via the algebraic and geometric settings also coincide.

In order to state our main result, it is convenient to introduce the notion of exponents
of Diophantine approximation.

Definition 1.1. Let d be an integer with 0 < d < n—1 and let x € R™. We define the dth
ordinary exponent wy(x) (resp. the d* uniform exponent &4(x)) as the supremum of
the real numbers w for which there exist d-dimensional rational affine subspaces L C R"
such that

d(x,L) < HL)"'N™*  and  H(L)<N,
for arbitrarily large real numbers N (resp. for every sufficiently large real number N).

Remark 1.4. By definition, whenever wg(x) is finite, there exists infinitely many d-
dimensional rational affine subspaces L C R™ such that

d(x,L) < H(L)™'™
if w < wg(x), and if w > wq(x) there are at most finitely many such subspaces L C R™.
Remark 1.5. In [10] a point x € R™ satisfying &g (x) > 1/n (equivalently &,_1(x) > n)
is called very singular and the set of such points is denoted by VSing,,. In the context

of approximation by d-dimensional rational affine subspaces, it is natural to define the
notion of d-very singular points as points in the set
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VSing? = {x € R" : O4(x) > wy} .

As is the case of badly approximable and singular sets, it turns out that the sets VSingﬁlI
(0 < d < n—1) are the same — see Remark 1.6 below. By definition, a d-very singular
point is d-singular and since both notions are independent of d we can simply write
VSing, C Sing,,.

Within the classical simultaneous and dual forms of Diophantine approximation, the
above exponents were introduced by Khintchine [17,18] and Jarnik [16] in the nineteen
twenties and thirties. For n > 3, the intermediate exponents (i.e., those corresponding
to 1 < d < n — 2) were formally introduced by Laurent [20] in 2009 but had implicitly
been studied by Schmidt [24] some fifty years earlier. Clearly, for any x € R™ we have
that wq(x) > ©q4(x) and a direct consequence of Theorem 1.3 is that

d+1
> O > =
wa(X) > @a(x) > wy —

Observe that wg = % and wy,—1 = n. Thus, when d = 0 (resp. d = n — 1) the quantity wq
coincides with the exponent appearing in the classical simultaneous (resp. dual) form of
Dirichlet’s theorem. Another reasonably straightforward consequence, this time of the
Borel-Cantelli lemma from probability theory, is that

wq(x) = wy for almost all x € R™. (1.15)

The following elegant transference principle enables us to transfer information between
the ordinary Diophantine exponents wg(x) associated with approximating points in x €
R"™ by d-dimensional rational subspaces of R™. It makes sense to include the statement
at this point since one of the conditions turns up in the statement of our main theorem.

Theorem 1.4 (Laurent & Roy). Let n > 2. For any point x € R™ with 1,x1,...,2,
linearly independent over Q, we have that wy(x) > wo and

(n—d)wg(x)—1

dwd(x)
< w x) <
dl()_ n—d+1

wa(x)+d+1 —

(1<d<n-1). (1.16)

If wa(x) = oo, the left hand side in (1.16) is replaced by d. Furthermore, given any
T0y -+, Tn—1 € [0,00] with 19 > wo and

de (n—d)Td—l
— <7y < —" 1<d<n-1), 1.17
Tatd+1 - NS T Tt (l<ds<n-1) (1.17)
there exists a point x € R™ with 1,z1,...,x, linearly independent over Q such that

wi(x) = 74 and Dq(x) = wg for0 <d<n-—1.



10 V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316

The transference inequalities (1.16) are due to Laurent [20]. Equivalently, they can be
re-written in the language of Schmidt [24] as the Going-up transfer

(n—d)wg(x)+1

war1(x) > ] (0<d<n-—2) (1.18)
and the Going-down transfer
dwg(x)
_ > 1<d<n-1). 1.1
wa(x) 2 ey rayr (1sdsnoD (1.19)

As pointed out [20], on iterating (1.18) and (1.19) we obtain Khintchine’s classical trans-
ference principle [17]:

(n— SZJ:_(E&) +n < wo(x) < M '

Thus the transference inequalities (1.16) of Laurent naturally split those of Khintchine
relating the simultaneous and dual exponents wp(x) and w;,_1(x). The furthermore part
of Theorem 1.4, shows that transference inequalities of Laurent are optimal and was
proved by Roy [23]. It extends the classical work of Jarnik [16] showing that Khintchine’s
transference principle is optimal.

Remark 1.6. The Laurent transference inequalities (1.16) are equally valid for the uni-
form exponents. Indeed, Laurent’s proof for the ordinary exponents can be naturally
adapted to the uniform setting — see for example [13]. With (1.16) for uniform expo-
nents at hand, it is easily seen that for any x € R™ and 1 < d < n, the statement that
W4(x) = wq is equivalent to Wg_1(x) = wy—1. Hence, it follows that the very singular sets
VSingZ (0 < d < n—1) discussed within Remark 1.5 are equivalent.

As usual let d be an integer with 0 < d < n — 1. Then given a real number 7 > 0,
consider the Diophantine sets

Wi(r) = {x € R" : wy(x) > 7}
and
El(r) == {x € R" 1 wy(x) =7}.

In dimension one, the latter corresponds to the exact order sets first studied by Giiting
within the context of Mahler’s classification of transcendental numbers — see [3] and
references within for further details. Note that by definition, for any 0 < d < n — 1 we
have that

Wi(r) = R" if 7<wg
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and
Bad, "Wi(r) =2 if 7>uw,.

Note that in view of (1.15), the set E&(wg) is of full n-dimensional Lebesgue measure
and since EZ(7) C W4 (1), it follows that Bad,, N Ed(7) = @ if 7 > wy.

Using the parametric geometry of numbers a la Schmidt & Summerer [25,26] and Roy
[22], we prove a stronger version of Theorem 1.2 that involves the exact order sets E4 (1)
and the following quantitative form of the set of Dirichlet improvable points DI,,. Given
€ € (0,1), let DI, (¢) denote the set of x € R™ such that, for all N > Ny(x, €) sufficiently
large there exists q € Z"~{0} such that (1.9) holds.

Remark 1.7. By definition, it follows that

DI, = U DI, (¢).
€€(0,1)

Recall, that in view of Davenport & Schmidt [12, Theorem 2] we can define DI,, via
either the ‘simultaneous’ inequality (1.3) or the ‘dual’ inequality (1.9) — both give rise to
the same set. However, if we fix € > 0 and a point € DI,,(¢), then it is not necessarily
true that for all N sufficiently large there exists ¢ € Z such that (1.3) holds (for the
same ¢). In view of this, we emphasise the fact that when referring to the quantitative
Dirichlet improvable set DI, (g) it will always be via the ‘dual’ inequality (1.9).

The following theorem constitutes our main result.

Theorem 1.5. Let n > 2 and ¢ € (0,1). Then, given any n-tuple of real numbers
T0y -« s Tn—1 € [0,00] with 70 > wy and 74 (1 < d <n —1) satisfying (1.17), the set

(ﬁ Ed (r2) N (DIn () ~ DIn(emn))> « (Bad, U Sing, )
d=0

where

Koy 1= e—zo(n+1)3(n+10)
has continuum many points. In particular, for any 0 < d < n —1 and 7 > wy, the set
(DI, NE4(7)) \ (Bad, USing,,) has continuum many points.

Note that on taking 7 = wy in the ‘in particular’ part of the Theorem 1.5, we immedi-
ately obtain the statement of Theorem 1.2* which in turn clearly implies Theorem 1.2.
It is worth mentioning that the constant k,, appearing in the statement of the theorem
is far from optimal. Indeed, our proof can be tightened to yield a larger but more com-
plicated expression. Nevertheless, we feel there is not much gained in doing so and for
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the sake of aesthetics we are content with x,, as defined. Also, we should point out that
if we had defined the quantitative Dirichlet improvable set DI, (¢) via the ‘simultaneous’
inequality (1.3) then the statement of the theorem remains completely unchanged apart
from the choice of the x,,. The modified constant can be directly deduced from [12].

2. Preliminaries

In this section we start by recalling aspects of the theory of parametric geometry of
numbers that will be used in establishing Theorem 1.5. We then use this to essentially
reformulate the Diophantine sets appearing in the statement of Theorem 1.5 in terms
of successive minima. Moreover, we will see that the proof of Proposition 1.1 is a pretty
straightforward application of this reformulation.

2.1. The parametric geometry of numbers

Fix n € N and x € R"™. For each real number ¢ > 0, consider the convex body

Cx(e) = {y ER™ |y <1 (1<i<n),

Zyixi + yn+1’ < et} . (2.1)

i=1
Then, for each i =1,...,n+ 1 and t > 0, let
)\x,i(t) =\ (Zn+17 ex(et)) (2.2)

denotes the i-th successive minima of the convex body Gy (e!) with respect to the lattice
Z" 1. In other words, A;(Z"T!, Cx(e')) is the smallest real number A such that the
rescaled convex body A Cx(e') contains at least i linearly independent points of Z"*. In
turn, we let

Ly,i(t) :==1log A ;(t) = log A; (Z" T, Cx(e!))  (¢>0, 1<i<n+1) (2.3)

and consider the map
Ly : [0,00) = R™™ ¢ ¢ — Lyu(t) :== (Lx1(t), .., Lxnt1(t)) . (2.4)
The following notion was introduced by Roy in [23, Definition 4.5]. It generalises
the (n 4 1)-systems of Schmidt & Summerer [26]. In short, these ‘systems’ incorporate
desirable behaviour of the maps Ly that in turn lead to desirable approximation results.
Definition 2.1. Let I be an subinterval of [0, 0c0) with non-empty interior. A Roy (n+1)-

system on I is a continuous piecewise linear map P = (Py,...,P,1) : I — R"™! with
the following properties:
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o Foreacht eI, wehave 0 < Pi(t) <--- < Poy1(t) and Py(¢) + -+ + Poya1(t) =t

e If I’ C I is a nonempty open subinterval on which P is differentiable, then there are
integers r1,72 with 1 < r; <ry < n+ 1 such that the functions P, , Py 41,..., P,
coincide on the whole interval I’ and have slope 1/(ry —r; +1) on I’ while all other
components P; of P have slope 0 on I'.

e If t is an interior point of I at which P is not differentiable and if 1,79, 51,82 are
integers for which

1 1
P/(t7) = <i< d P/(th)= <i<
z( ) Py — 11 4+ 1 (Tl—Z—TQ) an z( ) Sy — 81+ 1 (51_Z 52)a
and if r1 < s9, then we have that P, (t) = P, 41(t) = -+ = P, (t).

Note that, for any piecewise linear function F : R — R, the left derivative F'(¢™) and
the right derivative F’(¢t*) always exist and the points at which F' is not differentiable
are just the points with different left and right derivatives.

Remark 2.1. The (n + 1)-systems of Schmidt & Summerer correspond to taking r1 = ro
and s; = s9 in Definition 2.1.

A Roy (n + 1)-system has the following useful approximation property. It essentially
represents an amalgamation of [22, Theorems 1.3 & 1.8] and [23, Corollary 4.7] adapted
for our purposes.

Theorem 2.1. Let n € N and to > 0. For each x € R", there exists a Roy (n+ 1)-system
P : [to,00) — R™! such that the function Ly — P is bounded on [to,00). Conversely, for
each Roy (n+ 1)-system P : [tg,00) — R™ "L, there exists x € R™ such that the function
Lyx — P is bounded on [tg,00) with

ILa(t) = P(@)]| < 5(n+ 1)%(n + 10). (2.5)

Proof of Theorem 2.1. As already mentioned, Theorem 2.1 draws upon the works [22,
23] of Roy and it is important to note that there, the convex body is defined slightly
differently from the one given by (2.1). Indeed, for a fixed u € R"*1\{0} and each real
number ¢ > 0, Roy works with the convex body

Cale) = {y €R" "t ylb <1, Jy-u[<c ).

Here and elsewhere ||y||2 is the Euclidean norm of y. Now for any fixed x € R", let
x' = (x,1) € R"*! and so by definition

Cxr(e') = {Y eR™:lylla <1, ’Zyﬂ"z +yn+1’ < et}.

i=1
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Furthermore, let Ly, denote the function corresponding to (2.4) with Cy(et) replaced by
Cx (') within (2.3). It is not difficult to see that our convex body and the associated
map, which are convenient for what we have in mind, are closely related to those of Roy
and indeed Schmidt & Summerer: for any fixed x € R™ and any ¢t > 0

C(e) C Cx(e') C (Vallx| + Vi +1)Cle))

and thus it follows that

L (t) = Lw ()| < log((Vnlx|| + v+ 1)) (2.6)

We now proceed with establishing the theorem. On combining [22, Theorem 1.3]
and [22, Lemma 2.10], we find that for any x € R™ there exists a (n + 1)-system (see
Remark 2.1) P such that the function I:ux, — P is bounded for all ¢ > tg. Here uy
denotes the unit vector with respect to the Euclidean norm associated to x’ € R"+1,
Note that iux/ and Ly only differ by a bounded function and so the first part of the
theorem follows on using (2.6) and the fact that by definition any (n+1)-system is a Roy
(n+1)-system. Regarding the converse part, it follows via [23, Corollary 4.7] that for any
given Roy (n + 1)-system P : [tg,00) — R"*! and any € > 0, there is a (n + 1)-system
P such that

|P(t) —P(t)| <e forall t > to. (2.7)

In view of [22, Theorem 8.1], there exists a unit vector (with respect to the Euclidean
norm) u € R™*! such that

IP(t) — Ly (t)]| < 3(n+1)2(n+10) for all t > t. (2.8)

As a reordering of the coordinates of u does not affect the function Ly, we can assume
that [un1] = |Jul| := max{|ui|,. .., |tuns1|} and so (n +1)"Y2 < |unuy1| < 1. Now let

X 1= (Ul { g, Uy ) € R™.
Then, ||x|| <1 and
- . 1
ILx (t) — Ly (t)]| < 3 log(n+1) for all t > tg. (2.9)

The upshot is that on using (2.7) with € := log(n + 1)/2, (2.6), (2.9) and (2.8) in that
order, we obtain that

|ILk(t) —P(#)] < % log(n + 1) +log(2v/n +1) + %log(n +1) 4+ 3(n + 1)*(n + 10)
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<5(n+1)%(n+10) for all t > t,. (2.10)
This completes the proof of Theorem 2.1. O
The following notion of non-equivalent systems will prove to be useful.

Definition 2.2. Two Roy (n + 1)-systems P; and Py defined on the same subinterval I
of [0, 00) are said to be non-equivalent if there exists some t € I such that

|P1(t) — Pa(t)] > 10(n + 1)*(n + 10).

By definition, it follows that no point in R™ can be close (in the sense of Theorem 2.1)
to two non-equivalent Roy (n + 1)-systems defined on [tg, 00) at the same time.

2.2. Ezxpressing Diophantine sets via successive minima

We give a reformulation of the Diophantine sets associated with Theorem 1.5 in terms
of the function Ly. This is at the heart of its proof — it brings into play the parametric
geometry of numbers. Also, we shall see that the equivalence of the d-badly approximable
sets Bad‘i (resp. the d-singular sets Singi) is in essence a direct consequence of the
reformulation. Indeed, we start with this in mind.

Let n > 2 and 0 < d <n — 1. It can be verified, by using the lemma appearing in [5,
Section 4] and appropriately adapting the proof of the proposition in [5, Section 4], that

e X € Badz if and only if there exists a constant § > 0 such that for all sufficiently
large t

(n—d)t

a1 Lxa®) ot Lana(t) < 0. (2.11)

« x € Sing? if and only if for any § > 0 there exists a constant to = t(8) > 0 such
that for all ¢t > tg

(n—d)t

a1 Lxa®) ot Lna(t) 2 0. (2.12)

For the sake of completeness, in §4, we will provide the details of how these equivalences
follow from [5, Section 4]. We can now swiftly show that

Bad? = Bad”™! and Sing? =Sing”! (0<d<n-2);

n

that is to say that any d-badly approximable set (resp. d-singular set) is equivalent to
the dual set. This will of course establish Proposition 1.1.



16 V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316

Proof of Proposition 1.1. For simplicity, given x € R™ we let

t
n+1

gx,i(t) :== — Lyi(t) 0<i<n+1).

By definition the quantity Ly ; is increasing with ¢ and so it follows that
Gx,1(t) > gx2(t) > -+ > g nra (1) (2.13)
In view of Minkowski’s second convex body theorem, for any x € R™ we have that
Ly1(t)+ Lx2(t)+ -+ Lyxnt1(t) =t +O(1).
Thus, there exists a positive constant ¢ = ¢(n) > 0 depending only on n such that
gx,1(t) + gx,2(t) + -+ g1 (t) = —c. (2.14)

Now suppose x € Bad?. Then in view of (2.11) and (2.14), it follows that

n+1

Z gx,i(t) >—0—c

i=n—d+1

which together with (2.13) implies that

Z+ §+c
gXZ Z gx’] 2 d 1 (1§Z§n_d).
j n—d+1 +

In turn, on using (2.13) again, we find that

d+c
gx,l(t)zzgxz ngz <5+(n—d—1)d+1

n
— (0 .
<7 n 1( +¢)
In other words, (2.11) holds with d =n—1 and so x € Badz_l. For the converse, simply
observe that if (2.11) holds with d = n — 1 then for any other 0 <d <n —2

(2. 13)

ng < (n—d) gx1(t) < (n—d)s.

In other words, x € Bad‘i and this thereby completes the proof of the badly approx-
imable part of the proposition. The proof of the singular part is similar with the most
obvious modifications (namely, using (2.12) instead of (2.11)) and will be left for the
reader. 0O
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Remark 2.2. In §4, apart from providing details of the statements associated with (2.11)
and (2.12), we give a ‘dynamical’ proof of Proposition 1.1. In addition to providing
an alternative insight, it has the advantage of being self-contained in that it avoids
appealing to (2.11) and (2.12) which rely on the lemma and the arguments appearing in
[5, Section 4].

The following statement summarises the above findings concerning the badly approx-
imable and singular sets and deals with the other remaining Diophantine sets associated
with Theorem 1.5.

Lemma 2.1. Let x € R". Then

1. x € DL,(¢) if and only if for all sufficiently large t

¢ 1
L () > -8
n—+1 ’ n—+1

(2.15)

2. x € Bad,, if and only if there exists 6 > 0 such that

lim sup ( - Lx,l(t)) <.

t—00 n+1

3. x € Sing,, if and only if for any § > 0

lim inf (

t—o0

- Lx)l(t)) > 4.

n+1
4. x € Wa(7) if and only if

Ly1(t)+ -+ Lyn_alt 1
lim inf () + +Ix d()<

<d<n-1).
t—o00 t —1+7 (07 =n )
5. x € BL(7) if and only if
Ly oot Ly 1
lim inf a(t) + o+ Ln—a(?) = (0<d<n-1).
t—o0 t 1+7

Proof of Lemma 2.1. Parts 4) and 5) are a direct consequence of [23, Proposition 3.1].

The proof of parts 2) and 3) are a direct consequence of (2.11) and (2.12) respectively

together with Proposition 1.1. It remains to prove part 1). Thus, let x € DI, () for some
€ (0,1). Then by definition, for all sufficiently large ¢’

nt’

x-q—p|<ee” and  |qf <€

always has a solution (p,q) € Z x (Z™ ~. {0}). This is equivalent to saying that for all
sufficiently large ¢’
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A (Z" e (eh)) < €, where t = (n + 1)t — loge.

The latter is equivalent to

t loge
— Ly 1(t) > —
T

for all sufficiently large ¢, as desired. O

Remark 2.3. It is relatively straightforward to see that the proof of part 1) given above
can be easily adapted to establish (2.11) and (2.12) when d =n — 1.

Remark 2.4. For the sake of completeness, it worth mentioning that in §4.2 we formulate
the notion of d-Dirichlet improvable sets via successive minima. The approach taken is
in line with that of this section in which the d-badly approximable and d-singular sets
are expressed via (2.11) and (2.12).

3. Proof of Theorem 1.5

Let n > 2,e€(0,1) and 79,...,7,—1 be as in Theorem 1.5 and let
1
= _nof_i +2C,  where Gy :=5(n+1)%(n + 10). (3.1)

Thus, C), is simply the right hand side of inequality appearing in Theorem 2.1. Then,
on making use of Theorem 2.1 and Lemma 2.1, it is easily verified that the proof of
Theorem 1.5 is reduced to constructing appropriate Roy (n + 1)-systems given by the
following statement.

Lemma 3.1. There exists continuum many mutually non-equivalent Roy (n + 1)-systems
P :[0,00) = R""!, such that

t
lim inf —Pi(t) )| = 3.2
mint (7 - P10) =7 (32
li —Pi(t) | = 3.3
msup (- A0) = 53)
and
Pi(t)+---+ Pyt 1
Jim inf 2L+ Falt) (1<d<n). (3.4)
t—o0 t 1+Tn7d

Proof of Theorem 1.5 modulo Lemma 3.1. Let us assume Lemma 3.1 and let P
[0,00) — R™™! be a Roy (n+ 1)-system coming from the lemma. In view of the converse
part of Theorem 2.1, there exists a point x € R™ such that
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L (t) = P@)]| < Cn.
Then this together with Lemma 2.1 and

+ (3.2) implies x € DI,,(g) ~ DI, (e~ 4"+ and x ¢ Sing,,,
o (3.3) implies x ¢ Bad,,,
o (3.4) implies x € N2- E4 (7).

The upshot of this is that

n—1
X € <ﬂ Ed(14) N (DIn(s) ~ DIn(€64(n+1)C"))> ~ (Bad,, U Sing,,) .
d=0

Furthermore, Lemma 3.1 implies the existence of continuum many such Roy (n + 1)-
systems that are mutually non-equivalent. Thus, in view of the latter (see Definition 2.2)
each such system gives rise to a different point x € R™ and this completes the proof of
Theorem 1.5. O

The proof of Lemma 3.1 will occupy the rest of this section. It will comprise of three
steps. We start by constructing Roy (n + 1)-systems on certain finite intervals which
will serve as building blocks for the construction of the desired systems associated with
Lemma 3.1.

3.1. Building blocks

Let [T_,T4] be a subinterval of [0, 00) with non-empty interior and let (a’ )1<j<n+1,
(a.)1<j<n+1 be sequences of increasing positive numbers satisfying:

al Ty =a™'T_ — (n+ 1)y (3.5)

Y d=1 (3.6)
1<j<n+1

(@' —al)T. >4n*y ¥V 1<j<n, (3.7)

where v is as in (3.1) and throughout
¥ 1= —or + .
We now construct a Roy (n + 1)-system

P=(P,...,Py1): [T_,Ty] — Rt
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on [T_,T,] associated with the sequences (a’ ) and (ai). With this in mind, let
Rdzz(aﬁ+1+~--+a‘f+1+da‘i)T_ V 1<d<n
Rt = (n+1)a"MT_ —n(n+1)y
Rpio = (n+1)a"™'T_ — (n+ 1)y
So = (n+ 1)a} Ty + (n® +n)y
Sqgi=(al+ - +al+n+1-daf)Ty V 1<d<n
In view of (3.5), it is easily seen that So = Rp42. Also, (3.6) ensures that 7_ = Ry and
S, = T while (3.7) gives that R, 11 > R,, and S; > Sp. Since (al) is strictly increasing,

it thus follows that

T_=R1 <Ry< - <Rpio=5<51<:--<85,=T;4.

Now set
Pi(T):=d’T_ ¥V 1<j<n+1.

For 1 < d < n—1, on the interval [Rq, Rgt1], let the d components Py, ..., Py coincide
and have slope 1/d while the components Pyy1,..., P,1+1 have slope 0 and

oI if 1< <d

Pj(Ray1) ==

a’ T if d+1<j<n+1.

On the interval [R,,, R,+1], let the n components P, ..., P, coincide and have slope 1/n

while the component P, ; has slope 0 and

1 . .
ay Ty if 1<j<n
Py(Rui) i=
A" i j=n41.

On the interval [R,, 11, Ryy2], let the n — 1 components P, ..., P, coincide and have
slope 1/(n — 1) while the components Py, P,, 1 have slope 0 and

Pi(Ra) alTy  if j=1
i n+2) ‘=
a"TMT_if 2<j<n+1.

On the interval [Sy, S1], let the n components P, ..., P,11 coincide and have slope 1/n
while the component P; has slope 0 and
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1 . .

a;Ty if j=1
Pj(S1) ==

2Ty if 2<j<n+1.

Finally, for 1 < d < m — 1, on the interval [Sy, Sq11], let the n — d components
Pyio,...,Pyiq coincide and have slope 1/(n — d) while the components P; ..., Piyq
have slope 0 and

P San) Ty if 1<j<d+1
i\Od+1) =
a®PTy if d+2<j<n+1.

In particular, since S,, = Ty it follows that

Pi(Ty)=d’ Ty ¥V 1<j<n+1.
Fig. 1 below represents the combined graph of the functions P, ..., P41 over the interval
[T_,T.]. The lower graph represents P; while the upper most graph represents P, .

Note that if we set v = 0 and ai =a’ for j=1,...,n4+ 1, our construction reduces to
Roy’s construction in [23, Section 5] — in particular, see [23, Figure 5].

CL:L_+1T+
aiT+
aiilTﬁ,
aiT+
a7
- 1
a T+
a™T_ +
a" T
a’>T_
al T
R2 Rnfl Rn Rn+2 Sl Sn72 Sn,1
T_ =R Ryq1 Ty = Sn

Fig. 1. The constructed Roy (n + 1)-system on [T_,T4].
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We conclude this section with the following statement. It provides keys estimates for
P(t) with t € [T, T4].

Lemma 3.2. The Roy (n + 1)-system P : [T_,T.] — R™"*L constructed above satisfies:

min ( t —Pl(t))—'y (3.8)

te[T_, 7 ] \n+1

t 1
—P(t) ) > —adt\T 3.9
Egﬁﬂ<n+1 1“)—(n+1 %) + (3.9)

IO RS ORI NP

te[III’l_l?TJr] " = min ;a*’;%r (1<d<n). (3.10)
Proof. By construction the derivative of the function P is strictly greater than 1/(n+1)
on the interval [T_, R,,11] and is 0 on the interval [R,,y1,T]. Here and throughout, by
the derivative of a piecewise linear function on a given interval, we mean the derivative
on the union of subintervals on which the derivative exists. It follows that on the interval
[T_,T,], the local minimum of the function f : ¢t — f(¢) :=t/(n+1) — Pi(t) is achieved
at t = Rp+1. In other words, the minimum of f(¢) on [T—,T%] is equal to

Rn+1
n+1

— Pi(Rpy1) = "' —ny —at Ty 2

This shows that P satisfies (3.8). On the other hand, it is easily seen that the maximum
of f(t) on [T_,T,] is achieved at either t = T_ or ¢t = T';. Thus,

Ty
n+1

T
CPT) = alTy

Lh.s. of (3.9) >
n+1

and this shows that P satisfies (3.9). It remains to prove (3.10). For simplicity, we let
Q4 =P+ -+ P; (1 <d < n)and note that to determine when Qg(t)/t attains its
minimum on [T, 7], it suffices to study the function

D:t— D(t):=Qj(t)t — Qalt).

The point is that on each connected open interval I where P is differentiable, the deriva-
tive of Qq(t)/t equals D(t)/t?. Now, it can be verified that on any such interval I the
derivative D’(t) = 0 and so D(¢) is constant which in turn implies that the function
Qq(t)/t is monotonic on I and thus it obtains its minimum at the end points.

Hence, it suffices to study the quantities D*(R;) and D*(S;) for 1 < j < n. This we
now do systematically. Recall that for a piecewise continuous function D,
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+ — 1i - — 1;
D7 (t) := sh—r%l D(s), and D7 (t):= sh—r%l D(s).
s> s<

o For 1 < j < d, on the interval (Rj, R;y1), the derivative of Q4 equals 1. Hence
D(t) =t — Qq(t) = Pygp1(t) + - -+ + Pyy1(t) is positive on this interval.

o For d+1 < j < n, on the interval (R;, R;jy1), the derivative of Q4 equals d/j.
A direct computation shows that

jDT(R)) = dR; — jQa(R))
:d(aﬁ+1+~-~+ajfl+jaj,)T_ — jda’ T_
>0

Hence D(t) is positive on this interval.
e For 0 < j < d—1, on the interval (S;,S;+1), the derivative of Q4 equals (d — j —
1)/(n — j). A direct computation shows that

(n—=74)D"(Sj41) = (d—j —1)Sj41 — (n — j)Qa(Sj+1)

=(d—j—1) (a}r+~~-+af1+(n—j) 1+2> T,

~(n—j) (ai+---+aj++1+(d—j—1)af2) T,

—(d=n-1)(a} +- ) Ty

<0

Hence D(t) is negative on this interval.
o For d < j <n—1, on the interval (S;,S;j+1), the derivative of Q)4 equals 0. Hence
D(t) is negative on this interval.

In conclusion, the function Q4(t)/t increases on the interval (Ry, R,,+1) and decreases
on the interval (Sp, Sy,). As Qq(t)/t is monotonic on (R,+1,S0), the minimum is thus
attained at either t =7_ or ¢t =T. Hence,

d

d
Lh.s. of (3.10) = min { de(ﬂTf), Qd;?”} = min g a’, E o’
Jj=1 Jj=1

and this shows that P satisfies (3.10) which in turn completes the proof of the lemma. 0O
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3.2. The local construction on blocks

In this section, we will exploit the generic construction presented in §3.1 to essentially

prove a ‘local’ version of Lemma 3.1. More precisely, we will construct a family of Roy

(n + 1)-systems P? on certain subintervals I of [0,00) all satisfying the properties of
Lemma 3.2. Here 6 € [0,1/(40n?)) is a parameter and for 6’ # §, we show that the
intervals I can be chosen so that the Roy (n + 1)-systems P° and P on I are mutually

non-equivalent. The construction consists of five short steps. Throughout, n > 2 and

T0y .-+, Tn—1 € [0,00] are the quantities appearing in Theorem 1.5 satisfying (1.17).

Step I.For1<i<n—land1<j<n+1,let

i1+ 7o)t if j<i
a7 = (i) P = (7)™t i j=i41

(n7’L‘)7lTn_i_1(1+Tn_i_1)71 if 7>14+1

where (14+7;)"* = 0 and 7;(147;) ' = 1 if 7; = cc. The following statement summarises

useful properties of the associated sequence (a*7) that we shall later exploit.

Lemma 3.3. Let (/) be given as above, then

(a) forany1<i<n-1, Zl§j§n+1 abd =1,
<n— < ij < oid’
— — — f— f— ) —_ )
(b) foranyl<i<mn—1landl1<j<j <n+1, o <«
(¢) abt+ - 4 ab > (14 7,—;) "1 with equality holds when j =i,i+ 1.

Proof. Part (a) follows directly from the definition. To prove the other parts, for 1 <

i <n let
01' = (1 +Tn—i)71 .
Then it follows that (1.17) is equivalent to

(n7d+1)9n_d
n—d

14+db,_q

V 1<d<n-1
d+1 =0=nT5

S en—d—i-l S
which in turn is equivalent to

91‘ 1 - 91‘ 1 - 91‘
- +1 and < ,H

1+ 1 n+l—72 = n-—1

0;
% V 1<i<n—1.
i

To prove part (b), it suffices to show that

H—.i < i —0; < 1_7%

1 n—1

V 1<i<n-1.

(3.11)
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This follows directly from (3.11). It remains to part (¢). When j < 4, on appropriately
iterating the first inequality of (3.11), it follows that
J0i

a4 ahl = >0
(3

When j =i or j =1+ 1, the statement with equality is easily checked. When j > ¢+ 1,
on appropriately iterating the second inequality of (3.11), it follows that

G—i=DA—bir1) | (+1-j)(1—0bi1)

ot ah = 04+ - :
n—1 n—1
>1-(1-96;) = 0,.

This completes the proof of the lemma. O

Step 2. Having chosen the sequence (a®7) as above, the second step involves choosing a
sequence of positive real numbers

B 1<i<n-11<j<nt1 k21 (3.12)

such that forany k> 1land 1 <i<n-—1:

Yoo oBgI=1 (3.13)
1<j<n+1
o o 1
i,7+1 7, .
B =By > ey forall 1 <j <mn, (3.14)
il 1 k }
e ; ) 3.15
k [(k+1)(n+1) (k+1)(n+1) (3.15)
, kE+3 1
7,n+1
e 11— 3.16
k [(k:—i—l)(n—i—l) (k+1)(n+1)} (3.16)
lim 87 =a™ ¥V 1<j<n+1 (3.17)
k— o0

Note that parts (a) and (b) of Lemma 3.3 guarantees the existence of such a sequence.
For instance, they imply that for any 1 <i<n—1

att <1/n and abm Tt > 1/n.

Thus the conditions (3.15), (3.16) and (3.17) are compatible.
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Step 3. Now, the third step is to let
Ty == 128n*y (3.18)
and then define inductively T,i for k> 1 and 1 <i <n as follows:
Ty =Te, BTG = BT - (it Dy, T = Tre, (3.19)
where we set
Byl =6l ¥ k>1 and 1<j<n+1. (3.20)
We claim that for any k& > 1:
Tp > 32n*(k+1)%y (3.21)
and
> T (3.22)
for all 1 < ¢ < n—1. To prove the claim we argue by induction. However, first note that
given k > 1 and 1 <i < n—1, if we know that (3.21) holds and furthermore that if i > 2
then (3.22) also holds (with ¢ replaced by [) for all 2 <1 < ¢, then by (3.16) it follows
that
BT — (n 4+ 1)y > 80" T — (n 4 1)y > 0. (3.23)
Now by (3.15) and (3.20), for any k > 1
L (BT = ()T = (BT 2 R+ 2+ 1)/ (k1)

which together with (3.23) implies that

1 = (- 1)

(k+2)(k+3),, m+1)2Fk+2)y
= (k+1)2 T kE+1

@iﬁﬁyg (ﬁ(n+D%k+%7)_ (3.24)

7kt k+1

It is important to stress that (3.23) and thus (3.24) hold for ¢ = 1 without appealing to
(3.22). We are now in the position to start the induction argument.



V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316 27

Let £ = 1. Then (3.21) holds in view of (3.18). To prove (3.22) forall 1 <i<n—1
we use induction on i. With this and (3.24) in mind, when ¢ = 1 it follows via (3.21) and
the fact that T} := T}, that

T! — (n+1)%3y > 128n'y — 3(n+1)%y > 0. (3.25)

Hence, (3.24) which recall does not rely on (3.22) for i = 1 implies that 72 > T}. In
other words, (3.22) holds for ¢ = 1. So suppose (3.22) holds for ¢ with ¢ < n — 2. Then,
it follows via (3.25) that

T —(n+1)%3y > T —(n+1)%3y > 0

and so (3.24) implies that 772 > T/*!. This shows that (3.22) holds for & = 1 and all
1 <4 <n—1. Now assume that (3.21) and (3.22) holds for some k and all 1 <4 <n—1.
Then, it follows via (3.24) with i = n — 1 and the fact that T}* := Tjy1 and T} = Tk,
that

2 n-1_ 2
Thy1 > 752132 o+ (T’“ ( 1;11) (k +2)7>
(k+2)2 Ty — (n+1)2(k +2)y
>(k+1)2Tk+( ) )

> 32nt(k +2)%y.

This shows that (3.21) holds for £+ 1 and we now use this to show that (3.22) holds for
k+1andall 1 <i<n—1. With this in mind, when ¢ = 1 it follows that

Tivi —(n+12(k+3)y > 320*(k+2)%y — (n+1)*(k+3)y > 0 (3.26)
and so (3.24) implies that T2, > T}, | := Ti41. In other words, (3.22) holds for k + 1
with ¢ = 1. So suppose (3.22) holds for k£ + 1 with ¢ < n — 2. Then it follows via (3.26)
that
T —(n+1)%3y > Ty — (n+1)*(k+3)y >0

and so (3.24) implies that T,zﬁ > T,iﬂ This thereby completes the inductive step and

hence establishes (3.21) and (3.22) forall k > 1l and all 1 <i<n—1.
Now, with the generic construction of §3.1 in mind, for each £k > 1,1 <i<n—1, let

T_=T; and Ty=T;"",

and for 1 <j<n+1, let
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al = ﬂ,i] and ai = ﬁ,i“’j .

Then, it is readily verified on using (3.13), (3.14), (3.17), (3.19), (3.22) and (3.21) that
conditions (3.5), (3.6) and (3.7) are satisfied. The upshot is that the construction de-
scribed within §3.1 is applicable and gives rise to a Roy (n + 1)-system P : [T}, ;] —
R”1 associated with the sequences (3;7) defined via (3.12) and (T}) defined via (3.19).
Moreover, for each k > 1, 1 < i < n — 1, the Roy (n + 1)-system P on the interval
[T, T, '] satisfies Lemma 3.2.

Remark 3.1. As we shall see in the next section, it is not difficult to extend this local
statement to a Roy (n + 1)-system P on the interval [0,00) that satisfies Lemma 3.1.
Note that this would suffice if all we wanted to show was that the sets appearing in
Theorem 1.5 are non-empty rather than continuum. In the remaining two steps, we
introduce a new parameter ¢ and focus on the construction of mutually non-equivalent
Roy (n + 1)-systems on the interval [T}, 77T

Step 4. The fourth step involves perturbing the above construction of the Roy (n + 1)-
system P on [T}, T, ™| by a parameter § in such a way that:

e the properties of Lemma 3.2 are satisfied for the perturbed Roy (n + 1)-system
P [T, T} — R and

o for & # 4, the perturbed Roy (n+1)-systems P? and P?" are mutually non-equivalent
(see Definition 2.2).

With this in mind, let (ﬂ;]) and (7}) be the sequences given by (3.12) and (3.19)
respectively, and let

§ €[0,1/(40n%)). (3.27)
Now define the new sequence
{ﬁ,@j(a): 1§i§n71,1§j§n+1,k21} (3.28)

by setting, for any k> 1land 1 <i<n—1:

By (6) = B, (3.29)

i+l sy . pindl | O

V) = B 2 (3.30)
L)L = g ST (4 1), (3.31)

VHO) + BR(8) + BTN () = Byt + B+ B (3.32)



V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316 29

Bri(8) =67 ¥ 3<j<n. (3.33)
Also, in line with (3.20), we let
Bg,j((g) — 5;11(5) V k>1 and 1<j<n+1.

Clearly, the sequences (8;7(d)) and (857) coincide when § = 0. An immediate conse-
quence of (3.13), (3.32) and (3.33) is that

n+1 o
> BI(0) = 1. (3.34)
j=1
Also note that in view of (3.19), (3.30) and (3.31), we have that
(B0 - ) T = (B 0) - B ) T = O
from which it follows that
: , , 0
o< Bl o) < MJFE V 2<i<n-—1
and
1,1 1,1 1,1 d
Bir < By (0) < By + P (3.35)
To sum up, for all k > 1 and 1 <7 < n — 1 we have that
. . , 20
VSBO) < B+ (3.36)
Combining (3.36) and (3.32), we get forall k >1and 1 <i<n-—1,
i 30 i i
2 _ T < B2(6) < B2 (3.37)

Now, with the generic construction of §3.1 in mind, for K > 1,1 <i<n—1, let
T-=T, and T, =T;"",
and for 1 <j<n+1, let
o = BLJ((S) and ai = ,i“’j(é).

Then, it is readily verified that condition (3.5) follows from (3.31) and that condition (3.6)
follows from (3.17) and (3.34). To show (3.7), first note that forall k > 1,1 <i<n-—1
and j # 1, on using (3.30), (3.33) and (3.37), it follows that
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(ﬁ;j-i-l(&) _ Blic,j (5)) T, > (5 i,j+1 ﬁk’]) Ty .

We have already shown that the right hand side satisfies (3.7). When j = 1, it is readily
verified, on using (3.14), (3.21), (3.27), (3.36) and (3.37), that for all k > 1 and 1 <4 <
n—1

i i i, 58 Ty
(520 - @) 1i = (512 - it = ) Tz g = e

The upshot is that the construction described within §3.1 is applicable and gives rise to
a Roy (n + 1)-system P? : [T}, T;t!'] — R"*! associated with the constant § satisfying
(3.27) and sequences (8”7 (8)) defined via (3.28) and (T}) defined via (3.19). Moreover,
for each k > 1,1 < i < n — 1, the Roy (n + 1)-system P° on the interval [T}, T} ]
satisfies Lemma 3.2.

Step 5. It remains to show that the Roy (n + 1)-systems constructed in Step 4 are
mutually non-equivalent. This is easily done. Let ¢ and §’ satisfy (3.27) and suppose
0" # 6. Then it is readily verified, that

/ 3.0 O — 5| T (3:21)
Prf-s-l(Tk) - Pg+1(Tk) B2 % > |8 —6832ntky > 2C,
for all k& > kg sufficiently large. By definition, this implies that for any k > kg, the Roy

(n 4 1)-systems P? and P%" on the interval [T}, Tj1] are mutually non-equivalent.
3.8. Proof of Lemma 3.1

The proof of the Lemma 3.1 will follow on extending the local construction of the Roy
(n + 1)-systems P? on the intervals [T}, 7} '] presented in §3.2 to the interval [0, c0).
With this in mind, for § satisfying (3.27) and & > 1,1 <i < n—1, let us denote by Pi)l
the Roy (n + 1)-system on [T}, 7} ']. Now observe that

hoo)=J U I,

k>1 1<i<n-—1
where T is given by (3.18); that is, the intervals [T}, T;"'] give a partition of [T}, c0).
It therefore follows that the continuous piecewise linear map P° = (P?,..., P° 41)
[T, 00) — R™*! given by
P°(t) := Pi,i(t) V te [Ty, T (foreach k >1and 1<i<n-—1),

is a Roy (n+1)-system on [T}, 00). Indeed, by construction the first two properties within
Definition 2.1 are automatically satisfied. It thus remains to check the final property at
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the common boundary points T,ﬁ foreach k > 1 and 1 < i < n — 1. With this in mind,
it is easily verified that

P (Ti)=1 and P(T;")=1.

Hence, with reference Definition 2.1, it immediately follows that 1y =ro =n+1> s5 =
s1 = 1 and so the restraint associated with the final property is in fact vacuous.
It remains to extend P? to the interval [0, T}]. For this let

Sarri= (B0 + -+ BYYO) + (1= BITE)) T ¥ 0<d<n,
and let

S0 . .
Pj(O).—O V 1<j<n+1.

On the interval [0,51], let the n + 1 components P}, ..., PSH coincide and have slope
1/(n+1). It follows that

P(S1) =B (0)Ty VYV 1<j<n+1.

For 1 < d < n, on the interval [Sg, Sq+1], let the n 4+ 1 — d components P(?_H, e ,PT‘EH
coincide and have slope 1/(n + 1 — d) while the components Py ..., P{ have slope 0 and

BT if 1<j<d
PJ{S(Sd“) = 1,d+1
Bty if d+1<j<n+1.

In particular, by (3.34) we have that S,+; = T1 and so it follows that
PATy) =B7 ()T ¥V 1<j<n+1.

In short, this coincides with left hand side of Fig. 1 with 7_ = T} and o’ = £]7(4)
(1 <j<n+1). The upshot is that the above construction enables us to extend in then
obvious manner the Roy (n+ 1)-system on [T}, 00) to [0, 00). We now show that the Roy
(n + 1)-system P? : [0,00) — R"*! satisfies the desired properties of Lemma 3.1.

e By construction, (3.2) follows directly from (3.8).
e In view of (3.9), (3.15), (3.21) and (3.35), it follows that

lim sup (

t—o00

t
— P(t) ) =limsup max max — P)(t)
k—oo 1Sisn—1 yeir it \n+1

n—+1 i

1 1 )
> i —— — B, (0) ) T,
> limsup | max | (m B ( >) k
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1
> limsup max ( ,B ) TH'1
koo 1<i<n—1\n+1

1 k 1
> i - - T
= <n ¥1 k+)n+1) 4on2k> k

> limsupn®(k+2)y = oo.

k— o0

This shows that P satisfies (3.3).
e Let 1 < d < n. Then, in view of (3.10), (3.17) and part (c) of Lemma 3.3, it follows

that

PX(t)+---+ Po(t
lim inf =L (t) + + Pi(t) = liminf min min
t—o0 4 k—oo 1<i<n ¢e[y Tt

(Pf(t)+-1;-+P3(t))
]

k—oo 1<i<n-—1

d d
= liminf min min Z ﬂ;] (%), Z 52*10‘ (8)
Jj=1 j=1

= liminf min mln E ﬁk’j,g BH'LJ

k—oo 1<i<n—

= min o' 4. 4™
1<i<n

1+ Tn_a
This shows P? satisfies (3.4).

In the previous section (see Step 5), we have already seen that for any distinct ¢
and &' satisfying (3.27), the Roy (n + 1)-systems P® and P% on [T}, T4 1] are mutually
non-equivalent for all k sufficiently large. Consequently, there are continuum many non-
equivalent Roy (n + 1)-systems P° on [0, c0) that satisfies the conditions of Lemma 3.1.
This completes the proof. O

3.4. Further comment

Recall, that once we have constructed in §3.3 the collection of non-equivalent Roy
(n + 1)-systems P? satisfying Lemma 3.1, the key ingredient towards establishing our
main result is Theorem 2.1. In short, the latter guarantees that each system in our

collection gives rise to a distinct point x € R™ such that
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||Lx - P6|| < Cn

on [0,00). In turn, it is not difficult to show that such x satisfies the desired Diophantine
properties associated with Theorem 1.5. Now with this in mind, let n € N and W be a
collection of Roy (n + 1)-systems P : [0,00) — R™*1. In [10, Theorem 2.3], it is shown
that if W satisfies the so called ‘closed under finite perturbations’ hypothesis, then one
is able to compute the Hausdorff dimension of the set

{x € R" : |[Lx — P|| < oo for some P € W}.

However, it is not clear to us whether the methods in [10] can be adapted to give a result
on the Hausdorff dimension of the set

{x €R": ||Lx — P|| < C for some P € W}

for any fixed constant C' > 0. Such a result would potentially enable us to replace
“continuum” by “full Hausdorff dimension” in the statement of Theorem 1.2. We state
this highly desired strengthening formally as an open problem.

Problem 3.1. Suppose that n > 2. Prove that
dim FS,, =n.

In §4.3 below we consider the natural generalisation of the above problem to the
setting of weighted Diophantine approximation for systems of linear forms.

A more subtle version of Problem 3.1 would be to understand how the removal of
Bad,, U Sing,, affects the quantitative form of the set DI, that is to estimate from
below the Haudorff dimension of FS(e), where for 0 < e < 1

FS,(¢) :=DI,(¢) \ (Bad,, U Sing,,).

Clearly, by definition, dim FS,,(¢) cannot be larger than dim DI, (¢) and by a recent
result due to Kleinbock & Mirzadeh [19], the latter is strictly smaller than n for all
€ € (0,1). Note that Theorem 1.5 guarantees that

FS,.(e) # @ vV £€(0,1).
4. Intermediate Diophantine sets revisited
The main goal of this section is to define the notion of d-Dirichlet improvable points
in R™ and investigate the relationship between them and the classical notions of simul-

taneous (d = 0) and dual (d = n — 1) Dirichlet improvable points. We will explore two
different approaches:
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(i) an algebraic approach using multilinear algebra and thus developing the ideas of
Laurent [20], and

(ii) a geometric approach using Minkowski minima and thus developing the ideas of
Schmidt & Summerer [25,26] and Roy [22] on the parametric geometry of numbers
leading to Lemma 2.1 of §2.2.

The key ingredient required for achieving this lies in being able to state an appropri-
ate optimal Dirichlet type theorem (see Remark 1.3 in §1.2). This will be accomplished
in §4.1 via the framework of multilinear algebra and in §4.2 via the framework of the
parametric geometry of numbers. In the process of describing the setup leading to the
Dirichlet type theorem of §4.1.2, we will take the opportunity to first revisit the interme-
diate badly approximable and singular sets in order to fill in the details of the arguments
(cf. Remark 2.2) leading to (2.11) and (2.12). Recall, that these equivalences are used
in the “classical” proof of Proposition 1.1 given in §2.2 showing that the intermediate
d-badly approximable sets Badz (resp. the d-singular sets Singi) are equivalent. More-
over, we will provide an alternative “dynamical” proof of the proposition that avoids
appealing to (2.11) and (2.12).

4.1. The algebraic approach

To proceed, we recall notions and results from multilinear algebra. Let n > 2 and
0 < d < n— 1. First, we endow the linear space R**! with the usual inner product and
let {€;}1<i<nt+1 be the standard orthonormal basis. Then the wedge product AR
is also equipped with an inner product with an orthonormal basis given by

{eil/\-w/\eidﬂ:lgilg...gid+1§n+l}.

Note that, under this basis, we identify A“TTR™+! with R For any X € ATHIR?HL
we set || X]|2 and || X]| to be the Euclidean norm and maximal norm (with respect to
the basis given above), respectively. X € AR+ is called decomposable if and only if
there exists vi,...,vgy1 € R such that X = v A--- Avgyr. It is worth highlighting
that up to an homothety there is a one to one correspondence between decomposable
X € AR and d-dimensional rational affine subspaces of R™. Indeed, by expressing
a d-dimensional affine subspace L C R™ C P™(R) using homogeneous coordinates, we
obtain a unique (d + 1)-dimensional subspace Vz of R"*! satisfying that L = P (V).
Clearly, L is rational if and only if V7, has a integer basis {vy,...,vay1} C Z" 1. By
using the Pliicker embedding

Gr(d,P"(R)) — P(ATHR™™), L Xy :=viA---Avay (4.1)

we obtain the Pliicker coordinates for L. Conversely, given a decomposable multivector
X e /\d'H 7™+ {0}, the associated linear subspace Vi, can be expressed as Vi :=
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{x € R""! : x AX = 0} and then L can be obtained by projecting the intersection
Vi N{x € R*™! : 2,1 = 1} onto the first n coordinates. The height H(L) of L will be
the Weil height, that is

H(L) = [ XLll2

where X7, is as in (4.1) and vyq,..., V41 is a basis of V7, N Z"*L. In other words, H(L)
is the covolume of the lattice V, N Z"*! in Vp. Note that X; € AYT1Z7HL < {0} has
coprime coordinates. Given x € R™, we define the projective distance between x and L
by

_ XA XLl

dy(x, L) = X A AL]2
e SN

(4.2)
where x’ := (x,1) € R""!. Geometrically, d,(x, L) equals the sine of the smallest angle
between x’ and non-zero vectors in V7. The projective distance d,(x, L) is easily seen to
be locally (depending on ||x||2) comparable to the distance d(x, L) defined by (1.10) in

§1.2 and indeed the distance of x from L induced by any norm on R", see for instance,
4, Eq (3.5)].

4.1.1. Showing Sing? = (2.11) and Bad? = (2.12)
The following statement provides an algebraic formulation of the sets Singi and BadflI
as defined via (1.13) and (1.14) in §1.2. Recall, given n € N and d € {0,1,...,n — 1},
we let
_d+1

Wy ‘= .
n—d

Lemma 4.1. Letn>2 and 0 <d<n—1.

(i) x € Sing? if and only if for any given e € (0,1) and N > No(x, &) sufficiently large,
there exists a X € N4H1Z7 L {0}, such that

X <N and |x'AX|2 <eN™v. (4.3)

(i) x € Bad? if and only if there exists a constant € = e(x) € (0,1) such that for any
N > No(x) sufficiently large, there are no X € ATH1Z"1 {0} satisfying (4.3).

Remark 4.1. In view of the discussion at the start of this section, it is straightforward
to establish the above reformulation of the sets Sing? and Bad? under the extra as-
sumption that X € At1Z7+1 {0} is decomposable. In view of this, the key feature of
Lemma 4.1 is that it enables us to remove the decomposable assumption.

Proof. The ‘only if part’ of both (i) and (ii) follows directly from Remark 4.1. Now
concentrating on the ‘if part’ of (i), in view of Remark 4.1, it suffices to show that
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for any given ¢ € (0,1) and N > Ny(x, ¢) sufficiently large, there exists a decomposable
X € A7+ {0} such that (4.3) holds. With this in mind, let € € (0,1), N > Ny(x,¢)
and X € ATHLZ 1 {0} satisfying (4.3) be as given. This implies that the first successive
minima of the convex body C defined by

{X e MR ¢ |[X| <N, X AX]2 <eNT¥4} (4.4)
is less than 1. Let

U e o=@/ @) N/ (n=d) g0 g e gntd)/(ndin) 1 /n _ 1/(d41) =1/ (n—d)

Thus, N = UV? and eN~“¢ = V1 Then, in view of [5, Lemma 3], there exists
B1 = B1(n,d) > 1 such that

BrCas1 € C C BiCati, (4.5)

where Cgy1 is the (d+ 1)-th compound of the convex body C C R™*! defined as

C .= {y e R . [Ynt1| < U, max |ypt12; — yi| < V}.
1<i<n

In turn, it follows via Mahler’s theory of compound convex bodies that there exists
Bo = Ba2(n,d) > 1 such that

X:=%x1 A AXgqe1 € P2 A1 (/\d+1Zn+l7C> 5d+1 (4.6)

where x; € Z" 1! is the integer point at which C attains its i-th successive minima. Recall,
for a given convex body C C AR and i =1,...,d + 1, we write \;(A4T1Z"HL C)
for the i-successive minima of C with respect to the lattice AT1Z"*!. The upshot of
(4.6) is that X is decomposable and this proves the ‘if part’ of (i). The proof of the ‘if
part’ of (ii) is similar and we leave the details to the reader. O

Armed with Lemma 4.1, it is relatively straightforward to obtained the sought after
statement.

Lemma 4.2. Letn>2 and 0 <d<n-—1.

(i) x € Sing? if and only if for any 6 > 0 there exists a constant to = to(8) > 0 such
that for all t > to inequality (2.12) holds; that is

M _ (Lx,l(t) 4+ 4 Lxm—d(t)) 2 0.
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(ii) x € Badz if and only if there exists a constant § > 0 such that for all sufficiently
large t inequality (2.11) holds; that is

(n—d)t

_ Ce < 9.
n+1 (Lx,l(t) + + Lx,n—d(t)) = d

Proof. Lemma 4.1 implies that x € Singz if and only if for any § > 0 there exists a
constant tg = to(d) > 0 such that for all ¢ > ¢,

>\1 (Ad+1Zn+1”Ci+1(et)) < 676

where

Kt (et = {x e NIRRT L IX|| < e, X A X < et } .

In view of (4.5), the convex body K&+1(et) is comparable (with implied constants de-
pending on n and d only) to the (d 4+ 1)-th compound of the convex body

xlel) 1= {y ER™: fyopi| ST, max Jyniiw — gl < enil} '
1<i<n

Note that
Cx(e!) = e 71 Ky(eh)V,

where Cx(e') is given by (2.1) and Kx(e')V denotes the dual of Kx(e'). Hence, by
Minkowski’s second convex body theorem, it follows that

d+1
log Ay (AMH1Z" L KCE (ef)) = Zlog i (2" Kk (eh)) +0(1)

i=1
d+1

= Z —log Apio—; (Z"'H, le(et)v) +0(1)
i=1
n—d

= Zlog A (Z”H,/Cx(et)v) +0(1)
i=1

_ (o +§L (t)+0(1)

= nt1 - X, )

where the quantity Ly ;(¢) is given by (2.3) and the implied constants in the ‘big O’ term
depend on n and d only. This thereby completes the proof of first claim made in the
lemma. The proof of (ii) is similar and we leave the details to the reader. O
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4.1.2. An optimal Dirichlet type theorem via multilinear algebra

For obvious reasons, as discussed in Remark 1.3, in order to define Dirichet improvable
sets it is paramount to start with an optimal Dirichlet type theorem. Any such theorem
should naturally not only imply Theorem 1.3 concerning the approximation of points by
rational subspaces but also coincide with the classical simultaneous and dual forms of
Dirichlet theorem. The multilinear algebra framework exploited in the previous section
yields the following optimal statement.

Theorem 4.1. Let n € N and d be an integer satisfying 0 < d < n — 1. Then for any
x € R" and N > 1, there exist Z € NZ" ~ {0} and Y € AYTYZ™ such that

IZI| <N  and |[xAZ+Y| <N~ (4.7)

Proof. Consider the linear space V := AYR™ @ AYTIR™ with the lattice L := AYZ™ @
AH1Z7 . On observing that wy = (Z)/(dil), it is easily verified that for any given x € R
the volume of the convex body given by (4.7) is equal to 24™ V. Hence, the statement of

the theorem follows as a direct consequence of Minkowski’s convex body theorem. O

By taking d = 0 and n — 1 in Theorem 4.1, we immediately recover the classical
simultaneous and dual forms of Dirichlet’s theorem. We now show that for general d we
recover Theorem 1.3.

Step 1. We show that Theorem 1.3 has the following equivalent algebraic formulation.
Recall, given x € R"™ we let x’' := (x,1) € R"1.

Lemma 4.3. Let n € N and d be integer satisfying 0 < d <n — 1. Then for any x € R"
there exists a constant ¢ = c¢(n,d,x) > 0, such that for any N > 1 there exists a
X € ALz {0}, such that

IX|2 <N and ||x' AX]y <N, (4.8)

Proof of equivalence of Theorem 1.3 and Lemma 4.3. For the same reasons as outlined
in Remark 4.1, it is easy to deduce Lemma 4.3 from Theorem 1.3. For the converse,
we adapt the proof of Lemma 4.1. This simply amounts to putting € = ¢(n, d,x) when
defining the convex body C given by (4.4). Apart from this the given proof remains
unchanged. O

Step 2. We show that Theorem 4.1 implies Lemma 4.3.
Proof that Theorem 4.1 implies Lemma 4.3. With reference to Theorem 4.1, given x €

R™ and N > max{||x||; "/“*,1} let Z € A9Z" < {0} and Y € AYF1Z" be a solution to
(4.7). Then, it follows that
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Y] < lIx AZI+ N72 < [[x A Zll2 + [Ix][2 < 2[x[2]|Z]]2- (4.9)
Now let e,41 := (0,...,0,1) € Z""! and identify the set {y = (y1,...,ynst1) € Z"1:

Ynt1 =0} (resp. {y = (Y1, -+, Yns1) € R" 1y, 1 = 0}) with Z™ (resp. R™). Then, we
have that

AFLZMH — e, ) A (NTZ™) @ AT
Next, let
X:=e, 1 ANZ-Y e Adfigntt

Then, it follows that

(4.9) n
IXI) < izl + 1Y i izl < @y (5) 12

40
< 25 (2x|+1)N |

and so
X[l < n?2%(2x|+1)N. (4.10)
On the other hand, we have that
X' ANX=(eps1+x)A(en 1 ANZ—-Y)=—-e, 1 ANY +xANe, 1 ANZ—xANY
=—(epnt1 +X)A(XANZ+Y).

Since e,,41 is orthogonal to x, €,41 A (X AZ+7Y) is orthogonal to x A (x AZ+7Y). Thus,

IXAZ+ Yo < % AX]2 < [X]alx AZ+ Y2 (4.11)
and on using the above right hand side inequality and (4.7), it follows that

X' AX|]z < 22X |xAZ+ Y] < 2%|x/ [N (4.12)
Together, (4.10) and (4.12) imply the statement of the lemma. O

The upshot of Steps 1 & 2 is the following desired statement.

Proposition 4.1. Theorem /.1 —  Theorem 1.5.
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4.1.3. Bad, singular and Dirichlet improvable in light of Theorem 4.1
Theorem 4.1 enables us to define an associated notion of d-Dirichlet improvable vectors
as well as alternative “algebraic” notions of d-singular and d-badly approximable vectors.

Definition 4.1. Let n € N and d be an integer satisfying 0 < d < n—1. Then for ¢ € (0, 1),
let

« DI%(¢) be the set of x € R™, such that for all N > Ny(x, ¢) sufficiently large, there
exist Z € AYZ" \ {0} and Y € ATTLZ™ such that

|Z| <N and [xAZ+Y| <eN"w (4.13)

« Bad’(e) be the set of x € R”, such that for all N > Ny(x, ¢) sufficiently large, there
are no solutions Z € AYZ" \ {0} and Y € ATHLZ" to (4.13).

Moreover, let

DI} := | DIl(e), Sing!:= [ DIl(c), Badj := [J Badj(e).
€€(0,1) e€(0,1) e€(0,1)

Recall, that on taking d = 0 (resp. d = n—1) in Theorem 4.1, we immediately recover
the classical simultaneous (resp. dual) form of Dirichlet’s theorem. Thus, in these cases
it is clear that the sets DIz, Sing‘fL and Badfl given by Definition 4.1 coincide with
those defined via the classical forms of Dirichlet theorem. In particular, for Dirichlet
improvable points in R”, this means that the set DI (resp. DI”™!) is equivalent to
set defined via the classical inequality (1.3) (resp. (1.9)) and in view of Davenport &
Schmidt [12, Theorem 2] we have that

DI’ =DI" ' :=DI,,; (4.14)

i.e. the simultaneous form of Dirichlet’s theorem is improvable if and only if the dual
form of Dirichlet’s theorem is improvable.

For obvious reasons, including consistency, it is vitally important that the following
‘equivalence’ statement is true for previously defined intermediate Diophantine sets.

Lemma 4.4. The definition of Singfl (resp. Badfl) given by Definition 4.1 is equivalent
to that given by (1.13) (resp. (1.14)) in §1.2.

Proof. Let us write Sing,, (resp. Bad,,) to denote the set of d-singular vectors (resp.
d-badly approximable vectors) given by (1.13) (resp. (1.14)). Then, Lemma 4.1 states
that

—~d
e x € Sing,, if and only if for any given € € (0,1) and N > Ny(x, ¢) sufficiently large,
there exists X € A9T1Zn+1 < {0}, such that
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[X[la <N and [x'AX|2 <eN™9. (4.15)

—~—d
o x € Bad,, if and only if there exists a constant ¢ := e(x) € (0,1) such that for any
N > Ny(x) sufficiently large, there are no solutions X € AT1Z7+1 {0} to (4.15).

As in the proof of Step 2 in §4.1.2, let e,41 = (0,...,0,1) € Z""! and identify the set

{y =1 ynt1) € 2" ynga = 0} (resp. {y = (Y1, -, yns1) € R 1 gy = 0})
with Z™ (resp. R™). Then, we have that

AZMTE = e, 1 A (NZ™) @ ATIZ

Hence, we can write any X € AYT1Z"+1 < {0} uniquely as e, ; AZ —Y with Z € A9Z"
and Y € AYT1Z" such that either Z or Y is non-zero. Then, the same argument leading
to (4.11), enables us to conclude that

I AZ+ Y|y < [l AXl|s < [l [l A Z + Yl (4.16)
Note that we also have that
max{||Z2, [[ Y2} < [|X[l2 < 2max{||Z2, [[ Y2} (4.17)

Now fix ¢ € (0,1) and x € R™. Let N > max{||x||2_1/wd,l} and suppose that
Z € NZ™ < {0} and Y € AYTIZ™ is a solution to (4.13). Let X € AYHLZ™F! be
the corresponding unique point satisfying (4.16) and (4.17). Then, the same argument
leading to (4.10) and (4.12), shows that X satisfies

X[ < n2252|x[la+ )N and  ||x' AX|2 < €27 ||x/||oN ™.

Conversely, let N > max{||x||;"/“?,1} and suppose that X € A1Z"+1 < {0} is a
solution to (4.15). Let Z € AYZ™ and Y € A®T1Z™ be the corresponding unique points
(not both zero) satisfying (4.16) and (4.17). Then it follows that using the left hand side
of (4.16) and (4.17), that Z and Y satisfy

|Z]| <N and [xAZ+Y| <eN™¥d,

It remains to show that Z # 0. Suppose it is. Then since the right hand side of the
second inequality is strictly less than one, we must have that Y = 0. This contradicts
the assumption that both are not zero. Hence we must have Z € AZ™ ~ {0}. This
completes the proof. O

We now proceed by describing a dynamical reformulation of the intermediate Dio-
phantine sets associated with Definition 4.1. This will enable us to provide an alternative
proof of Proposition 1.1 that is self-contained in that it avoids appealing to [5, Lemma
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3]. Moreover, the dynamical reformulation will enable us to extend the Davenport &
Schmidt result [12, Theorem 2] concerning the equivalence of the simultaneous and dual
Dirichlet improvable sets to intermediate Dirichlet improvable sets.

For simplicity, given n > 2 and 0 < d < n — 1, we write

n n n+1
Ag = <d>, By = (d-i—l) and Nd.—Ad+Bd—(d+1>.

For x € R™, let Hy x to be the linear transformation defined as
Hyx: N'R™ — ATTIR™ © Zs x A Z.

Under the standard basis, Hg x is given as a matrix My x € Ma, x5, (R). Recall, a matrix
M € Ms«p(R) of Arows and B columns, is said to be

o Dirichlet improvable if and only if there exists ¢ = ¢(M) € (0,1) such that for all
N > No(M,e) sufficiently large, there exists Y € Z4 and Z € Z® \ {0} such that

IZ| <N and |MZ+Y|<eN"%. (4.18)

o singular if and only if for any given ¢ € (0,1) and N > Ny(M, ) sufficiently large,
there exists Y € Z# and Z € ZZ \ {0} such that (4.18) holds.

o badly approximable if and only if there exists ¢ = e(M) € (0,1) such that for all
N > Ny(M,¢) sufficiently large, there are no solutions Y € Z4 and Z € Z” ~ {0}
to (4.18).

On comparing the notions as given in Definition 4.1 with the corresponding matrix
notions above we immediately obtain the following statement.

Lemma 4.5. Let x € R™, 0 < d < n —1 be an integer, A = Aq and B = By. Then x is
d-Dirichlet improvable (resp. d-badly approximable, d-singular) if and only if the matriz
M = My« is Dirichlet improvable (resp. badly approzimable, singular).

Using this lemma, we can provide another proof of Proposition 1.1.
Alternative proof of Proposition 1.1. Let

pa: SLps1(R) = SLu, (R) (4.19)

be the homomorphism induced by the natural representation on A“TR?*1 It is easily
seen that

pa(SLni1(Z)) C SLn,(Z) and  pa(gr) = g7,
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where

(et 0 a._ (e Batly, 0
gt ‘= ( 0 ent) and g; = 0 eAdtIBd .

According to [21, Theorem 1.13], the induced map
¢d: Xn+1 — Xy, where X, := SL,,(R)/SL,,(Z) (4.20)
is proper. This together with Dani’s correspondence [9] and Lemma 4.5, implies that

x is d-badly approximable <= the orbit {gfAy,, : t > 0} is bounded
<= the orbit {g:Ax : t > 0} is bounded

<= x is badly approximable.

Here and elsewhere,

. In 0 n+1 ,_ IA 0 N,
Ax.—<x 1)Z and Ay, = Md(,ix In, ZNe,

The proof of equivalence in the singular case is similar and we leave the details to the
reader. 0O

Concerning the set of intermediate Dirichlet improvable vectors, we are able to prove
the following statement. It shows that the sets DIZ are all the same. This is of course
in perfect harmony with the situation concerning the intermediate badly approximable
and singular sets.

Proposition 4.2. Let n € N and d be an integer satisfying 0 < d <n — 1. Then
DI¢ = DI,,.

Recall, that DI, is the set of Dirichlet improvable points in R™ defined via the classical
simultaneous or (equivalently) dual form of Dirichlet’s theorem. Note that the proposition
trivially implies the Davenport & Schmidt result [12, Theorem 2] conveniently summed
up by (4.14). The proof of Proposition 4.2 is based on a dynamical reformulation of DIZ,
which in turn relies on the following theorem of Hajés [15].

Theorem 4.2 (Hajés). Let k € N and L C R¥ be a lattice of covolume 1. Then

LNy=o<+=>Le ) w'UwZt

wESym,,
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where TIj, := (—1,1)* denotes the open unit cube in R¥, Sym, represents the Weyl group
and Uy C SLi(R) denotes the subgroup of upper triangular matrices with all diagonal
entries equal to 1.

By Dani’s correspondence, x € DI, if and only if the w-limit set
{A € X,41 : there exists (tg)r>0 with klim tr = oo and g1, Ax = A}
—00

does not intersect the set
E .= {A € Xn+1 : AﬁHn+1 = @}
It follows from Theorem 4.2, that

E= U wtUwz .

wESym,, |4

Let ¢4 be the map given by (4.20), then, in view of Lemma 4.5, x is d-Dirichlet improvable
if and only if the w-limit set

{A € Xn, : there exists (ty)r>0 with klim tr = oo and ¢q(gs, Ax) = A}
—00

does not intersect the set

Es:= |J w'Uywz™.

wESymNd

Thus, x is d-Dirichlet improvable if and only if the w-limit set
{A € X,41 ¢ there exists (tx)r>0 with klim tp = o0 and g, Ax = A}
- —00
does not intersect the set

E) = Xny1 N o, (Ea).

The upshot of the above is that Proposition 4.2 is a direct consequence of the following
statement.

Lemma 4.6. Let n € N and d be an integer satisfying 0 < d <n —1. Then, E = E,.

We now proceed with the proof of Lemma 4.6. This will be done in two steps.
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e Step 1: E C E). This inclusion is straightforward. Indeed, for any w € Sym,,;, we
have that

pd(wilUn-&-lw) g wd(w)ilUNdwd(w)v

where pg is given by (4.19) and )4 is the natural map from Sym,, ,; to Sym . Hence,
it follows that £ C E,.

e Step 2: E 2 E};. To prove this inclusion, it suffices to show that for any w € Symy,
there exists w; € Sym,,, such that

Xng1 N@; " (w U, wZN) Cwi Uy 27 (4.21)
Without loss of generality, let us fix w € Symy;, and write

Hy = ¢4(SL,1(R))  and  Hy :=w 'Uy,w. (4.22)
The proof of the inclusion (4.21) will make use of the following technical lemma.

Lemma 4.7. Let Y = H1Hy C SLy,(R). Then'Y is a variety defined over Z and
Y(Z) = Hy(2)Ha(Z).

For the moment, let us assume the truth of the lemma and continue with the proof
of Step 2. With this in mind, let I' = SLy,(Z) and note that

H\T' N Hyl = | J (Hyy N Hy)T.
~yel

Now if Hyy N Hy # @, then v € Y(Z) and in view of Lemma 4.7, it follows that
S Hl(Z)HQ(Z) Thus,

(Hl’}/ M HQ)F = (H1 N HQ)F,
and so
H\I'N HyI' = (Hy N Ho)T. (4.23)

Next, let T be the diagonal subgroup of SL,1(R) with positive entries. Then D :=
@4(T) is also a connected diagonal subgroup of SLy, (R). Note that both H; and Hy are
invariant under the conjugation of D and so it follows that their intersection H; N Hs
is also invariant under the conjugation of D. Note that the group Hy N Hy is clearly
unipotent, thus connected. Hence D(H; N Hz) is a connected solvable subgroup of Hj.
Then there exists a Borel subgroup B such that D(H; N Hz) C B. Thus, there exists
wy € Sym,,,; such that



46 V. Beresnevich et al. / Advances in Mathematics 401 (2022) 108316

o (Hy N Hy) C wy'Uw. (4.24)

Now (4.21) follows from (4.23) and (4.24). This completes the proof of Step 2 and thereby
the proof of Lemma 4.6 modulo Lemma 4.7. O

Remark 4.2. With n and d as in Lemma 4.6, it is relatively straightforward to prove the
weaker statement that

DI¢ = pI* 14 (4.25)

without appealing to Lemma 4.7. Note that when d = 0 or n — 1, this implies the
Davenport & Schmidt result summed up by (4.14). To prove (4.2), let 74 : Xy, —
XN, _,, be the isomorphism induced by the Hodge star operator, which is a natural
isomorphism between A9T1(R"+1) and A"~¢(R"*1), see §4.2.1 for its definition. It is
easily verified that 74(E4) = En—q—1 and 74 0 ¢4 = ¢p—_q—1. Hence, it follows that
E!, = E! _, , which in turn this implies the desired result.

The proof of Lemma 4.7 will make use of tools from non-abelian cohomology. For a
general reference on non-abelian cohomology, we refer the reader to Giraud’s book [14].
On considering the action of H := Hy x Hy on Y defined by (hy, hg) X y — wd(hl)yhgl
we can identify Y with the quotient space H/(H; N Hs). It follows that Lemma 4.7
is equivalent to saying that Y (Z) consists of a single orbit under the action of H(Z).
The space of orbits Y (Z)/H(Z) is controlled by the non-abelian cohomology of Z with
coeflicients in H; N Hs. The non-abelian cohomology that we are going to use is the fppf-
cohomology and we will always work over Spec(Z) — the spectrum of the commutative
ring Z of integers. For any group scheme H defined over Spec(Z), we let

Hl(Z’ H) = Hflppf (Spec(Z), H)

denote the fppf-cohomology of Spec(Z) with coefficients in H. With this in mind, are
now in the position to prove the lemma.

Proof of Lemma 4.7. For the sake of simplicity, we let G := SLy, and H; := SL, 1.
Let T C H; be the subgroup scheme of diagonal matrices. Let Ho be the group scheme
over Z given by Hy endowed with their Z-structure, where Hs is given by (4.22). Let Y
be the scheme defined over Z given by Y endowed with its Z-structure, where Y is given
in Lemma 4.7. It is clear that, all these schemes are flat (indeed smooth) over Z.

There is an action of H := H; x Hy on Y such that for any ring R, we have

H(R) x Y(R) = Y(R), (h1,h2) Xy ¢a(h1)yhy .

Let Hy = H; xg Hy; that is, for any ring R
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Ho(R) = Hl(R) XG(R) HQ(R) .

It follows that Hj is a unipotent subgroup scheme of H; smooth over Z and is normalized
by T. Consequently, Hy is split over Z. In particular, there is a sequence of smooth
unipotent Z-group schemes

{1} = HimHo c gdimHo—l - ...« H2 ¢ H} = H,

such that H5" is normal in Hj and H) /H;™ = G,. Now observe that H(Z, G,) = {1}.
Then on arguing by induction on the dimension and making use of [14, Proposition 3.3.1],
it follows that

HY(Z,H,) = {1}. (4.26)

Furthermore, it is easily checked that Y is isomorphism to the quotient H/Hjy. In view
of [14, Corollary 3.2.3], there is an injection

Y(Z)/H(Z) = H'(Z,Hy),

where Y(Z)/H(Z) denotes the orbit space of Y(Z) under the action of H(Z). It follows
from (4.26) that Y (Z) consists of a single orbit under the action of H(Z). This completes
the proof of Lemma 4.7. O

4.2. The geometric approach

In this section we explore a geometric approach to defining d-Dirichlet improvable
sets. The approach taken is in line with that of §2.2 in which the d-badly approximable
and d-singular sets are expressed via successive minima; namely via (2.11) and (2.12).

4.2.1. An optimal Dirichlet type theorem via successive minima

Fix n € N and x € R™. Then, as in §2.1, for each i = 1,...,n+ 1 and ¢t > 0, let
Ax,i(t) == A (Z"T1,Cx(e')) be the i-th successive minima of the convex body Cy(e')
given by (2.1) with respect to the lattice Z"*1. In turn, let

Lx,i (t) = IOg )‘x,i(t) (427)

be the natural logarithm of Ay ,(t). It follows, via Minkowski’s second convex body
theorem, that

t n+1
e
< T Mwst) < ¢ (428)
(n+1)! = 23

or equivalently
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n+1
t—log(n+1)! < Y Lyi(t) < t.
i=1
Now, (4.28) together with the fact that Ax 1(f) < Ax2(t) < -+ < A pt1(t) gives rise to
the following statement.

Theorem 4.3. Let n € N and d be an integer satisfying 0 < d < n — 1. Then for any
xeR" andt >0

[T hei(t) < &5, (4.29)

or equivalently

d)t
Zsz ST—H

Theorem 4.3 can be viewed as an optimal Dirichlet type theorem for approximating
points x € R™ by d-dimensional rational subspaces. In the dual case (d = n — 1) when
we approximate by hyperplanes, this realisation is relatively straightforward to see. For
arbitrary d € {0,...,n — 1}, the following statement provides the link. Recall that, by
the definition of successive minima, given x and ¢ > 0, there exist linearly independent
vectors vi,..., Vo1 € Z™ depending on x and ¢, such that

Vi € Axi(t) Cx(e) (1<i<n+1). (4.30)

As we shall soon see, the vectors play a key role in detecting the sought after d-
dimensional rational subspaces. As usual, given x € R”, we let x’ := (x,1) € R**!
and we also let

1l = 2]+ - 4 ]

Lemma 4.8. Letn € N and d be an integer satisfying 0 < d < n—1. Then for any x € R"

andt >0, let vi,...,Var1 € Z™ be as in (4.30). In turn, let uy,. .., uqy1 be any basis
of V(vi,...,Vu_a)t N Z"*Y where V(vy,...,Vn_q)* is the linear subspace of R™+!
orthogonal to the vectors vi,...,Vvp_q. Finally, let X :=u3 A--- Augq1 € /\CH_1 VAGES
Then

I AX] < (n = d)!(1+ [x]1) (H Axi(t ) (4.31)

and

i=1

n—d
0 < [IX[I < (n—d)!(X +[Ix[]1) (H /\x,i(t)> : (4.32)
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To prove the lemma, it will be useful to make use of the notion of the Hodge dual —
the image of a multivector under the Hodge star operator. In relation to multivectors
over R™*! the Hodge star operator relates any basis ai,...,a, of a vector subspace of
R"H! to a basis by,...,b,1_¢ of the orthogonal subspace. Naturally, we will use the
symbol + to denote the Hodge dual within the context of multivectors over R"+1. In
particular,

ajA---ANag==2(byA---Abyi o)t

provided the basis vectors under consideration span parallelepipeds of the same volume.
We refer the reader to [4, §3] for the definition of the Hodge star operator and its useful
properties that we shall exploit. In particular, we have that for any indices 1 < i <
o<y <n+l1

(eh JARRRNA eiz)l = :l:ejl ARRENA €10 (433>

where {j1,...,jnt1—¢} = {1,...,n+ 1} ~ {i1,...,i¢}, and so the Hodge star operator
preserves both Euclidean and maximum norms (in the standard basis).

Proof. To start with, simply note that X = £(vi A+ Av,_q)*t € /\CH_1 Z™*t1! and so
X is decomposable and non-zero. Without loss of generality, we assume that the sign is
positive. By the properties of the Hodge star operator, see [4, Eq (3.8)&(3.9)], we have
that

(XAX)E = ((ViA- - Avy_g) T AX)E = (=)@ O=d(y Ao Ay, ) X, (4.34)

where (vi A+ Avp_q) - x' € A" PR is the interior product of multivectors under
consideration. By [4, Eq (3.6)], the e, A---Ae;,
is equal to

_,_, coordinate of (Vi A---Av,_g)-x'

(Vin-Avp_a)-xX')-(ej, A---Aej )= (ViA--Avn_q) (X' Nejy A Nej ).

By Laplace’s identity, see [4, Eq (3.3)], this coordinate is equal to

!
Vi - X Vi €5 N V1-€5, 4.1

det : : : . (4.35)
/
Vp—d X Vn—d- ejl e Vn—d-* ejnfdﬂ

By (4.30), we have that |v;-x'| < Axi(t)e™" and |v;-e;j| < A ;(¢) for 1 < j < n.In turn,
. / n
since ep+1 = X' — ijl x;e;j, we have that

Vienit] = |viox' =Y zvic e < Ail)e™" + Aa(t)lxll < M) (1 [1x]1).
j=1
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Hence, by (4.35), we get that

[(viA-Avpea) X[ < (n =1+ [[x]1) (HAH )

By (4.33), up to sign and order, the Hodge dual of a multivector has the same coordinates
in the standard basis. Therefore, by (4.34) it follows that

X AKX =[[(vi A Avna) x| < (n = d)(1+[|x][1) (H/\’” )

This establishes (4.31). Next, calculating the ej, A---Ae;, _, coordinate of viA---Av,_g

gives

Vi - €5 V1-€5,_4
(ViA--AVp_q)-(ej, A---Nej, ). =det : : . (4.36)

Vnp—d- ejl e Vp—d-* ejnfd

By the already established bounds on |v; - €;|, the absolute value of (4.36) is bounded by

(n—d)!'(1+ [|x]1) <HA,” )

This implies (4.32) and thereby completes the proof of the lemma. 0O

Givenx € R™, ¢t > 0and i € {1,...,n+1}, it will be convenient to define the following
‘normalised’ value of the i-th successive minima;:

Arilt) = 6_"#“)\::,1'(75) . (4.37)
Then, (4.29) becomes
n—d
IIxEx <1
i=1

and (4.31) and (4.32) respectively can be rewritten as

Ix AX|| < (n—d)!(1+]|x]1) <H)\ ) — G5 (4.38)

<1
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X1 < (= )1+ [x]1) (HA )e(*ﬁ”- (439)

<1

Now, given N € N there exists ¢t € R such that

(n—d)t

(n—d)! 1+ |x[1)e =¥ =N. (4.40)

Clearly, if N is sufficiently large we can guarantee that ¢ > 0 and the following statement
is a direct consequence of Lemma 4.8.

Proposition 4.3. Let n € N and d be an integer satisfying 0 < d < n — 1. Then for any
x € R™ and any

N> (n—d)(1+|x[1),

the decomposable vector X € Nt Zn 1 {0} associated with Lemma 4.8 with t given
by (4.40), satisfies

Ix" A X]|| < e(n,d,x) N~ and IX]| <N,

where

n+1
n—d

e(n,d,x) == ((n a1+ ||xH1))

Clearly, the proposition is a version of Lemma 4.3 obtained via the algebraic approach
of §4.1. We have already seen that the latter leads to Theorem 1.3 — a Dirichlet type
statement concerning the approximation of points x € R™ by d-dimensional rational
subspaces. The upshot of this is that Theorem 4.3, which implies Proposition 4.3 can
thus be viewed as an optimal Dirichlet type theorem for approximating points by rational
subspaces.

4.2.2. Bad, singular and Dirichlet improvable in light of Theorem 4.3

For any given x € R™, observe that during the course of establishing Proposition 4.3
we only used the trivial fact that [T\, . ALi(t) < 1. Clearly if the product under con-
sideration gets significantly smaller than 17 then we will obtain a stronger version of
Proposition 4.3. Specifically, if for some & > 0

n—d
I <e (4.41)
=1

for all sufficiently large ¢, then for any sufficiently large N there exists a decomposable
X € A%F1Z7+ such that
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Ix' AX| < e(n,d,x)ei=aN=¥¢  and 0<|X||<N.

This is obtained in exactly the same way as Proposition 4.3 is obtained from Theorem 4.3
but now we are able to insert the factor e into the left hand side of (4.40). Now observe
that in view of (4.27) and (4.37), inequality (4.41) is equivalent to the statement that

n+1 ZL,” >log(l/e) =

which is precisely inequality (2.12). We have already seen that the validity of (2.12)
for arbitrarily large ¢ for all sufficiently large ¢ is equivalent to x being d-singular (see
Lemma 4.2). As a consequence, we have that:

« x € Sing? if and only if for any € > 0 there exists a constant ty = to(¢) > 0 such
that (4.41) holds for all ¢ > ¢.

Now suppose that for some € > 0

n—d
I[ 2 =¢ (4.42)
i=1

for all sufficiently large ¢. This is easily seen to be equivalent to the statement that

n+1 Zsz <log(1l/e) =

which is precisely inequality (2.11). This together with Lemma 4.2 implies that

« x € Bad? if and only if there exists € > 0 such that (4.42) holds for all ¢ > to(x, )
sufficiently large.

Remark 4.3. Note that the above discussion together with Proposition 1.1 and
Lemma 4.4, implies that the d-singular sets (respectively the d-badly approximable
sets) defined via the algebraic approach of §4.1 or the geometric approach of this section
coincide with the set Sing,, (respectively Bad,,); that is, the set of singular (respectively,
badly approximable) points in R™ defined via either the classical simultaneous or dual
form of Dirichlet’s Theorem.

The above observations naturally lead us to the following notion of d-Dirichlet im-
provable points in R”.

Definition 4.2. Let n € N and d be an integer satisfying 0 < d < n — 1. Then for
0<e<l,let
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—~d
o DI, (e) to be the set of x € R™, such that inequality (4.41), or equivalently

n—d
(Z;erl)t =Y Lyi(t) > log(1/e), (4.43)
i=1

holds for all ¢ > ty(x, €) sufficiently large.
Moreover, let

—~d —~d
DI, := |J DI,(e).
0<e<1

Note that by definition, x € ]/)\Ii if and only if there exists € € (0, 1) such that (4.41),
or equivalently (4.43), holds for all sufficiently large ¢. The following result shows that
these sets are in fact all equivalent and coincide with the set DI,;; that is, the set of
Dirichlet improvable points in R™ defined via either the classical simultaneous or dual
form of Dirichlet’s Theorem (both forms give rise to the same set). In turn, this together
with Proposition 4.2 implies that the set of d-Dirichlet improvable points defined via the
algebraic approach (cf. Definition 4.1) and geometric approach also coincide.

Lemma 4.9.

(i) For any e € (0,1), we have that

n—1

DI, (¢)=DIL,(e"t). (4.44)
—~n—1
Therefore, DI,, = DI,.
(ii) For any e € (0,1) we have that
—~d —~d+1 n—d—1
DI () c DI, (=) i 0<d<n-2 (4.45)
and
—~d ~d—1 d
DI, (c) c DI, (gm) if 1<d<n-—1. (4.46)

~d
Therefore, the sets DI, are the same for all d € {0,1,...,n—1}.

Proof. Part (i) follows immediately on comparing (4.43) in Definition 4.2 and (2.15)
in Lemma 2.1. Regarding Part (ii), first suppose that ¢ € (0,1), 0 < d < n — 2 and
X € ]/D\Ii(a) Then, by definition, for all sufficiently large ¢ we have (4.41). Now on
raising (4.41) to the power n —d — 1 and using the inequalities Ay ;(t) <--- <AL, 44 (%)
we obtain that
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eIl > (M (1) ;_’nid(t))"_d_l > ( ;,1(t)~-~)\;,nfd71(t))n_d.

Hence

n—d—1

1 (t) - A poa1(t) S e m=d

x,1

and we conclude that x € ]/D\IZH(STL;_SI). This proves the ‘going-up’ inclusion (4.45).

To prove the ‘going-down’ inclusion (4.46), let ¢ € (0,1) and 1 < d < n—1 and
X € ]ﬁi({—:) Then, for all sufficiently large ¢ inequality (4.41) holds and since A} ;(t) <
w0 <AL (1), it follows via Minkowski’s second convex body theorem that

1
« £d+L <\ £\ t) < :
x,n—d-l-l( ) = Xv"_d"'l( ) x,n+1( ) N )‘;,l(t) e ;,n—d(t)

Hence, on using (4.41) we find that

n—d+1 n—d 1_ﬁ
d
IT »a < (H /\;i(t)) SeHT.
=1 i=1

—d—1
Since this holds for all sufficiently large ¢, we conclude that x € DI, (sd%l) and this

thereby establishes (4.46). The ‘therefore’ statements in both parts of the lemma follow
on taking the union over all € € (0,1) in (4.44), (4.45) and (4.46). O

4.8. Final remarks: linear forms and weighted approximation

The geometric approach of §4.2 can be readily adapted to extend the definition of
badly, singular and Dirichlet improvable points to systems of linear forms and thereby
consider the “matrix” analogue of the main problem considered in this paper. We will
now develop/describe this “matrix” theory within the more general setup of weighted
Diophantine approximation. The parametric geometry of numbers, the underlying tool
exploited in proving our main result, for weighted approximation has recently been initi-
ated by Schmidt [27], albeit it remains in its ‘infancy’ to cope with the weighted analogue
of the main question considered in this paper.

Let m,n € N and fix a pair of weights r = (r1,...,7,) € R%; and s = (s1,...,5mn) €
RY, satisfying -

T1+"'+Tn:1 and 81++3m:1

For ¢t > 0, let

gi = diag{e " ... et et et and  wuyx = L, 0 ,
X I,
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where X is an m X n real matrix; i.e. X € M,,«n(R). For each ¢ = 1,...,m 4+ n and
t >0, let

)‘;(,i(t) =\ (QtUXZmHL, Bl)

denote the i-th successive minima of the convex body By = [—1,1]™*" with respect to
the lattice gsux Z™*™. The following provides a natural generalisation of the Diophantine
sets Bad?, Sing? and DI? to the weighted matrix setup.

Definition 4.3. Let X € M,,x»(R) and d be an integer satisfying 0 < d < m +n — 2.
Then for any pair of weights (r,s) € R™ x R™, we say that

X € Bad'(r,s) «— hmlnf [ - d)\* (1) > 0;
X € Sing’(r,s) < hm H"H" LD\ A(t)=0;
X e DI%r,s) «— hrnsupl_[m_m - d/\* A <L

It is easily seen that up to the linear change of the variable

tes g
n+1

the definition of A% ;(¢) for matrices is consistent with that of A\ ;(¢) for vectors x € R"
given by (4.37). So if we put m = 1 and r; = ... = r, = 1/n, we immediately see, in
view of the discussion in §4.2.2, that sets Bad®(r,s), Sing?(r,s) and DI%(r,s) coincide
with Badﬁ, Singi and DIZ respectively. Moreover, on using the same techniques as in
the proof of Lemma 4.9, it is relatively straightforward to show that for any fixed pair
of weights (r,s) the badly approximable sets Badd(r, s) are all the same; the singular
sets Sing®(r,s) are all the same, and the Dirichlet improvable sets DI%(r,s) are all the
same. It is therefore natural to drop the dependence on ‘d’ from the defining notation.
With this in mind, the following is the natural “matrix” extension of the main question
considered in this paper.

Problem 4.1. Let m,n € N such that mn > 1. Prove that for any pair of weights (r,s) €
R”™ x Rm;

FS(r,s) := DI(r,s) \ (Bad(r,s) U Sing(r,s)) # &

We suspect that a lot more is true and the set under consideration has full dimension;
that is to say that dim FS(r,s) = nm. This is in line with the content of Problem 3.1
appearing in §3.4 of the main body.

Remark 4.4. Potentially, the non-weighted case of Problem 4.1 can be resolved using the
generalisation of Theorem 2.1 to systems of linear forms due to Das, Fishman, Simmons
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and Urbariski [10, Theorem 5.2]. However, there is currently a natural barrier in using
their generalisation for this purpose. The point is that if we apply [10, Theorem 5.2],
then the analogue of the constant appearing in the right hand side of (2.5) becomes
dependent on the matrix X under consideration. The upshot of this is that we are not
able to simply implement the machinery used to address Problem 1.1 in order to deal
with the analogous problem for systems of linear forms.
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