. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(@) Rresearch onii
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/185785/

Version: Accepted Version

Article:

Chen, H., Jiang, Z., Liu, W. et al. (2022) Conjugate augmented decoupled 3-D parameters
estimation method for near-field sources. IEEE Transactions on Aerospace and Electronic
Systems, 58 (5). pp. 4681-4689. ISSN: 0018-9251

https://doi.org/10.1109/taes.2022.3164864

© 2022 IEEE. Personal use of this material is permitted. Permission from IEEE must be
obtained for all other users, including reprinting/ republishing this material for advertising or
promotional purposes, creating new collective works for resale or redistribution to servers
or lists, or reuse of any copyrighted components of this work in other works. Reproduced
in accordance with the publisher's self-archiving policy.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ %, | University of

UNIVERSITY OF LEEDS & Sheffleld



mailto:eprints@whiterose.ac.uk
https://doi.org/10.1109/taes.2022.3164864
https://eprints.whiterose.ac.uk/id/eprint/185785/
https://eprints.whiterose.ac.uk/

Conjugate Augmented Decoupled 3-D Parameters
Estimation Method for Near-Field Sources

Hua Chen, Member, IEEE, Zhiwei Jiang, Wei Liu, Senior Member, IEEE,
Ye Tian, Member, IEEE and Gang Wang, Senior Member, IEEE

Abstract—A near-field (NF) source localization method is
proposed for two-dimensional (2-D) direction-of-arrival (DOA)
and range estimation based on a symmetrical cross array. It first
employs the conjugate symmetry property of signal autocorrela-
tion for different time delays to construct a conjugate augmented
spatial-temporal cross correlation matrix, then the extended
steering vector is decoupled to avoid the usual multi-dimensional
(M-D) search based on the properties of the Khatri-Rao product,
and finally three one-dimensional (1-D) MUSIC type searches
are employed to obtain the results. The proposed method can
realize automatic pairing of multiple parameters associated with
each source and it also works in the underdetermined case.
Furthermore, the stochastic Cramer-Rao lower bound (CRB)
with different time delays is derived. Compared with two ex-
isting methods, simulation results demonstrate that the proposed
method provides satisfactory estimation performance for both the
DOA and range parameters at low signal-to-noise ratio (SNR)
and with a small number of snapshots.

Index Terms—Near-field,  spatial-temporal, = multiple-
dimensionality decoupled, cross array, automatically paired

I. INTRODUCTION

Source localization has a wide range of applications such as
radar, sonar and wireless communications [1-4]. According to
the distance from sources to the array, they can be divided into
near-field (NF) and far-field (FF) ones. In FF source localiza-
tion, also known as direction of arrival (DOA) estimation, the
plane wave assumption is normally adopted. For NF sources,
their wavefront curvature cannot be ignored as they lie in the
Fresnel area of the array aperture. Thus, the waveform of NF
sources characterized by both the DOA and range parameters
is depicted with a spherical curvature, which varies nonlinearly
with the array position.

Many efforts have been devoted to localization of FF
sources, such as the subspace based methods [5,6] and the
sparsity based methods [7, 8]. However, these high resolution
DOA estimation methods are not directly applicable to the
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case with NF sources, as the propagation delay of NF sources,
utilizing Fresnel approximation [9], varies quadratically with
respect to sensor locations. In [10], a passive DOA and range
estimation method for NF sources based on the maximum
likelihood (ML) approach is proposed, which has a high
parameter estimation accuracy by constructing a highly non-
linear cost function with multi-dimensional (M-D) search. In
[11], an improved two-dimensional (2-D) MUSIC algorithm
is introduced to estimate the DOA and range of NF sources,
involving a 2-D search procedure. A clear drawback of the
methods in [10, 11] is their high computational complexity,
and furthermore, they suffer from the pairing problem in the
presence of multiple NF sources. On the basis of NF 2-D
MUSIC, a method based on polynomial rooting instead of
searching for range and bearing estimation is derived in [12],
which reduces the computational cost to a certain extent,
but again suffering from the same pairing problem. Then,
an oblique projection based MUSIC (OPMUSIC) algorithm
is proposed in [13], requiring several 1-D searches with a
relatively low complexity, and in [14], the number of required
searches is reduced to one. Employing higher order statistics,
a two stage-MUSIC (TSMUSIC) algorithm [15] is proposed
by constructing two different matrices to estimate the DOA
and range, respectively. But the complexity of TSMUSIC is
high due to the cumulant elements involved in the process.

One common limitation for the above-mentioned methods
is that they are only focused on the problem of 2-D parameter
positioning for NF sources, namely azimuth and range. In
the three-dimensional (3-D) NF source model, the estimated
parameters include not only azimuth and range, but also
elevation, thus leading to an even more complicated param-
eter pairing problem. Although several methods have been
reported for localization of NF sources using the spherical
coordinates system (azimuth, elevation, and range), they are
only efficacious for overdetermined or single source estimation
[16-18]. Moreover, two cumulant based localization methods
are introduced for 3-D NF sources in [19,20]. Although the
algorithms proposed in [13, 15] can also be directly extended
to 3-D NF source positioning, they require more array sensors
than the number of sources.

In this paper, a conjugate augmented spatial-temporal lo-
calization method for NF sources' is proposed employing a
cross array. We first use the spatial-temporal characteristics of
the array received data and the conjugate symmetry property

Becasuse an FF source can be considered as a special NF one when range
r approaches co, the proposed method can also be adapted to mixed NF and
FF sources.



of signal autocorrelation to increase the degrees of freedoms
(DOFs), and then use the properties of the Khatri-Rao product
and the 1-D MUSIC algorithm to obtain the estimated angle
or range. This method can realize automatic pairing of the
estimated parameters, and more importantly, it can correctly
retrieve the parameter information in the underdetermined
case, i.e. when the number of sources is larger than or equal
to the number of array sensors.

Notations: Matrices and vectors are denoted by boldfaced
capital letters and lower-case letters, respectively. For an inte-
ger M, [M] is defined as the set{ -M,--- ,0,---, M }
|-| denotes the absolute value of a scalar or cardinality of a set.
The superscript (-) 7, (-)*, (-) ¥ and (-)~! stand for transpose,
conjugate, conjugate transpose, and inverse, respectively. The
notations E {-}, (-), ®, ®, Ip, Jp represent the statistical
expectation, Dirac function, Kronecker product, Khatri-Rao
(KR) product, the D x D identity matrix, the D x D exchange
matrix with ones on its antidiagonal and zeros elsewhere,
respectively. diag{Z} represents diagonal elements of the
matrix Z. blkdiag{Z,,Z-} represents a block diagonal matrix
with diagonal entries Z; and Zs. tr(-), vec(:), and det[-]
denote the trace, vectorization and determinant of a matrix,
respectively.

II. SIGNAL MODEL

Fig. 1. 3-D localization configuration for NF sources.

As shown in Fig. 1, there are K NF, narrowband, spa-
tially and temporally uncorrelated sources {sk(n)}szl (n =
1,2,..., N, N denotes the number of snapshots) impinging
onto a symmetric cross array consisting of two uniform linear
arrays (ULAs). The ULA on x-axis is denoted as array x,
whose element indices are [M,] = { —M,, ---, M, }
and the total number of sensors is given by N, = |[M,]|.
Similarly, the ULA on y-axis is represented as array y, whose
indices are denoted as [M,] = { —M,, ---, M, } and
its number of sensors is N, = |[M,]|. The element spacing of
each array is d (d < A\/4, where X denotes signal wavelength).
In Fig. 1, let 0, and ¢, denote the elevation and azimuth
angles of the k-th signal, respectively, and «aj and S; denote
the angles between the k-th signal and the « and y axes,
respectively. If ay and [ are determined, 6 and ¢y can be
uniquely identified. Let the array center be the phase reference
point, the signals received by the two ULAs can be expressed

as:
K
Tm(n) = Z sk(n)e_jT’"r”“ + Ny, (0) (D
k=1
K .
Ym(n) = Z sp(n)e vk £ np, (n) (2)

k=

=

where ,,(n) and y,,(n) are the received signals of the m-th
sensor of array x and array y, respectively, Ty, 1 and Ty, k
are the phase delays of the k-th signal to the m-th sensor of
array x and array y, respectively, n,,, (n) and n,,, (n) are the
corresponding Gaussian noises. With the Fresnel approxima-
tion in [20], 7y, x and Ty, can be expressed as,

2
Ty, k=Wz kM + ¢zkm 3)
2
Ty k=WykM + Gyrm “)
where
2md d? .2
Wk = — =37 COS Q, Pk = KTICSIH Qay,
&)
2md d2_: 2
Wyl = — 3% €08 Bk, Pyk = —Lk sin“Bg.

Further, (1) and (2) can be written in a more compact form
as follows,
x(n) =A;s(n)+n;(n) (6)

y(n) =Ays(n)+ny(n), @)

where x(n) and y(n) denote the output vectors of array x
and array y, respectively, A= [a(wz1, Pz1), . AWk, Pk )]
with a(wak, dor) = [efj[wm(sz)+¢m(sz)2] .

e~ (@erMat6:1M:*)]T denotes the manifold matrix of array
x, and A, is similarly defined. n;(n) and n,(n) represent
the additive Gaussian noise vectors for the two ULAs.

Since wyr and ¢, are only related to «p and 71y,
a(wgk, ¢zr) is simplified into a,(ak,rr) in the follow-
ing derivations and similarly, a(wyx, ¢yr) is simplified in-
to a,(Bk, k), and the pair (wg,¢r) can be determined by
(o, Bk, 7i) based on the array signal model.

III. PROPOSED METHOD
A. Algorithm Description
In order to make full use of the spatial-temporal 2-D
characteristics, x(n) and y(n) are divided into L frames
according to the principle of maximum overlap in the time
domain [21]. The I-th (I = 1,2,---,L) frame data can be
expressed as:
Xl = [X(Z)7X(Z + l)a o ,X(l + N — L)]
With the array signal model described in Section 2, the
delay cross-correlation item of measured data x(n) and y(n)
satisfies the following relationship
T'my,mo (l -1+ L)
= E{wm, (n +1 =Dy, (n)}
K

= Z [ax,ml (ak1 y Tky )a;'mQ (6k1 ) Tkl)

k‘1:1
X Rys(k1,1 — 14 L)] + 8(m1)6(m2)d(l — 1)o?,

(®)

(€))



rml;m2(_(l - 1) + L)

= E{m, (n)yn, (n +1-1)}
K

= Z [a1,m1 (ak17rkl)az,7n2(/6klﬂrkl)
k=1
X Rys(k1, —(1 — 1) + L)] + 6(m1)d(mo)d(l — 1)o?
(10)
Wheremlz_MZE7"'aO7 7Ma:7m2:_My7"'707"',
M,,1=1,2,---,L, 02 denotes the noise power, Rys(k1,l1)

represents the entry at the kq-th row and [;-th (I; =1,2,--- |
2L—1) column of the signal delay autocorrelation matrix R,

Rs(:,0h) = diag{E{SlHl,LSf{}}, and S; = [s(]),s(l +
1),---,8(l+ N —1L)].
By arranging 7y, m,(l1)(lh = 1,2,--- ,2L — 1), we have
Ryy = [roy(1),10y(2), -+ 10y (2L — 1)] (11)

= (A;(ﬂ, 7) © Ay(a,m))Rss + Uﬁ;RwO

where 1y (I1) = [r-nr,,—ar, (1), 7, —ar, (1),
r_non, (1), -+ 7are v, (11)]7. Note that there is only one
nonzero element in R, that is, Rwo(w, L)=1.

As indicated in [21], the signal delay autocorrelation func-
tion is of conjugate symmetry, and then we can have the
following expressions

I';y(lg + L)

= [(A}(8,7) © Ag(0, 1)) Ras (b2 + L))" + 03,6(l2)Two
= [(A,(B,1) © Af(a, 1)) Res (1, L — I2)] + 07,8 (I2)rwo
12)
I‘;y(L — lg)
= [(AZ(B» 1) © Ag(a,r))Rss(s, L — 12)]" + ‘73}5(12)1@0
= [(A,(B,7) © AL (0, 1)) Ras (i, b2 + L)] + 07,0(12)r o
13)
where lo = 1,2,--- ;L — 1 and r,, is an extremely sparse
vector, with only rwo(W) = 1 and other elements equal

to 0.

By combining equations from (11) to (13), the following
conjugate augmented cross-correlation matrix can be con-
structed

~ R
Rw = * oy
Y { R:,J2r-1) ]
A*(Bvr)QAz(O‘7T) :| 2 |: RwO
= Y . R, + 0y,
|: Ay(ﬁa ’I") © Az (a? ’I") 7 RwOJ(ZL—l)
= AxyRss + Uif{wo
_ (14)
Then, calculate the covariance matrix of R, as
R=E {R,, Rl | A, RAL + iR, (1)

where ﬁ =F {RGQR } is the covariance matrix of signal

delay autocorrelation matrix R, and R, is extremely sparse,

with only R, (N Syt W) 1.

Performing elgenvalue decomposition (EVD) on R, we
obtain:

R=U,x, U7+ U=, U

where U, and U,, are signal subspace and noise subspace,
respectively, and ¥ and 3, are the corresponding diagonal
eigenvalue matrices.

(16)

According to the relationship between Khatri-Rao product
and Kronecker product, (11) can be rewritten as:

R,y
= [} (1, 1) ® aulan, 1),
X Rss + 0.121)Rw0

a;(,@K,TK) & ax(aerK)]

a7

For simplicity, a,(a,7), a,(8,7) and a,, represent an

arbitrary column vector of A,, A, and R,, respectively.

According to the symmetry of array structure, a;(ﬂ,r) can
be decomposed into the following form [14,22]:

a,(B,r)
ej(*My)‘*’y ]
6j(_My+1)Wy ej(iMy)2¢y
i (—My+1)%¢,
= 1 :
(=) %
ej(My_l)‘*’y 1
eI Mywy
= ¢, (B)uy(B,r)
(18)

where (,(B) € CNv*(MyF1) only contains the angle j3

information of the source, and v, (3, r) € CMv+1)x1 contains

both the angle 5 and range information as shown in Eq. (5).
Then, a;(8,7) ® a;(a, ) can be rewritten as:

32(5’ T) ®aw(a7 7“) = (C; (ﬂ)v; (B, T)) & (INwaw(av T)) (19)
Similarly,

a,(B,r)®

Therefore,
A _ [ (¢ (B)uy(B,7)) ® (In,az (7))
oY (€, (B)v,(B,1) @ (In,a;(a, 7))

According to the property of the Kronecker product, we
have

a,(a,r) = (¢, (B)v,(6,7)) © (In,a;(a, 7)) (20)

1)

(A®B)(C®D)=AC®BD. (22)
} Then, (21) can be rewritten as follows
- _ [ GEwE) ® Iyae, r))}
L (B y(ﬁ, r)) @ (Iy,az(a,r))
_ [ €(8) @ In,)(vy(B,7) @ ag(a, 1)) }
| (&, (B) @ 1In,)(v,(B,7) @ aj(a,r))
_[ G e amr }
| C208)(v ( r)®
_[ c» H( ( ) ® ag(a, ))}
I Ca(B) | | ( y(li r)®ag(a,r)) )

where C1(8) = ¢;(8) @1y, and C3(B8) = ¢, (8) ®1y,, both
of which contain only the angle S information of the source.
Next, define C(f3) that is only related to 3:

{ Ci1(8) 24)

Cz(8) }



Based on the rank reduction principle [9,22], a new matrix
can be constructed that is related to angle 3:

D(p) = C*(8)U, U[C(p) (25)
With (25), an estimator about 3 can be obtained:
- 1
ﬂ = arg mgtx m (26)

With the same operation as (18), a,(«,r) can be decom-
posed into:

ay (Oé, ’I“) = Cw(a)vw(a’ T) 27

Rewrite equation (23) as:

_ [ Cu(B) ][ (vp(B,7r) ®az(a, 7)) }
I Ca(B) | [ (v, (8,7) ®ag(a,r))
_[c® ]
I Ca2(8) |
% |: (IMy-i-lU;(ﬁar) ®Cm(04)’l)m(0é,7')) :l
(Iar,+1v,(8,7) @ () vz (e, 1))
_[c® ]
I Ca(B) |
o [ (I, +1 ® G () (v (B, 1) ® v, (7)) }
(Inr,+1 ® G () (v, (B, 1) ® vi(a,T))
_ [ Ci(8) } [ Ei(a)(vy(8,7) @ v (a, 7)) }
Ca(8) | [ E2(a)(vy(B,71) @ vi(a,7))
[ Ci(B) } [ Ei(a) }
Cz(5) Ez(a)

(28)
where (o) € CNeX(Met) 'Ey (@) = Iny,41 ® ¢, (a) and
E(a) = In, 41 ® ¢ (), all of which contain only the angle
« information of the source, while v, (a,r) € CMeFDx1
contains both the angle o and range information. Then, we
define E(«) that is only related to «:

_ | Ei(o)

E(a)= (29)

Ey(a)
Based on (29), another matrix related to both angle o and
[ can be constructed:

F(3,a) = E¥(a)CY(8)U, U,/ C(B)E(a).  (30)

Substituting the estimated parameter /3 into F(B , «v), another
estimator in regard to the angle parameter & can be obtained:

& = arg max ;A
o det[F(8, a))

After obtaining the angle parameters of NF sources accord-
ing to (26) and (31), substitute &, B into the classic MUSIC
spectral function to construct the spectral peak search function
about the range parameter r as follows:

€Y

1

5£Iy (d7 B’ T>UnU7I’;Iéa:y (d’ 37 T)
(32)

#1, = arg max f (G, Bx,7) =

TABLE I
SUMMARY OF THE PROPOSED METHOD.

Input: N snapshots of the two ULA output vectors: {x(t), y(t)} 2V

n=1"

Output: 2-D DOA and range estimates of NF signals: &y, Bx and 7.

Step 1 Construct the conjugate augmented cross-correlation matrix

Ry with (11) and (14).
Step 2 Estimate and perform subspace decomposition on R to get Up,.
Step 3 Construct and search through D(8) to obtain angles 3; with (26).
Step 4 Construct and search through F(,@ , @) to obtain angles ag with (31).
Step 5 Construct and search through f(&, B ,7) to obtain ranges rx with (32).

At this point, the paired 2-D DOA and range parameters can
be automatically obtained without any additional operation.
The proposed method is summarized in Table 1.

Remark I: As several 1-D spatial spectrum searching proce-
dures are required in the proposed method, the computationally
efficient root-MUSIC method [23] can be applied to estimate
the 2-D DOA and range parameters to reduce the complexity.
As for the ESPRIT method [24], we have to construct some
rotation invariant matrices that can not be easily achieved in
this method.

Remark 2: The advantage of the proposed method is clari-
fied as follows: 1) The proposed method employs the conjugate
symmetry property of signal autocorrelation for different time
delays to construct a conjugate augmented spatial-temporal
cross correlation matrix; 2) three 1-D MUSIC-type searches
are constructed, based on the properties of the Khatri-Rao
product on the extended steering vector, which avoids the usual
M-D search; 3) the proposed method can realize automatic
pairing of multiple parameters associated with each source
and it also works in the underdetermined case, as opposed to
two existing representative algorithms [13, 15]; 4) the proposed
method provides satisfactory estimation performance for both
the DOA and range parameters in both low signal-to-noise
ratio (SNR) and small number of snapshots conditions.

B. Discussion

1) Maximum Number of Distinguishable Sources

We first analyze (25) about the spectral function of f.
CcH(p)U,, € CHNe(My+1)x(2NaNy=K) hag full row rank, so
we have

2N, (M, +1) < 2N, N, — K =

K < 2N, (N, — My —1) = No(N, — 1) 33

From (33), it can be seen that if 8 is to be correctly
estimated, the upper limit of K is N,(N,—1), i.e., the number
of sources must not be greater than N, (N, —1). In the same
way, we analyze the spectral functions of « and r, namely
(31) and (32), and can also obtain an upper limit for K. It is
easy to see that these two upper limits are both higher than
the value in (33), so it is omitted here.

Next, construct another delay cross-correlation function
Tmymo(l =14+ L) = E{ym,(n+1—1)z;, (n)}, and then the
spectrum search function will be firstly constructed related to
«, whose function form is the same as in (25), i.e.

D(a) = CH(a)U, U C(a) (34)



where CH(a)U, € CHNoMatDx@NyNa=K)  Gince
CH (a)U,, is of full row rank, we have
2N, (M, +1) <2N,N, — K =
J(M, +1) <2, o5

K < 2N,(N, — M, — 1) = N, (N, — 1)

Combining (33) and (35) together, it can be concluded that
the proposed algorithm can detect at most min{ N (N, — 1),
Ny(N, — 1)} targets.

2) Computational Complexity

For computational complexity, we mainly consider the
following parts: construction of the expansion matrices,
EVD implementation and MUSIC spectral search. The
method in [15] constructs one N, x N, one N, x N, one
(4My + 1) x (4M, + 1) and one (4M, + 1) x (4M, + 1)
matrices, and implements their EVDs, so it has a complexity
of O {9(N§ + N2)N + 9(4M, + 1)>N + 9(4M, + 1)°N

+4/3(N2 + N2)+4/3(4M, + 1)>+4/3(4M,, + 1)°

+7N7 /A0y + 7N} /AbOz}, where Af, and Afg are
the search intervals for a and [, respectively. With
similar analysis, the complexity of the method in [13]
is O{(N2+ NN +(M, +2) M, + (M +2)2M, +
4/3(N3+N3)+4/3(M +2)344/3(M, + 2)3+n (M, +2)
(M, +2)2/A0s + Ran - K - (N2 +N§)/Ar} /AG,,
where Ran = 2D?/\ —0.62(D?/)\)'/? (D denotes the array
aperture), and A, is the search interval for r. However,
the proposed algorithm constructs one 2N, N, x (2L — 1)
matrix and then implements its EVD, followed by three 1-D
searches. Therefore, the proposed algorithm has a complexity
of O {N,Ny(N — L+1)(2L — 1) + (2N, N,)?(2L — 1)
+4/3(2N,N,)3 + wa(Ng + 1)(2N, Ny )% /A6

1K - (N + 1)(Ny + 1) N (NN, ) /Ab+

Ran - K(2NxNy)2/Ar}, which is higher than those of [13]
and [15].

IV. CRAMER-RAO LOWER BOUND

In this section, we analyze the stochastic Cramer-Rao lower
bound (CRB), which is an estimation benchmark for the vari-
ance of unbiased estimators. Under the stochastic assumption,
a closed-form expression of the stochastic CRB is derived for
both 2-D DOA and range parameters of NF sources, which is
summarized in the following.

By concatenating the received data of the two ULA arrays

in (8), namely,
X

the time delays covariance matrix of Z; can be calculated as
follows,

(36)

Ry, =Zi, 121 (37)

Then, define a vector of unknown parameters as P

(@7 o7 21", @ = [a B r]" wih a =
[91,92,...,9K]T, ﬂ = [/81752,...,6K]T, r = [T‘l,TQ,...,TK] N
and p = [p1,p2,-,p2ar—1] is a KL — 1) x 1
vector with each element p; represented as p;, =
[Pll(lal)v"' aPll(kvk)a"' aPll(KaK)L where Pll =
Si,—r+1SH.

r (wavelength)

Fig. 2. 3-D scattergram of six NF sources.

According to the Slepian-Bangs formulation [25,26], the
Fisher information matrix (FIM) pf ‘Ii’ which ~is based on the
time delays covariance matrices Rq, Ro, ..., Ror_1, is given
by

FIM,

2L—1
Ry, =, ORy
= N+L-1)t LR ER .
zz;l( L=l ( 9@, 1 0%, )
) (38)
By vectorizing the matrix R,;,;, we have

f‘ll = Uec(ﬁll)

_ (| Aila,r) Ay (o)
- REG o[ 60 o+ cbvectra)
(39
where I l I
_ MM, t1=
:E{u)l1 - { 0, ll # L (40)

With (39), (38) can be rewritten in a compact matrix form

as follows,
or \" OF
FIM=(-——) C;' 41
(5a7) " (5ar) @
where T = .. .88, )Y, and Ci =
blkdiag {C,r17 Gy } with each element
C;ll = N+L 1le; ®R11
Next, we partition 8?1;} as
or ~ -
— = 42
where D = [DT,..., DI, ,J7 and A = [AT,... AL, 7

. d or or or

with the element denoted as Dy, = (3, 54 5;) and
e _ af‘[l afll
Al1 - (Tp7 8(72 )

_1 - -

By left- multlplylng matrix C; * with D and A in (42), we
obtain D =C; 2D and A = Ci‘—_i[&. Further, (41) can be
changed to

~H = ~ H =
riM=| 0,0 DA 43)
A D A A

Finally, the CRB of the parameter of interest {2, namely the
2-D DOAs and ranges can be obtained as

~H =
CRBgp =D H/%XD (44)
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Fig. 5. RMSE versus frames in Example 4 (SNR = 5dB, N = 100, K=2).

~ ~H=~

= =H
where HX: —AA A)TIA .

V. SIMULATION RESULTS

In this section, simulation results are provided to demon-
strate the performance of the proposed algorithm, in compari-
son with OPMUSIC [13] and TSMUSIC [15], where d = \/4,
all NF signals are of equal power o2, and the SNR is defined
as 10log;, (03 / O’?U). Define the estimation root-mean-square
error (RMSE) from V' Monte Carlo trials as:

(-

(45)

Example 1: Test for maximum number of distinguish-
able sources - There are six uncorrelated NF sources
from (20°,35°,0.2)), (40°,55°,0.25)), (60°,80°,0.3)),
(80°,95°,0.35)), (100°,115°,0.4\), and (120°,135°,0.45)
impinging onto a symmetric cross array with M, = M, =1
, 1.e., each ULA has only 3 sensors and the total number
of elements of the cross array is 5. The SNR, the number
of snapshots NV, the number of frames L and Monte Carlo
trials are set to be 30dB, 1000, 100 and 50, respectively. The
estimation result is shown in Fig. 2, where it can be seen
that all the six NF sources have been identified and the 3-D
parameters can be paired correctly, showing that the proposed



10° T T T T T 10° T T T T 10°
k
- A Ee o — . 2 b 3 ’:,5;10,‘#’"_/‘———/
& < < & < — 4 4 4 & &
- I )l ~ ~ N ETJ, & < < < < 4 < - 3 3 1|
) | w otk H ,_*__q———ﬁ—_—q"—‘
—h— %Ol\zﬂsseltcj: z —<—Proposed A —&—Proposed
OPMUSIC —k—TSMUSIC o, —k—TSMUSIC
OPMUSIC Z107°¢ OPMUSIC
—©—CRB ©—CRB —©—CRB
D
o —e——° |
102@ == - n © n ©- n © T 10729“6 n © n © n © n D 103 . . . I I
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Range separation(wavelength) Range separation(wavelength) Range separation(wavelength)
(a) RMSE-a (b) RMSE-3 (c) RMSE-r
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algorithm is working effectively for the underdetermined case.

Example 2: RMSE versus SNR - The performance of the
proposed algorithm is studied with respect to SNR. There are
three uncorrelated NF sources impinging onto a symmetric
cross array with M, = M, = 2. The number of snapshots
N, frames L and Monte Carlo trials are set to be 400, 50 and
500, respectively. From Fig. 3, we can see that the estimation
performance of the proposed algorithm is better than the
other two algorithms, especially for low SNR regions. This is
because the proposed method makes better use of space-time
information of the incident signals than the other methods.

Example 3: RMSE versus Snapshots - In this example, the
performance of the proposed algorithm is studied with respect
to the number of snapshots. The number of signals and the
number of array elements are the same as in Example 2. The
SNR is set to 5dB. The number of frames L is 50. The results
are provided in Fig. 4, from which we can see that the RMSE
of all algorithms decreases with the increase of number of
snapshots, and the estimation accuracy of the proposed method
is better than those of the other methods in both 2-D DOA and
range parameters.

Example 4: RMSE versus Frames - In this example, we
investigates the effect of different number of frames on the
estimation performance of the proposed algorithm. The sim-
ulation parameter settings are the same as in Example 3,
except for the number of frames and snapshots. The number of
snapshots NV is 100 and the number of frames L varies from 2
to 99. As shown in Fig. 5, when L becomes too large (L=99),
little data is available in each frame which has a significant
detrimental effect on subsequent subspace angle estimation
accuracy, leading to a sharp increase in the RMSE.

Example 5: RMSE versus Range separation - In the last
set of simulations, the parameter settings are the same as
Example 1, except that the SNR is fixed at 15 dB, and the
range separation A\ of the first source varies from 0.1\ to
1.1X. The RMSE versus the range separation is shown in Fig.
6. It can be seen that the 2-D angle estimates in all three
algorithms are insensitive to range separation, except for the
range estimates. In addition, it can be seen that the range
estimate has good accuracy for small range separations, as
the first source is closer to the array, which is consistent with
the analysis in [15].

VI. CONCLUSIONS

In this work, a new localization method for NF sources
has been proposed using a cross array. It can realize 3-D
parameter estimation for the underdetermined case with au-
tomatic pairing, and as it does not require simultaneous multi-
dimensional search, it has a low computational complexity. In
addition, the stochastic CRB was derived for the circumstance
with different time delays as a performance benchmark. As
demonstrated by computer simulations, it has outperformed
two existing representative algorithms.
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