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Motivated by observations of solitary waves in the ocean and atmosphere, this paper
considers the evolution of long weakly nonlinear internal waves in an incompressible
Boussinesq fluid. The motion is restricted to the vertical plane. The basic state consists
of stable horizontal shear flow and density stratification. On a long time scale, the
waves evolve and reach a quasi-steady régime where weak nonlinearity and weak
dispersion are in balance. In many circumstances, this régime is described by a
Korteweg-de-Vries equation. However, when the linear long-wave speed equals the
basic flow velocity at a certain height, the critical level, the traditional assumption
of weak nonlinearity breaks down due to the appearance of a singularity in the
leading-order modal equation, implying a strong modification of the flow in the so-
called critical layer. Since the relevant geophysical flows have high Reynolds and
Péclet numbers, we invoke nonlinear effects to resolve this singularity. Viscosity
and thermal conductivity are considered small but finite. Their presence renders the
nonlinear-critical-layer solution unique. Crucially, the density stratification degree
is assumed small at the critical level; this has the consequence that the leading-
order singularity is then identical to that in an unstratified flow. Thus the asymptotic
methodology employed previously for that case can be adapted to this present study.
In this critical layer, the flow is fully nonlinear but laminar and quasi-steady, with
a strong rearrangement of the buoyancy and vorticity contours. This inner flow is
matched at the edges of the critical layer with the outer flow. The final outcome
for spatially localized solutions is an integro-differential evolution equation, whose
form depends on the critical-layer shape, and especially on the wave polarity, that
is, depression or elevation. For a steady travelling wave, this evolution equation
when expressed in terms of the streamfunction amplitude is not a Korteweg-de Vries
equation, as it contains additional nonlinear terms necessary at a certain order of
the asymptotic expansion when matching with the inner flow. However, this steady
evolution equation can be transformed with an appropriate change of variables into a
Korteweg-de-Vries equation. An analysis of the wave mean flow interaction is given.
The horizontal basic stable flow is altered at the critical level at a slow viscous time
scale by the nonlinear D-wave in the quasi-steady state régime. In most cases, the
mean kinetic energy is likely to decay at the same time scale. The D-wave critical-
layer thickness is found inversely proportional to the amplitude of the leading-order
viscous outer flow. The D-wave critical-layer symmetry vis-a-vis the critical level is
broken; the departure is proportional to the local Richardson number, and so is greater
than the analogous asymmetry encountered in an unstratified shear flow. The mean
flow horizontal momentum and kinetic energy are unchanged by the nonlinear E-wave
in the quasi-steady régime, the exchanges taking place only during the formation of
the critical layer and in the transition régime when the nonlinear E-wave is unsteady.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4704815]
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. INTRODUCTION

Internal gravity waves are frequently observed in the atmosphere and ocean, where they play
an important dynamical role, transporting energy over large distances, can produce strong wind or
current shear, and may generate turbulence. A class of internal gravity waves that is of particular
interest to mesoscale dynamics is the internal solitary wave. This is a nonlinear long localized wave
that can maintain its structure due a balance between the steepening effect of nonlinearity and linear
wave dispersion. This balance allows the solitary wave to emerge as an asymptotic solution for a
large class of initial-value problems. They are a robust feature under stable background conditions
and are then readily observable.'™

In the atmosphere, solitary waves can be generated by thunderstorm outflows, mid-latitude cold
fronts or tropical sea-breeze fronts.>® Atmospheric internal solitary waves can be divided into two
classes; those for which the waves are confined to the lower few kilometers of the troposphere and
those that occupy the entire troposphere. The Earth’s surface acts as the lower boundary, while the
upper boundary is a low-level inversion in the first class and the tropopause in the second class. In
the ocean, internal solitary waves are often generated by the interaction between tidal currents and
topography.*” Of topical interest, we note that oceanic internal solitary waves can also be induced
by the deformation of a long surface water waves such as a tsunami. When a tsunami approaches
the continental slope, oceanic internal waves may be generated when the pycnocline is displaced by
the tsunami as it propagates up the slope. Moreover tsunami wavelengths are sufficiently long that
a possibility exists that they might generate atmospheric internal gravity waves that propagate up
to the ionosphere, and then create a disturbance travelling coherently with the ocean wave below.
Such ionospheric disturbances can be observed using measurements of ionospheric electron density
by Global Positioning System (GPS) networks. Observations of long ionospheric internal waves
following the 2010 Chilean tsunami have been reported for instance by Hawaii based GPS network.?

Weakly nonlinear, long-wave theories provide good models for internal solitary waves.® These
theories assume that internal solitary waves propagate in a waveguide, within which the background
stratification and flow vary as a function of height, and which has upper and lower boundaries
which effectively trap the waves, and ensure that only horizontal propagation is allowed. The
Korteweg-de Vries (KdV) equation was derived for internal solitary waves in this weakly nonlinear,
long-wave limit.!%!! The coefficients of the KdV equation depend on the background properties
of the waveguide. This model and its various extensions are appropriate for the coastal ocean, and
possibly also for the atmosphere when the waveguide consists either of the low-level inversion where
the wave energy is effectively trapped, or of the whole troposphere, above which lies a strongly stable
stratosphere. However, in the deep ocean when the near-surface pynocline lies above a deep weakly
stratified layer, or in the lower atmosphere when a low-level inversion is capped by a deep weakly
stratified atmosphere, it may be more appropriate to use a model equation of the Benjamin-Ono
type.> Within the framework of these model equations, internal solitary waves are very robust, and
long-lived. Indeed, observations in the ocean and atmosphere confirm these predictions, see the
review articles.'> !> However, for large amplitudes, these waves may become unstable due to shear
instability, leading to turbulent patches or complete convective overturning.

Another fundamental mechanism, which can lead to the breaking of an internal solitary wave,
is the situation when the solitary wave rides on a background mean flow containing a critical level.
In this case, there is a strong interaction between the wave and the mean flow in the vicinity of the
critical level, and this aspect is the focus of this paper. The “critical layer interaction” is amenable to
a self-consistent analytical theory for that subclass of cases when the breaking zone is very narrow
and occurs around the critical level where the linear-long-wave phase speed equals the velocity of
the background mean flow.'* Here, linear inviscid theory fails, and needs to be replaced by a theory
in which nonlinearity and/or diffusion terms are invoked. In the oceanic and atmospheric context,
nonlinearity is the dominant effect, and so here, we shall present a nonlinear critical-layer theory. In
the asymptotic theory we shall describe, the flow field is wave-like in the adjoining regions outside a
thin critical layer, within which it is essentially nonlinear.'> In the absence of critical layers, it can be
shown that a weakly nonlinear wave does not exchange energy and momentum with the background
flow, and the effect of the background shear is purely kinematic. But when a critical level is present,
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the effect of this shear on the wave is essential to the wave dynamics, which is strongly nonlinear.
However, it transpires diffusion cannot be neglected completely. Although the diffusion terms in
the momentum and buoyancy equations, whether laminar or “turbulent,” are not used to remove the
singularity in the critical layer, as this is achieved through the nonlinear terms, they are needed as
perturbations in order to obtain a viscous secular condition, valid when the viscosity and thermal
conduction go to zero, which selects a unique solution for our vorticity and buoyancy equations in
the critical layer. This is especially the case within the closed region bounded by certain separatrices
(often called the cat’s eye) where we use an extension of the Prandtl-Batchelor theorem. A further
consequence is that the small diffusive terms induce the generations of mean flow and buoyancy on
either side of the critical layer, due to wave-mean flow interactions in the critical layer. This is a
very slow process, and the relevant time scales are proportional to the rescaled viscosity and thermal
conductivity coefficients.

When a finite-period linear internal wave is considered'® propagating vertically and incident on
a critical level, the direction of the energy flux is determined by the local Richardson number J, at
the critical level for the case when viscosity dominates. When J. > 1/4, they showed that the wave
energy is absorbed by the background flow near the critical level. For J. < 1/4, the energy flux can
go in either direction, depending on J,. and the wavelength of the wave. But when nonlinearity is the
dominant mechanism in the critical layer, these results are drastically changed.!”~? In particular,
the energy exchange is strongly influenced by the critical layer-induced mean fields of current and
buoyancy. For the analogous problem of a barotropic Rossby wave, in the long wavelength limit,
the energy flux directions and amplitudes crucially depend on the basic-flow profile.?” However, the
energy and momentum exchanges are reduced in the asymptotic quasi-steady régime following the
formation of the critical layer to the mean shear flow evolution, since the nonlinear Rossby wave
conserves its shape in the frame moving with the constant wave speed.

These same conclusions seem to hold for slightly stratified fluids (J. < 1). Generally, for strati-
fied flows, the energy exchange during the critical-layer formation depends on the local Richardson
number J. and the mean flow and buoyancy profiles.!” A steady stratified critical layer partially
reflects and transmits an incident internal wave according to the values of a parameter A, which
measures the ratio of viscous diffusion to nonlinear advection, and the local Richardson number J..
The reflection coefficient |R| decreases as A and J, increase and |R| is usually small. The transmis-
sion coefficient |Tr| also decreases as J. increases and |Tr| tends to exp(—+/J. — 1/4m) as A — oo
conforming with the viscous critical-layer theory. The phase jump ¢,,,, asymptotes to —m as J.
increases. The vorticity jump is of order one when J. = O(1), and decreases as A and J, increase.
The critical-layer pattern is not symmetric vis-a-vis the critical level owing to assumption of a small
but finite viscosity, that is, when A = O(1). In the quasi-steady régime, the wave is also partially
reflected and transmitted by diffusion boundary layers. The latter are located on either side of the
critical layer and are formed by the critical-layer induced mean flow. They are therefore created
during the formation of the critical layer, but they are still evolving in the asymptotic quasi-steady
state by the slow diffusion of momentum from the critical layer. The wave after passing over the first
diffusion boundary layer, is then partially reflected, absorbed, and transmitted by the critical layer.
The transmitted wave is then scattered from the second diffusion boundary layer through the critical
layer. These diffusion boundary layers evolve in time on the classic diffusion length scale vAT
(T is a slow time variable defined later), and consequently, the reflected and transmitted coefficients
also evolve on this slow length scale.'® Similarly, the wave momentum flux and the vorticity jump
also depend on it. If J, is not close to 1/4, then the final transmission coefficient will be very small.
In the quasi-steady régime, in the inviscid assumption, the internal wave is completely reflected and
no transmission occurs: @jumy, Jo and R approach 0~, 1/4" and — 1%, respectively, as 2 — 0. When
neither nonlinearity nor viscosity is prevailing, the wave is partially reflected and transmitted.

However, the case of an internal wave packet propagating vertically and incident on a critical
layer is quite different, as absorption then dominates over reflection and transmission.?! The horizon-
tal extent of the packet increases with time in the critical layer. The horizontal-momentum vertical
flux jump does not attain a steady state, but instead decreases and remains positive highlighting
the dominance of absorption over reflection, while the periodic-wave flux oscillates with respect to
zero. A positive jump implies a mean-horizontal-velocity acceleration induced by the wave packet,
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whereas for a periodic wave, the mean flow is alternatively accelerated and decelerated. If the forcing
length is increased, the momentum flux jump decreases and tends to a constant value but never reaches
zero even when the wave packet tends to a monochromatic wave. The absorption rate decreases as
the forcing amplitude diminishes. The local Richardson number never becomes negative in the wave
packet critical layer whereas for the case of an incident periodic wave, the critical layer possesses
substantial regions with 0 < J. < 1/4 and J. < 0 at large times, and overturning is evident in the
density contours. The degree of transmission is near zero, as for the averaged horizontal-momentum
vertical flux. Nonlinear-critical-layer steady states can be found as the long-time outcome of a spa-
tially periodic wave propagating and interacting with a nonlinear critical layer.?? These states were
possible when the overall Richardson number was less than a critical value always smaller than one.
The local Richardson number was observed to be significantly decreased and areas of J. < 1/4 existed
in a thin layer along the lower side of the critical layer. Of course, these solutions may be unstable to
shear instabilities. They also showed that weak stratification allowed a weak transmitted wave but as
J. increases, there is complete reflection of the primary wave. Similar steady zones have also been
found.?* In numerical simulations, large-amplitude internal waves undergo convective overturning
in the critical layer and three-dimensional convective instabilities emerge leading to break-down.>*
The wave amplitude is assumed here, to be sufficiently large to allow for the creation of the critical
layer but nevertheless not so large in order to avoid three-dimensional overturning outside the critical
layer. In the same way, the spanwise wavenumber of our nonlinear neutral internal mode is assumed
very small, smaller than the streamwise wavenumber, which precludes the transverse instability from
occurring inside the critical layer. As three-dimensional convection is triggered by the transverse
instability,>*2> we will henceforth assume that the flow remains two-dimensional everywhere.

In a stratified two-dimensional flow, the nonlinear critical layer is far more complex than for its
homogeneous counterpart. Instead of a single equation, it is governed by a coupled set of nonlinear
partial differential equations, since now the buoyancy equation is added to the vorticity equation.
Also, the singularity in the resulting modal equation is stronger. A theoretical study of the stratified
nonlinear critical layer is desirable due to the difficulty in achieving high Reynolds numbers in
stratified-flow experimental facilities and in numerical simulations. Generally, many modes are
required in a nonlinear analysis, as it emerges that all harmonics are of the same order of magnitude
as the fundamental neutral mode.

In this paper, we will assume that at the critical level, the flow is only weakly stratified, that
is J. <« 1. This assumption is made essentially to keep the analysis tractable. But it is pertinent to
note that, in practice, in the critical layer, the strong distortion of the buoyancy field could lead to
homogenization of the latter, and hence our assumption has some physical validity. Assuming then
that the neighbourhood of the critical level is weakly stratified leads us to consider two different wave
structures, respectively, outside and inside the critical layer, that are coupled through matching. The
outer flow is the place where a long-wavelength internal mode propagates in essentially the same
way as in the study,?® while the critical layer acts as a vortex wave guide in a similar manner as in the
study?’ of a weakly stratified upper ocean. This second wave is indeed due to the vertical gradient
of the background vorticity, and buoyancy affects only the kinematics of the wave. The internal
solitary waves obtained here are thus fundamentally distinct from these cited studies and instead
can be considered as wave-vortex structures. Importantly, the background shear flow considered
here is assumed to be linearly stable, and hence the internal solitary waves we shall describe
differ fundamentally from the long-wave localized structures which might emerge from nonlinear
self-organization from infinitesimally small, but growing, disturbances due to shear instability. For
instance, the development and saturation of the long-wave nonlinear disturbances are examined in
Ref. 28, interacting with the critical layer of a weakly supercritical barotropically unstable zonal
flow.

Previous studies of stratified critical layers have usually considered finite wavenumbers and finite
Richardson numbers.!7-2%23 As a result, the coupled equations were too complicated for detailed
theoretical analysis even when a steady travelling wave hypothesis was made. Consequently, the more
tractable slightly stratified problem was examined,?® when the local Richardson number is small of
order €', where € is the disturbance amplitude outside the critical layer. As in the homogeneous
case, the logarithmic-phase shift of the disturbance then vanishes. It is also possible to obtain some
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analytical results in the study of the spatio-temporal evolution of a critical layer by considering
weakly supercritical modes instead of neutral singular modes. The problem thus becomes tractable
as the leading-order inner equation is linear.?8:30-32

In this paper, we will develop a weakly nonlinear theory based upon long-wave and long-time
hypotheses, with a weakly stratified critical layer, which will enable us to find analytical solutions for
the critical-layer flow to a non-trivial order in our asymptotic expansion. Technically, the analysis
is similar to our previous study'® for a barotropic Rossby wave. Here, we will consider a free
singular internal wave mode embedded in a vertically stratified shear flow. As already noted, the
assumption of a weakly stratified critical layer is not necessarily restrictive, as the cat’s eye pattern
inside the critical layer, where the streamlines form closed loops, is the location where strong
mixing occurs. As a result, the buoyancy and vorticity gradients may be homogenized there.*> While
our study is motivated by atmospheric and oceanic flows, it is set up as a classical fluid dynamics
problem. Our assumption that, at the critical layer the stratification is weak, is motivated by analytical
considerations, but we believe that this is a realistic scenario when a strongly nonlinear critical layer
has formed, as then the consequent “mixing” would lead to a weak or constant stratification there.
Thus, in possible applications to the atmosphere or ocean, we emphasize that our obtained solutions
are the outcome of a long-time process. Hence, our results may not be directly applicable to observed
atmospheric or oceanic density stratified shear flows, unless these have been present for sufficiently
long times. For instance, the oceanic thermocline is often characterized by a strong density gradient
and strong shear. However, if this is disturbed, then buoyancy mixing may occur, leading to a weaker
stratification, but still with strong shear.

The effect of allowing the wave to coexist with a nonlinear critical layer was studied in a pioneer-
ing study?® of internal solitary waves in stratified shear flows. In the absence of any critical layers,
internal solitary waves satisfy a Korteweg-de Vries equation, whose coefficients are determined by
certain integrals of the relevant modal function over the waveguide. Essentially, they assumed that
this equation is not modified by the presence of a critical layer, except that the coefficients formally
do not exist due to the integrals being singular, and instead need to be obtained by a different proce-
dure. They illustrated their procedure for a three-layer flow, where only the middle layer is stratified
with a constant buoyancy frequency and constant shear, with J, > 1/4. Their nonlinear-critical-layer
analysis assumed no phase jumps to the two first orders of an asymptotic expansion.

In this present work, the background shear velocity and buoyancy profiles will be specified
arbitrarily. We suppose that the mean flow velocity equals the wave speed at a certain height,
namely the critical level. Then, in the linearized theory, a critical-layer singularity occurs. This
has the consequence that the nonlinearity needs to be invoked, and inter alia the mean flow is
subsequently modified. We examine this modified mean flow at a long time after the formation of
the critical layer, when we also assume that the buoyancy stratification has become small locally,
due to homogenization. The thin region near this level, the so-called critical layer, is studied with an
inner scaling, and for quasi-steady flows, is fully nonlinear.

The inner critical-layer expansion is first analytically determined at each order. Using the method
of matched asymptotic expansions, this inner flow is then matched at the edges of the critical layer
with the outer flow. Certain integration constants of the inviscid part of the flow are determined by
using Redekopp’s averaging technique®* on the diffusive components using the nonlinear critical
layer theory.* In this approach, the viscosity and thermal conductivity render the inviscid solution
unique. Our main result is that the evolution equation for the modal streamfunction amplitude A has
the general form

dxC[orA, Al = —BXN(A)—B;(A—MBXA, (1)

where C[dr A, A] is a nonlinear functional of 374 and A, and A/ (A) is a nonlinear function of A.
When N(A) is a quadratic polynomial in A, the right-hand side has the usual KdV form. Here the
left-hand side does not adopt the simple form d7A which would then reduce (1) to the usual KdV
equation. Instead, the left-hand side contains integro-differential terms, required at a certain order
of the asymptotic expansion when matching the inner flow on the dividing streamlines.

The resulting evolution equation bears some similarity to another evolution equation found*® for
a certain class of finite-amplitude internal solitary waves. Remarkably, for steady travelling waves,
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with an appropriate change of variables, this evolution equation can be transformed back into a
KdV-type equation. The critical-layer flow is found to be asymmetric with respect to the critical
level.'”-22 However, the asymmetry there was due to the choice of a dissipative (A = O(1)) and
stable stratified shear flow (J, > 1/4). Here, the asymmetry is not only caused by the presence of a
density stratification in spite of the fact that J. < 1/4 but also to some degree by nonlinearity.'®-
The evolution of the critical layer leads to a strong rearrangement of the streamlines and buoyancy
contours, as breaking theories predict.>” Our asymptotic procedure involves an adaption of the
Prandtl-Batchelor theorem for a slowly evolving, weakly stratified and weakly forced flow within
the cat’s eye, which is exact after an asymptotically long time when the critical layer has settled to
a steady and laminar state.

In forming recirculation regions, the isopycnal curves advected by the shear flow are nearly
closed. Hence, these regions may possess convectively unstable zones. However, the buoyancy
and vorticity gradients are eventually homogenized there due to diffusion and mixing. The resulting
asymptotic quasi-steady state is then a stable configuration,*® where vorticity and density are constant
in space and time. Here we assume the existence of such a quasi-steady state, but due to the necessary
presence of weak horizontal-momentum and buoyancy body forces, the extended Prandtl-Batchelor
theorem yields a cat’s eye characterized by a weak non-constant density field coupled with a weak
non-constant vorticity field.

The plan of the paper is as follows. In Sec. II, we formulate the problem and give the main
assumptions used in our study. Section III displays the equations of the outer flow and gives the local
solutions around the singularity. The critical-layer flow is examined in Sec. IV, where in particular,
the description of this flow is refined by a better parameterization of the streamlines. The flow inside
the defining separatrices within the critical layer (the so-called cat’s eye flow) is analyzed using
an extension of the Prandtl-Batchelor theorem for quasi-steady solitary-wave motions, described in
Appendix A. The outcome is an integro-differential evolution equation. Searching for travelling-
wave solutions in Sec. V, the evolution equation is simplified into a KdV-type equation, whose form
depends on the wave polarity. Solitary-wave solutions are found whose characteristics depend on
the outer flow, the phase jumps across the critical layer and the distortions of the induced mean
flow. We specify some classical mean buoyancy and velocity profiles such as a constant-shear flow.
Section VI focuses on the critical-layer induced mean flow and buoyancy and gives the leading-order
time scales and growth rates of their evolution. It also yields the energy budget in the critical layer
and can predict the heating or cooling of the critical layer according to the various parameters of the
problem. Finally, Sec. VII offers some concluding remarks.

Il. FORMULATION

We consider the two-dimensional flow of a stratified, incompressible, viscous, and thermal
conducting fluid. The fluid is located in the (x, y)-plane, where y is the vertical coordinate, and is
confined between two rigid plane boundaries, y = y*, either or both of which may be at infinity. The
basic dimensionless equations of motion are the Navier-Stokes equation, and the density equation
in the Boussinesq approximation,

1
Btu+uVu+Vp=®+EAu+Fu, 2)

1
0,0 VO = ——AO+ F, 3
;® +u PrR + Fp 3)

where u = (u, w) is the velocity field, p the pressure, and ® is the buoyancy. The buoyancy is
defined as the variation of the density p relative to a reference density p., thatis as —g(p — p:)/pc, &
being the constant gravity acceleration. The subscript ¢ characterizes quantities at the critical level.
We use a linear equation of state, p = p. [l — B(Te — T,)] connecting the density and temperature
fields. Hence, p., T, denote the basic density, temperature, respectively, at the critical level and 8 is
the thermal-expansion coefficient. All variables are made dimensionless using a length scale L (the
shear layer thickness), I/ (the velocity jump across the shear layer), and p., T,. The Reynolds number
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R is assumed large, while the Prandtl number Pr is of order unity. The overall Richardson number
is then Ri = BgT.L/U>. The body forces F,, , are applied in order to prevent viscous and thermal
diffusions of the basic mean fields and are specified later in Sec. III. As a result, the evolution of the
mean fields is driven by the nonlinear critical layer and not by a laminar diffusion. Relative to the
basic-state shear flow and stratification, we impose a neutral-wave disturbance with a real horizontal
phase speed c. Then, in a reference frame moving with the wave speed c, the total streamfunction ¥
and buoyancy ©® are given by

y
= [0 s ) —cldi F ey O=TOm el (@
Ye
Here U(y, 71, 72, Tpp, - - -) and T(y, 71, T2, Tpg, - - -) are the dimensionless basic shear flow and
buoyancy fields, where 7 and 7, are critical-layer leading-order slow times and 7 pg is the diffusion
boundary layer slow time whose scalings are to be determined. The disturbance stream function and
buoyancy are € ¥ and € 0, respectively, where € is a small parameter. The local Richardson number
is Ri T'(y)/ U (y)>. The relevant dimensionless equations of motion are the vorticity and buoyancy
equations

Ay U»

{0+ (U — )0z} AY + € J(AY, ) = —0z6 + U (y)osyr +
R €R €

)

B+ (U — 0)d5)0 + €J (0 T' () 80 [ TO B 6

{0 + (U —)oz}0 +€J(0, ¥) = (y)x1/f+PrR+6PrR+€. (6)
J is the operator Jacobian. The prime denotes a derivate with respect to y. The formulation is
completed by specifying boundary conditions at the remote edges of the waveguide at y = y.. The
Reynolds number being large, the viscous boundary layers at y = y. are very thin and do not interact
with the critical-layer induced flow. Only the inviscid boundary condition will be thus needed here,
which is that ¢ = 0 at y = y,. As anticipated above, the mean fields are expanded in the form

Uy, 11, ) = Uo(y) + €2 [U(y, 11, -+ -) = Uyt (D] + € Un(y, 71, -+ )+ -+ @)

Ty, 7, )= To(y)+e%T1(y, T, )+ ey, T, )+ Tpag(y, Ty, o)+ -1 (8)
1

c=coteicit+ecrt---, ©)

where henceforth, we let Ul(y, 7, --) =U(y, t1, - +) — Uy 1 (). Here Uy(y), To(y) are the basic
mean fields, 7;,4(y) is an O(e) mean buoyancy induced at the critical layer by the leading-order
outer viscous flow terms, and the remaining O(e'2, €, --+) terms are to ensure continuity of the
leading-order vorticity and buoyancy fields inside the critical layer, needed here as we do not impose
thin viscous and thermal boundary layers along the separatrices. This additional flow then appears
in the outer flow through small O(¢"?) jumps in mean vorticity and buoyancy at either side of
the critical level.*® Our concern is with the long-time asymptotic régime after the critical-layer
formation stage characterized by the diffusive spreading of the vorticity and buoyancy fields with an
amplitude O(e %) throughout the domain. The critical-layer theory will lead eventually to a diffusion
scaling such as the inverse Reynolds number be 1/R = A ¢”*. This small diffusion outwards from
the critical layer generates distorted mean fields of current and buoyancy, first noted in Ref. 40.
As shown in Ref. 19, this O(¢"?) diffusion is only possible by defining the body force so that
Fy, = —[Uy (y) — €'2U, (y)]/R in the vorticity equation. The basic flow Up(y) — €2U,,, 1(y) will
remain steady through the evolution of the critical layer, 2y, 0,1, ) ey, Ty, )+ -,
while additional momentum is created by the critical layer. Outside these diffusion boundary layers,
far away from the critical layer, this new shear distribution will match with €2U, {(y), so that the
unperturbed flow far away from the critical layer will be the basic profile Uy(y), see Fig. 1. An
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FIG. 1. Diagram of the nonlinear critical layer embedded by two diffusion boundary layers, the diffusion wave number is
v = (AT)2/2. The leading-order horizontal mean velocity is U(y) = Uy + [Ui(y) — U, l(y)]el/z. The critical level y. is
located inside the critical layer and does not coincide with the symmetrix axis y,. The critical-layer induced velocity in the
diffusion boundary layers Upp, | (y) must be matched with the mean flow U;(y) on the edges of the critical layer. The same
matching must be performed for the buoyancy Tpp 1(y) with T1(y).

analogous correction is also needed in the buoyancy equation but for simplicity’s sake, it will not be
formulated explicitly in the equations.

Linearizing and combining (5) and (6), we obtain the steady inviscid modal equation, in the
incompressible Boussinesq limit,

Ty(») Uy ()
A 0 — 0 =0. 10
V' G0 —al VT o —col” (10

This is separable, and when the x-derivative term is extracted by a Fourier expansion, it reduces to the
well-known Taylor-Goldstein equation. The location y. where the phase speed of the perturbation
equals the given flow velocity, that is Uy(y.) = cy, is potentially a singularity, which is of higher
order than that for a homogeneous flow. In the linearized theory, a neutral mode is only possible in
the case when T()'(yc.) =0and To”(yc) = U(;(yC)U(;'(yC), that is, when the singularity vanishes. Here,
we assume only that T(;(yc) = 0 so that the leading-order singularity is merely [Up(y) — co] ™' as
in an unstratified flow. Note that with T(; () =0, T(;/(yc) # 0, the basic buoyancy profile is weakly
convectively unstable in the vicinity of the critical layer, an issue which we shall return to in the
conclusion. Proceeding, the mode is now singular with a critical-layer singularity, so transience,
nonlinearity, viscosity, and conductivity must be reintroduced into the critical-layer leading-order
solution. Here, we select nonlinearity as the principal factor, since this is the case for geophysical
flows with high Reynolds numbers. Nevertheless, viscosity and conductivity are present and render
this inviscid solution unique. The role of long-time transience will be discussed later. The asymptotic
expansion based on the small parameter € will consist of an outer expansion outside the critical layer,
matched at the edges of the critical layer to an inner asymptotic expansion with different scalings
valid in the critical layer. It will transpire that a balance between nonlinearity with linear long-wave
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dispersion in the inner flow is obtained by putting

NI

X =e€ix, T=¢it, F=x—ct. an

Note that the usual scaling for a Korteweg-de Vries equation derivation is, see Ref. 26 for instance,

(SIS

X=ex%, T=ct. (12)

It turns out that this is not valid here, because the leading-order critical layer matching would
then yield a dispersiveless amplitude equation. Instead, with the scaling (11) we will use, the linear
dispersive terms in the outer flow appear at the correct O(e?) to balance the leading-order nonlinearity.

lll. OUTER FLOW

In the outer flow outside the critical layer, the perturbation streamfunction is expanded as
follows:

=90 f ey ey (13)

with a similar expansion for the perturbation buoyancy. At the leading order, that is O(¢), we seek a
solution in the separated form,

v O =p(MA*X,T), A" =Uy(r)A, (14)

such as T’( ) U”( )
Lo(¢) = 92 0 g0 4, 15
D=0t ) =l ” T Uy —ao” (1>

0 _ ¥
Uo(y) —co

Equation (15) has two linearly independent solutions, whose Frobenius expansions in terms of
n =y — y. (valid when || < 1), are given by

while

oo

Ga =1+ aon", (16)
n=2

¢ =1+ boun" + boga(m)In |n*. (17
n=2

The first few coefficients are, recalling that T(; =0,

| g e
= by, :_(2_9 L__O)
B e T A7 + Ul U2

I - L g
o= — -0 and b0,2=—(—9—2b3)+—(%——92).
U, U 2\, A\ur T U

The solution ¢, is regular, but the solution ¢, has a logarithmic singularity. We denote by = by/ U,
and in general, in the sequel, we will introduce an overbar to define a division by U(;. The coordinate
n is rescaled to n* = n/no, where no will be determined when matching the outer flow with the
critical-layer flow. Using a superscript £ to distinguish the flow above or below the critical level,
the mode is written on either side of y. as

dT(Y) = aboda + ¢, (18)
¢_(Y) = a_b0¢)ct + ¢b .
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The constants a® are determined by the boundary conditions that ¢* = 0 at y = y., respectively.
Proceeding to the next order, that is O(e*?), the flow is affected by the advection (denoted by the
subscript /) due to the additional mean flow U; and by dispersion (denoted by d)

01 ) —c
My — _ 2V 2 [ 4%
Lo ™) = ~[£16) — [ S Mo@) + 9547 19)
U—ci ,, U T, (y)¢ e .
here £;(¢p) = 02— , Mi(p)=—7"—"""—,i=1,2,
e L) = T — e P To—eo T 100—aoP P () 0P
. TL,ow?® | Tow® Uiy —a Ty(»)¢L"
hile 6" = -2 + — Ty O X
v Uo(y) —co  Up(y) — co O(y)[Uo(y) —co? v Uo(y) — co
The behaviour of ¥V near the critical level is
YO =g VAKX, T) + ¢y 3 AX. T) + A" X + ¢ B* (X, T), (20)

o0
where ¢1(1) = (Z[bl,l,n Inn*| 4+ 110" + 194 + Brids)
n=0

¢>le) = (Z[Cd,l.n'?"] + &g 1Pa + Ba1Pb)

n=2
and ¢V = (ay 10 + Boads), ¢ = (aboa + bp) -

B*(X, T) is the second-order amplitude of the mode which, like A*(X, T) obeys an amplitude

equation derived at the next order. The coefficients «, B, respectively, are related to the regular,

singular Frobenius solution, and are determined by the boundary conditions that 4’1(,1;,1; =0aty

= y+. Note that the strongest singularity is proportional to boTl' / T(;' In n*, and it is stronger than

for unstratified flow, where it is proportional to 1 In n*. The necessity for the secular diffusive flow

terms A¢{V X appears later when matching the averaged vertical flux of the horizontal momentum.
At the next order, that is O(e?), ® and #® are governed by the equations

1
Lo@®) = fiarx1 AT+ fiA" + 2 fo(0A + fa(0)o5 A" - ¢y 0y A*

_ % 402 pk ) i P"U{,()’) _ T1N(Y)
Cam — o 200X + S T~ oy —ep ) @Y
. 7 L» Uy
with £0) =[S = F ~ oo o)
_ ) Ui(y) — ¢ )
1) = =[ L6 + £26) = GEE— M) + Mo
U()—ci\2 Ua(y)— e
[<U0(y) - Co> Uy - CO]M0(¢)} ’
Uy | o) Y ¢
L) = [ (L) [U(y) — ol - ,
70 = (g9 o) 1 =l = (g =) oy —aor
U _
and fu(y) = —[%[«p + Mo+ )" + L1



056602-11 P. Caillol and R. H. J. Grimshaw Phys. Fluids 24, 056602 (2012)

The buoyancy field is then given by

oo oo To(») ) g2
[Uo(y) — col? Uo(y) — co/ 2[Uo(y) — co]

LOW? | TOwW? | oW i) =g DO =
Uo(y) —co  Uo(y) —co  Uo(y)—co  Uop(y) —co Uo(y) — co

L,e i) =iy N TP P ] AN 002
Uo(y) —co  Uo(y)—co * = Uo(y)—co PrUs(y) —co
There are contributions from the time derivative of the modal amplitude A% (denoted by the subscript
1), the quadratic term A*? (denoted by the subscript 1) and the linear dispersive terms 33 A* and
3 A* (denoted by the subscript f) and a linear term A* corresponding to the advection of @, 6@,
¥ and 1V by the additional mean flow. Each contribution will affect the coefficients of the final
amplitude equation (1) governing the evolution of A. Next, the solutions are Frobenius-expanded in
the neighbourhood of y.. Thus for instance, we find the corresponding terms in v® from (21),

drx-1 A* + (

4] @)

1
U@ = g,(y)drx-1 A* + g(y)A* + Egn(ym*z + ga(IZA* + g1 (y)Ix A*

+ (abo oy 200 + Pp) o[ Al + Bo.1 Pr(QinaPa + BinaPp)A* + 21ge(MX + - - -,
(23)

oo

with g (y) =D [bonIn |0+ coonln” + 1200 + B2y .
n=0

00 Clon
Q)= D a0 L+ b I S0 o+ Bt

n=0
[s9)

Cn,2.n

gn(y) = (Z[an,Z,n 1I12 |7]*| + bn,2.n In |77*| + T]nn + (xn,2¢a + ,Bn,2¢h ,
n=0

o0

ga(y) = Z[bd,Z,n In 0™ + caonln" + da2¢a + Ba2®s .
n=0

gr() =Y [erann"l+ pata + Brats.
n=0

[ee]

and gv(y) = Z[au.ln 1112 |77*| + bv,Z,n In |77*| + cv,2,n]’7n + av,2¢u + ﬂv,2¢b .
n=0

Note that ¥® has stronger singularities than (). There is an analogous expansion for 6.
The presence of a higher-order dispersive term leads to the possible existence in the evolution
equation (1) of a term proportional to 8§A. However, it will transpire that the coefficient of this
term will be zero. J5[A] is a nonlinear term arising from the critical-layer induced flow and will be
displayed at the end of Sec. IV E, but it does not affect the amplitude equation. The term proportional
to B,.1A is induced by diffusion, corresponding to the secular diffusive terms at O(¢¥?) in the outer
flow.

IV. NONLINEAR CRITICAL LAYER FLOW

In this section, we will integrate the vorticity and buoyancy inner equations and we will deter-
mine, up to the sixth order of the inner expansion, the vorticity, streamwise velocity, streamfunction,
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pressure and buoyancy in the critical-layer open and closed streamline flows. Matching with both
flows will yield the mean flow jumps, the streamfunction phase jumps, and ultimately the searched
evolution equation.

In the unstratified nonlinear critical layer, a balance between the linear and advective terms is
achieved by the transformation,

1
n=y—y=eJ.

The governing vorticity and buoyancy equations are now expressed in terms of the inner variable ),
and so the critical-layer equations are

(€207 + (Wydx — Wxdy)}(02 + €2 02)W + €3Oy = € M35 + 2¢2020% + 20V + €F,
: Y :
(€297 + (Wydy — Wydy)}O = eﬁ(aj% +6102)0 + €2F, (24)

where the body force terms are now F, = —A[U, ()) — e U, ]and F, = —A/Pr T,()). The
outer-flow expansion of Sec. III, when expressed using the inner variable )/, shows the manner in
which the inner expansion must proceed,

W=e {\IJ(O) Fetnev® 4 eru® 4eln?ew® 4elnew® 4 ew® 4 } (25)
while there is an analogous expansion for the buoyancy ®. We can now determine explicitly the

analytical expressions for the inner fields (W, ®) at each order.

A. O(¢) terms

The leading-order equations (24) reduce to the quasi-steady system,
A "
0 0 0 0 0 0 0
(\IJ§,)8X — \IJ;)ay)\If%, = )»832,\115,3), and (\IJ§,)8X - \I/;)By)(@(o) =By (@g,g, —-Ty). (26)

We solve this system in the inviscid limit, A — 0, and so we search for a solution perturbed by
diffusion terms in the form
VO =v® 0@ + o), 02 =0"+10" +00Y). @7

As in Ref. 19, we employ the zero-order streamfunction as the cross-stream coordinate and so
perform the following change of coordinates

XV, T)—> (E=X,S=00X,P,T),t=T). (28)
The system (26) then becomes
O gyO©  _ 0) 0) _
UiyWiyy: =0 and V10, =0. 29)

Note that here, UyS = Uy¥©® = W©. The solutions for W%, and ©!” are expressed in terms of
arbitrary functions

v, =FOs) and 0 =gO(s). (30)
The related diffusive components are given by the equations
0) \1,(0) _ 22y 0) O _ 42 >0 "
lpi.yq"u,yyg = 8y‘pi,yyv Pr\Ili’y®vf =0309;" — T .

Using Eqgs. (30), we get
UgWye = (SyF)s,  PrU©YL = (5yG)s — Ty S5 31)

We now adapt Redekopp’s averaging technique, see Ref. 34. That is, we require that the £-averaged
inner-flow diffusive contribution match with its outer-flow diffusive counterpart. This is equivalent
to matching the secular diffusive terms at the edges of the critical layer. These terms form the mean
fields, the horizontally averaged result from the interaction of the internal wave with the basic fields
(Uy, Ty). For a flow defined by a periodic wave train with wavelength 27 /k, this condition reduces
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to an average over this spatial period. Here, we have then to take the solitary-wave limit k — 0. The
outcome of this procedure is that

0 0
FO - —M( : and g“” + —N( :
Sk ik g koprlk g de
27 J—m/k PV § 2 J—m/k PV §

where M@ and N are constants. When ) — oo, [\Ill.(o), @EO)] are then matched with the outer
expansions,

1 N A1 ,
v® -y, [Eyz T+ A(X, T)] +0, =)y, 00 T, [53}2 + A(X, T)} + 1Y+ 1.
(32)
The matching is facilitated by putting
01 — (1
Uy

Y=Y+ (33)

The outcome is that 7@ = U,, G© = T,'S + constant where M® = 0 and N = 0. Thus, the
leading-order inner streamfunction and buoyancy are given by

1 ,

e/ |:§Y2 + A(X, T)} + constant = U, S + constant, (34)

©) 0 177
OV =00 =TS+ -1, (33)

27,

while the first-order wave speed is given by
T,

=0, - Uy—- 36
1~ VYo7 TO ( )

The validity of the cross-stream coordinate change (33) requires that the secondary mean buoyancy
gradient has no jump, that is TIJr = T,~, with the consequence that the leading-order rescaled

Richardson number J, = T,€!/? is continuous through the critical level.

Atthis leading order, the critical layer is characterized by a zone of closed streamlines, commonly
called the cat’s eye, which is separated from the remaining part of the flow field by separatrices
whose geometry differs according to the sign of A. Further analysis of the flow field within the cat’s
eye needs to be based on an extended form of the Prandlt-Batchelor theorem. This is described in
Appendix A, and the outcome is that the leading-order vorticity and buoyancy fields in the cat’s
eye are given by the same expressions, that is W © = ¢© and @©-® = T 'S + 6, . All quantities
within the cat’s eye are denoted by an additional superscript ©. Further, continuity of the buoyancy
field requires that 7," = T, and 6y = T» — T{z / 2T(;' . Note that the buoyancy in the cat’s eye is not
constant due to the presence of the body term F}, unlike the usual situation, see Ref. 41 for instance.
Indeed, this buoyancy field is convectively unstable in that half of the cat’s eye where T(;/Y <0, an
issue which we shall return to in the conclusion. The cat’s eye has the classic structure, but is not
centred vis-a-vis the critical level (cf. Fig. 2), as the symmetry axis is shifted to y, = y. — €'y,
with ys = T,/ T, . Technically speaking, the singularity located at y =y, in the outer expansions (16,
17, 20, 23) moves to the new level y = y,. Importantly, here our assumption of an infinite period
implies that the pattern depends on the sign of A. Both possible structures are shown in Fig. 2 in the
reference frame moving with the nonlinear wave speed, that is in the coordinates ({ = X — VT, 7).

* A > 0: the separatrix is defined by the value S = S. = Ao, with a saddle pointat{ =0,Y =0
where A attains its maximum A, while both centres are located on A = § = 0 as { = F00.

* A < 0: there is a unique centre at { = 0, Y = 0 corresponding to A = § = Ay, and the other two
stagnation points are located on A = S, = 0 as { = to0.
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FIG. 2. Streamline (solid lines) structure in the critical layer according to the sign of A (¢ = X — VT is the streamwise
coordinate on the axis ¥ = 0 in the frame moving with the nonlinear wave speed). The critical level y = y, is the dashed line
and is located at Y = ys. The wave A(¢) is the long-dashed line for (a) D-wave: A > 0 and (b) E-wave: A < 0, ys = 0.

Following the terminology,* the first critical layer is called a depression, while the second is
an elevation. The leading-order pressure inside the critical layer is given by

18L %)
P:constant—esz+eU0A+-~-.

Thus a depression (elevation) critical layer is characterized by a positive (negative) anomaly of pres-
sure at ¢ = (. The respective solitary waves are then denoted as D-waves, or E-waves, respectively.
The D-wave streamfunction S increases from S = 0 (or S = A for the E-wave) in the centre up to
S =S, then § — +o0 at the edges of the critical layer. We will see later on, in Sec. VI, that for the
E wave, ys = 0.
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B. New strained coordinates

In Subsection IV A, we have determined the flow within the critical layer by using the indepen-
dent variable § = ¥© which gives a first approximation to the location of the dividing streamlines.
But an examination of the next orders of the expansion shows that this definition is incomplete. The
cat’s eye is not strictly symmetric with respect to the level y, = y. — ys €' owing to the distortions
of the mean flow and a better independent variable S, a stressed coordinate, is needed in order to
correctly describe the perturbed geometry of the critical layer. Also, it is necessary to ensure that the
streamwise velocity is zero both at the core of the cat’s eye and at the crossing point of the separa-
trices in the frame moving with the wave speed, properties which have previously been overlooked,
see for instance.’> Thus we rescale the order-e streamfunction S using a strained coordinate S of the
following way:

S =5848p"(S) + e%q)(z)(g) +8209(8) + €18 PW(8) + € p®(8) + 6%82<p(6)(§) + -

(37
where § = €'’In €. The deformation functions ¢” are determined in sequence by ensuring that there
is zero velocity at the stagnation points. It is useful to introduce an analogous strained coordinate Y,
so that

N
S=§Y + A, (38)
Y=V +6Vi(F)+erlr(F)+---. (39)

The symmetry line is thus characterized by ¥ = 0 and the separatrix is then simply defined by
Y, = [2(S. — A)]% where S, = Ay, Dwave, or S.=0, E wave. 40)
In terms of these strained coordinates, we obtain the new expansion:

U=cUS+e2 0P+ e TP + e T + 209 47 I e TO + €2 Ine G + ...
4D

At the next orders O(e*?In€) and O(e’In¢€), using the same technique as that employed in
Sec. IV A, we find that ¥V = by/2YA* and O = T, WD, But then, this order vanishes in
the S-expansion, that is, ¥V =0 and ®1 = 0 since the first-order correction to S is given by
eV = — WD At the next order O(eIn €), we find that ¥ = —bg U(;AZ/S and ©® = —b(z) T(;’A2/8
while ¢® = 0.

C. 0(63/2)

We next consider the terms of order O(e*?). Here, it is now necessary to consider the flow inside

and outside the separatrices separately. For the flow outside the separatrices, the equations for \Ilg,z)}

and ©@ are
Uy(Sydx — Sxan) ¥ = —00 +202w? |

, A "
Up(Sydx — Sxdy)O® + J(¥P, 00) = 9,00 + ?[3%@(2) — Sy =Ty 1. (42)
r

where J( -, ) is the operator Jacobian: dydy — dxdy. Hence, the inviscid vorticity and buoyancy are
expressed by

v, =TSy +0(S) and  ©P =Ty {(¥® — T[Sy1) + GZS), (43)

£ 9rAx, T)
where TI[Sy] = _
Xe SY(Sv X, T)
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The lower integration bound x, is the streamwise coordinate of the cat’s eye core, the centre point
for which x, = sign[¢] oo for a D-wave and x, = V T (¢, = 0) for a E-wave, when the solution is a
V-speed travelling wave.

The secularity conditions and the matching when § — oo yield,

O(S) = sboUyv/2S + U, — Uy ys, (44)

and

1 " "= 3 " nal " —
GA(s) = &5y =Ty Up)28)> + (T = T Uy = ysTy +T,0)S

1, ., L 1, ,
FSGTy ¥+ T = T/ yV2S = o103 + 5115} = Ty + T, 45)

where s = sgn[Y] (S > 0 for an open streamline). Further integrations with respect to ¥ and matching
with the outer flow yield explicit expressions for the corresponding velocity, streamfunction and
pressure fields. For instance, the streamwise velocity is given by

P =Ty S +byG(A, S)+ (U — Uyys)Sy +UP(A), (46)

where  G(A, S) = Uy{A In[A(A, S)] + [S(S — A7}, UP(A) = [boUp(a® + %) —Ty1A,

S

I—

S 1
A(A,S):‘ +)A—0’2, and Sy =Y = s[2(S — A)]7.

Ap
Using the extended Prandtl-Batchelor theorem (see Appendix A), the vorticity in the cat’s eye is
given by

0% = 0y + T, Sy, (47)
while the S-vorticity fields are unchanged, that is
VY =0+ T8y, U3V =0 +1,5y. (48)

Since the vorticity should be continuous on the separatrices, by matching (48) on the separatrix
S =S, this yields the two conditions

0:=0,—Upys and [U}]F = —2byUpYe. (49)

The cross-stream coordinates of each separatrix (up s = 1, down s = —1) are given by Sy(S.)
= sY,(£). We adopt the following notations, f = (f* + f)/2,and [ f]T = f* — f~ which defines
the jump of f across the critical layer. The constant vorticity Q, is the first-order additional mean
vorticity evaluated at the core of the cat’s eye at the level: y. — €'/>ys. Using the appropriate matching

conditions, the second-order mean flow thus possesses a velocity jump across the critical layer
[Ua]* = —=2boUpys Yoo ,

while the second-order wave speed is
| - NG
Cr = Qz + (EU()YS - Ql) Ys -
The separatrix cross-stream location when & tends to infinity, sY takes the following values:
Yo = (24¢)"/2, for the D wave and Y, = 0, for the E wave. Consequently, the D-wave additional
mean flow is distorted. The latter possesses a vorticity jump through y. whose difference from the
unstratified medium case is contained in the expression for by, which now depends on To”( ve). The
D-wave mean velocity has a O(e) jump proportional to J. (€ Ag)'/ 2,
The S-velocity fields are

- U, N . P . .
PP = w4 S—°<p<2> = boG(A, §) + (U} = Upy)Sy + SboUpYaoFs, GO = 0,8y +Uh(A),
Y
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and the second-order deformation of the streamlines is given by
125, (s - 75 -u).
We deduce from matching ¢® with ¢>© on the separatrices that
P9 =3, Gbou(;ymﬂ — 7,5 - 14@)) .

Importantly, we now note the absence of a-jump, that is by[a]’ = 0, that is the logarithmic phase
shift is zero, as expected, see Ref. 29. Next UCH =1, while the matching of @;2) with \TJ;Z’Q)
gives the integration function U4, : U, = bgA* In[A(A, S.)]. The S-streamfunctions are

- 2 s - L - A e~ RN RO
U2 = 370 Sy (A = 5) + boUg[A{Sy In[A(A, $)] - svV28} + 6s\/zs + Yo ¥iSy]

+(U) — Uyy»)S + @@, 1),
- 2 - - - o -
and P20 — §To Sy(A —8)+ 028 +UsSy + D2(&, T),

als =/
with ®@(&, T) = (cj10+ Bi1 — U, + T, — aboys) A* + P10 A* + B*.

The matching of the streamfunction ¥® on the separatrix S = S,, to within an arbitrary constant,
leads to

TA(S,, 6) +CP = 2O (s, £),

- 2
andso r(§, T) = @+ C?, [CUIL = —ZboUpYecS.,
(70t o o
[Baalf =0 and —= — == 4[] =2(2by — T)Y. (50)
b by
The buoyancy field in the cat’s eye is, from Appendix A,
O = Ty (F* — T[Sy ] + sTIo[S) — (02T, + Ty ¥5)S + 62, (51
§) 9. A(x. T
where TIIy[S] = / & ,
x  1Sv(S, T, x)|

such as the upper integration bound £(S) is given by A[£, T] = S. The function I1j appears in order
to make the buoyancy continuous on the symmetry axis of the critical layer. We have now to match
©® on the separatrix. The outcome is that the separatrices are iso-buoyancy contours. Moreover,
we can find the constant in (51)

1 1 , " — 1 . ,
6, = EL(Yﬁo + )+ SULIE =171 3)Yoe = T c@ — <o v; — Toys + T, (52)

and the jump [GP(S,)]T from (43); this last condition provides with a relationship linking various
mean distorted buoyancies at the critical level up to the third order and the nonlinear wave speed V':

1 ,
51 Y2 + y3) — [T]Tys + [T5]T

1= w1 _w ” , " —
= 2[(§T0 —bo)T,, — gTo 15 Yoo 4+ 2(T 1 ys — T9) Yoo — Ty ¥3 Yoo — 2ToV /2| Aol. (53)
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The analytical expressions of buoyancy and vorticity in the cat’s eye, obtained through the Prandtl-
Batchelor extended theorem, show that, to the leading orders, the buoyancy is locked onto the
streamfunction, and if we remove the body forces, the buoyancy and vorticity are constant. Our
expressions are the consequence of the body force terms acting through the equations, plus constants
of integration determined from matchings on the separatrix.

D. O(e?In¢)
The equations for the third-order vorticity and buoyancy are

Up(Sydx — Sxoy)Ws) = Jw, wh) — 5,00 4 12wl |

Uy(Sydx — Sxdy)@W + J(¥®, @)
=JOP vy 4+ j D, v?) — 5,00 + %8)2,@(4) . (54)
The inviscid fields are given, outside the separatrices, by
vy = w05+ FS), (55)
and

— 1 - -
O = Ty { W — ZboArx — T[S0} + VG (S) + GO(S).

Matching with the outer flow shows that 7® = 0 and G = 0. The E-wave vorticity and buoyancy
are singular on the separatrix since S. = 0 but, as in the unstratified case, the singularity is removed
by the replacement of the cross-stream coordinate S with S, which better models the distortion of
the streamlines in the nonlinear critical layer. Further integrations give the streamwise velocity and
the streamfunction. The S-fields are

5 1 5 [ e 1 s
Y= — zbOTO A, U = —EbOTo”SyA, \Ili(4)=1b§YooA*Ys—bo(To S+UNA+DWD(E, T),
3 e 1
oW — 7, (qﬂ“) - 5bOATXfl),
3 ) 7(4) ) 1 7y 7\ Ak 2 Ak *
with @ = -SyU™VE, T), UTET)= Ebo[(ﬂl.l — U, +T)A" + B4, 10xA™ + B”],

@ _l 122_ * _1-2 2
and @7, T) = 2{(bz.z,o+2boya Bi.1boys)A™ + (bu2,0 zbO)A

+(ba2.0 — Ba.1boys)dx A* + by 2,007 x-1 A* — boys B*).
The vorticity and buoyancy fields within the cat’s eye are given by (see Appendix A),

U5y = 04— %boTo//A,
and
O = T (94 - %boamm) + G403,
Next, the streamwise velocity is given by
q’,-(f;}@) = Q48y — %boTo//syA,
where ¢4 @ = ™. Matching of the velocity yields
04=0, [Bii]t = =2boYoo, UDT =UD). (56)
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Hence, we find a new jump for the distorted mean flow,
(U, — T, 15 = 2by(Ty — 3boUy)Yeo. (57)

Matching of the streamfunctions \11;4) with

5 1 s B
Jéo) — Ebg{YmYs — A In[A(A, SONA* — bo(Ty S +UD)A + Bu(E, T)

s 1 1
yields [®@#P]t =0, and $uE, T) = Ebg (A In[A(4, $)] = Y, YoolA* + & 4 C@ |

from which we can establish that
[T1F = —ys(T) 1F, (58)

and that C®* = 0. Matching of the buoyancy is possible if we choose G*®(S,.) = 0. From Appendix
A, we then find that the constant 84 = 0 in Eq. (A7), so that G*®)(S) is just the zero function in the
case of a D-wave, but has a complex expression for an E-wave.

The assumption of weak stratification in the critical layer has led to lesser importance of
buoyancy effects vis-a-vis the vorticity dynamics since the buoyancy intervenes in the vorticity
equation at a lower order than the vorticity. The vorticity and buoyancy are thus effectively uncoupled,
since, at each order; the vorticity is calculated from the vorticity equation, and then, after a double S-
integration, the streamfunction is determined, and then the buoyancy is calculated from the buoyancy
equation through the newly found streamfunction. Terming the critical layer as a weakly stratified
region must be here thus interpreted as a zone where the vorticity dynamics is weakly coupled with
buoyancy, but not a zone where the local Richardson number is small. The latter is indeed defined
as the product of the overall Richardson number Ri by J. As Ri may have a large value, then Ri J,.
may reach values larger than 0.25.

E. O(c?) terms

We next consider the terms of order O(e2). The equations for W) and © are

Uy(Sydx — Sxon) W) = Jw®, w®) — 02 —w? 420208 —Uy),

Uy(Sydx — Sxdy)0® + J(¥®, 09) = J(0P, w?) — ;0@ + %(85@)(5) - %T({Vyz).
Using the variables S and &, in the inviscid limit and outside the separatrices, they reduce to

W), = 0s{W® — T[Sy 1} + Sy(G2(S) — T, T[Sy 1) + FO(S), (59)

and

— - - [ arA
OF = 7w + GPw® — nisy) - 7, [ mats(vf - 22
Xe Y

i LEQY®@ _
-7 / o LS, + G9(s). (60)

0 SY

¢

For the E-wave, these O(e?) vorticity and buoyancy expressions are singular, on the separatrices
as § — S. = 0. As described in Ref. 20, using the cross-stream coordinate § — §$=38 /(€2 1n €)
enables this singularity to be removed in a zone along the separatrices of width §y = € Ine. The
velocity field \il;s), the stream function U® and hence ®® can be found explicitly, where constants
of integration are determined by matching with the outer flow and by using the secularity condition.
In particular, matching the buoyancy with the outer flow yields the diffusion-induced mean buoyancy

1 _
Tina() ~ €5 Bu1Bina Priy (v = ye)?
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”

3 — 1 " l ’
€2 Bur PrifinaTy s + £ To i — 50 VE+ Ty — T3y — yo) + -, (61)

with Bina = (T) ys — Ty ¥2/2 — T,)/ T, , the singular-Frobenius-solution coefficient in Eq. (20). The
vorticity within the closed streamlines is given by

Wy = QO O(S) — To{Is[Sy] — sTlos[S]+ 2} Sy — Ty v Sy . (62)
Application of the Prandtl-Batchelor theorem (see Appendix A) determines
Q5 S) = Uy S + ws(S) + Os.

For the D-wave, ws(S) = 0, while the expression ws(S) for the E-wave is given in Appendix A. One
integration yields the S-velocity

- | . ~ ~ = ~ ~ — ~
By = Uy Sy QA +8) + QsSy = To{MISy] = sTIo[S] = MlsYol + sTolSc]} + T ¢ (5)

H{1bo(B, | +T1) = U T hya(Ty —BIA™ +ho(B, 33 A*+B")) In[A(A. S}l (63)

By
while the buoyancy field within the separatrices is given by

OB = T (T — T[Sy 9@ (8) — sT1y 5[81028} — (02T, + T, ys5)ITo[S]

_ B o, o - B _n & B orA
+ (T Mos181 = 0oy — Ty ¥ — TSy 1) - 7 / Ms($(Wf® = 2= ) dx
X Y

=[5 - . dx -
— T, f (9 = TSy D) = + G9(S). (64)
X Y

To show that @5 is continuous on the axis of the critical layer at ¥ = 0 does not seem ob-
vious because of the presence of two integrals. However, both of them are continuous except
—TI1, 5[8] (&) which emerges from the first integral, but is cancelled by sT Ty s[S]¥©). The
steady-travelling assumption moreover yields a lot of cancellations between both of integrals and
only —s T[Ty s[ST{¥Z(S, A) — M[Sy] — WZ)(S, 0)} remains, one can then show that the reg-
ularity is assured for S — 0.

The expressions outside the separatrices (given in Appendix B) are then matched with the above
expressions accross the separatrices. Matching the vorticity fields yields the relation

Up (T3S0, =526, ) = (95,950, )= 0550, ©)) (P8, €)= FEO (5., 6)) #0.

The moving coordinate ¢ ; of the stagnation point is ¢ ; = O for a D-wave or {; = 00 for a E-wave. It
transpires that this cannot be satisfied, as it would yield a dispersiveless amplitude equation. However,
the horizontal velocity, streamfunction, pressure, buoyancy fields and deformation function ¢ can
all be matched continuously, leading to a complete determination of all unknowns, provided that a
certain compatibility condition is satisfied. This, in turn, then yields the desired evolution equation
for the amplitude A:

2 = 2 - " =1 =
§boTo [(Se +6A)Y oo — (Sc +2A4)Y] — g(To — Ty UI(Se +2A)Ys — Sc Y]

1 — ., o 1_, 3 _,
— 5 2boYoo Ty + 77 I} =Yoo Yoo + 2boU P +T,—T s + 570 Y)Y 0o + ST 1Ty; + U1

| R | S b=
+205W = Ty)y; + 71U Yoo = Uyys + Uy = T = 05 = 255471 Y,

Se _ 3 _n
=R(A) = bO/ IS = ALY, TD) ], dS + 2T ,Ip[S.],
oo [28(S — A[X, TD]>

(65)
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" " "

. _ 1 =72’ 2~ =
with UO(E, T) = [ + b1 + E(T()Ul -U,-T)

1 — /11 =" _y _m NG
+ E(bg — Uy —2abj — TyUy + 2Ty — Ty )ys1A + (a1 + boBa.1)dy A

This is an integro-differential equation containing two integrals, where we note that the stratification
leads to a second integral compared to the homogeneous case.'® The calculation of the term on the
right-hand side yields two different expressions according to the wave type,

L Ax,T) |07 A(x, T =
R(A) = —Yo | by / FlAce, ), AT N0 A& T) o 7 isal fora Dowave,
x AX,T) | Y(X,T)

c

X VAX,T) | drAx, T =
or R(A) =Y, {bo/ K|: ( ):| Ak )dx—TOIo[SC]} for a E-wave,

Ax,T) | Yox,T)

X609, Ar, T
with IO[SC]=/ oA D),

~ 67
v Y, T) ©n

where the rescaled amplitude A and separatrix location ?S are A = A /Ao, I?S =v1-A (D wave)

and ¥, = VA (E wave), and Y, = /2[4 is the maximum half-width of the cat’s eye. The function
F(-, m) is the incomplete elliptic integral of the first kind, with parameter m (0 < m < 1) being
the square of the elliptic modulus (see Ref. 42), and K (m) is the complete complementary elliptic
integral of the first kind, with parameter m (0 < m < 1). We take up a detailed examination of the
evolution equation in Sec. V, and close this section with a brief summary of the determination of
the remaining unknown constants.

The matching of the buoyancy on the separatrix yields the relationship
Up(O9(50. )=05(5.. ) =(8F V(.. )=67 (5., ©)) (PE(Sz. £)= (S, ) # 0
which gives two conditions on G®'(S,.) and G*)(S,):
[GO1E(Se) = Ty [COTE = (0T + Ty ys)(ICPTE + 2TTo[S.])
(G960 + 0Ty + T 3) 9265, )]+ 27 Ty IS 100, (68)
and
GOS8, = GO(S) = Ty € + (02T + Ty y0)C?

+ (Q_(SZ)(SC) + QzT()// + T(;Ny(;)\j"(z)(sc, gs),

which enables the determination of the constant 65 in (A9) and (A10) in Appendix A. GO is thus
completely determined. We also get two conditions on g(;)(sc)

GP(S) =~ 02" — Ty ys.  [GL(S1F = 2T, T 5[Sc1,

which come down to two relations involving the distorted derivatives of D-wave buoyancy to the
second order and the wave speed V:

T =112 (69)
Yoo
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2
" y P " " / ” o
[T, ]i(l - 2y—§) = (Ty Uy — 2boTy — Ty )Yoo — (2T, + Ty yi +2VT,)Y . (70)

o]

The jumps in «; ; and o4, ; are determined by a compatibility condition applied to Eq. (19):

Ui(y) —c1)

” / 00 Ui — el +Ti()
t=p | (22X ! _ 2 1 2(v)d
@l =7 | Qg —ar "t Gy —a Ty —ap )T
+aby (1T = br1.0]*) + (@ + Dboler 017 an
@l = [ 90y -+ abolfual’ )
Y1

where P is the Cauchy principal part of the integral. Note that these jumps [0y 1]7, [ag.1] appear
in the coefficients of the resulting evolution equation. On the other hand, the jumps [b;.1.01, [8.117,
[cl,l,O]J_r and [ﬂd,l]f are determined by matching the streamfunction. Importantly, since all these
jumps are non-zero generally, the term €/>¢y(!) in the outer expansion (13) is not continuous across
the critical layer, and is one reason why the present theory differs from those?®3* which assumed
that this term was continuous.

Finally, matching the streamfunction yields the relationship

WEO(S,, &) = WS, ) = €,
which gives the following jumps:

[Bu2lt =0, [Bun)lt = —2Ba1bo¥. [Bs2lZ =0, [B2]Z=0, (73)

(Boailt =0, [Bpiilt = —2byYs, (74)

=" Pu1 "
T] - Ul ‘|‘0€1.]]J_Fy5 — Z%PV[TI ]fy(g y

0

N =

_, 1=
[,31,2]J_r=[U2—§T2 — c12115 +2bo(B, | — boys)Yoo +
and
4 . 7 e —m " =" ’ ’
[CNE =10, = Ty + OoTy + (Ty = Ug)ysl¥oe + boBbo = To)ysUpYeo + (U115
Using (68), we can get another relation involving the third-order mean buoyancy gradients
)1t 4 ~n _ = ;
[G1Z(S,) = To §(Q1 - Uo Ys — Z]) ~+ 2bo(3by — To)y(S U()

m

2 3 T =" ’ V ’ "
+ §(Q2 + %ys) <2To + bOU() + 3S_>:|Yoo + [Uz]J_r}Sc + 2T() HO,S[SC](DZ(;Y)~
0 c

(75)
Finally, we display the jump of the new nonlinear contributions J,[A]
+ —/ 4 "
[2141]” = (T3 (YooY, = 24 (A4, SOI) + 5T4(S: = A,

and so this critical-layer induced nonlinear term can be expressed as

_, 2
S[A] = T){Yoo ¥y — 2AIn[A(A, SO} + 35T (Se — A)Y.
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V. THE AMPLITUDE EQUATION
We now relate the evolution equation (65) to the simpler-looking evolution equation (1). To
achieve this aim, we look for a travelling wave solution where A = A(¢), { = X — VT where
(76)

VA = —D[A].

A — 0as ¢ — *00, so that (1) becomes
orA =Dx[A] =
(77)

(78)

On the other hand, the right-hand side of Eq. (65) then becomes
-Y) - 7:”0 Yool, for a D-wave ,

R(A) =2V [by(Yx
for a E-wave,

R(4) = VYo(bofK TAG)) - ETAQN - 2T, )
where E (m) is the complete complementary elliptic integral of the second kind with modulus

m = A).
(79)

A. D-wave
S0d% A + Dol Al,

Thus we find that, for the D-wave
1 (Y, + Ya)[Lu(A) + VT, Y. 1
(Y, + Vo)l Lu(A) + OS]Z_VOA_EROAz_

”

D[A] = —-
4 bo — T,
where Ly(A) is the left-hand side of Eq. (65). Since this must hold when A = 0, we can now
determine the constant vorticity Qs
2 , )
/ A | y5 — 4 1 =" ) ="
Os U,—U,ys+=Uyys +— 1 3 [Tl]7Y __b0(3b0_7b)U0Yoo+TOV~
2 4 Y2 2

LU Ay 1
Uo o+ [o 11 UOY

The coefficients and terms in Eq. (79) are given by
17, 1.7
V0=<a—1—-i2 -%—g———) —
3b 3705 9bo bo — T, bO—To
V(.. 1T, 2
T (80)
bO_ b 2 2y5 bo_%
U, 1%, 1%, 1.7,
Ro=4—20 (1404 -0 g0 81
0 bo_f( 9by 3 P2 3%195 ‘1
1 ,
So= 1 Uy (82)
bo — T
and
1 b 47, 27, 27, . 1[I
Dy[A] = 0—_,,<1—a+ b2k 2hg, ) )A*Y
2by— 17, 9by 362 380 2B
I+ UyYs
——{([Olll] A+ ag 11205 A}b——— (83)
bo— T
(84)

YOO= \/2A07

Then, using (76) and (79) with (81)—(83), we find that
(Vo — V)A +4purgA* — uQAY.Y; = xa (Vs + Yoo )03

where Y, = [2(Ag — A)]% )
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417, 2T, 2T, -, 1[T,05 [a.]t

|3
and Q=1-a+—-" Sy - :
Ty T30 352 T 2Ry 2biYa

(85)
. 1 , —n l , _n
while x4 = —ZUO[Oéd,llf/(bo —Ty), n= EbgUo/(bo —1Ty), and Ry = 8ury.

Here, we recall that A = A(0) and A = A/A,. This can readily be integrated once more to yield

xa(0x AP = puYso(l — A){M[zu — Ay — 1] - 2r0[1 +A— i(1 - A)%<z + A)}
nAy |3 5 3

N A 4
—Qa —A)é[a — Az — 5]} (86)
The speed V is obtained from (86) by letting A — 0

14
V= V() + M(?ro — Q)A()

The case by = 1, corresponds to a nonlinear wave whose speed V is arbitrary and for which the
evolution equation does not contain the time derivative. The parameter V; in Eq. (80) is then linked
to ro and €, by the relation 2Vy(by — T ) = bAU{( — 14/5r,). The ths of (86) behaves like A2
around A — 0, which leads to an exponential decay of the amplitude at || = co. We can transform
(86) by introducing the new variable ¥, = (1 — A)Y2, so that

N 4 bY. . 5 Q . 52 Q., 3 5Q
TP =~ °°°<Y3 2P - 2 E P 2 ——). 87
(0xYy) 5r0[0td,1]f T+ S(ro )Y, 4(5 + Vo) .+ 2 + 87 87)
This leads to a degenerate elliptic integral
F. dr e
=+—, (88)
/o Nso(r —r)1 —r) %o
5 [Otd 1]t % 3 5 Q .
h = |— d = - - =——, d — .
where ¢ 7 b(z)r()Yoo r 278 and so = sign[rp]

Note that [ocd,l]J_r is always strictly positive (cf. Eq. (72)). If so = 1, then we require that r; <0, or
Q/ro > —6/5, and then

A

A=1— (1 —(- rl)sechz[argcosh[(l )i+ %(1 ) |%|})2. (89)

On the other hand if 5o = —1, then we require that r; > 1, or Q/ry < —14/5 and then

~

A=1-— (1 — (- l)cosechziargsinh[(rl — i+ %(r] — 1)%%”})2.

(90)

Note here that the term in the argument of cosech is never zero, and so this solution is not singular.
Also, this case holds when ry < 0, which in turn requires the condition s) = —1 or

" 4 " =H - "
3U02+§£ QT, -50)+ 7% <O. 1)

This condition is not realizable for an unstratified flow, but for the present weakly stratified case,
.. . .. . 1/4

it is not as stringent. For both waves, the wavelength is inversely proportional to A,"". From (86)
when A = 1 (the maximum amplitude A = Ay), or directly from the solutions (89) and (90), we see
that there is a slope discontinuity at ¢ = 0, thatis dA/dX(¢ = 0%) # dA/dX(¢ = 07), unless r| =
0 when the solution reduces to

A:l—tanh“{%%}. (92)
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We note that if Eq. (87) is twice differentiated with respect to X, and we replace Vdx A with —d7A
then we obtain the KdV equation

Yor + VopYex + Rop¥¥sx + So.n¥sxxx =0, (93)
with

3 4
Rop = gRvo, So.p = =280, and Vo p = Vo + glﬂvo-

However, this KdV equation cannot be obtained directly from the unsteady Equation (65). Instead
is a “toy”’-model equation which can only be used to infer the effects of unsteady behaviour.

B. E-wave

For the E-wave, we use (78) to characterize the amplitude Equation (1) by
ALy(A)

D[A] = — - - —- %94)
Yo(bo{K'[A] — E'[A]} — 2T )
Again, assuming a travelling-wave form, we get
| SO T, R S . -
EV{K [A] - E[A]} — Vb_ — VoYs + 2boUyroAgAYs — 1 YoA = xqaYo0x A, 95)
0
. Al . 1 4z 1 .
where here ¥, = [A]2, while x4, = —Z[Otd,l]_/bo, X = —Z[Olz,ﬂ_/bo,
| P
and Vy) = =— —(UO —76 )y5+U2—T2—Q5 .
by [ 2
This can readily be integrated once more to yield
) A [16 . . 166y . T -
dxAY = ————| —broYo ¥, A — TA+ — VoY, 82V
(0xA) [Otd,1]+|:5 oroYo [o1]T 37, Yo
8 byV T T
+5 o= (1 + ADETAI - 24K [A1 - 1) |, (96)
3 YA

where we recall that Yy = (—2A0)"/2. The fifth term inside the large square bracket is O(AIn A)
when A — 0, which is consistent when the nonlinear wave has a finite X-period. But for a solitary
wave, where dy A ~ O(A) as A — 0 is needed for exponential decay in the tail, we must set the
nonlinear wave speed V = 0. The same argument leads to V;; = 0, which thus determines the constant
vorticity Qs

| R -
Os =Wy =% i+ U, — T, 97)
The requirement that |[A| has a maximum at { = 0 leads to
16
[ 1]t = ?béroYo- (98)

Next, we rewrite (96) with the variable f’s to get

/Y“'L _ .t ©9)
L s —Dr &
[ag1]t

e 117

where ¢y =2 and so = sign[ro] .
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A solitary-wave solution requires that 5o = —1 (rp < 0), and then we get that

N 1

A= sech4[—£] . (100)
24

Note that this is a more localized profile than the KdV-solitary-wave profile sech?, and it has a

wavelength inversely proportional to |Ag|'/4.

As for the D-wave, Eq. (96) can rewritten with the variable YS, with the time derivative restored,
but with V, =0,

?S,T(z{E’[A] — 1) - ?31([/3]) + S0 V4P xxx + Rop V3 Pux + VorP P x =0, (101)
with
lag 11T U, 6 1 [o;1]F U, 2
Sop = —1=20 /2[Ao| = 48y, Rox = < RoAo. Vo = ZL,," V214l = =3 Rodo.
by — T, by — T,

Here, Ry and Sy here refer to the values of the D-wave coefficients (81) and (82). Again, this equation
cannot be derived directly from (65), and is a “toy”’-model which could be used to study unsteady
effects.

The travelling-wave assumption leads to a stationary KdV equation whose solution is (100). The
condition sop = —1 requires that the constraint (91) be satisfied. It is a less restrictive condition than
the equivalent Rossby wave inequality (8/9 B < U(')/ < B). We examined this condition for various
velocity and buoyancy profiles for which Tjj(y.) = 0:

(1) Consider a mixing-layer buoyancy profile of the form

1
To(y) = S{(1+ Br) + (1 = Br) tanh{(y — vl + vy — yo) 1k (102)

with a buoyancy scaled by its value at y — 400, B being the buoyancy ratio between both streams.
With g7 < 1, the buoyancy gradient T(;(y) is positive for y sufficiently far from y.. The related
velocity profile is then

1
Uo(y) = 5[(1 + Bu) + (1 — By) tanh(y — yo)].
The condition (91) is then equivalent to

(1 — By)* tanh*(y, — yo)sech*(y. — yo)

32 5= pr) 40
EVZ% cosh*(y. — yo) + (1 — ,37)[3)/ tanh(y. — yo) + 1] < 0,

which implies that necessarily

9

tanh(y, — -

y tanh(ye — yo) < 0

If y. is above the inflexion point y, of the velocity field, then y < 0 and y, is a local buoyancy

minimum, and if y, is below yy, vice versa. Not all buoyancy profiles are possible; the existence of
a real parameter y satisfying the preceding relation leads to the condition

7(1 — By)* tanh*(y. — yo) > 18(1 — Br) cosh*(y. — yo), (103)

which restricts the (8, B7) domain to (1 — 8y)%/(1 — Br) 2 17.357, characterizing small buoyancy
differential streams. Figure 3 displays the evolution of the buoyancy with the height y. When the
above inequality is true, a y-range exists for which the profile (102) allows for the propagation of
E-waves and D-waves of the second kind. Here, the figure gives the profiles Ty(y) for By = —1,
Br=0.9,y. —yo = —1.1 and for several values of y, the range that allows for so = —1 is located
around y = 1.94 and 3.23. An adverse shear is favorable to their propagation; indeed, as By increases,
B approaches 1. For example, when By = —1, (103) is satisfied as soon as 87 2 0.770 and when
Bu =0, only for B > 0.943.
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FIG. 3. Profile To(y), ye = —=1.1,0 =0, Bu = =1, 8r=09. (- -y ==-1, (- )y =0,y =1, (——-)y =194,
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(2) Consider the finite-depth waveguide buoyancy profile of the form

To(y) = [y—tanh(y — y.)]/[y2— tanh(y2—yc)], Br = [y1 — tanh(y; — y.)]/[y2 — tanh(y> — y.)],

with the same velocity profile as above. This second profile only satisfies the case so = 1 for
y2 —tanh (y2 — y.) > 0 (% (y) > 0, forall y; < yp < y2).

(3) However, the profiles that satisfy locally around y,
2

1 " ! 1 "
To(») = 3% n*,  Uo(y) = co+ Uyn + 5 Uon

satisfy (91) provided that
9U,> + 8% % < 20% Uy,

which implies that U(; 7;; > (. This corresponds to the case where buoyancy opposes to dynamics
in the coefficient by = (U(/)/ - }_;”) / U(;. More exactly, the ratio U(l)/ / 1_; is bounded by

”

1 Uy 1
50— 23/7) < 7 <50+ 23/7).

Figures 4-7 display the streamlines, isovorticity, isobar, and iso-kinetic energy contours for
the D-wave and E-wave critical layers computed with expansions to the second-order. To the
two first orders of the expansion, an iso-buoyancy contour is identical to a streamline, highlight-
ing the lock of buoyancy onto the streamlines. The local Richardson number is always negative
in half of the critical layer. Indeed in the core, at the leading order, the buoyancy varies as ©
= T(;/S + 6. In these examples, the buoyancy decreases in the lower half of the critical layer. The
D-wave separatrix possesses a very flat slope at { = 0 as observed in a finite-period wave critical
layer.!”-2% The D-wave speed V is chosen zero. The streamlines vary with the nonlinear wave speed V
only from the order €2. The buoyancy varies with V from the order €¥/2. If V = 1, the buoyancy value
on each contour in Fig. 4(a) slightly increases of a few percents with respect to V=0 and becomes:
6.19,4.22,2.25,2.16,1.87,1.49,1.10,0.728,2.25,4.20, and 6.17. The D-wave cat’s eye possesses
a positive pressure anomaly around the saddle point whereas the E-wave cat’s eye possesses a
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FIG. 4. (a) Streamlines and (b) iso-vorticity lines for a D-wave nonlinear critical layer whose numerical values of the param-
etersare: Uy =2,Uy =Ty =1, T, =05,U, | =02, U7 = —05,y; = 0.8, fj, =03, ¢,y =04, T, F = 0.1, T,*
= T;r =0, 60=02, 1 = —1, ¢p = 1/2, V =0 (solitary wave-like solution parameters, see Sec. V), and €
= 0.002. The streamlines are iso-buoyancy contours whose buoyancy on each contour is, from the bottom to the
top: 1000 x ® = 6.08,4.12,2.18,2.11,1.82,1.47,1.08,0.697,2.18,4.17, and 6.15. The cat’s eye is thus cooled with
respect to the zone outside the separatrices. The vorticity value on each contour is from the bottom to the top:
1.89,1.91,1.935,1.943,1.95,1.96, 1.98, 1.986, 1.994,2.02, and 2.04.

negative pressure anomaly around the centre point. The iso-vorticity lines within the cat’s eyes
satisfy ¥ = constant; so they are quasi-horizontal for both waves. We can do the same remark for
the iso-kinetic energy lines; indeed, they are at the leading-order given by ¥ = constant outside and
inside the cat’s eye.
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FIG. 5. (a) Streamlines and (b) iso-vorticity lines for an E-wave nonlinear critical layer whose numerical values of the

’

parameters are: Uy =2, Uy =Ty =1, Ty =05,U, ; =U; =02,y5 =0,841 =03,c/,1,0 =04, T, =0.1, T, = T3
=0, 6y =0.2, £o = 2 (solitary wave-like solution parameter, see Sec. V), and € = 0.002. The buoyancy on each contour,
from the bottom to the top is: 1000 x ® = 4.36,2.373,0.399,0.197, — 0.203, — 0.603, — 1.00, — 1.40,0.399,2.372, and
4.33. The cat’s eye is also thus cooled with respect to the zone outside the separatrices. The vorticity value on each contour
is from the bottom to the top: 1.87,1.90,1.92,1.93,1.936, 1.944,1.95,1.96, 1.97,1.98, 1.99,2.00, 2.01,2.03, and 2.05.

C. Constant-shear flow

We conclude this section with the case of a constant shear flow, Uy(y) = co + U(,)n, and a
quadratic buoyancy profile, Ty(y) = T(;/n2 /2. As for the unstratified flow, the second-type D-wave
and the E-wave are not possible here since the condition so = —1 is not satisfied. In this special case,
all coefficients can be nevertheless found explicitly. We thus obtain for the 5o = 1-D-wave:

bo = —T3 U
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(b) ¢

FIG. 6. Isobar lines P = P + gL /Z/{zn = constant for (a) D-wave and (b) E-wave with the same numerical values as for
Figs. 4 and 5. The pressures are from bottom to top: 1000 * P =, D-wave: 0.742,2.44,3.94,5.32,6.11, 6.41, 6.75, 6.94, and
7.08; E-wave: —7.89, —7.85, —7.81, —=7.79, —7.44, —7.06, —5.50, and —3.99. The three closed contours have the following
pressures: —7.79, —7.85, and —7.89.
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FIG. 7. Iso-kinetic energy contours in the plane (&, Y) for (a) a D-wave and( b) an E-wave with the same numerical values
as for Figs. 4 and 5, except that € = 0.01. The energy (x100) are from bottom to top: D-wave: 7.35, 3.69, 1.84, 0.369, 0,
0.369, 1.84, 3.69, and 7.41; E-wave: 7.27, 3.69, 1.84, 0.369, 0, 0.369, 1.84, 3.69, and 7.48. The patterns are not symmetric
with respect to the ¢ -axis. The motionless particles are located on the axis ¥ = 0.
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The singular mode can be then analytically expressed in terms of the dimensionless coordinate
o=2 |7:’0 n|'/? and the first-kind Bessel functions J;(-) and Y;(-):

¢* () =0lAT Ji(0)+ BTYi(0)], if T, >0,

¢~ (y) = olA™ Ji(io) + B Yi(i0)]. (104)
¢t (y) = 0 [AT Jiio) + Bt Yi(io)],  if T, <0,
¢ (y) =0[A Jilo) + B Yi(0)]. (105)

The dispersion relation (between o(y;) and o(y,)) can then be found straightforwardly'® since the
Rossby modes and internal modes are in this simplified field, strictly identical. The outer-flow
streamfunction can be also expressed analytically.'”

VI. CRITICAL-LAYER INDUCED WAVE MEAN FLOW INTERACTION

In this section, we will determine the growth rates of the mean streamwise and cross-stream
momenta, the mean buoyancy, the mean kinetic energy, and the mean potential energy at the critical
level. This is achieved by deriving the x-averaged momentum and energy equations in the outer and
inner flows, and then equating the jumps of the mean vertical flux of these different quantities in
both flows. We will thus obtain the time scales of the critical-layer induced mean flow and mean
buoyancy. The outer-flow approach is valid for A = O(1) but the calculation using the inner flow
assumes A < 1.

A. Mean-flow acceleration

We recall that, to shorten the notation, the mean flow is defined at its critical level, so that for
instance, T = T;(y.) and Tl/ = T,(y.). The outer-flow averaged x-momentum equation is, in the
reference frame moving with speed c,

9 (u) = =9y (uw) + %3_\2,U + Fy — (px) — 2(uuy), (106)

1 " "
where EaiU +F, = E%/R[Ul(y)—i— G%Uz(y)_;_...],

and in this section, ( - ) denotes the mean over the streamwise coordinate x for constant y. Usually, in
wave mean flow interaction theories, the two last terms are omitted because they involve derivatives
with respect to x. However here, the flow contains secular contributions proportional to A X, generated
by weak viscous and thermal diffusions. Thus, their averaged related X-derivatives (dx) are small
but not zero. In the critical-layer theory, all leading-order averages are proportional to A. The two
last terms in (106) cannot be thus neglected and are in general of the same order as the cross-stream
gradient of the averaged vertical flux of the horizontal momentum. The calculations are performed
using the deformed critical layer in the strained coordinate S system, but the tilde is omitted further
for simplicity. For the same reason, most details are omitted, and the results are then as follows.
Taking the integral of (106) over the critical-layer width §.; between yg; and yp, where

1 _ 1

YB1 = Yo—ys€2 —8a/2 + €(Yy )+ -+ and  ypr =y — Ys€Z + 8 /2+€(YS )+ -,
corresponding to Yp,, = £8./(2¢'/?). Noting that it can be shown using (39) that (¥, ) = 0,
(Yzi) = byS, — To 831/(86), and assuming that €2 8, <1, we get that

Y82 6% , 1
/ ) dy = ~ () + SO0+ 000+ B
YB1

yB2 1 yB2
/ (pu,X>dy_2)"€Z/ (uuy x)dy.

yB1 Y1

ESE

— A€
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107)

YB2

The jump [¢]3,, of the quantity g is defined by

| +
[q12 = q(y2) — q(ym1) — [qLL
while the integral of the same inner-flow quantity Q

Yo

- oyar = (012 — [Q15) — (015,
Bl

where [q]i “ is the g-jump through the critical-layer axis of symmetry located in y, = y. — yse'?

+ o(¢€). The two last terms at the r.h.s are the jumps of Q through both lower and upper separatrices
Sy and S,. Each leading-order contribution in (107) of order €”* cancels except the x-momentum
jump, and the result for a D-wave is

VB2 , 7 1
[ oty = patisaet + 0(e¥). (108)

YBI1

’ B
where  — [(ww)Rr = Ae U Buan + 1D = AaUpduet
YBI

The matching of \11(2) = B,.1 on the separatrix with \IJ(Z’Q) ,BSD | yields: ,BU = ,3:” | = B, Intro-

ducing fY uw)ydY derived from the averaged inner-flow x-momentum equation into (107), we
obtain a new expression for the growth rate

R () A [<uw>]§%f+%[U1<y)+e%ug<y)+ e

YB2
f 8, (u) dy = [(uw)

YB1

v . Ypo . YB2
—)»64[(‘I"YY)]y2f - 5/ deY—AGZ/ (pvx)dy
Y,

Bl YB1

ENI®)

Ypo L [YB2
+Ae / (pv.x)dY — 2Ae% / (uuy x) dy
Y1 yB1
. Yp2
+2re™ 4 / (WyW, xy)dY. (109)
Ypi
Using the continuity of w, = —W, , in the viscous boundary layer along the separatrices, we find
no mean x-momentum flux jumps through the separatrices, so that [(uw)]3! s1f [(uw)]ﬁ%f = 0. The

calculation of each contribution in (109) can now be found explicitly, and the final outcome for a
D-wave is

VB2
f B (uydy = —A[UTret + o(xe‘%) — 20 boUp Yoot t + 0()»6171) : (110)

YB1
As (u) is given by €!/2 (U; — ¢;) at the leading order, the time scale 7 is

b,
T =reit =AT, 0y[Ui(yeT1) — c1(1)] = kpy = —OUO, (111)

where 1 « 0 = 84/[2Q1A¢l€)?] « €2, o is a geometrical constant whose value remains
undetermined by the theory of the nonlinear critical layer. This slow time is the time scale given in
Refs. 18-20. However, the outer-flow diffusion, the horizontal gradients of pressure and kinetic
energy were omitted in those papers, but are taken into account here. For ¢y > 0, the mean flow
is accelerated if U(; > TOH; this is essentially the same criterion as for a Rossby-wave nonlinear
critical layer, the ratio of the second derivative of the buoyancy over the velocity shear at the
critical level playing the same stabilizing rdle as the rotation gradient 8. The time 7, is faster than
the viscous time scale #R; introducing body terms related to vorticity and buoyancy prevents the
mean flow from damping over the latter time. In the slow process of the critical layer formation,
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as the stratification level is weakening around the critical layer, the modal equation simplifies into
" () + (Ty — UY)/(Un¢(n) = 0. By analogy with the stability of a shear flow in the 8 plane,
the analysis of the flow closed by the separatrices yields that this remains linearly stable since the
constant 7' — U does not have an inflexion point. The mean flow within the diffusion boundary
layers evolves with the even smaller time scale Tpp = € T; < 7 in the quasi-steady assumption
where € < Tpp < | as shown in Ref. 19. Moreover, the leading-order buoyancy gradient Tl/ (y.) also
evolves with time 7, see (36). We can now define the critical-layer thickness 8, so that the growth
rates defined by (108) and (110) are equal, and so

ﬁv,l .

o

(112)

We here see all the interest of having a O(e*?) viscous outer flow. The coefficient f,, | related to the
singular Frobenius solution is a free parameter of the problem which cannot be taken equal to zero,
whose sign is the same as by’s but whose magnitude must be far less than |by| so that the viscous
critical layer may not interfere with the nonlinear one. We easily deduce that the velocity growth rate
ky = Bu.1 U(;; the acceleration only depends on the shear and the amplitude of the leading viscous
flow.

For the E wave, the cat’s eye quantities, for instance (P%y), (¥{,,) and (W) are very
complex but are not needed, since on average the cat’s eye thickness is zero, that is (Yj)
= Y5 = 0. Moreover, the different mean-flow jumps are zero as well, that is [Ué]J_r =[U {']J_r =0..
(with Uy(y) = U, 1(3)), so that for an E-wave

YB2
/ d(uydy =0,Ure8,=0. (113)

YB1

Thus for an E-wave, the mean flow is not accelerated. This result seems to be general for E-waves,
since we also found the same result for a Rossby solitary wave.?’ Moreover, we deduce from (108)
that 8, 1 = 0.

Next, it can be shown that the mean-vertical-velocity growth rate given by

1
B (w) = (6) = ,(p + w*) = (ww),) + 7 (OFw),

is O(A?), the two last terms being O(A\?), that is

[ away=0(2¢) ma [Tondy =1+ uing. (114)

YB1 YB1

Since (w(y)) > —AB,.1¢,(¥)e”/* + O(re®/*), if B,.1 is chosen constant, o will vary as slowly as by,
the leading viscous term then evolves with 7 pg, but the time scale is given by the second-order term
which evolves faster with t,, so 7,, = t;. The vertical mean motion is then negligible with respect
to the horizontal mean motion since (u(v,))/{w(y4)) = O(¢'/* R).

Finally, the x-averaged mean vorticity outer equation

1
(@) = —(0:) = 8, (wo) — (o)) + 7 (0}o)

yields the mean-vorticity growth rate

/”2 0 (a)) dy = ——[T”] 1 |—1 8" | H (115)
= n gl €4
YB1 ' Y Pr b= 2 l

Though the mean-vorticity evolution is favored by the buoyancy/dynamics coupling through the
mean-buoyancy distortion [Tl'/]f, this growth rate is slowly evolving at the slow time scale
A/ Pre>*|1Inelt, which is far slower than the critical-layer homogenization time* (A/Pr €3/*1).
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B. Mean-flow heating
The outer-flow x-averaged buoyancy equation is
I
9,(0) = —0,(0w) — ((Bu)y) + mayT + Fp. (116)
Integrating this equation over the critical layer between yg; and yp,, we get that

yB2 1 yB2
/ 0,(6) dy = —[(wO)2= — Ac f () x) dy
YB1

YB1
1
S iy iz 117
+m[ W +eL)+.. 150 . (117)
The critical-layer induced heating given by the outer flow is therefore
YB2 A =" an 1 " 2,0 13
00y dy = —22-T, ([Tl I+ + §/3,,,1PrTOayc,o|)a Y. (118)
YB1 r

We deduce that the buoyancy time scale is Ae”*¢if (9(y ~ y,)) ~€'? T|(y.). However, this disagrees
with the corresponding calculation for the O(e'"*) potential energy (see Sec. VI D), yielding a
time scale of order Ae’*t. We deduce therefore that T} (vc) = 0, and consequently (B(y ~ y,))
~ (6 + TONY 2/2)e, while the integrated mean buoyancy growth rate is hence fyy:f o (0)dy

= €9,T» 6.1, where the contributions due to Tl/ cancel, and then the potential-energy growth rate
scales like (d,e,) = O(e">*). The buoyancy time scale is then the diffusion time
t

, Y| ,
n=o with 0B =kr == (115 + 3B PrTjoY)oYe.  (119)

This is slower than the velocity time scale, and so the O(e) mean buoyancy plays a weaker part
in the critical-layer dynamics, and evolves over the thermal-diffusion time scale like a passive
tracer, whereas the O(e?) buoyancy gradient T, (y.) evolves with ;. The growth rate of € T>(y,) is
proportional to the wave maximum amplitude € Ay if we assume a jump [Tl”]ir = Y as we see later
on. Thus, the critical layer heats if the jump [Tl"]lL satisfies the condition

(7,15 1

TO,, + §Prb0Yoo < 0. (120)

Equating the heating rate (118) with this given by the inner-flow buoyancy vertical flux

VB2 =// 1 -
/ 8,(0)dy = {To {[T{’]J_r[z(l —1n2) — 20%] — [Ty — (T))*1¥a0} Yoo

YBI1

1 1+ 1 " VAR .2 ’ " 3 [Tl//]i_ B
= Prpu (U T Yook 5113 (T PIVZ AT 37 + 260bo In2 4+ Th =T w5 = 37) [ Ye 7,
(o]

(121)

gives a relationship between Z/l/ and Zz- The background fields (Uy, Tj) being given, we now need
to determine the jump of the second derivative Tln (which depends on Z’]/ ). The jumps of the mean
fields [¢]T are given by the matching on the separatrix but the means g are determined by studying
the diffusion boundary layers, similarly to our study of the Rossby-wave nonlinear critical layer.'®
We do not then know so far the values of Z{ and 1’2. The diffusion boundary layers emerge as a
slow diffusion of the critical layer. Their width then follows the law of the viscous diffusion length,
that is, §pp ~ €'/2, /71, see Fig. 1. We can hence assume that the critical level slowly moves within
the diffusion boundary layers according to the relation y. = y. o + 2el/ Zﬁ k (€, 71), see Refs. 18
and 19, in the quasi-steady régime. As a result, the critical-layer flow also evolves with a third time
scale, a very slow one that characterizes the evolution of y,, that is 7 g, since all Frobenius series
terms: by, by, 2, ap, 2, - . . are functions of the background flow and buoyancy evaluated at y.. Finally,
the actual axis of the critical layer located at y, = y. — €'?ys 4 o(€) varies with the time scale €’
=T).
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C. Mean kinetic energy
In dimensionless coordinates, the total energy density of the system: wave + mean flow, is
2
R_i) ,

where the first and second terms are the kinetic and potential energies, respectively. The averaged
kinetic-energy equation is, in the outer flow,

1 2
e =et+e,= E(Iul +

1
d;(ex) = (Bw) = 3, ((p + e)w) — ([(p + ex)uly) + E(M&fu) + (k). (122)
The kinetic-energy growth rate derived from (122) is
B2 1 1 ) , .
f 3 (ex)dy = A (E[U] 1Yo + ﬁv,,bo(gaz +oln2+ 1)U0YOO)UOUY020 €, (123)
YB1
while the kinetic-energy growth rate resulting from the inner-flow energy vertical flux jump is

YB2 1 ” 1 =" ’ ’ 13
[ et dy = 1 (S0 + 3o+ 27 UY U2 € (124)
YB1

This can now be equated with (123), so that we may obtain the jump of Tl/' after using (57), as a
function of the background field

2boY 5
o2 —1

, , 2 8 1
(71" = (To(l —0? 4 507+ bU(Go  —oIn2 — 4+ 3a*‘)). (125)

Note that

yB2
as Yy Xy, / 3z, (ex) dy ~ O(€?).

YB1
For a solitary-wave perturbed flow, the mean-flow kinetic energy is equal to the mean kinetic energy,
so that the mean perturbation kinetic energy is zero and

yB2 yB2
/ Uo,Udy = / 07, (ex) dy .

YB1 YB1

Equation (125) shows that [Tl”]J_r depends on tpg, consequently ZI{ and [TZ']J_r vary with 7| and 7 pp
(cf. Egs. (58) and (69)). Eq. (121) then reveals that Té(yc) depends on 7, 7, and t pp. The buoyancy
profiles 7' (y) and T»(y) thus obey complex equations in the diffusion boundary layers, since T/ (y) is
forced in the critical layer over the time scales 7, and 7 pp through Tl/ (y¢) and Tl”(yc), and evolves
on 7 pp in the diffusion boundary layers, whereas T»(y) is forced by the critical layer over the time
scales 5 and tpp (T>(y.)) and, t1, T, and Tpp (TZ'(yL.)), and diffuses on the time scale 7 pg. We will
not display these evolution equations, being beyond the scope of this present study.

D. Mean potential energy
The averaged potential energy equation is, in the outer flow,

1
PrR

This leads to a critical-layer induced potential-energy growth rate

0 (ep) = =0y (epw) = ((epu)e) + Ri™ (= (0026) + (O F)) (126)

YB2 P 1 . , | Ry
[ ate ay =g [T1ET0 52 = 3T — ) - 5o r20orE
YB1

1

=3

moa 2 mns an " , €
H00lTy 37 = ST Y2 = 2T yys — TyloYe T (127)
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which leads to a potential-energy growth rate such as 9, (e,) = kp € with
:81),1

Kp = Pr—{TJ[lTJ/y? - l(T'{ya —Ty) - l(TJfUZYz lo*Y;
2Ri 10 3+ =5 o

PP , ,
+600lTy v} = (T Po*Y2 = 2Tys — T}

The expression for kp is too complex to be exploited analytically since it nonlinearly involves
the mean flow and buoyancy U(;, U(;, T(,”, TOW, Tl/ and 75, the parameters o, Pr and the wave
amplitude Y. For ¢ — o0, the growth rate greatly simplifies kp = —2by/(SRi)Pr T()”(TO”)203A2,
and becomes proportional to the square of the wave maximum amplitude and whose sign is that of
—by TO”. Equating (127) with the growth rate obtained by the inner flow gives a relationship between
Z,N, Z;, 1,3, U '{, and U /1 We will not display this second expression of the growth rate because it is
too long.

The rate of transmitted energy is, at the leading order, the jump of the averaged vertical flux of
the total energy and pressure

e = [((ex + ep + pIw)I7.

The sign of T usually yields the energy balance inside the critical layer, but 7 g cannot be used here
due to the presence of the secular terms in the nonlinear critical-layer theory, where instead we use

yB2
KE=/ 8,<ek+ep>dy.
YB1

If kg > 0, then the critical layer absorbs the total energy carried by the solitary wave and transmits
it to the mean flow and buoyancy. As the potential energy is negligible, indeed

/‘)‘Bz ( ) yB2 €
dle)dy/ | ot dy=0(5=).
YB1 g YB1 PrRi

we can predict an absorption of energy using (123) alone, so that for absorption, we come down to
an inequality involving only U(;, U(; , T(;/ and o, independently on the wave amplitude:

140 |

135}

u2
ul

130
125 |

120 |

FIG. 8. Ratio u1/u; as a function of 0.
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FIG. 9. Diagrams of the locations in the space (U(; U(I]/ / T(;' — 1, o) where the critical layer heating occurs through the relation
(129). The different zones correspond to: (1) by > 0, T, <0, (2) by > 0, T, > 0, (3) by < 0, T, <0, and (4) by < 0,
T(;/ > 0. Figure (a) displays the case Pr = 0.71 and Fig. (b) Pr = 4; the critical value of Pr which divides both diagrams is
Pr=0.982. The vertical line passes by o = 1.323.

Wy = Ty [11(0)Uy = 12(0)T] < 0, (128)

with

1 1 1 1
pi(o) = 502 +(n2 =)o+ 1, pa(o) = 502 +n2+ Do+ 1 1< p < p
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The inequality (128) yields the basic condition for a kinetic-energy absorption:

1<% gy
T() M1
that is to have a small parameter by, or equivalently a weakly singular critical layer. Indeed, Fig. 8
displays the ratio u,/u1(0). As o increases from one, u,/p varies relatively little, the bounding
range slowly shrinks to zero: for 1 < o < 10, 1.176 < uo/ul < 1.441. The value of ¢ giving a
maximum-range is o 2~ 1.732. This kind of critical layer therefore favors a loss of kinetic energy by
the mean flow. In the same way, the heating criterium (120) yields a similar inequality containing in
addition the Prandtl number

U,U,
bo[Z( 0~0

8 1 1 2
. —1)(—02—01n2—4+—a_1)+(c72—1)(—Pr—1)+—c7_]] <0. (129
1 3 3 3

3

Figure 9 shows that there still exists an infinite region in the plane (b U(;Z / TOH, o), whatever Pr and
the signs of by and TOH may be, so that the critical layer may heat or cool. However, this region
changes shape and size according to these parameters. Both curves in the diagrams change curvature
at the critical Prandtl number Pr = 0.982. If we are in the case, for example, where by > 0 and
T, < 0 for Pr < 0.982, then the critical layer heats if the point (boU/*/ T, o) is in the region 1 in
the Figure 9(a). However, if we are in the case where by > 0 and Té/ > 0, then this point must be in
the region 2.

The evolutions of the mean flow and buoyancy are thus stringently related to how high streamline
and iso-buoyancy line distortions are, for the above growth rates depend on the jumps: [U { 1%, [Tl//]f
and [U f]f. Though E-wave distortion is higher than D-wave distortion, the former is restricted to the
zone within and around the cat’s eye, and thus concerns only the wave-like flow, function of A[X, 71,
but not the induced mean flow. Indeed, rapidly away from the cat’s eye, E-wave distortion vanishes
(as A decreases) and on space average, the E-wave critical-layer induced mean flow is not distorted
and the shifting ys = 0 (for the E wave, after Eq. (36), c; = 0). As a result, E-wave mean flow and
buoyancy are steady in the asymptotic quasi-steady state régime and equate the basic profiles of
velocity and buoyancy, U(y) = Uy(y) and T(y) = To(y) (U1(y) = U, ). Finally, the E-wave local
rescaled Richardson number is O(¢), namely J, = TZ' / U(;z €.

The long-wavelength neutral and singular internal D-mode has thus an opposite effect on the
mean flow with respect to the internal neutral mode'® !” for J, > 1/4. Mean flow kinetic energy decays.
The solitary wave conserves its energy, as is gradually lost by dissipation over very long times. This
particular neutral mode behaviour can as well be brought out in the interaction between a vortex and
a vortex Rossby neutral mode. When a vortex supports neutral or nearly neutral asymmetric modes,
the circular vortex is weakened. The energy is trapped in these modes, then is gradually lost by
diffusion. On the other hand, stable asymmetric modes decay, which leads to an axisymmetrization
and intensification of the vortex.** In another example of wave/mean flow interaction, the variability
in the global upper-tropospheric flow fields can be explained by the presence of a tropical westerly
anomaly: the tropical axisymmetric mode (TAM). TAM is essentially identified as a near-neutral
mode of the zonally symmetric atmosphere and is associated with the weakened Hadley cell.*

VIl. CONCLUSION

In this study, we have described explicitly the strong interaction of a free internal wave with a
stratified shear flow when a critical level singularity appears in the linearized formulation. The critical
layer dynamics is fully nonlinear and analyzed in the inviscid limit, appropriate for geophysical
flows with a high Reynolds number. We assumed that the flow is quasi-steady, and made a long-
wave assumption, Crucially, we have assumed that the stratification is weak at the critical level. As
noted, nevertheless the basic buoyancy field Ty(y) is technically weakly convectively unstable, and in
particular, the buoyancy field within the cat’s eye has a negative buoyancy gradient in one half of the
cat’s eye. This has come about because we have assumed that the buoyancy gradient vanishes at the
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critical level, that is TO/( v.) = 0. However, because the basic buoyancy field is maintained by a forcing
term Fp(y), we expect that any potential convective instability will be suppressed. Of course, if we
also suppose that T(;'(yc) = 0, then the basic buoyancy field is stable, and in particular, the buoyancy
within the cat’s eye is then constant at the leading order. The Prandtl-Batchelor theorem used to
determine the stationary and laminar flow inside a closed two-dimensional domain is extended here
to allow for the slowing evolving and weakly forced flow due to weak viscous and thermal diffusions
within the separatrices. In our asymptotic procedure, the vorticity and buoyancy are determined at
each order of the perturbation expansion within the cat’s eye. As expected, at the leading order,
the vorticity is constant within the separatrices of the cat’s eye. However, due to the buoyancy-flow
coupling, the vorticity is no longer constant within the cat’s eye at the order O(e'’?), whereas owing
to the buoyancy forcing, the leading-order, O(¢)-buoyancy is not constant. Here, € is the small,
dimensionless wave amplitude.

The depression wave critical layer is not symmetrical with respect to the critical level, since it
is y-shifted by a value proportional to the local rescaled Richardson number of order O(e'?). Other
adjustments of the streamline pattern must be introduced, using a strained-coordinate parametrization
of each streamline inside the critical layer, similar to those found for Rossby-wave critical-layer
dynamics.'®?° The distortion which is then induced on the y-axis is O(e In¢€). The addition of a
stratified buoyancy, though small, to the wave mean flow interaction process leads to a stronger
deformation of the streamlines than for the unstratified case, and also a stronger distortion of the
critical-layer induced mean flow. This distortion of the mean flow occurs at the O(e 12y_first order for
the vorticity, and then, at the second order for the velocity and buoyancy gradient, and at the third
order for the buoyancy in agreement with Ref. 46. For the elevation wave (the E-wave), a singularity
around the separatrices is encountered for both the O(¢) vorticity and the O(e?) buoyancy. It is
removed, as in the B-plane critical-layer case,2’ with a new scaling S = §/(e'/? In¢). It seems that
this is a general outcome as the same issue appears in the works.!>-2:47:48 That is, it is always
possible to remove the singularities which emerge in a critical-layer nonlinear dynamics through the
use of new scalings which preserve the regular-quantity jumps.

The pressure matching condition on the separatrices of the cat’s eye leads to a compatibility
condition on the streamfunction amplitude A(X, 7), which is an integro-differential equation con-
taining two integral functionals of d7A. For a steady travelling solitary wave, we can obtain explicit
solutions, which are nevertheless more complex than those for a modified Korteweg-de-Vries equa-
tion. The additional terms arise from the critical-layer dynamics. In particular, the assumption of
a nonlinear critical layer implies a specific long-wave scaling which provides stronger dispersion
through a smaller wavelength than in the usual derivation of the KdV equation.?® However, for steady
travelling waves, the related evolution equation for the cross-stream location of the separatrix, rather
than the amplitude of the streamfunction, is a (steady) Korteweg-de-Vries equation. Thus, we have
established that there are solitary-wave solutions for both depression waves (D-waves) and elevation
waves (E-waves) with critical-layer configurations. The conditions on the mean flow for the appear-
ance of a solitary E-wave are more stringent than for the D-wave case but can be realized in a stratified
medium. The E-wave found here is stationary in the frame moving with the linear wave. However, it
is possible that unsteady solitary E-waves could exist as solutions of the integro-differential equation
(65). Numerical solutions of this latter equation with simplified unsteady equations (93) and (101)
are planned in a future study. Away from the cat’s eye, the E-wave critical layer is not distorted, all
mean flow jumps such as [7]']_, [U l”]f ... are zero and subsequently the critical-layer induced flow
and buoyancy which spread out in both diffusion boundary layers on either side after averaging are
the basic background Uy(y) and Ty(y). The result is an absence of E-wave/mean flow interaction.

The D-wave mean-flow change induced by the presence of the critical layer occurs over the
viscous time scale 7| = AT yet derived.'*?° Its magnitude is function of only two parameters, the
shear at the critical level and the amplitude of the leading-order viscous flow, and it is independent
of the wave amplitude. The presence of this critical layer mostly results in a loss of kinetic energy for
the mean flow while the buoyancy of the latter can increase or decrease. In this critical-layer theory,
the averaged vertical flux of horizontal momentum is proportional to the rescaled dimensionless
viscosity A and is, generally of same order as the outer viscous diffusion of the mean horizontal
momentum, and as the x-derivatives of the secular terms. It is therefore no longer possible to neglect
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the viscous and thermal diffusions in this present wave mean-flow interaction study, as in previous
wave mean-flow interaction studies where the motion was essentially periodic and did not involve
secular terms. These secular terms are therefore essential in the critical-layer interaction. The
leading-order secular-streamfunction amplitude (O(e*?)) is inversely proportional to the D-wave
critical-layer thickness, assuming this amplitude small favors the nonlinear-critical-layer régime
with respect to the viscous-critical-layer one. As the diffusion boundary layers spread slowly with
a O(/Tpp) thickness, where € < Tpp < 1, at either side of the critical layer, they induce a small
displacement of the critical level with the same time scale Tpp which affects the critical-layer
dynamics. As a result, as the flow remains weakly stratified around the critical layer, the O(¢'?)
mean horizontal velocity and the O(e'?) mean-buoyancy gradient evolves on the fast time scale 7,
and on 7pp as well, whereas the leading-order O(¢) mean buoyancy evolves more slowly, with the
diffusion time scale t, = #/(Pr R) and with 7 pg. Consequently, the mean heating and mean potential
energy also evolve over the time scales 7, and 7 pp. Reciprocally, the mean dynamics and buoyancy
evolve with the time scale tpp in the diffusive boundary layers but the presence of the critical layer
introduces a complex forcing, coupling thermal and dynamical effects whose time scales are 7, and
7, at leading orders, and which is located at the distorted level y. — el/? Tll(y(,) / To”(yc).
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APPENDIX A: EXTENDED PRANDTL-BATCHELOR THEOREM WITHIN THE CAT’S EYE

In this appendix, we find the expressions for the vorticity and buoyancy within the separatrices
using two integral constraints. We begin with the equations governing the motion of a uniform
incompressible fluid

Slxu—VH~|—®y+vV2u+F,,=8,u, (A1)

xV?O —u-VO +F, =9,0, (A2)

where = —V x u, H = p/p + |u|?/2,v = 1/R and x = 1/(Pr R). The procedure we will employ
is an extension of the method*® used for a homogeneous fluid, and extended to a stratified fluid.*!
We assume a solution which is a steady travelling wave. Then, in the frame moving with the
velocity of this wave, the motion is steady and the streamlines are closed in the E-wave case. For
the D-wave, we close the flow by putting the left half of the cat’s eye at the right-hand end. We use
the variable S, which makes the calculations easier since the pattern is symmetric vis-a-vis the curve
Y = 0. Then, we integrate Eq. (A1) around the enclosing streamline defined by its value of S, to get

%Slxu-dl—fVH~dl+j£®y~dl+v%{VxQ—[U(;(Y)—G%U;,I(Y)]x}-dl

+ Vel 7§ dxu-dl =0. (A3)

The two first terms on the left-hand side vanish. The third and last inviscid term are also zero due to
the symmetry of the pattern with respect to the axis ¢ = 0. Thus we get that

NI

€ f{v X R — [Uy(Y) — €2 U, (V)Ix} - dl + 7§ @,y -dl+ Ve %ZJXuv -dl = 0. (A4)

The third term is negligible at the leading orders. For the buoyancy equation (A2), we perform a
curvilinear integration around the enclosing streamline to get

V2O — T (Y s [ 9x©
—7{1-V@dl+x?§—0()dl+V637§X—dl:O. (A5)
[u] [ul [ul
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The first and the third inviscid terms vanish by symmetry, and the viscous part of the latter term is
also negligible at the leading orders, so that

V2@, — T, (Y s [ 9xO
e%fT‘mdl+VPre37§ Tulvdlzo' (A6)

The E-wave motion is even more simplified due to its stationarity, 374 = 0 after Sec. V. Note that
as the path of integration is infinite for the D-wave case, we divide each integral by the length of the
X-range involved, and thus we obtain an average of the integrand over a contour characterized by a
value of §. The X-average (f) of a field f within the cat’s eye, along the S-contour, is given by

x0(8)
f) = = fd¢, foran E-wave,
Xo(S)
1 L -
(f)y = ——= fd¢, L — oo, foraD-wave, whereS = A({ = xp).

L — xo(S) Jx(5)

We then expand the vorticity. For instance, for the vorticity Q = —(V x u)-e, = ¢ 192W +
€292 W, we get that Q = QO + €1QC9 L elne Q4O 1 QGO
At O(¢), Egs. (A1) and (A4) yield, respectively,

QOO — 0OO)(F) = U(;,
while Egs. (A2) and (A6) yield
000 = 1.5 + b,

At O(e*?), Eq. (A1) projected onto the cross-stream and then the streamwise axes yields, Q>©
=T, Sy + Q?(8). Then using 2% © in Eq. (A4) yields 0*®(§) = constant = Q5. Equation
(A2) implies a general solution for @>® of the form

@) = Ty (F* — M[Sy] + sTTo[S]) + =)
Then, Eq. (A6) yields the condition

1
GEOS) + Ty 02+ Ty y5>< > 0,
1Sy

andso G*OA8) = —(Ty Q2 + Ty y5)S + 6.

The function ITp[S] assures the continuity of the buoyancy on the axis ¥ = 0 at any point ¢
=&£-VT.
Then in the same way, at O(e’In €), Eq. (A1) gives the general form of the vorticity

~ 1. -
Q40 — Q(4‘®)(S) _ EbOTO A
while Eq. (A4) then implies that

Q(4‘O)(§) = (4 = constant.

Equation (A2) gives the general form of the buoyancy,
- 1 -
OO — T [\IJ(4~O) _ EboaTX*IA] 4 g(‘k@)(S)’

with G4©)(8) given by (A6)

S T (AlS
G4O(8) = 5zgo(TO2 T, )/ ||S Yll dsS +6y. (A7)
Y

For a D-wave, G*©)(§) = 6, = constant, because the integrand numerator is zero. Note again that
the variable S enables us to simplify the O(e*In €) equations.



056602-43 P. Caillol and R. H. J. Grimshaw Phys. Fluids 24, 056602 (2012)

Finally at O(e?), Eq. (Al) yields the expression of vorticity displayed in Eq. (62). Then, the
unknown function Q©:®)(§) is obtained from Eq. (A4) leading to the integral constraint,

~ ~ A A -
<|Sy|(Q(SS’®)(S)—U0 )_952’@@—% |sy|[Sy<ng[|sy|]—Ho,g>]s+sV(\I/,E?’Y?+AX\IJ£?’Y?>> =0

Then, taking account of the symmetries X — —X and ¥ — —Y, we get that

Q?*O)<S><|Sy|> = Uy {I8v]) + T5’<|SY|[|SY|<HS[|SY|] — My 5)ls)

_ Ax
+[—(T )+ﬂU1T1< |SY|> <|Sy|/(|sy|ns[|sy|]>sdx]> 92v(5)<|sy|>
(A8)

Only the first term at the rhs has a no zero D-wave average, the third term remains for the E-wave too.

"

Hence, 0®-9(8) = U, S + Qs for a D-wave, and Q®®(8) = U, § + ws(S) + Qs for an E-wave

with
< fca
) S<|SYT>dS
s. Syl

The buoyancy 0> is obtained from the viscous part of Eq. (A2)

R T
w3(3) = —-(TyT, —

029, $) = [Ty (Ty + ur Prugs - / [SyTslsdx ) = Ty & | +62.(5).
For a D-wave, Q(S'Q)(S) is given by

~ - ” n = =" " =1 1
G5O (8) = (D2, +Ty 30)02~Ty Qs +bSu(Ty =Ty 45T ¥ 33—V (Fy Ty B PrUs—T IS

1 v n="2 = —w e 4 —iy o
+6(T0 + 1,7, —T, Ty — U, T})S +3VT (S—=5)+6s, (A9)
whereas for the E-wave, we have
5.0) U8y )
GOS8 = [QQT —T Qs]S+(T —T) T
Y
1 <|sy|> - o= (S SUSYD) — HISyP)
+—T’V/ (TT—{—UT—TT)/ ds
6" Js T 0 070 7, (ISy1)
S L2 os(SDUSY (SN 5 dS
T Js. @5(S0USr(S0Ds L dS 465 (A10)
S, ISy (S

APPENDIX B: ORDER-¢2 INNER FLOW

This section gives the expressions of the related S-velocity, buoyancy, and pressure outside the
cat’s eye which, due to their length, could not be inserted in the main text of the paper,

oY = 3V Sr2A + S)—|—§b0T0 [s(S+6A)V25—(8 + 2A4)Sy —5(Sc4+6A4)Yao+5(S, + 2A)Y,]
1 _, ——n o~ ~ ~\/>~
= 3T = Ty OIS +24)8y — 55V28 — 5(Sc +24)Y, + 58, V]
_ya’ —m —n _ = ~ -~ 1 ~
Ty U, +T) ys — T, — Uy THIAIN[A(A, $)] + [35 — A)]> — FYo¥s =545

1
+ s(bod® + 2TO y: — T, ys + T))(V28 — Yoo) + sh2A* In[A(A, §)] V25
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Al m ~ ~ 1 .7 m 1 m —m Al ’ -/~
+U; — Uy ys)[S(S — A): — 5@1 —Upys)¥ Yy + [E(UO —To)ys = Uyys + U, = T,18y

1, _ 1 STI[(w — A)?] S
— (U, = Uys — Tt Y, — sEbO/ —— " dw — T, {TI[8y] — T[sY,]}

2 s [2w(w — A)]>
" NG _ =/ _m =" -
+{T, — U\ Ty +boBia+T) = ysTy + ys(Ty” — b)IA* + bo(Ba.10x A* + B} In[A(A, 3)]
+aSy + Ty e?(S),
with & an unknown constant to determine while matching, while the buoyancy is

0 = Ty (I — ¢® M5[Sy]) + GL (P — M[Sy])
- [ ar A = [t - o dx .
-1y [ msas(e? - 22 e -7y [ @@ - msn $ 4096, @D
X Y X Y
The matching of the pressures

~ ! o~ ~ l ~ ~ ~ !~ =
PO = Up#® + QU® — U 4 8,6 — Ug#y) + Ty Arx-

& S
- / Sy(WS) + Arwi))dx + U, / FO S + 00?51 PO, (B2)
Xe Se

PEO = U U0 4 00 — Sw % 4 5O — Ul ) + Ty Ary-

3 § .
- / Sy(We® + Arw®ydx + U, / QPO(8)dS + ©Vp@3, ! + PO (B3)
X, Se

¢

comes down to the matching of

&
/ Sy(Wl) + Arwid)dx + UpSy 0y .

However, the integral is continuous through the separatrices, so the streamwise velocity must be
continuous, which leads to two conditions giving \TJ;S’O) and «. The matching of the deformation
functions ¢ yields the evolution Eq. (65),

—

| R | — NG r
@ =05 = Uy =Ty = I Yo+ Uy3s — U + T,
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