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Abstract. This paper summarises an attempt to formulate a design approach suit-

able for predicting the finite lifetime of mechanical assemblies subjected to con-

stant/variable amplitude fretting fatigue loading. The proposed design methodol-

ogy makes use of the Modified Wӧhler Curve Method (MWCM), applied in con-

junction with the Theory of Critical Distance (TCD) and the Shear Stress-Maxi-

mum Variance Method (τ-MVM). In particular, the TCD (applied in the form of 

the Point Method) is used to take into account the damaging effect of the multi-

axial stress gradients acting on the material in the vicinity of the contact region. 

The time-variable linear-elastic stress state at the critical point is then post-pro-

cessed according to the MWCM which is a bi-parametrical criterion that esti-

mates fatigue lifetime via the planes experiencing the maximum shear stress am-

plitude. Finally, the τ-MVM is used to calculate the stress quantities relative to 

the critical plane whose orientation is determined numerically by selecting the 

plane containing the direction experiencing the maximum variance of the re-

solved shear stress. Further, this direction is also used to perform the cycle count-

ing by directly applying the classic Rain-Flow Method to post-process the re-

solved shear stress. The overall accuracy and reliability of the proposed approach 

is checked against a large number of new experimental results that were gener-

ated in the Sheffield Structures Laboratory under variable amplitude fretting fa-

tigue loading. 

Keywords: Fretting fatigue prediction, Theory of Critical Distance, multiaxial 

fatigue. 

1 Introduction 

Fretting fatigue damage is a term used to describe those failures occurring in mechani-

cal components at the contact interfaces, with this damage mechanism being active in 

the presence of combined reciprocating frictional contacts and remote fatigue loading. 

Over the years, fretting fatigue cracks have been observed in numerous real mechanical 
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assemblies such as, for instance, cylinder block/head gasket of internal combustion en-

gines, threaded pipe connections, riveted/bolted joints and blade-disk attachments in 

turbine of aero engine [1]. Hence, the prediction of fretting fatigue lifetime of materials 

and components is of great interest in situations of industrial interest. This explains the 

reason why, numerous theoretical and experimental systematic studies have been car-

ried out since the early 1960s to quantify and model damage in materials subjected to 

fretting fatigue loading. Examination of the state of art demonstrates that most fretting 

fatigue investigations have been conducted under constant amplitude (CA) load histo-

ries [2-9]. In particular, the majority of the experimental studies available in the tech-

nical literature consist of applying a static load to the testing pads and a CA fatigue load 

to the specimens. In contrast, very little experimental work has been done to investigate 

fretting fatigue failures under variable amplitude (VA) loading. 

In the scenario briefly described above, the novelty characterising this investigation 

is twofold. Firstly, to generate new experimental results, where specimens made of cast 

iron are tested under VA and CA fretting fatigue loading. Secondly, by making use of 

the ‘‘notch analogue’’ concept [10], the MWCM in conjunction with the TCD and the 

Shear Stress-Maximum Variance Method (τ-MVM) is used to estimate the finite life-

time of the laboratory specimens tested under both CA and VA fretting fatigue loading. 

2 Fundamental of the MWCM under CA loading 

The MWCM [11-12] is a critical plane approach which postulates that fatigue damage 

in materials subjected to fatigue loading can be quantified via the maximum shear am-

plitude, a, the mean normal stress, n,m, and the normal stress amplitude, n,a, relative 

to the material plane experiencing the maximum shear stress amplitude (i.e. the so-

called critical plane). The stress components associated with the critical plane are used 

to assess the fatigue damage extent via the following ratio [13]: 

 ρeff = m∙σn,mτa  + σn,aτa  (1) 

According to the way this critical plane stress ratio is defined, eff is equal to unity 

under fully-reversed uniaxial fatigue loading and to zero under fully-reversed torsional 

fatigue loading [14-15]. In Eq. (1), m is the mean stress sensitivity index that ranges 

between 0 and 1. A material is said to be insensitive to the presence of superimposed 

static stresses when m=0, whereas m=1 corresponds to a situation where the material is 

fully-sensitive to the presence of non-zero mean stresses [13]. m is a material property 

that must be determined by running appropriate experiments. 

The MWCM estimates fatigue damage via non-conventional SN curves that are 

plotted as a vs. Nf modified Wöhler diagrams. According to the log-log chart reported 

in Fig. 1, any modified Wöhler curve is defined via its reference shear stress amplitude, 

A,Ref(eff), extrapolated at NRef cycles to failure and its negative inverse slope, k(eff). 

According to the scheme shown in Fig. 1, fatigue damage is seen to increase as eff 

increases, since the corresponding fatigue curve tends to shift downwards with 

increasing eff (Fig. 1a). According to the classical log-log scheme used to summarise 

fatigue data, the position and the negative inverse slope of any Modified Wöhler curve 

can be defined through the following linear relationships [14]: 
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 Kτ(ρeff) = (k − k0)ρeff + k0 for ρeff ≤ ρlim (2) 

 τA,Ref(ρeff) = (σA2 − τA) ρeff + τA for ρeff ≤ ρlim (3) 

 

Fig. 1. Modified Wӧhler diagram (a) and variation of k and A,Ref with eff. 

The meaning of the symbols used in the above relationships is explained in Fig. 1. 

For the sake of clarity, Eqs (2) and (3) are also plotted in Fig. 1b. This schematic 

diagram can be used to introduce another important assumption that is made to deal 

effectively with those situations involving large values of ratio eff. In particular, the 

schematic chart of Fig. 1b makes it evident that when eff is larger than lim, k(eff) and 

A,Ref(eff) take on the following values [13, 15]: 

 Kτ(ρeff) = (k − k0)ρlim + k0 = const    for ρeff > ρlim (4) 

 τA,Ref(ρeff) = (σA2 − τA) ρlim + τA = const    for ρeff > ρlim (5) 

where [13]: 

 ρlim = τA2τA−σA (6) 

The above correction, which plays a key role in the overall accuracy of the MWCM, 

was introduced as a consequence of the fact that, under large values of ratio eff, the 
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estimates obtained via the conventional critical plane approach are seen to become too 

conservative [15]. According to the experimental results due to Kaufman and Topper 

[16], such a high degree of conservatism can be ascribed to the fact that, when 

micro/meso cracks are fully open, an increase of the normal mean stress does not result 

in a further increase of fatigue damage. This important damage mechanism is 

incorportated into the MWCM via the use of lim together with relationships (4) and (5) 

[13]. 

As far as CA multiaxial fatigue assessment is concerned, the modified Wöhler dia-

gram of Fig. 1a can directly be used to estimate fatigue life via the following trivial 

relationship: 

 Nf = [τA,Ref(ρeff)τa ]Kτ(ρeff)
 (7) 

In Eq. (7), a and eff are to be determined by post-processing the stress components 

relative to the critical plane, whereas A,Ref(eff) and k(eff) are directly estimated from 

Eqs (2) to (5). 

3 The MWCM applied along the TCD to estimate VA fretting 

fatigue lifetime 

In order to increase its computational efficiency, the MWCM is recommended for 

application by defining the critical plane as that material plane containing the direction 

experiencing the maximum variance of the resolved shear stress [17-19]. Accordingly, 

in this paper, the Shear Stress-Maximum Variance Method (τ-MVM) [20] will be used 

to calculate the orientation of the critical plane and the associated stress components. 

Since the algorithm to determine the critical plane according to τ-MVM has already 

been discussed in detail elsewhere [19, 20], only the definitions used to calculate a, 

n,m and n,a will be recalled briefly below. Further, in what follows, the use of the 

MWCM applied along with the Theory of Critical Distances (TCD) [21, 22] will be 

reformulated for the fretting fatigue VA case, with the CA fretting fatigue problem [22] 

being just a simpler sub-case of the more complex VA solution [23]. 

The procedure for the in-field usage of the MWCM/TCD is summarised in Figs 2 

and 3. In particular, for the sake of simplicity, consider the flat specimen sketched in 

Fig. 2. This specimen is loaded by an axial cyclic stress, b, and two fretting pads are 

pushed against the specimen itself by force, P. The two pads are subjected also to an 

oscillatory tangential force, Q. 

According to the TCD [6, 22-24], the focus path is defined as a straight line that 

emanates from the trailing edge of the contact zone (point A in Fig. 2) and is perpen-

dicular to the contact surface itself. If the TCD is applied in the form of the Point 

Method (PM) [25], the linear-elastic stress state to be used to estimate fatigue damage 

is taken at a distance from the assumed crack initiation point (i.e., point A in Fig. 2) 

equal to LM(Nf)/2 where [21, 22]: 

 LM(Nf) = A ∙ 𝑁𝑓𝐵 (8) 
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In Eq. (8), A and B are material fatigue constants to be determined by running ap-

propriate experiments. The experimental strategies suitable for estimating A and B are 

discussed in detail in Refs [21, 22]. 

Since, according to relationship (8), the critical distance, LM, is a function of the 

number of cycles to failure, Nf, the design approach proposed in the present section is 

applied by adopting suitable recursive procedures so that convergence can be reached 

effectively and unambiguously [21, 22]. 

 

Fig. 2. The MWCM applied in conjunction with the PM and the -MVM to estimate, along the 

focus path, the stress components relative to the critical plane. 

Assume now that the point O along the focus path is the point of interest and its 

distance from the assumed crack initiation location is equal to LM(Nf)/2. From the lin-

ear-elastic stress state at point O, the orientation of the critical plane is determined by 

locating that material plane containing the direction experiencing the maximum vari-

ance of the resolved shear stress (direction MV in Fig. 2) [20, 23]. The shear stress 

amplitude relative to the critical plane, a, can then be calculated from the variance of 

the shear stress resolved along direction MV, MV(t), i.e. [20]: 

 τm = 1T ∫ τMV(t) ∙ dtT0 ; Var[τMV(t)] = 1T ∫ [τMV(t) − τm]2 ∙ dtT0    

  τa = √2 ∙ Var[τMV(t)] (9) 
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where T is the time interval over which the assessed load history is defined (Fig. 3a). 

In a similar way, the mean value, n,m, and the amplitude, n,a, of the stress, n(t), nor-

mal to the critical plane (Figs 2 and 3b) take on the following values [20]: 

 σn,m = 1T ∫ σn(t) ∙ dtT0 ; Var[σn(t)] = 1T ∫ [σn(t) − σn,m]2 ∙ dtT0    

  σn,a = √2 ∙ Var[σn(t)] (10) 

 

Fig. 3. Procedure to estimate damage under VA fatigue loading according to the MWCM. 

As soon as a, n,m and n,a are known, the degree of multiaxiality and non-propor-

tionality of the stress state at point O can directly be evaluated in terms of ratio eff (Fig. 

3c), with the position of the corresponding modified Wöhler curve being estimated ac-

cording to relationships (2) to (5) - (Fig. 3d). By making use of the classical rainflow 

method [26], the resolved shear stress cycles can now be counted (Figs 3a and 3e) to 

build the corresponding load spectrum (Fig. 3f). Finally, the calculated load spectrum 

has to be used to estimate the damage content associated with any counted shear stress 

level (Figs. 3f, 3d and 3g), i.e.: 

 D = ∑ niNf,iji=1  (11) 



7 

Subsequently, total damage D is used to determine an equivalent number of cycles 

to failure, Nf,eq, to be used to estimate the critical distance value via Eq. (8), where [23]: 

 Nf,eq = ∑ niji=1∑ niNf,iji=1  (12) 

Accordingly, the LM vs. Nf relationship defined according to Eq. (8) can be rewritten 

directly as [23]: 

 LM(Nf,eq) = A ∙ Nf,eqB = A ∙ ( ∑ niji=1∑ niNf,iji=1 )B
 (13) 

where constants A and B are those estimated for the material being assessed by follow-

ing the standard procedures being discussed in Refs [21, 22]. 

If the LM value estimated via Eq. (13) assures the following obvious condition: 

 
LM(Nf,eq)2 − r = 0 (14) 

where, according to Fig. 2, r is the distance, measured along the focus path, from crack 

initiation point A, then the number of cycles to failure, Nf,e, can be estimated directly 

as [23]: 

 Nf,e = Dcr(ρeff)∙ntotD = Dcr(ρeff)∙∑ niji=1∑ niNf,iji=1  (15) 

In Eq. (15), Dcr(eff) is the critical value of the damage sum. In contrast, if condition 

(13) is not assured, the same procedure as the one described above has to be re-applied 

by post-processing the stress state at a different point, O, along the focus path. This 

recursive procedure has to be re-used iteratively until convergence has occurred. 

To conclude, it can be pointed out that in relationship (15) Dcr(eff) is the critical 

value of damage sum D and the hypothesis is formed that, in the most general case, 

Dcr(eff) can vary as the degree of multiaxiality and non-proportionality of the assessed 

stress state changes [23]. In contrast, if fatigue lifetime is estimated according to the 

classical rule due to Palmgren [26] and Miner [27], then the critical value of the damage 

sum can be taken invariably equal to unity. 

4 Experimental investigation 

4.1 Calibration of the MWCM’s governing equations and the 𝑳𝑴 vs. 𝑵𝒇 

relationship 

In order to validate the fretting fatigue design method summarised in Figs 2 and 3, a 

number of experimental results were generated by testing specimens made of a cast iron 

commonly used in the automotive industry. 
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To calibrate the MWCM governing equations for the cast iron under investigation, 

a comprehensive experimental material characterisation was carried out using a 100kN 

Mayes fatigue testing machine as well as a SCHENCK servo-controlled closed-loop 

axial-torsion fatigue machine with maximum axial load capacity of 400 kN and maxi-

mum torque capacity of 1000 Nm. The force/torque-controlled tests were run using 

sinusoidal loading signals, with the frequency varying in the range 5-10 Hz. Fatigue 

failures were defined by 20% stiffness drop. 

The results generated under the fully-reversed uniaxial fatigue loading were used to 

estimate A and k, with fatigue constants A and k0 being determined from the tests run 

under fully-reversed torsional fatigue loading. The mean stress sensitivity index, m, for 

the cast iron under investigation was estimated according to the procedure described in 

Refs [22, 25], with this being done by taking full advantage of a further plain fatigue 

curve experimentally determined under R=0.1. 

The strategy summarised in Refs [21, 25] was used to calculate material constants A 

and B in the LM vs. Nf relationship, Eq. (8). In more detail, constants A and B were 

directly estimated from the plain material fully-reversed uniaxial fatigue curve and a 

fatigue curve generated by testing under tension/compression (R=-1) specimens 

containing a known geometrical feature. 

4.2 Fretting fatigue experiments 

Fretting fatigue experimental tests were carried out using the hydraulic rig located at 

the Materials Testing Laboratory of the University of Sheffield that is shown in Fig. 4. 

The testing rig being used comprises of a Moog controller, two horizontal actuators and 

two vertical actuators. The horizontal actuators were used to apply the CA/VA axial 

cyclic force, F, to the flat-dog-bone specimens made of the cast iron under investiga-

tion. 

Two different sets of pads were used. The first set was machined from steel and the 

second from cast iron. All pads were cylindrical with thickness equal to 12 mm, contact 

radius, Rp, equal to 75 mm and height equal to 15 mm. The experimental trials were 

run to investigate the different scenarios described in what follows. 

In the first testing configuration, the two cylindrical pads were pushed against the 

fretting specimen by a static normal load, P. A fully-reversed CA sinusoidal load was 

then applied (at a frequency of 10 Hz) to one end of the specimen, while the other end 

was kept fixed. 

In the second testing configuration, the two cylindrical pads were instead pushed 

against the fretting specimen by a CA sinusoidal normal load, with a fully-reversed CA 

sinusoidal axial load being applied to one end of the specimens. Both the normal and 

axial fatigue forces were in phase and applied at frequency of 10 Hz. 
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Fig. 4. Fretting fatigue test rig, specimens and pads. 

 

Fig. 5. Load spectrum adopted to run the VA fretting fatigue tests (Fa,max=maximum value of the 

amplitude of the force in the load spectrum; Fa,i=amplitude of the force associated with the i-th 

cycle). 

In the final configuration, the dog-bone specimens were subjected to VA sinusoidal 

axial load histories, with the pads being used to apply a constant normal force. The VA 

load spectrum used to run the VA tests is shown in Fig. 5. The VA cycles were applied 

in random order at a frequency of 10 Hz and all load blocks contained 40 cycles. 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1 10 100

Fa,i/Fa,max

Cumulative Exceedance Cycles

R=-1



10 

5 Validation 

The results generated from the fretting fatigue experiments summarised in the pre-

vious section were used to check the accuracy of the design methodology sketched in 

Figs 2 and 3. In order to predict the number of cycles to failure for each test, ANSYS 

Workbench® was used to estimate the linear elastic stress fields at the contact interface 

between pads and specimens. The stress fields obtained at the assumed crack initiation 

location were then post-processed according to the procedure proposed in Section 3. In 

the present investigation, the crack initiation point was taken at the trailing edge of the 

contact region. 

As recommended by Palmgren [26] and Miner [27], the VA design method summa-

rised in Figs 2 and 3 was applied by setting the critical value of the damage equal to 

unity. 

 

Fig. 6. Accuracy of the MWCM applied along with TCD and τ-MVM in estimating the fretting 

fatigue results generated by using pads made of cast iron. 

The experimental, Nf, vs. estimated, Nf,e, number of cycles to failure diagrams re-

ported in Figs 6 and 7 summarise the overall accuracy obtained by using the proposed 

fretting fatigue design methodology to post-process the experimental results being gen-

erated. The error diagrams of Figs 6 and 7 confirm that the MWCM applied along with 

the PM and τ-MVM to predict fretting fatigue lifetime resulted in estimates falling 

within an error factor (in lifetime) of 2. This result is certainly satisfactory, especially 

in light of the fact that the proposed approach can be applied by directly post-processing 

the stress analysis results from conventional linear-elastic FE models. 
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Fig. 7. Accuracy of the MWCM applied along with TCD and τ-MVM in estimating the fretting 

fatigue results generated by using pads made of structural steel. 

6 Conclusion 

 The MWCM applied in conjunction with the -MVM and the PM is seen to 

be highly accurate in predicting finite lifetime of cast iron subjected to both 

CA and VA fretting fatigue loading. 

 The proposed approach is seen to be capable of modelling accurately the det-

rimental effect of different types of fretting fatigue loading configurations. 

 Owing to the fact that the necessary stress analyses can be performed by 

solving standard linear-elastic FE models, the proposed fretting fatigue de-

sign technique is suitable for being used in situations practical interest. 
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