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Abstract

We continue our analysis of a quantum cosmology model describing a flat

Friedmann–Lemaître–Robertson–Walker Universe filled with a (free) mass-

less scalar field and an arbitrary perfect fluid. For positive energy density in

the scalar and fluid, each classical solution has a singularity and expands to

infinite volume. When quantising we view the cosmological dynamics in rela-

tional terms, using one degree of freedom as a clock for the others. Three natural

candidates for this clock are the volume, a time variable conjugate to the perfect

fluid, and the scalar field. We have previously shown that requiring unitary evo-

lution in the ‘fluid’ time leads to a boundary condition at the singularity and

generic singularity resolution, while in the volume time semiclassical states

follow the classical singular trajectories. Here we analyse the third option of

using the scalar field as a clock, finding further dramatic differences to the pre-

vious cases: the boundary condition arising from unitarity is now at infinity.

Rather than singularity resolution, this theory features a quantum recollapse of

the Universe at large volume, as was shown in a similar context by Pawłowski

and Ashtekar. We illustrate the properties of the theory analytically and numer-

ically, showing that the ways in which the different quantum theories do or do

not depart from classical behaviour directly arise fromdemandingunitaritywith

respect to different clocks. We argue that using a Dirac quantisation would not

resolve the issue. Our results further illustrate the problem of time in quantum

gravity.
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1. Introduction

Time is not a straightforward concept when we are dealing with quantum theories of gravity.

The essential reason for this is that general relativity is a generally covariant theory, which

can be expressed in an arbitrary coordinate system. There is no notion of time external to the

Universe; instead we have a dynamically determined metric, which determines how observers

locally experience the passing of time. The dynamics of the Universe can be described by any

globally defined time coordinate, with none of the different coordinates having a preferred

status. However, quantum mechanics is based on the Schrödinger equation where ‘t’ is an

external time parameter that universally defines how time passes. This apparent incompatibility

between the paradigm of general relativity and quantum mechanics is known as the problem

of time [1–3].

In this work we analyse one of the many aspects of the problem of time in the context

of quantum cosmology. Focusing on quantum cosmology rather than a full theory of quantum

gravity has many advantages, the main one being perhaps the simplicity of calculations in com-

parison to full quantumgravity [4]. Quantum cosmologicalmodels with only a finite number of

degrees of freedom, called minisuperspacemodels [5], have been studied for decades to shed

light on some of the conceptual and practical open issues of quantum gravity. One of these

open issues and the main question we are interested in here is the role of unitarity and self-

adjointness for different relational clocks in quantum cosmology. Unitarity is a fundamental

assumption in quantum mechanics, made to ensure a consistent probability interpretation, and

intimately tied to a particular notion of time evolution. When different notions of time exist,

therewill be correspondingdifferent and inequivalent notions of unitarity.Wewill exhibit some

of the dramatic consequences of this inequivalence.

There are several strategies to tackle the problem of time. One possibility is to go to a

reduced phase space in which one has solved the Hamiltonian constraint for a momentum

variable so that the corresponding coordinate can be used as time. This does not solve the

problem of time, rather transforms it into the multiple choice problem [2], and the procedure

generally gives inequivalent theories for different clock choices (see [6] for an early example

and [7] for general arguments). Our approach is to first define the quantum dynamics through

the Wheeler–DeWitt equation and to then choose an inner product adapted to a particular

choice of clock; this will be of Schrödinger type if the Wheeler–DeWitt equation is first order

in ‘time’ and of Klein–Gordon type if it is second order. There is then still an ambiguity of

which variable is chosen as a clock. Classically, due to general covariance the viewpoints of

different clocks are equivalent and can be translated into each other. However, we have already

seen in [8] that choosing different variables as clocks leads to inequivalent quantum solutions,

in particular regarding singularity resolution. In this work we analyse the problemmore deeply

by contrasting our previous results with those obtained for a third possible clock choice, and

give a more general overview of the inequivalence problem we are facing.

The Universe we study is characterised by a flat FLRW metric and two components of mat-

ter, a free massless scalar field ϕ and a perfect fluid. It is possible to write the theory in a

Hamiltonian way such that, after a change of coordinates, the Hamiltonian is the same for all

choices of perfect fluid. The same dynamics can then be interpreted as corresponding to dif-

ferent types of perfect fluid, i.e. different equations of state. The perfect fluid is characterised

by a conserved quantity. If the fluid is interpreted as describing dark energy, the conserved
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quantity is the energy density itself, which appears as a conserved momentum conjugate to

a time variable t. We are then effectively working in unimodular gravity [9]. For other inter-

pretations, in which the fluid represents e.g. dust or radiation, t is not unimodular time but

an analogous time coordinate. We have studied the quantisation based on the clock t before;

here our choice of relational clock is the scalar field ϕ. This clock has been studied previously
in very similar models [10–12]. We study the resulting quantum theory both analytically and

numerically. The Wheeler–DeWitt equation is equivalent to a Klein–Gordon equation on the

Rindler wedge with an additional term that corresponds to an attractive or repulsive potential.

Demanding that time evolution with respect to ϕ be unitary, we find that for some solutions

it is then necessary to impose reflective boundary conditions at v = ∞, where the volume of

the Universe diverges. Due to these boundary conditions, the quantum theory diverges from

the classical theory generating a ‘quantum recollapse’ (the Universe reaches a finite maxi-

mum volume where it would classically continue to grow indefinitely), but it does not resolve

the singularity as the quantum solutions can follow classical trajectories for small volume.

Mathematically the boundary condition we encounter is equivalent to the one arising from

self-adjointness of a certain Hamiltonian in an analogous quantum mechanics problem; just

as in this case, we find that the subspace of wavefunctions which have unitary dynamics is

not unique but depends on a free function, analogous to the usual one-parameter self-adjoint

extension problem in quantum mechanics.

Our work extends known results for the quantisation of the same model using different

relational clocks. Gryb and Thébault [13, 14] used the clock t conjugate to the conserved

momentumof the perfect fluid and showed that this quantisation has the very attractive property

of resolving the big bang singularity. One might argue that this ‘fluid’ time, similar to the one

arising in unimodular gravity, could be a solution to the problem of time [15], given that it

allows for a standard Schrödinger quantisation. Interestingly, the requirement of unitarity with

respect to evolution in t also leads to a boundary condition, but in this case this leads to sin-

gularity resolution rather than a quantum recollapse. In general, we see that the imposition of

unitarity is what makes a quantum theory diverge from the classical theory but does not always

imply singularity resolution. Interestingly, one can study the same model using a power of the

scale factor as clock, as suggested by Gielen and Turok in [16] where the perfect fluid was

chosen to represent radiation. For this choice of clock, the quantum theory is unitary without

boundary conditions and thus there are no significant divergences from the classical theory for

semiclassical states, as we showed in [8]. The present work not only adds evidence for the

nontriviality of the choice of relational clock, but also explains better why those differences

arise in the first place.

In a simpler model [17] Gotay and Demaret established the conjecture that, if one demands

unitary dynamics, ‘slow’ clocks resolve the big bang/big crunch singularity, where a clock is

slow at a point if it reaches that point at a finite time. Gotay and Demaret only considered

slow clocks at a singularity but we expand their notion to infinity (infinite spatial volume of

the Universe): we find that slow clocks at infinity trigger a quantum recollapse in the quantum

theory. The crucial property of a slow clock is that a classical solution terminates at some point

within the range of the clock variable. When building a unitary quantum theory one needs

to continue time evolution past this point, resulting in the boundary conditions we observe.

This is analogous to the well-known situation in standard quantummechanics where boundary

conditions are needed when a solution terminates in finite time. In [8] we found that the t clock

is slow at the singularity, hence forcing singularity resolution when quantising. We also found

that the clock associated with the scale factor is fast at the singularity and at infinity, implying

that the quantum theory does not need to diverge from the classical theory. In this paper we
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find that the scalar field clock is slow at infinity. This explains why the three clocks have very

different behaviour in the quantum theory.

Rather than choosing particular inner products and hence Hilbert spaces adapted to differ-

ent clocks, one could use the more covariant approach of Dirac quantisation in order to avoid

the multiple choice problem. Here one first defines a kinematical Hilbert space on which con-

straints are imposed after quantisation. Solutions to the constraints form the physical Hilbert

space, on which one can then study dynamics. A canonical way of defining an inner product

on the physical Hilbert space is via the so-called group averaging procedure [18, 19], which

requires the Hamiltonian constraint to be defined as a self-adjoint operator. A recent major

result in the setting of Dirac quantisation has been an explicit demonstration, for a general

class of systems, that the viewpoints of different clocks are equivalent, and that the quan-

tisation method itself is equivalent to other methods of quantisation of constrained systems

[20]. One might hope to use these results to resolve the inequivalence of quantum theories

defined with respect to different clocks that we have observed. We will discuss how the meth-

ods of Dirac quantisation and group averaging could be applied to our model and show that,

in order to separate the Hamiltonian constraint into a canonical form in which it is a sum of a

Hamiltonian of the ‘clock’ and a Hamiltonian of the ‘system’, different clocks require a dif-

ferent choice of lapse function in the definition the Hamiltonian constraint. Hence, even if the

constraint (Wheeler–DeWitt) equation is always the same, different clocks require different

operators to be self-adjoint on different kinematical Hilbert spaces. The freedom of choosing a

lapse in general relativity is of course another aspect of general covariance, which is then seen

to be violated even in the setting of Dirac quantisation. New methods are needed to resolve the

breaking of general covariance we observe.

The structure of this paper is as follows. In section 2 we analyse the model classically and

derive the Hamiltonian and the relevant Dirac observables. In section 3 we quantise our model

using the scalar field as relational clock and construct a normalised basis of allowed wave-

functions. We also discuss the necessary boundary conditions for unitarity. In section 4 we

calculate expectation values of relevant observables numerically for semiclassical states, and

show explicitly how the Universe recollapses at large volume in situations where it would

continue to expand classically. In section 5 we compare our clock-dependent quantisation to

the framework of Dirac quantisation before concluding in section 6. Appendix A contains the

derivation of some important integrals of Bessel functions that are needed in the main text.

2. The classical theory

In this sectionwe introduce the classical theorywhose quantisationwe will be studying.We are

interested in the dynamics of a flat FLRWUniverse filled with a free massless scalar field φ and

a perfect fluid with general equation of state parameterw < −1 (where the pressure is p= wρ
in terms of the energy density ρ); particularly interesting cases include radiation (w = 1

3
), dust

(w = 0) and dark energy (w = −1). More details on the properties of this model can be found

in our previous paper [8]. The model has been previously studied in quantum cosmology, e.g.

in [13, 14, 16].

The dynamics of general relativity coupled to amassless scalar and a perfect fluid are defined

by an action

S =

∫

d4x

{√−g
[

R

2κ
− 1

2
gab∂aφ∂bφ− ρ

( |J|√−g

)]

+ Ja(∂aϑ+ βA∂aα
A)

}

, (1)

4
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where the dynamical variables are the spacetime metric gab scalar field φ, densitised particle

number flux Ja and Lagrange multipliers ϑ, βA and αA. ρ, the energy density of the fluid,

is a function of |J| =
√

−gabJaJb and
√−g. The action we are using for the perfect fluid is

equation (6.10) of [21], which describes an isentropic fluid. We have also defined κ = 8πG
where G is Newton’s constant.

In our model spacetime is a manifold with topologyR× Σ where Σ is assumed to be com-

pact (such as a three-torus); we assume that the matter fields and geometry are homogeneous

and (locally) isotropic on each Σ. We can take the metric to be

ds2 = −N(τ )2dτ 2 + a(τ )2hi jdx
i dx j, (2)

where hi j is a flat metric, a(τ ) is the scale factor and N(τ ) the lapse function. φ becomes a

function of τ only and the densitised particle number flux must be of the form Ja = a3n δat
where n = n(τ ) is the particle number density (see e.g. [16] for more details). All Lagrange

multipliers are also only functions of τ .
The reduced minisuperspace action, after an integration by parts, is then

S = V0

∫

R

dτ

[

−3ȧ2a

Nκ
+

a3

2N
φ̇2 − Na3ρ(n)+ a3n(ϑ̇+ βAα̇

A)

]

. (3)

We have implicitly added a boundary term to cancel the boundary contribution from integration

by parts, and V0 =
∫

Σ
d3x

√
h is the coordinate volume of Σ. The last term in (3) involving βA

and αA may now be dropped: variation with respect to ϑ imposes particle number conservation
d
dτ (a

3n) = 0 and there is no further constraint from these other Lagrangemultipliers. The other

constraints, requiring the fluid flow to be directed along flow lines labelled by the αA, are trivial
in FLRW symmetry.

For a perfect fluid with p= wρ we have ρ(n) = ρ0n
1+w for some constant ρ0. Replacing n

by another variable m defined by na3 = (m/ρ0)
1

1+w we then finally obtain

S = V0

∫

R

dτ

[

−3ȧ2a

Nκ
+

a3

2N
φ̇2 − N

m

a3w
+ mχ̇

]

, (4)

where we also redefined the Lagrange multiplier to simplify the form of the action (note that

the constraint d
dτ
(na3) = 0 is the same as ṁ = 0).

The transformation leading to (4) is ill-defined for w = −1, the case in which the perfect

fluid corresponds to dark energy; however, in this case the action (4) can be interpreted in

terms of unimodular gravity. Unimodular gravity is usually presented as a version of gen-

eral relativity in which the metric determinant is kept fixed,
√−g = η in terms of a given

volume form η, which restricts the symmetry group from the full diffeomorphism group to

volume-preserving diffeomorphisms (see e.g. [9]). However, one can go from this restricted

formulation to a ‘parameterised’ form in which additional fields are introduced which restore

the full diffeomorphism symmetry. The action for parameterised unimodular gravity is [22]

SPUM =

∫

d4x

{√−g
2κ

[R− 2Λ]+ Λ∂aT
a

}

. (5)

Here Λ is a dynamical field; the equation of motion coming from Ta is ∂aΛ = 0 resulting in

the usual statement in unimodular gravity that Λ appears as an integration constant, whereas

variationwith respect toΛ fixes
√−g = κ∂aT

a. One way of deriving (5) from the usual version

of unimodular gravity with
√−g = η is to promote a set of coordinates XA in which

√−g = η

5
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holds to fields XA(x), restoring the full diffeomorphism symmetry in terms of coordinate

transformations of the arbitrary x [23]. The restriction of (5) to a flat FLRW Universe is

SPUM = V0

∫

R

dτ

[

−3ȧ2a

Nκ
− Na3

Λ

κ
+ ΛṪ

]

(6)

which is exactly of the form (4) with w = −1 if an additional massless scalar field is coupled.

Apart from this case of a ‘dynamical’ dark energy which provided the motivation for [13, 14],

other cases of interest arew = 1
3
which corresponds to radiation, as studied in [16, 24], and dust

(w = 0) which is often added as a matter component in quantum cosmology [17, 25], typically

because it allows for deparameterisation.We will shortly see explicitly that deparameterisation

is possible for any choice of parameter w by choosing an appropriate gauge.

2.1. Hamiltonian formulation

We will now show that the Hamiltonian resulting from the canonical analysis of the action (4)

takes the same form for any value of w as long as w < 1. We find the canonical momenta

πa = −V0

6ȧa

Nκ
, πφ = V0

a3

N
φ̇ (7)

and m is the conjugate momentum to χ, {χ,m} = 1. The Hamiltonian is

H = N

[

− 1

12

κπ2
a

V0a
+

1

2

π2
φ

V0a3
+ V0

m

a3w

]

. (8)

In the following we set κ = 1 to simplify the notation. To then bring (8) into a common form

for all values of w, we can apply the canonical transformation

v = 4

√

V0

3

a
3(1−w)

2

1− w
, πv =

√

1

12V0

πa a
3w−1
2 (9)

and rescale the scalar field variables by ϕ =

√

3
8
(1− w)φ, πϕ =

√

8
3

πφ
1−w to obtain

H = Ñ

[

−π2
v +

π2
ϕ

v2
+ λ

]

, (10)

where we also defined λ = V0m and a new lapse Ñ = Na−3w = N
(

16V0
3v2(1−w)2

)
w

1−w
. In this form

w no longer appears explicitly.

We have hence shown that (10) defines the Hamiltonian for a flat FLRW cosmology coupled

to a free massless scalar field and a perfect fluid with arbitrary equation of state parameter

w < 1. Since the scale factor a is generally taken to be positive (and we will also assume

in the following that v � 0), the appearance of fractional powers in (9) is not problematic.

Nevertheless, for particular values of w the variables v and πv have a more direct geometrical

interpretation. In particular for w = −1, the case of dark energy, we have

v = 2

√

V0

3
a3, πv =

√

1

12V0

πa
a2

(11)

6
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and v is proportional to the volume of space while πv is proportional to the Hubble rate
ȧ
aN

(cf

(7)). Having this particular case in mind and being consistent with the notation of our previous

paper [8] suggested the notation v for the variable defined in (9) although for w �= −1 this

variable would not be proportional to a volume.

The theorywe consider is reparameterisation invariant, as is evident by the fact that the lapse

N or Ñ can be chosen arbitrarily.Nevertheless, the theory takes a particularly simple form if one

chooses Ñ = 1: in this case the Hamiltonian (10) can be written as H = −H0(v, πv, πϕ)+ λ

withH0 = π2
v −

π2ϕ
v2

and the Hamiltonian constraint becomesH0 = λ: λ then plays the rôle of

the energy of the system defined by v and ϕ and their conjugate momenta. Notice that in such

a gauge dt
dτ

= 1, where t = χ
V0

is conjugate to λ; t becomes the time variable for the evolution

of v and ϕ, which justifies the notation. For dark energy with w = −1, this preferred choice

corresponds to N = a−3, a unimodular gauge in which the metric has constant determinant

and time is proportional to the four-volume of the Universe [26]. For radiation it is conformal

time N = a. All other choices of perfect fluid similarly have a preferred time coordinate in

which the dynamics take the simplest possible form. This time variable is the one used in

deparameterisation where the reparameterisation invariance of the theory is gauge-fixed, e.g.

in the commonly studied case where the perfect fluid represents (nonrotating) dust [27, 28].3

We can write the Hamiltonian (10) in the form

H = Ñ
[

gABπAπB + λ
]

, (12)

where πA = (πv , πϕ) and g
AB =

(−1 0

0
1

v2

)

. This notation shows that the Hamiltonian is

equivalent to the one of a relativistic particle moving in the two-dimensional manifold param-

eterised by v and ϕ and with metric gAB, the inverse of gAB, where λ is analogous to the

squared mass. In the quantisation that we mainly study in this paper, ϕ is defined to be the

time coordinate; the space parameterised by v and ϕ is then equivalent to the Rindler wedge

in two-dimensional Minkowski spacetime. Its boundary is the big bang/big crunch singularity

v = 0. Note also that in this analogy λ > 0 would correspond to a ‘tachyon’ with negative

mass squared whereas λ < 0 would be a massive particle.

2.2. Classical solutions

The Hamiltonian equations can be solved explicitly to obtain the classical solutions. Since λ is

a conserved quantity, solutions can be classified by whether λ is positive, negative or zero. We

saw above that in the case where one thinks of a perfect fluid withw = −1, λ is essentially the

cosmological constant and thus could take either sign. For other types of perfect fluid onemight

assume that particle number density and energy density must be positive and only consider

λ > 0. The classical solutions we present are always well-defined for any interpretation of the

perfect fluid matter.

It is insightful to write the classical solutions in relational form, i.e. to express some phase

space variables as functions of the others. When written in this form the classical solutions

provide the starting point for the construction of Dirac observables which we will present in

the next section; in this sense, solutions expressed in relational terms directly correspond to

observables.

3An interesting extension of the framework studied here, in which a single perfect fluid is present, is to study models

with multiple fluids which each provide a possible notion of time [29].

7
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The momenta λ and πϕ are constants of motion. Among the remaining four canonical vari-

ables, t, v and ϕ are all possible candidates for relational clocks4. In particular, as we stated

above, in the gauge Ñ = 1 we have dt
dτ

= 1 and t becomes the evolution parameter for the other

variables. In any gauge dt
dτ = Ñ > 0 and hence t is always monotonic; we can always express

all other variables as functions of t.

We presented some of these solutions in [8] but repeat them here to keep the presentation

self-contained. For λ �= 0 and πϕ �= 0 we have

v(t) =

√

−π2
ϕ

λ
+ 4λ(t− t0)2, ϕ(t) =

1

2
log

∣

∣

∣

∣

πϕ − 2λ(t − t0)

πϕ + 2λ(t − t0)

∣

∣

∣

∣

+ ϕ0, (13)

where t0 andϕ0 are integration constants. The big bang/big crunch singularity v = 0 is reached

for the two solutions of |t − t0| = |πϕ|
2|λ| ; for λ > 0 the solution has two branches, a contract-

ing one ending in a big crunch and an expanding one emerging from the big bang, whereas

for λ < 0 the solution is defined in between the two singular points, expanding and then rec-

ollapsing. In this last case v would not be a globally defined clock due to the recollapse of the

Universe. The scalar field ϕ diverges logarithmically (in t) at the singularities.

For λ = 0 the solutions take the slightly different form

v(t) = 2

√

|πϕ‖t − t0|, ϕ(t) =
1

2
sgn(πϕ(t − t0)) log

∣

∣

∣

∣

t

t0
− 1

∣

∣

∣

∣

+ ϕ0. (14)

Since we will later use ϕ as a clock, it is instructive to express the other dynamical variables

as functions of ϕ as well. Notice that ϕ is always a globally defined clock as long as πϕ �= 0,

which we assume throughout. If ϕ is used as clock we need to distinguish between positive

and negative λ solutions. Namely, for λ > 0 we find

v(ϕ) =
|πϕ|√

λ |sinh(ϕ− ϕ0)|
, t(ϕ) = −πϕ

2λ
coth(ϕ− ϕ0)+ t0 (15)

whereas for λ < 0

v(ϕ) =
|πϕ|√

−λ cosh(ϕ− ϕ0)
, t(ϕ) = −πϕ

2λ
tanh(ϕ− ϕ0)+ t0. (16)

The case λ = 0 is conceptually rather different if the scalar field ϕ is used as a clock. In this

case only, ϕ takes all values from −∞ to ∞ in each of the two (expanding and contracting)

branches of the solution, and can only parameterise one half of the full solution (14). This is

because for λ = 0 the field ϕ keeps growing logarithmically at large volume, unlike for λ > 0

where it approaches the constant value ϕ = ϕ0. Hence for λ = 0 one needs to choose which

branch of the solution one is in. From the equation of motion for v,

dv

dτ
= {v,H} = −2Ñπv , (17)

one sees that since Ñ > 0 the expanding (contracting) branch corresponds to negative (positive)

πv . In particular this implies that if λ � 0 the sign of πv does not change during the evolution.

4The canonical momentum πv would also be a good clock everywhere: its equation of motion gives dπv
dτ

= 2Ñ
π2ϕ

v3
> 0.

A similar ‘extrinsic’ clock was studied in a slightly simpler model in [6].
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Figure 1. Classical solutions v(t) and ϕ(t) for πϕ = 1 and λ = 1 (solid curve), λ = −1

(dashed curve) and λ = 0 (dotted curve). At the big bang/big crunch singularities t = ± 1
2

(solid and dashed) and t = 0 (dotted) the scalar field ϕ diverges logarithmically.

Figure 2. Classical solutions v(ϕ) and t(ϕ) for πϕ = 1 and λ = 1 (solid curve), λ = −1
(dashed curve) and λ = 0 (dotted curve). Notice that v = ∞ is reached at ϕ = 0 for
λ > 0 but at ϕ = +∞ for λ = 0, where we have chosen the expanding branch of the
solution. Here ϕ = −∞ is always the big bang; for λ �= 0, ϕ = +∞ is the big crunch.

With this in mind we can then give the two possible solutions with λ = 0 as

v(ϕ) = 2

√

|πϕ t0| e− sgn(πϕπv )(ϕ−ϕ0),

t(ϕ) = t0 − |t0| sgn(πv)e
−2 sgn(πϕπv)(ϕ−ϕ0). (18)

These classical solutions are plotted in figures 1 and 2. In these plots we use λ = ±1 for

the positive and negative λ cases and have set the arbitrary integration constants ϕ0 and t0 to

zero where possible. (The quantities λ and πϕ are really dimensionful, so implicit in this is a

choice of units for V0 in (9) in addition to setting κ = 8πG = 1.)

Figures 1 and 2 also illustrate that using v as a time parameter for the other variables requires

a choice of expanding or contracting branch similar to the one for the ϕ clock when λ = 0. All

classical solutions with πϕ �= 0 have a contracting and an expanding part; v can only parame-

terise one of these. For λ � 0 the contracting and expanding branches are not connected, and

one can view v as a global clock on one of the branches. For λ < 0, there is a recollapse within

a single branch beyond which v fails to be a good clock. In the quantum theory, both branches

are present as a superposition within a generic quantum state, which makes the v time hard to

9
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interpret. In [8] we studied a quantum theory that uses v as a clock, and focused on semiclas-

sical states peaked on the expanding branch for λ > 0, for which v does define a good (global)
clock.

2.3. Dirac observables

For any theory with local gauge symmetry, observables are required to be gauge-invariant. In

case of diffeomorphism symmetry this rather restricts the possibilities for local observables:

thinking of these as defined at a certain ‘time’, since time is just a coordinate label a local

observable must be a constant of motion (see e.g. [15]). This apparent absence of any notion

of time evolution appears puzzling until one realises that in a diffeomorphism-invariant theory

dynamicsmust be expressed in relational terms, as the change in one phase space variable with

respect to another [30–32]. Rather than relying on coordinate labels, a relational reference

frame can be defined in terms of suitable matter fields, usually taken to be scalars [27, 33]. In a

spatially homogeneousmodel the only relational ‘coordinate’ required is time. Here we define

a few (Dirac) observables in the classical theory that will become important when we analyse

the physical content of a quantum theory based on choosingϕ as the clock. These observables

extend those given for other choices of time variable given in our previous work [8].

The Hamiltonian (10) is of the form H = ÑC where Ñ is a Lagrangian multiplier and C
a function of the phase space variables, usually referred as a totally constrained Hamilto-

nian. This form is a common feature of all systems with diffeomorphism invariance [34]. The

presence of the Lagrange multiplier Ñ forces the relation

C = −π2
v +

π2
ϕ

v2
+ λ ≈ 0, (19)

called the Hamiltonian constraint. (19) defines the constraint surface C , where the use of the

sign ≈ means that a relation holds only in C and not in the entire phase space. Observables

must be invariant under the gauge transformations (time reparameterisations) generated by C;
hence on C all Dirac observablesO must satisfy

{C,O} ≈ 0 ⇔ −2π2
ϕ

v3
∂O
∂πv

− ∂O
∂t

− 2πϕ

v2
∂O
∂ϕ

+ 2πv
∂O
∂v

≈ 0. (20)

We can immediately see that (20) implies that {H,O} ≈ 0, which confirms that all Dirac

observables are constants of motion. For example, any function of the conserved quantities

λ and πϕ is a Dirac observable. However, these observables are frozen, i.e. they do not reflect

any evolution of the system.

By defining observables that parameterise the evolution of different phase space variables

with respect to given reference variable, we can describe evolution with respect to a specific

clock. In our case, as we will use ϕ as a clock, we are interested in the relational observables

v(ϕ = ϕ1) and t(ϕ = ϕ1), which give the values of v and twhen the clockϕ takes the valueϕ1.

Although these observables are constants of motion for a givenϕ1, by letting ϕ1 varywe obtain

a set of complete observables.

Fix a point P = (ti, vi,ϕi,λ, πvi , πϕ) ∈ C . The Dirac observables v(ϕ = ϕ1) and t(ϕ = ϕ1)

then give the values of v and t when ϕ = ϕ1 for the solution which originates from the initial

10
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data P. Concretely, we find that these observables are given by

v(ϕ = ϕ1) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

|πϕ|√
λ
∣

∣

∣
sinh
(

ϕ1 − ϕi + sgn
(

πvi

)

arsinh
(

πϕ
vi
√
λ

))∣

∣

∣

, λ > 0

|πϕ|
√
−λ cosh

(

ϕ1 − ϕi + sgn
(

πϕπvi

)

arcosh

(

|πϕ|
vi
√
−λ

)) , λ < 0

vie
−sgn(πϕπvi)(ϕ1−ϕi), λ = 0

(21)

and

t(ϕ = ϕ1) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

−πϕ

2λ
coth

(

ϕ1 − ϕi + artanh

(

πϕ

πvivi

))

+ ti +
πvivi
2λ

, λ > 0

−πϕ

2λ
tanh

(

ϕ1 − ϕi + artanh

(

πvivi
πϕ

))

+ ti +
πvivi
2λ

, λ < 0

(

ti +
vi
4πvi

)(

1− vi
4tiπvi + vi

e−2 sgn(πϕπvi)(ϕ1−ϕi)

)

, λ = 0.

(22)

By varying P these observables extend to all of C . These observables differ from the simpler

types of observables built from constants of motion λ and πϕ in that their Poisson bracket

vanishes only in the constraint surface C , since {C, v(ϕ = ϕ1)} = f C �= 0 for some non triv-

ial function f , whereas we have {C,λ} = {C, πϕ} = 0 everywhere in the phase space. This

property is common for relational Dirac observables of the type we have defined here.

What these observables describe is the (future and past) behaviour of the classical solu-

tion determined by specifying an initial data point P. We can give explicit expressions for the

observables since we know all classical solutions explicitly.

3. Quantum theories based on different clocks

This section deals with the quantisation of the cosmological model introduced above, extend-

ing our previous work in [8]. The Hamiltonian constraint (19) becomes the Wheeler–DeWitt

equation of the quantum theory. The Wheeler–DeWitt equation can be solved explicitly in

terms of Bessel functions. We introduce an inner product and Hilbert space based on using

the scalar field ϕ as a clock. Demanding unitarity in the sense of conservation of the inner

product in ϕ then imposes constraints on the allowed wavefunctions. We compare the result-

ing quantum theory to the theories discussed in [8] where the role of clock was played by the

‘Schrödinger clock’ t or a volume variable.

Recall from (12) that the Hamiltonian constraint can be written as

C = −π2
v +

π2
ϕ

v2
+ λ = gABπAπB + λ, (23)

where gAB =

(−1 0

0
1

v2

)

is the inverse metric of the Rindler wedge parameterised by v andϕ.

This rewriting suggests a natural choice for the operator ordering in the Wheeler–DeWitt

11
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equation for the quantum theory: we replace the term gABπAπB with −h̄2� where

� =
1√−g

∂

∂qA

(

gAB
√−g ∂

∂qB

)

= −1

v

∂

∂v

(

v
∂

∂v

)

+
1

v2
∂2

∂ϕ2
(24)

is the Laplace–Beltrami operator on the Rindler wedge. The resulting Wheeler–DeWitt

equation is

(

h̄2
∂2

∂v2
+
h̄2

v

∂

∂v
− h̄2

v2
∂2

∂ϕ2
− ih̄

∂

∂t

)

Ψ(v,ϕ, t) = 0. (25)

There is always an ordering ambiguity when writing the Wheeler–DeWitt equation. One

approach to dealing with this ambiguity is to include free parameters into theWheeler–DeWitt

equation which correspond to different orderings. One can then study the impact of these

parameters on the theory (see e.g. [35]). Here we instead follow the perspective advocated

by Hawking and Page [36] that there is a preferred ordering for the operators which makes the

Wheeler–DeWitt equation covariant under coordinate transformations on the Rindler wedge

parameterised by (v,ϕ). This choice corresponds to (25) and is unique up to the addition of a

term h̄2ξR where R is the Ricci scalar of minisuperspace [37, 38]. In our case, as the Rindler

wedge is flat, there is a unique covariant ordering prescription.

TheWheeler–DeWitt equation (25) can be solved by separation of variables using the ansatz

Ψ(v,ϕ, t) = ν(ϕ)ψ(v)eiλ
t
h̄ which leads to the two equations

ν ′′(ϕ)

ν(ϕ)
= A (26)

and

v2ψ′′(v)+ vψ′(v)+

(

λ

h̄2
v2 − A

)

ψ(v) = 0. (27)

(26) is straightforward to solve; if we assume A �= 0 then depending on the sign of A the solu-

tions are either real exponentials eκϕ or imaginary exponentials eikϕ. (27) is well-known as

Bessel’s equation; again depending on the sign of A its solutions are either real order Bessel

functions J±|κ|
(√

λ
h̄
v
)

or purely imaginary order Bessel functions J±i|k|
(√

λ
h̄
v
)

. The general

solution to the Wheeler–DeWitt equation can then be written as

Ψ(v,ϕ, t) =

∫ ∞

−∞

dλ

2π h̄

∫ ∞

−∞

dk

2π
eikϕeiλ

t
h̄

×
[

α(k,λ)Ji|k|

(√
λ

h̄
v

)

+ β(k,λ)J−i|k|

(√
λ

h̄
v

)]

+

∫ ∞

−∞

dλ

2π h̄

∫ ∞

−∞

dκ

2π
eκϕeiλ

t
h̄

×
[

γ(κ,λ)J|κ|

(√
λ

h̄
v

)

+ ǫ(κ,λ)J−|κ|

(√
λ

h̄
v

)]

, (28)

12
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where at this pointα, β, γ and ǫ are arbitrary complex functions. In the case whereλ is negative,

we use the convention

Jx

(√
λ

h̄
v

)

= Jx

(

i

√
−λ

h̄
v

)

= e
ixπ
2 Ix

(
√
−λ

h̄
v

)

(29)

for any (real or imaginary) x, where Ix denotes the modified Bessel function of the first kind.

3.1. Scalar field ϕ as a relational clock

Up to this point the Wheeler–DeWitt equation (25) is simply a differential equation in all the

arguments of Ψ, and there is no notion of time evolution. To give an interpretation and a phys-

ical meaning to the solutions (28), we choose an internal variable to serve as relational clock

and build an inner product (and then a Hilbert space) with respect to the remaining variables.

Time evolution then corresponds to defining states or observables as functions of the possible

values taken by the clock variable. The clock, despite being an internal variable of the system,

is then treated similarly to the external time parameter in quantum mechanics: it has no uncer-

tainty. Due to the general covariance of general relativity there is (at least locally) no a priori

preferred clock variable; some clocks may have the advantage of being monotonic and hence

globally defined.

In this paper, we introduce a quantum theory based on the field ϕ as a clock, given that ϕ is

always monotonic as we saw in section 2.2. We then compare this theory to theories based on

using t or v as a clock; these have been studied in detail in [8], but we will briefly review them

to give a meaningful comparative between the three quantisations studied.

The Wheeler–DeWitt equation (25) can be rewritten as

(

h̄2
∂2

∂ϕ2
− h̄2
(

∂

∂ log(v/v0)

)2

+ ih̄v2
∂

∂t

)

Ψ(v,ϕ, t) = 0, (30)

where v0 is a parameter of dimensionality length3/2 needed for dimensional reasons. From this

point of view, the equation can be regarded as a Klein–Gordon-type equation in the variables

log(v/v0) and ϕ plus a third term that, after making the ansatz Ψ(v,ϕ, t) = ψ(v,ϕ)eiλ
t
h̄ , is

similar to a potential depending on v and λ. In [8] we used this observation as a starting point
for a theory built on the clock log(v/v0); here instead we propose the inner product

〈Ψ|Φ〉ϕ = i

∫ ∞

−∞
dt

∫ ∞

0

dv

v

(

Ψ̄(v,ϕ, t)
∂

∂ϕ
Φ(v,ϕ, t)− Φ(v,ϕ, t)

∂

∂ϕ
Ψ̄(v,ϕ, t)

)

. (31)

Note that we integrate over t and v but not overϕ, which is the clock of the theory. The subindex
ϕ reminds us that the inner product is in principle a function of ϕ, in contrast to inner products
defined with respect to other clocks. The differential operator appearing in (31) is nμ∂μ ≡ 1

v∂ϕ
where nμ is the normal to ϕ = const. surfaces in the Rindler wedge metric (12).

We now demand unitarity, i.e. require that ∂
∂ϕ 〈Ψ|Φ〉ϕ = 0 for any Ψ and Φ, in order to be

able to have ameaningful (conventional) probability interpretation of this quantum theory. This

results in the boundary condition

∫

dt

[

vΨ̄
∂

∂v
Φ− vΦ

∂

∂v
Ψ̄

]v=∞

v=0

= 0. (32)

This condition is not automatically satisfied by all solutions of (30); instead it imposes a

restriction on the general solutions (28).

13
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Using again the ansatz Ψ(v,ϕ, t) = ψ(v,ϕ)eiλ
t
h̄ , one can see that (32) is equivalent to the

condition arising from demanding self-adjointness of the Hamiltonian

Ĥ = −h̄2 ∂2

∂u2
− λe2u (33)

with respect to a standard L2 inner product on the real line R parameterised by the coordinate

u. For λ > 0 this Hamiltonian contains an attractive potential in which classically a particle

could reach infinity (u = ∞ or v = ∞) in a finite time. In the quantum theory with such a

potential one then finds that the Hamiltonian Ĥ is not self-adjoint on L2(R) and one needs to

impose a boundary condition which amounts to a reflection of the wavefunction from v = ∞.

There is a one-parameter family of linear subspaces of states that satisfy (32) at infinity. The

characterisation of the Hamiltonian and the derivation of this family are presented in a very

comprehensiveway in [39] in the context of S-branes; these results were first derived in [40]. In

our case, since λ is not a fixed parameter but a dynamical variable the one-parameter freedom

of choosing a subspace of states becomes a choice of free function of λ. We will rederive

the solutions to the boundary condition (32), reproducing the results found in the literature.

However, the normalisation of our wavefunctions is not the same due to the fact that we are

workingwith a Klein–Gordon, not a Schrödinger inner product. For λ < 0 the potential in (33)

is repulsive; in this case the Hamiltonian is already self-adjoint without a boundary condition.

The solutions for this case are well-known, see e.g. [41].

An additional issue in our discussion is that the inner product (31) is not positive definite,

as is usually the case for Klein–Gordon-type inner products that include derivatives. An inner

product that is not positive definite can also not be used for a consistent (Born) probability inter-

pretation. Our approach to this issue is to first impose unitarity, i.e. obtain an inner product that

is conserved over time. This means we restrict our solutions to those satisfying the boundary

condition (32). The resulting subspace of wavefunctions splits into mutually orthogonal sub-

spaces of respectively positive, negative or zero norm under (31). One can then redefine the

inner product by changing the overall sign on the negative norm sector. The explicit construc-

tion of a positive definite inner product over the space of all solutions to the Wheeler–DeWitt

equation is not needed as solutions that do not satisfy (32) do not have a physical interpretation

in our setting: no meaningful probability distribution can be associated to a state whose norm is

not conserved over time.

In the rest of this section we give a detailed derivation of the form of wavefunctions that are

normalisable in the inner product (31) while also being compatible with (32). For each separate

positive value of λ the general solution to the boundary condition (32) is the one required to

ensure self-adjointness of the Hamiltonian (33) with the same value of λ; requiring normalis-

ability puts further restrictions on states. Our results are also compatible with the analysis of

[11] where a quantum theory inϕ timewas constructed for a cosmologicalmodelwithmassless

scalar field and again a fixed λ > 0. The authors of [11] define a Dirac quantisation on a kine-

matical Hilbert space rather than fixing a clock variable before quantisation, and also do not

use the v variable but a dual representation in terms of a variable b corresponding to the Hub-

ble parameter. Hence the results are not directly comparable but the physical and mathematical

features found there mirror exactly those found in our case. In section 5 we will comment on

the connection of our quantum theory with the framework of Dirac quantisation, and argue that

the required boundary conditions should indeed be the same in both frameworks.

Readers not interested in the details of the derivation can find the general form of a

normalisable state whose norm is preserved under ϕ evolution in (72).
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3.2. Normalisability and boundary conditions for λ > 0

We first consider a general state with γ(κ,λ) = ǫ(κ,λ) = 0 in (28),

Ψ1(v,ϕ, t) =

∫ ∞

0

dλ

2π h̄

∫ ∞

−∞

dk

2π
eikϕeiλ

t
h̄

×
[

α(k,λ)Ji|k|

(√
λ

h̄
v

)

+ β(k,λ)J−i|k|

(√
λ

h̄
v

)]

. (34)

This is to separately discuss the cases of Bessel functions of real and imaginary order, which

have very different asymptotic behaviour. For (34) we then find

〈Ψ1|Ψ1〉ϕ = −
∫

dk1dk2

(2π)2
dλ

2π h̄

dv

v
ei(k2−k1)ϕ(k1 + k2)

×
[

ᾱ1α2J−i|k1 |

(√
λ

h̄
v

)

Ji|k2 |

(√
λ

h̄
v

)

+ ᾱ1β2J−i|k1|

(√
λ

h̄
v

)

× J−i|k2|

(√
λ

h̄
v

)

+ β̄1α2Ji|k1|

(√
λ

h̄
v

)

Ji|k2|

(√
λ

h̄
v

)

+ β̄1β2Ji|k1 |

(√
λ

h̄
v

)

J−i|k2|

(√
λ

h̄
v

)]

, (35)

where we use the abbreviation αi for α(ki,λ) and βi for β(ki,λ). Here and in the following we
need to make use of explicit expressions for the integral of products of two Bessel functions

over v, which are derived in appendix A. Here the relevant integral is (A.8). After regrouping

terms, we find

〈Ψ1|Ψ1〉ϕ = −
∫

dk1dk2

(2π)2
dλ

2π h̄
ei(k2−k1)ϕ(k1 + k2)

×
{

PV
2 i

π(k21 − k22)

(

sinh
(

(|k1|+ |k2|)
π

2

)

[

ᾱ1α2 − β̄1β2

]

+ sinh
(

(|k1| − |k2|)
π

2

)

[

ᾱ1β2 − β̄1α2

]

)

+ 2
sinh
(

(|k1|+ |k2|) π2
)

|k1|+ |k2|
δ(|k1| − |k2|)

[

ᾱ1α2 + β̄1β2

]

+ 2
sinh
(

(|k1| − |k2|) π2
)

|k1| − |k2|
δ(|k1|+ |k2|)

[

α1β2 + β̄1α2

]

}

, (36)

where PV denotes the Cauchy principal value, i.e. a definition of the integral in terms of a

symmetric limit around the singular point k1 = k2.

We can see that the last line does not contribute to the final result. We can simplify the other

Dirac delta term using

(k1 + k2)δ(|k1| − |k2|) = (k1 + k2) [δ(k1 + k2)+ δ(k1 − k2)] = 2k1δ(k1 − k2).

(37)
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Since the delta function δ(|k1| − |k2|) forces k1 = k2, the contribution coming from this term

is independent of ϕ. The other two terms cannot be further simplified and hence, in order for

the inner product to be independent of ϕ, they must vanish. This leads to the condition

Y(k1, k2,λ,ϕ)− Y(2k2 − k1, k2,λ,ϕ) = 0 (38)

to be satisfied for all k1, k2,λ and ϕ, where

Y(k1, k2,λ,ϕ) = ei(k2−k1)ϕ
(

sinh
(

(|k1|+ |k2|)
π

2

)

[

ᾱ1α2 − β̄1β2

]

+ sinh
(

(|k1| − |k2|)
π

2

)

[

ᾱ1β2 − β̄1α2

]

)

(39)

and we have used the fact that the principal value integral only depends on the part of Y that

is odd with respect to reflection around the singular point k1 = k2. We can now expand the

condition (38) to linear order around k1 = k2 where it vanishes, finding

α(k,λ)β̄(k,λ)− ᾱ(k,λ)β(k,λ)− cosh(kπ)
(

|α(k,λ)|2 − |β(k,λ)|2
)

+
2

π
sinh(kπ)

(

β(k,λ)
∂β̄(k,λ)

∂k
− α(k,λ)

∂ᾱ(k,λ)

∂k

+ iϕ
(

|α(k,λ)|2 − |β(k,λ)|2
)

)

= 0. (40)

Only the last term inside the large brackets depends on ϕ so we must have

|α(k,λ)|2 = |β(k,λ)|2 ⇒ eiχ(k,λ)β(k,λ) = α(k,λ), (41)

where χ(k,λ) is a function taking values in [−π, π). The remaining terms then also vanish if

π sin(χ(k,λ))+ sinh(kπ)
∂

∂k
χ(k,λ) = 0. (42)

The general solution to this equation can be written as

χ(k,λ) = −2 arctan

[

θ(λ) coth

( |k|π
2

)]

(43)

in terms of a free function θ(λ). There would also be the freedom to multiply χ by an overall

sign which can be different for positive and negative k (noting that χ(k,λ) is ill-defined at

k = 0) but this is fixed by demanding that (43) is a solution to (38), hence ensuring that we

have found the general solution to the boundary condition (32).

Two obvious solutions to (38) are β(k,λ) = ±α(k,λ) for some (or all) λ. The ‘+’ solution

corresponds to χ(k,λ) = θ(λ) = 0 for these values of λ but the ‘−’ solution is χ(k,λ) = −π
which formally corresponds to θ(λ) = ∞, which must hence be included as a possible choice.

The free function θ(λ) taking values in R ∪ {∞} is then the analogue of the self-adjoint

extension parameter for the Hamiltonian (33) discussed in [39, 40].

For any state of the form (34) with (41) and (43) we then find

〈Ψ1|Ψ1〉ϕ = −
∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄

2 sinh(kπ)

π
|α(k,λ)|2. (44)
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We see that k > 0 modes have a negative contribution to the norm, whereas k < 0 modes have

positive norm. One possible approachwould now be to only include k < 0 (positive frequency)

modes into the subspace of allowed wavefunctions, and indeed in the later numerical analysis

we will restrict to this subspace. However, it is also possible to redefine the inner product so

that it becomes positive definite for all k, and all these modes can be considered as physical

states. This is what we did in [8] when considering a volume variable as time; an inner product

that is positive definite for all k would also come out of a group averaging construction, which

we will compare with below.

Since the k > 0 and k < 0 modes are decoupled after imposing (38), we can define such a

positive definite inner product by

〈Ψ1|Ψ1〉ϕ′ = 〈Ψ1|Ψ1〉ϕ,k<0 − 〈Ψ1|Ψ1〉ϕ,k>0, (45)

where the subindices k < 0 and k > 0 refer to the values of k in the integration in (44).

Explicitly, for a general solution to the boundary condition (32) we define

〈Ψ1|Ψ1〉ϕ′ =

∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄

2 sinh(|k|π)
π

|α(k,λ)|2 (46)

which is nowmanifestly positive definite. Our constructions also ensure that this inner product

is conserved under evolution in ϕ, i.e. time evolution is unitary for these states.

A normalised solution to the Wheeler–DeWitt equation satisfying the boundary condition

and built only out of oscillatory modes (i.e. with γ(κ,λ) = ǫ(κ,λ) = 0 in (34)) can then be

written as

Ψ1(v,ϕ, t) =

∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄
eikϕei

λ
h̄
tα(k,λ)

√

2π

sinh(|k|π)

×R

[

ei
χ(k,λ)

2 Ji|k|

(√
λ

h̄
v

)]

, (47)

where
∫∞
−∞

dk
2π

∫∞
0

dλ
2π h̄

|α(k,λ)|2 = 1 andR denotes the real part. Here

ei
χ(k,λ)

2 = e
−i arctan

[

θ(λ) coth
( |k|π

2

)]

=

√

√

√

√

√

sinh
(

|k|π
2

)

− iθ(λ) cosh
(

|k|π
2

)

sinh
(

|k|π
2

)

+ iθ(λ) cosh
(

|k|π
2

) (48)

after rewriting the arctangent in terms of a logarithm.

One can slightly simplify this final expression by introducing a function κ0 with

θ(λ) = tan
(

κ0(λ)
π

2

)

, (49)

where κ0 takes values in the interval [0, 2). In this new notation, κ0(λ) = 1 corresponds to the

possible choice θ(λ) = ∞ discussed earlier. Using (49) we can rewrite (47) as

Ψ1(v,ϕ, t) =

∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄
eikϕei

λ
h̄ tα(k,λ)

√

2π

sinh(|k|π)

×R

[
√

sinh
(

(|k| − iκ0(λ))
π
2

)

sinh
(

(|k|+ iκ0(λ))
π
2

)Ji|k|

(√
λ

h̄
v

)]

, (50)
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This form for the allowed wavefunctions corresponds to the one given in [39], but the

normalisation is different due to a different choice of inner product here.

Nowwe consider solutions formed of real exponentials inϕ. That is, in (28) we setα(k,λ) =
β(k,λ) = 0 and consider a wavefunction

Ψ2(v,ϕ, t) =

∫ ∞

0

dλ

2π h̄

∫ ∞

−∞

dκ

2π
eκϕeiλ

t
h̄

[

γ(κ,λ)J|κ|

(√
λ

h̄
v

)

+ ǫ(κ,λ)J−|κ|

(√
λ

h̄
v

)]

. (51)

The inner product (31) of such a state with itself is

〈Ψ2|Ψ2〉ϕ = i

∫

dκ1dκ2

(2π)2
dλ

2π h̄

dv

v
e(κ1+κ2)ϕ(κ2 − κ1)

×
[

γ̄1γ2J|κ1|

(√
λ

h̄
v

)

J|κ2|

(√
λ

h̄
v

)

+ γ̄1ǫ2J|κ1|

(√
λ

h̄
v

)

× J−|κ2|

(√
λ

h̄
v

)

+ ǭ1γ2J−|κ1|

(√
λ

h̄
v

)

J|κ2|

(√
λ

h̄
v

)

+ ǭ1ǫ2J−|κ1|

(√
λ

h̄
v

)

J−|κ2|

(√
λ

h̄
v

)]

, (52)

wherewe use again the abbreviationγ i = γ(κi,λ) and ǫi = ǫ(κi,λ). In the appendixAwe show

that the integral over v can only be defined (even in a distributional sense) when the sum of the

orders of the Bessel functions is strictly positive, in which case it is given by (A.16). We must

hence assume ǫ(κ,λ) = 0 to get a normalisable state. We then find

〈Ψ2|Ψ2〉ϕ = −2 i

π

∫

dκ1dκ2

(2π)2
dλ

2π h̄
e(κ1+κ2)ϕ

sin
(

(|κ1| − |κ2|) π2
)

κ1 + κ2

γ̄(κ1,λ)γ(κ2,λ). (53)

The only way to ensure ∂
∂ϕ
〈Ψ2|Ψ2〉ϕ = 0 is to set

sin
(

(|κ1| − |κ2|)
π

2

)

= 0 ⇒ |κ1| − |κ2| = 2n, n ∈ Z. (54)

This condition can be solved separately for each value of λ; but given a fixed λ, only a discrete
set of values for κ is allowed, namely those satisfying

|κ| = κ′
0(λ) + 2n for some n ∈ N0, (55)

where κ′
0(λ) is an arbitrary function of λ which we can choose to take values in [0, 2). The

general form of such Ψ2 whose norm is preserved under evolution in ϕ is then

Ψ2 =

∫ ∞

0

dλ

2π h̄
ei

λ
h̄ t

[ ∞
∑

n=0

(

γ+
n (λ)e

(κ′
0
(λ)+2n)ϕ

+ γ−
n (λ)e

−(κ′
0
(λ)+2n)ϕ

)

Jκ′
0
(λ)+2n

(√
λ

h̄
v

)]

.

(56)

Such a wavefunction has zero norm, which is indeedϕ independent. These states do not have a

classical analogue; onewould have to interpret themas configurations forwhichπ2
ϕ < 0 in (19),

analogous to tunnelling solutions under a potential barrier in standard quantum mechanics. In

quantum cosmology, similar states which ‘decay’ in relational time have been discussed as
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‘quantumpuff’ universes byMisner [42]. The interpretation of such states is in general far from

clear if one demands a unitary quantum theory, as e.g. mentioned in Blyth’s PhD Thesis [43].

In our case they have norm zero, so they have no influence in the probabilistic interpretation

of the theory.

Now that we have analysed the two sectors k and κ separately, we require that the inner

product 〈Ψ1|Ψ2〉ϕ is independent ofϕ for two normalisable statesΨ1 andΨ2 given respectively

by (47) and (56). We find

〈Ψ1|Ψ2〉ϕ = i

∫

dk

2π

dλ

2π h̄

dv

v

∞
∑

n=0

(

e(κ
′
0
(λ)+2n−ik)ϕᾱ(k,λ)γ+

n (λ)(κ
′
0(λ)+ 2n+ ik)

+ e(−κ′
0
(λ)−2n−ik)ϕᾱ(k,λ)γ−

n (λ)(−κ′
0(λ)− 2n+ ik)

)

×
√

2π

sinh(|k|π) R
[

ei
χ(k,λ)

2 Jκ′
0
(λ)+2n

(√
λ

h̄
v

)

Ji|k|

(√
λ

h̄
v

)]

. (57)

We can then use the result (A.19) to compute the v integral to obtain

〈Ψ1|Ψ2〉ϕ =
2 i

π

∫

dk

2π

dλ

2π h̄

∞
∑

n=0

(

e(κ
′
0
(λ)+2n−ik)ϕ ᾱ(k,λ)γ+

n (λ)

κ′
0(λ) + 2n− ik

− e(−κ′
0
(λ)−2n−ik)ϕ ᾱ(k,λ)γ−

n (λ)

κ′
0(λ)+ 2n+ ik

)

√

2π

sinh(|k|π)

×R

[

ei
χ(k,λ)

2 sin
(

(κ′
0(λ)+ 2n− i |k|)π

2

)]

. (58)

To ensure ∂
∂ϕ 〈Ψ1|Ψ2〉ϕ = 0 we must demand that R

[

ei
χ(k,λ)

2 sin
(

(κ′
0(λ)+ 2n− i |k|) π

2

)

]

vanishes, or equivalently that

tan
(

κ′
0(λ)

π

2

)

= − tan

(

χ(k,λ)

2

)

tanh

( |k|π
2

)

. (59)

Using (43) and (49) this condition becomes

tan
(

κ′
0(λ)

π

2

)

= tan
(

κ0(λ)
π

2

)

, (60)

so that if we choose κ0(λ) = κ′
0(λ) for all λ the condition ∂

∂ϕ 〈Ψ1|Ψ2〉ϕ = 0 is satisfied.

In conclusion, the most general normalised wavefunction built only from λ > 0 modes and

which satisfies the boundary condition (32) is

Ψ(v,ϕ, t) =

∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄
eikϕei

λ
h̄
tα(k,λ)

√

2π

sinh(|k|π)

×R

[
√

sinh
(

(|k| − iκ0(λ))
π
2

)

sinh
(

(|k|+ iκ0(λ))
π
2

)Ji|k|

(√
λ

h̄
v

)]

+

∫ ∞

0

dλ

2π h̄
ei

λ
h̄
t

×
[ ∞
∑

n=0

(

γ+
n (λ)e

(κ0(λ)+2n)ϕ
+ γ−

n (λ)e
−(κ0(λ)+2n)ϕ

)

Jκ0(λ)+2n

(√
λ

h̄
v

)]

, (61)
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where
∫∞
−∞

dk
2π

∫∞
0

dλ
2π h̄

|α(k,λ)|2 = 1. Notice that there is no restriction on the values of γ±
n since

the real Bessel modes do no contribute to the norm of this state. For both real and imagi-

nary order Bessel functions, we saw that for each mode either the boundary condition (32)

or the requirement of normalisability means that out of the two independent solutions to the

Wheeler–DeWitt equation only one is allowed.

3.3. State space for λ < 0 and summary

We now focus on states built from solutions to theWheeler–DeWitt equation for which λ < 0.

The behaviour of classical solutions is very different for positive and negativeλ; for λ < 0 they

recollapse at some maximum volume rather than accelerating to infinity as for λ > 0. We will

of course see this difference reflected in the quantum theory: there is no need for a boundary

condition at v = ∞ as in the positive λ case (recall that the corresponding quantummechanics

Hamiltonian (33) is already self-adjoint if λ < 0).

As in the previous discussion, we first restrict to Bessel functions of imaginary order.

Consider the wavefunction

Ψ3(v,ϕ, t) =

∫ 0

−∞

dλ

2π h̄

∫ ∞

−∞

dk

2π
eikϕeiλ

t
h̄

×
[

ζ(k,λ)Ii|k|

(
√
−λ

h̄
v

)

+ ξ(k,λ)I−i|k|

(
√
−λ

h̄
v

)]

, (62)

where we use the convention (29) to define the Bessel functions with imaginary argument and

we have absorbed the factor e±
|k|π
2 into the functions ζ(k,λ) and ξ(k,λ).

As for the case λ > 0, we must require that these states are normalisable and their norm is

preserved under time evolution. Normalisability poses an immediate problem: the large v
asymptotic behaviour of the modified Bessel functions of the first kind is

Ix

(
√
−λ

h̄
v

)

∼
√

h̄

2πv
√
−λ

e

√
−λ
h̄

v (63)

and hence generic states of the form (62) cannot be normalisable in the inner product (31) since

the integral over v is badly divergent.

In fact the asymptotic form of the modified Bessel functions of the first kind for large argu-

ment contains both an exponentially growing and an exponentially decaying part. The growing

part is even under x→−x. This motivates the definition of a different Bessel function, the

modified Bessel function of the second kind

Kx

(
√
−λ

h̄
v

)

=
π

2

Ix

(√
−λ
h̄
v
)

− I−x
(√

−λ
h̄
v
)

sin(xπ)
(64)

which decays exponentially at large v. These modified Bessel functions correspond to the usual

normalisable quantum-mechanicalwavefunctions in a classically forbidden region, such as the

large v region when λ < 0; indeed these are the solutions usually considered for a Schrödinger

equation with repulsive, exponential potential [41].
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We hence restrict ourselves to wavefunctions of the form

Ψ3(v,ϕ, t) =

∫ 0

−∞

dλ

2π h̄

∫ ∞

−∞

dk

2π
eikϕei

λ
h̄ tη(k,λ)Ki|k|

(
√
−λ

h̄
v

)

. (65)

Notice that modified Bessel functions of the second kind are always real for real and positive

argument. For the inner product (31) of such a state we then find

〈Ψ3|Ψ3〉ϕ = −
∫

dλ

2π h̄

dk1dk2

(2π)2
dv

v
(k1 + k2)e

i(k2−k1)ϕη̄1η2

× Ki|k1|

(
√
−λ

h̄
v

)

Ki|k2|

(
√
−λ

h̄
v

)

, (66)

where we are using the usual shorthand notation ηi = η(ki,λ). The integral over v can be

calculated using (A.13), resulting in

〈Ψ3|Ψ3〉ϕ = −
∫

dλ

2π h̄

dk1dk2

(2π)2
ei(k2−k1)ϕ

π2(k1 + k2)η̄1η2
2 |k1| sinh(|k1|π)

×
[

δ(|k1| − |k2|)+ δ(|k1|+ |k2|)
]

. (67)

Note that there is no contribution to the v integral from the upper limit v = ∞, which is another

way of seeing that the boundary condition (32) is already satisfied here.

Once again, the factor δ(|k1|+ |k2|) does not contribute to the integral. We can also use (37)

to write (k1 + k2)δ(|k1| − |k2|) = 2k1δ(k1 − k2). We obtain

〈Ψ3|Ψ3〉ϕ = −π

2

∫

dλ

2π h̄

dk

2π

|η(k,λ)|2
sinh(kπ)

. (68)

We see that the positive kmodes have a negative contribution to the norm, again due to the fact

that our inner product is of Klein–Gordon form and not positive definite. Hence, given that the

positive and negative k modes are decoupled in the inner product, we can define a new inner

product for these modes by

〈Ψ3|Ψ3〉ϕ′ = 〈Ψ3|Ψ3〉ϕ,k<0 − 〈Ψ3|Ψ3〉ϕ,k>0, (69)

where again, k > 0 and k < 0 refer to the values of k when integrating. Thus, with this new

inner product the states have a squared norm

〈Ψ3|Ψ3〉ϕ′ =
π

2

∫ 0

−∞

dλ

2π h̄

∫ ∞

−∞

dk

2π

|η(k,λ)|2
sinh(|k|π) � 0. (70)

Finally, we need to consider real exponential solutions for λ < 0. As a candidate for a

normalisable state one could define

Ψ4(v,ϕ, t) =

∫ 0

−∞

dλ

2π h̄

∫ ∞

−∞

dκ

2π
eκϕei

λ
h̄ tω(κ,λ)Kκ

(
√
−λ

h̄
v

)

. (71)

However, by looking at (A.17) we see that there are no values ofκ that make 〈Ψ4|Ψ4〉 converge,
hence such states are not allowed in the theory.
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In conclusionwe can now give themost general normalised solution to theWheeler–DeWitt

equation which solves the boundary condition (32):

Ψ(v,ϕ, t) =

∫ ∞

−∞

dk

2π

∫ ∞

0

dλ

2π h̄
eikϕei

λ
h̄ tα(k,λ)

√

2π

sinh(|k|π)

×R

[
√

sinh
(

π
2
(|k| − iκ0(λ))

)

sinh
(

π
2
(|k|+ iκ0(λ))

)Ji|k|

(√
λ

h̄
v

)]

+

∫ ∞

0

dλ

2π h̄
ei

λ
h̄ t

[ ∞
∑

n=0

(

γ+
n (λ)e

(κ0(λ)+2n)ϕ
+ γ−

n (λ)e
−(κ0(λ)+2n)ϕ

)

× Jκ0(λ)+2n

(√
λ

h̄
v

)]

+

∫ ∞

−∞

dk

2π

∫ 0

−∞

dλ

2π h̄
eikϕei

λ
h̄
t

×
√

2 sinh(|k|π)
π

η(k,λ)Ki|k|

(
√
−λ

h̄
v

)

, (72)

where
∫∞
0

dλ
2π h̄

∫∞
−∞

dk
2π
|α(k,λ)|2 +

∫ 0

−∞
dλ
2π h̄

∫∞
−∞

dk
2π
|η(k,λ)|2 = 1. As we discussed before, there

is a freedom in defining this solution space which is manifest in the free choice of the func-

tion κ0(λ) taking values in [0, 2). This freedom corresponds to the one-parameter freedom in

choosing a self-adjoint extension for a Hamiltonian in standard quantum mechanics, as we

discussed around (33). Here we are effectively dealing with an independent self-adjoint exten-

sion problem for each value of λ, given that modes for different λ are decoupled in our inner

product, and so the freedom is now the choice of an arbitrary function of λ. One could ask

what features of the quantum theory are sensitive to this choice; this question is discussed in

the closely related formalism in [11] where it is shown that the impact of choosing different

parameters (for a given fixed value of λ) is essentially negligible in the behaviour of relevant

observables. In the numerical analysis of certain semiclassical states below we will make a

particular choice.

Most importantly perhaps for the physical interpretation of the theory, we found that modes

with λ > 0, which correspond to classical solutions which can reach infinity in finite time,

must satisfy a boundary condition which amounts to these modes being reflected from v = ∞.

This is to ensure that the quantum theory remains unitary where the classical theory terminates.

(Recall from section 2 that for λ > 0 the Universe reaches infinite volume in finite at a finite

value of ϕ.) Below we will see explicitly that this reflecting boundary condition implies that,

rather than reaching infinite volume, solutions turn around when reaching a finite maximal

volume.

3.4. Comparison with other choices of relational clock

We have already discussed that themodel we study contains several good candidates for a clock

variable. In our previous work [8], we studied two different relational clocks, t and log(v/v0).
(Recall from section 2 that t is the variable conjugate to λ, and has the interpretation of uni-

modular time when λ is interpreted as dark energy.) Here we summarise the results of this

previous work (referring to [8] for details) to compare them to the theory studied in this paper,

where ϕ is the clock. In section 4 we will extend the comparison to a numerical analysis.
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We can regard the Wheeler–DeWitt equation (25) as a Schrödinger equation in t with

Hamiltonian Ĥs where

ih̄
∂

∂t
Ψ(v,ϕ, t) = −ĤsΨ(v,ϕ, t) , Ĥs = h̄2

(

− ∂2

∂v2
− 1

v

∂

∂v
+

1

v2
∂2

∂ϕ2

)

. (73)

This suggests an interpretation of the quantum theory as describing evolution in t, and the

definition of an Schrödinger inner product

〈Ψ|Φ〉t =
∫ ∞

0

dv

∫ ∞

−∞
dϕ v Ψ̄(v,ϕ, t)Φ(v,ϕ, t). (74)

Note that because the Wheeler–DeWitt equation only contains a first derivative in t, there are

no time derivatives in the inner product. The Hilbert space of this theory is L2(R, dvdϕ
√−g)

whereR is the Rindler wedge and
√−g = v for the metric (12). This inner product is positive

definite.

TheWheeler–DeWitt equation can be transformed into a Schrödinger equationwith a radial

1/r2 potential: with the ansatz Ψ(v,ϕ, t) = v−1/2ω(v)eikϕeiλ
t
h̄ (73) becomes

−h̄2 ∂2

∂v2
ω(v)− h̄2

k2 + 1
4

v2
ω(v) = λω(v). (75)

Properties of such a potential in the Schrödinger equation have been analysed in [44]. In general

one distinguishes several cases depending on the (dimensionless) strength of the potential. In

our case, this coefficient is −(1/4+ k2) < −1/4; this corresponds to the ‘strongly attractive’

case which requires a boundary condition at v = 0 to make Ĥs self-adjoint. Here the boundary

condition is
∫

dϕ

[

vΨ̄
∂

∂v
Φ− vΦ

∂

∂v
Ψ̄

]v=∞

v=0

= 0 (76)

which is nontrivial only at v = 0, contrary to what happened in (32) where only the limit v = ∞
played a rôle in the form of the wavefunctions. For fixed k one finds again a one-parameter

family of possible subspaces of solutions satisfying the boundary condition, which then leads

to a choice of free function once k is treated as a dynamical variable. Overall the normalisable

wavefunctions are

Ψ(v,ϕ, t) =

∫ ∞

−∞

dk

2π
eikϕ

⎡

⎢

⎢

⎣

∞
∑

n=−∞
ei

λkn
h̄ tB(k,λkn)

1

h̄

√

−2λkn sinh(kπ)

kπ

× Kik

(

√

−λkn
h̄

v

)

+

∫ ∞

0

dλ

2π h̄
ei

λ
h̄
tA(k,λ)

×

√
2πR

[

e
iϑ(k)−ik log

√

λ
λ0 Jik

(√
λ
h̄
v
)

]

√

h̄ cos
(

−2ϑ(k)+ k log λ
λ0

)

+ h̄ cosh(kπ)

⎤

⎥

⎥

⎦

, (77)

where ϑ(k) is the free function, λ0 is an arbitrary reference scale and

λkn = −λ0e
− (2n+1)π

k +
2ϑ(k)
k . (78)
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We observe some similarities between the ϕ clock theory constructed in this paper and

this Schrödinger-like t clock theory. For example, only real combinations of imaginary order

Bessel functions are allowed and only certain discrete values of some parameters (here only

certain negative λ values for each k, in the ϕ time theory only some κ values for each λ) are
allowed. However, there are no real order Bessel function states in the Schrödinger theory, as

these states are not normalisable, and the general solutions (72) and (77) look quite different.

One of the most important differences between the theories is that when we choose ϕ as a

clock the boundary condition (32) is relevant at v = ∞, but when t is the clock the boundary

condition (76) is relevant only at v = 0. Hence in the first case the differentmodes are reflected

from infinity rather than from the singularity (v = 0) as we found for the t time theory in [8]

(andGryb andThébault had analysed in detail in [13, 14]). It is then already clear that the choice

of clock is important for the physical interpretation of these theories, in particular regarding

singularity resolution: choosing t as a clock leads to generic singularity resolution, but we

would not expect this in the case whereϕ is the clock. On the other hand,whenϕ is used as time

states should not be able to reach infinite volume but instead ‘bounce’ at some finite maximal

volume. These expectations will be confirmed in our detailed numerical analysis below.

If log(v/v0) is chosen as a relational clock the resulting quantum theory is very differ-

ent from the other quantum theories. Here one again starts by writing the Wheeler–DeWitt

equation in the form (30) and notices that this is a second order differential equation in

log(v/v0). This variable can then also be used as a relational time; the appropriate inner product

is of Klein–Gordon form

〈Ψ|Φ〉v = i

∫ ∞

−∞
dt

∫ ∞

−∞
dϕ

[

Ψ̄(v,ϕ, t)v
∂

∂v
Φ(v,ϕ, t)− Φ(v,ϕ, t)v

∂

∂v
Ψ̄(v,ϕ, t)

]

. (79)

Conservation of this inner product in v can be shown to be equivalent to self-adjointness of the

operator Ô(v) =
(

−h̄2 ∂2

∂ϕ2 − ih̄v2 ∂
∂t

)

for an L2 inner product in t and ϕ, but this operator is

already self-adjoint, so all states of the form (34) have a time-independent norm (states with

real order Bessel functions are not normalisable in this theory either).

For a standard Klein–Gordon equation it is possible to take a ‘square root’ on both sides

to obtain two possible Schrödinger equations corresponding to the two square roots. Positive-

or negative-frequency solutions of the former are then the solutions to one or the other of

these Schrödinger equations. For this theory, however, there is no such interpretation as the

operator Ô(v) is time-dependent. Let us suppose that we can find an operator Ĥ such that

the Wheeler–DeWitt equation is implied by a Schrödinger equation in the time coordinate

u = log(v/v0),

−h̄2 ∂2

∂u2
Ψ(u,ϕ, t) = Ô(u)Ψ(u,ϕ, t)

?⇐= ih̄
∂

∂u
Ψ(u,ϕ, t) = Ĥ(u)Ψ(u,ϕ, t). (80)

This would require that Ĥ2 + ih̄ ∂Ĥ
∂u

= Ô and hence, in a state where all expectation values are

well-defined, that

〈

Ĥ2
〉

+ ih̄
∂

∂u

〈

Ĥ
〉

=

〈

Ô
〉

. (81)

Now assuming that all operators in question are self-adjoint, one reaches a contradiction

because the right-hand side is real whereas the left-hand side is complex unless Ĥ is

time-independent, implying that Ô is also time-independent which is not the case.
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Hence, there is no interpretation of the dynamics as generated by a self-adjoint Hamiltonian

with respect to a standard L2 inner product, even though the Klein–Gordon type inner prod-

uct (79) is in fact conserved. There is an approximate effective Schrödinger description valid

semiclassically, which however requires a complex Schrödinger time. We explored this option

in [8] following the ideas of [45]. In summary, one needs to relax the assumption that u is the

clock of the associated Schrödinger theory. Consider instead a clock τ which only satisfies
∂
∂τ

= ∂
∂u
. Writing τ = u+ δ and expanding (81) to first order in δ (assuming covariances are

small) we find

τ = u− h̄
i

2
〈

Ĥ
〉 (82)

which is complex. The imaginary part is relevant near the classical singularity but falls off

at large v (or u) as one would have expected. Hence, even though as a quantum theory this

theory is much simpler than the other ones we have studied—it does not require any boundary

condition—it is difficult to associate a notion of time evolution generated by a Hamiltonian to

this theory, even semiclassically.

We can see how the choice of clock influences the mathematical and physical properties

of the resulting theory. Classically, none of the parameters t, ϕ and v are preferred clocks

(as long as they are monotonic in the interval considered). However, the three quantum theories

we found are formally very different. The main differences between the three theories are:

• Boundary conditions. Demanding unitarity of the quantum theory when using eitherϕ or t

as a clock leads to the appearance of a nontrivial boundary condition (32) or (76). Even

though these boundary conditions look very similar, they do not have the same effect on the

allowed wavefunctions as (32) is only relevant at the classical singularity v = 0 and (76)

is only relevant at v = ∞. These conditions ensure that the wavefunctions are reflected

from these points and they imply that all allowed solutions can be written in terms of

real combinations of Bessel functions. In both cases there is not a unique subspace of

solutions to the boundary condition, instead the different subspaces one can choose are

parameterised by free functions θ(k) and ϑ(λ). However, when log(v/v0) is chosen as a

clock the allowed states are only restricted by normalisability. The three theories are hence

all very different in requiring a boundary condition only at small v, only at large v, or not
at all. As a result they will all make very different physical predictions as to what kind of

quantum behaviour is expected or generic.

• Hamiltonian interpretation of the theory. Also here, the three theories considered are all

rather different. The quantum theory with t clock is already in Schrödinger form and evi-

dently formulated in terms of Hamiltonian evolution. In the theory discussed in the main

part of the paper, we write the Wheeler–DeWitt equation as

−h̄2 ∂2

∂ϕ2
Ψ(v,ϕ, t) = ÔΨ(v,ϕ, t), (83)

where Ô is time-independent in the sense that it does not depend on ϕ. However, Ô is

not positive and so if one wanted to take a ‘square root’ of this equation one would first

need to exclude by hand the real exponential states (56). In the third case where we use

the volume v as time, a Hamiltonian interpretation only exists semiclassically and requires

the introduction of a complex time different from v.

Hence, we see that general covariance is clearly broken in the quantum theory: the choice of

clock influences even the basic properties of the quantum theory in an essential way. We will
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see in more detail in the next section how this choice also influences the physical properties

of the theory. It is worth mentioning that in loop quantum cosmology, models such as FLRW

universes [11, 46], Bianchi I [47] or Bianchi IX [48] have all been quantised using a scalar field

clock. These models show resolution of the big bang singularity, unlike the analogous quantum

cosmology based on the Wheeler–DeWitt theory, nevertheless our analysis here suggests that

a breaking of general covariance due to the choice of relational clock could also arise in loop

quantum cosmology. It is not yet known whether singularity resolution is a generic feature of

loop quantum cosmology or only arises due to the chosen relational clock, as also mentioned

e.g. in [49].

4. Numerical results

One of the principal reasons to consider quantum gravity and quantum cosmology models is

the hope to resolve the singularities that appear in general relativity, in particular the cosmolog-

ical big bang singularity. However, to do this one first needs to specify the criteria one applies

in order to claim singularity resolution. For discussion of some possible criteria see e.g. [50].

We use a criterion similar to that proposed for the same model by Gryb and Thébault [13, 14],

demanding that the expectation values of classically singular quantities (in particular, the vol-

ume or scale factor) are always non-singular. A different stronger criterion would be to demand

that physical quantities such as the energy density have a universal upper bound satisfied for

all states, as is the case in many models of loop quantum cosmology, but we will be satisfied

with non-singular behaviour for any given state (in which for example the maximum energy

density can be state-dependent). In this section we will define semiclassical states for the the-

ory constructed in sections 3.1–3.3, show plots of the relevant expectation values and finally

compare our new results (with ϕ as a clock) to previous results of [8] where the clock variable

was either t or v. The plots are obtained using the software Mathematica.
In section 2 we have given explicit expressions for the classical Dirac observables t(ϕ = ϕ1)

and v(ϕ = ϕ1), corresponding to the value of t or v for a classical solution with given initial

data on phase space when the scalar field ϕ takes a given value ϕ1. We can compare these

classical Dirac observables to the quantum expectation values 〈Ψsc(ϕ)| t |Ψsc(ϕ)〉 = 〈t(ϕ)〉
Ψsc

and 〈Ψsc(ϕ)| v |Ψsc(ϕ)〉 = 〈v(ϕ)〉
Ψsc

for a given semiclassical stateΨsc. Note that these expec-

tation values are obtained directly from the quantum theory and not promoting t(ϕ = ϕ1) and

v(ϕ = ϕ1) to quantum operators, however one would expect a reasonable agreement of these

two quantities given a sharply peakedΨsc. Since the classical singularity is at v = 0, if we find

that 〈v(ϕ)〉
Ψsc

> CΨsc > 0 for some CΨsc (which can be state-dependent) for all ϕ, then the

evolution will be considered nonsingular. We interpret any failure to observe such behaviour

as singular.

The general form of a normalised wavefunction was given in (72). Here for concreteness

we restrict ourselves to the λ > 0 sector and do not include any of the zero-norm modes char-

acterised by the functions γ+
n (λ) and γ

−
n (λ). We also set the free function κ0(λ) characterising

self-adjoint extensions to zero for simplicity. Hence the only non-zero free function left in (72)

is α(k,λ). We choose λ > 0 since in any perfect fluid interpretation λ is proportional to the

energy density of the fluid, hence λ > 0 ensures that we are dealing with non-exotic matter.

This includes the case of dark energy, for which λ > 0 wouldmatch our ownUniverse. Perhaps

most importantly, this case is the most interesting one because of the presence of the nontriv-

ial boundary condition (32). Furthermore, again for simplicity, we only include modes with

k > 0. While κ0(λ) ≡ 0 is the simplest choice of self-adjoint extension, one may ask whether

the choice of self-adjoint extension changes the results significantly. In [11] Pawłowski and
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Ashtekar studied our model at fixed λ > 0 and found that the quantum evolution was not sen-

sitive to the choice of self-adjoint extension; we expect similar behaviour here but have not

explicitly verified this for all possible choices.

Our semiclassical state is defined by

Ψsc(v,ϕ, t) =

∫ ∞

0

dk

2π

∫ ∞

0

dλ

2π h̄
eikϕei

λ
h̄
tαsc(k,λ)

√

2π

sinh(|k|π)

×R

[

Ji|k|

(√
λ

h̄
v

)]

, (84)

where for αsc(k,λ) we take a normalised Gaussian in k and λ centred around classical

parameters kc and λc,

αsc(k,λ) = C
2
√
h̄π√

σkσλ
e
− (k−kc)2

2σ2
k e

− (λ−λc)
2

2σ2
λ . (85)

The parameters σλ and σk are the standard deviation of the Gaussians. The constant C > 0

ensures that we have
∫∞
0

dλ
2π h̄

∫∞
0

dk
2π
|αsc(k,λ)|2 = 1, but if kc andλc aremore than a few standard

deviations away from zero we have C ≈ 1 to very good approximation.

4.1. Numerical analysis of expectation values 〈v(ϕ)〉
Ψsc

and 〈t(ϕ)〉
Ψsc

We start by analysing 〈v(ϕ)〉
Ψsc

. The expression for this expectation value is

〈v(ϕ)〉
Ψsc

=

∫ ∞

0

dk1dk2

(2π)2

∫ ∞

0

dλ

2π h̄

∫ ∞

0

dv
2πei(k2−k1)ϕ(k1 + k2)
√

sinh(|k1|π) sinh(|k2|π)

× ᾱsc(k1,λ)αsc(k2,λ)R

[

Ji|k1|

(√
λ

h̄
v

)]

R

[

Ji|k2 |

(√
λ

h̄
v

)]

.

(86)

Recall that we are using the redefinition of the inner product presented in (45), which ensures

the state has positive norm.We maintain the notation |k| rather than k so that the result could be
straightforwardly extended to k < 0. We can now calculate the v integral analytically, which

greatly speeds up the numerics. The relevant formula to use is (A.21). The integral diverges

logarithmically, hence, in order to obtain a finite result, we introduce a finite cutoff Ξv . With

this cutoff the expectation value is

〈v(ϕ)〉
Ψsc

≈ −
∫

dk1dk2

(2π)2
dλ

2π h̄

h̄√
λ

ei(k2−k1)ϕ(k1 + k2) cosh
(

k1π
2

)

cosh
(

k2π
2

)

√

sinh(|k1|π) sinh(|k2|π)

× ᾱsc(k1,λ)αsc(k2,λ)

{

log

(

4h̄2

λΞ2
v

)

+ ψ

(

1

2
(1− i(|k1| − |k2|))

)

+ ψ

(

1

2
(1+ i(|k1| − |k2|))

)

+ ψ

(

1

2

(

1+ i(|k1|+ |k2|)
)

)

+ ψ

(

1

2

(

1− i(|k1|+ |k2|)
)

)

+ 2γ

}

, (87)
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where γ refers to the Euler–Mascheroni constant and ψ(x) to the digamma function. The result

explicitly depends on the value of the cutoff Ξv but as this dependence is logarithmic, drastic

changes of the cutoff only lead to mild changes in the results. Below we compare different

values of the cutoff, and take it to values as high as 1010. There is a quantitative difference to

the results especially around ϕ = 0 but it is clear that qualitative features of the expectation

value 〈v(ϕ)〉Ψsc
(which we are mostly interested in here) are not too sensitive to it. Numerical

evaluation of the v integral (without using (A.21)) would require a similar cutoff at large v,
leading to a similar ambiguity.

The expectation value (87) is symmetric underϕ→−ϕ, hencewe compare it to the classical

solution

vc(ϕ) =
h̄kc√

λc |sinh(ϕ)|
, (88)

which corresponds to (15) where ϕ0 = 0, and with πϕ = h̄kc.

The integral (87) is still very hard to compute numerically, and a further approximation is

necessary in order to obtain fast and reliable results. Notice that the necessary integrals over λ
are relatively simple, corresponding to

2h̄
√
π

σλ

∫

dλ

2π h̄

h̄√
λ
e
− (λ−λc)

2

σ2
λ ,

2h̄
√
π

σλ

∫

dλ

2π h̄

h̄√
λ
e
− (λ−λc)

2

σ2
λ log

(

4h̄2

λΞ2
v

)

, (89)

which can again be evaluated analytically, but the resulting expression is very complicated

and will not be given here. If we consider the limit in which σλ is extremely small, we can

check that these integrals reduce, as one would expect, to the value of the integrand evaluated

at λ = λc. In the following we will use this approximation of very small σλ and replace all λ
integrals by the integrand evaluated at λ = λc. Since the inner product used here means that

different λ sectors are decoupled, it makes sense to reduce to this limit of effectively only a

single λ. This simple approximation speeds up the numerics and reduces integration errors.

Numerical results for 〈v(ϕ)〉
Ψsc

for different values of the cutoff are presented in figure 3.

We observe that for values of |ϕ| � 1, both the classical curve and the quantum expectation

value agree very closely. At smaller values of |ϕ|, the two curves start diverging; the quantum
expectation value reaches a finite maximum at ϕ = 0 and smoothly transitions between the

expanding and the collapsing branch of the classical solution. This behaviour is as we would

have expected from the analysis of section 3, since we had to impose a reflective boundary con-

dition at v = ∞, which corresponds to ϕ = 0. However, the singularity v = 0 is still present:

figure 3 shows that at large |ϕ| the expectation value becomes smaller and smaller, following

exactly the classical solution. We also see that a large cutoff increases the values of 〈v(ϕ)〉Ψsc

for smallϕ; however the numerical results are of the same order of magnitude, exhibiting again

the relatively weak logarithmic dependence on the cutoff. Independently of the cutoff we see

that when quantum corrections first become important as the Universe expands, they lead to a

faster expansion than in the classical theory, only to then make the expansion slow down and

stop at a finite volume. This first phase of more rapid expansion is in agreement with the results

of [10], where a systematic expansion into higher order quantum fluctuations around the clas-

sical trajectory was studied in a similar model (again, with a fixed λ > 0). In this approach one

sees explicitly how quantum fluctuations diverge as the volume grows, which then trigger the

recollapse we see here.

There is a more quantitative argument to show that the classical singularity is not resolved

in this theory. If we consider the integral (87) for very large |ϕ|, we see that in this limit the

integral becomes infinitely peaked around k1 = k2. More concretely, we can argue that in a
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Figure 3. Quantum solution log 〈v(ϕ)〉
Ψsc

(discrete shapes) and classical solution

log vc(ϕ) (solid line) for the parameters kc = 10, σk = 3, λc = 1 and Ξv = 105 (blue
dots), Ξv = 107 (orange squares), Ξv = 1010 (green stars). The points have been linked
to facilitate the reading of the figure. We work in units h̄ = 1.

distributional sense

lim
ϕ→±∞

ei(k1−k2)ϕ = ±iπ(k1 − k2)δ(k1 − k2), (90)

which when substituted into (87) leads to the conclusion limϕ→±∞〈v(ϕ)〉
Ψsc

= 0. (90) follows

from

lim
ϕ→±∞

∫

dk

k
eikϕ f (k) = lim

ϕ→±∞
±
∫

dκ

κ
eiκ f

(

κ

ϕ

)

(91)

whose imaginary part yields ±iπ f (0) while the real part must be a distribution that only

depends on the odd part of a test function f but also only on its value at zero, so that it must

be zero itself.

Another interesting feature of this model is that the maximum volume 〈v(0)〉
Ψsc

grows with

the standard deviation σk, as shown in figure 4. Moreover, for larger σk the classical and quan-
tum solution agree up to higher volume and there is a more sudden transition between the two

branches, as shown in figure 5. This perhaps surprising behaviour can be explained by remem-

bering k and ϕ are conjugate, so a wide spread in k implies smaller uncertainty in ϕ, leading to
the observed curves. Similar behaviour was already observed in [8, 13] for the conjugate pair

t and λ.
The most interesting feature we observe here is a quantum recollapse at ϕ = 0 where the

Universe reaches a maximumvolume. In order to verify that this result accurately describes the

quantum dynamics and that the quantum transition between the expanding and the collapsing

branch is continuous, we have calculated the difference 〈v(0)〉Ψsc
− 〈v(ǫ)〉Ψsc

for ǫ→ 0. The
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Figure 4. Values of the maximum volume as function the standard deviation σk for kc =
100, λ = 1 and Ξv = 108. The solid line is a fit of the form aσbk where a ≈ 1853 and
b ≈ 0.8212. Here a larger kc was chosen to allow higher values for σk.

results are presented in table 1. We see that as ϕ tends to 0, the expectation value converges

very quickly (and presumably continuously) to its value at ϕ = 0, confirming that 〈v(ϕ)〉Ψsc
is

well defined for all ϕ.
To complete our analysis of the theory we also study 〈t(ϕ)〉

Ψsc
. Given our state Ψsc this

expectation value is given by

〈t(ϕ)〉
Ψsc

=

∫ ∞

0

dk1dk2

(2π)2

∫ ∞

0

dλ1dλ2

(2π h̄)2

∫ ∞

0

dv

v

∫ ∞

−∞
dt

× 2πei(k2−k1)ϕ(k1 + k2)
√

sinh(|k1|π) sinh(|k2|π)
tei(λ2−λ1)

t
h̄ ᾱsc(k1,λ1)αsc(k2,λ2)

×R

[

Ji|k1 |

(√
λ1

h̄
v

)]

R

[

Ji|k2 |

(√
λ2

h̄
v

)]

. (92)

This expectation value is not as straightforward to calculate because of the extra factor of t.

However, we can use the fact that

∫

dλ1dλ2

(2π h̄)2
dt t ei(λ2−λ1)

t
h̄F(λ1,λ2)

= − ih̄

2

∫

dλ

2π h̄

[

∂

∂λ1

F(λ1,λ2)−
∂

∂λ2

F(λ1,λ2)

]

λ1=λ2=λ

(93)
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Figure 5. Quantum solution log 〈v(ϕ)〉
Ψsc

(discrete shapes) and classical solution
log vc(ϕ) (continuous blue line) for different values of the standard deviation σk . The
blue circles correspond to σk = 3, the cyan triangles to σk = 2.5 and the pink diamonds
to σk = 2. The points have been joined by lines to facilitate the reading. The remaining
parameters are kc = 10, λc = 1 and Ξv = 105 (again with h̄ = 1).

Table 1. Difference between 〈v(0)〉
Ψsc

and nearby values for kc = 10, σk = 3, λc = 1,

and Ξv = 105, with h̄ = 1.

ϕ log[〈v(0)〉
Ψsc

]− log[〈v(ϕ)〉
Ψsc

]

10−1 8.77 × 10−2

10−3 8.76 × 10−6

10−5 8.76 × 10−10

to write this expectation value as a combination of two contributions,

〈t(ϕ)〉Ψsc
= −iπ h̄

∫

dk1dk2

(2π)2
dλ

2π h̄

dv

v

ei(k2−k1)ϕ(k1 + k2)
√

sinh(|k1|π) sinh(|k2|π)
× {(αsc(k2,λ)∂λᾱsc(k1,λ)− ᾱsc(k1,λ)∂λαsc(k2,λ))

×R

[

Ji|k1|

(√
λ

h̄
v

)]

R

[

Ji|k2|

(√
λ

h̄
v

)]

+ ᾱsc(k1,λ)αsc(k2,λ)H(k1, k2,λ, v)} (94)
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with

H(k1, k2,λ, v) =
v

4h̄
√
λ

{

R

[

Ji|k1 |

(√
λ

h̄
v

)]

R

[

J1+i|k2 |

(√
λ

h̄
v

)

− J−1+i|k2 |

(√
λ

h̄
v

)]

+R

[

Ji|k2 |

(√
λ

h̄
v

)]

R

[

J−1+i|k1|

(√
λ

h̄
v

)

− J1+i|k1|

(√
λ

h̄
v

)]}

. (95)

The second line in (94) vanishes if αsc(k,λ) is real and separable in k and λ which is our case.

Hence, only the last line is important. Once again we can first integrate over v; H(k1, k2,λ, v)
is a sum of 16 terms which lead to 16 integrals of the form (A.24) or (A.25). After doing all

the integrals and summing over the 16 terms one finds that the terms multiplying δ(|k1| ± |k2|)
all cancel, hence only the contribution at v = ∞ is important. There some terms diverge as

log( 4 h̄
2

λv2
), but these terms also cancel. The terms containing digamma functions also simplify

and one obtains
∫

dv

v
H(k1, k2,λ, v) =

1

4λ

(

coth
(

(|k1|+ |k2|)
π

2

)

sinh
(

(|k1| − |k2|)
π

2

)

+ coth
(

(|k1| − |k2|)
π

2

)

sinh
(

(|k1|+ |k2|)
π

2

))

. (96)

Hence, the final result for the expectation value 〈t(ϕ)〉
Ψsc

is

〈t(ϕ)〉Ψsc
= − iπ h̄

4

∫

dk1dk2

(2π)2
dλ

2π h̄

ei(k2−k1)ϕ(k1 + k2)

λ
√

sinh(|k1|π) sinh(|k2|π)
ᾱsc(k1,λ)

× αsc(k2,λ)

(

coth

(

k+π

2

)

sinh

(

k−π

2

)

+ coth

(

k−π

2

)

× sinh

(

k+π

2

))

, k± := |k1| ± |k2| . (97)

This expression is antisymmetric with respect to the change ϕ→−ϕ which motivates

comparing this quantum expectation value to the classical solution

tc(ϕ) = − h̄kc

2λc

coth(ϕ) (98)

which corresponds to (15) where t0 = ϕ0 = 0. We stress that (97) does not depend on any

cutoff, unlike (87), so we can now proceed to evaluate (97) numerically. As in the previous

case of the integral (87), we now simplify matters by assuming the variance σλ to be extremely

small. Here the λ dependent parts under the integral in (97) are proportional to 1/λ times a

Gaussian, and we cannot perform the integral analytically. But just as in the previous case we

will implement the limit σλ → 0 by replacing the λ integral by the integrand evaluated for

λ = λc. In this limit, the numerical analysis can be performed and gives meaningful results.

In figure 6we present the numerical results for the expectation value 〈t(ϕ)〉Ψsc
in comparison

to the classical solution (98). Once again, we observe that for |ϕ| > 1 the two curves agree very

closely. For small |ϕ| the quantumexpectation value reaches an extremumand then goes to 0, to

transition smoothly between the classical expanding and contracting branch. We also observe
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Figure 6. Expectation values 〈t(ϕ)〉
Ψsc

(discrete shapes) and classical solution tc(ϕ)
(continuous blue line) for different values of the standard deviation σk. The blue circles
correspond to σk = 3, the cyan triangles to σ = 2.5 and the pink diamonds to σk = 2.
The remaining parameters take values kc = 10 and λc = 1. Again we take h̄ = 1.

the same behaviour with respect to changes in the standard deviation of the Gaussian: for

bigger σk, the classical and quantum solution agree more closely and the transition between the

expanding and contracting branch is more abrupt. These figures also show that the expectation

value 〈t(ϕ)〉Ψsc
is no longer monotonic with respect to ϕ in any of the two sectors t < 0 and

t > 0 and experiences a turnaround, unlike what happens classically.

We can also give an analytical expression for the quantum expectation value in the limit of

large |ϕ| using (90); we find

lim
ϕ→±∞

〈t(ϕ)〉
Ψsc

= ∓ h̄

2

∫

dk

2π

dλ

2π h̄

k

λ
|αsc(k,λ)|2. (99)

Given that αsc(k,λ) is a normalised Gaussian in k and λ, the result of the k integral is simply

the mean, kc. We also take the result for the λ integral to be 1/λc (which requires regularising

the logarithmic divergence at λ = 0). Hence we find

lim
ϕ→±∞

〈t(ϕ)〉
Ψsc

= ∓ h̄kc

2λc

= lim
ϕ→±∞

tc(ϕ) (100)

and once again for large values of |ϕ| the quantum expectation value tends to the classical

solution both analytically and numerically. Since large |ϕ| corresponds to the classical big

bang/big crunch singularity this again illustrates that there is no singularity resolution as the

quantum expectation value follows the classical solution.
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Figure 7. Expectation values 〈t(ϕ)〉
Ψsc

with respect to 〈v(ϕ)〉
Ψsc

(dots) and classical

solution v(t) (solid line) for kc = 10, λc = 1, σ = 3 and Ξv = 105, with h̄ = 1.

In figure 7 we give a parametric plot of 〈v(ϕ = ϕi)〉Ψsc
with respect to 〈t(ϕ = ϕi)〉Ψsc

in

comparison to the classical curve v(t) for ϕi ∈ [−3, 3]. The quantum Universe emerges from

the classical singularity and is very close to the classical curve evolving forward in t. Then t

has a turnaround, starting to go backwards and the Universe reaches a maximum volume when

t = 0 to then approach the classical contracting solution while t starts going forward again.

Again it is clear that the classical singularity is not resolved.

In conclusion, theϕ theory has very interesting dynamics: the Universe follows the classical

expanding solution, but instead of expanding up to infinity like in the classical theory it reaches

a finite maximum value at ϕ = 0 and then recollapses. The ‘time coordinate’ t also suffers

from large quantum effects, transitioning smoothly from the t > 0 branch to the t < 0 one

and therefore losing its injectivity. Since v → 0 when ϕ→±∞, the big bang and big crunch

singularities are still present.

4.2. Comparison with other choices of relational clock

We have seen in section 3.4 that the classical covariance under time reparameterisations is

broken in the quantum theory since different relational clocks require different boundary con-

ditions. To see more explicitly the implications of this breaking of covariance, in this section

we compare the results obtained in section 4.1 with our previous work [8], in which either t

or v (or equivalently, log(v/v0)) were used as clock. We present the main similarities and dif-

ferences of the theories, and give conformal diagrams for a better visualisation of the resulting

picture for a quantum spacetime history.
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Let us begin with the simplest theory in which v is used as a clock. Here there are no

nontrivial boundary conditions, and any solution to the Wheeler–DeWitt equation

Ψ(v,ϕ, t) =

∫ ∞

−∞

dλ

2π h̄

∫ ∞

−∞

dk

2π

√

π

2 sinh(|k|π) e
ikϕei

λ
h̄
t

×
[

a(k,λ)Ji|k|

(√
λ

h̄
v

)

+ b(k,λ)J−i|k|

(√
λ

h̄
v

)]

(101)

is allowed as long as a(k,λ) and b(k,λ) satisfy
∫

dλ
2π h̄

dk
2π

[

|a(k,λ)|2 + |b(k,λ)|2
]

= 1 for the

state to be normalised. The asymptotic expression for small arguments of the Bessel functions

of the first kind is

J±i|k|

(√
λ

h̄
v

)

−→ e
±i|k| log

(√
λ

2 h̄
v
)

Γ(1± i |k|) , v → 0. (102)

Hence, at small values of v, the general solution (101) is a combinationof planewaves outgoing

from the classical singularity and incoming to the singularity. We already saw that in the other

cases where t or ϕ are the clock, the boundary condition only allows solutions built from real

linear combinations of these two types of waves, but here one can choose the relative weight

of outgoing and incoming modes freely. To underline this different behaviour of the v theory,

in [8] we focused on solutions that are purely outgoing, with a(k,λ) = 0. As in the other cases,

we also restricted ourselves to positive k and λ, and chose for b(k,λ) a Gaussian in k and λwith

some standard deviation σλ and (in this case) extremely small σk. The Gaussian was defined

to be centred around some classical values kc and λc.

For this theory, we were able to obtain analytical expressions for the most interesting expec-

tation value 〈Ψsc(v)| t |Ψsc(v)〉 = 〈t(v)〉
Ψsc

. Namely, in a limit where the variance σλ is also

very small and at small v, we could approximate

〈t(v)〉
Ψsc

≈ h̄ |kc|
2λc

+
v2

4h̄ |kc|
− λcv

4

16h̄3(|kc|+ |kc|3)
+ O(v6). (103)

This expectation value can be compared with the classical solution

tc(v) =
h̄ |kc|
2λc

+
v2

4h̄ |kc|
− λcv

4

16h̄3|kc|3
+ O(v6) (104)

and so near the classical singularity v = 0 classical and quantum solutions only start diverging

at O(v4).
Full results for 〈t(v)〉Ψsc

for a representative choice of parameters are shown in figure 8. We

see that the classical solution and the quantum expectation values always remain very close,

which is of course in sharp contrast to the behaviour of the theory studied in section 4.1 where

ϕwas the clock. Neither of these two theories resolve the classical singularity, but if v is chosen
as clock there are quantum states for which corrections to the classical solution are very small

throughout the whole evolution. Another observation is that figure 8 shows better agreement

between quantum and classical solution for smaller values of σλ, whereas in the other theories

we generally observe closer agreement for Gaussians with large variance.

Let us now focus on the ‘Schrödinger’ theory for which t is the clock. We gave the general

normalisable solution in this theory in (77) but in [8] again we focused on states of positive k
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Figure 8. Expectation value 〈t(v)〉
Ψsc

compared to classical solution tc(v) (solid line)
for kc = 10, λ = 10c, with h̄ = 1. The blue circles correspond to the quantum solution
for σλ = 3 and the pink diamonds correspond to the quantum solution for σλ = 2.

and λ. We also chose the free function appearing in the self-adjoint extension to be ϑ(k) = 0.

Our semiclassical states were hence of the form

Ψsc(v,ϕ, t) =

∫ ∞

0

dλ

2π h̄

∫ ∞

0

dk

2π
eikϕei

λ
h̄ tAsc(k,λ)

×

√
2πR

[

e
−ik log

√

λ
λ0 Jik

(√
λ
h̄
v
)

]

√

h̄ cos
(

k log λ
λ0

)

+ h̄ cosh(kπ)

, (105)

where Asc(k,λ) is again a normalised Gaussian centred on some classical values kc and λc. The

parameter λ0 is a choice of units and was set to one in the numerics.

We then calculated the expectation value = 〈Ψsc(t)| v |Ψsc(t)〉 = 〈v(t)〉
Ψsc

in this state. In

this case, to improve the convergence of numerical integration we chose this state to be very

sharply peaked in k so that the integral in k was replaced by its integrand, but included a finite

variance σλ. More details on the numerical accuracy in 〈v(t)〉
Ψsc

can be found in [8]. This

expectation value was then compared with the classical solution

vc(t) =

√

4λct2 −
h̄2k2c
λc

. (106)

Figure 9 shows the results for 〈v(t)〉Ψsc
for several values of σλ. We observe a number of

similarities between this theory and the results obtained in section 4.1. First, we see that there

is a smooth transition between contracting and expanding classical solutions, and classical

and quantum solutions agree very well at large values of |t|. In section 4.1 the same was true
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Figure 9. Expectation value 〈v(t)〉
Ψsc

and classical solution vc(t) (solid line) for k = 1
and λc = 10, with h̄ = 1. The blue circles, cyan squares and pink diamonds correspond
respectively to the quantum expectation values with σλ = 1, 2 and 3.

with respect to |ϕ|. Here we also see the classical and quantum solutions start diverging before

reaching v = 0, which is where boundary conditionswere imposed in this theory (rather than at

v = ∞ as in section 4.1). At t = 0 a local extremum is reached but this time it is not a maximum

but a minimum: the Universe starts with an infinite volume, contracts until reaching a strictly

positive value, and then bounces back to infinite volume. Here of course the difference is that

this behaviour is interpreted as resolving the classical singularity, rather than a recollapsewhich

‘avoids’ infinity. The minimum value of the volume is state-dependent, just as we observed

for the maximum volume in section 4.1. For larger variance σλ one finds smaller 〈v(0)〉
Ψsc

and close agreement between classical and quantum solution for a longer time. This mimics

exactly what we saw in figure 5 when changing σk.
We see that the three theories behave very differently in the semiclassical regime, as

expected due to the different boundary conditions that were imposed in section 3.4:

• Divergence from the classical theory. The theories based on t or ϕ as clocks require reflec-

tive boundary conditions to be unitary. These theories are then well-behaved for all values

of the clocks t andϕ, even the ones that are classically forbidden,which inevitably leads to
divergence from the classical theory. On the other hand, if v is used as a clock, the theory

is automatically unitary and there is no boundary condition and no strong divergence from

the classical theory.

• Fast clocks and slow clocks. Onemaywonderwhat distinguishes the boundaryvalue v = 0

when t is the clock, but v = ∞ when ϕ is the clock. Following the terminology used by

Gotay andDemaret [17], at these points t andϕ are ‘slow’ clocks: for any classical solution

v = 0 is always reached at finite t and v = ∞ at finite ϕ. We could say that these clocks do

not tick ‘fast enough’ when reaching these singular points. On the contrary, a ‘fast’ clock

is one that reaches the singular point only asymptotically at the boundaries of its domain.
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One clock can be fast at one point and slow at another point: t is slow at v = 0 but fast

at v = ∞. In [17] Gotay and Demaret conjectured that slow (fast) clocks (do not) resolve

the singular points, basically because of what we mentioned in the previous paragraph: a

slow clock requires boundary conditions, and hence departure from the classically singular

solutions. Our results in [8] and in this work back up this conjecture: the t clock theory

is singularity free and the ϕ clock theory is ‘infinity’ free (it avoids v = ∞). The v clock

is fast at both singular points, as is best seen by noting that the natural clock variable is

log(v/v0) which goes to −∞ as v → 0. This quantum theory can then stay close to the

classical theory at all times.

A good way to visualise the differences between the quantum theories is to use confor-

mal (Penrose–Carter) diagrams. To construct a conformal diagram explicitly, we would have

to apply a suitable conformal transformation to the metric (2) to map spacetime into a finite

region. However, in our case it is sufficient to consider the asymptotic regimes of large and

small volume. Close to the big bang/big crunch singularity, which is spacelike, the dynamics

are dominated by the scalar field (assuming, as always, that πϕ �= 0). Then at large v, if we take
the perfect fluid to represent dark energy and assume λ > 0, the Universe is asymptotically de

Sitter. The conformal diagram is obtained by looking at the causal structure in these asymp-

totic regimes and gluing them together. We only show the conformal diagrams for this dark

energy interpretation (w = −1) but if we chose a value w > −1, the Universe would asymp-

tote to Minkowski spacetime. The reason why the conformal structure depends on the choice

of equation of state parameterw is that differentw corresponds to different choices of lapse in

(10) if one works e.g. in the time coordinate t.

Our quantum theories are the result of symmetry reduction at the classical level, so the con-

nection between a particular choice of time coordinate and the spacetime metric (as expressed

by the lapse) is no longer obvious at the quantum level. Here we assume that a particular time

coordinate has the same interpretation in the classical and quantum theories, i.e. that the form

of the lapse is unchanged. This is justified since in any case the conformal diagrams we draw

can only represent expectation values in a quantum state, and clearly only make sense in a

semiclassical regime. Their main point is to illustrate where the corrections to the classical

geometry are small or large.

The conformal diagram of the classical theory is represented in figure 10. There are two

possible solutions, a contractingUniverse I and an expandingUniverse II. As usual, light cones

are determined by taking lines at ±45◦, hence any timelike trajectory can be represented by a

curve whose tangent vector at any point always stays inside the light cone at that point. In the

contracting Universe, the singularity is in the future light cone of every observer. The reverse

happens in the expanding Universe, where the singularity is in the past light cone of every

observer.

We have seen that if v is chosen as the clock, for semiclassical states 〈t(v)〉Ψsc
is very close

to the classical t(v) at all times. Therefore, we say that the conformal diagram of this quantum

theory is identical to figure 10 for semiclassical states Ψsc.

The conformal diagram for semiclassical states in the t clock theory is presented in figure 11;

we replace the classical v(t) by the expectation value 〈v(t)〉Ψsc
. This expectation value does not

go to zero but has a strictly positive minimum value before growing to infinity; accordingly

universes I and II from figure 10 have been glued together, removing the singularity. The clas-

sical singularity is replaced by a region in which quantum fluctuations are large, and where

classical trajectories are not well-defined. The region near spacelike infinity is identical to the

classical theory.
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Figure 10. Conformal diagram for classical solutions. The zigzag line represents the
singularity and the thicker line represents spacelike infinity (I− or I+). I is a contracting
universe and II is an expanding universe. There is no trajectory linking I and II.

Figure 11. Conformal diagram of the t clock theory, with contracting region I and
expanding region II. The singularity is replaced by the shaded area, where quantum
fluctuations are large. In this state-dependent region the volume reaches a minimum
expectation value 〈v〉 = VminΨ

and it is impossible to talk about a ‘classical trajectory’.

The conformal diagram of the ϕ theory (figure 12) represents the expectation value

〈v(ϕ)〉
Ψsc

instead of the classical v(ϕ). Here the classical singularity remains but infinity is

‘resolved’ and so regions I and II are glued in the opposite way: spacelike infinity is replaced
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Figure 12. Conformal diagram of the ϕ clock theory. Now the contracting region I lies
to the future of the expanding region II. The singularity is still present, but the expecta-
tion value of the volume remains finite. At large v there is a region in which quantum
fluctuations dominate and where the volume reaches its maximum expectation value
〈v〉 = VmaxΨ

. Once again, in this region there is no notion of classical trajectory.

by a quantum region but the classical singularity is unchanged.Again there is a region in which

quantum fluctuations dominate, represented again by a grey area.

In closing, we mention that the behaviour suggested in figure 12 has some similarities to

Penrose’s conformal cyclic cosmology scenario [51]: spacelike infinity is no longer seen as the

future endpoint of aΛ-dominatedUniverse but becomes a transition point into a newUniverse.

Of course the key differences, as already pointed out in [11], are that the subsequent ‘aeon’

is contracting, not expanding, and that the origin of this transition is highly quantum. The

cosmological scenario emerging in our analysis could potentially be turned into a fully cyclic

picture if time evolution was controlled by a ‘slow’ clock both at singularities and at spacelike

infinity; unitaritywould then enforce resolution of the singularity, and replacement of spacelike

infinity by a quantum recollapse. We leave exploration of this interesting idea to future work.

5. Unitarity and self-adjointness criteria

As we discussed at various points in the paper, the quantum recollapse seen in our model

both analytically and numerically is due to the boundary condition at v = ∞, which itself is a

consequence of our requirement of unitarity: we demanded that inner products between states

are conserved in ϕ time, ∂
∂ϕ
〈Ψ|Φ〉ϕ = 0. For λ > 0, classical solutions terminate at a finite

value of ϕ where the volume of the Universe diverges, but a quantum solution must continue

beyond this point; the quantum state is reflected from v = ∞. These results can be intuitively

understood by comparing with analogous situations in quantum mechanics, where a strongly
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attractive potential requires the same type of boundary condition for the Hamiltonian to be

self-adjoint.

An obvious question to ask is in which way these results follow from our choice of ϕ as

a clock, or more specifically from the particular inner product (31) adapted to ϕ. One might

also want to compare our constructions to theories defined via the ‘clock-neutral’ approach of

Dirac quantisation [19, 52] in which one first defines a kinematical Hilbert space and defines

physical states as solutions to a quantum constraint equation on this Hilbert space; here at least

a priori no choice of clock is necessary. The equivalence of quantum theories defined with

respect to different clocks, as well as the equivalence of Dirac quantisation and other relational

approaches to quantisation of constrained systems has been established [20] warranting the

terminology ‘clock-neutral’ for this approach. Because of its more democratic treatment of

different clocks this approach is often seen as preferable to the type of quantisation we have

used so far, where a particular clock is singled out.

We mentioned earlier that the Dirac quantisation of a model very similar to ours (the only

difference being that λ > 0 is a fixed parameter) was studied in [11]. In this work, the Hamilto-

nian constraint was required to be self-adjoint on the kinematical Hilbert space, which led to a

boundary condition at v = ∞ and a recollapse of the Universe similar to our results here. The

physical inner product used in [11] is constructed using a group averaging procedure in a rep-

resentation different from the one used in this paper, but one might expect the resulting inner

product to be equivalent to the inner product (31) modulo the issue of positive definiteness

which we discussed earlier; in simpler systems such as a relativistic particle group averaging

leads to an inner product of Klein–Gordon form (see e.g. [53]).

We can try to see explicitly what would happen in a Dirac quantisation of our model

if we require the Hamiltonian constraint to be represented as a self-adjoint operator on the

kinematical Hilbert space5. Let us write the Wheeler–DeWitt equation (30) as

Ĉ1Ψ(u,ϕ, t) = 0, Ĉ1 := h̄2
∂2

∂u2
− h̄2

∂2

∂ϕ2
− ih̄v20e

2u ∂

∂t
, (107)

where we now use the variable u = log(v/v0) in order for the kinematical variables u, ϕ and t

to all be valued over the entire real axis. The second derivatives in (107) correspond to the

Laplacian on (1+ 1) dimensional flat space in standard Cartesian coordinates, which motivates

defining a kinematical Hilbert space by the inner product

〈Ψ|Φ〉kin(1) =
∫

dt dϕ du Ψ̄(u,ϕ, t)Φ(u,ϕ, t), (108)

i.e. assuming that themetric on the submanifold parameterised by u andϕ is simply the flatmet-

ric gAB = ηAB. It is important to clarify that this is not the (equally flat) metric gAB = v20e
2uηAB

on the Rindler wedge that we derived in (12), but a conformally rescaledmetric. This is because

in going from the original Wheeler–DeWitt equations (25) to its equivalent form (30) we

multiplied by v20e
2u, which corresponds to this conformal rescaling (because we are on a flat

geometry, the conformally rescaled Laplacian is the Laplacian of the conformally rescaled

metric). The constraint written in the form (107) is indeed the one used in [11], up to potential

ordering ambiguities.

The requirement on Ĉ1 to be self-adjoint with respect to (108) does not pose any nontrivial

boundary conditions with respect to ϕ or t; however in the u variable we can see that it is

5Although this is a common assumption, some approaches to Dirac quantisation do not require self-adjointness of a

Hamiltonian constraint, e.g. if the inner product is not constructed through group averaging. (We thank Philipp Höhn

for pointing this out to us.)
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equivalent to asking that the operator

Ô1 = −h̄2 ∂2

∂u2
− λe2u (109)

be self-adjoint on L2(R) for any value of λ. This is exactly the condition we already found

in our quantisation earlier, see the discussion around (33); hence the boundary condition at

u = ∞ will be the one we discussed earlier in this paper.

What happens if we write the Wheeler–DeWitt equation in the original form (25)? In this

case, for

Ĉ2Ψ(u,ϕ, t) = 0, Ĉ2 := h̄2
∂2

∂v2
+
h̄2

v

∂

∂v
− h̄2

v2
∂2

∂ϕ2
− ih̄

∂

∂t
, (110)

we would ask that Ĉ2 is self-adjoint with respect to an appropriate kinematical inner product,

which we now take as

〈Ψ|Φ〉kin(2) =
∫ ∞

−∞
dt dϕ

∫ ∞

0

dv v Ψ̄(u,ϕ, t)Φ(u,ϕ, t). (111)

In this inner product the measure has an extra term
√−g = v since we now use the metric

(12) whose Laplacian appears in (110). Wavefunctions that are square-integrable in this inner

product are of the formΨ = v−1/2ΞwhereΞ is square-integrable in a standard L2 inner product

(with trivial measure) on R
2 × R+. One then sees that self-adjointness of Ĉ2 with respect to

the inner product (111) is equivalent to demanding that the operator

Ô2 = h̄2
(

− ∂2

∂v2
− k2 + 1

4

v2

)

(112)

is self-adjoint on L2(R+, dv). But this is exactly the condition we previously found for unitar-
ity with respect to the clock t, see section 3.4! Indeed, in this case it is even clearer that the

Schrödinger-type quantisation studied in our previous paper [8] is equivalent to a Dirac quanti-

sation for the constraint (110), given that the constraint is linear in the momentum λ conjugate

to t and so the usual group averaging procedure would only remove the integral over t from the

measure (111), leading to the Schrödinger-type inner product studied in [8] and previously in

[13, 14].

We then see that the different notions of unitarity with respect to different clocks do not

arise from using different inner products adapted to different clocks, but actually from writing

the Wheeler–DeWitt equation either in the original form (110) or in the form (107) where one

has multiplied the equation by a nontrivial phase-space function. From the perspective of the

classical theory, these different Wheeler–DeWitt equations correspond to different choices of

lapse: in the discussion of section 2 we wrote the Hamiltonian constraint as

H = Ñ

[

−π2
v +

π2
ϕ

v2
+ λ

]

(113)

so that (110) corresponds to choosing Ñ = 1 whereas (107) corresponds to Ñ = v2. Of course,
classically any choice of lapse function is equally valid, with different choices correspond-

ing simply to different time coordinates. Again, we see that this classical symmetry of time

reparameterisation is broken in the quantum theory in a subtle way: changing the lapse leads

to a different kinematical inner product and then to different criteria for self-adjointness of
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the Hamiltonian constraint, different boundary conditions and ultimately different physical

behaviour, as we saw explicitly earlier.

Our results are then also not a contradiction to the findings of [20] regarding the equiva-

lence of different clock choices: in these papers the Hamiltonian constraint and the kinematical

Hilbert space are taken as given, whereas we are comparing settings in which (from the per-

spective of Dirac quantisation) one has changed both the measure in the kinematical inner

product and the constraint from an initial constraint Ĉ to N̂ Ĉ. In the same inner product, these

two constraints could both be self-adjoint at the same time if one chose to quantise NC as
ˆ

(
√
N )Ĉ

ˆ
(
√
N ), which is not what we have done here (and, given that

√
N = v0e

u does not obvi-

ously translate to a self-adjoint operator, might not work anyway). Our point is that ĈΨ = 0

and N̂ ĈΨ = 0 have the same solutions, but live in two different physical Hilbert spaces and

define very different theories once unitarity is imposed. It is not clear to us how such a conclu-

sion could be avoided if onemaintains the classical reparameterisation symmetry which allows

multiplying a classical constraint by any nontrivial phase-space function.

6. Conclusion

In this paper we have expanded our analysis in [8] of a spatially flat FLRW Universe with

an arbitrary perfect fluid and a free massless scalar field by studying a quantisation based on

the relational clock ϕ and comparing the resulting quantum theory to the previously analysed

theories based on the clocks t and v.We had previously found a lack of general covariancewhen

comparing different quantum theories, and in this paper we provide even more evidence of this

fact. Perhaps the main insight of this new work is how imposing unitarity as a fundamental

principle leads to the appearance of boundary conditions, and the divergence from the classical

theory. We have reproduced and extended some previous results for the quantum dynamics of

the same model with the same clock, e.g. [10, 11]. We have also verified Gotay and Demaret’s

conjecture [17] for our model and expanded its scope to predict not only singularity resolution

but also a quantum recollapse of the Universe. If we assume its more general validity, this

conjecture could be particularly useful when choosing a relational clock for other quantum

cosmological models: it would suggest that a clock that is slow (fast) at the singularity or at

infinity will (will not) resolve the singularity or will (will not) lead to a quantum recollapse. All

that would be required to achieve singularity resolution, in anymodel of quantum cosmology,

would be to add a degree of freedom that remains finite at the singularity, as is the case for the

clock t in our model. Of course, this remains a conjecture which needs to be substantiated with

further evidence.

In order to construct the quantum theories we studied, we had to make some assumptions.

First of all, when deriving the Wheeler–DeWitt equation (25), we imposed covariance under

a change of coordinate in (v,ϕ) in order to fix the operator ordering. With a different ordering

the details of our results might change. A second choice was that of an inner product, which

we fix in the usual way by taking the quadratic part of the constraint to define a metric on

minisuperspace. This procedure indirectly introduces a dependence on the lapse function N,

since multiplying the constraint by a nontrivial function would change this minisuperspace

metric. In this sense, the choice of lapse does not affect the solutions of the Wheeler–DeWitt

equations but changes the inner product. All of these ambiguities are well-known in the field

of quantum cosmology. Still, the main assumption of this paper is that we impose unitarity as

a fundamental principle. Imposing unitarity is then equivalent to imposing self-adjointness of

an operator which is not originally self-adjoint, and one has to choose one of the possible self-

adjoint extensions. In our case this means choosing a free function of one variable. In this paper
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we have not studied in detail how the choice of self-adjoint extension affects the dynamics of

the theory. In [11] Pawłowski and Ashtekar found that the specific self-adjoint extension does

not seem to play a significant role.

One might of course assume that unitarity (or self-adjointness of a Hamiltonian) is not a

fundamental property of quantum gravity. For instance, one of the possible approaches to the

problem of time is to see time and unitarity as emergent concepts that are only well-defined

semiclassically, see e.g. [1, 54], and to not demand any fundamentally conserved inner product.

The absence of unitarity, in the context of ourmodels, would presumably imply that the normof

semiclassical states goes to zero as they approach the singularity, which would be hard to

interpret. To us it would seem difficult to motivate dropping such a fundamental principle of

quantum mechanics in quantum gravity while keeping other principles such as the standard

canonical quantisation of the classical constraint leading to the Wheeler–DeWitt equation.

We explained why our results are not in contradiction with the results of Höhn and collab-

orators [20] regarding covariant Dirac quantisation: while the dynamics for different clocks

are based on the same Wheeler–DeWitt equation, the self-adjointness requirement usually

imposed to construct the inner product applies to different constraint operators, which cor-

respond to different choices of lapse. Moreover, the kinematical inner product would also be

different for different clocks. The same issue we already mentioned above, namely the depen-

dence on the choice of lapse, hence also arises in this more covariant approach to canonical

quantisation.

In [11] our model with fixed λ > 0 was studied first in the Wheeler–DeWitt approach we

are using here but then also in loop quantum cosmology. In the latter case, one finds that the

singularity was resolved using the ϕ clock but the same self-adjoint extension problem as

in the Wheeler–DeWitt approach results from boundary conditions at infinity. It would be

interesting to study in general which aspects of the dynamics in quantum cosmology depend

on the choice of self-adjoint extension used and if other relational clocks can be used in loop

quantum cosmology in particular.

Another important direction for future work would be to study whether one could overcome

the issue of clock dependence of the quantum theory by using a path integral quantisation. In

that formalism there are techniques that ensure gauge invariance [34], and the path integral can

at least be formally defined in a way that is independent of the choice of lapse [38].

Perhaps more philosophically, we might ask ourselves if it is true that every monotonic

classical variable is really a good clock. For example, in this model the ϕ clock, although

mathematically a good clock, might not be physically as well motivated: according to this

clock the singularity is infinitely far away, but infinity is reached in a finite time. No classical

timelike observer will ever experience the passing of time in that way. In the late Universe,

an observer carrying a clock device measuring the value of the scalar field would see how its

clock freezes. Should we limit ourselves to clocks that potentially measure proper time for an

observer? In a way time is not only what clock measures but what observers experience.

One of the main motivations for studying quantum rather than classical cosmology is the

hope that quantum effects will cure the singularities of classical general relativity, in particular

the big bang. Observing nonclassical behaviour is hence essential if quantum cosmology is to

provide us with new insights about gravity in extreme regimes. In our context, such departures

from classical dynamics arise from the reflecting behaviour at classical singularities implied

by demanding unitarity. This reflection can represent a type of singularity resolution, but only

if we use a clock that is slow at the singularity. We saw that a clock can also be slow at infinity,

which will again trigger nonclassical behaviour but now in a regime where curvature is very

low and one would not expect quantum gravity to be relevant. We observed this counterin-

tuitive behaviour in this paper for the scalar field clock; taken at face value it would imply
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a dramatic infrared modification of classical general relativity caused by large quantum fluc-

tuations at very large volume. To us, the fact that all of these ‘predictions’ depend on which

clock variable is used raises more questions than it answers. It seems that the problem of time

must be addressed, and a more fully covariant quantisation be understood, before we can trust

predictions of departure from classical physics in quantum cosmology.
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Appendix A. Important integrals

In this appendix we collect the results of various integrals involving two Bessel functions.

These integrals are used in section 3 when computing the inner product (31) of two solutions

to the Wheeler–DeWitt equation and in section 4 when computing expectation values in the

same inner product.

The integrals of interest in section 3 are of the form

Jμ,ν :=

∫ ∞

0

dv

v
Jμ(Cv)Jν(Cv), Kμ,ν :=

∫ ∞

0

dv

v
Kμ(Cv)Kν(Cv), (A.1)

where the orders μ and ν are either real or imaginary. These integrals are independent of the

positive parameter C on the right-hand side.

The integrals of interest in section 4 are of the form

Oμ,ν,C :=

∫ ∞

0

dv Jμ(Cv)Jν(Cv), (A.2)

whereμ and ν are either imaginary or of the form±1+ iαwhereα ∈ R andC > 0.We present

these integrals in the order in which they appear in the main text.

A.1. The integrals Jiα,iβ and Kiα,iβ

These integrals appear in computing orthogonality relations between different states. The

parameters α and β are real. The integral Jiα,iβ does not converge but it can be defined in

a distributional sense as a limit of the integral

lim
ν→1

∫ ∞

0

dx

xν
Jiα(x)Jiβ(x)

= lim
ν→1

2−νΓ
(

1−ν
2

+ i
2
(α+ β)

)

Γ(ν)

Γ
(

1+ν
2

+ i
2
(α− β)

)

Γ
(

1+ν
2

+ i
2
(β − α)

)

Γ
(

1+ν
2

+ i
2
(α+ β)

) (A.3)
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which is initially only defined for ν < 1; notice the possible singularity in the first Gamma

function in the numerator as ν → 1. We have also introduced the integration variable x = Cv

to simplify the notation in this integral. To proceed, we can now rewrite

Γ

(

1− ν

2
+

i

2
(α+ β)

)

=
Γ
(

3−ν
2

+ i
2
(α+ β)

)

1−ν
2

+ i
2
(α+ β)

(A.4)

so that we obtain

lim
ν→1

∫ ∞

0

dx

xν
Jiα(x)Jiβ(x) =

2 sinh
(

(α− β) π
2

)

π(α− β)
× lim

ν→1

1

(1− ν + i(α+ β))
. (A.5)

The last limit must now be taken in a distributional sense using the identity

lim
ǫ→0+

1

y+ iǫ
= PV

1

y
− iπδ(y), (A.6)

where PV denotes the Cauchy principal value, i.e. the distribution defined by

∫ ∞

−∞
dy

[

PV
1

y

]

f (y) =

∫ ∞

0

dy

y
( f (y)− f (−y)) (A.7)

for any test function f (y), which depends only on the odd part of f . In summary we then find

∫ ∞

0

dx

x
Jiα(x)Jiβ(x) = 2 sinh

(

(α− β)
π

2

)

(

δ(α+ β)

α− β
− PV

i

π(α2 − β2)

)

. (A.8)

In the case of modified Bessel functions we can proceed in the same fashion; we find

lim
ν→1

∫ ∞

0

dx

xν
Kiα(x)Kiβ(x) = lim

ν→1

∣

∣Γ
(

1−ν
2

+ i
2
(α− β)

)
∣

∣

2∣
∣Γ
(

1−ν
2

+ i
2
(α+ β)

)
∣

∣

2

22+νΓ(1− ν)
(A.9)

which has a more complicated singularity structure, with possible singularities in all Gamma

functions. By substitutions similar to (A.4) we obtain

lim
ν→1

∫ ∞

0

dx

xν
Kiα(x)Kiβ(x) =

π2(α2 − β2)

cosh(απ)− cosh(βπ)

× lim
ν→1

(1− ν)

|1− ν + i(α− β)|2|1− ν + i(α+ β)|2 . (A.10)

Ifwe nowexclude the caseα = β = 0, then at least one of the two factors in the denominator

remains regular as ν → 1 and can be taken outside of the limit. For the second factor we have

to take the distributional limit

lim
ǫ→0+

ǫ

ǫ2 + y2
= πδ(y) (A.11)

as can be seen from

lim
ǫ→0+

∫ ∞

−∞
dy f (y)

ǫ

ǫ2 + y2
= lim

ǫ→0+

∫ ∞

−∞
dυ f (ǫυ)

1

1+ υ2
= π f (0), (A.12)
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where f is again a test function. Altogether we have

∫ ∞

0

dx

x
Kiα(x)Kiβ(x) =

π3(α2 − β2)

cosh(απ)− cosh(βπ)

(

δ(α− β)

(α+ β)2
+

δ(α+ β)

(α− β)2

)

=
π2

2α sinh(απ)
(δ(α− β) + δ(α+ β)) . (A.13)

Notice that the modified Bessel functions of the second kind are always real even for imaginary

order, hence there is no imaginary contribution leading to a principal value. Such imaginary

contributions come from the large x limit of the integral, whereas the right-hand side of (A.13)

only comes from the lower limit x = 0.

A.2. The integrals Ja,b and Ka,b

Again a and b are real numbers. Here, in order to identify the cases where the integral can be

defined, we first evaluate the indefinite integral

∫ x2

x1

dx

x
Ja(x)Jb(x)

=

[

x (Ja−1(x)Jb(x)− Ja(x)Jb−1(x))

a2 − b2
− Ja(x)Jb(x)

a+ b

]x=x2

x=x1

, (A.14)

where we again defined x = Cv for simplicity. After now substituting the large argument and

small argument asymptotic expressions of the Bessel functions we find

∫ ∞

0

dx

x
Ja(x)Jb(x) = 2

sin
(

(a− b) π
2

)

(a2 − b2)π
− lim

x→0

(x/2)a+b

(a+ b)Γ(1+ a)Γ(1+ b)
. (A.15)

We now see that the integral is finite when a+ b > 0; otherwise the second term makes the

integral divergent and undefinable even in a distributional sense. For a+ b > 0,

∫ ∞

0

dx

x
Ja(x)Jb(x) = 2

sin
(

(a− b) π
2

)

(a2 − b2)π
(A.16)

which is the standard formula given, for example, as equation (6.574.2) in [55].

For the integral Ka,b, there is no contribution from large v where the integral falls off but

from v = 0 we find
∫ ∞

0

dx

x
Ka(x)Kb(x)

= − π2

4 sin(aπ) sin(bπ)
lim
x→0

[

(x/2)a+b

(a+ b)Γ(1+ a)Γ(1+ b)

− (x/2)−(a+b)

(a+ b)Γ(1− a)Γ(1− b)
+

(x/2)b−a

(a− b)Γ(1− a)Γ(1+ b)

− (x/2)a−b

(a− b)Γ(1+ a)Γ(1− b)

]

(A.17)

so that this integral always diverges for any a or b (this is true also for the case in which a or

b are integer, which we do not discuss in detail here).
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A.3. The integrals Ja,iβ and Ka,iβ

This is the third possible case in which one order is real and the other one is imaginary. This

integral appears when computing cross-terms in the inner product in section 3. In this case the

expression resulting from computing first the indefinite integral is

∫ ∞

0

dx

x
Ja(x)Jiβ(x) = 2

sin
(

(a− iβ) π
2

)

(a2 + β2)π
− lim

x→0

(x/2)a+iβ

(a+ iβ)Γ(1+ a)Γ(1+ iβ)
. (A.18)

As x→ 0, the exponential function in the second term has a growing (if a < 0) or decreasing

(if a > 0) absolute value. If a > 0, the limit when x→ 0 is 0, making the integral converge to

the value

∫ ∞

0

dx

x
Ja(x)Jiβ(x) = 2

sin
(

(a− iβ) π
2

)

(a2 + β2)π
. (A.19)

For a < 0 the integral is divergent.

The integral Ka,iβ is again found to diverge for all real values of a.

A.4. The integralOiα,iβ,C

Here again α and β are real numbers. This integral depends non-trivially on the value ofC. We

use the same method of first evaluating the integral for arbitrary limit values, where it yields

∫ v2

v1

dv Jiα(Cv)Jiβ(Cv) = −
[

i v exp
(

i(α+ β) log Cv
2

)

(α+ β − i)Γ(1+ iα)Γ(1+ iβ)

× 3F4

(

1

2
+ ι,

1

2
+ ι, 1+ ι; 1+ iα,

3

2
+ ι, 1+ iβ,

1+ 2ι;−C2v2
)]v=v2

v=v1

(A.20)

which can only be given in terms of generalised hypergeometric functions and where we have

defined ι := iα+β
2

. This complicated expression simplifies as v1 → 0 and v2 →∞. First, note

that the generalised hypergeometric function defines a power series in (−C2v2) and goes to 1

at v = 0; because of the additional factor v the contribution from the lower limit vanishes as

v1 → 0.

Using the large v asymptotics of the generalised hypergeometric function we then have,

formally,

∫ ∞

0

dv Jiα(Cv)Jiβ(Cv) = −cosh
(

(α− β) π
2

)

2πC
× lim

v→∞

{

log

(

4

C2v2

)

+ ψ

(

1+ i(β − α)

2

)

+ ψ

(

1+ i(α− β)

2

)

+ 2ψ

(

1+ i(α+ β)

2

)

+ 2γ

}

, (A.21)

where ψ is the digamma function and γ is the Euler–Mascheroni constant. (A.21) diverges

logarithmically at large v; when using it for numerical evaluation of expectation values, we

take the upper limit to some large cutoff valueΞv and verify that the final result after integrating

over the other variables is not too sensitive to the choice of Ξv .
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A.5. The integralO±1+iα,iβ,C

Again we start by evaluating the indefinite integral which yields

∫ v2

v1

dv J±1+iα(Cv)Jiβ(Cv) =

[

v exp
(

(±1+ i(α+ β)) log Cv
2

)

((1± 1)+ i(α+ β))Γ(1± 1+ iα)Γ(1+ iβ)

× 3F4

(

1

2
+ ι′,

1

2
+ ι′, 1+ ι′; 1± 1+ iα,

3

2
+ ι′,

1+ iβ, 1+ 2ι′;−C2v2
)]v=v2

v=v1

, (A.22)

where now ι′ := ± 1
2
+ iα+β

2
. The generalised hypergeometric function goes to 1 at v = 0. For

the case of the minus sign we now have a nontrivial contribution from v = 0, as we can write

(see the discussion around (90))

lim
v→0

2i exp
(

i(α+ β) log Cv
2

)

C(α+ β)Γ(iα)Γ(1+ iβ)

= lim
u→∞

2i exp (−i(α+ β)u)

C(α+ β)Γ(iα)Γ(1+ iβ)

=
2 i

C
sinh(απ)δ(α+ β). (A.23)

There is no contribution from the lower limit for the case of the plus sign.

Including the contribution from large v we find, again formally,

∫ ∞

0

dv J1+iα(Cv)Jiβ(Cv) = −cosh
(

(α− β − i) π
2

)

2πC
× lim

v→∞

{

log

(

4

C2v2

)

+ ψ

(

i(β − α)

2

)

+ ψ

(

1+
i(α− β)

2

)

+ 2ψ

(

1+
i(α+ β)

2

)

+ 2γ

}

(A.24)

and

∫ ∞

0

dv J−1+iα(Cv)Jiβ(Cv) = −cosh
(

(α− β + i) π
2

)

2πC
× lim

v→∞

{

log

(

4

C2v2

)

+ ψ

(

1+
i(β − α)

2

)

+ ψ

(

i(α− β)

2

)

+ 2ψ

(

i(α+ β)

2

)

+ 2γ

}

+
2 i

C
sinh(απ)δ(α+ β).

(A.25)

These integrals again diverge logarithmically at large v so we need to cut them off at a

fixed cutoff value Ξv . However, for the calculation of interest in the main text we find that the
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sum over various integralsO±1+iα,iβ,C leads to an expression in which all the logarithm terms

cancel, and which is hence well-defined in the limit v →∞.
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