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Monopulse Based DOA and Polarization Estimation with Polarization Sensitive
Arrays

Minghui Dai?®, Xiaofeng Ma®*, Wei LiuP, Weixing Sheng®, Yubing Han?®, Huiwen Xu?®
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Abstract

In this paper, the vector sensor array (VSA) and the scalar sensor array (SSA) with polarization sensitivity (PS)
are placed under the same framework of polarization sensitive arrays (PSAs), whose direction-dependent PS factor
is larger than zero. This commonality of their PS factors enables both VSA and SSA to perform polarization
estimation effectively. Based on this new PSA model, a generalized monopulse algorithm is proposed to jointly
estimate direction-of-arrival (DOA) and polarization parameters, by expanding the existing monopulse angle
estimation in spatial domain to both spatial and polarization domains. Both the DOA and polarization parameters
can be effectively and efficiently estimated by comparing the outputs of the sum and spatial/polarized difference
beams even with only one snapshot. Then, closed-form expressions for joint DOA and polarization estimation error
variances are derived and the polarization estimation variance is proved to decrease monotonically with the PS
factor. Simulations are carried out on an X-band 5x5 planar array composed of microstrip patch antennas to
demonstrate the effectiveness of the proposed algorithm.

Keywords: Polarization sensitive arrays, joint DOA and polarization estimation, generalized monopulse

method.

1. Introduction

The joint direction-of-arrival (DOA) and polarization estimation of electromagnetic (EM) sources has been
widely studied in various applications, including radar, sonar, navigation and wireless communications [1, 2, 3,
4, 5]. Electromagnetic-vector-sensor (EMVS) is the most popular candidate to form polarization sensitive arrays
(PSAs) [5, 6,7, 8,9, 10, 11]. Each EMVS is composed of several orthogonal electric and magnetic dipole elements
to receive or transmit two or more orthogonal polarized signals simultaneously. Such PSAs with multiple-output
antennas are also called vector sensor arrays (VSAs) [5]. Therefore, some dual-polarized antenna arrays, such
as horizontal and vertical dual-polarized arrays [12], left-handed and right-handed circularly dual-polarized ones
[13], are also VSAs.

Another kind of arrays with identical single-output antennas, called scalar sensor arrays (SSAs), is generally
considered as polarization insensitive [14, 15, 16]. However, recent research indicates that the SSA has certain

degree of polarization sensitivity (PS) [17]. Two orthogonal electric field components of all embedded elemental
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antennas at different directions vary diversely under the mutual coupling (MC) effect. It makes the polarization
characteristics of these embedded antennas deviating greatly from the isolated antenna element [18, 19, 20]. The
polarization diversity from different directions of each antenna and the variations among all antennas enable a
common SSA to have certain degree of PS. This PS in an SSA is random at different directions, but fixed when
the antenna type and the array structure are determined.

Existing joint DOA and polarization estimation methods are normally designed for the VSAs composed of
EMVSes, such as the vector cross product method in [5], the subspace-based methods in [21, 22, 23, 24], and the
tensor-based method in [25]. Some computationally efficient methods are also proposed, such as the dimension-
reduction MUSIC [26], the propagator-based method [27], and the quaternion-based method [28, 29]. However,
joint DOA and polarization estimation based on the SSA with PS is rarely studied, except for our preliminary
attempt in [30], where the dimension-reduction MUSIC is applied to separately estimate the DOA and polarization
parameters, and the relationship between polarization estimation error variance and PS at different directions is
briefly simulated without quantitative analysis.

The parameter estimation algorithms mentioned above are generally based on subspace multidimensional peak
search, convex optimization, etc. On the other hand, the monopulse angle estimation technique can estimate DOA
even with only one data snapshot by simply comparing the amplitude and phase difference of the simultaneously
formed sum and difference beams [31, 32, 33]. The technique makes full use of the array gain with low computa-
tional cost and high estimation accuracy, hence it is widely used in practice for radar angle estimation and tracking
of one target within the 3dB beamwidth of the sum beam. The monopulse technique has also been studied in
polarimetric radar systems for enhanced DOA estimation [34, 35, 36, 37]. However, polarization estimation is
performed only by simply comparing received signals from different polarized channels [36, 37, 38]. To the best of
our knowledge, a generalized monopulse method for estimation of polarization parameters has not been available
in literature yet.

There are three main contributions in this paper. Firstly, a PS factor z > 0 is defined to unify both VSAs
and SSAs under the framework of PSAs. Secondly, a GenerAlized Monopulse Estimation (GAME) algorithm for
PSAs is derived, which extends the monopulse estimation technique from the spatial domain to both spatial and
polarization domains. Thirdly, the covariance matrix for DOA and polarization estimation errors is derived, and
the polarization estimation variance is rigorously proved to decrease monotonically with z.

The rest of this paper is organized as follows. The models for the SSA with PS and the VSA are introduced
in Section II, followed by derivations of the GAME algorithm in Section III. The covariance matrix for the joint
DOA and polarization estimation error and its relationship with the PS factor are derived in Section IV. The
performance of the proposed method is demonstrated and analyzed in Section V and conclusions are drawn in
Section VI.

Notations: (-)7 stands for matrix/vector transpose, while (-)* denotes its Hermitian transpose. The operations
Re(:) and Im(-) take the real and imaginary parts of a complex number, respectively. C refers to the complex
space. For a matrix, diag(-) takes its diagonal elements, while for a vector, this operator constructs a diagonal

matrix with elements in the vector. In; denotes the identity matrix of size M, while 1;; € CMx1 describes the



s vector with all entries being one. For an array Y, the operators min{Y} and max{Y } mean to extract the smallest
and largest number in the ar
respectively. ||-|| denotes the

the joint complex Gaussian
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Figure 1: Orthonormal vector triad of an EM wave.

A planar EM wave received by an antenna array is composed of an electric field F and a magnetic field H
that are orthogonal to the unit propagation direction vector u(6, ) shown in Fig. 1, where 6 € [0,7/2] is the
elevation angle and ¢ € [0, 27] is the azimuth angle. The relationship between E and H is

1
H=—-uxE, (1)
n

where 7 is the intrinsic impedance of the medium. The electric and magnetic fields are orthogonal to each other and
can be represented reciprocally [39]. Thus, the polarization of an EM wave is defined as the orientation of the
electric field vector.
The vectors h and vin Fig. 1 are the horizontal and vertical polarized components of the electric field,
respectively, which form a right-handed orthonormal basis [40].
u = [sin @ cos ¢, sin O sin ¢, cos O]
h = [—singp, cosp, 0]T (2)

v = [cos 6 cos p, cos O sin @, — sin 6]

The electric field vector of the incoming signal moves on an electric polarization ellipse, as shown in Fig. 2.
The ellipse is described by the orientation angle o € (—7/2,7/2] and the ellipticity angle 8 € (—n /4, 7/4]. Then,

the normalized electric vector E can be expressed as

E= [ En(t) E,(t) }T = p(a, B)s(t) (3)
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where E},(t) and F,(t) are the horizontal and vertical electric fields, respectively, and s(¢) denotes the transmitted
scalar signal. The polarization characteristics of E can be represented by the polarization vector p(a, 3) € C?*1
[41]

cosa —sina cos 3

p(, B) = : (4)

sina  cosa jsing

As a result, an arbitrary polarization state can be uniquely represented by the polarization parameters o and

B. For example, the transmission is of linear polarization with § = 0 and circular with |5| = 7 /4.

B<0

v

Figure 2: Polarization ellipse.

2.2. Scalar Sensor Array Model

Assume that K far-field stationary and narrowband signals from (6, ¢) with polarization («g, 8x) impinge
on an array of M scalar sensors placed at locations 7, = (Tm, Ym, 2m), m = 1,..., M, K < M. The array output

vector s, (t) € CM*1 is expressed as

M=

mssa(t) = assa(aky Pk Ak, /Bk)sk (t) + Nssa (t)

! (5)
Assa(eka Spk) -N- p(Oék, Bk)sk(t) + nssa(t)

k

Il
M=

b
I

1

where n;44(t) € CM*1 is the additive noise vector with zero mean and covariance matrix oIy, Assa Ok, Ok, k. Br) €
CMx1 is the SSA spatial-polarization manifold vector and p(as, 8x) is the polarization vector of the kth signal
sk(t). N € C?*2 is the feed network matrix of each scalar sensor, which combines the horizontal and vertical
electric field components to form the desired polarization characteristic of each scalar sensor. For example, the
scalar sensor is of right-handed circularly polarized antenna with N = diag(1, —j) and left-handed circularly

polarized with N = diag(1, ). Assq(0r, o) € CM*2 is the spatial manifold matrix of the SSA, given by

Assa(ekn 9014:) = [ Ah,ssa(elm @k) Aw,ssa(oka @k) }
= as(0r, o) © [ T ssaOk, o) £y 50Ok o) }

)
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where ag (0, ¢r) = [e/FomwOrer) ... eikormul@iex)]T ¢ CMX1 ig the spatial steering vector of the array with
wavelength X and wave number ko = 27/X. f, o000k, 0k) = [90,10(Ok, ©k), - - - gnona (On, 0x)]" and £, o0 Ok, o) =
[90.1 Ok, Pk)s - - - Gt (Ok, o)]T are two orthogonal polarization components of the embedded antenna gain of
M sensors for (Ok,vr). Ghm(Ok, pr) and gy, m (0, vr) are the mth embedded antenna patterns of these two
components.

Traditionally, as mentioned above, the antenna polarization characteristics are generally considered to be
consistent among all elements in an SSA. In other words, there is no MC between array antennas, or the MC
interaction has the same effect on the horizontal and vertical components. That is, the polarizations of all antennas

in a specific direction are the same, given by

gv,m(gka ‘pk)
Gh,m Ok, ¢k)

where (0, ¢r) is a complex constant. Then, the spatial manifold matrix in that direction is a rank-1 matrix.

:’V(Qk?wk), m:]-avM (7)

Assa(Ok; 0x) = as(Ok, k) © fi ssa (O 0x) - [T v(Ok, o1) ] (8)

It does not carry any polarization information, which means that the SSA is polarization insensitive.

However, the result will change when realistic MC effect between antennas is taken into consideration [19, 20].
In practical applications such as finite regular arrays or arrays with low sparsity, the MC has different effects
on two electric field components of all antennas in each direction, which alters the polarization characteristic
of the embedded antennas correspondingly. The polarization distinction varies among different antennas. This
polarization diversity changes Az, (0, x) into a rank-2 matrix. The higher the polarization diversity is, the
better the polarization estimation accuracy will be. The relevant proof will be given in Section IV.

The polarization diversity at direction (g, px) of the SSA can be quantified by the PS factor z(6y, i), defined

as [17]
o2(0k, vr)
1Ok, or)

where o1 (0, ¢r) and o2(0g, pi) are the singular values of the matrix Az, (0%, ©r). As mentioned, the manifold

2(Ok, or) = € [0, 1] 9)

matrix without MC does not contain any polarization information. Thus, Assq (0, pr) is a rank-1 matrix for
2(0k, pr) = 0, while for z(0k, vr) # 0, Assa(Ok, ©i) becomes a rank-2 matrix with PS.

Moreover, (0, @) is direction-dependent. In this paper, the EM full-wave simulation software is employed to
obtain the horizontal and vertical components, fj, ..,(0r, @) and f, 54(0k, ¢r), of all embedded active antennas to

fully describe the polarization characteristic of the SSA.

2.3. Vector Sensor Array Model

Assume that each antenna of the VSA has J(J = 2 to 6) orthogonal channels (e.g., crossed-dipole with J = 2,
tripole with J = 3, and complete EMVS with J = 6), the array output vector x,s,(t) € C/M*! is expressed as

K
wvsa(t) = E avsa(9k7 Pk, Ak, Bk)sk(t) + nvsa(t)
i (10)

= = Avsa(elm @k)P(Oémﬁk)Sk(t) + n’usa(t)
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where ay,sq (0%, 9k, ks Bi) € CTMX1 is the VSA spatial-polarization manifold vector and m,,(t) € C/M*1 is the

c (CJM><2

additive white Gaussian noise vector. A sq (0, ©k) is the spatial manifold matrix, given by

Avsa(ek,(pk) = |: Ah,vsa(9k7§0k) Av,vsa<9ka§0k) i|

(11)
= as(ok’(pk) & 1'] © |: fh,vsa(ak,gpk) fu,vsa(ekvcpk) :| .

where fi, o (O, 0r) = (901 Ok, 9k - - > g aas Ok, o))" and f, o Ok, 01) = [90.1 (O, 0k), - - -, Go,sar (O, )] are
two orthogonal polarization components of JM channels for (0, ¢x).

For practical vector sensors whose channels are highly isolated to each other, fgvsa(ﬁk, 1) fo vsa Ok, 0x) = 0.
Thus, according to the PS factor definition in (9) and the spatial manifold matrix A,s, in (11), the degree of
PS for VSAs depends on the gain consistency of the two orthogonal electric field components Ay, ysq (0%, ¢x) and
Ay vsa(0k, ) at different directions. The PS factor of the VSA can be expressed as

2Ok, or) = o2(Or, or) \/min {Y (0, 1)}

01Ok ox) || max {Y 6k, ox)} (12)

where Y(eka 901@) = {A{z{,vsa(eka Sok)Ah,vsa(elﬁ on)a Agvsa(ekv 99/@>AU7USG(9/€7 99/6)}7 01(9797 (pk) and o (ek’ (Pk) are
the singular values of A, sq(0k, pr). When the VSA is composed of ideal tripoles, J = 3 and A, (0, ¢x) can be

expressed as
Apsa(Or, o) = as(Ok, 1) @ Ar(Ok, 1) (13)

where A,.(0y,pr) € C3*2 is the response matrix of the tripoles [5]

—sinpy  cos B cos pi
A, (O, 0r) = cosy  cosfsinpg | - (14)

0 —sin 0y,

The columns of A, (6k,px) are orthogonal. If there is no gain inconsistency among three dipoles, z(0x, ¢r) = 1

holds at all directions, i.e., the VSA composed of ideal tripoles is completely polarization sensitive.

3. Generalized Monopulse Estimation Algorithm

Compared with the subspace-based angle estimation method, the monopulse method is commonly employed
in DOA estimation and tracking scenarios where the target position is roughly known [31, 32, 33]. In this
section, the existing monopulse method will be firstly reviewed. Then, it is extended to the joint spatial and
polarization domains to achieve low-complexity, high-precision joint-angle-and-polarization estimation, called the

GAME algorithm.

3.1. Review of the Monopulse Method

The monopulse method is based on the maximum likelihood (ML) principle and mainly designed for the single

target scenario, i.e., K = 1. Then, the array output of (5) can be expressed as

Lssq = a(eta Qat)s + N (15)
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where (6;, ;) represents the target direction and a(f:,¢:) = as(0:, ). The ML estimator maximizes the
Gaussian density function p(@ssq;6s, 1, 8) = (1/(7T02)M)e_('“"SSC'_“(‘9“”‘)“;)H(m“a_“(9““‘”)‘5‘)/"2 with respect to the
unknown parameters 6;, ¢, s and the sample data vector &g, [31]. It is noted that both the array polarization
and the target polarization are commonly considered fixed and matched with each other in existing monopulse

literature. Maximizing p(%ssq; 0%, 1, s) directly gives the ML estimation of s

5= (a"(0:,01)a(0s, 1)) a0, 1) Tssa (16)
= a" (01, 01) Tssa /M
which can be seen as the normalized output of the sum beam in direction (6:,¢;) in the case that the weight
vector of the sum beam equals the steering vector of the target. Then, the target direction can be estimated by
maximizing the power of the sum beam scan pattern
‘2

P(0, ) = |a" (0, ¢) @550 (17)

which is nonlinear in 6 and ¢. If we maximize the function F (6, ) = In P(6, v), we can obtain an approximation
in the form of a linear equation by Taylor series expansion.

Assuming that the target direction (6, ) is close to the sum beam direction (6, o), i.e., F(6:, 1) =
F (09, v0). The monopulse formula is approximately written in the form of the derivative of F(6,¢) in a first

order Taylor series at (0;, )
—1

0y - 0o | Fee  Foyp Fy (18)
Foo F F,
ot o 70 we (Or,0¢) ? (60,%0)
where Fy and F,, are the first derivatives of F(6, ), known as monopulse ratio.
F, = 2Re{a£omssa/a£[mssa}, p=10 0. (19)
F.y is the second derivative of F'(6,¢), called monopulse slope.
Foy (af,oaw + af,o%,o
H H H H 20)
Ay 000Gy Qy,0 + Gy 0G0 0y Az 0 H (
+— : ap, ,y=0,¢
all ag 0
when the weight vectors of the sum and difference beams are ag = a(6y, o) and a0 = %%|(97¢)=(90W0), respec-

tively. In this case, Fy, = Fi 9 = 0.
In general, the weight vectors are optimized for low sidelobes or arbitrary beam pattern by amplitude tapering
or pattern synthesis, etc., instead of using the steering vector directly. In such cases, a generalized monopulse

angle estimation formula can be employed [42]

-1
0\ [ fo Fyg  Fyy Fo — o

Pt Yo Fga@ FLpr Fcp — Mo
The monopulse slope Fy,(z,y = 6, ¢) is calculated similar to (20) as
Fpy ~ (ngay70 + ago'wa

H H H H
wi_apw a, o + a jwsall wa (22)
Ax > %y,0 y,0 VX0 z)/wgloa I7y:9,§0

H
ay Wy
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where wy. and wa, represent the designed sum and difference beam weights, respectively. u; = Re {wgzao / wg ao} (z =

0, ¢) in (21) is the bias correction term for all kinds of weights.

3.2. Generalized Monopulse Formula

If the target polarization is involved, the received EM wave of a single target can be written as
z = a(bs, pr, a, B)s + (23)

where (a4, 8;) are target polarization parameters, a(6:, o1, ar, B) = A(Or, o) p(as, Bi). A0, 0r) = Agsa(Or, p1),
T = Tysq, and m = Ny, for the SSA with PS, while A(6, 1) = Avsa(0t, 01), T = Tysa, and n = n,, for the VSA.
In the following derivation, a(f:, ¢y, oy, ;) is simplified as a.
Assume the polarization of the sum beam towards (0, po) is (o, fo), and then the generalized monopulse
formula similar to (21) is
p=py+ C(r—p) (24)
where p = (0,0,a,8)T, po = (00, 00,0, 50), and g = (ug 1o Ha pg)T is the bias correction vector. More-
over,
€0 Cop Coa  COB
C— Co0 Cop Coa CoB (25)
Cad Cap Caa Caf

€80 CBp Cpa  Cpp

T
is a slope correction matrix and # = ( o Ty Ta T8 ) is the monopulse ratio vector obtained from the

outputs of sum and difference beams
fﬁ = Re{dﬁ/SZ}v pP= 97 P, Q, ﬁ (26)

where sy = wg zand d, = wgpa: are the outputs of sum and difference beams, respectively. Moreover, in

order to reduce the fluctuation of the single-snapshot monopulse ratio, the averaged monopulse ratio vector 7, is
introduced [33]

= st Y (21)

where sy, and d;=(dg,dp1,du,,dg;)" represent the Ith (I = 1,2,...,L) snapshot of the sum and difference
beam outputs.

Then, g and C can be determined when the expectation of parameter estimation error is unbiased, and the

monopulse characteristic M(, ¢, o, 3) is approximately a linear function of the target direction and polarization

as [42]
M0, ¢, a,8) = C(E{T} —p)=p— py (28)
Thus, we have
M(0o, po, 0, Bo) =0 (29)
oM T
aep_poz[l 00 0] (30a)




OM - 1T

= =10 10 0 (30b)
3@ P=Po - -

oM - 1T

o =100 1 0 (30c)
@ P=Po - h

oM - 1T

- =00 01 (30d)
B P=pPg - -

Note that E{7,} can be calculated by
B{#} = Re wy E{zz }wy,
p wHE{zx! jws

(31)
_ \5\2Re{wgpaanz} + Re{cr2wgp'w2}

p=10,0,0a,p3

5|2 wl aat wy, + o2 wl wy,

Assume that the output noise powers of the sum and difference beams are both small and can be ignored, i.e.

o2wl

~ 2 00 H ~
sz ~ 0, g wprZ =~ 0. Then,

|s|2Re{wgpaanZ}

E{TAI’} = vp = 0a§07a7ﬂ (32)

|5|2'wgaaH'wZ

Subsequently, it = (119 pyp pa p15)T can be determined according to (28) and (29) as

H
wx 80

wl ay

= B{p} ,_, = Re{ } s p=0,p,0,8 (33)

where ay is the array spatial-polarization manifold vector when the target parameter matches with the sum beam,

i.e., agp = a(fy, vo, o, Bo). Meanwhile, according to (28) and (30), the following formula holds

or or or or —
o( % % & &), -5 (34)

Thus, the elements of inverse slope correction matrix F = C~! can be expressed as

e )] Tl -l )
Ty — ) -
Y

H H
p=po Ws: ap Gy Wy (35)
2Re{w a, o af ws}
— Mz H H 7:Cay:9750aaaﬂ'
’LUZG,()O/O Wx>

uo  where a, is the derivative of ag with respect toy (y =6, ¢, o, ).
Therefore, after obtaining the bias correction vector from 33 and the slope correction matrix from 35, the
DOA and polarization parameters can be directly estimated from 24.
In this paper, the weights of the sum and difference beams are assigned as the normalized spatial-polarization

vector ay with desired DOA (6, ¢o) and polarization (ag, 5y), and its derivatives, respectively,

wy. = @y = A(bo, po) (0, Bo) (36a)
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— 6'&)2

p=0,p,a,8
where A(0,0) = A(0,¢)/|| A0, )|l is the normalized array manifold matrix. Then, F,, = 0(z # y) can be
calculated by (35), and (24) can be rewritten as

diag (Foo, Fipps Foo, Fpg) (P — po) = T—p (37)

where the monopulse slope F),, is determined by (35) as

S H o = H S H o = H
_ Re{wprprz wz + wprZwprz}
pp =

W Wy Wy Wy,

R { wll ws } 2Re{ @l wa,wf wy )

=0,0,a,0
— H — —H = — H = 3;0 7<p7 )
wd wy w wy w wy,

4. Performance Analysis

In this section, performance of the proposed GAME algorithm is analyzed in terms of monopulse ratio dis-
tribution. The covariance matrix for DOA and polarization estimations is subsequently derived, together with
their relationships with the PS factor. Moreover, its computational complexity is compared with that of the

dimension-reduction MUSIC algorithm in [30].

4.1. Performance Evaluation Based on Monopulse Ratio Distribution

It is demonstrated in [31] that the mean and covariance of the estimator (24) is

E{p} = py — C(E{7} — ) (39a)

cov{p} = Ccov{i} C" (39b)

The vector form of beam outputs (dT, sy) is subject to the complex normal distribution with mean ¢ and covariance

matrix G, i.e., (d’, s )T ~ CN(t, G) . Let t, G be partitioned according to the sum and difference beam parts

as
t
t={ " (40a)
ts
Gp G
G= St (40D)
Gls Gg
with
tp =7 Wfpa (41a)
ts =ywla (41b)

10



Gp =7’ Wa,aa” Wa, + WX, Wa, (41c)

Gps = * WfpaanZ + ngwz (41d)

2 H

Gs = Y’ wl aa” wy. + w wy. (41e)

where Wa, = ( Wag Wap Waa WaR ), 7% = E{|s|?} = 10SNR/10 denotes the power of the target, and SNR

120 18 the elemental signal-to-noise ratio.
Then, the first and second order statistical properties of 7 can be calculated by integrating over the distribution
of sy [33]. Assume the target is non-fluctuating, and then the mean and covariance of # conditioned on the sum

beam power Pg = Zlel |Sz,z|2 exceeding a detection threshold ¢ are concluded as follows.
1. The conditional mean is

E{#| Ps > 6} = Re {Gps/Gs + (tp — GpsGs'ts)

(42)
B(Si SE /S Si1Ps > 0)
When L =1, the analytic form is
E{ f"| Pgs > (5} (43)

= (Am/PD)Re{ GDS/GS}-I-(1—Am/PD)Re{tD/t5}

where Pp = Pr{Pg > 40} is the detection probability, and A,, is a constant related to the SNR, [33]

. (L-1)/2
pD:/ L o~ (LIt /Gs
s Gs\ Llts| (44a)

I 1(2VtL|ts|/Gs)dt

A,, = e~ (O+Its*)/Gs To(2V0ts]/Gs) (44b)

where I; denotes the modified {th order Bessel function of the first kind.

2. The conditional covariance is

A,
cov{#{ Ps > 6} =0.5V. 2V (45)
Pp

where A, is also a constant value related to output SNR.

- (L-1)/2
A, :Gs/ L (L o~ (t+LIts[)/Cs
s Gs\ Lts| (46a)

I 1(2VtL|ts|/Gs)t ™ dt

V=Re{Gp — GpsG5'GBs}/Gs (46b)

11



When the detection threshold is set to 6 =0, Pp = 1 and A,, = 0 according to (44). Then, the conditional

covariance of (45) can be directly denoted by the covariance as
cov{r} =0.54, -V (47)
In this case, the parameter estimation covariance is determined by matrices C and V from (39b) and (47) as
cov{p} = 0.54, - CVC” (48)
V can be further represented according to the weights used in (36) as

V: dzag (‘/99, Vga:p; Vaou Vﬁﬁ) (49)

25, H ooH o T
V. _m VWA, QA" WA + WA ,WAp
pp — € -

20H aat i ivH i
Y ws: aa” Wy, + Wy Wy

(50)

H oo H o

g o TR o \H

(Vwy ,aa” wy, + wf  ws) (Y wg ,aa" wy + wX wy) }

- T
(Vwlaa" wy + w wy)

where p =6, p,a, 3, and a = A(6,p)p(a, ). In the high SNR case, i.e., WQIELH'H)E‘Q > 'l_ugﬁ:z, (50) is simplified

to

H 2 —1
= H = - H - —H = 2| H =
WA, WAp [ WA,Q \[ WA, G Y| ws a
Voo ~ Re wH w wla |\ wlla . (51)
> = = > Ve

-1
s The second part of (51), (72|fug ﬁlz/ﬂlgﬂlz + 1) , is the reciprocal of sum beam output SNR.

4.2. Relationship Between Estimation Error Variances and PS Factor

Firstly, the monopulse slope F,, of (38) can be refined as

Fgg = K¢ (52&)

Fop = Ky (52b)

(sin?By — c08250)222

Fro = (52¢)
(@l wy.)’
52
Fop = —— (52d)
(wz Wy-)
where
kg =—k3 {Zn]\f:l(mmcos 0o oS g+ Ym oS By Sin g — 2,,8In 90)2—
M 2 (53a)
(Zm:l (2mc08 bp cos o+ ymcos By sin g — 2, Sin 90)) ]
Ky =—k3sin?0, [Zi\le (=T SI0 Qg + Y €OS ) —
(53b)

M , 2
S 1 (=T SN0 + Ym cOS Po)
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Note that the monopulse method is normally used for a single target that falls within the 3dB beamwidth of

sum beam. Similarly, the target polarization characteristic is assumed to be close to the sum beam. Therefore, a can
(54)

be approximately expressed as the sum beam weight, i.e., a~ wy.. Then, (51) is rewritten as
Epp

V =
7 ellws +1
Consequently, the estimation covariance matrix of the parameter vector p is rewritten by substituting (52)
(55a)

cov{p} = diag(var{0},var{p}, var{a}, var{8})

and (54) into (48) as
AV, A,
var{p}= PP = — p=bp,0.0 (55b)
2Fp2p 2Fpp('y2wng+l)
The variances in (55b) are further expressed separately as
A
var{f} = > 56a
{0} 269 (Vwlws +1) (562)
A
var = - 56b
{e} 20 (VW wy + 1) (56b)
w w
var{a} = % - E = (56¢)
27% (sin?By — cos2fy) " 22
(56d)

— H -
Wy Wy
2

A,
v oz

var{f} =
{8 =+
where @ ws- is the noise power of the normalized sum beam. The term w! ws./2* decreases monotonically with

increase of 22, which is proved in Appendix A. Then, the variances for polarization estimations in (56c) and (56d)

(57a)

Ay

decrease with 22.
For the VSA with multi feed-point (J > 1) antennas, (56) can be simplified as
9} —
var{6} 2k [V? (a + b22) + 1]

A,
var{ip} = 2%, 72 (a+ b22) + 1] (57b)
A, a
varta} = 2v2(sin? By — C052ﬂ0>2 (b ! §> el
(57d)

var{8} = ;’1;)2 <b+ %)

Therefore, all variances for both DOA and polarization estimations are inversely proportional to z2 for VSA.

130
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4.8. Computational Complexity
The computational complexity comparison of the proposed GAME algorithm and the dimension-reduction
MUSIC algorithm in [30] is shown in Table 1. For clarity, detailed steps of the dimension-reduction MUSIC are

listed as follows.

1. Compute the covariance matrix R, = zz from the array output z.

2. Obtain the noise subspace Uy from R,.

3. Compute the power density spectrum function for DOA and polarization parameters according to (14) and
(15) in [30], respectively.

4. Set the sample grid interval 6; and the times of peak searching G' = 2 x 180 x 360/(6;)?. Then, perform two

2-D peak searches over the whole direction and polarization domains.

The computational complexity of the GAME algorithm is much smaller than that of the dimension-reduction
MUSIC algorithm. There are no calculations in the GAME algorithm regarding the covariance matrix. The

target parameters can be quickly and easily estimated by comparing the outputs of the sum and difference beams.

Table 1: Comparison of computational complexity of the proposed GAME algorithm and the dimension-reduction MUSIC in [30]

(/number of complex multiplications).

Beam  out- | Monopulse | Parameter | Output Noise sub-|Power density | Peak Total
puts sy and |ratio 7 estimation |covariance |space spectrum func- | search
d, from (24) |matrix tion
GAME 5LJM 4L 4 SLJM +4L+
4
Dimension- LJ*M? O(J3M3) |4J°M?*(JM —|O(G®) |LJ?>M? +
Reduction K)+O(J3M?) 4J2M*(JM—
MUSIC K) +
O(J3M3) +
O(G?)

5. Simulations and Results

For a fair comparison, the same microstrip patch antennas and 5 x 5 planar array structure in X-band are
employed in both the SSA and the VSA, as shown in Figs. 3 and 4.

The horizontal and vertical components of the vector sensor, fj, ,,(0k, ¢x) and f, .. (Ok, @r) in (11), are
directly obtained from ports C and D in Fig. 3(a). The multi-layer structure of each antenna is given in Fig.
3(b).

The scalar sensor is formed through an extra directional coupler connected to C and D shown in Fig. 3(c). If
port A receives the incident signal and port B connects to the matched load, the scalar sensor is a right-handed

circularly polarized antenna and the feed network N = diag(1l,—j). On the other hand, if port B receives the

14




incident signal and port A connects to the matched load, it becomes a left-handed circularly polarized antenna
and N = diag(1,7). The structure parameters of the dual-circularly polarized antenna are listed in Table 2. In
155 the following simulations, the right-handed circularly polarized antenna is employed.

Three inter-element spacings, d = 0.5A, 0.53\ and 0.56, are employed. Both the SSA and the VSA are
modeled by the EM full-wave simulation software Ansoft HFSS [43]. The corresponding horizontal and vertical
components of the active element patterns are directly exported from port C and D of Fig. 3(a) for the VSA and
port A of Fig. 3(c) for the SSA. The number of Monte-Carlo experiments is set to Mo = 1000.

L4
Port C .
R Circular Patch
1
Ls — | 0.508mm RO4350B ‘

Port D 0.762mm RO4350B

: 0.204mm  RO4450F
‘bla 0.508mm RO4350B ‘
0.102mm_RO4450F
| 0.508mm RO4350B |

GND

(a) Top view of the vector sensor. (b) Side view of the vector sensor.

L4

Circular Patch

Ls ’ 0.508mm RO4350B ‘

0.762mm RO4350B

0.204mm  RO4450F
‘bla 0.508mm  RO4350B
0.102mm RO4450F

Port B |_ 0.508mm  RO4350B _‘

GND

‘ Directional coupler

(¢) Top view of the scalar sensor. (d) Side view of the scalar sensor.

Figure 3: Structure of the employed microstrip patch antenna.

wo 5.1. Array Polarization Sensitivity

The degree of PS in the spatial domain of the arrays in Fig. 4 under different inter-element spacings is
presented in Fig. 5, where the azimuth angle is fixed at ¢ = 0° and the elevation angle varies from 0° to 60°. In

general, the PS of the VSA is much larger than that of the SSA.

15



(a) The VSA.

(b) The SSA.

Figure 4: Planar rectangular arrays with 25 microstrip patch antennas.

Table 2: Parameters of the dual-circular polarized antenna.

Parameter Value(mm) | Parameter Value(mm)
” 3.8 Wy 1.1
Ry 0.85 Wy 0.3
Rs 0.9 W3 1.0
L 4.6 W, 0.4
Ly 24 Ws 0.5
Ls 6.2 d 0.2
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Figure 5: PS of the SSA/VSA.

For the SSA, z(0,¢) is relatively small. As described in Section 2.2, the PS of the SSA comes from the
diversities of the horizontal and vertical electric field components among different antennas due to the presence
of MC. For the same inter-element spacing d, a larger 0 leads to greater electric field diversities among antennas.
That’s the reason why z(0, ) increases with 6 in Fig. 5. However, for the same 6, a smaller d means larger
MC, and the distortion of both electric field components of all antennas becomes serious. But z depends on the
difference or diversity among antennas, not directly on distortion, and interestingly larger distortion does not lead
to greater diversity. On the contrary, the gain consistency among antennas is improved to certain degree as d
decreases. Thus, z decreases with a smaller d.

For the VSA, z2(0,¢) is generally large, close to 1, especially when 6 is near the boresight. As analyzed in
Section 2.3, the PS of the VSA depends on the gain consistency of the two orthogonal electric field components.
Therefore, the difference of the inter-element spacing d does not cause a significant effect on z. However, the gain
inconsistency between orthogonal channels of each antenna will deteriorate as 6 increases, resulting in a decrease

n z.

5.2. Performance Comparison

In this example, the proposed GAME is compared with the MUSIC algorithm in [30]. The Cramer-Rao

bound (CRB) will be given as a benchmark when evaluating the performance of two estimators. Although the
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monopulse estimator is nonlinear, the CRB is still valid because the unbiasedness is achieved asymptotically under

the circumstance of large snapshots L or high SNR. The deterministic CRB is presented in [44]

O'2IJM H aaH -1
CRB**QL-SNR {Re{AP . |:IJM_a'Ha':| .APH (58)
where A, is the derivative matrix of a as

. (80, da Oa 8a>. (59)

@7%7%7%

The parameter estimation performance is evaluated in terms of the root mean square error (RMSE) as RMSE =

\/ﬁ wao (p; — p)?, where p; is the parameter estimate at the ith run. The SSA with d = 0.5, and a signal
with polarization (ay,8¢) = (60°,—10°) from direction (6, ¢:) = (30°,45°) are considered. The RMSEs and
variances versus input SNR under different numbers of snapshots L are shown in Figs. 6 and 7. The averaged
monopulse ratio in (27) is used under the case of multiple snapshots.

The performance comparisons are illustrated in Fig. 6 when the parameters of the sum beam match with
the incident signal. In this case, the mean of the GAME estimator can be obtained from (39a) as E = 0, i.e.,
the RMSE is equivalent to the variance. The proposed algorithm outperforms the MUSIC algorithm both in
robustness and parameter estimation performance at different L, owning to the property of monopulse to fully
use the array gain. The MUSIC algorithm in [30] can give satisfactory results only when accurate noise subspace
is estimated, such as in relatively high SNR and for a large L.

Fig. 7 shows the performance when the parameters of the sum beam mismatch with the incident signal. In this
case, the GAME estimator is biased. The variances of the proposed algorithm remain almost the same as those
in Fig. 6. However, the RMSEs decrease at high SNR and large L. This is because when SNR or L increases,
the mean error caused by biased estimation gradually occupies the main component of the RMSE.

We can see from Figs. 6 and 7 that when L = 1, the RMSE of MUSIC algorithm is much higher than the

GAME algorithm even at high SNR due to the estimation error of the noise subspace.

5.3. RMSE versus (0, ¢)

Firstly, the RMSE of the SSA is evaluated using a signal with polarization (ay, ;) = (60°, —10°) from direction
(0¢,01) = (35°,0°), and L = 1. The PS factors z(35°,0°) for d = 0.5, 0.53\, and 0.56\ are 0.11, 0.12, and 0.135,
respectively. The RMSEs versus input SNR when the signal parameters match with the sum beam are shown in
Fig. 8. The statistical analysis results represented by the asterisk are completely consistent with the theoretical
values calculated by (56). The strict monotonic relationship between RMSEs of polarization and r matches the
anaysis in Section 4.2.

Next, the VSA is considered. Since the PS factors of the VSAs with different d are similar to each other at the
same direction shown in Fig. 5, z(6, ) is mainly affected by the incident signal directions. Thus, three directions
are considered when d = 0.5), i.e., 2(10°,0°) = 0.96, 2(20°,0°) = 0.9, and 2(30°,0°) = 0.81. The RMSE results
versus input SNR are shown in Fig. 9, where L = 1 and (ay, 8;) = (60°,—10°). The parameters of these sum

beams all match with the incident signals. Similarly, the statistical analysis results represented by the asterisk
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Figure 6: RMSEs versus SNR when the parameters of the sum beam (6o, @0, a0, Bo) = (30°,45°,60°, —10°) match with the signal.
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Figure 7: RMSEs and variances versus SNR when the parameters of the sum beam (6o, 0, a0, 80) = (29°,46°,65°, —10°) mismatch
with the signal.
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Figure 8: RMSEs versus SNR based on the SSA.
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210

are almost completely overlapped with the theoretical values calculated by (57). We can also see that the RMSEs

of polarization decrease monotonically with z, consistent with the analysis in Section 4.2.

Finally, compared with Figs. 8 and 9, the DOA RMSEs of the VSA are close to those of the SSA for almost

the same array gain in both arrays. However, the polarization RMSEs of the VSA is much better than those of

the SSA for its superior polarization diversity.
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Figure 9: RMSEs versus SNR based on the VSA.

6. Conclusion

In this paper, the joint DOA and polarization estimation problem was studied and a generalized monopulse
estimation method was proposed for both VSAs and SSAs. The prooposed GAME algorithm is computationally
efficient with higher estimation accuracy compared with existing subspace-based algorithms. The closed-form

expressions of estimation error variances of GAME were derived, and the polarization estimation variance was proved to

be proportional to the reciprocal of the square of the PS factor z.
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In addition, VSAs and SSAs with polarization sensitivity are unified under the same framework of PSAs in
this paper. The PS of SSA originating from the mutual coupling effect is analyzed in detail. The unpredictable
polarization diversity associated with SSAs could be obtained by EM full-wave simulation softwares in advance.
One interesting phenomenon is that, although the MC effect is commonly considered as a disadvantage in an-
tenna array design, the resultant PS offers a good property to achieve effective polarization estimation which is

traditionally deemed impossible with such SSAs.

Appendix A. Proof of the Monotonicity Term in (56)

First, according to (36a), the noise power ﬂzg ws- can be decomposed into the polarization vector and the
array manifold matrix as

Ap=p"Bp (A1)

The Hermitian positive definite matrix B can be represented as
B = 5\1.’13193{{ + 5\2(172335[ (A2)

where z;, 2, € C?>*! are the orthogonal unit eigenvectors corresponding to the larger eigenvalue A\; and smaller

eigenvalue Ao = 22, respectively. The larger the PS factor, the larger \o. Then, fug Wy can be written as

wl wy. = M p" a2l p+ Nop" woallp (A.3)

where pz;zf p + pZ xpzll p = 1 with pp = 1. Thus, 'wgfuz/zQ can be rewritten as

wiwe  MpTmafp + dop”zafp

5\2 >\2
by
= iprlwprerH@wﬁlp (A4)
1
= (72 ~pfazlp+1.

Both terms of (1/A2 — 1) > 0 and p? @z p > 0 decrease monotonically with increasing Aa. This completes the
proof.
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