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Lorentzian quantum cosmology goes simplicial
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! Perimeter Institute, 31 Caroline Street North, Waterloo, ON, N2L 2Y5, CAN
28chool of Mathematics and Statistics, University of Sheffield,
Hicks Building, Hounsfield Road, Sheffield S8 7TRH, United Kingdom

We employ the methods of discrete (Lorentzian) Regge calculus for analysing Lorentzian
quantum cosmology models with a special focus on discrete analogues of the no-boundary
proposal for the early universe. We use a simple 4-polytope, a subdivided 4-polytope and
shells of discrete 3-spheres as triangulations to model a closed universe with cosmological
constant, and examine the semiclassical path integral for these different choices. We find
that the shells give good agreement with continuum results for small values of the scale
factor and in particular for finer discretisations of the boundary 3-sphere, while the simple
and subdivided 4-polytopes can only be compared with the continuum in certain regimes,
and in particular are not able to capture a transition from Euclidean geometry with small
scale factor to a large Lorentzian one. Finally, we consider a closed universe filled with dust
particles and discretised by shells of 3-spheres. This model can approximate the continuum
case quite well. Our results embed the no-boundary proposal in a discrete setting where it
is possibly more naturally defined, and prepare for its discussion within the realm of spin
foams.
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I. INTRODUCTION

Many approaches to quantum gravity are based on defining a path integral, but there are quite
a number of different proposals for the precise form of this definition. The first systematic approach
was the continuum Euclidean quantum gravity programme [1] which, in analogy to what is done for
most usual quantum field theories, aimed to define a sum over Riemannian metrics on a manifold of
given topology, perhaps supplemented with a sum over topologies. The full continuum path integral
in this approach is badly ill-defined due to the unboundedness of the action from below [2], but
some progress could be made at the semiclassical level and in particular for cosmological models,
where initially one only integrates over highly symmetric (usually homogeneous and isotropic)
configurations. Perhaps the culmination of this line of research was the no-boundary proposal of
Hartle and Hawking [3] which defined a path integral for cosmological models for gravity with an
inflaton field based on the hypothesis that there is no past boundary to the spacetime manifold.
Rather than “beginning” in the classical Big Bang singularity the geometries appearing in the
path integral can then be pictured as originating in a Riemannian four-sphere. While rooted in
the Euclidean approach, the path integral is then usually defined by complex contour integration
in order to identify the leading saddle point contributions, which cannot be characterised as purely
Lorentzian or Riemannian [4]. These saddle point contributions will, inasmuch as they contain
a Riemannian part, lead to a semiclassical exponential factor that either enhances or suppresses
these configurations. The question of which of these saddle points should be included is the focus
of ongoing debate [5]. Given that the Euclidean path integral is not well-defined, one can also start
from an initially Lorentzian definition of the path integral for quantum cosmology [6, 7].

Other approaches are often based on discrete geometries in order to overcome the difficulties
of the continuum setting. Here, a crucial development was the definition of Regge calculus [8] as
a discrete version of general relativity: the usual continuum manifold is replaced by a simplicial



complex made up of discrete building blocks (simplices) glued together, in four dimensions, along
their shared boundary tetrahedra. Curvature then arises by the appearance of a “deficit angle” at
lower-dimensional subspaces. The Regge action defines the analogue of the Einstein—Hilbert action
in this setting, and can in principle be used as a starting point for a gravitational path integral.
There are a number of rather nontrivial technical issues when doing this, such as defining a measure,
deciding how to implement triangle inequalities, or choosing a Riemannian or Lorentzian approach.
In this work we will particularly focus on the last question, and study a Lorentzian setting for Regge
calculus based on the Lorentzian notion of dihedral angles detailed in [9]. We will do so in the
context of homogeneous, isotropic geometries, studying triangulations that approximate a closed
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe, the setting of the usual no-boundary
path integral. In this sense, we aim to provide an extension of the no-boundary proposal into
Lorentzian Regge calculus. We will encounter a number of peculiarities specific to the Lorentzian
setting: we will observe exponential enhancement or suppression of particular configurations when
no real Lorentzian solution exists and the integration contour is therefore deformed into the complex
plane. The action evaluated along such configurations picks up an imaginary part that can be of
either sign. Understanding the role of such configurations is essential for understanding the proper
definition of a Lorentzian path integral for quantum gravity.

Another feature peculiar to Lorentzian Regge calculus is the appearance of configurations with
irregular causal structure [9]. Such configurations are associated with a complex action (even
for real variables), which can also lead to an exponential enhancement or suppression of such
configurations. Not much is known about the prevalence of such configurations.

Our study of cosmological “minisuperspace” models in Regge calculus has several motivations.
The first is to understand better the dynamics of Regge calculus within Lorentzian geometry,
which have not been explored very much so far. The second is to embed the no-boundary proposal
into a discrete setting where it may be more naturally defined — after all, we know that the
continuum path integral on which the original no-boundary proposal is based is not well-defined.
The issues and technical discussions surrounding the no-boundary proposal can then be studied
from a different angle. Having simplices as regulators may also provide an easier route towards
the inclusion of inhomogeneities later on. Perhaps most importantly, Regge calculus is related
to the spin foam approach to quantum gravity [10] in which one uses a path integral, based on
simplicial building blocks, whose dynamics reduce in certain limits to those of Regge calculus.
In spin foam models too, one can ask what configurations are included in the path integral, and
what the relative contributions are of Lorentzian and Riemannian configurations. Our work here,
working first within the simpler setting of homogeneous cosmology, can be seen as a preparation
for extending this discussion from Regge calculus into the spin foam setting.

Our work follows some previous studies on cosmological models in Regge calculus, in particular
[11, 12, 14]. In in contrast to [12], which advocated a Regge version of Euclidean quantum gravity,
here we concentrate on the Lorentzian version of the path integral. The works [11, 13-15] explore
the classical dynamics of Regge calculus and thus do not discuss important issues for the path
integral, in particular for the construction of an analogue of the no-boundary proposal.

We will see that even the simplest classical Regge models require numerical tools for their anal-
ysis. The Regge path integral, even if reduced to minisuperspace, involves an infinite integration
range, preventing a straightforward numerical evaluation. In this work we will therefore rely on
semiclassical aspects and leave the study of the fully non-perturbative path integral for future



work. One framework in which such non-perturbative path integrals for Lorentzian quantum cos-
mology can be discussed are the recently introduced effective spin foams [16-18]. Effective spin
foams work more directly with the Regge action than usual spin foams, which results in a much
enhanced numerical efficiency. These improvements would then allow a treatment minisuperspace
path integrals as discussed here. One nevertheless needs to be aware of the numerical resources
required for such a task. We will therefore discuss a range of discrete models from very simple ones
to more involved ones. For each of these models we identify to which extent they mirror continuum
physics, and provide useful models for a non-perturbative quantisation.

We start with a discussion of the continuum minisuperspace path integral in Section II. We
provide a short overview of (Lorentzian) Regge calculus and the associated path integral in Section
III. This allows us to discuss our first discrete models for the beginning of the universe, based
on simple discretisations of the 4-ball in Section IV. Here we will discuss a closed universe with
a positive cosmological constant, which starts in a Euclidean phase and then transitions to a
Lorentzian geometry. We will see that the discretisations employed in Section IV can only model
the early Euclidean phase of the universe. We therefore introduce in Section V a discretisation
based on spherical shells (of topology S? x [0,1]) which can model the evolution of the universe
also at later times. The dynamics simplify very much in the limit of infinitesimally small time
steps, that is infinitesimally thin shells, and can in this limit more directly be compared with the
continuum FLRW dynamics. Whereas Sections IV and V consider a closed universe with positive
cosmological constant, in Section VI we will consider a (closed) universe filled with dust. We close
with a discussion and outlook in Section VII.

II. CONTINUUM MINISUPERSPACE PATH INTEGRAL

One of the main goals of this paper is to compare the quantum properties of cosmological
models based on the simplicial formalism of Regge calculus to their continuum analogues. To
facilitate this comparison, in this section we briefly review the usual discussion of path integral
methods for minisuperspace models in continuum general relativity, in particular in the context of
the no-boundary proposal of Hartle and Hawking [3].

The models we are interested in are based on the dynamics of a closed & = 1 homogeneous,
isotropic universe, whose metric can be written in hyperspherical coordinates as

ds? = —N?(t)dt* + a*(t) (dx* + sin® x(d6? + sin* 0 dg02)) (2.1)

where the coordinates x and 6 run from 0 to 7 and ¢ runs from 0 to 27. N (t) is the lapse function
and a(t) is the cosmological scale factor, which here corresponds to the radius of the three-sphere
representing the universe at a given value of t.

Thinking of such a universe as evolving from some initial time ty to some final time t;, the
boundary geometries at ¢y and ¢; are 3-spheres of radius a(tp) and a(t;), with three-dimensional
volume V(tg1) = 2m%a(tp1)® and intrinsic (three-dimensional) curvature Rs(to1) = 6/a(to1)?. In
Section III C we will use these expressions when matching discrete and continuum descriptions.

The four-dimensional Ricci scalar corresponding to the metric (2.1) is given by

i a2 aN
R:=R 6 — 2.2
4 8t <]\72(1+N2a2 N3a> (2.2)




where " denotes derivatives with respect to t.
We can then calculate the gravitational Einstein—Hilbert action for this universe, finding

1 4
Shulk = l67TG/d xv/—g (Ry—2A)
3r [0 ai?  a?2aN  a%2i A
= > | a&|(Nae+—-——"+—-—= _—=Ng 2.3
iG J,, (“+N Nz TN 3“) (2:3)

plus a boundary term which will determine the type of boundary value problem one is studying
(see, e.g., [19] for a recent discussion of possible choices). The most common choice is to demand
a boundary value problem for which the metric, but not its time derivative, is held fixed at the
initial and final times. The required boundary term is then the Gibbons—-Hawking—York term [20]

1 31 a2a " 3r (M ai®  a?i 24N
Sany == ——— [ BrygK = | -0 =20 [ g2t 122 2N (24
aHY sG] TV [ iGN LO iG J,, A R

where K = % is the trace of the extrinsic curvature evaluated on the initial and final hypersurfaces.
The total action with these boundary conditions is then

3r (b ad? A
Sar =S Schy = — dt [ Na — — — =Nd* 2.5
GR bulk T SGHY 1G J,, < a N 3 a > (2.5)
and one can derive the equations of motion (or Friedmann equations)
1 a® A
= = 2.6
a2 + N2g2 3’ (2:6)
1 a2 i aN
— 2 -2 = A. 2.7
a? + N2q2 + N2q N3a (2.7)

One would now like to formulate the path integral for the corresponding quantum problem of going
from a geometry characterised by scale factor a(tg) to one with scale factor a(t;); of particular
interest is the “no-boundary” case a(ty) = 0. One has to deal with the gauge symmetry under
reparametrisations of the time coordinate ¢. Following Halliwell [21], one way of defining the path
integral is to gauge-fix reparametrisation invariance but ensure that the resulting path integral does
not depend on this gauge choice by applying the Batalin—Fradkin—Vilkovisky (BFV) formalism [22].
For the gauge-fixing choice N = 0 one obtains a path integral

G(a(ty)|a(to)) := /DpDaDHDNDpDEDﬁDc exp(1ST) (2.8)

where the notation suggests that this defines a two-point function or propagator, and the total
action St is

t1 .
Sy = / dt (pd—N?-[+HN+ﬁc'+Ep'—ﬁp) (2.9)
to

where II can be seen a Lagrange multiplier enforcing the gauge-fixing condition N = 0 or as a
conjugate momentum to N, and p, ¢, p and ¢ are ghost fields added to ensure that the action has
a global Becchi-Rouet—Stora (BRS) symmetry under the transformations

oa = aca—H , 0p = —Ozca—H , ON=ap, dc=—all, dp=—aH (2.10)
dp da



where « is an anticommuting constant transformation parameter; the path integral then does not
depend on the gauge-fixing condition used. Finally the Hamiltonian constraint H appearing in
(2.9) and (2.10) is

. Gp? 37 (A 4

Halliwell shows that the integrals over the ghosts can be done analytically; the II integral enforces
the condition N = 0 which reduces the N integral to an ordinary integral. One then finally obtains

Glattatt)) = [ avt—t) [DpDa s o [ "t (pi NH))

= /dN(t1 — to)/Da exp (1.SgRr) - (2.12)

The ordinary integral is an integral over the total proper time N(t; — to) between the initial and
final configuration. Depending on whether one chooses to integrate this proper time over the entire
real line or just over positive numbers, the resulting path integral then defines either a solution to
the Wheeler-DeWitt equation or a Feynman propagator-like Green’s function.

It turns out that the path integral over the scale factor can also be evaluated analytically if one
works in different variables and chooses a slightly different gauge fixing [4]. Namely, starting from
(2.5) change variables by setting N = 91/a so that the action becomes

3m (M a’a® A
Sgr = — [ dt(M - — —Nd? 2.13
on = g [ e (o0 - Fe?) (213)
and the Friedmann equations expressed in terms of 91 are

1 a? A
42— = 2.14
S ToE = 3o (2.14)

a’> ai  aaM A
-4 = 2.15
M2 + PICEEEN & 3 (2.15)

These clearly encode the same dynamical information as the equations (2.6)-(2.7). One can now
work with the gauge-fixing condition 9t = 0!; if one also introduces a new variable ¢ = a2, the
action (2.13) becomes quadratic in the variable g. The path integral over ¢ is then just Gaussian

and can be done analytically.? The result is of the form e*Scr(a(to)a(t1):)

, the exponential of the
action (2.13) evaluated on the classical solution connecting the prescribed boundary values a(to)
and a(t1), multiplied by a prefactor resulting from integrating over fluctuations over the classical
solution. For the purposes of our summary here, we are only interested in the phase factor, which
can be seen as the purely classical contribution to the path integral. To evaluate this, one solves

the equation of motion (2.15) for a (or equivalently for ¢) to obtain

asi(t) == \/ a(1)2t — a(0)2(t — 1) + f;m%(t ~1) (2.16)

1 As an attempt to give a more direct physical interpretation to the gauge 91 = 0, notice that the infinitesimal area
element of two-dimensional timelike surfaces is Na dtdo for a time-independent do; the gauge N - a = const is the
one in which this area element is time-independent.

2 There are various technical subtleties in this argument, such as the change of the path integral measure under
passing from a to ¢, and the fact that the variable a or ¢ should be restricted to the positive half-line only. We
will ignore these here since we are really only interested in the contributions from stationary points of the action.



where we have set tg = 0 and ¢; = 1 to lighten the notation a little; with this choice we have
MN(t1 —tp) = I and N represents the total time (in our gauge) between initial and final states. The
classical action (2.13) evaluated on a(t) = as(t) is

3T

SGR(CL(O),CL(l);m) - = (291_ (CL(O)2 — a(1)2)2

2N

A AQ
8G — 3Ma(0)* +a(1)%) + 54913) . (2.17)

In this expression for the minisuperspace action we have integrated out the variable a(t), but
still have a dependence on the parameter 1. The only remaining step is to evaluate the ordinary
integral over 1. This integral can no longer be done exactly, but one can perform a stationary phase
approximation to identify the leading contributions in a semiclassical limit, potentially making use
of Picard—Lefshetz theory as advocated in [7]. Such a stationary phase approximation requires
analytic continuation in 91 in the no-boundary case a(0) = 0 for which the action (2.17) does not
have any real stationary points. In the general case, there are four stationary points in the complex
I plane located at

MNer(a(0), a(1)) = % (i\/ga(O)z i \/ga(l)Q - 1> (2.18)

where both signs can be chosen freely. Clearly these possible values for 91 correspond to the total
time (again, in our chosen gauge) to go from a(0) to a(1) on a classical solution. Notice that for

both the initial and final values of a, choosing a value below ay := \/% (in particular, a(0) = 0)
means that this time picks up an imaginary part whereas values above ap increase this time by
a real amount. This is because the classical Lorentzian solution to the equations of motion is de
Sitter spacetime, for which a(t) > ap everywhere; conversely, a Riemannian solution to the same
theory (obtained from choosing an imaginary lapse) is given by the 4-sphere, with a(t) < ax. The
famous picture commonly associated to the no-boundary proposal, in which a universe transitioning
from a(0) = 0 to some large a(1) is obtained by gluing half of a 4-sphere to a section of de Sitter
spacetime (Fig. 1) is represented in (2.18): a classical solution starting at the classically forbidden
value a(0) = 0 has to first go into imaginary time before reaching a = a, and hence the classically
allowed Lorentzian regime, where it can continue along the real 91 axis.
Substituting the four possible values (2.18) into (2.17) gives the final expression

- 3/2 3/2
Suj(a(0),a(1)) = 23G—A (j: <§a(0)2 - 1) + <§a(1)2 - 1) > (2.19)

which now represents the Hamilton—Jacobi function for this minisuperspace model, dependent only
on the boundary values for a(t) and on the choice of one out of four possible classical solutions.
Notice that if a(0) = 0 one term gives izQ?’G—”A and hence an exponential enhancement or suppression

factor e

565 . The preferred sign for this factor (and hence, the question of which of the four possible
stationary points should be included in evaluating the path integral approximately) has been the
focus of intense debate over the last years [5].

Note that the expression for the Hamilton—Jacobi function (2.19), i.e., the value of the classical
action evaluated along a solution, can also be obtained more straightforwardly: one can simply
solve the first order (constraint) Friedmann equation in a convenient gauge for the given boundary

data, given that the value of the Hamilton—Jacobi function cannot depend on the choice of gauge.



FIG. 1: Representation of a no-boundary saddle point for the path integral: the geometry starts off as a
Riemannian 4-sphere which is then glued to one half of de Sitter spacetime.

If we again work in the particularly convenient gauge N = 9t/a where 91 is a constant, the first
order Friedmann equation in (2.15) is

a? A1

The two possible solutions (corresponding to the two possible signs for a) starting from a given

a(0) are
a(t) = | a(0)? + é‘ﬁt <A‘J’It + 6014/ A/;a(O)2 — 1> (2.21)

where 01 = £1. One can now eliminate 91 in favour of the final boundary value a(1); this yields

A

a(t) = (| a(0)2(t — 1)2 + a(1)?t? — %t(t -1) (1 + 0102\/§a(0)2 - 1\/3a(1)2 - 1) (2.22)

where o9 is another sign that can be chosen freely, coming from the ambiguity in eliminating 91
in favour of a(1). Evaluating the action (2.13) on this solution again leads to (2.19), with the two
signs o1 and o9 free as before.

Below we will compare these continuum results for the stationary phase approximation to those
obtained in the discrete setting of Regge calculus. The sign ambiguities in (2.19) will also be
important in the discussion there, so a few more comments regarding their interpretation might
be useful. First of all, note that if one chooses either a(0) = ap or a(l) = aa, there is only a
single global sign to choose. Furthermore, the Hamilton—Jacobi function is, for any choice of signs,
purely imaginary if a(0) < ap and a(1) < ap (so that all classical solutions are Euclidean) and real
if a(0) > ap and a(1) > ap (so that all classical solutions are Lorentzian). For the remaining case
where a(0) < ap and a(l) > ap, which is considered in the no-boundary proposal, the two sign
ambiguities amount to a choice of sign for the imaginary part (resulting from evolution from a(0)
to ap) and the sign for the real part (resulting from evolution from ap to a(1)), respectively.



In the purely Euclidean case where a(0) < ap and a(1) < ap there are still four saddle point
solutions: there is one ambiguity which can be associated to the choice of orientation or sign of
the lapse, but the other ambiguity is associated to the geometry of the 4-sphere. For any two
boundary values of the radius a(t), there is a solution connecting these values “directly” by staying
within the same hemisphere, and another solution which passes through the equator, so that the
boundary values are associated to two different hemispheres. Similarly, in the purely Lorentzian
case the two boundary values can be on the same side or on opposite signs of the “throat” where
de Sitter spacetime takes its minimal radius a = ax.

IIT. REGGE CALCULUS

A. Regge calculus for Lorentzian triangulations

Regge calculus [8] defines general relativity on a lattice and accordingly allows for a coordinate
free formulation of gravity. It relies on regarding four-dimensional spacetime as a piecewise flat3
complex, i.e., a collection of four-dimensional simplicial building blocks that are glued together at
their flat three-dimensional tetrahedral subsimplices.

While in continuum Einstein relativity geometry is represented by the metric tensor, Regge
calculus employs the edge lengths [, of the simplicial building blocks as the geometric degrees of
freedom.* The geometry of a flat simplex is completely determined by the totality of these lengths,
and every geometric quantity, such as an area, volume or angle, is hence a function of the edge
lengths in this formulation.

The curvature resides on subspaces of co-dimension two (here triangles), also denoted as “hinges”
or “bones”. The amount of curvature depends on the hypothetical angular gap between the 4—
simplices meeting at such a triangle ¢ that would be obtained if these simplices were flattened out
in four—-dimensional Minkowski space. To compute this so-called deficit angle €; at a bulk triangle
t, it is convenient to project the adjacent 4-simplices to the plane orthogonal to the triangle, which
itself reduces to a point. The solid angles resulting from the projection of the 4-simplices ¢ then
correspond to the dihedral angles 67 at ¢t C o.

Since one can use this projection, it is sufficient to define deficit (or dihedral) angles in any two-
dimensional plane. In a four-dimensional Lorentzian geometry, this plane is of Euclidean geometry,
and the deficit angle is Euclidean, if the triangle t is time-like. If the triangle ¢ is space-like, the
plane is of Minkowskian geometry and we have a Lorentzian angle.

In case of an Euclidean angle, the deficit angle is given by the difference between the flat angle
and the sum of the dihedral angles, that is

6@ =2r—» 07 (3.1)
oDt

The definition of Minkowskian angles is more involved, see [9, 26] for a thorough discussion and
[18] for explicit formulas for the computation of the dihedral angles.

3 One can also choose homogeneously curved building blocks [23, 24], which are in particular appropriate when
working with a cosmological constant. The (four-dimensional) Regge action, more precisely the volume term, for
such curved building blocks is however not known in explicit form as a function of the length variables.

4 Other variables can be used, e.g., angles and areas [23, 25].
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We want to mention one peculiarity of angles in the Minkowskian plane, which will be important
later on: these angles can have an imaginary part, which is a multiple of 7/2. These imaginary
parts can appear due to the fact that the Minkowskian equivalent to the Euclidean circle is given
by the union of four disconnected hyperbolae. Whereas the Euclidean angle parametrises the
distance between two points on the circle, the Minkowskian angle has to parametrise the distance
between points which may lie on different hyperbolae; if they do, the angle includes an imaginary
part. More precisely, in the conventions of [9] that we will be using, one associates —u/2 for each
“jump” from one hyperbola to a neighbouring hyperbola in an anti-clockwise direction. Note that
these jumps cross one of the four light rays originating from the point representing the projected
triangle in the Minkowskian plane. Going around the full circle the flat Lorentzian angle has an
imaginary part of —2m, and the Lorentzian deficit angle is therefore defined as

& =—2m— Y 07 (3.2)
oDt
Now if the union of the dihedral angles at ¢ include four “jumps”, that is two light cones, we obtain
a real Lorentzian angle. But it may also happen that the union of the dihedral angles includes
more or less than two light cones, in which case the deficit angle will include imaginary parts.
Hence, deficit angles with imaginary parts occur for configurations which include points with more
or less than two light cones attached. We will refer to such configurations as having an irregular
light cone structure.
Deficit angles associated to bulk triangles of a given triangulation provide a measure for the
integrated intrinsic curvature. If we consider a triangle ¢ in the boundary of a triangulation, a
similar concept leads to the extrinsic curvature angle

=T = 67, (3.3)

oDt

Here ¥ is the flat angle for the half-plane®, ¥ = 7 for Euclidean angles and ¥ = —ur for Lorentzian
angles.

The equivalent of the Einstein—Hilbert action (with Gibbons—Hawking—York boundary term) in
Regge calculus is a functional of the edge lengths. Supplemented by a cosmological constant term,
it is given by [8]

Shi= a2 ADal)+ YD 4w AN V() (3.4

tCbulk tChdry

where A4(1) and V,(l) are the area of a triangle ¢ and the volume of a 4-simplex o respectively.
These quantities depend on the set of edge lengths, which we denote collectively by [. Similarly,
all angles need to be implicitly defined as functions of the lengths [ using the procedures detailed
above. In fact, this commonly used notation is somewhat ambiguous for a Lorentzian geometry,
where edges can be time-like or space-like. It is more useful to think of the Regge action as a
function of length square assignments [? to each edge, where [? can take either sign; this is what
we will usually do in the following.

5 For different types of boundaries, for instance if one has a corner, one can also associate a different “flat” value.
In this work we will only need the values for the half-plane.
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The first term in (3.4) corresponds to the standard curvature term in the continuum theory. It
converges to the continuum Regge action in the sense of measures [27]. The equivalent of Einstein’s
equations is similarly recovered by the principle of least action, varying Sg with respect to the bulk
edge lengths .. Using Regge’s finding [8] that the variation of the deficit angles gives zero when
summed over each simplex (due to Schlafli’s differential identity), the Regge equation reads

1 ( ZGNN avam)zo, (3.5)

8rG Ol Ol

oDe

In the following, we will construct the Regge action (3.4) for various types of simplicial complexes
adapted to the cosmological model of a closed FLRW universe.

B. Quantum Regge calculus

Having defined the (Lorentzian) Regge action, we can now proceed to the Regge-based path
integral. Here we will be interested in the Lorentzian path integral for the Euclidean quantum
gravity version, see [12, 28]. We define the path integral as

G({leechary) = / Dul) exp(15u (1)) (3.6)

where the integral is over all bulk edge lengths. In this work we will only be interested in a
(semi)-classical evaluation of (a symmetry reduced version of) the path integral. We will therefore
not need the explicit form for the measure Du(l), but it can be further specified by demanding a
discrete version of diffeomorphism invariance [29, 30].

An important choice is however in the support of the measure. A standard requirement is to
restrict the integral to configurations of length (square) variables such that each 4-simplex satisfies
the Lorentzian generalised triangle inequalities. These inequalities demand that the signed volume
square of the (Lorentzian) 4-simplex, which can for instance be defined through the Cayley—Menger
determinant [26], is negative, and that the signature of the volume squares of a given sub-simplex
corresponds to the signature of this sub-simplex. For example, the signed area square of a space-like
triangle is negative and the signed area square of a time-like triangle is positive. Furthermore, a
simplex containing a time-like sub-simplex has to be time-like or null. Imposing all these inequalities
in the path integral will pose many practical difficulties.

Another choice, which is specific to the Lorentzian case, is whether to include configurations
with irregular light cone structure or not. The issue with such configurations is that, as we saw
in the previous discussion of the Regge action, such configurations come with complex deficit
angles leading to a complex action. In particular, configurations with deficit angles with negative
imaginary part will be enhanced in the path integral. With our choice of conventions (see [9] for
a justification for this choice), such deficit angles with negative imaginary parts appear if we have
points with less than two light cones attached.

There has so far not been much research on the prevalence of such configurations. In this work
we will consider some quite simple symmetry reduced configurations, but we will already find that
each example with bulk edges does admit configurations with irregular light cone structure. These
can easily dominate the path integral [18] and moreover, for our examples, do not correspond to
any continuum configurations.



12

To prevent the path integral being dominated by such seemingly unphysical configurations,
we can restrict to configurations with regular light cone structure. A very similar restriction is
imposed for the Causal Dynamical Triangulation approach [31, 32]. There, this restriction does
lead to a much better behaved continuum limit for the path integral than in (Euclidean) Dynamical
Triangulations.

The last choice we will mention here is whether to sum over the orientations of 4-simplices or
not. Such a sum over orientations arises naturally in state sum models, like spin foams [10], which
derive from a connection representation. The (Regge) action for a negatively oriented 4-simplex
is defined to be minus the one for the positively oriented 4-simplex, and one can therefore absorb
the sum over orientations into a replacement of the simplex amplitude exp(zS,), where S, is the
action for the (positively oriented) simplex o, by cos(S).

The change of sign for the Regge action under a change of orientation is similar to the change
of overall sign of the continuum action (2.5) if one changes the time orientation, that is the sign of
the lapse. Indeed the sum over orientations can be seen as the discrete analogue of a continuum
integral over positive and negative lapse [33], and thus the version of the path integral that defines
a solution to the Wheeler-DeWitt equation [34]. In contrast, just allowing for one orientation leads
to a Green’s function analogous to the Feynman propagator. The latter choice is more standard in
Regge calculus, and we will for simplicity use this choice in this work. Since the result of an integral
over both orientations can be recovered from the real part of the integral over one orientation only,
there is no loss of generality in using only a single orientation.

C. Triangulations of the three-sphere

Regge calculus requires choosing a triangulation of the manifold under consideration. Here we
will discuss triangulations of three-dimensional spheres. These will serve as a basis for the con-
struction of the four-dimensional triangulations which we will consider in the subsequent sections.

In order to model a homogeneous and isotropic geometry, we choose the triangulation of the
three-sphere to be the boundary of a regular convex 4-polytope; this will be true regardless of
whether the full spacetime is modelled as a 4-polytope or has a more complicated structure. Alter-
native choices are possible; one can, e.g., start from a construction of regular 4-polytopes and refine
these [13] or define a more abstract notion of discretisation [15]. Having the quantum gravitational
path integral in mind, here we focus on the simplest choice of regular 4-polytopes.

Regular polytopes are polytopes of maximal symmetry. There are six regular convex 4-polytopes
[35], but only three of these have a triangulation as boundary. (The remaining three define a more
general polyhedral subdivision.) The three 4-polytopes are known as 5-cell (or pentachoron or
4-simplex), 16-cell (or hexadecachoron), and 600-cell (or hexacosichoron). The X in X-cell refers
to the number of tetrahedra in the three-dimensional boundary of the 4-polytope. We denote
the number of tetrahedra, triangles, edges and vertices in the three-dimensional boundary with
N, Mg, Ne and n,, respectively. Table I lists the values for the 5-cell, the 16-cell and the 600-cell.
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ny | ng | Ne | Ny
5-cell 5 10 | 10 | 5
16-cell 16 32 | 24 | 8
600-cell|| 600 [1200| 720 |120

TABLE I: Number of tetrahedra n., triangles n;, edges n. and vertices n, in the boundary of the X-cell.
Note that n; = 2n, in all cases, which can be used to simplify formulae containing both n; and n..

For illustrative purposes Figures 2—4 show the 1-skeleton and the dual 1-skeleton of the 5-cell,
the 1-skeleton of the 16-cell, and the dual 1-skeleton of the 16-cell. For the (dual) 1-skeleton of the
600-cell we refer to the Wikipedia pages of the 600-cell [36] and of its dual, the 120-cell [37].

FIG. 2: 1-skeleton and dual 1- FIG. 3: 1-skeleton of the 16-cell. FIG. 4: Dual  1-skeleton
skeleton of the 5-cell.  Credit: Credit: en.wikipedia.org/wiki/16- of the 16-cell. Credit:
en.wikipedia.org/wiki/5-cell cell en.wikipedia.org/wiki/Tesseract

In order to approximate a homogenous three-dimensional geometry, we choose all edge lengths
in the triangulations of the three-sphere to be the same. The edge length, which we will denote by
[, then completely specifies the piecewise flat geometry of the triangulations. It clearly provides
a measure for the size of the triangulated three-sphere. In order to compare this variable [ with
the radius a of a continuum homogeneous three-sphere (see (2.1)), we can compare (i) the three-
volume and (77) the (three-dimensional) Ricci scalar of the discretised and the continuum three-
sphere. Requiring that either (i) or (ii) are equal for continuum and discrete geometries will give
us different relations between [ and a, and the mismatch provides a measure for how well a given
X-cell can approximate the continuum geometry.

To compare the three-volumes we note that the volume of an equilateral tetrahedron with edge
length [ is given by V; = [3/(6+/2) and the volume of the three-sphere with radius a is Vs = 272a3.
Equating Vg = n,V; we obtain the relation | =: v(n;)a between the length [ and the scale factor,
where

v(n,) = 2°/6 <3”2)1/3 . (3.7)

Ny

The integrated three-curvature of the three-sphere triangulated with equilateral tetrahedra is
given by Rp = 2In.e. where €, = 2w — %008*1(1/3) is the deficit angle at an edge. Equating
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v | &

5-cell  []3.224]2.286
16-cell ||2.188]1.815
600-cell||0.654|0.641

TABLE II: Different definitions of the ratio I/a, based on respectively comparing the three-volume (v) and
the integrated three-curvature of the continuum three-sphere (£) with the boundary of the X-cell.

this quantity with the integrated three-curvature Rc = 1272a for the continuum three-sphere we
obtain the relation [ =: £(n,, ne)a, where

32
nem — 3n, cos1(1/3)

E(nrime) = (3.8)

In Table II we compare the numerical values for v and £ for the 5-cell, the 16-cell and the 600-
cell. Whereas v is by about 41 percent larger than £ for the 5-cell, the mismatch for the 600-cell is
only about 2 percent. We will see at various points in the following that the 600-cell can provide
a reasonably good approximation to a continuum three-sphere whereas the cruder discretisations
by a 5-cell or 16-cell can show very different behaviour.

When formulating a cosmological model in Regge calculus, the basic variable characterising
the geometry is the edge length [, whereas in cosmology we are used to the scale factor a. In the
subsequent sections we will often derive equations for the dynamics of the Regge universe which are
given in terms of /, and then translate these into an effective scale factor a afterwards using (3.7)

r (3.8). Given that the conversion factors v and ¢ are different for the different discretisations, all
effective cosmological equations in Regge calculus that are expressed in terms of a scale factor a
then also depend on the choice of X-cell. The results will also be different depending on whether
one uses v, &, or another quantity (e.g., a geometric mean of the two). In this work we will mostly
use v to translate the length [ to the scale factor a. The differences between the different choices
are only small for the 600-cell, in the other cases they represent the poor approximations to the
continuum that these discretisations give.

Below we will introduce definitions of the Regge action and other functions for various discreti-
sations based on different X-cells. These functions will depend on the particular X-cell used, but
to lighten notation we will mostly suppress this dependence in our notation.

IV. A SIMPLICIAL MODEL FOR THE BEGINNING OF THE UNIVERSE

A. Discretisation with one 4-polytope

The simplest triangulation to describe the evolution of the universe from a 3-sphere with van-
ishing scale factor to a 3-sphere with finite scale factor is given by the 4-simplex itself. Allowing
for more general discretisations, we can also use 16-cell or 600-cell polytopes. Since there are no
unspecified bulk variables, the path integral associated to these discretisations does not come with
any variables to integrate. Hence, ignoring measure factors, the path integral is just given by
the amplitude exp(2Sp) resp. cos(Sp), where Sp is the Regge action associated to the 4-polytope.
Indeed, various works [38-40] have proposed to use such an amplitude to model the very beginning
of the universe.
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In the simplest model, our Regge universe would then be a 4-simplex whose edges are all space-
like and have equal length. In the context of Lorentzian Regge calculus, however, this is a priori
not possible, since such a triangulation is forbidden by the generalised triangle inequalities for
simplices with Lorentzian signature.’ Likewise, there do not exist 16-cell or 600-cell 4-polytopes
whose edges are all space-like with equal length and whose internal geometry is Minkowskian flat.
The Lorentzian amplitude for the triangulation based on these 4-polytopes would therefore vanish.

This actually mirrors the fact that, as we have seen in Section II, there is no Lorentzian solution
for a closed FLRW universe (without matter) below the minimal scale factor ax. But we have also
seen that there is a nonvanishing saddle point contribution to the path integral for such “forbidden”
boundary data. This contribution can be associated to a Euclidean geometry, resulting from a
deformation of the path integral contour for the lapse into the complex plane.

This observation in the continuum case provides an argument to modify the prescription for the
path integral in (Lorentzian) quantum Regge calculus, and to allow for contributions resulting from
4-simplices whose edge lengths define a Euclidean geometry. Indeed, the spin foam path integral,
which results from a connection representation of general relativity, includes contributions from
such Euclidean simplices [41, 42]. These contributions come with an exponentially suppressed
amplitude exp(—|S, g|) where S, g is the Regge action for a 4-simplex with Euclidean geometry.”

A different reason to include such Euclidean contributions in the Lorentzian quantum Regge
path integral is based on requiring discretisation independence, which is deeply related to imple-
menting a notion of diffecomorphism symmetry [44]. As we will see below, instead of a 4-polytope
we can choose a subdivided 4-polytope as discretisation. For the subdivided 4-polytope the path
integral does involve a proper integration and, similarly to the continuum case, this integration
leads to a nonvanishing amplitude, which can be associated to a Fuclidean configuration. One
can thus argue that a 4-polytope whose boundary data allow for a Euclidean flat geometry should
carry a nonvanishing amplitude. We propose this amplitude to be given by exp(—Sp ) with the
Euclidean® Regge action

3
87TGSP,E(Z2) = \{fﬂ T —2cos l - nTA%\/—?)lQ + 8m?1at (4.1)

22,/ 12 + 3m?1at

where
) 12 2cos(mge) — 1

Miat = 5 3cos(mage) — 1

(4.2)

Here ng, n. and n,; denote the number of triangles, edges and tetrahedra in the boundary of the
4-polytope, cf. Table I. The action (4.1) is a Regge action for flat X-cells. To construct this action
for non-simplicial 4-polytopes, i.e., the 16-cell and the 600-cell, we made use of the simplicial

6 A simpler example are Lorentzian triangles in the Minkowskian plane. Assuming all edges are space-like the edge
lengths have to satisfy l1 + s <3 or l1 + 13 <2 or l2 + I3 < [1. Such triangles can therefore not be equilateral.

" The 4-simplex wavefunction in [40] however relies on a different mechanism, namely the fact that the connection
representation does also admit a so-called sector of vector geometries, from whose data one can reconstruct an
Euclidean geometry for the 4-simplex. For these geometries one obtains an amplitude which is not exponentially
suppressed. But one can argue that the sector of vector geometries should be excluded from the path integral [43].

8 Here we use the Regge action for a triangulation with Euclidean geometry [8]. Note that it differs by a global sign
from the action usually used for Euclidean quantum gravity [12].
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Regge action for X-cells subdivided into X 4-simplices, given in (4.8) in Section IV B below. This
subdivision introduces bulk edges with length square m?. In (4.1)-(4.2) we determine this length
square m? by demanding that the deficit angle at the bulk edges vanishes?, thus obtaining a flat
X-cell. In the case of the 5-cell the action (4.1) is equal to the Regge action for a (Euclidean)
4-simplex whose edges all have length I, given that in this case m3,, = 2{>/5 so that the extrinsic
curvature angle appearing in (4.1) is 7 — 2cos~!(1/5/8) = m — cos~!(1/4) and the total volume in
the second term reduces to the 4-simplex volume /5/*/96.

As we are approximating a constantly curved geometry with a flat building block, we can then
only expect to obtain a valid picture if the length [ is much smaller than 1/v/A. In this case the
first term in (4.1) dominates over the cosmological constant term, and Spg is positive, so that
such configurations are exponentially suppressed. To be more precise we compare the behaviour
of the (Euclidean) discrete action (4.1) as a function of a(X) := {/v(X) with the Hamilton-Jacobi
function (2.19) for the continuum case. We want to describe an evolution from a(0) = 0 to
a(l) = ap, and choose the signs (and roots) such that the continuum Hamilton—Jacobi function is
given by

- 3/2
Sg(a) == —1Suy(a) = ZZ’T (1 - (1 - §a2> ) : (4.3)

These signs are chosen such that Sg(a) vanishes for a = 0 and monotonically increases until it
reaches a = ap, see Figure 5. Note that the derivative 0Sg(a)/0a vanishes for a = ay.

The discrete action Spg in (4.1) is a quadratic polynomial in I2. Tt starts at zero for [ = 0,
goes to a maximal positive value at a certain point {2 (where 9Sp /0> = 0) and then, with
the cosmological constant term taking over, decreases and eventually goes to negative values, see
Figure 5.

The values for as(X)? = 12/v(X)? at which the discrete action takes its maximal value are
approximately given by 16.31/A, 9.10/A and 6.22/A for the 5-cell, 16-cell and 600-cell, respectively.
The corresponding maximal values for the action Sp g are 669.16/(87GA), 315.827/(8wGA) and
187.13/(8wGA), respectively. See also Table IV below, where we collect these values and compare
them to values obtained from more refined discretisations discussed later in the paper.

Note that, as in the continuum, we can rescale all dynamical variables by powers of v/A, intro-
ducing a dimensionless length variable [ :=IV/A and a dimensionless action 87GASp g, which can
be expressed as a function of ! only. These dimensionless quantities, which use the natural units
in the presence of a cosmological constant, will be employed in the following in particular when we
give plots of the action and related dynamical quantities.

Comparing the qualitative behaviour of the discrete action Sp g with the continuum action Sg,
we might identify the value as(X) in the discrete as the analogue of the continuum value ay, since
in both cases these are the points where the Euclidean action becomes maximal. As Sg is only real
for a < ay, in this comparison we should only take the regime seriously where [ < l;. Comparing
the quantitative values in Figure 5 (see also Table IV), we see however large differences both for
the values of as(X) and ap and for the actions evaluated on these scale factors. The 600-cell does

9 This is in difference to Section IV B, where m? will become a dynamical variable. The equations of motion will
determine m? to be different from m3_,, since the presence of the cosmological constant demands a non-vanishing
deficit angle.
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lead to the best approximation, but the a2-value for the 600-cell still overestimates the continuum

value ai by more than 100 percent.
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FIG. 5: Left panel: Rescaled Euclidean Regge action 87GA Sp g as function of av/A = v/Al/v(X) for the 5-,
16- and 600-cell as defined in (4.1), and the continuum Euclidean action as defined in (4.3). This continuum
Euclidean action is only shown for the range av/A < /3, where it is real-valued. Right panel: Zoom of the
left panel.

This model, in which we approximate the evolution of the universe up to a certain time with
just one 4-polytope, is clearly very crude. If we allow for a nonvanishing contribution to the path
integral from the Euclidean sector, it captures the “Euclidean” phase for very small scale factors
of the continuum minisuperspace model discussed in Section II. But for larger scale factors it does
not even match the qualitative features of the continuum. To achieve that, we would need a more

refined discretisation.

B. Discretisation with a subdivided 4-polytope

1. Configuration with regular light cone structure

In the following we will consider such more refined discretisations. To begin with, we consider a
subdivision of a 4-polytope obtained by inserting an edge from each of the boundary vertices to the
centre of the original polytope. The subdivided polytope then consists of 5, 16 or 600 4-simplices,
depending on which X-cell we started from. We assume that the added bulk edges all have the
same length square m?, and that all edges in the boundary of the 4-polytope have length square
12 > 0. We thus have one variable to integrate over in the path integral. The length square m?
can be negative or positive, as the bulk edges may be time-like or space-like. More precisely, we
can differentiate between the following cases:

(a) time-like bulk edges, m? < 0,

(b) space-like bulk edges but time-like bulk triangles, 0 < m? < %F,
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(c) space-like bulk triangles but time-like bulk tetrahedra, %lz <m? < %l2,
(d) space-like bulk tetrahedra, %ZQ <m? < %lQ.

Cases where building blocks are null arise from replacing these inequalities by equalities.

To begin with we will discuss the cases (a) and (b). These can be understood to represent a
discretisation of the minisuperspace metric (2.1), using only one time step from the scale factor
a = 0 to some finite scale factor encoded in the length ! of the boundary edges. We will later also
analyse the cases (c¢) and (d), but will see that these describe configurations with irregular light
cone structure and therefore do not constitute a discretisation of the minisuperspace metric (2.1).

Restricting to the cases (a) and (b), the path integral for the subdivided 4-polytopes, reduced
to configurations allowed by our assumptions on (maximal) isotropy and homogeneity, is given by

Gsp(110) := / rlp dm?u(1*, m?) exp (1Ss.p(l,m)) (4.4)

where 1(12, m?) is a measure factor.
For these cases (a) and (b) the Regge action is given by'’

V3 l
871G Ssp (12, m?) := —ny —1%sinh~! <>
s(l%m) ‘2 NI — 3m2

n

1 6n, 12 —2m?
H+ne=I\V12 —4m?2 | 27 — "7 os ! [ 2
4 e 202 — 6m?2

l3

—nTA% V312 —8m2. (4.5)

The path integral (4.4) can be understood as an approximation to the continuum path integral
(2.8) (with tgp = 0 and t; = 1) in the following way. Using the partial gauge N = const. we can
identify the integration over —m? with the integration over the (squared) lapse variable N2. We
do however allow values in the range —%lz < —m? < oo whereas in the continuum we would use
the range 0 < N2 < oo (recall that we are restricting to a single orientation, so our starting point
in the continuum would be to integrate over positive N only).

An alternative possibility is to use the height square of the 4-simplices, given by

h?:=m? — §l2 , (4.6)
8
as integration variable, where the condition of time-like bulk triangles translates to —h? > %lz. In
either case, the integration range in the discrete and continuum cases would be different.

We can perform a (3 + 1)-decomposition of the 4-polytope [45], allowing us to define a time
variable t € (0, 1] and associated triangulated hypersurfaces. The triangulations of these hypersur-
faces are given by the boundary of an X-cell, with all edge lengths equal to each other and given
by I(t) = [ -t. We can see this construction as approximating the (quantum) solution a(t) of the

10 We could also use as boundary triangulation a 3-spherical complex obtained by gluing two tetrahedra along all
four triangles to each other. The corresponding action is obtained by setting n. = 2,n: = 4 and n. = 6 in (4.5).
The Hamilton—Jacobi function for this case deviates even more from the continuum than in the case of a 5-cell
based triangulation. This choice of boundary triangulation is even less useful for the family of (non-subdivided)
4-polytopes: the corresponding 4-polytope would be degenerate and therefore have vanishing 4-volume.
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continuum equations with the linear function [(t) = [ - t. The path integral then only involves an
integration over the lapse parameter N, which in the discrete is represented by m? (or h?).

As in the discussion for the continuum case in Section II, we will only be interested in a
(semi-)classical evaluation of the path integral. We therefore need to understand the stationary
points for the action (4.5). Unfortunately, the stationary point equation for (4.5) cannot be solved
analytically but regarding stationary points in the range —m? > —ilg (corresponding to stationary
points along the real lapse axis) we can say the following:

e There is a critical value [t such that for 0 < | < It we do not have stationary points for

—-m? > —%l2. The value for [.;iy depends on the choice of X-cell.

e There is one stationary point —mg > —ilz for I > let. This stationary point moves towards

—m? = —ilQ as we take 12 — oo.

Figure 6 shows plots of the action for Ss_p(l,m?) for the cases (i) I < leyit and for (i4) [ > leyig. As
can be seen from these figures, the change from case (7) to (ii) occurs because the behaviour of the
function for large negative m? changes from growing to decaying. This is due to the cosmological
constant term competing against the curvature term coming from the bulk triangles for large
negative m?, whereas the (extrinsic) curvature term for the boundary triangles goes to zero.
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FIG. 6: Rescaled Lorentzian Regge action 87GA Sg.p as a function of m2?A for two different values of
a =1/v(X) for the different X-cell based triangulations. Left panel: a = 1/v/A. Right panel: a = 3.4/v/A.

We can estimate [ by considering the leading term in the expansion of Sg.p(l,m?) around
m? — —oo. This leading term vanishes for

e — 3n, cos 1(1/3)
2. = 24V2 oA . (4.7)

The numerical values for vV Aaeit := vV Alerit /v(X) (with v(X) given in Table II) are given by

(approximately) 2.909 for the subdivided 5-cell, by 2.689 for the subdivided 16-cell and by 2.474
for the subdivided 600-cell.
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The fact that there are no stationary points for | < l. reflects the situation in the continuum,
where there are also no stationary points with real lapse if either a(0) or a(1) are smaller than
ap ~ 1.732/ V/A. But for the subdivided 4-polytopes we do have real solutions for [ > I, which
deviates from the continuum case, given that these would still be configurations with initial value
1(0) = 0. Again, we are approximating a (homogeneously) curved space with piecewise flat simplices
and we expect that this approximation becomes more and more unreliable for [ much larger than
1/ V/A. We therefore see these real “Lorentzian” solutions as discretisation artefacts.

In Section II we saw that in the continuum case there are stationary points for complex values
of the lapse. For a < ap these stationary values for the lapse are purely imaginary, and describe a
Riemannian (“Wick-rotated”) geometry. In fact, it is possible to identify saddle points for complex
values of m? in (4.5), more precisely there is such a point for positive m? > %ZQ. This saddle

2 _ %ZQ as the analogue of —N? in the

372
gl

point only exists for | < l.. Note that if we identify m
continuum, this corresponds to a solution with purely imaginary lapse; also, m? > summarises
the generalised triangle inequalities for the Euclidean 4-simplices in our triangulation. Given that
the square roots in the action (4.5) all take negative arguments for m? > %ZQ, we see that this
stationary point is situated on the branch cut for these square roots!!. The value of the action
evaluated on this critical point therefore depends on whether we consider the analytical continuation
of the action in m? through the lower or upper complex half-plane'?. The analytically continued

Lorentzian action leads then to +S5s.pr where
V3 l
81GSspr(l®,m?) = n—1? <7r —2cos™! < ))
s-Pe( ) ‘4 2v2V—12 + 3m?
1 61, 12 —2m?
—i—neil\/ —12 + 4m? (27r — :Z cos™ ! (m))

202 — 6m?2

l3
—TLTA% V —312 -+ 8m2 . (48)

For this Euclideanised geometry we have 12 > 0 and m? > %lz. Changing variables from m? to the
height (square) h? = m? — %ZQ, the second inequality simply becomes h? > 0.

Figure 7 shows plots of the action (4.8) as a function of m?, for different values of a = I /v(X).
We see that the existence of a stationary point in m? depends on the asymptotic behaviour of the
action for large m?. This asymptotic behaviour is characterised, as for the Lorentzian action (4.5),
by the competition between the cosmological constant term and the curvature term for the bulk
triangles. It leads to the same critical value l. defined in (4.7), and we now have a stationary
point h? > 0 (or m2 > 212) for | < le¢. This stationary point moves to infinity if I — leris.

1 One can rotate the branch cut for the square roots, such that the saddle points do not lie on the branch cut. The
rotation can be done in two different directions leading to the sign ambiguity discussed below.

12 Qee also [31] for a discussion of the analytical continuation for the Lorentzian Regge action, and its relation to the
usual notion of Wick rotation.



21

avA =1 avVA =34

110 H T T T T 1200 ] T T T T ]

j .......... 5 — cell e 8 i ".\' .......... 5 — cell )

100 j‘ I 16 _ cell ‘‘‘‘‘ . | 1000 j "\‘\ —-———- 16 — cell i

i =600 — cell e | b\ =600 —cell 1

a ool 1 800N 1
= T h ] i ]
& e -] i )
=T 600 | ]

< e, -7 - L B
St ] i ]
= Y P b r }
o0 F\i Pt g 400 |- .
70 DL R R I B R o i i
T T 1 200} -

60f N i i .

] .T'\'T"'\"—'—.—\.‘A\— ! T T — [ O L ! T T T T ! ]
0 1 2 3 4 5 0 2 4 6 8 10

m2A m2A

FIG. 7: Rescaled Euclidean Regge action 8mtGA Ss.p g as a function of m2A for two different values of
a =1/v(X) for the different X-cell based triangulations. Left panel: a = 1/v/A. Right panel: a = 3.4/v/A.

We therefore conjecture that for [ < l.t, the semiclassical approximation of the path integral
(4.4) leads to an amplitude ~ exp(£Sspr(l?,m?)). The Hamilton-Jacobi function Sgpg(1?) :=

Sspr(1?,m?) (i.e., the action evaluated on the solution m?) can be computed numerically and is

S

shown in Figure 8. We see a similar behaviour to the action Spg(l?) for the 4-polytope without
subdivision: the Hamilton—Jacobi function vanishes for [ = 0 and increases until a maximal positive
value attained for a certain length l5 < l¢it. (In particular, since the Hamilton—Jacobi function is
positive an amplitude exp(—Ss.p (I, m?2)) leads to exponential suppression.) In contrast to the
continuum version Sg, the discrete Hamilton—Jacobi function SS_RE(ZQ) then decreases for [ > [
until it reaches 0 for [ = l.;;;. Again this happens in a regime where we would no longer trust a
discretisation based on flat building blocks.
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FIG. 8: The rescaled Hamilton—Jacobi function 8wGA Sg iy := 87GA SS_P’E(ZQJTLE) as a function of av/A
with a = {/v(X) for the three X-cell based triangulations.
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For the range [ < [; the Hamilton—Jacobi function SS_RE(ZQ) increases monotonically and there-
fore behaves similarly to the continuum version Sg(a) in the regime a < as. Hence, we can again
identify the discretisation-dependent value as = l5/v as the analogue of ay. Table IV in Section
V F below lists the values for ag, as well as the value of the Hamilton—Jacobi function at ag, for
the three different subdivided 4-polytopes. Again we see that the discretisation error decreases for
finer triangulations.

In summary, the model based on a subdivided 4-polytope only gives a reasonable approximation
to the continuum for scale factors smaller than the threshold a,. In particular, it can not describe
the change from the Euclidean phase to a Lorentzian phase that is essential part of the ideas behind
the continuum no-boundary proposal. Describing this transition requires a subdivision into several
time steps. We will therefore consider a discretisation of the 4-ball by shells in Section V.

Using different frameworks, the triangulation based on the subdivided 5-cell has been previously
discussed in [12] and [46], with the aim to describe the emergence of a macroscopic universe. We
here provided a more complete analysis of the classical solutions and the Hamilton—Jacobi function,
which revealed that the triangulations considered in this section can only be expected to describe
the early Euclidean phase of the de Sitter quantum universe.

2. Configuration with irregular light cone structure

In the previous section we defined the path integral as an integral over the bulk length square
m?, but restricted to the cases where the bulk triangles are time-like. The extrinsic curvature angles
and the deficit angle at the bulk triangle were real in these cases, which led to a real action (4.5).
As discussed in Section IIT A, real angles in Lorentzian Regge calculus describe a configuration
with regular light cone structure.

In the following we will consider the cases (¢) and (d) defined in Section IVB 1, where the
bulk triangles are space-like. Note that this is a different configuration from the “Wick rotated”
geometries we considered above, which can be understood to result from a deformation of the
integration contour. There, the resulting geometry had Euclidean signature. In this section, we will
consider a geometry of Lorentzian signature, but we will see that the resulting triangulations have
an irregular light cone structure. These configurations do not have an analogue in the continuum.

For the case (¢) where %12 <m? < %ZQ the Regge action is given by

ST G (12 m?) = —m“fl? sinh (W)

l2 -9 2
fl\/ —124+4m? | —2m —|— U7 cosh~t [ ——— 2
Ne 202 — 6m?2
—nTA 5V 312 — 8m2. (4.9)

We see explicitly the appearance of an imaginary part —2m in the deficit angle, corresponding to
triangles that have no light cones attached to them. If we would use the action Séf)P to define an
amplitude exp(zS ) p) we would get exponentially enhanced configurations, leading to a result very
different from the continuum. We can demand a regular light cone structure and exclude such

configurations from the path integral.
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Similarly, for the case (d) where 31 < m? < %lz, we obtain

3 l
8rGS. Y 2m? =n £lQ (—m— 2 cosh ™1 ( ))
sp(%m’) = m = 22V —1% + 3m?
1 . 2 2m?
+ne—Iv/ =12+ 4m? | m + on cosh™ F=2m”
4 Ne 6m?2 — 212
l3
—nTA% V312 —8m?2. (4.10)

Here the deficit angle at the bulk triangles includes three light cones, whereas the extrinsic curva-

ture angle at the boundary triangles includes no light cone. Overall the action (4.10) has a negative
imaginary part, which would also lead to exponentially enhanced configurations. As before, de-
manding a regular light cone structure excludes these configurations from the path integral.

V. MODELLING THE UNIVERSE WITH DISCRETE SHELLS

In the previous section we studied a discrete implementation of the no-boundary proposal in
which the early stages of the universe’s history are described by either a polytope or a subdivided
polytope whose only boundary is a single triangulation of a three-sphere. We saw that such a
discretisation captures the relevant dynamics of geometry in a purely Euclidean regime where the
radius of the final three-sphere is small, but that it has no analogue of the continuum picture of
the emergence of a Lorentzian geometry. To obtain a discrete model that better approximates
the continuum FLRW dynamics, we now consider a triangulation that allows for arbitrarily many
time steps instead of a single one. To achieve this, we subdivide the 4-ball into shells of topology
83 % [0,1]. The “shell universe” is then obtained from gluing many such shells.

A. Discretisation of the shells

The shells we are interested in are bounded by an “inner” triangulation of the 3-sphere and
an “outer” triangulation of a different 3-sphere. We will assume that both these triangulations
are given by either the 5-cell, the 16-cell or the 600-cell, as discussed in Section IIIC. We then
introduce auxiliary four-dimensional building blocks from which to build these shells, as illustrated
in Fig. 9. These auxiliary building blocks have topology 7 x [0, 1], where 7 denotes a tetrahedron.
Gluing these four-dimensional building blocks following the connectivity of the tetrahedra in the
triangulation of the three-spheres, we obtain a triangulation of a four-dimensional spherical shell.
The auxiliary four-dimensional building block has three types of edges: six edges of the tetrahedron
7 x {0}, six edges of the tetrahedron 7 x {1} and four edges v x [0, 1] for each of the vertices v of 7.

We aim to model a homogeneous universe and therefore choose the length square of the edges
in 7 x {0}, resp. 7 x {1}, to be all equal and given by I3 > 0, resp. {7 > 0. Likewise we choose the
length square of the four edges v x [0, 1] to be equal and given by mg. These edges can be time-
like, null or space-like and are referred to as struts. Demanding that the faces with edge length
squares (l% , m%, 12, m%) are isosceles trapeziums'® and that the bulk geometry of the building block

13 To avoid confusion, here and in the following “trapezium” refers to the British English (and original Greek)
terminology; in American English this would be called a trapezoid.
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is (Lorentzian) flat fixes the geometry of the building block uniquely. The building blocks now
have the geometry of frusta — the base and top tetrahedra are parallel to each other with respect
to the internal flat geometry of the building block.

D/

FIG. 9: Illustration of a four-dimensional building block which is bounded by a base and a top tetrahedron
(A,B,C, D) and (A’, B’,C’, D') with edge lengths squared I3 and I3 respectively. The struts as well as the
diagonals connecting the two tetrahedra have all the same length squared mg and d3 respectively.

Alternatively, we can subdivide the building block into four 4-simplices. This can be done by
introducing six additional edges, each of which diagonally subdivides one of the six quadrilateral
faces into two triangles, see Appendix A for details. One then has additional parameters, given by
the edge lengths d(%,j of the diagonals, which one can also choose to be all equal daj = d3. This
subdivision allows defining a Regge action for the now fundamentally simplicial building blocks
and therefore (after gluing the building blocks) for the entire shell. Choosing the lengths squares
of the diagonals to be d2 = loly + m? forces the quadrilateral faces to be isosceles trapeziums.
It also leads to the vanishing of all deficit angles associated to the triangles inside the building
blocks, i.e., the building blocks again become frusta. Setting the length squares of the diagonals to
d% = lply +m3 can be seen as an approximation to the exact solutions to the equations which would
be obtained by varying the simplicial Regge action with respect to the lengths of the diagonals. In
particular, flat building blocks will again only be a good approximation below length scales set by
the cosmological constant in our model.

Inserting the “flat” values d*> = loly + mi for the length squares of the diagonals into the
simplicial Regge action, we obtain a generalised Regge action for the discretisation of the shells
with frusta. This discretisation has been originally proposed by Collins and Williams [11] and also
used in [14], but none of these works actually provide the action for these discretisations.

We will consider the case of thin shells, that is we assume that (2 > |m3| and 12 > |m3|. The
struts, which constitute the non-parallel pair of opposite sides of the trapeziums, can be either



25

time-like m3 < 0, null m3 = 0 or space-like m3 > 0. For this reason m3 does not provide an

adequate measure for time [11]. We therefore introduce the height squared in the frusta, defined
as the distance squared, as measured within the flat geometry of the frustum, between the bottom
and top tetrahedron:

3
h2 = —g(z1 —1p)® +mi. (5.1)

The height squared h% is always negative for a Lorentzian frustum.

B. Signatures of the building blocks

Depending on the relation between the height square and the growth rate (I; — lp)? for the
spatial lengths, the building blocks can have the following signatures:

(a) Time-like struts, m3 < 0 and so 3(I; — lp)? < 8|h3|. All higher-dimensional building blocks
containing the struts are also time-like.

(b) Space-like struts but time-like trapeziums containing the struts, §|h3| < (i1 — lp)? < 8|h|.

(c) Space-like struts and space-like trapeziums, but time-like three-dimensional building blocks
(three-dimensional frusta) containing the trapeziums, 8|h3| < (I1 — lp)? < 24|h3|.

(d) Space-like three-dimensional frusta, (I — lp)? > 24|hZ|.

Again, limiting cases where some building blocks are null are obtained by replacing inequalities
with equalities.

These different cases may lead to different types of dihedral angles attached to the trapeziums.
Recall from Section IIT A that when defining the dihedral angle at a given (two-dimensional) face
F, the dihedral angle is Euclidean for a time-like face, whereas if the face is space-like the angle
will be Lorentzian. In the latter case, the signatures of the two three-dimensional building blocks
T1, T2 hinging at the face are passed on to their projections. These projections give the edges of
the wedge which defines the dihedral angle.

We then see that the cases (a) and (b) do not differ in the types of dihedral angles, and the
action for these two cases can be defined via the same function of the edge lengths. Going from
(b) to (¢) however, the signature of the trapeziums changes, and with it also the signature of the
associated deficit angles. In (¢) we also encounter an irregular light cone structure associated to
the trapeziums: projecting the frusta around a given trapezium to the planes orthogonal to the
trapezium, we obtain a number of two-dimensional wedges which we can glue to a cone. The
geometry of this cone is (away from the tip) Lorentzian. But in this case, there are no light
cones attached to the tip itself, which defines an irregular light cone structure. This leads to an
imaginary part for the action, as we will see below. We will therefore argue that the case (¢) should
be excluded from the path integral. The case (d) also leads to an imaginary part of the Regge
action, and should likewise be excluded from the path integral.
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C. Generalised Regge action for shells and limit of continuous time evolution

We start to consider the cases (a) and (b), where we have time-like trapeziums. The generalised
Regge actions for the shells based on the X-cell are given by

87 Sshell 1= —%A (lo +11) (lg + l%) \/3 (lo —11) 2 - 8m3

6n 2m2
€ — 12 —4m2 [ 270 — 2T gee ! 0 2
—I—Z(o—i-ll)\/(o h) ( T Ne See <2m3—(l0—11)2+ >>

\f 12( 3sinh™? bh—b
lo — ll) — Bm%

1 (212 + 312 — 5lgl; — 6m2)”
2 (3m0 — (lo - ll) 2) (—l% + 3[0[1 + 3771(2])

—sinh™!

+cosh™!

lo + 3l
2y/—21% + 6loly + 6m?

. li =1l
+ ?( 3sinh~!
1( 2\/5\/([0—[1)2—3”%)

- (312 + 212 — 5lpl; — 6m2)*
(3m3 - (lo - ll) 2) (—l% + 3l0l1 + 3m3)

+cosh™! 3o 11 , (5.2)
2\/—2@ + 6lpl + 6m(2)

where for each choice of X-cell the coefficients n,,n; and n. are given in Table I.

—sinh™!

h/\/\h
N —

Stacking T shells and using an action

T—1
St =Y Ssnen(li lit1,m7) (5-3)

i=0
we can now consider the overall evolution from a universe with edge length Iy to one with edge
length 7. Fixing these boundary lengths we would need to solve for the lengths I; and the length

squares m? for i = 1,...,T — 1. The sum of the heights y; := \/—h%(li7li+1,m2> from ¢ = 0 to
i =T — 1 would provide us with a measure of time — indeed this sum gives the proper time for a
particle travelling along a trajectory along the central axis of the frusta.

Comparing with continuum general relativity, we would expect that this system displays a gauge
symmetry, which describes the freedom to reparametrise the time coordinate. If such a symmetry
was realised, the solutions to the system would not be unique; instead we would be able to choose
the heights y; freely and would need to only solve for the lengths ;.

Discretisations however typically break such reparametrisation symmetries [47]. This is also the
case for the stacked shells: a numerical investigation of the solutions shows that these are unique,
but also that there are directions around these solutions where the action is almost constant. This
broken symmetry can be restored by two procedures:
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(1) Keeping the discrete time evolution we can iteratively subdivide one time step into two
smaller time steps and integrate out the bulk variables [47, 48]. The action for one time step
then converges to the Hamilton—Jacobi function of an underlying Lagrangian. Hamilton—Jacobi
functions are so-called perfect actions [24, 44]: they define a discrete time evolution which exactly
mirrors the time evolution of the underlying continuum system.

(7) Alternatively we can take the limit of infinitesimal time steps x; for the shell actions
Sshen(lis Li+1,Xi) = Ssnen(lis liv1,m2(li,lit1,%:)). This will result in a Lagrangian which can be
used to define continuum dynamics. These continuum dynamics will feature a gauge symmetry
given by time reparametrisations.

We will follow (iz). Assuming an infinitesimal time step we parametrise the height of the frusta
as xo = IV dt, where N plays the role of a lapse corresponding to the freedom to redefine the variable
t. The labels [; representing edge lengths at different time steps are replaced by a differentiable
function [(¢), and the difference between the length parameter at two successive times is then
(liy1 — 1;) — [ dt. Taking the limit dt — 0 we then obtain the Lagrangian

1,1+ 1dt, Ndt
87G Lgpen := lim 871G Sshen(l, 1 + 1dt, )

dt—0 dt
_ M NAB s e i _8ne [ 8+ (U/N)
2 o (- s SR
—2v3n, NI (i/N)sinh~? Z/—N : (5.4)
24 — (I/N)?

where n, and n. are listed in Table I and we have now used n; = 2n, to simplify notation.

Again, we could introduce dimensionless length and lapse variables [ =1VA and N = NVA
and a dimensionless Lagrangian 8mGA Lgpep (a function of [ and N ) which does not depend on A.

The Lagrangian (5.4) describes a continuous time evolution of triangulated 3-spherical shells,
i.e., a spatially discretised system which evolves continuously in time. The spatially discretised
system is described by only one configuration variable [, which gives the edge lengths of the
maximally symmetric triangulation of the shells. As in the continuum, we can choose a lapse
parameter N which determines the relation between the time coordinate and proper time (measured
along the trajectories of the centres of the tetrahedra).

The Lagrangian (5.4) has some similarities with the minisuperspace Lagrangian defined by (2.5),
but a key difference is that the shell Lagrangian (5.4) includes arbitrarily high powers of [, whereas
the minisuperspace Lagrangian (2.5) only includes a quadratic power of a. But in a regime where
[ /N is small'4, we can truncate Lgnen to quadratic order in i, which results in

™ i 3
817G Lgpen (1,1, N;A) == i NI — 257 c3ANI (5.5)

where

6 3
€1 := Me <27r =207 os (é)) , Co: fOr_ 4 le 7 cos™! (3), e3¢ i (5.6)

Ne To/2 88 T 6v2

 In our conventions, [ and N have units of length, so the time parameter ¢ does not carry units. The expression
I/N is then dimensionless.
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& & || ()M & & | & | (ah)A
5-cell 1.410(1.916 1/3 4.230 0.68310.119] 8.411
16-cell [|1.205]1.360 1/3 3.616 0.77710.190 5.251

0.967|0.314| 3.186

600-cell||1.0201.027]1/3]  3.061
Cont. || 1 | 1 18] 3 1]t ]3] 3 |

TABLE III: Coefficients (¢, éa, ¢3) appearing in the truncated Lagrangian (5.7), obtained by either com-

paring the 3-volume (&7, ¢, ¢4) or the integrated curvature (Ei&g,éé) of the triangulated 3-spheres with

the volume or curvature of the continuum 3-sphere, respectively. We furthermore give the values (amin)2A,
where anin is the minimal scale factor for a solution to exist, for the various discretisations. We list the
corresponding values for the continuum Lagrangian in the last row.

The Lagrangian Lgflen now has the same form as the minisuperspace version (2.5), just that we
use the edge length [ instead of the scale factor a as variable. We can match this length [ to the
scale factor by either equating the volume or the integrated curvature of the triangulated 3-shells
with the ones of the 3-sphere, see Section III C. Replacing [ with the scale factor a, we obtain

L& (a,a,N;A) = s (élNa - 52“—‘12 - 63ANa3> (5.7)

4G N

and can compare the coefficients ¢1,¢o, ¢3 with the ones from the minisuperspace version. The
numerical values are listed in Table III, which shows that the truncated Lagrangian for the 600-
cell matches reasonably well with the minisuperspace version (2.5). We also generally see that
matching the three-volumes of boundary spheres gives a better approximation to the continuum
than if we match the integrated intrinsic curvature.

D. Classical dynamics in the continuum time limit

The non-truncated Lagrangian (5.4) differs from the truncated version, and therefore also from
the minisuperspace continuum theory, by terms that are higher order in (l /N). These higher order
terms can be understood as a result of the spatial discretisation. Indeed, we started our construction
by approximating continuum spacetime with a discretisation built from flat building blocks. This
approximation can be expected to fail when the building blocks become large compared to the
curvature radius of the continuum spacetime.

To see when the higher order terms in (l /N) become relevant, we can use the equation of motion
of the shell Lagrangian (5.4) obtained from varying with respect to the lapse variable. This equation
of motion corresponds to the Hamiltonian constraint and determines (I/N) via the equation

F((I/N)?) := (8 - (l'/N)z)_l/2 (48;liﬂ — 144 cos™! (%)) = AI”. (5.8)

The left-hand side of (5.8) defines a function F of (I/N)? which is well defined for (I/N)? < 8.
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FIG. 10: Left panel: Rescaled versions F = F(X) of F as functions of (a/N)? given by F ((a/N)?) =
F ((v(X)a/N)?) /(v(X)?). Recall that X = 5,16,600 is the number of tetrahedra in the inner resp. outer
3-spheres of the four-dimensional blocks, and v(X) is the volume conversion factor for the X-cell given
in Table II. @ = I/v(X) is the triangulation-dependent scale factor. The continuous red line represents
E ((dZN )?) for the general relativistic continuum given by F =3(1+ (a/N)). Right panel: The potential

V = V(X) as a function of av/A given by V(av/A) = —F~'(av/A). The continuous red line is the potential
for the general relativistic case given by V = —((av/A)?/3 — 1).
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FIG. 11: Right and left panel: See caption of Fig. 10 but with f(X) replaced by ﬁqxr(X) which is the
truncation of F(X) to second order in (a@/N), and V(X) replaced by Vi, (X) obtained in the same manner
as in Fig. 10 but using ﬁTr(X ). In both panels, the continuous red lines represent the continuum case and
are hence identical to the corresponding curves in Fig. 10.

Starting from F(0) = (487n./n, — 144cos™1(1/3))/v/8 > 0, F increases monotonically for
growing (I/N)? and diverges for (I/N)? — 8, see Figure 10 where we have converted F' into a
function that depends on the effective discretisation dependent scale factor a = [/v(X) in order to
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facilitate comparison with the continuum. We see that (i) there is a threshold value for [, given by
Imin == /F(0)/A, below which the solutions for {/N cannot be real, and that (ii) (I/N) is small
for small differences (I — lyin), but grows with this difference. Table III details the (dimensionless)
values a2, A, using the two different translations of I to a discussed in Section III C.

These two effects are also captured by the truncated Lagrangian (5.5), which leads to the
truncated Hamiltonian constraint

8tG HI' y := —c1l — eol(I/N)? + e3AlP (5.9)

which agrees in this general form (though not in the exact values of the coefficients ¢;) with the
continuum minisupersace Hamiltonian. The Hamiltonian constraint determines (I/N)? to be

Fre((I/N)?) := c3Y(ea(I/N)? 4 ¢1) = AI2. (5.10)

The threshold values I = \/Fr(0)/A agree with Iy = +/F(0)/A (as this is where (I/N) = 0
and the truncation leads to an exact result), but in the truncated version we no longer see the
bound (I/N)? < 8 on the extrinsic curvature.

From (5.8) and (5.10) we obtain (I/N)? = F~'(Al?), respectively (I/N)?> = Fp!(Al?). We
can consider [/N as a (dimensionless) generalised velocity, and thus interpret V(1) = —F~1(Al?)
and V(1) = —Fp'(Al%) as (dimensionless) potentials for a dynamical system with total energy
constrained to zero. Solutions to the equations of motion for () can be (in principle) obtained by
direct integration (if we assume that N = N(I) does not explicitly depend on t),

l1 t1
/ d =+ [ dt. (5.11)
l

0 N\/ _V(l) to

See Fig. 12 for plots of the resulting numerical solutions. Starting the system at a value lin;i = lin
and choosing positive [ and N , the decaying potential leads to a growing generalised velocity I /N.
For the truncated version of our dynamics we have V() — —oo for I — oo so that the expansion
keeps accelerating, but for the non-truncated version of the dynamics the potential asymptotes to
V(I) = —8. The generalised velocity [/N therefore also has a maximal value |I/N|pae = /8 in the
non-truncated version.

Note that as [ can be positive or negative and N can also be positive or negative, we will
encounter the same sign ambiguities as in the discussion for the continuum in Section II. In Figure
12, we only depict the case [>0and N > 0.

The continuum and discrete (non-truncated) versions differ in their evolution for late times
and larger lengths [: the continuum solution continues to expand exponentially (in proper time)
whereas solutions for the discrete systems asymptote to a linear growth. This discrepancy is
due to the (spatial) size of the flat building blocks growing in time; we therefore approximate
a constant curvature solution with a gluing of larger and larger flat building blocks, leading to
larger and larger discretisation errors. This discretisation artefact could be avoided by refining the
triangulation during time evolution [38]. Such a refinement can be implemented (classically and
quantum mechanically), at least if we use discrete time steps, by following the formalism of [39].
We leave exploration of this option to future work.
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FIG. 12: Left panel: Analytical solutions a(T") (where T is proper time) of the equations of motion obtained
from the Regge Lagrangians Ldf  for different X-shell based triangulations, with cosmological constant A
and truncated at second order in (a/N). Right panel: Numerical solutions a(T") of the equations of motion
obtained from the full Regge Lagrangians Lgpen with cosmological constant A. The continuous red lines in
both panels represent the exact general relativistic solutions a(T') = ap cosh(T'/ap). As in previous plots,
we rescale T and a with v/A to obtain dimensionless quantities.

Next, we discuss the bound (l /N)? < 8 on the generalised velocity, which appears in the non-
truncated version but not in the truncated version of the Lagrangian. Interestingly, this bound does
not arise from dihedral angles around triangles in the triangulations of the spatial three—spheres.
These dihedral angles provide a measure for the extrinsic curvature of these spheres, and their
value (being Lorentzian angles) diverges in the limit (I/N)? — 24.

We have seen that the potential V(1) = —F~1(Al?) is bounded by V(I) > —8. As the Hamil-
tonian constraint imposes (I/N)? = —V/(I), the bound on the generalised velocity (I/N) can be
interpreted to result from the dynamics.

But the maximal value ([/N)? = 8 also has a kinematical interpretation: going back to the
discussion of discrete building blocks in Section V B it corresponds to the differentiation between
the cases (b) and (c), described by (I3 — l)? < 8|h3|. For (I1 — lp)? = 8|h3| the trapeziums in the
triangulation of the shell are null. If we consider dynamics defined by the continuum limit in the
time parameter (given by hg), we cannot change from the regime where the trapeziums are time-
like to the regime where the trapeziums are space-like. We can however not exclude the possibility
that such a transition appears for the dynamics defined by the fully discrete Regge action.

Finally, let us note that whereas the threshold for the length derivative (I/N)? = 8 is the same
for all three X-cell based triangulations, the translation from [ to the scale factor variables, e.g.,
by defining a scale factor via comparing three-volumes as a = [/v(X), leads to a triangulation-
dependent threshold in terms of the scale factor (a/N)? = 8/v?(X). This threshold increases from
the 5-cell to the 600-cell from (a/N)? ~ 0.77 to (a/N)? ~ 18.70 (see also the divergence in Fig. 10).
In this sense one could argue that a refined truncation agrees more closely with the continuum,
given that it allows for faster expansion rates in terms of the effective scale factor a.
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E. Configurations with irregular causal structure

To close this discussion of the classical dynamics, we will consider the cases (¢) and (d) dis-
cussed in Section V B: here the trapeziums are space-like and the three-dimensional building blocks
containing the trapeziums are time-like (for (¢)) or space-like (for (d)). We can again compute the
generalised Regge action. To obtain a simpler expression we perform the continuum limit in the
time parameter in the same way as for the cases (a) and (b). We obtain for the case (c)

¢ T ‘ € / T l N)?
srG L) = — " NAB + " N (/N2 — 8 [ —2m 4 O cosnt | SEUN)
6v/2 2v/2 Ne 24 — (I/N)?
) /N
—V/3ny N1 (i/N)sinh~! U ‘ (5.12)
24 — (I/N)?
We see that the deficit angle
. [/N)?
er = —2mi + on cosh™! M (5.13)
e 24 — (I/N)?
attached to the trapeziums has a negative imaginary part, Im(ep) = —2m. As in the discussion

of (4.9), this negative imaginary part represents triangles with no light cones attached to them.

The action (and Lagrangian) then also has a negative imaginary part which would lead to an

exponential enhancement of these configurations in the path integral [9, 18]. One can restrict the

path integral to causally regular configurations, which would exclude the case (¢) and also (d).
For completeness, we give also the Lagrangian for the case (d):

T ¢ - T /N)?
srG L@ = — T NAP 4 " N1 (i/N)2 -8 <m+ 6%(305}1_1 <8+W)>>

6v/2 2v/2 (I/N)2 — 24
+£nt NI(i/N) | —=m2 — 2cosh™ Z/—N (5.14)
2 (i/N)? — 24

Here we have a positive imaginary part resulting from deficit angles attached to the trapezi-
ums and a negative imaginary part resulting from deficit angles attached to space-like triangles.
These lead to a negative imaginary part for the Lagrangian, and therefore also to an exponential
enhancement of these configurations if they are included in the path integral.

F. The no-boundary proposal

In (5.4) we defined a Lagrangian Lgpe which describes the evolution of a triangulated three-
sphere in continuum time. We have also discussed that this Lagrangian approximates well the
continuum Lagrangian (2.5) in the regime of smaller edge lengths [. This suggests that we can
define the no-boundary path integral the same way as in the continuum discussion of Section II.

We define the path integral as an integral over trajectories (I(¢), N(t)) which start from {(0) = 0
and end at [(1) = [y, where [; is a free parameter. By taking the continuous time limit of the Regge
action for the shells we regained time reparametrisation invariance. We can therefore gauge-fix the
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integration over N(t), e.g., by choosing N(t) = Ny, and remain with an ordinary integral over Ny
(which we can choose to restrict to Ny > 0).

However, there is an important difference to the continuum FLRW case: for the dynamics of
the discrete shells we saw that we had three different regimes, depending on whether (l /N)2 <8
(case (A)), 8 < (I/N)? < 24 (case (B)), or 24 < (i/N)? (case (C)). These three cases resulted
from the distinction between cases in which the trapeziums in the four-dimensional triangulations
are (A) time-like, (B) space-like with time-like three-dimensional building blocks containing the
trapeziums, or (C) space-like with space-like three-dimensional building blocks containing the
trapeziums. The cases (B) and (C) define configurations with irregular light cone structure and
the action for these configurations includes negative imaginary parts. Using such an action in the
path integral leads to an exponential amplification of these configurations which can easily lead
to non-sensible results, see [18]. To avoid this, we will exclude these configurations from the path
integral and restrict to trajectories with (I/N)? < 8.

We have seen that the Lagrangian Lgpe does not admit a classical real solution for [ < [, =
\/W. Thus, we will also not have a stationary point for the path integral along the real
(and positive) axis for [ and N. This is similar to the continuum FLRW case, where we do not
have a classical real solution for scale factors @ < ax. But in this case in the continuum, there
are stationary points if we analytically continue N — =4:N. This transformation leads to an
Euclideanisation of the action (and therefore the Lagrangian) S — +:Sg where Sg is the action
for the Wick-rotated geometry.

Let us therefore consider a “Wick rotation” for the simplicial geometry. We define this Wick
rotation to be given by h2 — —h2 for configurations with discrete time steps, which leads to
N — +1N in the time continuum limit. We will here consider as starting point only Lorentzian
configurations with regular light cone structure.

The time continuum limit of the Regge action for the Euclidean configurations is given by (here
N is a positive variable)

T € / T _ — lN 2
87G Lsnep = ——— NAP + < NI\/8 + (i/N)? (27T—6n cos ™! (8(/)>)

6v/2 2v/2 Ne 24 + (i/N)?
B N (et Y (5.15)
2 24 + (I/N)?

which (modulo a factor of +2) can be indeed seen to arise from an analytical continuation of the
lapse square N2 to —N? through the lower or upper half-plane.

This Lagrangian for the Euclidean geometry leads, via the Hamiltonian constraint, to the fol-
lowing relation between the momentum (I/N) and the length I:

Fu((i/N)?) = (8—1— (i/N)2)_1/2 (48?;7r 144 cos™! (%)) — A2, (5.16)

We can, as in the Lorentzian case, introduce the potential Vi (1) = —Fg ' (Al?), see Fig. 13 for
plots of the potential. We then have the relation (I/N)? = —Vj(I), which we can integrate to

a solution. The potential is negative for 0 < [ < £ where (£ = \/Fg(0)/A, and it has its

maximal negative value, given by —Fp 1(O), at [ = 0. Hence there exists a classical solution with

initial values lin; = 0, (i/N)ini = \/FE_I(O) and final values lg, = £ (i/N)ﬁn = 0.

max?
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FIG. 13: Left panel: Rescaled versions Fg = Fi(X) of Fi as functions of (i/N)? given by Fg ((a/N)?) ==
Fg (v(X)a/N)?) /(v(X)?), where the discretisation of the inner and outer 3-spheres of the four-dimensional
blocks is based on the X-cell and v(X) is the volume conversion factor given in Table II. a = I/v(X) is the
triangulation-dependent scale factor. The continuous red line represents ﬁE (a/N) for the general relativistic
continuum given by Fi = 3(1 — (a/N)). Right panel: The potential Vi; = Vig(X) as a function of av/A
given by Vi(av/A) = fﬁE_ Y(av/N). The continuous red line is the potential for the general relativistic case
given by Vi = (av/A)2/3 — 1.
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FIG. 14: Right and left panel: See caption of Fig. 13 but with Fg replaced by ﬁE’qy which is given by Fy
truncated at second order in (a/N), and ‘7}3 replaced by [~/E,Tr obtained in the same manner as in Fig. 13 but
using ﬁEJ\r. In both panels, the continuous red lines represent the continuum case and are hence identical
to the corresponding curves in Fig. 13.

We also note that, as Fig(0) = F(0), the allowed maximal length [£_ for the Euclidean dynamics
coincides with the allowed minimal length l,;, for the Lorentzian dynamics. We thus have the same
interpretation of an Euclidean phase for the saddle point contributions in the path integral as in

the continuum FLRW case.
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These saddle point contributions will be characterised by the Hamilton—Jacobi function. For
the no-boundary proposal we have to consider solutions that go from [y = 0 to some length /. For
l1 < liin the integrand evaluates on these saddle points to exp(£Sshei-i,ny(l)) where Sshei-g, i ()
is the Hamilton—Jacobi function for the Euclidean version of the shell Lagrangian (5.15).

The Hamilton—Jacobi function is most easily computed by using the fact that for a totally
constrained system it is given by

I ,
Sy(lolr) = / APQ) where  P() = p(, (/N)) onain_, (5.17)
0 ON -

and

AL(l,1,N)

(L (1/N)) = =

(5.18)

is the canonical momentum conjugated to [: the Hamiltonian constraint allows us to determine
(I/N) and therefore the momentum as a function P(1) of the lengths. We can then directly integrate
P(l) to obtain the Hamilton-Jacobi function for solutions [(¢) which are either monotonically
increasing or decreasing from [y to [y.
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50 | ]
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FIG. 15: The rescaled Hamilton-Jacobi function 87GA Sspeii-g 1y as a function of av/A for the three X-cell
based shell triangulations compared with the continuum (Euclidean) Hamilton-Jacobi function 87GASk
defined in (4.3).

In our case we can numerically solve the Hamiltonian constraint equation Fg((I/N)?) = A2 for
(I/N), and in this way obtain the momentum Pg(l) as function of /. This function can then be
integrated numerically. Fig. 15 provides plots for the Hamilton—Jacobi function (with iy = 0 and
1 < lin translated to a = [; /v (X)) for the triangulations based on the X-cells and compares these
to the continuum result. We see that, for this Euclidean phase, the Hamilton—Jacobi function for
the 600-cell gives a reasonable quantitative approximation to the continuum. Transitioning to the
Lorentzian phase, we remark that the generalised velocity (I/N) is small for [ around Ipi,. Thus,
the truncation of the Lagrangian to second order in (l /N) is justified, and this truncation (defined
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P:a?A | 8tGASpg(a?) || S-P:a2A | 87GASs pr(a?) || Shell: a2, A | 8TGASshen-r, 1y (a2,
5-cell 16.31 669.2 5.81 303.8 4.230 250.1
16-cell 9.10 315.8 4.93 205.6 3.616 173.8
600-cell| 6.22 187.1 4.08 142.4 3.061 123.1
[Cont. | | \ [ 3 | 12r~1184 |

TABLE IV: Scale factor values a? resp. a2, for which the Euclidean action resp. Hamilton-Jacobi function

max

is maximal for the 4-polytope without subdivisions (P), the subdivided 4-polytope (S-P), and the shell model
(Shell). We also provide the values of the action resp. Hamilton—Jacobi function for the solution going from
a =0 to as reps. amax. The last row lists the same values for the continuum.

in (5.5)) approximates the continuum Lagrangian quite well in the case of the 600-cell, see Table
III. The 600-cell shell model therefore gives a reliable model in which the quantum properties of
the Euclidean phase and its transition to the Lorentzian phase can be studied.

On the other hand, concerning the Lorentzian phase at late times, we note that for the shell
model studied here, where the discretisation for each of the shells representing different moments
of time is the same, the dynamics do differ considerably from the continuum, see Fig. 12. In
particular, the discrete model shows a linear growth of the scale factor with respect to proper
time at late times (due to the boundedness of the generalised velocity (I/N)? < 8) whereas it is
exponential in the continuum. This issue can be alleviated by introducing a shell model in which
the triangulation of the shells depends on the time step.

We have discussed a number of discretisations that describe minisuperspace models of a closed
universe with positive cosmological constant. The simplest choice, where the evolution of the
universe up to a certain scale factor is represented by one 4-polytope, can only approximate the
continuum for very small scale factors deep in the Euclidean regime a < ap. As this model
does not involve a proper integration it also relies on the postulate that Euclidean geometries are
assigned a nonvanishing amplitude in the path integral. We obtained a more involved model by
subdividing the 4-polytope into 4-simplices, introducing in this way bulk edges and an integration
variable. This model does capture the feature of having complex solutions describing an Euclidean
geometry. However it deviates even qualitatively from the continuum model for scale factors larger
than as where the discrete Euclidean Hamilton—Jacobi function is maximised. Thus, whereas this
model does allow the study of quantum properties of the Euclidean phase, it cannot describe the
transition to a Lorentzian phase. This transition can be studied with the shell model, and we
have also seen that the 600-cell based model provides a reasonable quantitative agreement with the
continuum as long as the scale factor is not too large. Table IV provides two of the key quantitative
characteristics for the Euclidean phase of the various discrete models.
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VI. COUPLING TO DUST

A. Classical theory

In this section we will consider (Regge) gravity without cosmological constant but coupled to a
simple dust action, which has been also used in [11]. This model will illustrate a behaviour quite
different from the case with a positive cosmological constant and without matter.

In the continuum there are various ways of defining an action for a perfect fluid (for a review see
[49]); these actions usually involve several variables characterising various physical and thermody-
namic properties of a fluid. In minisuperspace, however, the number of variables is greatly reduced:
in cosmological models a perfect fluid is essentially only characterised by an energy density p(t)
and equation of state p = p(p). If we again consider a closed FLRW universe, a perfect fluid action
for this case can be defined by [50]

Sp 1= /dt (U¢ —2m%a® Np (2772&3)) (6.1)

which depends on the lapse N and scale factor a of the metric (2.1), as well as on the total particle

number U and its conjugate variable ¢. The equation of state is implicit in the definition of the
energy density p as a function of the particle number density n = U/(272a?).

The variables U and ¢ can now be integrated out; since the only role of ¢ is to enforce particle
number conservation U = 0 one can remove o and treat U as a fixed constant, analogous to a
mass or energy. This is what we will do in the following. We will also specify to the case of a dust
perfect fluid, where p(n)  n. The fluid action (6.1) then reduces to —M [ d¢t N, where M is the
total mass of the dust particles in the system. The integral over ¢ then simply corresponds to the
total proper time of the dust particles.®

Using our discretisation with frusta we can model the dust by assuming that there is a dust
particle with fixed mass m moving along the central axis of each frustum. Each dust particle
contributes to the action an amount —mT’, where T is the proper time measured by the particle.
Since dT' = dhg = N dt, the Lagrangian for the shell discretisations is given by

Lp.shen := Lgpen(A =0)— M N (6.2)

where M = n.m is the total mass of the dust particles, and Lgpe) is defined in (5.4). The dust
Lagrangian is then analogous to the one in the continuum.

In the following we consider only the case (a) and (b) defined in Section V B, that is the cases
where the trapeziums are time-like.

In the same way as we discussed for the model with cosmological constant, we can truncate the
Lagrangian Lp.ghen to terms of up to second order in the extrinsic curvature, i.e., second order
in [ /N. Replacing the length [ of the spatial edges with the scale factor in the same manner as
discussed above (5.7), we obtain

3 32
LT (a,a, N; M) = é (élNa - 52‘3‘;) — MN, (6.3)

15 Notice that our previous A model can also be obtained as a special case of the action (6.1) if we choose p to be
a constant, so that we obtain a term linear in the total four-volume rather than total proper time. Similarly, all
other perfect fluids would correspond to a term linear in some other global geometric quantity.
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FIG. 16: Left panel: Rescaled versions D = D(X) of D as functions of (a/N)? given by D ((a/N)?) :=
D ((v(X)a/N)?) - v(X). Recall that X = 5,16,600 is the number of tetrahedra in the inner resp. outer
3-spheres of the four—dimensional blocks, and v(X) is the volume conversion factor for the X-cells given
in Table II. @ = I/v(X) is the triangulation-dependent scale factor. The continuous red line represents
l:)((d/N)Q) for the general relativistic continuum given by D = 672(1+ (a/N)?). Right panel: The potential

V as a function of a/amax Where amax := 87GM/(67%) given by V(a/amax) = —D 71 (67%amax/a). The

continuous red line is the potential for the general relativistic case given by V =1 — apax/a.

where ¢1, ¢y are defined in Table III. This truncated Lagrangian agrees in its general form with
the continuum Lagrangian, for which we have ¢; = 1 and ¢é; = 1. To see in which regime the
truncation is justified, we consider the Hamiltonian constraints, which can be obtained by varying
Lp_ghell, resp. Lrlgr_SheH with respect to the lapse parameter N. Without the truncation, we obtain
the following constraint equation for (I/N):

: R Ral 8+ (I/N)? _ 8nGM
D((i/N)?) := o~ (8 (l/N)2> <48 o — 144n, (24—(i/N)2>> T (64)

The left-hand side of (6.4) defines a function D of (I/N)? which, starting from D(0), increases
monotonically with growing |I/N| and diverges for |[/N| — co. But the right-hand side now scales
with 1/ instead of [?, as in the case of a cosmological constant (5.8).

As before, we can introduce the potential V(I) = —D~!(87GM/I) such that the generalised
velocity is determined by (I/N)? = =V (I). If we consider an evolution starting from a very small
value for [ we obtain a corresponding value of |i/N| very near its maximally allowed value of /8.
Assuming [ /N > 0 and N > 0 the expanding size of the universe leads to a decreasing value for
[/N until we reach [/N = 0 and a maximal size la = STGM/D(0) for the universe. The universe
then contracts, until it reaches [ = 0 again.

We hence encounter small values for \l /N | around the maximal radius of the universe, whereas we
obtain the maximal allowed values for ||/N| near [ = 0. We can thus expect that the time evolutions
obtained respectively from the non-truncated and truncated Lagrangian differ in the regime of small
scale factor. With the Lagrangian truncated to second order in [ /N, the Hamiltonian constraint
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FIG. 17: Right and left panel: as in Fig. 16 but with D replaced by BTr which is given by D truncated
at second order in (a/N), and V replaced by V. obtained in the same manner as in Fig. 16 but using the

truncated function Dr,. In both panels, the continuous red lines represent the continuum case and are hence
identical to the corresponding curves in Fig. 16.

is given by
8STGHY ¢ 11 = —c1l — eol(I/N)? + 87GM | (6.5)

with ¢; and ¢; defined in (5.6). Thus we have (I/N)? = (¢pl)"'87GM — ¢1/ca, and (I/N) diverges
for I — 0.

Figure 18 compares the evolutions of the 5-; 16- and 600-cell universe with and without the
truncation as well as with the continuum evolution. We indeed see that the behaviour differs for
small scale factors.

B. Remarks on the path integral

Let us also consider for the case with dust a path integral with boundary condition a(tp) = 0.
Different from the case with a positive cosmological constant, we do have a real solution starting
from a = 0, the Hamilton—Jacobi function is therefore real as long as we use boundary values
ag, a1 < Gmax, where amax = 4GM/(37) is the maximal value of the scale factor that can be
reached by a classical Lorentzian solution. But we encounter a singular behaviour for the continuum
solution: as (a/N) ~ a~'/2 for a — 0, the extrinsic curvature K = 3a/(Na) blows up as a=%/2.
On the other hand, this singular behaviour is rather mild as the momentum p = —(3waa)/(2GN)
even goes to zero for a — 0.

The Hamilton—Jacobi function for the continuum is given by

s
fm -2 <sin1(\/%)—(1—25ﬂ0) 5‘0_5‘3> *

Z (sin—l(\/a) — (1 —2a1)\/a — a1> (6.6)

i

2
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FIG. 18: Left panel: Analytical solutions a(T) of the equations of motion obtained from the Regge La-
grangians LTD\{Shell for the X = 5,16, 600 boundary shells respectively, with dust matter of total mass M and
truncated at second order in a. T" denotes proper time. To obtain dimensionless quantities we rescaled a and
T by amax = 4GM/(37). Right panel: Numerical solutions a(T") of the equations of motion obtained from
the Regge Lagrangians Lp_ghen with dust matter of mass M. The continuous red lines in both panels repre-
sent the exact general relativistic solutions a(7') given in parametric form by a(n) = amax(1 — cos(n —7))/2
and T(n) = amax(n — sin(n — 7)) /2, where 7 is conformal time.

where @; = a;/amax. The sign ambiguities o; = % arise for the same reason as for the case with
positive cosmological constant: one source for the ambiguities is whether ag and a; both refer to
moments where the universe expands or contracts, or not. The second source results from the
possibility to have either positive or negative lapse.

When evaluating a path integral to determine a propagator or solution to the Wheeler-DeWitt
equation, the four classical solutions (6.6) would be associated to four possible saddle points in
an integral over the lapse, as we discussed for the model with cosmological constant in Section II.
Now all saddle points are on the real axis, and would naively all contribute to the path integral (if
we integrate over positive and negative lapse; if we only allow for positive lapse we only have two
saddle points). A more detailed analysis would however involve determining the steepest-descent
contours and identifying the relevant saddle points. For a detailed discussion of these contours in a
model which can have real or imaginary saddle point solutions see, e.g., [51]. The issue of relevant
saddle points was also discussed in [52] where the propagator for a model with a radiation perfect
fluid was evaluated through a path integral. In that work, for the case of a closed universe the
authors only used one of the saddle point solutions by demanding a continuous limit as the spatial
curvature is taken to zero; in this limit some of the solutions, which correspond to a universe that
first expands and then contracts, disappear.

The solutions to the discrete evolution equations are very similar to the continuum ones; we
therefore have the same features (and sign ambiguities) for the discrete Hamilton—Jacobi function
as for the continuum one. In the discrete case, in contrast to the continuum, we do not have a
singular behaviour for [ when I — 0. This is due to the bound (I/N)? < 8 on the generalised
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velocity for the length [. (On the other hand, the momentum p conjugated to [ goes to a finite
value for [ — 0 in both the continuum and discrete theories.) But we remind the reader that, if
we translate this bound to the scale factor variable, it becomes explicitly triangulation dependent:
(a/N)? < 8/v(X)?. In particular, since v(X) is smallest for the 600-cell this bound is already
weaker for the 600-cell compared to the other triangulations. To make definite conclusions about
a singularity avoiding behaviour one should therefore consider an infinite refinement limit, which
requires more general triangulations than the X-cells we have considered in this work.

The Hamilton—Jacobi function can be computed numerically, in the same manner as described
in Section V F. Figure 19 shows the Hamilton—Jacobi functions for different X-cell based triangu-
lations as well as for the continuum for a solution that goes from ag = 0 to a1 = a with a < amax.

We see that the discrete models approximate the continuum quite well. In particular, the
Hamilton—Jacobi functions for the 600-cell based model and the continuum match closely.
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FIG. 19: Rescaled Hamilton—Jacobi function Sshel-g, 1/ (Mamax) as a function of a/amax = I/ (¥(X)amax)
for the three X-cell based shell triangulations compared with the continuum result.

VII. DISCUSSION AND OUTLOOK

In this work we introduced Lorentzian quantum cosmology models based on Regge discretisa-
tions. Lorentzian models in Regge calculus have not been studied extensively so far. We have seen
that already quite simple discretisations come with surprising features, which do not appear for
the Euclidean theory. These simple models could therefore inform us about important choices for
the path integral, in particular which kind of configurations to allow and which to exclude.

One class of such configurations are the ones with irregular light cone structure. These seem
to appear generically and are likely to dominate the path integral, see also [18] for an explicit
numerical evaluation of the path integral with and without such configurations. One possibility to
avoid such a dominance is to only allow configurations with regular light cone structure, as is also
done in Causal Dynamical Triangulations [31].

On the other hand we have seen that the path integral might have saddle points in the complex
plane which amount to an effective Wick rotation to FEuclidean configurations. This raises the
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question of whether to allow in the Regge path integral also 4-simplices with Euclidean signature,
but associated with an exponentially suppressed amplitude. The argument for including these
configurations is also supported by the semiclassical analysis of spin foam amplitudes, in which
such exponentially suppressed contributions appear [41, 42].

Another feature appearing in the Lorentzian shell models is the bound (I/N)? < 8 for the
generalised velocities associated to the length of the spatial edges. This bound is connected to
the change of signature from time-like to space-like for the bulk triangles (or trapeziums) in a
given shell, which also leads to the appearance of configurations with irregular light cone structure.
Interestingly, at least in the limit of infinitesimal small time steps, the regimes with regular and
irregular light cone structure are dynamically disconnected.

This bound (i /N)? < 8 is the main cause for the deviations in the dynamics of the discrete shell
models from the continuum dynamics (where the velocity is not bounded from above). It is likely
to change if more general and refined triangulations are used; notice that already when translating
from [ to the cosmological scale factor a, this bound becomes explicitly discretisation-dependent.
But some kind of bound connected to the change of signature for the triangles (or more generally
bones) in the discretisation might survive and have interesting physical consequences.

We discussed a range of models based on different discretisations, and analysed to which degree
these models reproduce the continuum FLRW model. The models are sufficiently simple to be
accessible to a non-perturbative path integral approach. For example, the recently introduced
effective spin foam approach [16-18] comes with a much improved numerical efficiency which will
allow treating the models presented here. If one takes the limitations of these discrete models into
account, a study of the non-perturbative path integrals promises important insights:

e For the model based on the subdivided 4-polytope discussed in Section IV we only have
one integration variable, which represents the lapse. We have seen that this discretisation
can only qualitatively reproduce the early Euclidean phase of the continuum. But studying
the non-perturbative path integral in this regime already offers a deeper understanding of
Lorentzian quantum cosmology: although there is only one integration variable, the integral
is over an infinite range. The first question is therefore whether, with an appropriate choice
of measure, this integral (which in the spin foam approach actually amounts to a summation)
can be made well-defined. Assuming this is the case, a numerical evaluation could then reveal
which of the saddle points are actually relevant, and thus whether the Euclidean phase does
contribute with an exponentially suppressing or enhancing factor.

e The path integral for one (finite) time step in the shell model, discussed in Section V, also
involves only one integration. The boundary values for the scale factor can be chosen such
that the solutions interpolating between them are either in the Euclidean phase, transitioning
from the Euclidean to Lorentzian phase, or is inside the Lorentzian phase. We can thus again
gain insights about the role of the various, possibly complex, saddle points.

Another important feature of the shell model is the restoration of time reparametrisation
invariance in the limit of vanishing time steps. It will be interesting to see whether such
a reparametrisation invariance can be also obtained in the quantum theory. Whether this
happens might depend on the choice of measure, and can therefore validate a particular
choice. Studying the restoration of reparametrisation invariance will be a crucial test for
the spin foam approach: in spin foams geometric observables such as lengths, areas and
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volumes are discrete. One could therefore expect a minimal size for the time steps, which
could potentially interfere with the restoration of time reparametrisation invariance.

e By coupling gravity to matter, in our case a simple dust model, we obtain a Lorentzian be-
ginning of the universe. We have seen that the discrete evolution equations show singularity
avoidance due to the bound (I/N)? < 8 on the generalised velocity associated to the lengths
of the spatial edges, but that this bound becomes discretisation-dependent if we translate it
to the generalised velocity for the scale factor. As spin foam quantisation implements discrete
spectra for geometric variables such as areas and three-volumes, it can provide a different
mechanism for singularity resolution. Here it would be again important to understand to
which degree this mechanism depends on the choice of discretisation.

Even the spin foam study of the subdivided 4-polytope would go beyond the calculations avail-
able so far for spin foam cosmology, where previous studies [53, 54] considered a so-called dipole dis-
cretisation. The dipole describes the dual graph of the boundary triangulation of a non-subdivided
4-polytope, given by two tetrahedra identified with each other. Such a 4-polytope can however
be considered as degenerate, and its 4-volume vanishes.'® The set-up can be compared to our
discussion in Section IV A based on non-subdivided, but also non-degenerate polytopes.

One main cause for the limitation of the previous results are the high computational demands
for evaluating spin foam amplitudes. The newly introduced effective spin foam models [16-18] very
much reduce the required computational effort but as, e.g., the study of subdivided 4-polytopes
and shells requires integrations or summations over an infinite range, this effort would still be
considerable. This is why we discussed a range of options but also concentrated on the simplest
choices, such as regular 4-polytopes.

There are of course many ways in which the models we have studied can be generalised. This in-
cludes the coupling to different matter sources, e.g., more general perfect fluids [49]. The models can
be also easily generalised to include anisotropies and inhomogeneities '”. Their (non-perturbative)
study would require more numerical resources, but already quite simple models could reveal more
about potential instabilities for the dynamics of inhomogeneities in Lorentzian quantum cosmology
[5]. Another interesting extension is to modify the shell model and introduce a time-dependent
discretisation for the shells [38, 39], allowing for the generation of new modes during time evolution.

Appendix A: Triangulation for the shells

Here we will discuss how to construct triangulations of four-dimensional spherical shells, such
that their inner and outer boundary is given by the boundary of the 5-cell, 16-cell or 600-cell.

16 The classical limit discussed in [53, 54] does not describe a closed, but a spatially flat FLRW universe. The
conclusion in [54] seems to be that more interesting dynamics (including spatial curvature) would require more
complicated boundary graphs. A cosmological constant introduced by modifying the spin foam amplitude [55] was
based on the nonvanishing 3-volume, rather than the vanishing 4-volume. [54] also includes a discussion of the
Hamiltonian dynamics (for dipole graphs) which can be compared with our discussion of the shells and the limit
of taking infinitesimal time steps. For further discussion of the choices made in these previous models of spin foam
cosmology see also [56].

The simplest model allowing for an anisotropy is based on the 5-cell, where one allows the appearance of two
different boundary lengths. This can be done so that each vertex neighbourhood has still the same geometry, and
one can choose all bulk edge lengths to be equal.

17
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To this end we will first consider a triangulation of the four-dimensional auxiliary building blocks
(frusta) of topology 7 x [0,1]. We denote the vertices of the tetrahedron 7 x {0} by {1,2,3,4}
and the vertices of the tetrahedron 7 x {1} by {1’,2',3’,4’}. We then define the triangulation of
B =7 x [0, 1] to consist of the four-simplices

B={{1,2,3,4,4},{1,2,3,3,4'},{1,2,2,3,4},{1,1/,2/, 3", 4'}} . (A1)

We define the lengths of edges in 7 x {0} to be [y and the lengths of edges in 7 x {1} to be l;. Edges
of the form e = (v,v’) (e.g., e = (1,1’)) are called struts; their length squared is defined to be m3.
We furthermore have edges e = (v,w’) with v < w (e.g., e = (1,2')). These are the diagonals in
the trapeziums (v, w,v’,w') and are defined to have length squared d3.

To construct the triangulation for the entire shell, we glue a four-dimensional building block B
on top of every tetrahedron in the triangulation of the three-sphere. Consider two such tetrahedra
71, T2 sharing a triangle ¢. To be able to glue By = 71 x [0,1] to Bs = 75 X [0, 2] we must require
that all the diagonals in ¢ x [0, 1], coming respectively from the triangulation of By and Bs, agree.
To ensure this we can proceed as follows: enumerate the vertices in the triangulation of the three-
sphere. The triangulation of the four-dimensional shell has a vertex set given by the union of
{1,2,...,n,} and {1',2',...,n)}, where n, is the number of vertices in the triangulated three-
sphere. We order the vertices for each tetrahedron 7 in the three-shell. For a given tetrahedron
7 = {v1,v2,v3,v4} With v; < vy < v3 < vy we map the ordered set {vy,v2,v3,v4} to the ordered
set {1,2,3,4} and define an associated triangulated frustum B as in (A1l).

This ensures that for a given set of trapeziums {v,w,v’,w'}, which are all identified to each
other under gluing, the diagonals agree in orientation: the diagonal edge is given by {v,w’} if
v < w and by {w,v'} if w < v.

As an example, we provide here the set of four-simplices in the triangulated shell based on the
5-cell partitioned into five frusta B;,i =1,...,5:

B = {{1,2,3,4,4'},{1,2,3,3,4'},{1,2,2',3 4"}, {1,1",2/,3' 4'}},
By = {{1,2,3,5,5'},{1,2,3,3,5'},{1,2,2/,3 .5}, {1,1",2/,3,5'} },
By = {{1,2,4,5,5'},{1,2,4,4' 5'},{1,2,2/,4' .5}, {1,1",2/,4,5'}},
By = {{1,3,4,5,5'},{1,3,4,4',5'},{1,3,3",4',5'},{1,1",3',4' 5"} },
Bs = {{2,3,4,5,5'},{2,3,4,4',5'},{2,3,3,4',5'},{2,2',3",4',5'}} . (A2)
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