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SUMMARY

Observations from different disciplines have shown that our planet
is highly heterogeneous at multiple scale lengths. Still, many seismo-
logical Earth models tend not to include any small-scale heterogene-
ity or lateral velocity variations, which can affect measurements and
predictions based on these homogeneous models. In this study, we
describe the lithospheric small-scale heterogeneity structure in terms
of the intrinsic, diffusion and scattering quality factors, as well as an
autocorrelation function, associated with a characteristic scale length
(a) and root mean square (RMS) fractional velocity fluctuations ( ).
To obtain this characterization, we combined a single-layer and a
multi-layer energy flux models with a new Bayesian inference algo-
rithm. Our synthetic tests show that this technique can successfully
retrieve the input parameter values for 1- or 2-layer models and that
our Bayesian algorithm can resolve whether the data can be fitted by
a single set of parameters or a range of models is required instead,
even for very complex posterior probability distributions. We applied
this technique to three seismic arrays in Australia: Alice Springs ar-
ray (ASAR), Warramunga Array (WRA) and Pilbara Seismic Array
(PSA). Our single-layer model results suggest intrinsic and diffusion
attenuation are strongest for ASAR, while scattering and total atten-
uation are similarly strong for ASAR and WRA. All quality factors
take higher values for PSA than for the other two arrays, implying
that the structure beneath this array is less attenuating and heteroge-
neous than for ASAR or WRA. The multi-layer model results shows
the crust is more heterogeneous than the lithospheric mantle for all
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arrays. Crustal correlation lengths and RMS velocity fluctuations for
these arrays range from 0.2 — 1.5 km and 2.3 — 3.9 % respectively.
Parameter values for the upper mantle are not unique. Both low (<2
km) and high (=5 km) correlation length values are equally likely and
takes values up to 6% and 7% for ASAR and WRA respectively
and up to 3% for PSA. We attribute the similarities in the attenu-
ation and heterogeneity structure beneath ASAR and WRA to their
location on the proterozoic North Australian Craton, as opposed to
PSA, which lies on the archaean West Australian Craton. Differences
in the small-scale structure beneath ASAR and WRA can be ascribed
to the different tectonic histories of these two regions of the same cra-
ton. Overall, our results highlight the suitability of this technique
for future scattering and small-scale heterogeneity studies, since our
approach allows us to obtain and compare the different quality fac-
tors, while also giving us detailed information about the trade-offs and
uncertainties in the determination of the scattering parameters.

Keywords: Structure of the Earth, Australia, statistical methods, coda waves,
seismic attenuation, wave scattering and diffraction.
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3 I. N. Gonzalez-Alvarez et al.

1 INTRODUCTION

The Earth is heterogeneous on a variety of scales, ranging from the grain scale
to scales of hundreds of kilometers. This heterogeneity is evident in data from
geo-disciplines with varying sensitivity to scales, such as geochemistry, mineralogy
or seismology (e.g. Wu and Aki, 1988). Due to the seismic wavelengths, most
seismological Earth models are laterally homogeneous or smoothly varying, with a
lack of small-scale heterogeneity (e.g. Helmberger, 1968; Dziewonski and Anderson,
1981; Kennett and Engdahl, 1991; Randall, 1994). This limits our understanding
of high-frequency seismic wave propagation and challenges in seismic imaging of
small-scale heterogeneities remain.

Many seismic studies published before the 1970s were based on laterally ho-
mogeneous Earth models (e.g. Alexander and Phinney, 1966) which were able to
explain the propagation of long period signals, but failed to explain high frequency
seismograms. Aki (1969) showed that the power spectra of coda waves for a given
station are independent of epicentral distance and earthquake magnitude. He
proposed that codas were caused by backscattered energy from discrete hetero-
geneities randomly distributed beneath the stations. The presence and shape of
the coda strongly depends on the heterogeneity structure and the geology beneath
the station. Later studies (e.g. Aki and Chouet, 1975; Rautian and Khalturin,
1978) showed that the stable decay in coda wave amplitude was also indepen-
dent of epicentral distance and source mechanism, fully supporting the scattering
hypothesis.

Methods to study heterogeneity and scattering within the Earth vary depend-
ing on the type of the heterogeneity. Many seismological studies use deterministic
methods to characterize the structure of the Earth (e.g. Christensen and Mooney,

1995; Zelt and Barton, 1998) or to find individual scatterers and try to obtain their
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particular characteristics and locations (e.g. Etgen et al., 2009). Marchenko imag-
ing (e.g. Thorbecke et al., 2017; van der Neut et al., 2015) or migration techniques
(e.g. Etgen et al., 2009) are often used in reflection seismology to study shallow
structure and are a good example of deterministic methods. These techniques tend
to have limited spatial resolution due to the wavelength of the studied waves and
do not take into account small-scale heterogeneities (on the order of magnitude of
the wavelength), therefore failing to explain or reproduce the complex coda waves
we see in seismograms. Therefore, a stochastic description of the heterogeneity dis-
tribution is often necessary for scattering studies (e.g. Korn, 1990, 1997; Margerin,

2005; Hock et al., 2004; Ritter et al., 1998).

A stochastic approach (e.g. Frankel and Wennerberg, 1987; Shapiro and Kneib,
1993; Hock et al., 2004) gives a statistical description of the structure and deter-
mines the integrated effect of heterogeneity on seismic waves propagating through
it, so the characteristics and locations of individual scatterers are not relevant.
Studies (e.g. Aki, 1973; Flatté and Wu, 1988; Langston, 1989) showed the crust
and lithospheric heterogeneity to be statistically complex and the necessity of
heterogeneous Earth models that were capable of explaining not only the main
waveforms but also coda waves. Seismic wave propagation through heterogeneous
stochastic media can be described using several methods. Single-scattering pertur-
bation theory (e.g. Aki and Chouet, 1975; Sato, 1977, 1984) considers scattering to
be a weak process and coda waves the superposition of single scattered waves gen-
erated at randomly distributed heterogeneities within the Earth. It often makes
use of the Born approximation (e.g. Sato et al., 2012), a first-order perturbation
condition which does not take into account the energy loss from the primary waves.
As a result, energy is not conserved in the scattering process (e.g. Aki and Chouet,

1975). Radiative transfer theory, initially developed for light propagation (Chan-
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drasekhar, 1950) and later modified for and applied to seismology, has been used
in several scattering and attenuation studies (e.g. Margerin, 2005; Sato et al., 2012;
Wu, 1985; Fehler et al., 1992).

In this study, we combine two stochastic methods, the single layer modified
Energy Flux Model (EFM, Korn, 1990) and the depth dependent Energy Flux
Model (EFMD, Korn, 1997), with a Bayesian inversion algorithm which allows us
to characterise small-scale lithospheric heterogeneity by fully exploring the scatter-
ing parameter space and obtain information about the trade offs and uncertainties
in the determination of the parameters. We applied these methods to a large
dataset of teleseismic events recorded at three seismic arrays of the Australian
National Seismic Network: Alice Springs Array (ASAR) and Warramunga Ar-
ray (WRA), which are primary seismic arrays from the International Monitoring

System network, and Pilbara Seismic Array (PSA).
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2 METHODS

We use the random medium approach, which considers the propagation of seismic
waves through a background medium with constant velocity and random het-
erogeneities distributed according to a given autocorrelation function (ACF). This
ACF depends on the RMS fractional velocity fluctuations, , and the characteristic
or correlation length, a, which defines the spatial variation of the heterogeneities.
By obtaining these parameters, it is possible to obtain a statistical description
of the sampled structure that reveals the strength of the scattering experienced
by seismic waves. The modified Energy Flux Model (EFM) and depth-dependent
Energy Flux Model (EFMD) can be used for both weak and strong scattering (e.g.
Korn, 1990; Hock and Korn, 2000; Hock et al., 2004) and allow determining the
best-fitting ACF of the heterogeneous medium. Both methods work under the as-
sumption of planar wavefronts and vertical or near-vertical incidence from below
on a single scattering layer (EFM) or stack of layers (EFMD), conditions well met
by teleseismic events.

Here we present a short introduction to the EFM and EFMD. Full details
about the methods can be found in Korn (1990), Korn (1997), Hock and Korn

(2000) and Hock et al. (2004).

2.1 The Modified Energy Flux Model for a single scat-
tering layer

When a plane wavefront enters a heterogeneous unlayered medium from below,
part of the energy propagates with the ballistic wavefront, while part forms the
forward scattered coda energy that arrives later at the surface and some energy

scatters back into the half-space. Total energy Ego is conserved in this process
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7 I. N. Gonzalez-Alvarez et al.

and we can write it in terms of frequency, !, and time, t, as

Ewot(1;t) = Ea(¥;t) + Ec(¥;t) + Eai (1;1); (1)

with Eq being the energy of the direct wave, E; the energy transferred from
the direct wave into the coda (forward scattered) and Eg; the energy diffusion
(backscattering) from the current layer back into the half-space. The energy that is
transferred from the incoming wavefront to the scattered coda and the backscat-
tering to the half-space can be expressed as an energy loss for the direct wave,
controlled by a quality factor Qg for scattering and Qgj for diffusion. To take
into account anelastic (intrinsic) attenuation, we use the quality factor Qj. The
EFM assumes spatially homogeneous coda energy within the scattering layer. En-
ergy transfer into the coda due to scattering or anelastic losses stops once the
ballistic wave leaves the scattering layer after totally reflecting at the free surface,

while diffusion out of the scattering layer can continue after that.

A linear least-squares fit of the theoretical coda power spectral density allows
us to calculate the coda decay rate, a;, and its amplitude at zero time, ay (Korn,
1990, 1993). The values of Q; and Qgi at 1 Hz, Qjo and Qqg, can be obtained

from values of a; at different frequencies via

a(l)= 2 [Qdol+Qi01(!:2 )t Jlogyge; (2)

where is the exponent controlling the frequency dependence of Q; (Korn, 1990,
Eq. 17). Egs. 16 and 17 from Korn (1990) allow us to determine Qg; and Qj
at different frequency bands. Laboratory measurements of have shown that it
probably remains below 1 for most of the frequency range considered here (Korn,

1990, and references therein). Our attempts at obtaining as a third free param-
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eter in the least-squares inversion of Eq. 2 revealed a very complicated trade-off
with Qjg and Qqg, with high values of corresponding to negative values of Qijg
and/or Qqg. Therefore, we limited to the range of 0.0 - 0.6, in steps of 0.1, and
chose the value that minimised the misfit to the data. Both our results and those
of Korn (1990) show that has a strong effect on Q; but only weakly affects Qgj

The impossibility to fully invert for makes it difficult to accurately calculate Qj
with the EFM. However, given that Q;j is generally much larger than Qgj , since
diffusion becomes more important with increasing source distance (Korn, 1990),

we can expect the effect of anelasticity on coda levels to be small.

The coda amplitude at zero time, ag, is related to Qs through
Qs 2Ip'10 ; (3)

Ip being the integral of the squared amplitude envelope, A%(t; 1), over the time
window of the direct wave arrival (Hock and Korn, 2000). We can then use the
relationships between Q¢! and the structural parameters for different types of
ACFs obtained by Fang and Miiller (1996) to determine the type of ACF that fits
the data best, as well as a first estimation of the correlation length (a) and the

RMS velocity fluctuations ( ) for a single scattering layer.

Finally, the total quality factor, Qot, can be calculated as:

1 1 1 1
Quot  Qui * Qi * Qs )

The eight different one octave-wide frequency bands we used in our analysis

for both methods are shown in Table 1.



130

131

132

134

135

136

137

138

139

140

141

142

143

144

145

146

147

9 I. N. Gonzalez-Alvarez et al.

Table 1. List of all frequency bands used in this study.

Frequency band A B C D E F G H
Minimum frequency (Hz) 0.5 075 1 1.5 2 25 3 35
Maximum frequency (Hz) 1.0 15 2 3 4 5 6 7

2.2 The Energy Flux Model for depth-dependent het-

erogeneity

Korn (1997) modified the EFM to include depth-dependent heterogeneity. In this
model, a plane wavefront enters a stack of N heterogeneous layers from below.
Each layer j has its own characteristic transit time tj and scattering quality
factor Qs;, which is calculated from the structural parameters aj and j (Fig. 1)
using the analytical approximation for isotropic exponential media obtained by
Fang and Miiller (1996). The stack of layers is symmetric with respect to the
free surface, which is located at the center of the stack to take into account the

reflection of the wavefront.

For a given angular frequency ., the normalised coda energy envelope of a
velocity seismogram at the free surface is computed from the squared amplitude
envelope A2(t; 1.) and is related to the energy balance within the different layers
in the model through

S S

Ib  tnEp(tn; Te)

()

with Ec,, (t; 1¢) being the spectral coda energy density of the layer containing the
free surface, ty the traveltime from the bottom of the stack of layers to the free
surface and Ep(t; 1¢) the energy density of the direct wave at the free surface. Qs

and Qj control the decay of the direct wave energy over time due to scattering and
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intrinsic attenuation via

R N —1 -1

where tj represents the one-way travel time through each layer. The energy balance

within layer j (j = 1;:::;N) is represented by

dECj 1
1
—Ec. (t)H (t  t;
Iy c (OH(t t 1)
—Ec. HH(t t;
FrpEe L OHE 4 )

1 ; (7)

B OH( )
Q!ijEcj OH@T § 1)
+5 Eo(MH(t t )H(t 1)

QSj

where H is the Heaviside function. The first two terms of Eq. 7 describe the energy
flux from layer j to the layers above and below, while the next two terms describe
the opposite flux from the neighbouring layers into layer j. The last two terms
represent the anelastic or intrinsic energy loss and the direct wave energy input
into the layer. In practice, for a given model m, comprising a single value of a and

for each layer in the stack, Ep is calculated for each time sample using Eq. 6,
starting from the measured energy value at the free surface. Then, the system of
linear differential equations in Eq. 7 is solved for each layer in the model. Finally,

synthetic coda envelopes are calculated for each frequency band using Eq. 5.
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j+1l)a., €., ot ~ —_—

j+17 Tj+1? j+1

-

Direct wave Diffusion
= Scattering == |Ntrinsic attenuation

Figure 1: Total energy balance for layer j, according to the EFMD. (After Korn, 1997).

2.2.1 Bayesian inference

We use a Bayesian approach to obtain the values of the structural parameters for
each layer in the model (e.g. Tarantola, 2005). In this approach, the aim is not to
obtain a best fitting model, but to test a large number of models with parameters
drawn from a prior probability distribution p(m) (or prior) defined by our previous
knowledge on them. In our case, we assume we have no previous knowledge on

the value of the parameters and use a uniform prior.

The likelihood associated with model m, p(djm), is the probability of observing
our data, d, given the model parameters in m. We used the Mahalanobis distance
®(m) (Mahalanobis, 1936) between d, with variance-covariance matrix C, and the

synthetic envelopes g(m), to calculate the fit to our data:
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which we then applied to the calculation of the likelihood of model m:

p(dim) = P exp (M) (9)

(2 )"Ci 2
Bayes’ theorem (Bayes, 1763) allows us to calculate the corresponding sample of

the posterior probability distribution (or posterior), that is, the probability density

associated with model m, or p(mjd):
p(mjd) 7 p(djm)p(m) (10)

We create an initial model by selecting a random value for the correlation length
and velocity fluctuations in all layers in the (8min; 8max) Or ( min; max) intervals,
with 8min = 0:2 min [m], @nax = 2 max [M] ( min and max being the mini-
mum and maximum wavelengths in the layer, depending on signal frequency and
background velocity), min = 4:5 10 3 % and max = 10 %. These maximum
and minimum values were chosen considering the relevant range for detectable

scattering while being geologically feasible (e.g Korn, 1993; Hock et al., 2004).

We then applied the Metropolis-Hastings algorithm (Metropolis and Ulam,
1949; Metropolis et al., 1953; Hastings, 1970) to sample the posterior probability
distribution and generate our ensemble of solution models. This way, at every
time step, this Markov Chain Monte Carlo (MCMC) algorithm generates a new
model m? by randomly choosing one of the parameters in the previous model (m)
and updating its value by adding a random number in the ( a; a)or ( ; )
interval, with aand being the step size for correlation length and RMS velocity
fluctuations respectively. In case the new value of the parameter exceeds the
boundaries defined by (&min; @max) or ( min; max), the distance A to the boundary

is calculated and the new parameter value is forced to bounce back into the valid
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parameter range by the same distance A. The algorithm then takes model m? and
uses Eqgs. 7 and 5 to obtain the corresponding synthetic envelopes. In order to
decide whether to accept or reject the new model, the algorithm uses the posterior
probability exponent (Eq. 9), ®(m)=2, called here the loglikelihood, L, associated
with model m, as an estimator of the likelihood and the goodness of the fit to
the data. Thus, if L(m)=L(m") 1, m® will be accepted. If L(m)=L(m!) < 1,
however, it will only be accepted if exp(L(m) L(m%) g, q being a random
number between 0 and 1. This algorithm ensures that parameter values closer
to the true value have high likelihoods and are accepted more often than values
further from the true value. The acceptance rate (AR) represents the percentage
of times new parameter values were accepted through the Markov chain. There
are several criteria defining what the value of the AR should be, most of them
making assumptions about the properties of the target distributions (e.g. Brooks
et al., 2011). In our case, since we do not have any a priori information about
the posterior distributions, we aimed at AR values between 30-60 %. Finally we
calculate the 5- to 95- percentile range (PR) for each parameter in each layer in

the model from our ensemble of accepted models.

For more detailed descriptions of Bayesian inference and MCMCs, we refer the

reader to Tarantola (2005) or Brooks et al. (2011).

2.2.2 Synthetic tests

We tested our EFMD inversion code with five different synthetic datasets, with
varying number of layers and parameter values. These models, together with a
summary of our synthetic tests results, are shown in Table 2. In all of them,
we used Pilbara Seismic Array (PSA, Section 3) as a test array and obtained its

velocity model and Moho and lithosperic depths from the Australian Seismological
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Reference Model (AuSREM, Kennett and Salmon, 2012; Kennett et al., 2013;
Salmon et al., 2013b), although our results should be applicable to all arrays.

Frequency bands used are listed in Table 1.

Figures 2, 3 and 4 below, and S1 and S2 in the Supplementary Material,
illustrate the results from our synthetic tests for Models 1 to 5 (Table 2). In
order to test the convergence of our algorithm, we ran three independent Markov
chains for each model, with a total of 3 million iterations (parameter combinations
tested) for the single layer model, 9 million for the 2-layer models, and 15 million
for the 3-layer model. In all of them, for each chain, we discarded the models
corresponding to the burn-in phase, during which the algorithm is not efficiently
sampling the posterior probability distribution and models are still affected by the
random initialization of the Markov chain. In order to define the point at which the
algorithm reached convergence and the burn-in phase ended, we first calculated the
mean loglikelihood value in the second half of the chain (during which the algorithm
is stable) and then subtracted 5% off that value. We consider the algorithm has
converged the first time it accepts a model with loglikelihood L equal or higher
than this value. Our threshold was defined based on the observation, in test runs of
the EFMD, that L generally remained stable after reaching the defined threshold
for the first time. L provides an estimation of the goodness-of-fit of the synthetic
data to our real data and takes negative values, meaning fits improve as L gets
closer to zero (Eq. 9). In terms of parameter values, we consider that a narrow
5-95 percentile range (PR) points to clearly determined values of the structural
parameters, while wide 5-95 PRs would suggest multiple parameter values are

equally likely and good at fitting our data.

For Model 1, with a single layer encompassing the entire lithosphere, all three

chains reached stability and converged within 10000 iterations. Panels d—f in Fig.
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Table 2: Summary of the synthetic model layering and our synthetic tests results.
For each model, we include the 5-95 percentile range (PR) and the acceptance rate
(AR) for each parameter, as well as the maximum loglikelihood (L) found during
the inversion.

Model Number  Layer Input model Correlation length (@) RMS velocity fluctuations () Maximum
of layers number a (km) (%) 5-95PR (km) AR (%) 5-95PR (%) AR (%) L

1 1 1 5.0 5.0 4.99 - 5.05 23 4.99 - 5.00 8 -2.5
1 2.0 5.0 1.7-24 48 -5.3

2 2 2 3.0 4.0 28 -34 12 39-4.1 47 -0.02
1 1.0 7.0 1.00 - 1.01 6.95 - 7.02

3 2 2 6.0 10 7-32 51 1.0-1.8 4 003
1 6.0 1.0 6 —25 . 1.0 -1.8 -

* 2 2 10 7.0 0.998  1.002 0 6998 - 7.003 o e
1 1.0 4.0 1-23 0.1-4.7

5 3 2 2.0 3.0 1-21 52 0.6 -6.1 31 -0.02
3 4.0 2.0 3-30 1.8 -33

2 show our posterior probability density functions (PDFs) for each parameter, as
well as the joint PDF. In both cases, the distributions are approximately Gaus-
sian and symmetric, with the 5-95 PR being  0:06 km and  0:01% wide for
the correlation length and RMS velocity fluctuations respectively (Table 2), which
indicated that the range of suitable values of the parameters is very well defined.
The algorithm slightly overestimates the correlation length and underestimates the
RMS velocity fluctuations, with the input value of the parameter being included
in the 5-95 PR for the latter but not for the former (Table 2, Fig. 2). However,
the difference between the central value of the PDFs and the true value of the
parameter is < 0:4% for both the correlation length and the RMs velocity fluc-
tuations. Graphs on the right hand side of Fig. 2 (panels g-n) show histograms
of the synthetic envelopes for our ensemble of accepted models for all frequency
bands. As frequency increases, both envelope amplitudes and width of the ensem-
ble of synthetic envelopes increase too. However, in all cases, the highest density
of envelopes, indicated by a dark brown color, is found in a very narrow line that
matches the input data envelopes, not only in the time window used for the fit
(shadowed area in the plots), but also outside of it.

Model 2 contains two layers, representing the crust and lithospheric mantle.
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Our three chains converged in less than 120000 iterations and remained stable for
the rest of the inversion, as shown in panels a—c in Fig. 3. Panels d—i in this figure
summarise our results. In this case, the PDFs for the parameters in both layers
are narrow (the 5-95 PR is < 0:7 km wide at most for a and < 0:5% for ) and
approximately centered around the input values, even if they are not Gaussian and
show some local maxima. The true values of the parameters lie within the 5-95
PR in all cases, near the center of the joint PDFs, and the maximum difference
between the input values and the absolute maxima of the PDFs is 2%. Panels j—q
in Fig. 3 indicate fits to the synthetic data are good, since they show again that
the largest concentration of synthetic envelopes for all frequencies coincides with

the input data envelopes.

Models 3 and 4 have the same interface structure as model 2 (Table 2) and
investigate high contrast situations in which a strong heterogeneity layer is above
or below a layer containing weak heterogeneities respectively. Figs. S1 and S2
summarise our results and can be found in the Supplementary Material. In both
cases, the chains reached stability within 11000 iterations. Posterior PDFs for the
strongly scattering layer are approximately Gaussian and narrow for both models
3 and 4, with maxima that deviate from the input parameter values by 0.4%
at most (Table 2). The weakly scattering layer, however, is poorly resolved for
both models. The posterior PDFs for this layer are very similar in both cases
and clearly non-Gaussian. They show multiple maxima that do not correspond
to the input parameter values, which widens the 5-95 PR, especially for a. The
RMS velocity fluctuation values seem to be constrained to the range from 0.5-
1.9 % for both models, while the shape of the PDFs suggests any value of the
correlation length would be equally acceptable, even if large values (> 5 km) are

favoured. The stability of the chains, shown in panels a—c in Figs. S1 and S2,



287

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

17 I. N. Gonzalez-Alvarez et al.

together with the ensemble of synthetic envelopes on panels j—q, indicate that all
these models provide similarly good fits to the data and have similar loglikelihoods.
This observation points to solutions being highly non-unique, and to the scattering
parameters of the weakly heterogeneous layer not being easily recoverable for these

high contrast cases.

Finally, model 5 contains three layers, with boundaries corresponding to upper
and lower crust and lithospheric mantle. Our results are shown in Figs. 4 and
Table 2. Chains converged in less than 130000 iterations. In all cases, PDFs
are clearly non-Gaussian (panels d-1 on Fig. 4) and have complex shapes, which
widens the 5-95 PR and increases the range of suitable values of the parameters.
The correlation length PDFs show clearly defined maxima near the true values of
the parameter in all layers (the maximum distance between the maximum and the
input parameter value being 0.35%). RMS velocity fluctuations PDFs are more
complex and neither of them show clear maxima near the input parameter values.
Figure S3 contains the marginal PDFs for all parameters in all layers, as well
as the PDF for each individual parameter. It shows a strong trade-off between
parameter values in different layers of the model, especially the two crustal layers,
and allows us to identify two independent sets of parameters from our results (see
Section S.1 in the Supplementary Material for details). This interaction between
the parameters is caused by two main factors: first, the energy balance the EFMD
is based on (Eq. 7) is strongly dependent on the layering of the model, since
the maximum energy that can be present within a layer at any time depends on
its thickness (i.e. energy leaks out of thinner layers faster); second, correlation
length values have a much smaller effect on coda amplitudes, compared with RMS
velocity fluctuations, so the algorithm uses to compensate the excess or lack of

energy within a layer and match data coda amplitudes. Since panels m—t on Fig.
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4 do not show two clearly different sets of envelopes in our ensemble of synthetic
envelopes, and given that the loglikelihood values remained stable throughout the
three independent chains we ran for this example, we conclude that both sets of
parameters we obtained from our inversion provide equally good fits to the data,
even if neither of them match our input parameter values.

Overall, our results show that our Bayesian algorithm is capable of successfully
fitting our data and retrieving the input parameter values for our 1-layer and 2-
layer models. For our 3-layer model, however, the method provides good fits
to the data but fails to obtain the correct parameter values, so we cannot trust
results from this model for real data inversions, since we do not know what the
scattering parameters are beforehand. Our observations illustrate the usefulness
of the Bayesian approach we took in this study. It provides detailed information
about the parameter space and indicates whether a single set of parameters that fits
our data exists or a range of models can equally match the data. Any estimation
of scattering parameters in a maximume-likelihood framework would therefore have
led to erroneous conclusions about the physical parameters in this system, which
we have avoided. The joint PDFs highlight the complicated relationships and
trade-offs between the model parameters in the different settings explored here,
which had not been observed in previous studies using the EFMD. We do not
observe systematic overestimation of a in the EFMD, as reported by Hock et al.
(2004). This observation might be related to the limited number of models tested

in grid search approaches and the observed trade-offs between parameters.






