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Analytical Modelling and Optimization of Output 
Voltage Harmonic Spectra of Full-Bridge Modular 

Multilevel Converters in Boost Mode 
Sumeet Singh Thakur, Milijana Odavic, Ahmed Allu, Z. Q. Zhu, Fellow, IEEE, and Kais Atallah 

Abstract- This paper develops a new closed-form analytical 

solution to the harmonic spectrum of the Full-Bridge (FB) 

Modular Multilevel Converter (MMC) with phase shifted carrier 

pulse width modulation. It considers FB-MMC operation in boost 

mode where the negative-voltage states of the FB Sub-Modules 

(SMs) are utilized to extend the ac operating voltage range and/or 

reduce the dc link voltage which is known to reduce the energy 

storage requirement. The solution is based on Double Fourier 

series expansion in two variables. The harmonic distribution of the 

output voltage is analyzed and the effects of the modulation index 

and the number of SMs on the output voltage harmonics are 

revealed. The influence of the upper/lower arm carrier phase shift 

angle is also investigated. Using the analysis, selection of the 

number of SMs, the modulation index and the upper/lower arm 

carrier phase shift angle are specified for output voltage harmonic 

minimization. The findings are verified by simulation and 

experimental results.  

Index Terms—harmonic spectrum, analytical modelling, 

modular multilevel converter, full bridge sub module, negative-

voltage states. 

NOMENCLATURE 𝑥 ൌ ሼ𝑎, 𝑏, 𝑐ሽ Phase a, b, c. 𝑟 ൌ ሼ𝑢, 𝑙ሽ Upper arm, lower arm. 𝑘 ൌ ሼ1,2,3. .𝑁ሽ 𝑘௧௛ SM in an arm.𝑁 Number of cascaded SMs in one arm. 𝑀଴ Dc component in the modulation signal. 𝑀ଵ Amplitude of modulation signal fundamental component. 𝑀௫௥,௞ Modulation signal of upper/lower arm 𝑘௧௛ SM.𝑀௫,௅௅௥,௞ Modulation signal of upper/lower arm 𝑘௧௛ SM left leg.𝑀௫,ோ௅௥,௞ Modulation signal of upper/lower arm 𝑘௧௛ SM right leg. 𝜔௢ Grid frequency (rad/s). 𝜔௢ ൌ 2𝜋𝑓௢. 𝜃௫ Initial phase shift of the phase 𝑥  

(𝜃௫ ൌ ሼ0,െ2𝜋/3,2𝜋/3ሽ for  𝑥 ൌ ሼ𝑎, 𝑏, 𝑐ሽ).𝑣௚௫ Ac side/grid side phase voltage (V). 

𝑣௠௫ MMC fundamental phase voltage (V). 𝑣௢௫ MMC PWM phase voltage (V). 𝑖௫ Ac side/grid side phase current (A). 𝑉௚ Amplitude of ac side/grid side phase voltage (V). 𝑉௠ Amplitude of MMC phase voltage (V). 𝐼௠ Amplitude of ac side/grid side phase current (A). 𝜙௠ AC current phase angle (rad). 𝐸 Dc side voltage (V). 𝑘௠ Converter modulation index (ac to dc voltage ratio). 𝑖ௗ௖ Dc side current (𝐼ௗ௖ in steady-state) (A). 𝑣௫,௅ே௥,௞ Left leg output voltage of 𝑘௧௛ SM in upper/lower arm (V). 𝑣௫,ோே௥,௞ Right leg output voltage of 𝑘௧௛ SM in upper/lower arm (V).𝑣௫௥,௞ Ac/output side voltage of 𝑘௧௛ SM in upper/lower arm (V).𝑣௫௥ Upper/lower arm voltage of phase 𝑥 (V). 𝑣௖,௫௥,௞ SM capacitor voltage of 𝑘௧௛ SM in upper/lower arm (V).𝑉௖଴ dc/average value of SM capacitor voltages (V). Δ𝑉௖ SM capacitor voltage ripple (%). 𝑒௫௥ Instantaneous arm energy variation (J). Δ𝑒 Arm energy peak-peak ripple (J). 𝑖௫௥ Upper/lower current of phase 𝑥 (A). 𝑖௭,௫ Circulating current of phase 𝑥 (A). 𝑅௕ Effective arm resistance (Ω).𝐿௕ Inductance of arm inductor (H). 𝑅௚ Resistance of ac/grid side filter/transformer (Ω).𝐿௚ Inductance of ac/grid side filter/transformer (H). 𝜔௖ Switching frequency (rad/s). 𝜔௖ ൌ 2𝜋𝑓௖. 𝑓௖ Switching frequency (Hz). 𝑧 Intermediate variable. 𝑧 ൌ 𝜔௖𝑡 ൅ 𝜃௖. 𝑦 Intermediate variable 𝑦 ൌ 𝜔୭𝑡 ൅ 𝜃௫𝜃௖ PWM carrier phase shift angle (rad). 𝜃௖௥,௞ PWM carrier phase shift angle of 𝑘௧௛ SM in upper/lower arm (rad).𝜃௣ PWM carrier phase shift angle of the upper arm with respect to the 

lower arm (rad). 𝑀௣௞ Peak of the modulation signal. 𝑚 Multiples of carrier frequency. 𝑛 Multiples of fundamental frequency. 𝐽௞ሺ𝑢ሻ Bessel function of 𝑘௧௛ order with argument 𝑢. 𝑗 Imaginary part of complex number. 𝑅𝑒 Real part of complex number. 𝐹 Number of negative-voltage states in the arm voltage. 𝑡 time (s) 𝑇 Fundamental time period (s) 

roundሺ ሻ round to nearest integer. 

ceilሺ ሻ round towards positive infinity (next higher integer). 
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I. INTRODUCTION

Modular Multilevel Converters (MMCs) are modular, efficient, 
provide better power quality, and easy scalability to medium 
and high voltages. MMCs are popular for high voltage direct 
current transmission, medium voltage drives and renewable 
energy storage systems [1]–[7]. Of the various Sub-Module 
(SM) topologies of MMC, the Half-Bridge (HB) SM topology 
i.e., HB-MMC is most popular due to its lower device count.
Numerous publications have discussed the HB-MMC operation
and steady-state modelling [8]–[11]. The major drawbacks of
the HB-MMC are the lack dc fault handling and ride through
capability which have led to the research in alternative SM
topologies [1]. FBSM based MMC has gained popularity as it
overcomes the above-mentioned limitations of HB-MMC i.e.,
the converter can support the ac system with reactive power
control during dc faults for improved system stability. The
FBSMs are sometimes referred to as bridge-cells, and the FB-
MMC as double-star bridge-cell configuration [12]. The FBSM
consists of a dc capacitor and four switching devices (IGBTs,
MOSFETs etc) and can produce zero, positive and even
negative output voltage switching states. For this reason, the
FB-MMC can operate with arbitrary dc link voltages and even
achieve ac to ac direct power conversion [2], [12]. Thus, the
FB-MMC can be also operated with zero and negative dc
voltages, thereby facilitating operation even during dc side pole
to pole or pole to ground faults [12], [13], [16]. However, the
FB-MMC has twice the number of switching devices compared
to the HB-MMC and thus suffers from increased size, cost, and
losses. In recent works, the negative-voltage states of the
FBSMs are also utilized under normal/healthy operation to
improve the device utilization by increasing the converter
modulation index and extending the ac output voltage range
[17]. Moreover, the utilization of negative-voltage states not
only extends the ac output voltage range but also facilitates
operation of the FB-MMC with reduced dc voltages [12], [16],
[18]. Recent studies also show that by choosing an appropriate
converter modulation index by optimally utilizing the negative-
voltage states, the energy variations in the arms are minimized
significantly thereby reducing the energy storage requirement
i.e., the SM capacitance [17], [19], [20]. The optimal
modulation index varies with the operating power factor [19]
and for converters operated near unity power factor the optimal
modulation index is 1.414 [17], [20]. The energy storage
requirement is further reduced by zero sequence voltage
injection in  [21], [22] and by injecting appropriate circulating
currents in [23], [24].

To decrease the system cost and losses, hybrid MMCs can be 
employed. These converters use a mixture of HB and FB SMs 
where the negative FBSM voltage states are introduced to 
enable dc fault blocking capability and higher ac voltages (or 
reduced dc voltages) [25], [26]. The HBSMs in the hybrid 
MMC require bipolar arm currents for successful voltage 
balancing and therefore limit the maximum modulation index 
[25]. Also, the different charging and discharging behaviours of 
the FBSMs and the HBSMs leads to uneven loss distribution 
increasing the complexity of the SM capacitor voltage 
balancing algorithm [27]–[30]. On the contrary, the FB-MMCs 

have identical SMs and thus the SM capacitor voltage balancing 
is easily achieved. The FB-MMC can operate with reduced, 
zero and even negative dc voltages. For this reason, the FB-
MMC gained popularity even though it has a higher device 
count than the hybrid converter. 

Different modulation techniques are also investigated in 
literature to improve the performance of MMCs [1]. The most 
commonly used modulation methods are nearest level control, 
staircase modulation, phase disposition modulation and Phase 
Shift Carrier (PSC) modulation [16], [31]–[39]. The PSC Pulse 
Width Modulation (PWM) is widely adopted for medium 
voltage MMCs as it brings many benefits such as: high resultant 
switching frequency and a low Total Harmonic Distortion 
(THD), and even voltage stress and loss distribution among the 
cascaded SMs making the SM capacitor voltage balancing 
easier [11], [40]–[44]. The PSC-PWM for FBSM MMCs is 
investigated in [40], [44]. However, the analysis is limited to 
FB-MMC operation without utilizing the negative-voltage 
states where the FB-MMC is operated and designed similar to 
a HB-MMC (referred to as “buck-mode” in this work). 
Operation of FB-MMC utilizing the negative-voltage states to 
boost the ac voltage (or to reduce the dc voltage) is hereon 
referred to as boost mode. The authors [45], [46] used 
simulations to first demonstrate that the modulation index in 
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boost mode not only affects the arm energy variations i.e., SM 
capacitor voltage ripple but also the Total Harmonic Distortion 
(THD) of the output voltage. However, a detailed analysis of 
the harmonic features of FB-MMC operating in boost mode is 
not reported in literature. 

So far, very few studies have analyzed the principles of PSC-
PWM for FB-MMC operating in boost mode. It is still not clear 
how the boost mode affects the harmonic characteristics of the 
FB-MMC and moreover, how the harmonics in the output 
voltage could be minimized. The effect of the upper and the 
lower arm carrier phase shift angle is also not fully understood. 
Therefore, the aim of this paper is to provide the analytical 
harmonic model of output voltage of FB-MMC with PSC-
PWM operated in boost mode. Further, the model is utilized to 
investigate the impact of the number of SMs, the modulation 
index and the upper/lower arm carrier phase angle on the output 
voltage harmonics. The optimal design criteria to minimize the 
FB-MMC output voltage harmonics are then proposed. 

 The rest of this paper is organized as follows. The basic 
operating principles of FB-MMC are introduced in Section II. 
The PSC-PWM for FB-MMC in boost mode is explained in 
Section III. The new analytical harmonic model is given in 
Section IV and the criteria for the output voltage harmonic 
minimization is explained in Section V. The simulation results 
and harmonic analysis are presented in Section VI. The 
experimental results are given in Section VII. Section VIII 
presents discussion on boost mode, comparison with the most 
recent approach in the literature and the effect of SM capacitor 
voltage ripple on the harmonic spectrum. Section IX concludes 
this paper. 

II. BASIC OPERATING PRINCIPLES OF FB-MMC

A. Structure of FB-MMC

The schematic of FB-MMC is shown in Fig.1. The FB-MMC
consists of three phases each with an upper arm and a lower 
arm. Each arm of the converter comprises 𝑁 cascaded FBSMs 
and each FBSM comprises a dc capacitor and four insulated 
gate bipolar transistors. 

B. Mathematical model of FB-MMC

Assuming balanced steady-state operation, the cascaded
FBSMs are identical and can be represented by an equivalent 
controllable voltage source corresponding to each arm. Thus, 
the single phase equivalent average model is derived as shown 
Fig. 2. The following equations can be obtained by Kirchhoff’s 
voltage-law: 𝑅௕𝑖௫௨ ൅ 𝐿௕ 𝑑𝑖௫௨𝑑𝑡 ൌ 𝐸

2
െ 𝑣௫௨ െ 𝑅௚𝑖௫ െ 𝐿௚ 𝑑𝑖௫𝑑𝑡 െ 𝑣௚௫ (1a) 

𝑅௕𝑖௫௟ ൅ 𝐿௕ 𝑑𝑖௫௟𝑑𝑡 ൌ 𝐸
2
െ 𝑣௫௟ ൅ 𝑅௚𝑖௫ ൅ 𝐿௚ 𝑑𝑖௫𝑑𝑡 ൅ 𝑣௚௫ (1b) 

The ac/load current is split equally between the two arms in 
balanced operation. If the arm currents are controlled such that 
there are no harmonics in the circulating current, the arm 
currents are expressed as [47]: 

𝑖௫௨ ൌ 𝐼௠
4
𝑘௠𝐶𝑜𝑠ሺ𝜙௠ሻ ൅ 𝐼௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜙௠ሻ

2

(2a) 

𝑖௫௟ ൌ 𝐼௠
4
𝑘௠𝐶𝑜𝑠ሺ𝜙௠ሻᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥௗ௖ ௖௢௠௣௢௡௘௡௧ ሺ௜೏೎ሻ െ 𝐼௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜙௠ሻ2ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ௔௖ ௖௢௠௣௢௡௘௡௧

(2b) 

Where the converter modulation index 𝑘௠ is:𝑘௠ ൌ 2𝑉௠𝐸 (3) 

Using (1), (2) and (3), the arm voltages can be expressed as: 𝑣௫௨ ൌ 𝐸
2
െ ൬𝑅௕𝑖௭,௫ ൅ 𝐿௕ 𝑑𝑖௭,௫𝑑𝑡 ൰ െ 𝑣௠௫ (4a) 

𝑣௫௟ ൌ 𝐸
2
െ ൬𝑅௕𝑖௭,௫ ൅ 𝐿௕ 𝑑𝑖௭,௫𝑑𝑡 ൰ ൅ 𝑣௠௫ (4b) 

where, the MMC fundamental phase voltage is: 

𝑣௠௫ ൌ ൭൬𝑅௕
2
൅ 𝑅௚൰ 𝑖௫ ൅ ൬𝐿௕

2
൅ 𝐿௚൰𝑑𝑖௫𝑑𝑡 ൅ 𝑣௚௫൱ (5) 

Here, the MMC fundamental phase voltages and currents are 
represented as: 𝑣௠௫ ൌ 𝑉௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ (6a) 𝑖௫ ൌ 𝐼௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜙௠ሻ (6b) 

where, 𝑉௠  is the amplitude of the fundamental MMC phase
voltage. 

C. Boost mode operation of FB-MMC

Neglecting the voltage drop in the arm inductors, the voltage
in the upper/lower arm from (4) and (6a) is expressed as: 𝑣௫௨ ൌ ቆ𝐸

2
െ 𝑉௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻቇ (7a) 

𝑣௫௟ ൌ ቆ𝐸
2
൅ 𝑉௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻቇ (7b) 

The arm voltage is composed of a dc component and a 
fundamental component. In the buck mode of operation where 
the negative-voltage states of the FBSMs are not used, the range 
of the arm voltage is limited to 0 𝑡𝑜 𝑁𝑉௖଴ , where 𝑉௖଴  is the
average SM capacitor voltage. Here, the amplitude of the ac-
side voltage is limited to 𝑉௠ ൑ 𝑁𝑉௖଴/2 and is lower than the dc
side voltage with 𝐸/2 ൌ 𝑁𝑉௖଴/2 as depicted in Fig. 3(a) and
thus, the converter modulation index is limited to 𝑘௠ ൑ 1 i.e.,𝑉௠ ൑ ሺ𝐸/2ሻ. The boost mode operation is depicted in Fig. 3(b).

Fig. 3. Arm voltages, ac fundamental voltage and dc voltage. (a) Buck 
mode. (b) Boost mode. 
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As an example, out of the 𝑁 FBSMs, 𝐹 FBSMs are allowed to 
operate with negative-voltage states. The range of the arm 
voltage is now extended to െ𝐹𝑉௖଴ 𝑡𝑜 𝑁𝑉௖଴ . This way, the
amplitude of the ac voltage is extended to 𝑉௠ ൑ ሺ𝑁 ൅ 𝐹ሻ𝑉௖଴/2

and is higher than the dc voltage with 𝐸/2 ൌ ሺ𝑁 െ 𝐹ሻ𝑉௖଴/2

thereby extending the converter operation to 𝑘௠ ൐ 1 and 𝑉௠ ൐ሺ𝐸/2ሻ. 
D. Variation of arm energy and SM capacitor voltage ripple

in boost mode

The instantaneous arm energy in the FB-MMC is given by
the product of the arm current and the arm voltage and is 
expressed as [20] 𝑒௫௥ ൌ න 𝑝௫௥ด௜௡௦௧௔௡௧௔௡௘௢௨௦ ௔௥௠ ௣௢௪௘௥ 𝑑𝑡 ൌ නሺ𝑣௫௥ . 𝑖௫௥ሻ 𝑑𝑡

ൌ 3

2
𝑉௠𝐼௠ᇣᇤᇥ௔௣௣௔௥௘௡௧ ௣௢௪௘௥

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡∓⎝⎜
⎛ െ𝑆𝑖𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜙௠ሻ

3𝑘௠𝜔௢൅𝑘௠𝐶𝑜𝑠ሺ𝜙௠ሻ𝑆𝑖𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ
6𝜔௢ ⎠⎟

⎞
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ୤୳୬ୢୟ୫ୣ୬୲ୟ୪  ୤୰ୣ୯୳ୣ୬ୡ୷ ୰୧୮୮୪ୣ൅ቆ𝑆𝑖𝑛ሺ2ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅ 𝜙௠ሻ

12𝜔௢ ቇᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥୱୣୡ୭୬ୢ ୦ୟ୰୫୭୬୧ୡ ୰୧୮୮୪ୣ ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤

(8) 

where ‘-’ sign in the fundamental frequency ripple term is for 
the upper arm ሺ𝑟 ൌ 𝑢ሻ and ‘+’ sign for the lower arm ሺ𝑟 ൌ 𝑙ሻ. 
The output phase voltage amplitude is 𝑉௠ , phase current
amplitude is 𝐼௠  and the current phase angle is 𝜙௠.  The
converter modulation index is 𝑘௠ (𝑘௠ ൌ 2𝑉௠/𝐸, 𝐸 is dc side
voltage). The peak-peak arm energy ripple is given by: 𝛥𝑒 ൌ ሺ𝑚𝑎𝑥ሺ𝑒௫௥ሻ െ 𝑚𝑖𝑛ሺ𝑒௫௥ሻሻ 𝑡 ∈ ሾ0,𝑇ሿ (9) 

The relation between the arm energy ripple and the SM 
capacitor voltages is given by: 𝑣௖,௫௥,௞ ൌ 𝑉௖଴ดୢୡ ୴ୟ୪୳ୣ൅ 𝑒௫௥𝑁𝐶𝑉௖଴ᇣᇤᇥ୴୭୪୲ୟ୥ୣ ୰୧୮୮୪ୣ

ൌ 𝑉௖଴ ൅  
3𝑉௠𝐼௠
2𝑁𝐶𝑉௖଴

⎣⎢⎢
⎢⎢⎢
⎢⎢⎡∓⎝⎜
⎛ െ𝑆𝑖𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜙௠ሻ

3𝑘௠𝜔௢൅𝑘௠𝐶𝑜𝑠ሺ𝜙௠ሻ𝑆𝑖𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ
6𝜔௢ ⎠⎟

⎞
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ୤୳୬ୢୟ୫ୣ୬୲ୟ୪ ୡ୭୫୮୭୬ୣ୬୲൅ቆ𝑆𝑖𝑛ሺ2ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅ 𝜙௠ሻ

12𝜔௢ ቇᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥୱୣୡ୭୬ୢ ୦ୟ୰୫୭୬୧ୡ ⎦⎥⎥
⎥⎥⎥
⎥⎥⎤

(10) 

Further, the peak-peak SM capacitor voltage ripple (%) is given 
by: 

Δ𝑉௖ሺ%ሻ ൌ ൫𝑚𝑎𝑥൫𝑣௖,௫௥,௞൯ െ 𝑚𝑖𝑛൫𝑣௖,௫௥,௞൯൯𝑉௖଴  x100 %   𝑡 ∈ ሾ0,𝑇ሿ (11) 

which further simplifies to (12) using (9), (10) and (11), given 
by: Δ𝑉௖ሺ%ሻ ൌ Δe𝑁𝐶ሺ𝑉௖଴ሻଶ  x 100 %

(12) 

The variation of Δ𝑒 (per unit) with the modulation index 𝑘௠
is shown in Fig. 4(a) for the unity power factor condition. As 
the modulation index is increased from the conventional 𝑘௠ ൌ
0.9  ( Δ𝑒 ൌ 1pu , buck mode), the arm energy ripple first 
decreases and reaches the minimum of  Δ𝑒~0.33pu at 𝑘௠ ൌ
1.41, before increasing again for  𝑘௠ ൐ 1.4 . As the peak-peak
SM capacitor voltage ripple Δ𝑉௖ is directly proportional to Δ𝑒
(as can be seen from (12)), the Δ𝑉௖ also reaches its minimum at𝑘௠ ൌ 1.4  ( Δ𝑉௖~0.5pu) for the fixed SM capacitance and in
relation to the 𝑉௖଴  (Fig. 4(c)). For this analysis, the ac side
voltage is assumed to be fixed,  the dc side voltage is reduced 
to increase the modulation index, and the dc SM capacitor 
voltage 𝑉௖଴ is appropriately reduced to keep the ac side voltage
constant [46], these are shown in Fig. 4(c). Therefore, by 
operating the FB-MMC at optimal 𝑘௠  (boost mode) the SM
capacitor voltage ripple is reduced greatly. On the other hand, 
if the SM capacitor voltage ripple is kept the same in both buck 
and boost modes, the SM capacitance can be drastically 
reduced. 

III. PSC MODULATION FOR FB-MMC IN BOOST MODE

A. Modulation signal

Assuming balanced steady-state operation with identical
SMs in each arm, the arm voltage (7) is equally divided across 
the SMs where the output voltage of each SM in the 
upper/lower arm is expressed as: 𝑣௫௨,௞ ൌ 1𝑁ቆ𝐸2 െ 𝑉௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻቇ (13a) 

𝑣௫௟,௞ ൌ 1𝑁ቆ𝐸2 ൅ 𝑉௠𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻቇ 
(13b) 

The SM capacitor voltage ripple (which is further reduced in 
boost mode) is neglected for simplicity and the SM capacitor 

Fig. 4. Variation of (a) arm energy ripple Δe, (b) SM capacitor voltage ripple Δ𝑉௖, and (c) 𝑉௠, 𝐸 and 𝑉௖଴, with modulation index 𝑘௠ at
unity power factor. 
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voltages are assumed to be pure dc (i.e. 𝑣௖,௫௥,௞
~𝑉௖଴ሻ under the

assumption that the SM capacitance is large enough to limit the 
capacitor voltage ripple within 10% [40]. The modulation 
signal of each FBSM can be expressed as: 𝑀௫௨,௞ ൌ 𝑣௫௨,௞

/𝑉௖଴ (14a) 𝑀௫௟,௞ ൌ 𝑣௫௟,௞/𝑉௖଴ (14b) 

Further simplifying (14) using (13), the modulation signal of 
each SM is given by: 𝑀௫௨,௞ ൌ 𝑀଴

2
൅𝑀ଵ

2
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜋ሻ (15a) 

𝑀௫௟,௞ ൌ 𝑀଴
2
൅𝑀ଵ

2
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ (15b) 

where, the dc modulation component 𝑀଴ and the amplitude of
the fundamental modulation component 𝑀ଵ are defined as [46]:𝑀଴ ൌ 𝐸/𝑁𝑉௖଴ (16a) 𝑀ଵ ൌ 2𝑉௠𝑁𝑉௖଴ (16b) 

Here, boost mode is when 2𝑉௠ ൐ 𝐸 which translates to 𝑀ଵ ൐𝑀଴ i.e., the modulation signal (15) crosses the zero axis and is
negative. The average SM capacitor voltage is chosen such that 
the peak of the modulation signal is limited to 0 ൑ 𝑀௣௞ ൑ 1 for
linear operation of the MMC and is expressed as: 

𝑉௖଴ ൌ 𝐸/2 ൅ 𝑉௠𝑁𝑀௣௞ (17) 

where the peak of the modulation signal is: 𝑀௣௞ ൌ 𝑀ଵ
2
൅𝑀଴

2

(18) 

The peak modulation is generally kept high for better device 
utilization. 

B. Implementation of PSC-PWM

Like the single-phase inverters, the FBSMs can be either
operated in two-level PWM or three-level PWM. The three-
level modulation also known as uni-polar modulation is used in 
this work as it has higher effective output switching frequency 
of two times the device switching frequency and is therefore 
widely adopted [48]. A single triangular carrier and two 
modulation signals are used per SM (Fig. 5) with each 
modulation signal corresponding to the Left-Leg (LL) and the 
Right-Leg (RL) of SM [46]. Double edge naturally sampled 
modulation is assumed in this work. The modulation signal is 
compared with the triangular carrier wave to generate the 
switching pulses for the corresponding left/right leg. The 
individual modulation signals for the LL and the RR in 
upper/lower arm SMs are given by: 𝑀௫,௅௅௨,௞ ൌ 1

2
൅𝑀଴

4
൅𝑀ଵ

4
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜋ሻ (19a) 

𝑀௫,ோ௅௨,௞ ൌ 1

2
െ𝑀଴

4
െ𝑀ଵ

4
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ ൅ 𝜋ሻ (19b) 

𝑀௫,௅௅௟,௞ ൌ 1

2
൅𝑀଴

4
൅𝑀ଵ

4
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ (19c) 

𝑀௫,ோ௅௟,௞ ൌ 1

2
െ𝑀଴

4
െ𝑀ଵ

4
𝐶𝑜𝑠ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ (19d) 

The triangular carriers of each SM in an arm are phase shifted 
by an angle 𝜋/𝑁 which is optimaly chosen to shift the effective 
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Fig. 5. Three-level pulse width modulation of FBSM. 

Fig. 6. PSC-PWM for FBSM MMCs (𝑁 ൌ 4,𝑓௖ ൌ 2𝑓௢). (a) Buck mode. (b) Boost mode.
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arm switching frequency to 𝑁 times of SM switching frequency 
[16], [40], [44], [48]. The carrier phase shift angle of 𝑘௧௛ SM in
the upper and the lower arm is given by: 𝜃௖௨,௞ ൌ 𝜃௣ ൅ 𝜋𝑁 ሺ𝑘 െ 1ሻ (20a) 𝜃௖௟,௞ ൌ 𝜋𝑁 ሺ𝑘 െ 1ሻ (20b)

where, 𝜃௣ is the PWM carrier phase shift angle of the upper arm
with respect to the lower arm. The angle 𝜃௣  has significant
impact on the harmonic distribution of the MMC output voltage 
and will be discussed in the following sections. 

The PSC-PWM is demonstrated for buck mode and boost 
mode in Fig. 6 for 𝑁 ൌ 4. It can be observed that the SM output 
voltage has zero and positive levels in buck mode as depicted 
in Fig. 6(a), whereas in boost mode the SM output voltage has 
zero, positive and negative levels as depicted in Fig. 6(b). As 
such, the arm voltage has only zero and positive voltage levels 
in buck mode and has zero, positive and negative-voltage levels 
in boost mode. Thus, the ac side voltage is higher in boost mode 
as compared to buck mode for similar SM capacitor voltages. 
The negative-voltage levels in the arm voltage (4) (or the 
modulation signal (15)) correspond to the region where the LL 
and RL modulation signals (19) overlap signifying boost mode 
as shown in Fig. 6(b). 

IV. HARMONIC CHARACTERIZATION OF FB-MMC

A. SM output voltage

Assuming balanced steady-state with identical dc SM
capacitor voltages of 𝑉௖଴  and modulation signal (19), and
representing the SM LL and RL output voltages in the general 
carrier-based PWM form given by (A0) [48], the LL and RL 
harmonic coefficients are given by: 

𝐶௠,௡௅௅ ൌ 1

2𝜋ଶන න 𝑉௖଴గቀெೣ,ಽಽೝ,ೖ ቁ
ିగቀெೣ,ಽಽೝ,ೖ ቁ

గ
ିగ 𝑒௝ሺ௠௭ା௡௬ሻ𝑑𝑧 𝑑𝑦 (21a) 

𝐶௠,௡ோ௅ ൌ 1

2𝜋ଶන න 𝑉௖଴గቀெೣ,ೃಽೝ,ೖ ቁ
ିగቀெೣ,ೃಽೝ,ೖ ቁ

గ
ିగ 𝑒௝ሺ௠௭ା௡௬ሻ𝑑𝑧 𝑑𝑦 (21b) 

For simplicity, the SM capacitor voltage ripple is neglected and 
the SM capacitor voltages are assumed to be pure dc [40]. 
Solving (21), the analytical harmonic spectrum of LL and RL 
output voltages in the lower arm SMs are given by: 

𝑣௫,௅ே௟,௞ ൌ 𝑉௖଴ ൬1

2
൅𝑀଴

4
൰ ൅ 𝑉௖଴𝑀ଵ

4
cosሺ𝑦ሻ ൅ 𝑅𝑒 ෍ ෍ eି௝ሺ௡௬ା௠௭ሻஶ

௡ୀିஶ
ஶ
௠ୀଵ

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋
4
ቁ 𝑠𝑖𝑛 ቆ൬𝑚 ൬1 ൅𝑀଴

2
൰ ൅ 𝑛൰𝜋

2
ቇ቉ 

(22a) 

𝑣௫,ோே௟,௞ ൌ 𝑉௖଴ ൬1

2
െ𝑀଴

4
൰ െ 𝑉௖଴𝑀ଵ

4
cosሺ𝑦ሻ ൅ 𝑅𝑒 ෍ ෍ eି௝ሺ௡௬ା௠௭ሻஶ

௡ୀିஶ
ஶ
௠ୀଵ

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀെ𝑚𝑀ଵ 𝜋
4
ቁ 𝑠𝑖𝑛 ቆ൬𝑚 ൬1 െ𝑀଴

2
൰ ൅ 𝑛൰𝜋

2
ቇ቉ 

(22a) 

The SM output voltage in the lower arm is given by 𝑣௫௥,௞ ൌ𝑣௫,௅ே௥,௞ െ 𝑣௫,ோே௥,௞  which simplifies to (see Appendix A):

𝑣௫௟,௞ ൌ 𝑉௖଴ ൬𝑀଴
2
൰ ൅ 𝑉௖଴𝑀ଵ

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅𝑅𝑒 ෍ ෍ 𝑒ି௝൬௡ሺఠ೚௧ାఏೣሻାଶ௠ቀఠ೎௧ାఏ೎೗,ೖቁ൰ஶ

௡ୀିஶ
ஶ
௠ୀଵ

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(23a) 

Similarly, the SM output voltage in the upper arm is given by: 𝑣௫௨,௞ ൌ 𝑉௖଴ ൬𝑀଴
2
൰ െ 𝑉௖଴𝑀ଵ

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ൅𝑅𝑒 ෍ ෍ 𝑒ି௝൬௡ሺఠ೚௧ାఏೣାగሻାଶ௠ቀఠ೎௧ାఏ೎ೠ,ೖቁ൰ஶ

௡ୀିஶ
ஶ

௠ୀଵ
x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋

2
ቁ cosሺ𝑚𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(23b) 

B. Arm voltage

Using (20) and (23) and further simplifying the arm voltages
are given by (24a) and (24b) respectively (see appendix, (A4)): 

𝑣௫௟ ൌ෍𝑣௫௟,௞ே
௞ୀଵ ൌ 𝑁𝑀଴𝑉௖଴

2
൅ 𝑁𝑀ଵ𝑉௖଴

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ 

൅𝑅𝑒 ෍ ෍ 𝑒ି௝ሺ௡ሺఠ೚௧ାఏೣሻାଶ௠ேఠ೎௧ሻஶ
௡ୀିஶ

ஶ
௠ୀଵ

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝑁𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(24a) 

𝑣௫௨ ൌ෍𝑣௫௨,௞ே
௞ୀଵ ൌ 𝑁𝑀଴𝑉௖଴

2
െ 𝑁𝑀ଵ𝑉௖଴

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ 

൅𝑅𝑒 ෍ ෍ 𝑒ି௝ቀ௡ሺఠ೚௧ାఏೣାగሻାଶ௠ே൫ఠ೎௧ାఏ೛൯ቁஶ
௡ୀିஶ

ஶ
௠ୀଵ

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝑁𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(24b) 

C. Output voltage

Using (24), the PWM output voltage 𝑣௢௫ simplifies to:𝑣௢௫ ൌ 𝑣௫௟ െ 𝑣௫௨
2

ൌ 𝑁𝑀ଵ𝑉௖଴
2

cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅𝑅𝑒 ෍ ෍ 𝑒ି௝ሺ௡ሺఠ೚௧ାఏೣሻାଶ௠ேఠ೎௧ሻஶ
௡ୀିஶ

ஶ
௠ୀଵ x ቈ1 െ 𝑒ି௝൫௡గାଶ௠ேఏ೛൯

2
቉ 

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝑁𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(25) 

Further simplifying, the PWM output voltage is expressed as: 𝑣௢௫ ൌ 𝑣௫௟ െ 𝑣௫௨
2

ൌ 𝑁𝑀ଵ𝑉௖଴
2

cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ 
൅෍ ෍ 𝑆𝑖𝑛 ቌሺ𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅ 2𝑚𝑁𝜔௖𝑡ሻ ൅ ൫𝑛𝜋 ൅ 2𝑚𝑁𝜃௣൯

2
ቍஶ

௡ୀିஶ
ஶ

௠ୀଵ  

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝑁𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

x ൤𝑠𝑖𝑛 ൬𝑛𝜋 ൅ 2𝑚𝑁𝜃௣
2

൰൨ 

(26) 

V. OUTPUT VOLTAGE HARMONIC MINIMIZATION

Output voltage with lower harmonic distortion means 
smaller and cheaper output filters. It is therefore beneficial to 



IEEE POWER ELECTRONICS REGULAR PAPER/LETTER/CORRESPONDENCE 

minimize the harmonics in the output voltage, especially the 
harmonics in the first high frequency carrier group (𝑚 ൌ 1) 
which mainly defines the filter requirement. To study the 
impact of the dc side and ac side voltage selection (i.e. 
input/output voltage ratio) on the harmonic spectrum, it is 
sufficient to analyze the harmonics for different modulation 
parameters 𝑀଴ and 𝑀ଵ as these are related to the dc and ac side
voltages (16). The order ሼ𝑚,𝑛ሽ of the non-zero harmonics in 

(26) is defined by the terms 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰  and൬𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ൰  which in turn depends on 𝑁 , 𝑀଴  and 𝜃௣ .

Note the amplitude of the fundamental modulation component 𝑀ଵ affects the amplitude of the harmonics in (26) whereas the
order of the non-zero harmonics is predominantly defined by 𝑁, 𝑀଴ and 𝜃௣.

A. Complete harmonic elimination at 𝑚 ൌ 1

It is seen from (26) that all the harmonics at 𝑚 ൌ 1 are zero

when the product 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰ x ൬𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ൰ is

zero. For 𝑁 x 𝑀଴ ൌ 𝑒𝑣𝑒𝑛  ሺ𝑜𝑟 𝑜𝑑𝑑ሻ  the term 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅𝑛ሻ గଶ൰  at 𝑚 ൌ 1  is nonzero for 𝑛 ൌ 𝑜𝑑𝑑  ሺ𝑜𝑟 𝑒𝑣𝑒𝑛ሻ . These

harmonics can be eliminated from the output voltage by making 

the term ൬𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ൰  zero for 𝑛 ൌ 𝑜𝑑𝑑 ሺ𝑜𝑟 𝑒𝑣𝑒𝑛ሻ  by 

choosing 𝜃௣ ൌ 𝐻ଵ𝜋/2𝑁 ሺ𝑜𝑟 𝜃௣ ൌ 𝐻ଶ𝜋/2𝑁ሻ  where 𝐻ଵ ൌേ1,േ3, . . , ሺ𝑜𝑟 𝐻ଶ ൌ 0,േ2,േ4, . . , ሻ . Based on this, the optimal 
angle is 𝜃௣ ൌ 𝜋/2𝑁 (with 𝐻ଵ ൌ 1) for 𝑁𝑀଴=𝑒𝑣𝑒𝑛 and 𝜃௣ ൌ 0

(with 𝐻ଶ ൌ 0) for 𝑁𝑀଴ ൌ 𝑜𝑑𝑑. This can be summarized as:𝑣௢௫ ൌ 0 at 𝑚 ൌ 1 for𝜃௣ ൌ 0, ሼሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑜𝑑𝑑𝜃௣ ൌ గଶே, ሼሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑒𝑣𝑒𝑛
(27) 

Alternatively, (27) can also be written as 𝑣௢௫ ൌ 0 at 𝑚 ൌ 1 for𝜃௣ ൌ 0, ቊ𝑁 is odd and 𝑀଴ ൌ ௄ே ,𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 1,3,5. .𝑁
𝜃௣ ൌ గଶே, ൝𝑁 is odd and 𝑀଴ ൌ ௄ே ,𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 2,4,6. . ሺ𝑁 െ 1ሻ 𝑁 is even and 𝑀଴ ൌ ௄ே ,𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 1,2,3. .𝑁

(28) 

Therefore, by appropriate selection of 𝑁, 𝑀଴ and 𝜃௣ as given
by (28) the frequency of the lowest harmonic group in the 
output voltage changes from 2𝑁𝑓௖  to 4𝑁𝑓௖  (𝑚 ൌ 2) thereby
doubling the filter-cutoff frequency and significantly reducing 
the filter size. 

B. Harmonic minimization at 𝑚 ൌ 1

When 𝑁 x 𝑀଴ is not an 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 i.e., neither 𝑜𝑑𝑑 nor 𝑒𝑣𝑒𝑛
but 𝑁 x 𝑀଴  is a 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 , under these conditions, the term𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰  in (26) is non-zero for all 𝑛 ൌ
0,േ1,േ2, ..  at 𝑚 ൌ 1 . Complete harmonic elimination 
therefore cannot be achieved at 𝑚 ൌ 1  as 𝜃௣  can either
eliminate 𝑛 ൌ 𝑒𝑣𝑒𝑛 or 𝑛 ൌ 𝑜𝑑𝑑 harmonics. On the other hand, 

harmonics at 𝑚 ൌ 1  can be minimized by eliminating 𝑛 ൌ𝑒𝑣𝑒𝑛  or 𝑛 ൌ 𝑜𝑑𝑑  harmonics whichever are of higher 
amplitude. A generalized solution and analysis can be made 

based on the (periodic) variation of ቚ𝑠𝑖𝑛 ൬ሺ𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰ቚ  in
(26) with ሺ𝑁𝑀଴ሻ as shown in Fig. 7(a) for 𝑛 ൌ 𝑜𝑑𝑑 and 𝑛 ൌ𝑒𝑣𝑒𝑛. The relative amplitude variation of ቚ𝑠𝑖𝑛 ൬ሺ𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰ቚ
with 𝑛 ൌ 𝑜𝑑𝑑 and 𝑛 ൌ 𝑒𝑣𝑒𝑛 is used to determine the selection 
of 𝜃௣ . The optimal 𝜃௣  selection for minimum harmonic
amplitudes is demonstrated in Fig. 7(b), which shows the 

variation of ቚ𝑠𝑖𝑛 ൬ሺ𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰ቚ  x ቚ൬𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ൰ቚ. Here, 

the 𝑛 ൌ 𝑒𝑣𝑒𝑛 harmonics are larger in amplitude in the range ሺ0൅ 𝐾ሻ ൑ 𝑁𝑀଴ ൑ ሺ1/2൅ 𝐾ሻ and ሺ3/2൅ 𝐾ሻ ൑ 𝑁𝑀଴ ൑ ሺ2൅𝐾ሻ  (where 𝐾 ൌ 0,2,4.. ) and therefore eliminated from the 
output voltage by choosing 𝜃௣ ൌ 𝜋/2𝑁 . Similarly, the 𝑛 ൌ𝑜𝑑𝑑  harmonics are larger in amplitude in the range ሺ1/2൅

Fig. 7. (a) Variation of 𝑒𝑣𝑒𝑛 and 𝑜𝑑𝑑 harmonics in the output voltage, and 

(b) Selection of optimal 𝜃௣.

Fig. 8. (a) Variation of the voltage 𝑣௢௫ሼଵ,௡ሽ
 with 𝑁, 𝑀଴ and 𝜃௣ (𝑀௣௞ ൌ 0.9). 

(b) Variation of 𝐸, 𝑉௠ and 𝑀ଵ with 𝑀௣௞ ൌ 0.9. 
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IEEE POWER ELECTRONICS REGULAR PAPER/LETTER/CORRESPONDENCE 𝐾ሻ ൑ 𝑁𝑀଴ ൑ ሺ3/2൅ 𝐾ሻ  (where 𝐾 ൌ 0,2,4.. ) and therefore
eliminated from the output voltage by choosing 𝜃௣ ൌ 0. The
optimal angle 𝜃௣ for harmonic minimization is summarized as𝑣௢௫ ൌ 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 at 𝑚 ൌ 1 for𝜃௣ ൌ 0, ቄଵଶ൅ 𝐾 ൑ 𝑁𝑀଴ ൑ ଷଶ൅ 𝐾, 𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 0,2,4,6 …  

𝜃௣ ൌ గଶே, ൝0 ൅ 𝐾 ൑ 𝑁𝑀଴ ൑ ଵଶ൅ 𝐾,𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 0,2,4,6 …ଷଶ൅ 𝐾 ൑ 𝑁𝑀଴ ൑ 2 ൅ 𝐾,𝑤ℎ𝑒𝑟𝑒 𝐾 ൌ 0,2,4,6 …

(29) 

The expression (29) can be further simplified as 𝑣௢௫ ൌ 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 at 𝑚 ൌ 1 for𝜃௣ ൌ 0, ሼ𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡𝑜 ሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑜𝑑𝑑𝜃௣ ൌ గଶே, ሼ𝑛𝑒𝑎𝑟𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡𝑜 ሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑒𝑣𝑒𝑛
(30) 

In conclusion, for 𝑁 x 𝑀଴ ൌ 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛, the lowest harmonic
group in the output voltage is still 2𝑁𝑓௖ (𝑚 ൌ 1). However, as
the harmonics at 𝑚 ൌ 1 (dominant) are reduced, the required 
filter size is minimized by choosing the optimal angle 𝜃௣ given
by (30).  

C. Optimal upper/lower arm carrier phase shift angle

Combining (27) and (30), the optimal angle 𝜃௣ is expressed
as: 𝜃௣ ൌ 0, ሼ𝑟𝑜𝑢𝑛𝑑ሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑜𝑑𝑑𝜃௣ ൌ గଶே, ሼ𝑟𝑜𝑢𝑛𝑑ሺ𝑁 x 𝑀଴ሻ 𝑖𝑠 𝑒𝑣𝑒𝑛 (31) 

where, the function 𝑟𝑜𝑢𝑛𝑑ሺ ሻ  is round to nearest integer. 
Here, the effective switching frequency of the output voltage is 
4𝑁𝑓௖  for 𝑁 x 𝑀଴ ൌ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟  and is 2𝑁𝑓௖  for 𝑁 x 𝑀଴ ൌ𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛. 

D. Analytical verification

The efficacy of (31) (and (27) and (30)) is verified in Fig. 8,
which shows the variation of the rms amplitude of the 

harmonics 𝑣௢௫ሼଵ,௡ሽ
at 𝑚 ൌ 1 for certain cases of 𝑁, 𝑀଴  and 𝜃௣ ,

where the rms voltage 𝑣௢௫ሼଵ,௡ሽ
 is defined as 

𝑣௢௫ሼଵ,௡ሽ ൌ ⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓ለ ෍ ⎝⎜

⎛ 2𝑉௖଴𝜋 𝐽௡ ቀ𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑁𝜋ሻ

x  𝑠𝑖𝑛 ቆሺ𝑁𝑀଴ ൅ 𝑛ሻ 𝜋
2
ቇ 𝑠𝑖𝑛 ൬𝑛𝜋 ൅ 2𝑁𝜃௣

2
൰⎠⎟
⎞ଶ௡ୀଶ଴

௡ୀିଶ଴
(32) 

Theoretically 𝑛 is given by െ∞ ൑ 𝑛 ൑ ∞, however due to the 
nature of the Bessel function the first 10 to 20 harmonic orders 
are sufficient and thus  െ20 ൑ 𝑛 ൑ 20 is used in this work. For 
the analysis in Fig. 8, the boost mode is obtained by assuming 
fixed ac-side voltage and reducing the dc voltage with the dc 
SM capacitor voltage defined by (17) and the individual 

modulation parameters defined by (16). The variation of 𝑣௢௫ሼଵ,௡ሽ
with 𝑁, 𝑀଴ and 𝜃௣ is shown in Fig. 8(a) and the corresponding
variation in dc and ac voltages, and fundamental modulation 
amplitude is shown in Fig. 8(b). Here, the amplitude of the 
fundamental modulation signal component is varied as 𝑀ଵ ൌ൫2𝑀௣௞ െ𝑀଴൯ (18) with 𝑀௣௞ ൌ 0.9.

From Fig. 8(a), complete harmonic elimination at 𝑚 ൌ 1 is 
achieved with the rms value of the first group of harmonics 𝑣௢௫ሼଵ,௡ሽ ൌ 0  for 𝜃௣ ൌ 0  at 𝑁𝑀଴ ൌ 𝑜𝑑𝑑  and 𝜃௣ ൌ 𝜋/2𝑁  at𝑁𝑀଴ ൌ 𝑒𝑣𝑒𝑛 , as defined by (27). Further, 𝑣௢௫ሼଵ,௡ሽ  (32) is
minimum for 𝜃௣ ൌ 0 at 𝑟𝑜𝑢𝑛𝑑ሺ𝑁𝑀଴ሻ ൌ 𝑜𝑑𝑑 and 𝜃௣ ൌ 𝜋/2𝑁
at 𝑟𝑜𝑢𝑛𝑑ሺ𝑁𝑀଴ሻ ൌ 𝑒𝑣𝑒𝑛  as given by (30) (and (31)). The
minor variations in the cross-over of 𝜃௣ ൌ 0 and 𝜃௣ ൌ 𝜋/2𝑁 in
Fig. 8 can be noticed when compared with Fig. 7 due to the non-
linear variation of the individual harmonic amplitudes and their 
rms. Nevertheless, for simplicity these can be neglected and the 
optimal 𝜃௣ is chosen as (30) (and (31)). It can also be seen from
Fig. 8 that harmonic minimization is only achieved with 𝜃௣ ൌ
0 or 𝜃௣ ൌ 𝜋/2𝑁 , while other values of 𝜃௣  such as 𝜃௣ ൌ గ଼ே ,𝜃௣ ൌ గସே and  𝜃௣ ൌ ଷగ଼ே fail to achieve harmonic minimization, 

as expected from (26). 

VI. HARMONIC ANALYSIS AND SIMULATIONS

Simulations are performed in MATLAB/Simulink to validate 
the analytical model and analyze the harmonic spectra for 
different design scenarios. The SM capacitor voltages are 
assumed to be ideal dc. The PSC-PWM pulses are generated as 
shown in Fig. 5 and Fig. 6. Three different scenarios are 
considered with 𝑁 ൌ 5, as (a) 𝑀ଵ ൌ 1.0, 𝑀଴ ൌ 0.8 ሺൌ 4/5ሻ,
(b) 𝑀ଵ ൌ 1.05, 𝑀଴ ൌ 0.75 ሺൌ 3/4ሻ, and (c) 𝑀ଵ ൌ 1.2, 𝑀଴ ൌ
0.6 ሺൌ 3/5ሻ. Each of these correspond to modulation index
(voltage) ratio 𝑀ଵ/𝑀଴ of 1.25, 1.4 and 2 respectively.

A. Harmonic analysis

The time-domain waveforms and the extracted harmonic
spectrum for 𝑀ଵ ൌ 1.0, 𝑀ଵ ൌ 0.8 ሺൌ 4/5ሻ are shown in Fig. 9.
As expected, the SM voltage and the arm voltage utilize the 
negative-voltage states with the FB-MMC operating in boost 
mode. The harmonic spectra of the time-domain waveforms are 
extracted using Fast Fourier Transform (FFT) and compared 
against the proposed analytical models. The analytical model is 
in excellent agreement with the simulation results. From (23), 

for 𝑀଴ ൌ 0.8 the term 𝑠𝑖𝑛 ൬ሺ𝑚𝑀଴ ൅ 𝑛ሻ గଶ൰ is non-zero for all𝑛 ൌ 0,േ1,േ2,േ3.. , this is also depicted in SM voltage 
harmonic spectrum in Fig. 9(a). From arm voltages (24), for 𝑀଴ ൌ 0.8 and 𝑁𝑀଴ ൌ 4 the term 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅ 𝑛ሻ గଶ൰ is non-

zero for 𝑛 ൌ േ1,േ3.. as shown in Fig. 9(b). The harmonics of 
the order 𝑛 ൌ േ1,േ3.. at 𝑚 ൌ 1 are eliminated from the output 
voltage (Fig. 9(d)) by choosing 𝜃௣ ൌ గଶே ൌ 18୭  (31) thus

making the term 𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ zero in (26). This way, the 

effective switching frequency is moved to 4𝑁𝑓௖ (𝑚 ൌ 2).
The time-domain waveforms and the extracted harmonic 

spectrum for 𝑀ଵ ൌ 1.05, 𝑀 ൌ 0.75 ሺൌ 3/4ሻ are shown in Fig.

10. For 𝑀଴ ൌ 0.75 and 𝑁𝑀଴ ൌ 3.75 the term 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅𝑛ሻ గଶ൰ is non-zero for 𝑛 ൌ 0,േ1,േ2,േ3..  as seen in the arm

voltage harmonic spectrum in Fig. 10(b). The amplitude of the 
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harmonics in the arm voltage is higher for 𝑛 ൌ േ1,േ3..  as 
compared to the harmonics for 𝑛 ൌ േ0,േ2 … . With 𝑟𝑜𝑢𝑛𝑑ሺ𝑁𝑀଴ሻ ൌ 𝑒𝑣𝑒𝑛 , the optimal angle is 𝜃௣ ൌ 18୭  (31)
depicted by the lower amplitude of harmonics in Fig. 10(d) as 
compared to Fig. 10(c). Here, 𝜃௣ ൌ 0୭ eliminates harmonics of
the order 𝑛 ൌ േ0,േ2 … and 𝜃௣ ൌ 18୭ eliminates harmonics of
the order 𝑛 ൌ േ1,േ3 … at 𝑚 ൌ 1 from the output voltage (26). 
The effective switching frequency of the output voltage is 2𝑁𝑓௖
but the harmonic amplitudes are lower with 𝜃௣ ൌ 18୭ (31).

The time-domain waveforms and the extracted harmonic 
spectrum for 𝑀ଵ ൌ 1.2 , 𝑀 ൌ 0.6 ሺൌ 3/5ሻ  are shown in Fig.

11. For 𝑀଴ ൌ 0.6  and 𝑁𝑀଴ ൌ 𝑜𝑑𝑑  the term 𝑠𝑖𝑛 ൬ሺ𝑚𝑁𝑀଴ ൅𝑛ሻ గଶ൰ is non-zero for 𝑚 ൌ 1 and 𝑛 ൌ 0,േ2, .. as seen in the arm

voltage harmonic spectrum in Fig. 11(b). The harmonics of the 
order 𝑛 ൌ 0,േ2..  at 𝑚 ൌ 1  are eliminated from the output 
voltage (Fig. 11(c)) by choosing 𝜃௣ ൌ 0 (31) thus making the

term 𝑠𝑖𝑛 ቀ௡గାଶ௠ேఏ೛ଶ ቁ zero in (26). Here, the effective switching 

frequency of the output voltage is 4𝑁𝑓௖ with 𝜃௣ ൌ 0୭ (31). 
As explained earlier, the best design scenario for FB-MMC 

is selection of 𝑀଴ ൌ 𝐾/𝑁  where 𝐾 ൌ 1,2,3 …  along with

Fig. 9. Time domain waveforms and harmonic spectrum at 𝑀଴ ൌ 0.8 ሺൌ 4/5ሻ, 𝑀ଵ ൌ 1.0, 𝑁 ൌ 5, 𝑓௢ ൌ 50Hz, 𝑓௖ ൌ 500Hz. 𝑁 x 𝑀଴ ൌ 𝑒𝑣𝑒𝑛. (a) SM voltage,

(b) Arm voltage, (c) Output voltage for 𝜃௣ ൌ 0୭, and (d) Output voltage for 𝜃௣ ൌ 18୭. 

Fig. 10. Time domain waveforms and harmonic spectrum at 𝑀଴ ൌ 0.75ሺൌ 3/4ሻ , 𝑀ଵ ൌ 21/20 , 𝑁 ൌ 5 , 𝑓௢ ൌ 50Hz , 𝑓௖ ൌ 500Hz . 𝑁 x 𝑀଴ ൌ 3.75,

nearest integer is odd. (a) SM voltage, (b) Arm voltage, (c) Output voltage for 𝜃௣ ൌ 0୭, and (d) Output voltage for 𝜃௣ ൌ 18୭. 

Fig. 11. Time domain waveforms and harmonic spectrum at 𝑀଴ ൌ 0.6 ሺൌ 3/5ሻ, 𝑀ଵ ൌ 6/5, 𝑁 ൌ 5, 𝑓௢ ൌ 50Hz, 𝑓௖ ൌ 500Hz. 𝑁 x 𝑀଴ ൌ 𝑜𝑑𝑑. (a) SM voltage,

(b) Arm voltage, (c) Output voltagege for 𝜃௣ ൌ 0୭, and (d) Output voltagege for 𝜃௣ ൌ 18୭. 
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optimal 𝜃௣ (31). This way, the effective switching frequency at
output voltage is moved to 4𝑁𝑓௖ (Fig. 9 and Fig. 11). However,
for systems where  𝑀଴ ് 𝐾/𝑁 (Fig. 10), the harmonics are still
minimized with 𝜃௣ (31) but the effective switching frequency
of the output voltage is 2𝑁𝑓௖.
B. Number of voltage levels

It is clear from Fig. 9, Fig. 10 and Fig. 11, that the number of
voltage levels in the output voltage is higher for optimal 𝜃௣
given by (31). Therefore, not only the THD is lower with 
reduced filter size but also the dv/dt on the ac side components 
is lower with the chosen 𝜃௣  (31). In general, the number of

voltage levels in the arm voltage is ൫ሺ𝑁 ൅ 𝐹ሻ ൅ 1൯ which are 
increased to ሺ2ሺ𝑁 ൅ 𝐹ሻ ൅ 1ሻ at the output voltage with optimal 𝜃௣  (31). Here, 𝐹  is the total number of (discrete) negative-
voltage levels and is given by (from Fig. 3): 𝐹 ൌ 𝑐𝑒𝑖𝑙 ൜൬𝑉௠ െ 𝐸

2
൰ /𝑉௖଴ൠ (33a) 

Further, using (16) and simplifying we get: 𝐹 ൌ 𝑐𝑒𝑖𝑙 ቊ𝑁ሺ𝑀ଵ െ𝑀଴ሻ
2

ቋ 
(33b) 

Using (33), we get 𝐹 ൌ 1  for 𝑀଴ ൌ 0.8 , 𝑀ଵ ൌ 1.0  and for𝑀଴ ൌ 0.75 , 𝑀ଵ ൌ 1.05  whereas 𝐹 ൌ 2  for 𝑀଴ ൌ 0.6 , 𝑀ଵ ൌ
1.2. Therefore, the number of voltage levels (including the zero 
state) in arm voltage is 7, 7 and 8 for the three cases as depicted 
in Fig. 9, Fig. 10 and Fig. 11 respectively. The number of levels 
in the output voltage increases to 13 (Fig. 9(d)), 13 (Fig. 10(d)) 
and 15 (Fig. 11(c)) with optimal 𝜃௣.

VII. EXPERIMENTAL VALIDATION

The analytical model is validated against the experimental 
results. A 3-phase FB-MMC prototype with 𝑁 ൌ 2 (Fig. 12) is 
used in this work. The intelligent power module 
IKCM20L60GDXKMA1 from INFINEON is used to design 
each FBSM and OPAL-RT 5607 is the control platform. The dc 
side of MMC is fed by a dc power supply and the ac side is 
connected to passive load of 10Ω . The experimental setup 
parameters are summarized in Table. I. The harmonic 
distribution is calculated by applying FFT to the captured PWM 
voltage waveforms which are sampled at 2us. The experiment 
is performed for two different cases of boost mode: (e1) 𝑀଴ ൌ
0.8 (ൌ 4/5), 𝑀ଵ ൌ 1, 𝑉௖଴ ൌ 76.5V, 𝐸 ൌ 128V, and (e2) 𝑀଴ ൌ
0.5 (ൌ 1/2), 𝑀ଵ ൌ 1.3, 𝑉௖଴ ൌ 46.5V, 𝐸 ൌ 61.5V.

The FB-MMC is operated in circulating current suppressed 
mode i.e., the circulating currents are actively suppressed to 
zero by dedicated PI controllers in second harmonic reference 
frame [49]. The individual balancing is achieved by dedicated 
proportional controllers which add a small duty ratio in relation 
to the direction of arm current [16]. The modulation signal 
parameters 𝑀଴ and 𝑀ଵ are fed directly to the control and the dc
voltage is controlled to maintain same load current i.e., load 
voltage. In other words, the boost operation is obtained by 
reduced dc voltage for fixed ac/load voltage. The control block 
diagram is shown in Fig. 13.  

The steady-state scope results are shown in Fig. 14 and Fig. 
15 for the two cases. As expected for the boost mode, the 
negative-voltage states of FBSMs are utilized as seen in the SM 
and the arm voltages. The FFT results of the measured output 
voltage are compared to the analytical harmonic spectra in Fig. 
14 and Fig. 15 for the two angles 𝜃௣ ൌ 0୭  and 𝜃௣ ൌ 45୭  (ൌ𝜋/2𝑁). The analytical model closely matches the experimetal 
results. The minor discrepancies can be noticed at 𝑚 ൌ 1 (Fig. 
15(a)) where small harmonic amplitudes appear, mainly due to 
the effect of the SM capacitor votlage ripple and circulating 
current control [50]. For case (e1) complete harmonic 
elimination is not achieved at 𝑚 ൌ 1 (harmonic order of 200) 
for either 𝜃௣ ൌ 0 or 𝜃௣ ൌ 45୭  as shown in Fig. 14(a) & (b).
This is expected as 𝑁 x 𝑀଴ ൌ 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 . The rms values of

harmonics at 𝑚 ൌ 1  for case(e1) are calculated as 𝑣௢௫ሼଵ,௡ሽ ൌ
0.313  at 𝜃௣ ൌ 0  and 𝑣௢௫ሼଵ,௡ሽ ൌ 0.274  at 𝜃௣ ൌ 45୭ . Therefore,
the harmonic minimization for case(e1) is achieved at 𝜃௣ ൌ 45୭
which is justified as 𝑟𝑜𝑢𝑛𝑑ሺ𝑁 x 𝑀଴ሻ ൌ even as given by (31). 

(a) Three-phase MMC. (b) Sub-module.

Fig. 12. Three-phase experimental MMC prototype. 
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Fig. 13. Control block diagram used in experiment. 

TABLE I. PARAMETERS OF MMC EXPERIMENTAL PROTOTYPE. 

AC frequency 50Hz 

Load peak current 6.8A 

Load resistance 10Ω 

AC impedance (𝑅௚,𝐿௚) 0.25Ω, 1.85mH

DC-link voltage ሺ𝐸ሻ 61.5, 128V 

Average SM capacitor voltage (𝑉௖଴) 46.5, 76.5V 

Modulation index ratio 𝑀ଵ/𝑀଴ 1/0.8, 1.3/0.5 

Number of submodules of each arm ሺ𝑁ሻ 2 

Arm impedance ሺ𝑅௕, 𝐿௕ሻ 0.12Ω, 1.85mH

Module capacitance ሺ𝐶ሻ 0.66mF 

Switching frequency 2500Hz 
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Complete harmonic elimination at 𝑚 ൌ 1  in the output 
voltage is achieved for cases (e2) with 𝑁 x 𝑀଴ ൌ 𝑜𝑑𝑑  (Fig.
15(a)). The harmoncis at 𝑚 ൌ 1 are eliminated in the output 
voltage (26) (Fig. 15(a)) by choosing 𝜃௣ ൌ 0୭  (31), thus
shifting the effective switching frequency to 4𝑁𝑓௖ i.e. harmonic
order of 400. The experimental results verify both the accuracy 
of the analytical harmonic model (26) and the proposed optimal 
inter-arm phase shift carrier angle (31).  

The number of voltages levels in the output voltage 𝑣௢௫ is
higher for optimal angle i.e., (e1) 𝜃௣ ൌ 45୭ for 𝑀଴ ൌ 0.8 and
Nൌ 2 and (e2) 𝜃௣ ൌ 0୭ for 𝑀଴ ൌ 0.5 and 𝑁 ൌ 2 as defined by
(31). The observed number of voltage levels in both cases is 7 
(i.e., ሺ2ሺ𝑁 ൅ 𝐹ሻ ൅ 1ሻ, 𝑁 ൌ 2, 𝐹 ൌ 1, (33)) as seen in Fig. 14(b) 
and Fig. 15(a). It is clear that for best harmonic optimization 
and for higher effective switching frequency of 4𝑁𝑓௖  the
product 𝑁 x 𝑀଴ should be designed as (or close to) an 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

 

Fig. 14. Steady-state time domain experimental results and harmonic spectrum of measured output voltage. Case (e1) 𝑀଴ ൌ
0.8 ሺൌ 4/5ሻ, 𝑀ଵ ൌ 1, 𝑉௖଴ ൌ 76.5V, 𝐸 ൌ 128V. (a) 𝜃௣ ൌ 0୭. (b) 𝜃௣ ൌ 45୭.

Fig. 15. Steady-state time domain experimental results and harmonic spectrum of measured output voltage. Case (e2) 𝑀଴ ൌ
0.5 ሺൌ 1/2ሻ, 𝑀ଵ ൌ 1.3, 𝑉௖଴ ൌ 46.5V , 𝐸 ൌ 61.5V. (a) 𝜃௣ ൌ 0୭. (b) 𝜃௣ ൌ 45୭.
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i.e., 𝑀଴ ൌ 𝐾/𝑁 where 𝐾 ൌ 1,2,3.. which in this case is for 𝑁 ൌ
2 and 𝑀଴ ൌ 0.5ሺൌ 1/2ሻ. Also, the number of voltage levels is
increased with the proposed 𝜃௣ (31) thereby reducing the dv/dt
seen by the ac side components.

VIII. DISCUSSION

A. Comparison with the existing method and benefits of boost

mode

It is well established in the literature that the operation of FB-
MMC in boost mode at the optimal input/output voltage ratio 
i.e., modulation index [17], [19]  benefits from improved device 
utilization and lower SM capacitor voltage ripple. This work
further improves the FB-MMC operation in boost mode by
optimising the output voltage harmonic spectrum. For the sake
of completeness, a comparative study including both buck and
boost modes of operation is presented in this section. The
parameters of the MMC considered in this simulation study are
listed in Table II. The comparison is made between FB-MMC-
1 which is the conventional design operating in buck mode
(with modulation index of 0.9) and FB-MMC-2 which is
operated in boost mode. At the same time the comparison is
made with the existing PSC-PWM approach [40] developed for
the conventional buck mode. The system details are

summarized in Table. II. In this study the number of SMs and 
ac side voltage and power and are set to be fixed, based on 
which the FB-MMC-1 is designed. The FB-MMC-2 is operated 
in boost mode by reducing the dc side voltage to achieve the 
optimal modulation index of 1.4 (at which energy variations 
and SM capacitor voltage ripple are at a minimum). The FB-
MMC-2 has increased rms current, reduced voltage stress and 
greatly reduced SM capacitor voltage ripple (~ (-46%), Table 
II). The steady-state time domain SM capacitor voltages are 
shown in Fig. 16 clearly depicting the reduced SM capacitor 
voltage ripple in FB-MMC-2 (for the same SM capacitance). 
The time-domain output voltages are shown in Fig. 17 and the 
harmonic spectrum (obtained by applying FFT on the switching 
waveforms) is shown in Fig. 18. 

The existing analytical model proposed in [40] is given in 
Appendix B. From (B2) [40] the optimal angle in buck mode is 𝜃௣ ൌ 22.5୭ for 𝑁 ൌ 4. From Fig. 18(a) it can be seen that the
complete harmonic elimination at 𝑚 ൌ 1 is achieved in FB-
MMC-1 (and analytical solution (B1) [40] matches the 
simulation results). However, if the 𝜃௣ ൌ 22.5୭ (optimized for
buck mode [40]) is used in boost mode operation (FB-MMC-
2), harmonic elimination is not achieved at 𝑚 ൌ 1  (and 
analytical solution (B1) [40] does not match the simulation 
results). On the other hand, with the proposed optimum angle 

TABLE II. COMPARISON BETWEEN CONVENTIONAL (BUCK) AND BOOSTED 

MODULATION FB-MMC. 

FB-MMC-1 (Buck) FB-MMC-2 (Boost) 

Vl-l (rms line-to-line) 3.3 kV 3.3 kV 

AC side power 5MW 5MW 

    E 6.0 kV 3.85 kV 𝐿௚௡ 0.69 mH 0.69 mH 𝑘௠ 0.9 1.4 𝑀ଵ/𝑀଴ 0.9/1.0 1.05/0.75 𝑉௖଴ 1.5 kV 1.285 kV (-14.3%) 

    𝑁 4 4 

    𝐶 22.7 mF 22.7 mF 𝛥𝑉௖ 4.1% 2.2% (- 46%) 𝐼௔௥௠,௥௠௦ 518 A 614 A (+ 18%) 

    𝑓௢ , 𝑓௖  50Hz, 500Hz 50Hz, 500Hz 

Circulating current 

control 

Yes Yes 

Existing [40] 

Optimized for buck 

mode operation 

𝜃௣ ൌ 22.5୭
THD = 16.73% 

𝜃௣ ൌ 22.5୭
THD = 28.46%  

Proposed (31) 

Optimized for buck- 

boost mode operation 

𝜃௣ ൌ 22.5୭
THD = 16.73% 

𝜃௣ ൌ 0୭
THD = 13.24% 

Fig. 16. Simulations results of SM capacitor voltages in (a) FB-
MMC-1 (buck) and (b) FB-MMC-2 (boost). 

Fig. 17. Simulation results of output voltages (a) FB-MMC-1, 𝜃௣ ൌ 𝜋/2𝑁ሺൌ 22.5୭ሻ  optimized for buck mode [40], (b) FB-
MMC-2,  𝜃௣ ൌ 22.5୭ optimized for buck mode [40], and (c) FB-
MMC-2,  𝜃௣ ൌ 0୭ optimized for boost mode (31).

Fig. 18. Harmonic spectrum of (a) FB-MMC-1 with 𝜃௣ ൌ 𝜋/2𝑁ሺൌ 22.5୭ሻ optimized for buck mode [40], (b) FB-MMC-2 with 𝜃௣ ൌ 22.5୭ optimized for

buck mode [40], and (c) FB-MMC-2 with proposed 𝜃௣ ൌ 0୭ optimized for boost mode (31).
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of 𝜃௣ ൌ 0୭  (expression (31) for 𝑁 ൌ 4  and 𝑀௢ ൌ 3/4 )
complete harmonic cancellation at 𝑚 ൌ 1 is also achieved in 
FB-MMC-2 (and analytical solution (26) matches the 
simulation results). Therefore, by applying the optimisation 
approach proposed in this work the first dominate sideband 
harmonics appear at frequency of  4𝑁𝑓௖   for both buck and
boost modes, which greatly simplifies the output filter design. 
Of note, the PSC-PWM analysis in [40] is proposed for FB-
MMC operation in buck mode (𝑀଴ ൌ 1) and is sufficient for
that mode of operation. In fact, the analytical solution proposed 
in this work is generic, in that it is applicable to both buck and 
boost modes of operation with expressions (26) and (31) 
converging, respectively, into (B1) and (B2) [40] for 𝑀଴ ൌ 1

(buck mode). 

B. Effect of increased SM capacitor voltage ripple on the

harmonic spectrum

This simulation study is based on the MMC parameters listed 
in Table II. In this work the SM capacitor voltage ripple is 
considered to be small and negligible ( Δ𝑉௖< 5%, Table II) and
SM capacitor voltage is assumed to be pure dc for simplicity 
[40]. For the sake of completeness, in this section the simulation 
results and analysis are provided for FB-MMC operation (in 
both buck and boost modes) with considerable SM capacitor 
voltage ripple (above 10%) by reducing the SM capacitance to 
20% of 𝐶 (where 𝐶 is given in Table II). 

The time domain waveforms of SM capacitor voltage and the 
modulation signal for FB-MMC-1 operating in buck mode are 
presented in Fig. 19 (as defined in Table II) clearly showing an 
increase in SM capacitor voltage ripple Δ𝑉௖ from 4% to 20%

by decreasing the SM capacitance from 𝐶 to 0.2 ∗ 𝐶. The major 
harmonics of the modulation signal and SM capacitor voltage 
shown in Fig. 19 are summarised in Table III in Appendix C. It 
can be seen in Fig. 20 that the output voltage harmonic spectrum 
is optimal at 𝜃௣ ൌ 22.5୭ as given by (31) for both values of SM
capacitance (i.e., 𝐶 and 0.2 ∗ 𝐶). Notice that even with Δ𝑉௖ ൌ

20% the harmonics which are not eliminated at 𝑚 ൌ 1 are < 
3% i.e., very low. 

The time domain waveforms of the FB-MMC-2 operating in 
boost mode are shown in Fig. 21. As expected, at the optimal 
modulation index of 𝑘௠ ൌ 1.41  the Δ𝑉௖  is reduced to 10%
compared to the operation in buck mode with Δ𝑉௖ ൌ 20% for
the same SM capacitance (Fig. 19). The major harmonics of the 
modulation signal and SM capacitor voltage shown in Fig. 21 
are summarised in Table III in Appendix C. The output voltage 
harmonic spectrum is shown in Fig. 22 with the optimal angle 
of 𝜃௣ ൌ 0 as given by (31). The harmonics that appear at 𝑚 ൌ
1 in Fig. 22(a) are reduced (<2%) compared to the harmonics 
at 𝑚 ൌ 1 in buck mode (Fig. 20(b)) due to operation at the 
optimum input/output voltage ratio. It is clear from Fig. 20 and 
Fig. 22 that the increase in SM capacitor voltage ripple 
introduces additional harmonics in the output voltage harmonic 
spectrum at 𝑚 ൌ 1, however, the optimisation method of the 
output voltage harmonic spectrum proposed in this work does 
not change with the change in SM capacitor voltage ripple and 
is still given by proposed expression (31). 

The analytical solution of the output voltage harmonic 
spectrum of FB-MMC considering the SM capacitor voltage 
ripple does not exist in the literature. However, the analytical 
origin and analysis of the additional harmonics at 𝑚 ൌ 1 for 
HB-MMC are previously demonstrated in [50]. The SM 
capacitor voltage ripple affects the harmonic spectrum in two 
ways (a) firstly the SM capacitor voltage harmonics interact 
with the modulation signal introducing additional harmonics 
[50], and (b) secondly the SM capacitor voltage ripple 
introduces dominant second order circulating currents which 
require compensation in the form of the second-order 
modulation signal [51]. The introduced second order 
modulation signal also affects the output voltage harmonic 
spectrum as was demonstrated in [50]. 

Under normal operating conditions, the SM capacitance is 
designed to limit the capacitor voltage ripple within േ10% [40] 
(i.e. Δ𝑉௖ ൏ 20%) and for these conditions the effect of the SM
capacitor voltage ripple can be neglected as demonstrated in 

Fig. 19. Buck mode operation (FB-MMC-1) with 𝐶 and 
0.2 ∗ 𝐶 (a) SM capacitor voltages, and (b) modulation 
signal. 

Fig. 20. Buck mode operation (FB-MMC-1) output voltage harmonic spectrum with 𝐶 and 0.2 ∗ 𝐶 
(a) with 𝜃௣ ൌ 0, and (b) with proposed 𝜃௣ ൌ 𝜋/2𝑁ሺൌ 22.5୭ሻ (31).

Fig. 21. Boost mode operation (FB-MMC-2) with 𝐶 and 
0.2 ∗ 𝐶 (a) SM capacitor voltages, and (b) modulation 
signal. 

Fig. 22. Boost mode operation (FB-MMC-2) output voltage harmonic spectrum with 𝐶 and 0.2 ∗ 𝐶 
(a) with proposed 𝜃௣ ൌ 0 (31) and (b) with 𝜃௣ ൌ 𝜋/2𝑁ሺൌ 22.5୭ሻ.
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Fig. 20 and Fig. 22 where the introduced harmonics are <3%. 
However, for converters operating with high SM capacitor 
voltage ripple ( Δ𝑉௖ ൐ 20%ሻ , the voltage ripple might
significantly affect the output filter design. The analytical 
modelling and analysis of low-capacitance FB-MMC (with Δ𝑉௖ ൐ 20%) is beyond the scope of this paper and will be
investigated in the future. 

IX. CONCLUSION

The conventional modulation signal of PSC-PWM is 
extended for FB-MMC operation in boost mode i.e., where 
boosted AC voltage is obtained by utilizing the FBSM negative-
voltage states. The modulation signal comprises a fundamental 
modulation component 𝑀ଵ  and a dc component 𝑀଴ . The
analytical output voltage harmonic spectrum of the FB-MMC 
operating in boost mode is developed and the additional 
harmonic sidebands are clearly identified. Although the 
magnitude of the harmonics is affected by the fundamental 
modulation amplitude 𝑀ଵ, the order of the harmonics itself is
mainly defined by the number of SMs 𝑁 and the dc modulation 
component 𝑀଴. For output voltage harmonic minimization with
a given number of SMs 𝑁, the dc modulation component should 
be chosen as 𝑀଴ ൌ 𝐾/𝑁 where 𝐾 ൌ 1,2,3 … or in general the
product 𝑁 x 𝑀଴ should be designed to be an 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. Having𝑀଴ ൌ 𝐾/𝑁 and the proposed optimal upper/lower arm carrier
phase angle 𝜃௣, the first group of harmonics centered at 2𝑁𝑓௖
are eliminated thereby shifting the effective switching 
frequency i.e., first group of non-zero harmonics to 4𝑁𝑓௖ in the
output voltage. This way, the filter cut-off frequency is doubled 
greatly reducing filter size. At the same time, the number of 
voltage levels is higher with the proposed 𝜃௣ thereby reducing
the dv/dt voltage stress on the ac side components. 

For systems where 𝑀଴ ് 𝐾/𝑁 , the effective switching
frequency of the output voltage stays at 2𝑁𝑓௖. However, with
the proposed optimal 𝜃௣  partial harmonic elimination is
achieved thereby reducing the rms of the harmonics. This way, 
the filter size could still be reduced. 

The energy storage requirement in the FB-MMC is reduced 
in boost mode by choosing the appropriate modulation index 
(dc to ac voltage ratio) i.e., the ratio of modulation index 
parameters 𝑀ଵ and 𝑀଴. At the same time by optimally selecting
the number of SMs 𝑁 and the inter-arm carrier phase shift angle 𝜃௣  the harmonics at the output voltage can be greatly
minimized. 
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APPENDIX A 

General form: The harmonic spectrum of a general carrier-
based PWM waveform can be expressed by: 

𝑓ሺ𝑡ሻ ൌ 𝐶଴଴
2
൅ 𝑅𝑒෍𝐶଴,௡𝑒ି௝௡௬ஶ

௡ୀଵ ൅ 𝑅𝑒 ෍ ෍ 𝐶௠,௡௡ୀஶ
௡ୀିஶ 𝑒ି௝ሺ௠௭ା௡௬ሻஶ

௠ୀଵ
(A0a) 

Where the coefficients are defined as: 𝐶௠,௡ ൌ 1

2𝜋ଶන න 𝑓ሺ𝑧,𝑦ሻగ
ିగ

గ
ିగ 𝑒௝ሺ௠௭ା௡௬ሻ𝑑𝑧 𝑑𝑦 (A0b) 

Here 𝑅𝑒 indicates the real part of the complex quantity. 

Derivation of (23): Using the LL and RL voltages given by (22), 
the SM output voltage in the lower arm is given by: 𝑣௫௟,௞ ൌ 𝑣௫,௅ே௥,௞ െ 𝑣௫,ோே௥,௞
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(A1) 

Rewriting (A1) by expanding the sine and cosine terms we get: 

𝑣௫௟,௞ ൌ 𝑉௖଴ ൬𝑀଴
2
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⎥⎤

(A2) 

For 𝑚 is odd, 𝑣௫௟,௞  is zero. Therefore 𝑚 is replaced by 2𝑚 in
(A2) and we get:  

𝑣௫௟,௞ ൌ 𝑉௖଴ ൬𝑀଴
2
൰ ൅ 𝑉௖଴𝑀ଵ

2
𝑐𝑜𝑠ሺ𝑦ሻ ൅ 𝑅𝑒 ෍ ෍ 𝑒ି௝ሺ௡௬ାଶ௠௭ሻஶ

௡ୀିஶ
ஶ
௠ୀଵ

x ቈ 𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋
2
ቁ቉ 

x ⎣⎢⎢
⎢⎡ ቊሺ1 െ ሺെ1ሻ௡ሻ𝑠𝑖𝑛 ቆሺ2𝑚 ൅ 𝑛ሻ 𝜋

2
ቇ 𝑐𝑜𝑠 ൬𝑚𝑀଴𝜋

2
൰ቋ

െ ቊሺ1 ൅ ሺെ1ሻ௡ሻ𝑐𝑜𝑠 ቆሺ2𝑚 ൅ 𝑛ሻ 𝜋
2
ቇ 𝑠𝑖𝑛 ൬𝑚𝑀଴𝜋

2
൰ቋ⎦⎥⎥
⎥⎤

(A3a) 

Further re-writing (A3) as: 

𝑣௫௟,௞ ൌ 𝑉௖଴ ൬𝑀଴
2
൰ ൅ 𝑉௖଴𝑀ଵ

2
𝑐𝑜𝑠ሺ𝑦ሻ ൅ 𝑅𝑒 ෍ ෍ 𝑒ି௝ሺ௡௬ାଶ௠௭ሻஶ

௡ୀିஶ
ஶ
௠ୀଵ 𝑥 ቈ 𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋

2
ቁ቉ 

x ൦ ൜ሺ1 െ ሺെ1ሻ௡ሻ 𝑠𝑖𝑛 ቀ𝑛𝜋
2
ቁ 𝑐𝑜𝑠ሺ𝑚𝜋ሻ 𝑐𝑜𝑠 ൬𝑚𝑀଴𝜋

2
൰ൠ൅ ൜ሺ1 ൅ ሺെ1ሻ௡ሻ 𝑐𝑜𝑠 ቀ𝑛𝜋

2
ቁ 𝑐𝑜𝑠ሺ𝑚𝜋ሻ 𝑠𝑖𝑛 ൬𝑚𝑀଴𝜋

2
൰ൠ൪ 

(A3b) 

In (A3) the term ሺ1 െ ሺെ1ሻ௡ሻ 𝑠𝑖𝑛 ቀ௡గଶ ቁ is non-zero for 𝑛 is odd 

and is replaced with 2 𝑠𝑖𝑛 ቀ௡గଶ ቁ . Similarly, the term ሺ1 ൅
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ሺെ1ሻ௡ሻ 𝑐𝑜𝑠 ቀ௡గଶ ቁ is non-zero for 𝑛 is even and is replaced with 

2 𝑐𝑜𝑠 ቀ௡గଶ ቁ. Further simplification leads to lower arm SM output 

voltage (23a). 

Derivation of (24a): the (lower) arm voltage is given by: 

𝑣௫௟ ൌ෍𝑣௫௟,௞ே
௞ୀଵ ൌ 𝑁𝑀଴𝑉௖଴

2
൅ 𝑁𝑀ଵ𝑉௖଴

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ 

൅𝑅𝑒 ෍ ෍ ൭෍𝑒ି௝ቆ௡ሺఠ೚௧ାఏೣሻାଶ௠൬ఠ೎௧ାగேሺ௞ିଵሻ൰ቇே
௞ୀଵ ൱ஶ

௡ୀିஶ
ஶ

௠ୀଵ  

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑀଴ ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(A4) 

where 

෍𝑒ି௝ቆ௡ሺఠ೚௧ାఏೣሻାଶ௠൬ఠ೎௧ାగேሺ௞ିଵሻ൰ቇே
௞ୀଵ ൌ ൜0 for 𝑚 ് 𝐾𝑁,𝐾 ൌ 1, 2, 3 … ,𝑁𝑒ି௝൫௡ሺఠ೚௧ାఏೣሻାଶ௠ሺఠ೎௧ሻ൯   for 𝑚 ൌ 𝐾𝑁,𝐾 ൌ 1, 2, 3 … ,

(A5) 

Using (A5) in (A4) and further simplifying by replacing 𝑚 →𝑁𝑚 we get (24a). Similarly upper arm voltage (24b) is derived. 

APPENDIX B 

Existing PSC-PWM approach in [40] proposed for buck 
mode of operation (𝑀଴ ൌ 1 in (15)) is briefly introduced here.
The output voltage harmonic spectrum is given by 𝑣௢௫ ൌ 𝑁𝑀ଵ𝑉௖଴

2
cosሺ𝜔௢𝑡 ൅ 𝜃௫ሻ 

൅෍ ෍ 𝑆𝑖𝑛ቌሺ𝑛ሺ𝜔௢𝑡 ൅ 𝜃௫ሻ ൅ 2𝑚𝑁𝜔௖𝑡ሻ ൅ ൫𝑛𝜋 ൅ 2𝑚𝑁𝜃௣൯
2

ቍஶ
௡ୀିஶ

ஶ
௠ୀଵ  

x ቈ2𝑉௖଴𝑚𝜋 𝐽௡ ቀ𝑚𝑁𝑀ଵ 𝜋
2
ቁ cosሺ𝑚𝑁𝜋ሻ 𝑠𝑖𝑛 ቆሺ𝑚𝑁 ൅ 𝑛ሻ 𝜋

2
ቇ቉ 

(B1) 

Based on (B1), the optimal inter-arm phase shift angle that 
eliminates harmonics at 𝑚 ൌ 1  (thereby shifting effective 
switching frequency to 4𝑁𝑓௖) is given by𝜃௣ ൌ 0, {𝑁 𝑖𝑠 𝑜𝑑𝑑𝜃௣ ൌ గଶே, ሼ𝑁 𝑖𝑠 𝑒𝑣𝑒𝑛 (B2) 

APPENDIX C 

The individual harmonic components in the SM capacitor 
voltages (𝑉௖௜ , 𝑖 ൌ 0,1,2) and the modulation signal (𝑀௜ , 𝑖 ൌ
0,1,2) are extracted from the time domain simulations (Fig. 19 
and Fig. 21) and summarized in Table III to demonstrate the 
relative increase in voltage ripple and 𝑀ଶ at 0.2 ∗ 𝐶.
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