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A Mathematical Analysis of Casimir
Interactions I: The Scalar Field

Yan-Long Fang and Alexander Strohmaier

Abstract. Starting from the construction of the free quantum scalar field
of mass m > 0, we give mathematically precise and rigorous versions
of three different approaches to computing the Casimir forces between
compact obstacles. We then prove that they are equivalent.

1. Introduction

Casimir interactions are forces between objects such as perfect conductors.
They can be either understood as quantum fluctuations of the vacuum or as the
total effect of van der Waals forces. Hendrik Casimir predicted and computed
this effect in the special case of two planar conductors in 1948 using an infinite
mode summation [1]. This force was measured experimentally by Sparnaay
about 10 years later [2]. Since then also, more precise measurements have been
performed with good agreement to the theoretical prediction of Casimir [3-6].
Other geometric situations, such as for example the Casimir force between a
sphere and a plane, were also considered in precision experiments [7,8].

The classical way to compute Casimir forces, and indeed the way it was
done by Casimir himself, is by performing a zeta function regularisation of the
vacuum energy. This has been carried out for a number of particular geomet-
ric situations (see [9-13] and references therein). Since this method requires
knowledge of the spectrum of the Laplace operator in order to perform the
analytic continuation, it has long been a very difficult problem to compute the
Casimir force in a generic geometric situation even from a non-rigorous point of
view. Already, it has been realised by quantum field theorists (see, e.g. [14-18])
that the Casimir force can also be understood by considering the renormalised
stress—energy tensor of the electromagnetic field. This tensor is defined by

Y-L. Fang: Supported by Leverhulme Grant RPG-2017-329.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-021-01119-z&domain=pdf
http://orcid.org/0000-0002-8446-3840

1400 Y-L. Fang, A. Strohmaier Ann. Henri Poincaré

comparing the induced vacuum states of the quantum field with boundary
conditions and the free theory. Once the renormalised stress—energy tensor is
mathematically defined, the computation of the Casimir energy density be-
comes a problem of spectral geometry (see, e.g. [19]) and numerical analysis.
The renormalised stress—energy tensor and its relation to the Casimir effect
can be understood at the level of rigour of axiomatic algebraic quantum field
theory. Currently, this is still the subject of ongoing research in mathemati-
cal physics (see, e.g. [20]) in particular when it comes to the effect in curved
backgrounds and fields that are not scalar, or in situations when the objects
move.

Recently progress was made in the non-rigorous numerical computation
of Casimir forces between objects (see for example [21-23]). This approach uses
a formalism that relates the Casimir energy to a determinant computed from
boundary layer operators. Such determinant formulae result in finite quantities
that do not require further regularisation and have been obtained and justified
in the physics literature [24-33]. This has not only resulted in more efficient
numerical algorithms but also in various asymptotic formulae for the Casimir
forces for large and small separations. Many of the justifications and deriva-
tions of these formulae are based on physics considerations of macroscopic
properties of matter or of van der Waals forces. As such they often involve
ill-defined path integrals. From a mathematical point of view, considerations
that link the determinant formulae to the spectral approach initially taken by
Casimir have been largely formal computations or involve ad hoc cut-offs and
regularisation procedures. We note that in the Appendix of [30] it is proved
correctly that the Fredholm determinant in the final formula of the Casimir
energy is well defined. Only recently a mathematical justification of these for-
mulae was given in [34], relating it to the trace of a linear combination of
powers of the Laplace operator. The determinant formulae are directly related
to the multi-reflection expansion of Balian and Duplantier [35] that also yields
a finite Casimir energy. We mention [36] in the mathematical literature where
the Casimir energy of a piston configuration is expressed in terms of the zeta
regularised Fredholm determinant of the Dirichlet-to-Neumann operator.

Summarising, we list several ways to compute the Casimir force acting
on a compact object that have been proposed and carried out:

(1) Using a total energy obtained in some way by regularising the spectrally
defined zeta function. This can be done either directly or by first consid-
ering a compact problem in a box and then taking the adiabatic limit.

(2) By integrating the renormalised stress—energy tensor around any surface
enclosing the object.

(3) Using formulae for the energy in terms of a determinant of boundary
layer operator.

The list is non-exhaustive and other methods exist, such as for example the
worldline approach (see, e.g. [37] and references). Here, we will restrict our-
selves to the listed methods.
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The aim of the present paper is to establish, in the case of finitely many
compact objects, the precise mathematical meaning of each of the listed meth-
ods for the case of the scalar field and then prove that they give the same
answer for the force (not necessarily for the energy). The main tool to achieve
this will be the relative stress—energy tensor. This tensor mimics the definition
of the relative trace of [34] and seems to not have been defined or studied
previously in the literature. Note that the renormalised stress tensor becomes
unbounded and non-integrable [16,38] near the boundaries of objects and this
makes it unsuitable to compute the total energy component from the energy
density Tyo. In contrast, the relative stress—energy tensor is smooth up to the
obstacles and is much more regular when considering boundary variations. This
relative stress—energy tensor does not satisfy Dirichlet or Neumann boundary
conditions and therefore integration by parts involves boundary contributions.
The relative energy density can be defined entirely in terms of functional cal-
culus of the Laplace operator. This relative energy density has been introduced
in [34]. It was shown to be integrable and its integral can be interpreted as
the trace of a certain operator. The main result of [34] states that this trace
can be expressed as the determinant of an operator constructed from bound-
ary layer operators, thus providing a rigorous justification of the method (3)
linking it with method (1). To show the equivalence of methods (2) and (3)
we must provide a formula for the variation of the relative energy when one
of the objects is moved. To compute this variation, we prove and use a special
case of the Hadamard variation formula ([39-41]) adapted to the non-compact
setting. We then show that as a consequence of this formula that the variation
of the total energy equals the surface integral of the spatial components of the
relative stress—energy tensor (see Theorem 5.9). This surface integral is also
equal to the surface integral over the renormalised tensor (see Theorem 5.10).
We will now give a more precise formulation of our main result.

We consider d-dimensional Euclidean space with d > 2. Let O be a
bounded open subset of R? with smooth boundary such that the comple-
ment £ = R\ O is connected. The domain @ will be assumed to consist of
N many connected components O, ...,Oy. The space X = R\ 9O therefore
consists of the N + 1-many connected components O,...,On,E. We think of
O as obstacles placed in R?, and & then corresponds to the exterior region of
these obstacles. The set X c R? consists of the interior and the exterior of the
obstacles, separated by 0O. See Fig. 1 for an example with three obstacles.

For the free scalar field of mass m > 0, let T, be the renormalised
stress—energy tensor as defined in Sect. 2.2. In QFT terms, this stress—energy
tensor is equivalent to the usual stress—energy tensor obtained from canonical
quantisation when normal ordering is used with respect to the free vacuum
state. This is a smooth symmetric two-tensor away from 90O, but it is singular
at JO and the integral of Ty over £ does not converge. Let Ti¢) be the relative
stress—energy tensor as given in Definition 3.3. The relative total energy E,e is
defined as the integral of (Tie1)oo(x) over R? which can be shown to exist and
to be equal the trace of a certain combination of operators. In case m > 0, the
regularised energy Fi., is defined in Sect. 6, Definition 6.3 via zeta function
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FiGURE 1. Configuration of four obstacles O1,0s, 03,04
with complement £ in a Euclidean space

regularisation. We would like to compute the force on an object O; due to the
presence of the other objects. Approach (2) is to directly compute

I = /;(Tren)iknkda

where 7oy, is the renormalised stress—energy tensor given in Definition 2.3 and
¥ is any smooth surface enclosing O; (i.e. homologous to 00, in &), n* is
the exterior unit normal vector field, and do is the surface measure on X. If
energy conservation holds, i.e. no energy is radiated off to infinity, one expects
this force to be the directional derivative of the total energy when O; is moved
rigidly. Thus, let Z be a constant vector field on R%. Let Y be a vector field that
equals Z near O; and vanishes near O; when [ # j. The vector field generates a
flow ®. that, for € near zero, moves the object O; rigidly and we end up with
a configuration that depends on the parameter €. The total energies F,, and
E,es then also depend on € in that way and become functions of € in a small
interval around zero. The change of these energies with respect to the flow
can be interpreted as the change of energy needed to move object O; rigidly
relative to the other objects in the direction of Z. Our main result may be
stated as follows.

Theorem 1.1. The relative energy E,a(e) is differentiable in € at ¢ =0 and its
derivative equals F;Z*, where

Fi:[(Trel)iknkdaz/(Tren)iknkda~ (1)
b b
Moreover,
E —l/leo det Qe (w)dw (2)
rel = T Im w2 _m2 g rel )

where Qrel(w) = in(()iw)_l 1s defined in detail in Sect. 3 and constructed out
of boundary layer operators for the Laplacian. If m >0, then Eyel(€) — Ereg(€)
1s constant near € = 0.

We note that this mathematical theorem simply shows that all these pro-
posed computational methods give the same Casimir interactions in the case of
separated rigid bodies. The statement does not say anything about the actual
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origin of the Casimir force or its existence, which needs to be determined from
experiments or physics considerations. There is however a strong argument for
the expression

Fi= [[(Ta)un*do

to be a directly relevant physical quantity. Our point of view is that the stress—
energy tensor does not have an absolute meaning in this context, but rather is
used to compare two vacuum states (normal ordering depends on a comparison
state). If we would like to know the effect for the rigid objects Os,...On
on the rigid object Oy, the states to compare are not the ground state with
Dirichlet conditions and the free ground state. It is rather the vacuum states
obtained from the Laplacian with Dirichlet conditions imposed on O; alone
and with Dirichlet conditions on all the objects. The comparison of these two
states yields a stress—energy tensor that is completely regular near O, and
the computation of the force based on this tensor leads directly to the above
formula without regularisation.

The paper is organised as follows. In Sect. 2, we review the rigorous con-
struction of the free scalar field of mass m > 0 in the presence of boundaries and
show how this leads to a natural definition of the renormalised stress—energy
tensor, which is given in Sect. 2.2. We also review its most important prop-
erties and express it in terms of spectral quantities for the Laplace operator.
Section 3 introduces the relative setting and gives the definition of the relative
stress—energy tensor and its basic properties. Some norm estimates on the rel-
ative resolvent are given in Sect. 4, which provides mathematical justifications
for later proofs. In Sect. 5, we prove a Hadamard variation formula and com-
pute the variation of the relative energy to establish the first part of the main
theorem. In Sect. 6, we show that for m > 0 the renormalised version of the
zeta function has a meromorphic continuation and can thus be used to define
the regularised energy. This section also contains a proof that variations of the
regularised energy and the relative energy coincide. To illustrate the method
and relate it to the classical computations we treat the easier example of the
one-dimensional Casimir energy explicitly in Appendix 7. This example also
illustrates that a divergence term for the time-component of the renormalised
stress—energy tensor that is normally neglected needs to be taken into account
to obtain the correct result (see Remark 2.5).

In a follow-up paper, we will establish a similar theorem for the electro-
magnetic field. We note here that the stress—energy for the electromagnetic
field is quite different from the scalar field and there are additional complica-
tions such as zero modes [42] that are absent for the scalar field. Moreover,
the boundary conditions for the electromagnetic field are slightly more compli-
cated, and cannot be reduced to Dirichlet boundary conditions. We therefore
decided to not attempt a unified treatment which would obscure the result by
additional notations.

Our approach is expected to carry over to other boundary conditions such
a Neumann, mixed Dirichlet-Neumann or Robin boundary conditions with the
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single-layer operators replaced by the appropriate layer operators. As in the
electromagnetic case, additional technical problems need to be overcome in
these cases due to the possible appearance of zero modes and singularities of
the Dirichlet-to-Neumann map at zero.

1.1. Notations

Let M c R? be an open subset. By the Schwartz kernel theorem, continuous
linear operators A : C5°(M) — D'(M) are in one to one correspondence to
distributions in D' (M x M), i.e. for every such A there exists a unique Schwartz
kernel in D' (M x M). In this paper, the Schwartz kernel of A will be denoted
by A.

2. Scalar Quantum Field Theory with Dirichlet Boundary
Conditions

Let —A be the (positive) Dirichlet Laplacian imposed on the codimension one
submanifold 0O. By definition, this is the unbounded self-adjoint operator de-
fined on the Hilbert space L?(R?) associated with the Dirichlet quadratic form
ap(f. f) = [x |Vf]|?dz with form domain being the Sobolev space Hj(X).

As a consequence of elliptic regularity ([43]*Sect. 7.2), we have for the
domain of dom((~A)2) equipped with its graph norm for any s € 2Ng the
continuous inclusions

Hop(X) € dom((~A)%) c Hyfo(X).

One can use complex interpolation ([44]*Sect. 4 and Theorem 4.2) to extend
this to any s > 0. Here, H,,,,(X) denotes the space of functions in H*(X)
with compact support in X.

The Hilbert space L?(R?) then decomposes into a direct sum
L*(RY =L*(0)) @...0 L*(Oy) ® L*(€)

and each subspace is an invariant subspace for —A in the sense that any
bounded function of the operator as defined by spectral calculus will leave
these subspaces invariant. The restriction of —A to L?(0O;) is the Dirichlet
Laplacian on the interior of O; and therefore has compact resolvent. The re-
striction of ~A to L?(&) has purely absolutely continuous spectrum [0, o). By
comparison, we also have the free Laplacian —Agee on R? which corresponds
to the case O = @. Throughout the paper, we fix a mass parameter m > 0.

Definition 2.1. The relativistic Hamiltonian H is defined to be the self-adjoint
operator H = (~A +m?2)2.

The space-time M we consider is the Lorentzian space-time R x X with
Minkowski metric. The forward and backward fundamental solutions G,/ :
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Cs (M) - C* (M) of the Klein-Gordon operator O0+m? with Dirichlet bound-
ary conditions are given by

(Gf)(tw) = [ (0= H sin(H(t~#))(¢',) (2)d',
(G-P)(tw) = [ (00 =) sin(H(E - ) £(¢',)) (@)t

where 0 is the Heaviside step function. As usual in canonical quantisation, one
considers the difference G = G, — G_ given by

(Gf)(t,z) = f (H ' sin(H(t— ') f(¢',)) (z)dt'.

Here, H 'sin(H(t - t')) is defined by spectral calculus. Since the function
|z~ sin(2t)| is bounded by |¢|, the operator H~'sin(H (¢t —t")) defines for any
5> 0 a bounded map from Hg,, (X) to dom(-A)* c H*(O1)@... H*(On) ®
H?(&). Here, the inclusion of the domain in the Sobolev spaces follows for
s € 2Ny from elliptic regularity up to the boundary ( [45]*Theorem 4.18) and for
general s > 0 by interpolation. In particular, this means that H ! sin(H (t-t"))
has a distributional integral kernel. We can define a symplectic structure o on

W = C(M)/ ((o+m?)C5°(M)) by
a([f1.[9]) = (f.Gg).

This induces a symplectic structure on GC§° (M) that is well known to coincide

with the standard symplectic structure on the space of solutions. Indeed, if we
define u = Gf and v = Gg for f,g € C5°(M) then u and v solve the Klein—
Gordon equation with Dirichlet boundary conditions and

(f7 Gg) = /};(atu)v - (8tv)ud:1;
In this equality, the right-hand side is independent of .

2.1. Field Algebra and the Vacuum State
The field algebra of the real Klein-Gordon field is then the (unbounded) CCR
x-algebra of this symplectic space. Instead of using the symplectic space W one
can describe this algebra A directly as the complex unital *-algebra generated
by symbols ¢(f) with f e C5°(M,R) satisfying the relation

f—&(f) 1isreal linear,

[o(f1), o(f2)] = -i(f1,Gf2)1

o(f)" =o(f),

¢((@+m?)f) =0.

Physical states of this quantum system are states on this *-algebra. The con-
struction and physical interpretations of such states usually relies on a Fock
representation of A. This representation is chosen on physical grounds as a
positive energy representation.

We briefly explain this now. The group of time translations (T, f)(¢,x) =
f(t - s,z) commutes with 0+ m? and G and therefore a;(¢(f)) = ¢(T1f)
defines a group of *-automorphisms of A. If a state w : A — C is invariant then
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this group lifts to a group of unitary transformations U (¢) on the GNS-Hilbert
space which is uniquely determined by

m(ai(a)) = Uim(a)U-y,
U =9Q.

We say that 7 is a positive energy representation if this group is strongly
continuous and its infinitesimal generator has non-negative spectrum.

We will focus in this paper on the quasi-free ground state. This means
that the state is completely determined by its two point distribution

wp € D'(M x M), wa(fi® f2) =w(o(f1)o(f2))

which is given explicitly as
1 1 G-
a2 = [ (e g0 ) dua

i.e. wy is the integral kernel of the operator H e HE) Tn case m = 0, the
spectrum of H contains zero and this expression needs to be interpreted in the
sense of quadratic forms. Namely, it follows from general resolvent expansions
(for example [42]*Theorems 1.5, 1.6 and 1.7) that C§°(X) is contained in the

domain of the operator H 2. This follows from the formula

() =2 [TEa N

In particular, the space of test functions C§°(X) is contained in the form
domain of H™! and therefore, by the Schwartz kernel theorem, the operator
H™! has a distributional kernel in D'(X x X). This is of course also the case
for general m > 0. We will denote the integral kernel of H™! by H -1 mildly
abusing notation.

One can check directly that ws defines a positive energy representation.
Instead of using —A, we could also have used —Ag.e, the free Laplace operator.
This also defines a positive energy state on the free algebra of observables
Afree which we will denote by wiree, and similarly we use the notation Hp.ee =
(—Afpee + mz)%. There states can be compared by restricting them to certain
subalgebras that are contained in both the algebra of observables and the free
algebra of observables. For example if U is contained in a double cone in M
then A(U) which is generated by ¢(f),supp(f) c U can be thought of as a
subset of both A and Ag.. and therefore both states can be restricted to this
algebra.

2.2. The Renormalised Stress—energy Tensor

The classical stress—energy tensor of the Klein—Gordon field for a smooth real-
valued solution u is given by
1 1
T ) = du ® du - ig(du7 du)g - 29 mu?.

This is a symmetric 2-tensor on M and one can easily show, using the Klein—
Gordon equation, that it is divergence-free. Here, g is the Minkowski metric on
M with signature (-1,1,...,1). The Euclidean metric on R¢ will be denoted
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by h. The components Tfjl of the stress—energy tensor are the restrictions to
the diagonal of the functions f]l(x, y) defined on M x M by

) = (Vi) (@) © (V) (9) - 5013 (Vi) () - TFuy) = Sgusm®u(e)uCy).

The quantum field theory counterpart of (2 can be written in the field algebra
as a field-algebra-valued bilinear form in the test functions f1, fo € C*°(M) as

1 1
Qij(f1® f2) = d(Vif1)o(Vjf2) — §¢(kal)¢(ka2)gij - igijm2¢(fl)¢(f2)'
The expectation value of );; with respect to the state w is then given in terms
of the two point function wsy as

w(Qij)(f1, f2) =w2(Vif1® Vjfa - %kal ® ka29ij - %gijmzfl ® f2).

Let K(t,z,y) be the distributional kernel of %H‘le‘im. Then, the distribution
w(Qi;) with respect to the ground state is given by

1 d
w(Qoo)(t,t’,l‘,x’) = 5 (8,5(% + Z Oy Ogne + m2) K(t —t',x,:p')
k=1

w(Qoi)(t,t,x,3") = (Op 0y ) K(t -t ,z,2") for 1<i<d
w(Qij)(t, ', w,2") = (0 0y ) K(t -t/ ,z,2") for i#j and 1<i,j<d

d
w(Q4i)(t,t, x,x") = % (atay + 0410y — " Dy Ot 7m2) K(t-t',z,2') for 1<i<d

k#i

or in short,
@)t 0,5") = [0, - 395 (040" + K] (4=t wa). (3)

The above expressions are formal and make sense only when paired with
test functions. We will use such formal notation throughout the paper when
there is danger of confusion. The expectation value of the stress—energy ten-
sor would correspond to the restriction of w(Q;;) to the diagonal as a dis-
tribution. Unfortunately, the distribution w(@Q;;) is singular and cannot be
restricted to the diagonal in a straightforward manner. If one is interested
in relative quantities only then one can still define the renormalised expec-
tation value of the stress—energy tensor between the states. Both states w
and wee are positive energy states and therefore satisfy the Hadamard condi-
tion (for example [46]*Theorem 6.3). By uniqueness of such Hadamard states,
the difference of the two-point distributions is smooth near the diagonal in
M x M. In the present case, this can also be seen more directly as follows. Let
Kiee(t, z,y) be the kernel of %H‘l e WHireet  We will consider the difference

free

IC(t,:z:,y) = K(taxvy) - Kfree(tvxay)~

Theorem 2.2. The distribution K is smooth near the set {(0,z,y) | x,ye X} c
R x X x X. In particular H™* - Hfrlee is smooth in X x X.

Proof. The distribution K(t,z,y) is a solution of the wave equation

0 5 (Bt 8,)K(t,2,9) =0
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on R x X x X with initial conditions

C0,,9) = 5 (7 (e,) - il (),
O (t,2,y)|t=0 = 0.
By [34]*Lemma 5.1, integral kernel x) of the resolvent difference
(=A+ 271 = (“Agree + A7)

is smooth and satisfies on any compact subset U of X x X a C*-norm bound
of the form

K3l (uy < Crullog(ADIe™> for all A >0 (4)

for some ¢ >0 and 6’ > 0. Therefore, the integral representation

2 [ A
-1 -1 _ 4
H™ - Hil = = fm T
converges in the C*°(X x X) topology. Thus, the distribution H~! - H!  is
smooth in X x X. Since the initial conditions are smooth the solution K is
smooth where it is uniquely determined by the initial data. This is the case in
a neighbourhood of t =0 in Rx X x X. O

Hence, the distribution w(Q;;) — wiree(Qij) is a smooth function in a
neighbourhood of the diagonal A c¢ M x M.

Definition 2.3. The components (Tren)i; of the renormalised stress—energy ten-
sor Tien are defined to be the restriction to the diagonal of the function

W(Qij) - wfrcc(Qij)~

Theorem 2.4. The renormalised stress—energy tensor is symmetric and is given

by
1, o - 1 -1 -1
(Tren)OO = §(H - Hfree)|A + gA[(H - Hfree)|A]
1 ro-1 -1 1 -1 _ -1 (5)
(Tren)ij = i[alaj(H - Hfree):HA - thjA[(H - Hfree)|A]
(Tren)()i =0
and

[ T o
(Trcn)OO = Q(H_Hfree)lA + gA[(H ! _HfT;E)‘A]

1
(Tren)ij = _5
(Trcn)Oi =0

L o 1 o L 1 o o
(0:0; (H " = Hpl)]la + Zaz'@j[(H Y- Hyl )] - ghijA[(H b Hpl )]

for 1 <i,j <d. Note that here H™' and ﬁf}})e are the integral kernels of H™!

and Hf_rie, respectively. Moreover, the expression Aly means the restriction of

the integral kernel, A, to the diagonal (See Sect. 1.1).
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Remark 2.5. The terms of divergence forms in the renormalised stress—energy
tensor are commonly neglected in the literature, as one may naively think that
they have zero contribution when integrating over the whole space. However,
this is not the case. As it is not integrable due to the singular behaviour
near the boundary, the divergence theorem does not apply in this case. See
Appendix 7 for the simplest case. The problem disappears when we work with
the relative stress—energy tensor given in Definition 3.3.

Proof of Theorem 2.4. Let K(t,z,z") be the kernel of
S(H e - gl eiHieety and ¢ (1, 2,2") = K(t—t',x,2"). We have that

free

: (6)

A
where g = 0, Oy = Oy, 0; = Oy and 9} = O, for 1 < i < d. By theorem 2.2
the distribution J¢ (¢,t',x,2") is smooth in a neighbourhood of the diagonal
Ac M x M. Moreover, K(t—t,-,-) is the kernel of a symmetric operator on X
with respect to the real inner product (-,-) and therefore satisfies

K-t z,a") =2t x2")=2(t,t' 2", 2) =Kt -t 2" x). (7)

/ 1 /
(Tren)ij = [8iaj - §gzj(3k8k + m2)] H

This implies
0o (t, ' x,2") = -0y (t, ¢z, 2")
0 K (4, v 2" =0l (¢t 2 x)

for 1<i,j<d. 8
0,0, (1 3,0') = oL H (4t ol x) ®
005 (t,t',w,2") = 0,0, (t, 1,2, x)
Using product rules, we have
0i(HNa) = (0K o + (07K ) n, (9)

which gives

0:0; (A 1a) = (0:0;5 o + (0:055 )|a + (0;0; )|a + (9[04 ) a-
That is
(0;0;7 ) s = 0:0;(H |a) = (8:0; 7 )|n = (0;0;7 s = (0;0; )]s (10)
Applying Eq. (8) to (10), we have
(6086‘%/”A = _(8080%)“ = (ﬁ - I;[frcc)|A
(0007 )a = =(090;H )|a = (800K )|a = —(0i0p A )|a  for 1<i<d
(0.0, ) = %aiaj(fm (0,0, for 1<i,j<d
(11)
From Egs. (8) and (9), we have

28i8()<%/|A = 6180<%/|A + 82'80<%/|A = 81(8()<%/|A) =0 for 1<i<d. (12)
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In other words, (Tyen)oi = (Tren)io = 0 for 1 < i < d. Hence, equations (6), (11)
and (12) show that (Tyen)i; is symmetric tensor on M. Moreover,

(Trcn)ij = %EM%(%M) — (818J<%/)|A for 1<74 +7< d
and

(Tren)ii = [agai - %gu(a,;ak . m2)] 0

A
1
= §8i3i(«/"i/IA) —(0:0: )a
1 1
2o (Eaka’f(%m —(0p* - m2%)|A) .
Since 9,0F # —m?# =0, we have
1 1
(Tyen)ii = §aiai(<%/|A) —(0:0; )|a - Zgiiakak(%|A)-
When i =0,
o= 5 1 o1 -l
(Tren)OO = i(H - Hfree)|A + gA[(H - Hfree)|A]~

Also, we have

1 1 - .
(828]%)|A = 5[8283(H - Hfrée)“A for 1< 2,7 < d,
which yields the expressions for the renormalised stress—energy tensor. O

Theorem 2.6. The renormalised stress—energy tensor is divergence-free and in-
dependent of t.

Proof. Let K(t,z,y) and J# (t,t',x,y) be the same as the in the previous
theorem. Recall that the shorthand expression of (3) is given by
1
Qi) (8t 2, 2') = [agajf - 0 (00" + m2)%] (t,t',z,2").
Then, we have

! ]‘ A
(Tren)ij(t, @) = w(Qi5)a = [8@-% - ggij(azﬁk + mz)f]L~
Now we use product rules to get

aio (8“8z ¢%/|A) = (8108“81 %) |A + (8{08i1-~~8i

m m m

H) |a-
In particular, we have
0o (04,0, K |a) = 0.

Hence, one has

60(Tren)ij(t7x) = 60 { [8{@%/ - %gij(azak + mQ)J‘g:I

-0
A

which means (Tien)i; is independent of time.
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We use the same trick to show that
0" (Teen) 5 (t,z) = 07 { [010;.0° —%gij(a,gak +m2);zf” }
A

_ , 1 1 1 1
= (00L0;0 + 8058, — =0;0,0% H - Z8"0,0% # — =m20;4 - =m38,.
2 27 2 2

A

Now use the symmetric properties of # in Egs. (7) and (8), we have

, , 1 1
(a’afajx +0"0[0; H ~ 1('9j(9;('9’i%/ - =0L0,0F A — —mP0; - 1m28<%)
i i 2 27 2 2

A

- (a’ia;aj% N 1m2a<x)
2 2 J

A

The function % solves the Klein—Gordon equation, i.e.
(00 —m*)H = (0'0; - m?*).H# = 0.

Altogether, we have
, 1 , ,
0" (Tren)is (t,) = 5 (070504 —m>0; 4 + 0'0,054 —m?0;. )|, =0,

which shows the divergence-free property of the renormalised stress—energy
tensor. O

3. The Relative Trace-formula and the Casimir Energy

As mentioned in the introduction the renormalised stress—energy tensor Tyep ()
becomes unbounded and non-integrable when x approaches the boundary of
obstacles [14,16,19,38]. This prevents us from defining a renormalised total en-
ergy. One way to circumvent the problem is to introduce the relative framework
of [34] which we now summarise. The main advantage of this construction is
that it completely avoids ill-defined quantities and the need for regularisation.

Relative quantities are defined with respect to different obstacle config-
urations where instead of O only one obstacle O; is present, i.e. where O is
replaced by O;. If an operator is defined with respect to such a configuration
we use the subscript O;, and we use the subscript O to distinguish it from
the original configuration. For instance the renormalised stress—energy tensor
Tren in Theorem 2.4 will be denoted by (Tyen)o, which shows its dependence
on the presence of obstacles O = Oy u---uUOp. Similarly, (Tren)@j denotes the
renormalised stress—energy tensor when only obstacle O; is present and Ap,
denotes the Laplace operator with Dirichlet boundary condition on 00;. The
operator Hp, is defined in the same way.

Now we introduce a relative operator

N
Hyo1 == Ho — Hiree = Z(HO, - Hfree)- (13)

i=1
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More generally one defines the relative operator associated with a polynomially
bounded function f:[0,00) - R, i.e.

Dy =f((-B0 +m?)7) = F((~Drec + m?)?)
N 1 1
-2 (F(Ca0 +mHH) ~ (e +mH))).

Since all our operators are densely defined operators on the same Hilbert space
L?(R%) this combination makes sense. As a consequence of f being polynomi-
ally bounded, the space C5°(X) is in the domain of Dy and therefore Dy has
a distribution kernel in D’(X x X).

To simplify our analysis later, we absorb the dependence of mass m in the
functional f. We could write f,,, to emphasise the dependence on m, but the
later analysis will not be affected by m. Therefore, we omit the m-dependence
and have

1 1 N 1 1
Dy = J((-80)%) = F((=8nee)?) = 32 (F((-80)*) = F(-Birec) ).

The main result of [34] is that for a large class of functions f, including the
functions f(A) = VA2 and f(\) = VA2 + m2 which are of interest in our context,
the operator Dy is trace-class and its trace can be computed by integrating
the kernel on the diagonal. We now explain the precise statement of this result
and its relation to the determinant of the boundary layer operator.

In the following, we will denote by G, € D'(X x X)) the distributional
kernel of the resolvent Rp \ = (-Ap — A?)"!. The kernels Go, » = Roj, A and
Gree, ) = Rfre& » are defined in an analogous way. By elliptic regularity, these
Green’s distributions are smooth away from the diagonal x = y.

Recall that for A € C we have the single-layer potential operator

Sy : C®(00) - C=(E) @ C*(O) c C=(RN\HO)

given by
S\ @)= [ Greea(@p)f ()do(y),

where do is the surface measure. Let « : H**2 (R?) - H*(00) be the Sobolev
trace operator for s > 0. Properties of the Sobolev trace operator can be found,
for instance, in [45]. One can write the above also as Sy = Ggree,x 07" . Restric-
tion of Sy to the boundary defines an operator

Q)\f(l') = [8(9 Gfree,A(x7y)f(y)dU(y)'

The operator @, is known to have the following properties.
Since the boundary 0O consists of N connected components 00;, we
therefore have an orthogonal decomposition L?(00) = @, L?(00;). Let p; :
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L*(00) —» L*(00;) be the corresponding orthogonal projection. Now we have

) N
Qx =Y. pjQxpj, Th
j=1

N ~
= > piQxpr and  Q\=Qx +Ty. (14)

j=k
In short, Q, and T are, respectively, the diagonal and off diagonal part of
Q. Now let ®,, to be a sector in the upper half plane and it is given by
D, :={zeClv<arg(z) <m-v}, (15)
where it suffices to consider 0 < € < 5 for our applications.

The operator Q) is invertible for Im(\) > 0. Moreover Q)\Qj\l —1is trace-
class and the Fredholm determinant det(QAQj\l) of QAQj\l can be used to
define a function

2(A) = logdet(QrQ3")
which is holomorphic in the upper half space and for some 6’ > 0 satisfies the
bound

E(N)| = O M),

See Theorem 1.6 of [34] for the above bound in the sector of the form {z |
Im(z) > b|Re(2)|} for some § > 0.
Assume 0 <0 < 5 and let &4 be the open sector

Sy={zeC|z+0,|arg(z)| <0}.

Let Py be the set of functions that are holomorphic and polynomially bounded
in 69.

Definition 3.1. The space Py is defined to be the space of functions f such
that f(\) = g(A\?) for some g € Py, for some € >0 and there exists a > 0 such
that f=0O(|z|*) if |2] < 1

We then have the following theorem (see Fig. 2 for the contour).

Im(z)

2 Re(2)

FIGURE 2. Definition of T
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Theorem 3.2 ([34], Theorems 1.6 and 1.7). Let f € Py. Then, Dy extends
to a trace-class operator with integral kernel that is smooth on X and has
continuous inner and outer boundary values on 00. The trace of Dy equals
the integral over the diagonal of its integral kernel over R%. Moreover, it is
equal to

T
Terzgfff()\)_(A)d)\.

In particular, choosing the function f(\) = VA2 +m?2 — m one obtains
Dy = Hyo1 and therefore H, is trace-class with trace equal to

Tr(Hyel) = E(iw)dw.

1 f°° w

m™JIm \/w2 — m2
This follows immediately by deforming the contour integral using the exponen-
tial decay of Z in the upper half plane, considering the branch cut of /z + m?

at iy/m.

Definition 3.3. The relative stress—energy tensor is the renormalised stress—
energy tensor in the relative setting and it is defined as

N
Trel = (Tren)O - Z(Tren)oiv

i=1
where (Tien)o is the renormalised stress—energy tensor for obstacle O and

(Tren)o, is the renormalised stress—energy tensor for obstacle O;, which are
defined at the beginning of this section.

Remark 3.4. One can also consider other versions of a relative stress—energy
tensor. For instance, one can define O4 = O;u---u0; and Op = 0,1 U---UON
for some 1 < j < N, dropping the connectedness requirement of obstacles and
work with

TreLA,B = (Tren)o - (Tren)OA - (Tren)OB .

The corresponding energy encodes the amount of work needed to separate the
two obstacle configurations A and B. This quantity can also be expressed in
terms of Ty for A and B. It is easy to see that this equals

Tre1,4.8 = (Tve1)o — (Tre1) 04 — (Trel) 0y,

and therefore working with T} only does not result in a loss of generality.

Theorem 3.5. Ty is smooth on X and extends smoothly to € as well as to O.
The function (Tye1)oo is integrable on RY.

Proof. By Theorem 5, we have
1. 1 v
(Trel)OO = gHrellA + gA((H 1)rel|A)'

The theorem was shown in [34] for the part %ﬁmlh and the same method of
proof can also be applied to the second term. We provide the full details here
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for the sake of completeness. We use two estimates proved in [34] which we
now explain. Recall that the relative resolvent is given by

N
Rieix i= Rox = Riveer = )L (Ro, = Rivee )
j=1
and Ro’)\ = (—Ao—AZ)fl, RfrCC,A = (—Afmc—)\2)71, and R(/)i,)\ = (—A()i —)\2)71
For the integral kernel ]u%rel, A we write Gy z-
As shown in [34] in the proof of Theorem 1.5, the integral kernel Giei x
of Ryel, is smooth up to the boundary on £ as well as to O and its C*-norms
on compact subsets K c £ x € satisfy the bound

|G e (log|A]) e T

for some ¢ > 0 for A in the sector containing the imaginary axis.
We consider the operator

. . IR A _ 2 e A
(H 1)rel = HOI - Hfr}ee - Z(H(Di - Hfrée) = ; [ Rrel,i/\d)\~
j=1

m N2
(16)

A similar bound holds for K c Ox &, K c £ExO, and K ¢ O x O. The
log-factor in the estimate is only needed in dimension two. It then follows that
(H™'),e1 has an integral kernel that extends smoothly to £ as well as to O (i.e.
smooth up to the boundary).

Similarly, Hye is also smooth up to the boundary. Hence, by Theorem
5 and Definition 3.3, we obtain the smoothness of T;e up to the boundary.
In order to show integrability, we recall an estimate for the diagonal of the
integral kernel of the resolvent difference, in particular [34]* Theorem 2.9, Equ.
(21) and (22).

Let A € ®, (See (15), i.e. a sector in the upper half plane) and ko \(z,y)
denote the integral of Rp x — Rfee,r, then we have

k(’)7)\($, y) = _<Gfree,)\($7 ')7 Q;l (éfree,)\(yz )))7

which implies
d —
V(koa(z,z))| <C Zl (\ ({9 Gtreer (2,7, Q3! (Grree r(2,)))) |
j=

+ | (<Gfree,)\($> ')7 Q;l(ajéfree,)\(x’ )))) |)
< C| ((VGfree’,\(l', '), Q;l(éfree,A(x7 )))) |>

and

d
|A(k‘o )\(.'I,‘ x))| <CZ ( Gfree /\(3j ) Q)\ (Gfree ,\(33 ))))‘

C( VGfree)\(fL' )Q)\ (VGfree)\(x ))>|
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+ |<AGfree,k(x7 ')a Q;l (éfree,)\(xa ))>|)

sc(nvc:freem, M3 1053 19Cieen (@)l g

+ ”AGfree,/\(xa ) HH% HQ;I HH%%H_% Héfree,)\(w7 )) HH% )

Let p(z) = dist(z,00). By Lemma A.2 of [34] we have for p(z)A <1,
p—(d—2+\a|+lﬁl)(x) (d>3),
|In(p(2)N)] + p~ D (z)  (d=2),
and In(p(z)A) disappears when |af +|3] > 1. Moreover, for p(z)X > 1, one has

S%% |aza(95Gfree,)\(fE7 y)| < C|)\|d—2+\a|+lﬁlelm Ap(z)
ye

sup |8585Gfree,k(xv y)| <C {
yedO

This shows
[Grreen (@), 3 < CremC2mMne) p=(-2) ().
d23,p(x) > 1 = | [VGeon(@,)] 3 < Cre”CmNP@ =00 (),
[AGHee(2,)] 3 < CpemC2(mNp() pd ()

and
|Gtreen (1, ')HH% < 016702(Im)\)P(z)| In(p(z)N\)),
d=2,p(x) >1 = 1 [VGiice(z, ')HH% < 016702(Im)\)p(z)l771($)7
|AG ree (1, .)”H% < CyeC2mNp() j=2 (1,
for some positive C; and Cy. By Corollary 2.8 of [34] we have
13 3 s <CA+AP).
Now we can conclude that
|k‘o7x(l‘,l‘)| < C1p_2d+4($)€_c2 Im)\p(x),
d23,p(x) >1 = {|V(ko(z,2))| < Crp "3 (x)e @M@ (17)
A(ko (2, 2))| < Crp 2D () e @2 Im A,
and
ko (x,@)| < Cre” AP In(p() V),
d=2,p(z)>1 = | [V(koa(z,2))| < Cre 20m PO In(p(2)\)]p (x),
A(ko (@, 2))| < Cre MA@ In(p(2)\)[p~ ().

(18)
Let Ayel = (Fl_l)relh. That is hre(x) = %[; J)@):TGreLi)\(x,x)d)\. For m % 0,

one can use Egs. (17) and (18) to get the decay rate of hyq(x) by integrating
over A. That is, for p(z) > 1, hye(z) has a decay of p~*(z)e ¢"(®) with
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both k and C being positive. This warrants the integrability of Ah,e(x) for
d>2,m#0 and p(z) > 1. Therefore, we will now focus on the case m = 0. By
integrability of the integrand we can interchange differentiation and integration
and therefore get

2 e 2 oo
vhrel(x) =V (* f Grel,i)\(xa Qj)d)\) = - f \Y (Grel,i)\(xyx)) dAa
m™Jo ™ JOo

Ahrel(x):A(g[ Grel,u(x,x)d/\):gf A (Grenin (2, 2)) dA.
m™ JO ™ JO

Again, by integrating over A\, we have
|Vhrel($)| < Cp_2d+2(m)»
|Ahyer ()] < Cp_2d+1(37)-

Let © c R? be an open set with dist(£2,00) > 1 and ¢ € C5°(R?) sat-
isfy 0 < ¢ <1 and ¢ = 1 in a neighbourhood of R¥N\Q. Then, we have the
decomposition

d>2,p(x)>1 = { (19)

Ahrcl = A[(l - go)hrcl] + A((phm]). (20)

The integrability of A(ph.q) in Eq. (20) follows from the smoothness property
of the kernel of (ﬁ ~1),e1 at the diagonal as shown above. Thereby the integra-
bility of Ahye on R? is equivalent to the one of A[(1-)hyei] on supp(l—¢).
This follows immediately from Eq. (19). Therefore, we have shown the inte-
grability of A((H ")ella) on R Finally, the integrability of T.e follows from
Theorem 2.4 and the definition of relative stress—energy tensor (i.e. Definition
3.3). ]

Definition 3.6. The relative energy is defined as

N
= [ (T)oodz = [ (((Tren)o)oo—Z((Tren)oi)oo)dx.
R R izl
Theorem 3.7. We have the equality
1 1 oo
ErelszrHrel:*f LE(M})dW (21)
2 T Jdm JoZ —m2
Proof. We have
A )getls)dz = 1i f A((H ) getl)dz,
L A )z = im [ A als)de

where B, is the ball of radius r centred at the origin. As A((H™"),als) has
only jump-type discontinuity across 0.X, we can apply the divergence theorem
to the integral on B, for sufficiently large r. That is

[, AU al)de = [ 0,((H al)do ()
+ [ @H ), do (@)
v [ @) do().
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where (-); and (-)- are the exterior and interior limits, respectively. From
equation (19), we also have

Co
|V[(1 - ‘P)hrelﬂ(x) < (diSt(:C,@O))Qd_27

which implies the contribution of the integral over 0B, vanished as r — co and
therefore

LA )z = [ (00 al), do (o)
v [ (O al))_do(a).

From Eq. (16), we then have

L7 vl = [ ATl
:%fRdfo [V V(Grepinls)] dAda
:%fRdfow[zv.(vczrel,im)]dAdx
=2 [ [V (VU ale)]d

This shows

%fRd AH " rells)da = /E}X (a’/(f{_l)rel‘A)+dO’(ﬂj)
+-/Z;X (a’/(ﬁ_l)relh)_ da(x)

We start by showing that for the restrictions to 00, we have the following
identity

[0, (o' - Hite - (o, - Hii))l, ], = [00 (HS' = HG)), ], =0

To see this, we temporarily denote by k(z,y) the integral kernel of (H@l - Hélq )

This kernel vanishes O, x O, and the interior normal derivative therefore van-
ishes trivially. We therefore only need to concern ourself with the exterior
normal derivative. As shown in the proof of Theorem 3.5 the kernel (H™'),q

is smooth. One concludes from this, using Theorem 2.2, that (H(‘Q1 -H (_9%1) is

smooth near Oy x O, in & x E. The kernel k satisfies Dirichlet boundary condi-
tions in both variables in the sense that k(x,y) =0 if y € 90, or if x € 9O,. By

the chain rule [8,, (ﬁ@l - I—fl@i) AL () equals (0 zk(z,y) + Oy yk(z,y))|y-2;
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which therefore vanishes on d0,. We then have

f (0 (B sells), do()

oX

N -1
:q;faoq (0, (H " )rells), do ()

2

5
A

N
[ o6t - gk - Y (G, - k) || | dote)
00, p=1 v als

Z

- 71 o
= [aoq [— Z 0y (Hop - Hfrée)|A:| do(x).

1 DP*q +

Q
Il

By Theorem 2.2, we know that 0, (I?(T)i - ﬁgée)h is smooth across the
boundary 00, for p # ¢, which implies

Al rr—1 rr—1 Al rr—1 rr—1
fBO I:_Z au (H(_’)p_Hf_ree)|A:| da(x):_LO I:_Z aV (H(_Qp_Hf_ree)‘A:I dO’(l‘)

p#q p#q —
Hence, we have [, A((H V)ella)da = 0, which verifies the first Eq. in (21).

The representation of the trace of Hy in terms of Z follows via Z'(\) =
—2ATr (Ryel,») from Theorem 4.2 in [34], Theorem 3.2 and equation (16). D

4. Estimates on the Relative Resolvent

In preparation for the proof of the variational formula, we will need some
additional estimates on the relative resolvent R.e x, which we collect in this
section. We have the following well-known layer potential representation (see
for example [34]*Equ. (19))

Ro.x = Riree s = ~SxQ3'S%, (22)
which gives

Rian = -Sx(Q3' - Q1)SK (23)
Also, let p be the function defined as

44 if0<A<1andd-=2,3,

[logA\|+1 if0<A<1andd-=4,

PN =1, fO<A<landd>4,
1 if A>1.

For i,j,k € Z, let p; ;. be the functions defined as
(Jlog Al + 1)'N  for 0< A<,
pigik(A) =1
A for A > 1.

The following proposition partially follows from [34, Proposition 2.1] and ex-
tends [34, Proposition 2.2]. Let us summarise some mapping properties of the
layer potential operators.
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Proposition 4.1. Let d > 2 and —% <s < —%. Then, we have the following

properties of Sy for Xe D, (See (15), i.e. a sector in the upper half plane).

/\2
(1) If Re(A) 0 then [ Syl - (00)-r2(r) < Cs miriasy -

(2) Let x € C=(R?) be supported in V, where V c R? is an open set with
smooth boundary and dist(V,00) > 0. For 0 < § < dist(V,00), we have
that xSy : H*(00) — L*(V') is a Hilbert-Schmidt operator whose Hilbert—
Schmidt norm is bounded by

IxSAl st (90)->12(RY) < Cs0k / p(Im A)e 0 tmA

which implies

ISx ] 25 (00) 12 (Re) < Cs,05 (1 +v/p(Im A)) .
-1 212
(3) 1Qx HH%(E)O)»H’%(E)O) <Cu(1+(ImAN)%)>.
Proof. Recall that we could also write the single-layer potential operator as
S)\ = Gfree,)\ 07*- Note that ’7* : Hs(ao) - HS_%(Rd)? Gfree7/\ : HS_%(Rd) -
Hs+3 (R?) and the natural inclusion map ¢ : Hs+3 (RY) - L?*(R?) are bounded

maps. For —% <s< —%7 their norms are bounded by

7"y geed <Co

V1+ax2 1+ [N
HGfree )\H s ++3 Ssup rr < | | ,

CUHTESHTE T g | 22 = A2 |7 Re(A) Im(\)
el sy < L

The second bound follows from the spectral representation of —Age.. There-
fore, we conclude the proof for part (1).

Part (3) follows immediately from the bound on the Dirichlet-to-Neumann
operator in [34]. For part (2), let O ¢ V' c R? be an open set with dist(V, V') >
0 and choose 0 < § < dist(V,V'). In particular, 0 < 6 < dist(V,00). Let k € N.
Now we have from [34] the estimate

I(-8)% Groer 2 vavy
(Im \)%~2 (1+ (Im A log (Im)\))g)e_%lmA for d=2
<G5k (ImA)?* (1 +1log (Im \)) e~ 20TmA for d=4
(ImA)#*2F4 (1 + [Im A|* ) e720mA for d +2,4

where A = A, + A, is the Laplace operator on V x V', In other words, we have

H Gfree,/\ |

Now by taking Sobolev trace, we have

?qk(vaf) < Cspp (1+(ImA)2*) p(Tm \)e 20 Im A,

| GrrcerFre (v ooy € Cowr (1+ (ImA)*** 1) p(Im A)e 20mmA
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Statement (2) follows, using the properties of the Hilbert—Schmidt norm (for
example Sect. A.3.1 in [43]). Since -3 <5< -1, we have

IXSMFrs ¢ 00y 12(vy) < CLIXSAE-s \|HS(L2(80)—>L2(V))
<Cs —s(vXaO)
< Cs i (14 (ImA) 727 ) p(Im A)e™ 20102
< Cspp p(Im N)e 20TmA

(24)

where E; = (v/-Apo + 1)°. To prove the last property of Sy, we are left with
proving the bound for ¢Sy, where ¢ € C°(V") is supported in V" with O c
VicV" ¢(x) =1 on O and 1 - ¢ is supported in V. It suffices to bound
& Greer ¢ H*(R?) - L*(R?) for —% <s< —%. Note that the explicit kernel of
OGliree 1@, denoted by Ky (x,y), is given by

d-2

K(ay) = ¢<x>¢(y>( o |)2 1) (e )

where H, 51) is the Hankel function. By the Schur test and estimates on the free
resolvent (see Appendix A for details), we have

p1.00(ImA)  for d=2,

H(bGYfree,)\qsuLQ—’H2 < 07"0743 { 1 for d + 2.

Taking the adjoint, we get the same bound for H=2 — L2. Finally, using the
estimate (24) with y = 1 — ¢, we obtain

3 1
HS)\HHS(a(’))»Lz(]Rd) <Csus (1 ++/p(Im /\)) for — 5 <s< 5

O

Remark 4.2. In the case of odd dimensions, an easier argument can be used to
provide a weaker estimate that is still sufficient for the purposes of this paper.
Using the strong Huygens principle, one deduces ( [47, Sect. 3.1])

|6 Greer &l —2-r02 < Cy(1+]A]) for Ae®D,, (25)

which implies
3
¢ Giree,x (ﬁHHS,, 12 S <Cy(1+A)<Cy (1 +ImA) for - > <s< -

This gives [|¢Sx|pemr2 < Cp (1 +ImA) for -3 <5 < -1, Applying inequality
(24) for x =1 - ¢ and using % > 1, we get

3 1
ISall ooz < Css (1 #ImA+/p(Im}))  for - 5Ss<—5.
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5. Hadamard Variation Formula and Equivalence of Approaches
(2) and (3)

In this section, we will show that a version of Hadamard variation of the
renormalised stress—energy tensor (Tren)ij defined in Sect. 2.2 is related to
the Hadamard variation formula for the resolvent. We will follow the methods
developed in [39,41,48,49] and derive a Hadamard variation formula for the
relative resolvent, then apply it to the relative stress-energy tensor. Short
proofs of Hadamard variation formula can be found in [50,51] for the case of
bounded domains. Since we are dealing with an unbounded domain, we extend
theory to non-compact setting for the special case of boundary translation flows
(see Definition 5.1) in Theorem 5.3, which are sufficient for our purposes.

5.1. Hadamard Variation Formula

Let U be a possibly unbounded open subset in R? with smooth compact bound-
ary and Y be a smooth vector field on R?. The flow, denoted by ¢, and gener-
ated by Y, gives, for small |¢|, a one-parameter family of smooth manifolds in
R?, which is denoted by U, = ¢.(U). For our application, U would be either £
or O as defined in Sect. 1 and we will only consider flows that generate rigid
translations of obstacles.

Definition 5.1. A flow ¢, associated with vector field Y is called a boundary
translation if Y is locally constant near oU.

Following Peetre’s derivation of Hadamard variation formula, we define
the following variational derivative.

Definition 5.2. Let u. be a (weak-+) C! curve of functions in D'(U.). The
variational derivative at € = 0 is given by

5yu = 9yu - Yu, (26)

where 0y u = lim._g @ is the variational derivative defined by Garabedian—
Schiffer’s in [39]. Here, the derivative fyu is understood in the weak-*-sense

and the action of the vector field Y is understood in the sense of distribution.

Note that dyu is different from the standard (conventional) Lie derivative,
as u. may have an additional dependence on e. In fact, the last term, Yu in
Eq. (26), should be understood as the conventional Lie derivative of ug.

The derivation of Hadamard variational formula for the resolvent as-
sociated with the Dirichlet Laplace operator usually starts with the energy
quadratic form (see [39,41,49]). The energy quadratic form associated with
the Dirichlet Laplacian —Ay, on U, is given by

E.(u,v;)) = f (Vu- Vo - A2up)dz, (27)
Ue

where A\ € C and Im A > 0. Using the diffeomorphism flow ¢., one can pull-back
the quadratic form from U, to Uy = U, which gives a one-parameter family of
quadratic forms on U, i.e.

E(uvin) = [ o1 (veor (- 9o () - Xuv] i (da). (28)
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Note that the energy form (27) and the induced energy forms (28) are related
by

Ec(u,0;0) = E (97 (u), 97 (0); A). (29)

The operator associated with the energy form (27) is the Dirichlet Laplace
operator, whereas E, defines a one-parameter families of elliptic operators on
U for sufficiently small e. Let G = Gy, » be kernel of the resolvent for the
Dirichlet Laplacian on U,. Then, from Egs. (27), (28) and (29), we have in the
sense of distributions

{ (~Ap = NG c(z,y) = 6,(z) in U,

5 30
Gre(z,y) =0 for zedU, (30)

where y is in the interior of U, and by elliptic regularity G ((z,y) is then
smooth at the boundary and therefore it makes sense to define its boundary
value.

As we would like to study the variation of resolvents, it is convenient
to consider the variation as distributions on U x U. In other words, for R, €
D' (U x U.) and u,v € C;°(U), we have, from the Schwartz kernel theorem,

@:R€(u ® U) = RE(gOieu ® ‘Pie”) = <@ieu7 Regpiei> = (U, <P:Re§0iei)a (31)

where the first two brackets correspond to the pairing between distributions
and test functions while the third and the forth brackets are the L? inner
products on U, and U, respectively. It is not hard to see that the existence of
the variational derivative of R, in the sense of (26) is implied by the existence of
0y R. From Eq. (31), the existence of fy R = lim,_,o @ in the weak-*-sense
is equivalent to the existence of the standard derivative of (€) = (u, ¥ Rc.p* v)
with respect to € for all u,v e C°(U).

The following theorem is the well-known Hadamard variation formula for
the resolvent extended to case of unbounded domains in our setting.

Theorem 5.3. Let . be a boundary translation flow, then the variational de-
rivative of Ry, exists in the weak-+ topology. Let Gy (x,y) be the kernel of
Ry, then its variational derivative is given by

Sy Gro(z,y) = /OU 0,Gx0(x,2)0,Gxo(z,y){(Y,v)do(2). (32)

Proof. Firstly, we prove the existence of fy Ry in weak-*-sense. We know that,
from Bq. (23), @ Rxcp*. = Rireer = ~9rSx,cQ3S5 . We will therefore
establish differentiability of
_(gv QO:S)\,EQ;\,leSi,ESOiEf) = _<g’ (SD:SA,ESOie) (LP:QXIeSDie) (LP:SK,ESDL) f>
(33)
for any fixed test functions g, f € C§°(U) and compute its derivative. In the last
term of Eq. (33), the operator Sf\’6 is the transpose operator to Sy . obtained

from the real inner product, i.e. Sﬁ\’ﬁ f=8¢ j. Since the free resolvent is smooth
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off the diagonal and
(.02 ) = [ [ 9@ Cheen (0 (@) D) (p-()do()da

- /U faUg(:v)Gfree,A(%(x), ve(y)) f(y)do(y)da,

the kernel of Sy is smooth on U x 9U. Here, f € C*(9U), g € C(U) and
Giree,» is the kernel of the free resolvent. To establish differentiability by the
product rule, it is sufficient to prove the existence of i (0XSa, %) in the C*-
topology of integral kernels on U x QU, and the existence of % (30: Qx}etpfe) at
€ =0 in the weak-*-sense. The free resolvent kernel is smooth off the diagonal
and therefore the above formula for ¢Sy ¢’ shows differentiability of the
smooth kernel in the parameter ¢ at € = 0 and the classical sense. We are
thus left with proving the existence of % (w:Q}\}EgafE) at € = 0 in the weak-x*-
sense. Note that cp:Q:\)lecpfe is a one-parameter family of maps from C*°(9U)
to C*(9U), i.e. the spaces do not depend on €. Similar to Eq. (14), we have
the splitting

N N

Qx=>.pjQxp;, Trn=>p;Qxpr and Qx=Qx+T),
j=1 ek

where p; are the orthogonal projections L?(0U) — L*(dU;) and OU;,j =

1,..., N are the connected components of OU. Define Qy ¢ = 9 Qx 0., Qre =
CrQxepr, and Ty e = @iTh pX.. By the definition of Q5 ., we have

Onef @)= [ Gireor(plws). oe(ud) fi(w) el (d(y:)),

where f e C*(0U) and f; = p;f. As ¢, is a boundary translation flow, we
obtain the following relationships.

Q)\,e = QA,O = Q)x and Q;\,le = le
Now, from the decomposition of @y in Eq. (14), one obtains

4
de
d _ -1 (d ) -1
dEQA’E_ QA,G deQ)\,e QA,E'

d, ~ d
Q)\,e = &(Q)\,e + 7&,6) = &7;\,67

The family 7, . is a differentiable family of smoothing operators for suffi-
ciently small € (i.e. no obstacles are overlapping) and its derivative in e there-
fore, by Taylor’s remainder estimate, exits as a family of smooth kernels. Hence,
Q) ¢ is differentiable in € at € = 0 as a family of operators from H*®(9U) to
He+! (OU) for any s € R. We now use that Q¢ is invertible and the inverse Q;}O
is a pseudodifferential operator of order one, and maps H*(9U) to H*"*(0U).
Since the space of invertible operators is open the inverses Q}\}E exist near
€ =0 as maps from H*(0U) to H*"*(0U). Hence, Q;\}E is differentiable in € at
€ = 0 as a family of operators from H*(0U) to H* '(0U). In particular the
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derivatives %Q Ae and %Q;le exist in the weak-x*-sense. Hence, the variational
derivative of R) . exists in the weak-+ sense and it is given by

Sy Ry =0y Ry-YRy-Y'R,, (34)

where Y’ means the action of Y on the second variable. It remains to compute
the derivative. To do this, we consider the inhomogeneous problem

B¢’ ) = [ flp v)da. (35)

Let v be the exterior unit normal of U, y be an interior point of U such that
0c(y) =7 and e(u,v) = Vu - Vo — N2uv. By applying

{’U/E(.'I}) = GA)€($7SDe(y))7
fe(x) = 65, () (@).

to equation (35), taking derivative in € of Eq. (35) and using Eq. (30) and
Peetre’s computations [41], one has

er((Syuo,v)dz:er(uo,Y(v))dz—/é;Ue(uo,v)(Y,l/)da. (36)

Let v(x) = Ga0(x, 2), we have

fU e(u,v)dr =u(z) + LU w(x)0,Gxo(x,z)do(z). (37)

Using the symmetric property of G (z,y) = Ga(y,z) and Egs. (34), (36)
and (37), we obtain

0y Gao(z,y) + [w 9!,Gx0(z,2)0y Gy o(z,y)do(x) = 0.

Using the boundary conditions Gy ((@e(x),y) = 0 for x € 9U, we arrive at the
Hadamard variation formula for the Dirichlet resolvent.

Oy Gro(z,y) = fau 0,Gx0(2,2)0,Gxo(z,y)(Y,v)do(z).
O

5.2. Application of the Hadamard Variation Formula to the Relative Resolvent

We now apply the Hadamard variation formula to our setting with finitely
many obstacles, combining the above formulae for U = € and U = O. We have
from Eq. (32)

fa [0.Gro(@ )0, Gro(,2)) (Yorx)], do(e) g,z e

[8 0.6 0(@,9),Gr0(2:2)) (Yivx)]_do(@) .20
(38)

dyGro(z,y) =

where (-); means taking limits from & to the boundary 0 and (-)- means
taking limits from O to the boundary d0O. We will now use the variational
formula for the relative resolvent to prove the following theorem. Hence, we
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define O, = ¢(O) and similarly O, = ¢.(O;). In this way, we can define the
relative resolvent

N
Rrane = Ro. x — Rireex — (Z Ro, A — Rfree,,\)
i=1

and its integral kernel G x,. depending on the parameter e.

Theorem 5.4. Let ¢, be a boundary translation flow, d >2 and X\ € ®,,. Then,
Rrcize s for each A e®, a C! trace-class operator-valued function of € near
the point € = 0. Its derivative Rrel’&o equals 0y Rye1x and there exists § > 0
such that L?-trace-norm of Rr817A70 is bounded by

”Rrel,)\,0| 1< Cup(Im )\)e—(ﬂm)\’ Ae DV' (39)

Its kernel, Grel,)\,o = érel,,\,o, 1s given by
Greano(z,y) = DI Joo, [(‘%GO,,\,O(IE,Z)auGo,,\,o(Z,y)
_6’VG0“>\70(:17,z)&,G@i,)\7o(z,y))(Y,l/gi)LdU(z) (40)

for x,y € €& or xz,y € O, where vg, is the exterior unit normal of & and &; =
RY\ 0O;.

Proof. We start by showing that the family is Fréchet differentiable in the
Banach space of trace-class operators with continuous derivative, i.e. the func-
tion is C! as a trace-class operator-valued function on I, where is a fixed
sufficiently small compact interval. As in the previous section we have Ry ) =

=S\ Q! - Q;\l)S;. We can decompose its variation form as in the proof of
Theorem 5.3

Rrel)\,e = _S>H€(Q;\}E - Q;\,le)si,e = _Sk,e@ie‘P:(Q;}e - Q;\}e)gpie@:‘gi,e

Then, we split the last term into a product of three terms, i.e. Sx ., ¢F (Q;\}E—
Q}\}E)cpfe, and ¢?S5 .. The first operator Sy (7, is given by

Snep’ f(z) = [a o, Ctice (20)1 (-(7))do (3)

- [8 , Griee (2, 0c(u) f (W) (do (w)).

Since 0O is a disjoint union of the components 00; the operators Sy .,
splits into a sum ¥; S xc = ¥, Tj(€)S) x, where S; 5 : L*(80;) — H' (R?) and
T;(e) : L*(R%) — L2(R?) is the translation Tj(e)f(x) = f(z - Z;€). Here, we
used the fact that Z is constant and equal to Z; near JO; and that the free
Green’s function is translation invariant. Since T} (¢€) is C* as a family of maps
HY(R?) - L*(R?), this shows that S .p*, and its adjoint are C! as families
of bounded operators L?(90) - L?*(R?). As shown in the proof of Theorem
5.3, the operator SOZQ/\,F_QO; is independent of € and therefore

OiQN P = Qx+0iTo 9™ = Qx + The.
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The map 7 . has smooth integral kernel that depends smoothly on e for suffi-
ciently small e. This family is therefore C* as a family of trace-class operators.
We temporarily denote @XQx cp*. by Je, As Geee,y is translation invariant,
wé@xegpfe is independent of € and hence we denote it by J. Then, by the above
Je=Jyg+r.and Jy— J is trace-class. Moreover, the remainder term r. is of the
form r. = Jye + p(e), where |p(e)|1 = o(€) as € - 0. By the Neumann series, we
have
J T =+ Iy )T I = T = g = T = T o dg e + (),

where again |p(€)|l1 = o(€). We have used here that trace-class operators form
an ideal in the algebra of bounded operators, and the norm estimate |AB|; <
[A[lIB]1 holds. We conclude that @2(@}}5 - Q;\}e)gpig is C1 as a family of
trace-class operators.

We now compute the derivative in € of all the three terms. We obtain

. o~ d, . ~ “
Rrel,A,O = S)\Y(Q)\l - Q)\l)Si -85 & ((pe (Q)\,le - Q)\,le)(p—e)

x S5 = SA(Qy - QXY SS.

For the derivative of the second term, we have as in Theorem 5.3

Onef @)= [ Groer(el@) e Ful)e? (Ao ().

e=0

and

d * - ~N— * —
& (‘pe (Q/\,le - Q)\}e)(p—e) -0 - a )\716
1 (d _
- (@ (7 o)
de e=0
Therefore, the variation of the relative resolvent is given by
Reeino = SaY (Q3 - Q3N)SE = SaQ3 £Th ], Qx1Sh - Sa(Q3! - Q)Y S,
= S\ (Q' ThQ31)SE - SxQ3 Th0Q3 'Sk - S QR ThQ3H)Y S (41)

To estimate the trace-norm of Rrel, 2,0, note that the first term in the above
equation can be estimated by
Bl -y [ ExTa 1| QX SA]

I -1
HS/\Y(QX T)\Q)\ )Sklll < HSAYQ)\ HH%HLQ H 2>H?2
where Es = (/-Qgo +1)® and |E1Ty|; is the trace-norm from H: > H 2.
Now by Proposition 4.1, we have

[S\Y(QNTA@3)SK 1 < C(1+ (ImA)?) p(Im A) | By T 1. (42)

The third term in Eq. (41) can be bounded the same as the first term. For the
second term, one can estimate it by

[SxQ3" T2, 0Q3" SK 11 < [SxQ3 |

e=0

LZ%H7%7

b Bl ey s 1B T ol 1Q3 8K L. s
<C(1+ (ImA)?)*p(Im A) | E1 Tx 0] 1- (43)
Combining Eqs. (42) and (43), one has
| Rrerxoflr < C(1+ (ImA)*) p(Im A) (| EvTa |1 + | ExTaolr) -
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In order to prove the bound (39), it suffices to prove that
I75ellx < Ce®™ and Hﬁ,e‘h < Qe 0TmA

As in Theorem 5.3, 7, . is a smoothing operator that depends smoothly on e,
as long as we have dist(00; .,00 ) > 0 for all pairs of obstacles. Since the
obstacles are compact, 7 ¢ is a smoothing operator on compact domains and
hence it is also a trace-class operator from H*(00) - H*(00) for all s € R.
This proves the first part of the theorem.

Also, from Theorem 5.3, we know that y Greiz,0 exists in the weak-*
sense. By Egs. (33) and (34), we know that the kernel of Rrel,)\,() coincides with
0y Grel,x 0. In other words, the variational derivative exists in a stronger sense.
We can therefore apply the variation formula (38) to the relative resolvent,
which gives

Reeino0(2,y) =0y Grex0(z,y)

N
=0y (GO,A,O ~ Giree = 2. (Goyn0 - Gfree)) (7,y)

=1

N
=0y Goxo(x,y) - Y. 6y Go, ro(,y; 2)

i=1

N
= Jro. [90Gor0(5: 003 Gono(a ) (Y:re.)], do(a)
. N
Zf [0, Go,x0(2,0)0,Go, x0(a,y)(Y,ve,)], do(q)

N
Z;f [(5 Goxo(r,9)0.Goxo(q,y)

- 9,Go, no(@.0)0,Go,n (0. 9))(Y.ve,)| do(q).

Since the interior parts of Go x and Go; i are the same, the interior
contributions of dy G 0 in the expression (38) cancel out with the ones of
dy Go; x0- Therefore, we are left with only the exterior contributions as shown
in Eq. (40). o

Definition 5.5. Let M be a Riemannian manifold with A be an operator on
L?(M) with continuous kernel Schwartz kernel A € C(M x M). For an open
subset V' ¢ M, we define the localised trace on V' as

TrV(A):fVA(%x)dVOIQ(x),

whenever the integral exists. If A is trace-class and has continuous kernel, the
trace of A on L?(M) then equals Try;(A) by Mercer’s theorem. We also write
Try (A).

Our next proposition gives a relationship between the trace of the varia-
tion of the relative resolvent with a local trace on the boundary.
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Proposition 5.6. The trace of the variation of the relative resolvent on L*(X)
18 also given by

1 X 0Go \ 0Go.

Trx [By Rran] = — 3 Troo, | (8,0, 2592 _ o, 0 )Y ]
x[6v Brel, 2] 2>\; rao‘[( ) AN ARUR
Proof. Let g, * H2(E) - L2(00) be the Sobolev trace after taking the
exterior normal derivative (v is the exterior normal vector field) and Bp y :
L2(00) - L*(RY) is defined as Bo x = Ro.» © Y¢ - To see that this map is

well defined, we note that

RO,/\’VE‘,U = Rfree,)\’}/g,y - SO,/\QZDI,)\Sé,)\'YE,w (44)

where Sp » and Qo are the same as Sy and @ defined in (22), but with em-
phasis on the dependence on O. Then, Rfree,x7g, maps L?(09) continuously
to L?(R?). The operator Sﬁ\véw is the double layer operator on the boundary
00 and maps continuously L?(992) — L?*(99) (see for example [52]). Since
Q3" is a pseudodifferential operator of order one, and Sy continuously maps
H1(00) to Hz (R%) ¢ L2(R?) we see that Bo.x: L*(00) - L*(RY) is indeed
well defined and continuous.

Similarly, we define vp,, and Bp, x. Let p; be the orthogonal projec-
tion L?(00) — L*(00;). Then, from (44) then have for (Bo x — Bo, »)p: the
representation

(Box = Bo, A) pi = Sx (Qy" = Q. Api) SxVE i
=S\ (@3 - Q3'pi) S3vé Lpi

=S\ (Qy' - Q') SSVELDi+ Y. SAC?leka\VE,ypi-
parg

where Qo, » is the operator @ in Eq. (22) when O is replaced by O; in the
definition. As in (14) we have used the decomposition @, = QA +T). Since T}, is
smoothing, so is Q;\l—()j\l = —Q;\lT,\Qj\l. Similarly, as the free Green’s function
is smooth off the diagonal the operator kaf\*y;Vpi has smooth integral kernel
for k # 4. In particular, these operators are trace-class as maps from L?(90)
to L?(00). Since Sy, as well as $,Q5" is bounded from L2(90) to L?(R?) this
shows that for every i € {1,..., N} the operator (Bo,x — Bo, )p: is nuclear.
Equation (40) can be rewritten as

N
Sy Reetp =, (Bo,,\Yz’Bfg,,\ - BOi,AYz‘B(*Qi,)\) ;

i=1
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where Y; = (Y, vg, )|ao, is viewed as a multiplication operator acting on L?(90;)
c L?(00). Taking the trace, we have

N
Tr(8y Reen) = . Tr (BoaYiB » - Bo, 2YiBo, 5)
=1
N
Tr ((Bog\ - B(’),;,A) Y;Bé)’)\ + BO“)\E (Bé’),)\ - st)z)\))

N
Il
=

Tr (Bo s (Box = Bo, ) Yi+Y; (Bo y — Bb, ») Bo,.a)

s

~
Il
—

s

~
I
—

Tr (B Bo.x = By, \Bo,x) Yi) -

Here, the cyclic permutation under the trace is justified because of the nu-
clearity of (Bo x — Bo, x)pi- Since B5 \Box = ivg,y%Ro,xy;U its integral

kernel is 50,0, a((’;(;‘*. We then obtain

N
Tr(0y Reet,n) = Z Tr ((B(*D,/\BOJ\ - B&,ABOM) Yl)

=1
1 X , 0Go \ , 0G0, A
- S Trpo, A _ i)y,
2/\; 100 [(8”8” )Y ) lL
1 X , 0G0\ , 0Go, A) ]
=— > Trpo. || 0,0 =~ 0,0 = Y, .
2/\; ‘r’ol[( YT ON o i,

O

By Theorem 3.2, one can define trace-class operators
gret = Dy = L [ Af(A)ReeiadX for f(A) = g(A?) and g € Py. We now have
the following.

Proposition 5.7. Let g € Py and ¢, be a boundary translation flow. Then, dy grel
is a Ct trace-class operator-valued function of € near the point € = 0. Its deriv-
ative grel = Oy grel Satisfies

N
Te(dy geet) = = 3- Troo, [0,0,,(30 — Go (Y. v)], ,
i=1

where ¢'(z) = %(z).

Proof. By Theorem 5.4, the operator R,.(2) is, for fixed z ¢ Gy, in the Ba-
nach space C1(I, L) of trace-class operator-valued C'-functions on a compact
interval I containing zero. Differentiation defines a closed operator from on
C(I, L) with domain C'(I,£1). By Theorem 5.4, the derivative of Ry y is
integrable in A\. An application of Hille’s theorem to the Bochner integral defin-
ing gre1 in the Banach space of trace-class operators shows that differentiation
in € commutes with integration. We therefore know that g is differentiable
and

i

i
Sy Grot = —fg(z)(ierel(z)dz:ff)\f()\)éerel,Ad)\ with  Ryer(A2) = Rrel a.
27 Jr T JT
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Let f(\) = g(\?). Using Proposition 5.6 and integration by parts in A, we have

Tr(5ygre1):% /F Af(A)TE(8y Ryep.» )AA

i N, 9Go 9Go. \
= Troo, d A58 Ay
waffw; aol[(a”a” )Y )( ’”>]+dA

N
=- ; Troo, [8,0, (do ~ Jo, (Y. )], -
O

In the special case g(z) = Vz +m?2, Proposition 5.7 shows differentiabil-
ity of H. with respect to € in the space of trace-class operators at € = 0.
Using Theorem 3.7 and differentiating under the trace then gives the following
theorem.

Theorem 5.8. The variation of the relative energy is given by dy Fye = %Tr((Sy
Hrel)~

We will now use the Hadamard variation formula to compute this varia-
tion.
5.3. Variation of the Klein-Gordon Energy

Theorem 5.9. Let Y be a smooth boundary translation vector field. The vari-
ation of the Klein—Gordon energy generated by Y is equal to the boundary
integral of its spatial tensor contracted with Y. That is

6YErel == -/ao(Trel)ijVindo—a

where the integration on the right-hand side is at the exterior boundary and v
1s the exterior normal for E.

Proof. From Eq. (5), we have

. . N . .
LO(Trel)ijleJda = pZ::I /E;OP(Trel)ileYJda

N N o
= Z / (Tren)O - Z(Tren)oq v'Y’do.
p=1 BOP q=1 ij
We know that
° ((Tren)op)ij is smooth on a neighbourhood of O, for p # ¢ (by Theorem
2.6),
® ((Tren)o, )ij is divergence-free (by Theorem 2.6),
e Y is constant on a neighbourhood of O, (by assumptions) for all ¢ €
{1,...N}.
Therefore, F; = ((Tren)op)inj is smooth and divergence-free on a neighbour-
hood of O,. In other words, we have

fao ((Tren)op)ijyiyjda =0 for q#p.
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That is
. . N . .
VI, — _ AV
faO(Trel)”V Yido ;/aop((Tre“)O (Tren)o, )i/ Y do.

As ((Tren)o = (Tren)o, )ij is vanishing at the boundary 0O, we have
((Tren)o - (Tren)op)ijyj = ((Tren)o - (Tren)op)ijyj<ya V) on 801}

Now, from Theorem 2.4 we get
N . .
_ iy
pgl[aop((Tren)O (Tren)op)wlj Y’do
N . .
= Z /(;O ((Trcn)(’) - (Trcn)op)ijllzl/j (K V)d(f
p=1 p
-3 [ s {[eae - v ot - ko]
_p:1 6(917 2 (@] free A 4 o free ) |
/ o 1 o o
[0 15, i)l - SALHS, ~ i)} (oo

N ] 3 - o
= ;p; faop [[8V81,/(H(_91 - Ho, )l - iA[(H@l - Hc_oi)h]] (Y, v)do.

filtoget11817 e lla“’e
/8 (1181)2"1/‘) ]dO' Z [8 81/8, (Ii() }i()p)”A
O J 2 p=1 Op v

AT - )| (Voo (49)

The second term in the above equation can be expressed as
Tego, [A((HE! - Ho)l)] =~ 3= [ 2=Troo, [004((Go(2) - Go, (D) 4=

=—gfrﬁTraop [2044(Go (=) - G, (],

where we used the properties (11) and (30) of Go(A\?) = Go» and Go, (\?) =
Go, x- Now we obtain

Troo, [A((Ho' - Ho, )la)] = 2Trao, [[0,0, (Ho' - Ho,)]l] . (46)
Equations (45) and (46) imply

iy 1 & -1 -
(T ydo - 1% Jro, (00" ~ i, i} (¥, )do.
Since |, ao(Trel)ij’/in do is integrating at the exterior boundary, we have

f (Toer)ij yadg_ f (0,0, (Hg" - Hg! )la], (Yiv)do.  (47)
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Applying Proposition 5.7 to g(z) = V' z + m2, we have
N
Tr(éyHrel) =Tr 5y H@ - Z Hop
p=1
N
:(Tl“g + TI‘@) 6y H@ - Z H@p
p=1

= 2{Tr@@[8 OLHZ (Y, )], ZTI'OO [0 a’Ho (Y,v)]+ }

l\D\F—‘

Now Trpo[,d, HZH(Y, V)],—Zﬁil Troo, [Gua,’,];f@i(Y, v)]- =0asY is a bound-
ary translation vector field. Therefore, we have

Tr(dy Hyel) = - {Trao[a oL HL Y, v) ZTrgo (0,0, Ho (Y, )]+ }
p=1

1 N / I T7—
=2 Z {Troo, (0,0, Ho (Y, V)]s - Troo, (0,0, Ho, (Y, v)]+}
=1
1Y .
=-3 Z{TYBO [0,0,(Hp" - Hoh )(Y, )], }
=1
- ngj f [(0,0,(Hg' - Hp' )] (Y,v)do
2 &4 Joo, LVTVATO T O AL AT '
That is
Te(dy Hiat) = 2 o, 000! ~ 1 )], (Voo (a8)
Finally, Eqs. (47), (48) and Theorem 5.8 complete the proof. ]

An application of an analogue of Theorem 5.9 to calculate the Casimir
force in dimension one can be found in Appendix 7. Finally, we have the
following theorem.

Theorem 5.10. Let Tie,, be the renormalised stress—energy tensor in Theorem
2.8 and let Y be a boundary translation flow as in Theorem 5.9. We assume
further that Y is constant near O, for some pe{1,...,N} and vanishes near
Oy if ¢ # p. Let S be any smooth hypersurface in € that is homologous to 00,
in € and let v be the exterior normal vector field of S. Then, the variation of
the relative energy generated by Y is equal to

5YErel:‘/S(Tren)ijl/iZde_v

where Z is the unique constant vector field on RY whose restriction to 00,
equals Y.
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Proof. As in the proof of Theorem 5.9, we have
AO(Trel)ijinde = Aop((Tren)O - (Tren)Op)ijViZde

= \/a‘op((Tren)(’) - (Tren)(’)p)ijl/il/j(z7 V)do’,

We also know that 00, is homologous to Sg, a sphere with sufficiently large
radius R in Rd\(’)p. Because (Tien)o, is divergent-free, one has

[)Op((Tren)op)ijyiyi<z,y>do:I%ifio fSR((Tren)op)ijuiuj(Z,u)da.

To get a decay property of (Tien)o, at infinity, we first recall that
2 [}
Ho — Hfpee = —— f AV A2 —m? (RO,i)\ - Rfree,iA) dA.
™ JIm

For m # 0, we would have an exponential decay of e-¢™*(®) for (I;fo - I;ffmc)
(x,x), as explained in the proof of Theorem 3.5. For m = 0, one could use the
estimates of (17) and (18) to obtain that, for d > 2,

| (FIO - ﬁfree) ($,$)| < Cp_2d+1(m)'
Moreover, estimate (19) also implies
[(A(HQ' ~ Hiee)) (z,2)| < Cp 2™ (z).
Applying the above estimates to Theorem 2.4, one concludes that
(Tren)o,| < Cp~" ().

This implies limpg_ fSR((Tren)Op)ijyiyj(Y, v)do = 0.
As (Tyen)o = Tren (see Definition 2.3 and the first two paragraphs of
Section 3), this completes the proof. O

6. The Zeta Regularised Energy and the Equivalence of (1)
and (3)

In this section, we assume that m > 0. In that case it is well known that for
Re(s) > (d +1)/2 the operator

(Ho™ - Hze)

is trace-class (see for example [53]) and we can therefore define the renor-
malised zeta functions (o (s) as

Co(s)=Tr(HG™ - Hys) = -2s fow A2 +m2) 7 e(V)da

where () is the spectral shift function of the problem. The Birman—Krein
formula applies to this setting and we have

€\ = —%logdet(S(/\))

where S(\) is the stationary scattering matrix of the problem.
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One can also use the Mellin transform to write
1 Sl
= — t* " ho(t)dt
Co(s) T(s) /0 o(t)dt,

where

ho(t) =Tr (e’tHé - e’tHfzm) L I Ca e
- _9pe 't fo e N teo (M)A

The following lemma should be well known but we could not find a reference
for the precise statement. It is a simple consequence of heat kernel expansions
[54-56] and Kac’s principle of not feeling the boundary [57,58]. We also refer
to [59,60] for more details on obstacle scattering theory and the Birman—Krein
formula.

Lemma 6.1. The function ho(t) is exponentially decaying ast — oo and has a
Sull asymptotic expansion as t ~ 0 of the form

ho(t) ~t DS gtk ¢ 0,
k=0
where the infinite sum is understood in the sense of asymptotic summation.
The coefficients ay, are integrals over 0O of locally determined quantities ex-
pressed in terms of the extrinsic and intrinsic curvature of the boundary and
its derivatives. In particular,

-1

4 = _3(4@-%\/01(1,1(50).

Proof. The exponential decay follows immediately from the representation by
means of the spectral shift function and m > 0. Now he(t) is the trace of the

difference of the two heat operators etHo and e tHiee with integral kernels
Ko(t,z,y) and Kgee(t,z,y), respectively. Since the difference is trace-class
and the integral kernel is smooth we have

ho(t) = 1%1_1)20 [gnBR Ko(t,z,2) - Kfreo(t, 2, 2)dx,

where Bp is a ball of radius R, i.e. integration is over a large ball of radius R
with the obstacles removed. The heat kernel difference satisfies not feeling the
boundary estimates. For example, a general finite propagation speed estimate
[58] gives
: (@)?
(Ko(t, ,2) = Kieo(t,z,2)| < C (p(x)™ + 1) 1742”57,
where p(z) = dist(z, O). This shows that
ho(t) = [ (Ko(t,2,2) - Knee(t,2,2)) da.

Let U c £ be an open neighbourhood that contains 9, i.e. 0 cU c £. Then,
we have for [t| <1 that

ho(t) = fu (Ko(t,2,7) - Kireo(t, 2, 7)) dz + O(Y),
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for any N > 0. This computation is therefore purely local. Using another not
feeling the boundary estimate we can replace Ko(t,2,2) in this integral by
the Dirichlet heat kernel on the compact manifold obtained by removing O
from the large flat torus. The coefficients are therefore the same as the heat
kernel coefficients on a domain with boundary. It is well-known that heat
kernel coefficients are determined by local invariants of the jets of the symbols
of the operators, i.e. jets of Riemannian metric and second fundamental forms
([66, Lemma 2.6] or [54, Lemma 2.1]). As our interior geometry is Euclidean,
only the first heat coefficients corresponding to the interior is nonzero. This
first coefficient is the same for both operators and therefore only boundary
terms contribute to the expansion. The first non-trivial term is given by ag =

-1

—i(47r)_dTV01d,1(8(’)) (see for example [54, Theorem 1.1]). i

Remark 6.2. The general form of the heat expansion for a compact Riemann-
ian manifold M with boundary M is of the form

Tre!AM o ¢4 Z bktg, t—0,,
k=0

where the boy are integrals of locally defined quantities over M, and the bojq
are integrals of locally defined quantities over 9M which are determined by
the boundary conditions. When considering differences heat kernels of Laplace
operators with different boundary conditions the bos terms cancel and only
the terms containing bsy41 remain.

It follows as usual (for example [61, Sect. 1.12]) that (o has a mero-
morphic continuation to the complex plane. If d is odd then there are finitely
many poles at %, % —-1,...,1} with residue at % -k determined by the
coefficients a. In this case, the values at non-positive integers are also ex-
pressible in terms of ay. In case d is even, poles may be located at the points

91—k | keNp}.

Definition 6.3. The regularised energy F,e, is then defined

Ereg = %FP5=—% (CO(S))7

where FP,_, f(z) denotes the finite part of the meromorphic function f at the
point a, i.e. the constant term in the Laurent expansion of f about the point
a.

In particular, in case d is odd we have e, = %QO(—% .

We can also define a zeta regularised energy Efeg for every object O;.

Obviously, E/,, does not depend on the position of O; in R? and is also
invariant under active rotations of the object. Since the heat coefficients are

local quantities the relative zeta function

N
Crel(s) = CO(S) - Z;COJ(S)
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is an entire function. Since the relative quantities

N
(H™ - Hyed) - X (Ho'® - Hy2)

J=1

are trace-class for s < 0 we also have that E.¢ = %Crel(_%) and therefore
N .
B = Ereg - Z Egeg'
j=1

Thus, Eye — Ereg does not change if the individual objects are translated or
rotated.

7. Proof of Main Theorem

In this section, we will prove our main theorem (Theorem 1.1) by combining
the results we obtained in the previous sections.

Proof of Theorem 1.1. The differentiability of E,e () follows fr~om Theorems
5.3 and 5.4. As shown in Section 3, we have Z(\) = logdet(Q,@Q3") and The-
orem 3.7. Recall that equation (21), says

1 1 e
Erel = 7TrHrel = - f LE(lw)dw
2 T 2

m w?-m

By substituting Z(\), one obtains Eq. (2) of our main theorem. Equation (1)
follows immediately from Theorems 5.9 and 5.10. Since the flow ®. described
right above Theorem 1.1 is exactly a boundary translation flow (see Definition
5.1), we know from the end of Sect. 6 that E{eg is constant if the individual
objects are translated. Hence, the fact that Eye(€) — Ereg(€) is constant near
€ =0 for m > 0 follows. O
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Appendix A: Bounds on the Free Resolvent

In this appendix, we will give some estimates on the kernels of ¢Gpee x¢ and
@Giree,r X, Which are denoted by K (z,y) and K (z,y), respectively. They are
given by

KaGe) = 300 (52 ) HL O )

Kx(z,y) = jlaﬁ(x)x(y)(%';_m) 2 H%(Alx—yl),

where H 51) is the Hankel function. Moreover, we assume ¢ has compact sup-
port whereas the support of x is unbounded with dist(supp ¢,suppx) =0 > 0.
Now we have

A\ P
Kuwp.a ( ol - |) Hlsl)()\|x_y|) dy
\ P
<C f () HY dy
supp(¢) 27T|.CC - y|
el AN Yo
SC/ / (—) H;V(Ar)| r* drdw
sd-1 Jo 27y
T K P
< Cf ’ (é) HO )| ritar.
0 r
Similarly,
c AN P
Kuvpda(x;X) < C’f5 =) H;V(\r)| v dr.
r
Recall that Hankel functions have the following asymptotic
. 7 o |z|™ ifv>0, 19
< < To,V .
or |Z| To, | v (Z)|_ 0, |10g(2)| ifv=0. ( )
For |z| > 19, |H™ (2)] < Cr07u|z|7%671m2. (50)

Therefore, for small A such that r|A| < ro, we have

)

L
0]

» C |A\¥ log(N)|P fm» rd=rP=Ylogr|Pdr  for v =0,
d-1qr < 0

CIA[(=)P ford’ pd=1=(ut0)p 4, for v # 0.
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For large A such that 74|\ > ro, we have

r H
[ Jey e
74\l AP
_ )\2Mp—df ¢ gL 2

” P
S WA A, rd_‘“"ldrwtfww HO (2
0 Al Al

To
The above terms can be bounded by using the asymptotic of Hankel functions
in Egs. (49) and (50).

A

A\[2Hp—d [TUI AN

N ( ox
Im

_ To 4 _ LD o
|A[2HP d(f rd=(ut)p 1dr+[ roze | A pdTEPTlgy for v # 0.
0 o

P
rétdr

rdrr=lqy

p

rd_“p_ldr) .

P

ol A| 1 _.ImA

d—pup-1 ¢ 50 TN pd—up-1

reTHP dr+[ r2e A ptTHPTIGp for v =0,
To

Replacing r4|A| by oo in the integral, we obtain
Kwp,a(z;A) < CT07M,V,p,d|)‘|2Mp_d for large |A[.

Combining with the asymptotic for small |A|, we have

Cro.pp.d Ppup;2up-d(Im A for v =0,
Icy,,ll,p,d(x;)\) < { 0,14,0,d Pp,up;2pp d( ) (51)
CTmHW:P,d pO,(,u—u)p;Q;Lp—d(Im)‘) for v # 0.
For l@uyy,p,d, we have
~ oo by H p
Kivpalz; ) < Cf5 (7) HO )| ritdr.
r
For small A such that 0|\ < rg, we also have
oo I p
/ ’(/\) Hﬁl)(/\r) rdtar
5 r
o] /\ p
= |)\|2”p_df Hl(,l) (r) pd=rr=lqy
51 Al
T p [e<] p
= |)\|2“p_d (/ ’ HW ()\r) rdrP=lqy 4 f HWM ()\r) rd_“p_ldr).
s | A ro |7 A

This can be bounded by

afl [ A\
NRZS f o (r)
. ( oo [\

2up—d ro d-(p+v)p-1 0 1 _plma d-pup-1
Al r dr+ r e W dr for v # 0.
SNl ro

To

i 1 _plmx g
rd=rp 1d7’+[ rT2e TN pdoep 1d7’) for v =0,

Replacing 6|A| by 0, one has

ﬁﬂyyvp(x; A) < C#,V7p7d|)\|2”p_d for small |A|.
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For large A such that §|\| > rg, we have

[ )\ M p o )\ H 1 P
f ‘() H,El)()\r) Td_ldTSCf (7) |)\r|_56_”m>‘
5 r s r

_p ® deup—P_1 —
<CIMHP 2] pd-Hp=3-lo-rImAq,
8

rtdr

SC|)\|MP_%@_6Im>‘ fw(r + 5)d—ﬂp—%—1e—7‘lmkdr
0

—6Im M\
<Cs,rg,1,p,d € .

This implies
’ﬁu,l«p,d(m; A) < Cro,pv,p.d P0,2p-dso (Im ) e oA, (52)
By the Schur test and Eq. (51), we have

p1,0;—2(ImA)  for d=2,

Gr = < S ’Cﬁ;z ;/\ <C
|Gt APl o2 up 152,45 2.a(@3) 7607¢{Po,0;—2(1rn>\) for d # 2.

zesupp(¢)
Using the recurrence relations of Hankel functions
(Hﬁl))’(z) = —H,Ei)l(z) + gHﬁl)(z) and similar calculations, one has

p170;_1(1m )\) for d = 2,

i Gree. — < Cr
”V ° (¢ f )\é) ||L2 L 0,¢ { po,o;_l(lm )\) for d + 2.

This is the same bound for |¢Geerd|rzopy:. To get the bound for
|6Giree x®| 12— 12, We recall that (=A = A?)Glreex = I, hence

‘|¢Gfree,/\¢‘|L2—>H2 < CHAQstree,)\QSHL?—»LQ + C|‘¢Gfree,)\¢|‘L2—>L2
< C(l + |)\|2) |¢Gfree,)\¢”LzﬂL2 + C”éGfreeﬂ\Q;”Lz%Hla

where qg = 1 near supp ¢ and diam(supp é) is bounded. Combining with the
estimates on |@Gree @] 2 g1 and || ¢Gree x@| 12— 12, We have

p100(ImA)  for d=2,
|#GiscarPlzzz < Crug { 1 for d 2.

For the operator xGiree 1@, we obtain from Eq. (52) that

) .
IXGrreenlfrs(ms(00)>12(R1)) € SUP Kz oz q(z;X)
zesupp (o)

—-6Im A
< Cryo Pt A)e ™,

which gives the verification of the estimate (24).

Appendix B: The Method Illustrated for the 1-D Casimir Effect

In this appendix, we illustrate Theorem 5.9 in its simplest form, i.e. for the case
of the one-dimensional Casimir effect. This will also illustrate the advantages
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of the relative framework. Let a1 < by < ag < bg, where O7 = (a1,b1) and
Os = (ag,by) are the obstacles. Then, we have

G(_oo,al) T,y <ai

Garb) a1<T,y<b
Go = G(bh@) by <z,y<as ,

Glashy) 2 <,y <bo

G (by,+00) z,y > b
G(_oo7a1) T,y <ay
Go, =1 Ga1by) 01 <z,y<bi,
G (b;,+00) T,y >b
G (—o0a2) T,y < as
Go, =1{ Gasby) a2<T,y<by.
G (by,400) T,y > by
Then, Giel = Go — Go, — Go, + Giree is given by
Giree = G (“00,as) T,y <bp
Grel =3 G(b1,a2) = G(by,400) = G(co0,az) + Gtree b1 <,y <az. (53)
Gtree = G(by,+00) T,y > az
In particular,
o-ik(z—y)
ik|z— - T<y
Giree (2,43 %) = = ;ikyl = e,ififf,x) ’
T

e W0 sin(k(z - b))

ik|lz—y| _ Jik|z+y—2b]| <y
e e k
G 00 )\ Ty ;k2 = - " = . )
(b,+ )( Y ) 2ik elk(m—b) sin(k(y _ b))
x>y
k
-ik(z=a) sin (k(a - y))
e sin(k(a -y
o ( k2) eik\az—y| _ eik|z+y—2a\ Lk <Yy
— oo xT,Y; == N = . )
(mo0.a) (> Y 2ik e R gin(k(a - x))
p x>y

cos(k(z+y—-b—-a))—cos(k(b-—a—|z -
Gap (@,y;k?) = e 2ks§ik(b—2;) —
sin(k(x - a))sin(k(b-1vy))
ksin(k(b-a))
sin(k(y —a)) sin(k(b-x))
ksin(k(b-a)) vy

For x,y > b, we have

T<y

elk\x+y—2b\

— . 1.2 - —
[Gfree G(b,+oo)](w7 Y k ) %21k ’
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which implies

[Aeree (b +00) (iC y) - fk\/_ Gfree G(b +°o):|(x y,k )dk

1k\x+y 20|
L f WE ( )dk
2ik
\/_ 1k|a:+y 20|
" & )ak
f ( 2ik )
1(1k)|T+y 2b| ik
f (ik) (_ 2i(ik) ) '

Cn(z+y-20)2

The same calculation yields for z,y < b. That is

1 1 1 1
I:Aeree - A(b +oo):| ($ y) [ free a A(2_°°75):| (x,y) - _m.
When restricting to the diagonal, we have
1 1 1 1 1
I:Afzree - A(2b_,+o<>):| (‘T7I) = |:Af2ree - A(2—o<>,b):| (x’ 1') - _m' (54)

Now for a < z,y < b, we have

[Gla) = Gree] (2, y; k%) = b e lxgk_sgiﬂn)()k_(;(_)sc(j)(x )

61k|m—y|

2ik

which implies
[A(Qa b) f%ree](xvy) :% /f k\/k_2[G(a,b) — Gree(z, y; k) dk
T % [f kVE2[G(a,b) = Giree) (z, y; k%) dk
- % fom(ik)Q[G(a,w = Giee] (2, y; (ik)?)dik

2 oo .
= — ; ‘[O k2[G(a,b) - Gfroc](xvy; (Zk)2)dk
Note that

f"" kcosh(ak)dk T, (a7r
0

— sec %

f b
sinh(bk) 402 ) oras

and

[Gla) — Gree) (2,5 (iK)?) = cosh(k(b—a- Eyk;ﬂ})l)(];(zo_sl(ll()/;(x +y—-b-a))

e~ klz=yl
2k
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implies

(A2 - Db, (@)

2 (o] .
= _; A kz[G(a,b) - Gfree](x7y; (lk)2)dk
™

:_[Cscz(|5C—y7r)_csc2((x+y—2b)7r)] L1
4(b-a)? 2(b-a) 2(b-a) m(z-y)2

When restricting to the diagonal, we have

1 1 T T (x-b)m
AZ A2 =- 2 . 55
[ (a,b) free ] (@ 7) 12(b-a)? " 4(b-a)? ¢ ( b-a ) (55)
Equation (53) gives
NN
5 [Afree - A(—oo7a2):| (Z‘,J?) T <b
1 1 1 1 1 1
§Hrel($) - 5 [Afblxaz) - A(21717°<’) a A(2—°°7a2) + Afiee] (.%‘,.T) bl <T<az.
1 1 1
5 |:Af2rcc - A(Q—oo’bl):l (.’IJ, {E) T > ag

From Egs. (54) and (55), we have

1
5 rel(x)
1
- <b
8m(x —az)? ren
5 ((z—a2)m T 1 1
= csc - - - b1 <x< .
8((12 —b1)2 ( a2 —bl ) 24((12—b1)2 87T(£E—(12)2 871'((2—1)1)2 ! * az
! >
- T >a
8m(x —b1)? ?

This equation shows that He(x) is continuous, which is consistent with the
claim in the proof of Theorem 5.8. Integrating over R, we have

1 1 6— 72 1 m
“Trr(Hye) = — - =T :
5 T (Hel) 87(as—b1)  24m(az-b1) B8m(as—by)  24(az-br)

(56)

Similarly, one has the renormalised counterpart of Hye (), which is given by
1 1
(Ho)ren = [AG — AZ,.]la- Note that this only corresponds to the first term in
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Too of (5), i.e. 3(H — Heee)|a- It is given by

1
8r(x —ay)? rem
™ 5 ((x=b))m ™
- <xr<b
8(b1 - a1)2 e ( b1 —Qaq ) 24(&2 - b1)2 “ v !
1 ™ 5 ((x—ag)m 0
—Hyon = - b .
5 Hre () 8(a2—b1)2CSC ( p— ) 1(ay D)) 1< T <as
™ 5 ((x=b)m ™
- <xr<b
8(b2 - a2)2 ¢ ( b2 —as ) 24(b2 - a2)2 a2 v 2
1 _ r>b
87(x — by)2 2

It is easy to see that Hye, is not integrable. Therefore, some regularisation
schemes would be needed at this point. One way is by heat kernel regularisa-
tion (see, for instance, [19]). However, this only resolves the non-integrability
problem of the first term of Tpy. We also need to integrate the term %A[(H’l -
Hil)a] in Eq. (5) over R. This is also ill-defined, as it is not integrable. We
will see that these problems disappear when we work in the relative setting.

Restricting Eq. (53) to the diagonal and then taking the action of Lapla-
cian, we have

A(Grai(z,7; (ik)?)) =

e 2k (az=) x<by

cosh(k(2z — ag —by)) ok
sinh(k(as —b1))

e 2k (@=b1) T > as

[e72(a2=0) 4 2h(@bD)] ) <z <ay.

Integrating spectral variable k along I' and then over the space variable z, we
have

JRNGRINER (57)

hence

™

1 1
Foot = —Tra (Hue [—A Hl)de=-—— 1"
1= 5 Trr(Hia) + | SA(Hala)de 2(as 1)

(58)

Note that using heat kernel regularisation, one would also obtain E,., see [19].
Equations (56) and (58) agree with Theorem 3.7. Note that equation (57) also
shows that

[l g - HE e = [ Al(HE, - Hil)lde + [ A[(HG!
~Hl)ls)da,
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where all the three terms are ill-defined as they are not integrable. For instance,
A[(Hg' - Hib)|a] (@) has ﬁ singularity when approaching = = a;. This
justifies Remark 2.5.

Now let X be a smooth vector field that generates a movement of (right)
obstacle 2 to the right with a constant speed v. Moreover, X is zero around
(left) obstacle 1. In other words, we move the obstacle 2 to the right by ve
and keep the obstacle 1 stationary. Now the variation of the relative energy is
given by dx E = v- 04, E. The left-hand side of Eq. in Theorem 5.8 becomes

uT
OxEre) = —m—. 59
X Lrel 24(&2—b1)2 ( )

Now the identity (48) used in the proof of Theorem 5.9 says

1 v ’
S0k Ha] = 12 o (8020 HE' )l

2
It becomes
,Tr[(sXArel] - g[[a,,a (Ag: = Ag)](az, a2) - [0,0, (A _A;;Q)](b%zn)]
v -1
_ Z[a aL(AL 2-%;)](@7@). (60)
Note that

920y (Gap)y = G(-oopy) (b, b3 k*) = —ik — kcot(k(b - a)),

therefore

(0,0, (A ? _A )] (a2, a2) = f \/— G(bl,az) G(—M,az)](a27a2§k2)dk

o / r Vk G(b17a2) G(_°°7a2):|(a23a2;k2)dk

T [0 020y (G 5,,a2) = G (=o0.a0) | (a2, a2; (ik)?)idk (61)
- z[w(k_kCOth(k(a2—b1)))dk
m™JO
T
6(az —b1)?

Combining Egs. (58), (60) and (61), we have verified the identity (48) in one-
dimensional cases. Moreover, Egs. (59), (60) and (61) are consistent with The-
orems 5.8 and 5.9.
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