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Abstract

The notion of a T-exceptional sequence was introduced by Buan and Marsh in (2018) as a
generalisation of an exceptional sequence for finite dimensional algebras. We calculate the
number of complete T-exceptional sequences over certain classes of Nakayama algebras. In
some cases, we obtain closed formulas which also count other well known combinatorial
objects, and exceptional sequences of path algebras of Dynkin quivers.

Keywords t-Exceptional sequence - Exceptional sequence - Nakayama algebras -
t-Perpendicular category - Restricted Fubini numbers

Mathematics Subject Classification (2020) 16G10 - 16G20 (Primary), 05A10 - 05A15 -
05A18 - 05A19 (Secondary)

1 Introduction

Let A be a finite dimensional algebra over a field IF, where [ is algebraically closed. Let
mod A be the category of finitely generated left A-modules. A left A-module M is called
exceptional if Hom(M, M) = F and Ext’A (M, M) = 0fori > 1. A sequence of inde-
composable modules (M, M», ..., M,) is called an exceptional sequence if for each pair
(M, M;) with1 <[ < j <r, we have that Hom(M, M;) = Ext’A(Mj, M;) =0fori > 1,
and each M is exceptional for 1 < k < r. Exceptional sequences were first introduced in
the context of algebraic geometry by [6], [15] and [14].

Exceptional sequences exhibit some interesting behaviours. It was shown by Crawley-
Boevey [10] and Ringel [25] that there is a transitive braid group action on the set of
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exceptional sequences. Igusa and Schiffler give [16] a characterisation of exceptional
sequences for hereditary algebras using the fact that the product of the corresponding reflec-
tions is the inverse Coxeter element of the Weyl group. The exceptional sequences for
mod A, where A, is the path algebra of a Dynkin type A quiver are classified in [12] using
combinatorial objects called strand diagrams. The exceptional sequences over path algebras
of type A, were also characterised using non-crossing spanning trees in [3]. A natural ques-
tion for exceptional sequences is to ask how many there are. The number of them has been
computed for all the hereditary Dynkin algebras in [28] and [22].

Exceptional sequences have been subject to a number of generalisations. Igusa and
Todorov introduced the signed exceptional sequences in [17]. More recently, weak excep-
tional sequences were introduced and studied by Sen in [30]. Finally, Buan and Marsh
introduced in [7] the signed t-exceptional sequences and t-exceptional sequences. It is t-
exceptional sequences which are the subject of this paper. An A-module M is called t-rigid
if Hom(M, tM) = 0, see Definition 0.1 in [2]. The t-perpendicular category of M in
mod A is the subcategory J (M) = ML N+ (M), see Definition 3.3 in [18]. A sequence of
indecomposable modules (M, M>, ..., M,) in mod A is called a T-exceptional sequence if
M, is t-rigid in mod A and (M1, M3, ..., M,_1) is a T-exceptional sequence in J (M,).

Our main results are derivations of closed formulas for the number of complete t-
exceptional sequences in the module categories of certain Nakayama algebras. Most
notably, we see that the complete T-exceptional sequences over the linear radical square zero
Nakayama algebras F% are counted by the restricted Fubini numbers F, <> [21]. The num-
bers F;, <> count the number of ordered set partitions of the set {1, 2, ..., n} with blocks of
size at most two. In the case for the cyclic Nakayama algebra A, we get that the complete
T-exceptional sequences are counted by the sequence n”. We remark that this sequence also
counts the number of complete exceptional sequences for the hereditary Dykin algebras of
quivers of type B and C, as shown in [22], and full weak exceptional sequences over A,
see [29, Theorem 3.5]. In fact, we show that the complete r-exceptional sequences over Al
coincide with the full weak exceptional sequences over A}, see Corollary 6.13.

We remark that Buan and Marsh showed in [7] that there is a bijection between complete
signed t-exceptional sequences and basic ordered support t-tilting modules over a finite
dimensional algebra. So, one way of counting signed t-exceptional sequences would be to
count ordered support t-tilting modules, but this would not give the number of (unsigned)
T-exceptional sequences, which is what we consider here. In this direction, Asai [4] gave
a recurrence relation for the number of support t-tilting modules over Nakayama algebras
with a linearly oriented type A quiver. Adachi [1] also gave a recurrence relation for the
number of r-tilting modules over the same algebras as Asai. More recently Gao and Schif-
fler [11] have extended the recurrence relations of Adachi and Asai to t-tilting modules and
support 7-tilting modules over Nakayama algebras whose quiver is an oriented cycle. In a
paper of Sen [29], the number of exceptional sequences over the linear radical square zero
Nakayama algebras F% are counted. However, to date the number of exceptional sequences
for other classes of Nakayama algebras have not been counted.

This paper is organised as follows: In Section 2 we fix some notation and recall def-
initions. In Section 3, we state and prove preliminary results which we use in the latter
sections to prove our main results of the paper. Our main results of this section state that
under certain assumptions, the T-exceptional sequences of mod A are obtained by interleav-
ing t-exceptional sequences of certain subcategories of mod A. In Section 4, we count the
number of complete 7-exceptional sequences for the linear radical square zero Nakayama
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algebras T'2. We derive a recurrence and closed formula for the number of complete -
exceptional sequences in this case. In Section 5, we deal with the case of cyclic radical
square zero Nakayama algebras A%. We derive a closed formula for the number of complete
T-exceptional sequences in this case. We also derive a formula for the number of complete
T-exceptional sequences of Aﬁ in terms of the number of complete t-exceptional sequences
of F,zl. In Section 6, we count the number of complete 7-exceptional sequences over the
cyclic Nakayama algebras Al;. We derive a recurrence and closed formula for the number
of complete t-exceptional sequences in this case. Section 7 deals with the linear Nakayama
algebras T~!. We derive a recurrence relation for the number of complete T-exceptional
sequences in this case, and show that the corresponding exponential generating function
satisfies a certain first order linear ordinary differential equation involving Lambert’s W
function. Section 8 concludes the paper by giving a justification of why we only consider
the above the classes of Nakayama algebras.

2 Definitions and Notation

Let A be a basic finite dimensional algebra over a field F which is algebraically closed.
Let mod A be the category of finite dimensional left A-modules. Denote by P(A) the full
subcategory of projective objects in mod A. If 7 is a subcategory of mod A, we say an A-
module M in T is Ext-projective in T if Extl (M, T) = 0; that is to say Ext\ (M, T) = 0
for all T € 7. We will then write P(7) to denote the direct sum of the indecomposable
Ext-projective modules in 7. In everything that follows, we make the assumption that all
subcategories are full, and closed under isomorphism. We will also take all objects to be
basic where possible, and they will be considered up to isomorphism.

For an additive category C, and an object X in C, we denote by add X the additive
subcategory of C generated by X. This is the subcategory of C with objects the direct sum-
mands of direct sums of copies of X. For a subcategory X € C, we define *X := {Y ¢
C : Hom(Y, X) = Oforall X € X} and we similarly define X L IfCis skeletally small
and Krull-Schmidt, we denote by ind(C) the set of isomorphism classes of indecomposable
objects in C. For any basic object X in C, let §(X) denote the number of indecomposable
direct summands of X. We fix §(A) to be n, where n > 1 is a positive integer.

Let t denote the Auslander-Reiten translate of mod A.

Definition 2.1 t-rigid and t-tilting [2, Definition 0.1]. A left A-module M is said to be
t-rigid if Hom(M, T M)=0. If furthermore § (M) = n, we say that M is t-tilting.

Definition 2.2 t-perpendicular category [18, Definition 3.3]. Let M be a basic t-rigid
left A-module. The t-perpendicular category associated to M is the subcategory of mod A
given by Jmod 4 (M). = ML N4 (zM). If there is no risk of ambiguity, we will write J (M)
for the subcategory Jmod 4 (M).

Definition 2.3 t-exceptional sequence [7, Definition 1.3]. Let k be a positive integer. A
sequence of indecomposable modules (M1, M3, ..., M) inmod A is called a t-exceptional
sequence in mod A if My is t-rigid in mod A and (M1, M», ..., My_1) is a T-exceptional
sequence in J (My). If k = n we say that the sequence is a complete T-exceptional sequence.

Let Q be a finite quiver on n vertices labelled by the set {1,2,...,n}. A path p in Q
from the vertex v; to the vertex v,, is a sequence of vertices p = (v, V2, V3, ..., Un—1, Up)
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such that (vj, v;41) is an arrow in Q for all 1 < j < m — 1. The positive integer m is
called the length of p and it is denoted by /(p). The path algebra FQ of the quiver Q is the
[F-algebra with basis all paths of Q, and multiplication is defined by concatenation of paths.
The the arrow ideal Ry of FQ is defined to be the two-sided ideal generated by all arrows
in Q. The arrow ideal has a vector space decomposition given by,

Ro=FQ1®0F0®---dFQ0;®...

where F Q; is the subspace of FQ with basis the set Q; of paths of length /. The I’" power
of the arrow ideal, denoted by RIQ is given by,

Rl = @ ]FQm,
m=>1

it has a basis consisting of all paths of length greater than or equal to /.
For a positive integer n > 1, let A, denote the linearly oriented quiver with n vertices,

1 2 3 -2 o2
Let C,, be the linearly oriented n-cycle.

1
% K
n 2
anlw\ JO{Q
n—1 3
OlnLZ\ %

We denote by I', the Nakayama algebra FA,, / R’Q and by Al the self injective Nakayama
algebra FC,,/ R’Q where 2 < t < n. Throughout the text, we will write P; for the indecom-
posable projective module at vertex i of the underlying quiver of the algebra A in question.
Likewise we will write S; for the simple A-module at vertex i.

o] o On—1

n—1

Definition 2.4 [27, Definition 3.1]. Let Q be a finite quiver.

1. Twopaths p = (v, v2,...,vp) and p’ = (v, V5, ..., v;n,) in Q are called parallel if
v = v and v, =),

2. A relation p in Q is an F-linear combination p = ) A.c of parallel paths with /(c) >
2,and A, € F.

For a positive integer n > 1, we will write (a), to stand for a modulo n. We will also
write [i, jl, for the set {({),, ( + Dn, ..., (j — Da, (J)n}-
3 Preliminary Results
In this section, we will state and prove results which will be used in later sections to calculate
the number of t-exceptional sequences over the algebras I’ and A!,. However, our main

results are much more general and they apply to other finite dimensional algebras. For this
section, we fix an arbitrary finite dimensional F-algebra A.
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Proposition 3.1 [2, Theorem 2.10]. Let M be a t-rigid A-module. Then the following
holds:

1. The module M is Ext-projective in L(z M), which is to say that M is in add(’P (T M))).
2. The module Tyy == P(H(xM)) isa t-tilting A-module.

The A-module Ty, is called the Bongartz completion of M in mod A.

Example 3.2 Let A be the algebra F% given by the quiver
12 253,

subject to the relation o8 = 0. The Auslander-Reiten quiver of mod F% is as follows,

For the F%—module M =1, ind(*(r1)) = ind(12) = {3, %, 1}. Therefore it is easy to

seethat T} = P(+(z1)) =3 é @ 1. It is also easy to observe that 77 is indeed a t-tilting

F% -module.

Proposition 3.3 [2, Lemma 2.1]. Let I be an ideal of A, and let M, N be A/I-modules.
Then we have the following:

1. IfHoms(M,tN) =0then Homu,; (M, ta;;N) =0.
2. If 1 = (e) for some idempotent e € A, then it is the case that Homg (M, tN) = 0 if
and only if Homa ;1 (M, T4/ N) = 0.

The following lemma is well known and it will be important in this paper.

Lemma 3.4 Let Q be a finite simple quiver with vertex set {1, 2, ...,n}. Let I be the ideal
of FQ generated by relations on Q where each relation is a path in Q and take A =FQ/I.
Forsome j € {1,2,...,n}let Q) be the quiver obtained from Q by removing the vertex j
and any arrows incident to j. Let IV C I be the ideal of FQ generated by the generating
relations of I defined by paths of Q not containing the vertex j and take B = FQW /1.
Then B = A/(e;j) as an F-algebra , where e; is the idempotent at vertex j of FQ.

Theorem 3.5 [18, Theorem 3.8]. Let A be a finite dimensional algebra and M a basic t-
rigid A-module. Let Ty be the Bongartz completion of M in mod A. Let Ep; = Enda(Ty)
and Dy = Ep/{em), where ey is the idempotent corresponding to the projective E -
module Homa (Ty, M). Then there is an additive exact equivalence of categories between
the category J(M), (the t-perpendicular category of M in mod A) and the category
mod Dyy. Moreover, if M is indecomposable we have that §(Dy) = §(A) — 1.

We now prove some results which will be crucial in our strategy for calculating the
number of t-exceptional sequences in mod A.

Definition 3.6 Interleaving. Let X = (X, X3,...,Xs)and Y = (Y1, Y2,...,Y;) be
sequences. An interleaved sequence of X and Y is a sequence Z = (Z1, Z2, ..., Zs4¢) With
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Zie{X;:1=<i=<s}U{Y;: 1< j<t}such that the subsequence of Z containing only
elements X or Y is precisely X or Y respectively.

Example 3.7 Let X = (5, g-l, 6) and Y = (2, é) be sequences in mod I‘(Z). The sequence

Z=12,5, 45‘, é, 6 ] is an interleaved sequence of X and Y. However W = 45" 5,2,6, % is

not an interleaved sequence of X and Y because the subsequence containing only elements
of X is not equal to X.

Let A and B be finite-dimensional F-algebras and let mod A and mod B be the categories
of finitely generated left A-modules and left B-modules respectively. We may consider the
category mod A @ mod B, the direct product category of mod A and mod B. The objects of
mod A @ mod B are pairs (M, N) with M € mod A and N € mod B. A morphism between
a pair of objects, (M1, N1) and (M3, N2) in mod A @ mod B is a pair of morphisms (f :
My — M3, g : N - Nz) where f € mod A and g € mod B. The indecomposable objects
of mod A @ mod B are pairs (M, 0) and (0, N) where M and N are indecomposable in their
respective categories. The category mod A @ mod B is an abelian category, in fact, there is
an exact, additive equivalence to mod(A x B). The category mod A @ mod B also has an
Auslander-Reiten translate T4 p which acts in the obvious way i.e. 74 p(M,0) = (74 M, 0)
and 74 5(0, N) = (0, Tp N). It is easy to see that the above exact equivalence preserves the
Auslander-Reiten translations, since irreducible morphisms, left minimal almost split and
right minimal almost split morphisms are preserved under equivalence of categories. Let M
be an A-module, we identify M with the object (M, 0) in mod A & mod B. We like wise
identify the B-module N with the object (0, N) in mod A @ mod B. It is easy to observe
that (M, 0) is t-rigid in mod A @& mod B if and only if M is r-rigid in mod A. The similar
statement for (0, N) and N is also true.

Theorem 3.8 Let A and B be finite dimensional TF-algebras. Suppose X =
(X1, X2, ..., Xs) is a t-exceptional sequence in modA and Y = (Y1,Y2,...,Y;) is a
T-exceptional sequence in mod B. Suppose Z = (Z1,Z3, ..., Zs4) is an interleaved
sequence of X and Y. Then Z is a t-exceptional sequence in mod A @& mod B.

Proof We prove this by induction on s + ¢. For the base case, suppose s + ¢t = 1. Without
loss of generality suppose t = 0, so Z = (X1). By assumption, X is t-rigid in mod A, so
itis T-rigid in mod A @ mod B. This completes the base case.

Suppose the statement is true for s +¢ = m. We consider the s +t = m + 1 case. Suppose
the sequence Z = (Z1, Z2, ..., Zm+1) is an interleaved sequence of X = (X, Xa, ..., Xj)
and Y = (Y1, Ys,...,Y:), where X is a t-exceptional sequence in mod A and Y is a 7-
exceptional sequence in mod B. Suppose without loss of generality that Z,,; is in X i.e.
Zm+1 = Xs. To show that Z is a t-exceptional sequence in mod A & mod B, we need to
show that Z,,, ;1 is 7-rigid in mod A & mod B and that (Z1, Z», ..., Z,,) is a T-exceptional
sequence in Ja B)(Z,+1), the T-perpendicular category of Z,,41 in mod A @ mod B. By
assumption, Z,,4+1 is t-rigid in mod A, so it is 7-rigid in mod A @ mod B. Observe that
Hompyod Agmod B(Xs, N) = Hommod A@mod B(IV, TXs) = Oforall N € mod B, so it follows
that

-](A.B)(ZWH»I) ={U € mod A ® mod B : Hommod A@mod 8 (Xs, U) = HoMmoed A@mod 8(U, T4 X5) = 0}

= Jmod 4(X;) ® mod B,
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where Jmod 4(Xs) is the t-perpendicular category of X in mod A. By Theorem 3.5,
Jmod 4 (X) is equivalent to a category of modules over some finite dimensional [F-algebra.
By assumption, X is a t-exceptional sequence in mod A, thus X’ = (X, X, ..., Xy—1)isa
T-exceptional sequence in Jiyod 4 (Xs). Moreover, Z' = (Z1, Z3, ..., Zy) is an interleaved
sequence of X’ and Y, so it follows by the inductive hypothesis that Z’ is a t-exceptional
sequence in Jmod A (Xs) @ mod B = Ja,B)(Zn+1), hence Z is a T-exceptional sequence in
mod A @ mod B. This completes the proof. O

We now prove the converse statement.

Theorem 3.9 Let A and B be finite dimensional F-algebras. Suppose Z =
(Z1, 22, ..., Zy) is a T-exceptional sequence in mod A @ mod B. Then Z is an interleaved
sequence of some X = (X1,X2,...,Xs) and Y = (Y1,Y2,...,Yy_s), where X is a
T-exceptional sequence in mod A and Y is a t-exceptional sequence in mod B.

Proof We prove this by induction on m.

For the base case, suppose m = 1, so Z = (Z;) is a T-exceptional sequence in mod A @
mod B. The module Z; either lies in mod A or mod B. Suppose without loss of generality
that Z; € mod A. So we define the sequence X := (Z;) and the sequence Y to be the
empty sequence. The sequence Z is trivially an interleaved sequence of X and Y. As Z is a
T-exceptional sequence in mod A @ mod B, by definition Z; is r-rigid in mod A @ mod B,
so Zy is t-rigid in mod A. This completes the base case.

Now suppose the statement is true for m = k. We consider the m = k + 1 case. The
sequence Z = (Zy, Z2, ..., Zk+1) is a T-exceptional sequence in mod A @ mod B, so by
definition, Zjy; is t-rigid in mod A @ mod B and the sequence Z' = (Zy, Z3, ..., Zy)
is a t-exceptional sequence in J4 By(Zr+1), the T-perpendicular category of Z;ii in
mod A @ mod B. Suppose without loss of generality that Z;4; € mod A. We then observe
that Homyod Agmod B(Zk+1, N) = Hommod A@mod B(NV, TZk+1) = 0 for all N € mod B, so
it follows that

Jea.B)(Zm+1) = {U € mod A ® mod B : Hommod A@mod B (Xs, U) = HoMmod A@mod 8 (U, T4 X5) = 0}

= Jmod A(Zk+1) @ mod B,

where Jmod A(Zk+1) is the t-perpendicular category of Z;i; in mod A. By theorem
3.5 we have that Jmod a(Zr+1) is equivalent to a category of modules over some finite
dimensional F-algebra. So we may apply the inductive hypothesis to Z’, hence Z’ is an
interleaved sequence of some X' = (X1, X2,..., Xs)and Y = (Y, Ya, ..., Yi—y), Where
X’ is a t-exceptional sequence in Jmodaa(Zk+1) and Y is a t-exceptional sequence in
mod B. Since Zj4 is t-rigid in mod A @ mod B, it is also t-rigid mod A, hence X =
(X1, X2, ..., X, Ziy41) 1s a T-exceptional sequence in mod A. Clearly Z is an interleaved
sequence X and Y, so this completes the proof by induction. O

We will now recall some standard definitions from [5] which we require for the rest of
this paper. Recall that the radical of an A-module M, denoted by rad(M), is defined to be
the intersection of all maximal submodules of M. The quotient M /rad(M) is known as the
top of M and is denoted top(M). The socle of an A-module M denoted soc(M) is the sum
of the simple submodules of M.
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1078 D. Msapato

Definition 3.10 Radical Series [5, V.1]. Let M be an A-module. The radical series of M is
defined to be the following sequence of submodules,

0C--- Crad’ (M) C rad(M) C M.

Since the left A-modules M are finite dimensional as F-vector spaces, there exists a least
positive integer m such that rad” (M) = 0. The integer m is called the length of the radical
series and we denote it by /(M) = m. We will also refer to /(M) as the length of the module
M.

Proposition 3.11 [5, V.3.5, V4.1, V.4.2]. Let A be a basic connected Nakayama algebra
and let M be an indecomposable A-module. Then there exists some 1 <i <nand1 < j <
L(P;), such that M = Pi/radj(P,') and j = [(M). Moreover, if M is not projective, we have
that tM = rad(Pi)/rad~i+] (P)andl(tM) = 1(M).

So we see that modules M of Nakayama algebras are uniquely determined by their top,
top(M) and their length [(M).

Proposition 3.12 [1, Lemma 2.4]. Let M = j/radl(Pj) and N = P,‘/radk(P,')for 1 <
i, j, k,1 < n. Then the following conditions are equivalent,

1. Hom(M,N) #0
2. jeli,G+k—=Dlpand i +k—1D,elj,(G+1-1l,

4 TheT?2 Case

Let n > 1 be a positive integer. In this section we will derive a closed formula for the
number of complete 7-exceptional sequences in mod F%. Recall that we denote by A, the

linearly oriented quiver with n vertices,
o] o2 o3 op—2
1 2 3 .

The algebra I‘,zl is defined to be the F-algebra, FA, / Ré. This is the path algebra of the
quiver A, modulo the relations ¢jo;41 =0forl <i <n —2.
The category mod I'2 has the following Auslander-Reiten quiver.

Ap—1

n—1

n—l n—2
n—1

AVASE \/\

Our strategy for calculating the number of 7- exceptional sequences is straightforward.
For each M in ind(mod F -), we will calculate the number of complete 7-exceptional
sequences ending in M. If M is indecomposable, then either M = P;, the projective at ver-
tex i of A,, or M = §;, the simple at vertex i of A, (notice that S, = P,). In the former case
TP; =0for 1 <i < n and in the latter case tS; = S for 1 < j < n — 1. In both cases
we see that M is 7-rigid i.e. every indecomposable M in mod I‘,% is T-rigid. We recall that a
sequence of indecomposable modules (M1, M3, ..., M,_1, M) is a T-exceptional sequence
in mod 1",% if M is t-rigid, and (M, M>, ..., M,_1) is a T-exceptional sequence in J(M).
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Having seen that every indecomposable module M is r-rigid, what is left to do is to cal-
culate J (M) for each indecomposable module. Theorem 3.5 and Lemma 3.4 are the main
tools for these calculations.

Proposition 4.1 Let P; be an indecomposable projective module in mod 1"3 for some 1 <
i < n. Then the t-perpendicular category of P; in mod F,% is J(P;) = mod I‘izfl dmod I‘,%_l..

Proof By definition Tp, = P(t(r P)). Since T P; = 0, we have that - (t P;) = mod Frzl. As
a result the Ext-projectives of +(t P;) are just the projectives of mod F,%, hence

n
Tp, = P(-(zP)) =P P;.
j=1
Thus the F-algebra Ep, = Endp2(Tp,) is precisely given by the path algebra of AP,
122 ¢® 3™ S & & & B,
modulo the relations ajaj 1 = 0for3 < j < n. Let Azp(l) be the quiver obtained from
AP by removing the vertex i and any arrows incident to i,
12 2¢8 3% i R R e =
The quiver Azp(’) has relations ajaj_| = O0for3 < j <i—1landi+3 < j < n.
By Lemma 3.4, Dp, = Ep,/(ep,) is the path algebra of Azp(l) modulo its relations. So it
follows that J (P;) = mod Fl.z_l @ mod Fgﬂ' by Theorem 3.5. O
Proposition 4.2 Let S; be a simple non-projective module in mod T'2 for some 1 <i < n —
1. Then the t-perpendicular category of S; in mod Fﬁ is J(S;) = mod F52—1 dmod Fg_i_l &)
mod Ff.

Proof By definition Ts, = P(+(zS;)). Since S; is a simple non-projective indecomposable
module S;, we have that S; = S;41. Note that the only indecomposable I 3—modules not in
L(tS;) are S; 11 and Pi 1. Observe also that Extra (Pj, +(¢5)) = 0if j #i+1,1 < j <n.
We also have that Extr% (S;, L(tS;)) #0forj #i, and1 < j < n because Sj+1isin
+(zS;) in these cases. By Proposition 3.1, S; is Ext-projective in L(S;). Therefore

Ts =PCasn=Se P P
J#i+1
The FF-algebra Es; = Endr2(Ty;) is the path algebra of the following quiver,

®it3 On—1

1&2&...&571&%&; P2 & & 1 g
modulo the relations ojaj 1 =0for3 < j <i—1andi+4 < j < n. Here the vertex vg,
is the one corresponding to the simple non-projective module S; and the rest correspond to
the projective modules P;. Consider the following quiver obtained from the one above by
removing the vertex vg; and any arrows incident to vg;,,

12 2B & i P28 & g,
it has the relations ajo; ;| = Ofor3 < j <i—1landi+4 < j < n. By Lemma

3.4, D5, = Eg; /(es,) is the path algebra of this quiver modulo its relations. So it follows
that mod Dg; = mod I‘i{ | ® mod F§7i7 | © mod F%. By Theorem 3.5, the statement of this
Proposition follows. O

Let us denote by G, the number of complete t-exceptional sequences of mod I‘%. When
n =0, 1, 2 the t-exceptional sequences coincide with the “classical” exceptional sequences
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since the algebra I'2 is the hereditary Dynkin type A algebra A, in this case. Hence, Gy =
G1 :1andG2:3.

Lemma 4.3 Let P; be the indecomposable projective module in modT'2 at the vertex i of
A, for some 1 < i < n. The number of complete t-exceptional sequences in mod F% ending

in P; is,
n—1
. Gn-iGi-1.
n—i,i—1
Proof Let (X1, X2, ..., Xy—1, P;) be a complete t-exceptional sequence in mod 1",% end-
ing in P;. Then by definition and the fact that 6(J(P;)) = n — 1, the sequence
(X1, X2,..., Xy—1) is a T-exceptional sequence in J(P;). So to count the number of com-

plete T-exceptional sequences in mod I'2 ending in P;, we just need to count the number

~

of complete r-exceptional sequences in J(P;). By Lemma 4.1, J(P;) = mod Fl.z )

mod Ffl_i. By Theorem 3.8 and 3.9, the t-exceptional sequences of J(P;) are interleav-
ings of r-exceptional sequences of mod Fiz_l and mod Fﬁ,i. The number of interleaved
sequences coming from a sequence of length i — 1 and a sequence of length n — i is pre-

cisely ( n_"l_ll_ 1). Thus the number of complete 7-exceptional sequences ending in P; is
( nol )Gu—iGi_1. O

n—i,i—1

Lemma 4.4 Let S; be the indecomposable simple non-projective module in mod T2 at the
vertex i of A, for some 1 <i < n — 1. The number of t-exceptional sequences in mod 1",%

ending in S; is,
n—1
Gn—i=1Gi_1.
<n—i—1,i—1> no

Proof Let (X1, X2, ..., Xn—1, S;) be a complete t-exceptional sequence in mod F,zl end-
ing in S;. Then by definition and the fact that §(J(S;)) = n — 1, the sequence
(X1, X2,...,Xy—1) is a complete T-exceptional sequence in J(S;). Hence to count the

number of complete t-exceptional sequences in mod F% ending in S;, we just need to
count the number of complete 7-exceptional sequences in J(S;). By Lemma 4.2, J(S;) =
mod F?_l @ mod I‘ﬁ_i_l @ mod I‘%. The number of interleaved sequences coming from a
sequence of length i — 1, a sequence of length n — i — 1 and a sequence of length 1 is pre-

cisely (nﬂ.ff,}fl’l) =(,_" 71}1'71)’ Thus the number of complete 7-exceptional sequences

ending in S; is (n,ir:},-,l)aniflGifl- O
Theorem 4.5 Let G, denote the number of complete t-exceptional sequences in mod F,%.
Then G, satisfies the recurrence relation,

n n—1
n—1 n—1
Gy = GniGi— Gni—1Gi—1,
n Z(n—i,i—l) i l1+i_1(n—i—l,i—1> noimted

i=1

with initial conditions Go = G1 = 1.

Proof Let M be an indecomposable in mod F,%, then either M is projective or M simple non-
projective. There are n projective indecomposable modules in mod I'2 denoted by P; for 1 <

i < n.There are n—1 simple non-projective indecomposable modules in mod F,% denoted by

@ Springer



Counting the Number of t-Exceptional Sequences... 1081

S; for 1 <i <n — 1. Therefore by Lemma 4.3 and 4.4, G,, = Zl'-’zl (n i 1)G” iGi—1+

Z?;ll (n—iﬁ}i—l)GwFlGFL O

Theorem 4.5 allows us to calculate the first ten terms of the sequence (G, ) 2o as:
1,1, 3,12, 66, 450, 3690, 35280, 385560, 4740120, 6475140.

An ordered set partition of {1, 2, ..., n} is a partition of the set {1, 2, ..., n} together
with a total order on the sets in the partition. We refer to the sets in an ordered partition as
blocks. The restricted Fubini number F;, <, counts the number of ordered set partitions of
{1,2,...,n} with blocks of size at most m. The restricted Stirling number of the second
kind, denoted by {Z} <m’ is the number of (unordered) partitions of {1,2,...,n} into k
subsets with the restriction that each block contains at most m elements. Therefore

n
n
n<m=2y4J
k=0

It is shown in [21, Section 5.4] that the restricted Fubini numbers satisfy the recurrence:

m
n
Fn,gm = Z <1>Fn71,§m~

=1
The sequence (F;,, <>) is listed on the On-line Encyclopedia of Integer Sequences (OEIS)
as the sequence A080599. The first terms of this sequence coincide with the first terms we
calculated for (G,) so we would like to prove that it is the case that F,, <> = G,.
When m = 2 the recurrence for F, g, is given as Fy, <o = nkF,_1, <2 + (;)anz,gz- In
the paper [13, Theorem 3.7], the authors derive the closed formula

n!
Fruo=" (/3= = (v3- 17",
n ﬁ
An exponential generating function for F), <, is given in [20, Theorem 4]:

oo

P x" 1
Z n,<m n! - x2 xm ©
n=0

I_X_T_...W

We will show that G, = F, <> by showing that the exponential generating functions for
G, and F, <5 coincide.

<m

Theorem 4.6 Let G, denote the number of complete T-exceptional sequences in modT'2.
The exponential generating function of G, is as follows,

1
Z,ixz-

n=0 1—x—7

Therefore G, = F, <2 and

n=%Qﬁ—wH—eﬁ—wH)

Proof First let us recall the recurrence relation for G,,.

n

n—1
Gn_2<n—l,l_ )Gn lGl I+Z< —i—1, l_l)Gn_l‘_lGi_l_

i=1
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(n— D! (n—1)!
Zn—l)‘(l—])'Gn lGl I+Z(}’L—l—1)‘(l )an 1Gl 1.

Therefore
n+1 !
n

n! " !
Gpy1 = Gnt1-iGi- —— GG 1.
it ;(n—i-l—i)!(i—l)! it 1+;(n—1)!(1—1)! " !

Let

0 n
X .
gy =Y Gy with g(0) = 1,
n=0 ’
be the exponential generating function of G,. We then have that the first derivative of g(x)
is g/ (x) = Y02 Guy137. Expanding G,y in g’(x) by the recurrence relation above we
obtain the following.

0o /n+l 00

pon n! . x" n! x"

g(x)—%(i; 7(“14)!(’.71)!@“_,6,_1) . g(z =i OG- 1)
oo /n+1 G . G | n Go_:G: .

_ n+1—iYJi n—iJi— n

_Z<Z(n+1—1)'(l ) +Z<Z(n—i)!(i—l)!>x'

n=0 \i=1 n=0 \i=1

i=1

Recall the Cauchy product of formal power series is as follows,

[e'e) 00 00 k
(Z asxs) (Z b,xt> = chxk where ¢, = Za;bk,l.
s=0 t=0 =0

k=0
By performing a change of variable in g’(x) by setting j = i — 1 and factorising x from the
right summand we write,

oo n n—1

do=3[> Gn-jGj n+x2 3 Gnj1Gj | 1

— !y — 7 =D
o \imp (1 = Dt o iz (m—J = Dljt

Using the Cauchy product of formal power series, we obtain the following first order non-
linear ordinary differential equation.
g(x) = (g(x)? +x(g(x)? = (1 + x)(g(x))* with initial conditions g(0) = 1.
It is easy to check that the unique solution to this ODE is given by,
-2 1

2 +x(x+2) a2

This completes the proof. O

glx) =

Remark 4.7 Here we focused on t-exceptional sequences, but it’s natural to ask what is
known about the more classical exceptional sequences. It is shown in [29] that the number
of complete exceptional sequences of mod F2 are equal to the sum, Z?:] (';) Jj" 7. The first

ten terms of the sequence (Z;'-: (j) i )02, are,
1,3, 10,41, 196, 1057, 6322, 41393, 293608, 2237921.

For comparison the number of complete 7-exceptional sequences of mod Frzl are given by
G, the first ten terms of the sequence (Gn)zoz | are,

1,3, 12, 66, 450, 3690, 35280, 385560, 4740120, 6475140.
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5 The A2 Case
Let n > 1 be a positive integer. In this section we will derive a closed formula for the

number of complete T-exceptional sequences in mod A2. Recall that we denote by C,, the
linearly oriented n-cycle.

1
% K«
n 2
anl[ [0[2

n—1

N

The algebra Aﬁ is defined to be the FF-algebra, FC, / RZQ. This is the path algebra of the
quiver C, modulo the relations aja(j+1), =0for1 < j <n.
The category mod A2 has the following Auslander-Reiten quiver.

AVAVAERVAVAVE

We will use the same approach for calculating the number of complete t-exceptional
sequences for mod A2 as we did for mod I'2. If M is indecomposable in mod A2, then
M = P;, the projective at vertex i of C,, or M = §;, the simple at vertex i of C,. In
the former case T P; = 0 and in the latter case 7S; = S(;+1),. In both cases M is t-rigid
i.e. every indecomposable M in mod A% is T-rigid. We recall that a sequence of inde-
composable modules (M1, Ma, ..., M,_1, M) is a T-exceptional sequence in mod A% if
M is t-rigid, and (M, M>, ..., M,_1) is a T-exceptional sequence in J(M). Having seen
that every indecomposable module is t-rigid, what is left to do is to calculate J(M) for
each indecomposable module. Theorem 3.5 and Lemma 3.4 are the main tools for these
calculations.

Proposition 5.1 Let P; be an indecomposable projective module in mod A . for some 1 <
i < n. Then the t-perpendicular category of P; in mod A% is J(P;) = mod F2

n—1-

Proof By definition Tp, = P(J‘(T P;)). Since P; is projective, we have that T P; = 0, there-
fore L (z P;) = mod A%. As a result the Ext-projectives of L(z P;) are just the projectives of
mod Aﬁ, hence

=PP) =P

j=1
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Thus the F-algebra Ep, = End 22(Tp) is precisely given by the path algebra of the quiver

(o
1
% %
n 2
anl{ 1\0[3
n—1 3
Oln\ %

modulo the relations o;;—1), =0for1 <i <n.

Let C,P @ be the quiver obtained from C,” by removing the vertex at i and any arrows
incident to i.

R B e e R L =i e R e |

It has the relations oy, = 0 and ojoj | = Ofori +2 < j <nand2 < j <
i —2. By Lemma 3.4, Dp, = Ep,/{ep,) is the path algebra of the quiver C,(;p(l) modulo
relations. It is easy to see that in fact Dp, is isomorphic to szl. Hence by Theorem 3.5,
the 7-perpendicular category J (M) = mod Fifl. O

Proposition 5.2 Let S; be a simple module in mod A% for some 1 < i < n. Then the
t-perpendicular category of S; in mod A% is J(S;) = mod Fﬁ_z @ mod F%.

Proof By definition Ts, = P (xS8;)). Since S; is a simple A%-module, we have that 7 S; =
S(i+1),- Note that the only A2-modules not in +(zS;) are S 1), and P 1y,. Observe also
that ExtA%(Pj,L(rS,-)) =0forj # (+1),and 1 < j < n. However for j # i,i +
1, Extp2(S;, L(tSi)) # 0 because S(j+1y, is in ~(rM). By Proposition 3.1, S; is Ext-
projective in L (zS;). Hence

T, =PCaSn=S& P P
J#G+Dn

is the Bongartz completion of S;.
The F-algebra Eg; = End a2(Ts) is given by the path algebra of the quiver,

i 2 i1 &us; i
i+2<%ii+3<%i...<mn—l<m—"n<a—ll<a—'...<a—'l—l<—\v&<L1
modulo the relations oy ;1 = 0 = ajoy andojaj 1 = Ofori +4 < j < n and
1

2 < j <i— 1. Here the vertex vg; is the one corresponding to the simple module S; and the
rest correspond to the projective modules P;. By Lemma 3.4, Ds;, = Eg, /{es;) is the path
algebra of the quiver obtained from the one above by removing the vertex vg;,

D T = e P - RSl e | i
modulo the relations oy, = Oandojaj 1 =0fori +4 < j <nand2 < j <i-—1
So it follows that mod Ds, = mod Ff_z @ mod F%. By Theorem 3.5 the statement of this
Proposition follows. O

Denote by L,, the number of complete T-exceptional sequences in mod Aﬁ.
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Theorem 5.3 Let L, be the number of complete t-exceptional sequences in mod A,%. Then
L, satisfies the relation,

L, =nGu_1+nn—1)Gy, 2,
with initial conditions L1 = 1 and L, = 4, and where G, denotes the number of complete
T-exceptional sequences in mod I‘i.

Proof Suppose M is an indecomposable projective A,zl-module, then by Lemma 5.1, the t-
perpendicular category J (M) = mod F2 1- Suppose (X1, X2, ..., Xn—1, M) is a complete
T-exceptional sequence ending in M in mod A% . Then by the fact that §(J(M)) =n — 1
and by definition, the sequence (X1, X2, ..., X;—1) is a complete T-exceptional sequence
in J(M) = mod Fﬁ_l. Hence the number of complete t-exceptional sequences ending in
M is G,—1, which is the number of complete t-exceptional sequences in mod 1",217 1

Now suppose M is a simple Aﬁ-module. By Lemma 5.2, the t-perpendicular category
J(M) = mod Frzl_z @ mod 1"]2. Arguing as above the number of complete T-exceptional
sequences ending in M is equal to the number of complete t-exceptional sequences in
J(M). Since J(M) = mod I‘iz @ mod F%, by Theorem 3.8 and 3.9, the 7-exceptional
sequences of J(M) are interleavings of 7-exceptional sequences of modr‘fl_2 and modF%.
The number of interleaved sequences coming from a sequence of length n—2 and a sequence
of length 1 is precisely (nn:zl 1) = (n — 1). Thus the number of complete T-exceptional
sequences ending in M is (n — 1)G,_2G1 = (n — 1)G,—».

An arbitrary indecomposable A2-module is either projective or simple. There are n pro-
jective modules and n simple modules up to isomorphism in mod Aﬁ, hence the number
of complete T-exceptional sequences in mod A% is L, = nG,—1 +n(n —1)G,—y. It then
follows easily that L1 = 1 and L, = 4. O

In the previous section we found the exponential generating function and closed formula
for G,. Using the above theorem, we can immediately do the same for L.

Theorem 5.4 Let L, denote the number of complete t-exceptional sequences in mod A%.
The exponential generating function of Ly, is as follows,
o0 n 2
X X +x
L,— =

n ]y

n=0 2

Proof Leth(x) =Y 02 L,%; be the exponential generating function of L,,. Let

xn
gx) = 2; G
n=

be the exponential generating function of G,. We then recall the recurrence relation of L,,
L,=nG,_1+nn—-1)G,_».

Therefore the exponential generating function of L, is,

ZL ZnG,, 1 —}-Zn(n—l)Gn 2—.

n=0 =

:i:o: +Z Y

@ Springer



1086 D. Msapato

-2

2
_xZGn 1 1)|+x Z 2)'
n=0
Therefore
h(x) = xg(x) + x*(g(x)) = (x + x*)g(x).
By Theorem 4.6,
glx) = 5
—x— %
hence 5
h(x) = X+ x i
l—x—7%

O

Theorem 5.5 Let L, denote the number of complete t-exceptional sequences in mod A%.
Then L,, is given by the closed formula,

%ﬂﬁ—wH—eﬁ H)+

L, =

fﬁf DT = (V3=

Proof 1t is immediate from the recurrence relation for L,, and Theorem 4.6 that,

n—1)!
V3

L,=n

— —) (n—2)! —n—3 —n—3
(W=D (—vB=1"2) 4= 1) e (W=7 = (—3-1)

(WA= Va7,

(WA= (VA 7

N

We calculate the first 10 terms of the sequence (L,);2 to be,
1,4, 15, 84,570, 4680, 44730, 488880, 6010200, 82101600.

In comparison to T-exceptional sequences, there are no complete exceptional sequences
in mod A,zl, as we will show. In general, not much is known about exceptional sequences
over the Nakayama algebras Afl.

Proposition 5.6 There are no complete exceptional sequences in mod A,2, whenn > 1.

Proof Suppose M = (M, M3,..., M,) is a complete exceptional sequence. Recall
that an indecomposable module in mod A2 is either projective or simple. Since
Hom(P;, Pi4+1),) # 0for 1 < i < n, the sequence M cannot consist entirely of just
indecomposable projective modules, so M must contain at least one simple module.

Consider the simple module S; for some 1 < i < n. Then S; has the following infinite
exact sequence as its projective resolution.

.— P — PP —...— P —P—...—> Py —>P—>85—0

We observe that the projective resolution of S; contains every projective indecompos-
able module of mod A2. We also observe that the only projective module P such that
Hom(P, S;) # 0is P = P;. Hence applying the functor Hom(—, S;) to the above projective
resolution we get the following sequence.

Jn fn

0 — Hom(S;, S;) =% Hom(P;, §;) 5 ... 2= 0 2% Hom(P,,S) fi;
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We then observe that Ext"(S;, S;) = ker(f,+1)/im(f,) # 0, so no simple module
in mod A% is exceptional. From this we conclude M cannot contain simple modules, a
contradiction. O

Unlike exceptional sequences, weak exceptional sequences number over Aﬁ have been
studied. Weak exceptional sequences are defined in [30] as follows.

Definition 5.7 [30, Definition 1.1]. Let A be a finite dimensional algebra over a field
F, where [F is algebraically closed. A left A-module M is called weak exceptional if
Hom(M,M) = F and ExtL(M, M) = 0. A sequence of indecomposable modules
(M, M3, ..., M,) is called a weak exceptional sequence if, for each pair (M;, M;) with
| <i < j <r, we have that Hom(M;, M;) = Ext}(M;, M;) = 0 and each My is weak
exceptional for 1 <k <r.

It turns out that for weak exceptional sequences over A2, the maximum length need not
be n and in fact can exceed n. According to [30, Theorem 1.6], if n = 2m + 1 is odd, the
maximum length of a weak exceptional sequence over A% is equal to 3m + 1. On the other
hand, if n = 2m is even, then the maximum length of a weak exceptional sequence over
A2 is 3m — 1. A weak exceptional sequence with maximum length is called full. Again by
[30, Theorem 1.6], when n = 2m, the number of full weak exceptional sequences is given

by 2m (% — (_;)m + 1), and when n = 2m + 1, the number of full weak exceptional

sequences is given by n.

6 The A} Case

Let n > 1 be a positive integer. In this section we will derive a closed formula for the
number of complete T-exceptional sequences in mod A];. Recall that we denote by C, the
linearly oriented n-cycle.

1
n 2
anl[ J(Xz

n—1 3
anx //3

The algebra A’ is defined to be the [F-algebra, FC,,/ R’é. This is the path algebra of the
quiver C,, modulo the relations o;e(;+1),, - - - ®(i+@n—1)), =0for1 < j <n.

Proposition 6.1 [1, Proposition 2.5]. Let A be a Nakayama algebra. Let M be an inde-
composable non-projective module in mod A. Then M is rigid if and only if (M) < n
holds.

For our purposes, the following Proposition is a more convenient restatement of
Proposition 3.12.
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Proposition 6.2 Let M be an indecomposable A'-module with length 1 <1(M) <n — 1.
Then Hom(X, tM) # 0 if and only if top(X) = top(radk(rM))for some (O <k <I(M)—1
and I (rad*(z M)) < 1(X).

Proof All indecomposable modules in mod A}, have simple tops. By Proposition 3.11,
for a All-module X, we have that X = Pj/radl(X)(Pj) hence top(X) = §;. Let M =
Pi,l/radl(M) P;_1,then tTM = P, /radl(M)(P(i)n) by Proposition 3.11 as well. Observe
thatfor 0 < k < [(M)—1,rad*(t M) = P, /rad? =R (P 44 ) thus top(rad® (t M)) =
S(i+k), and Irad*(t M)) = (M) — k. By Proposition 3.12 we have that,

Hom(X, tM) # Oif and only if j € [i, (+1(M)—1)], and G-+(M)—1), € [j, G+I(X)—D],.

Suppose Hom(X, T M) # 0, this implies that j = (i 4+ k), forsome 0 < k <I(M) — 1,
and (i +I(M) — 1), = (j + a), for some 0 < a < [(X) — 1. It then immediately follows
top(X) = top(radk(rM)) and l(radk(rM)) < I(X).

For the converse, suppose that top(X) = top(radk(rM )) and / (radk(rM )) < I(X). Then
j = (i+k), forsome 0 < k < [(M)—1. Moreover, l(radk(tM)) =I(M)—k < [(X) which
implies i +I1(M) —1 < (i + k) +1(X) — 1 therefore (i + (M) — 1), € [j, (j +1(X) = D],.
Hence by Proposition 3.12, Hom(X, tM) # 0. O

By Proposition 6.1, every indecomposable module M of mod A} is -rigid in mod A},
since it is either projective or has length /(M) < n. Hence, we once again adopt the same
strategy for calculating the number of complete t-exceptional sequences in mod A} as we
have done thus far. For each M in ind(mod A}), we will calculate the number of com-
plete t-exceptional sequences ending in M. By definition a sequence of indecomposable
modules (M, M>, ..., M,_1, M) is a t-exceptional sequence in mod A}, if M is t-rigid
and (M, M>, ..., M,_;) is a t-exceptional sequence in J(M). Having seen that every
indecomposable AJ-module M is t-rigid, what is left to do is to calculate J (M) for each
indecomposable module. Theorem 3.5 and Lemma 3.4 are once again the main tools these
calculations.

Proposition 6.3 Let M be an indecomposable A}-module with length 1 < I(M) <n —1
and top(M) = S;. Then forall 1 <k <I(M) — 1,
I(M)—1
PlaMy=Mo P ndne H P

s=1 1<j=<n
JEl+LI+HI(M)],

Proof Suppose the Al-module M has top equal to top(M) = §; and has length 1 <
I(M) < n —11ie. M is not projective. By Proposition 3.11, M = P,-/radl(M)(Pi) and
™ = rad(P,-)/radl(M)H(P,-) with [(M) = I(zM). It is easy to see that top(t M) = S;+1),
hence TM = P(,-H)n/radl(M)(P(,-H)n).

By Proposition 6.2, a AJ-module X is not in L(tM) if and only if top(X) =
top(radk(rM)) for some 0 < k < [(M) — 1 and l(radk(rM)) < I(X). Let X =
P,/radl(x)(P;) for some 1 < j < n. The statement top(X) = top(radk(tM)) for some
0<k<I(M)—1meansthat j = (i + 1 + k), for some 0 < k < I(M) — 1. With this we
are able to determine the Ext-projectives in - (t M).

Let Y = P; be the indecomposable project at the vertex [ with [ # (i + 1 4 k), for some
0 <k <I(M)—1.Then P;isin (M) by Proposition 6.2. Moreover Extan (P, LaMm) =
0 since P is a projective A”-module. Hence P; is Ext-projective in *(t M).
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Let Y = rad*(M) for some 1 < s < [(M) — 1. Then observe that ¥ =
Piits), /rad(l(M)_S)(P(iH)n) meaning [(Y) = [(M) — s. Recall a A-module X is not in
L(zY) if and only if top(X) = top(rad”(tY)) for some 0 < r < [(M) —s — 1 and
I(rad" (tY)) < I(X). Therefore if X = Pj/radl(x)(Pj), then j = (i + 1+ s 4 r), for some
0 <r <I(M)—s—1.This implies that {X : Hom(X, tY) # 0} C {X : Hom(X, tM) # 0},
which further implies that Exta» (¥, N) = DHoma» (N, tY) = O forall N in (M) by the
Auslander-Reiten formula. Hence Y = rad® (M) is an Ext-projective in LM,

By Proposition 3.1, M is Ext-projective in - (7 M). For every other indecomposable An-
module Y, we have that tY is in +(z M), therefore Extan (Y, t¥) = DHompn (tY, 7Y) # 0
i.e. they are not Ext-projective in L M). By definition, Ty = P (M), hence by the
above arguments,

I(M)—1
PaM)y=Mo P rad' M) e b P;.

s=1 1<j<n
JEli+1Li+1(M)],

O

Proposition 6.4 Let P; be an indecomposable projective module in mod A}, for some 1 <
i < n. Then the t-perpendicular category of P; in mod A is J(P;) = mod A,_1, where
A, _1 is the Dynkin type A hereditary algebra.

Proof By definition Tp, = P (x Py)). Since P; is projective, we have that T P; = 0 there-
fore L ( P;) = mod All. As a result the Ext-projectives of L(z P;) are just the projectives of
mod AJ; therefore

n
Tp, = P(-(zP)) = EP P;.
j=1
Thus the F-algebra Ep, = End A2(Tp) is precisely given by the path algebra of the quiver

(o
1
% %
n 2
0[,,[ WOB

n—1 3
O{nN /[{

modulo the relations ot +1y, - - - %(i+n—1)), = 0for1 < j <n.
By Lemma 3.4, D)y = Epy/(en) is the path algebra of the quiver C,(fp(’) which is the

quiver obtained from C P by removing the vertex i. More precisely, C P ®

is the quiver,
R B e (R Ly R B R
with no relations. It is easy to see that the path algebra FC,? @ s isomorphic to A,_1.

Hence the Proposition follows by Theorem 3.5. O

Proposition 6.5 Let M be an indecomposable A'-module with length 1 < 1(M) <n — 1
and top(M) = S;. Which is to say that M = P,'/rad[(M)(P,'). Then the t-perpendicular
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1090 D. Msapato

category of M in mod A is J (M) = mod Ajar)—1 ® modAZjE%;, where A, is the Dynkin
type A hereditary algebra.

Proof By Proposition 6.3 the Bongartz completion of M is,

I(M)—1
Tu=M® @ rad'(M) & ., P;.
s=1 1<j<n

JEli+Li+(M)],
Hence the F-algebra Ey = Endar (T)y) is the path algebra of the following quiver O,

Qrad ppg? v Orag? Apagl (D=1 v
UM — Vrad(M) < Yrag?(m) ¢— -+ < Yrad?@™ =D i)

at
i
(44)
A(i—q)

(=@ @ = Dn
a(i—q—l)T lail
(i_q_l)n (i_z)n

‘Y(i;2\ /2

modulo the relations o 01 ... ctr—(—imy—1) = O0forr € [i,i — (n — (M) — 1)], and where
g=n—I(M)—1.
Let O E,UM ) be the quiver obtained from Q, by removing the vertex vjs and any arrows incident

to vys. More precisely, 5,”M ) is the following quiver with two connected components,

o 13 Olradl(M)—l

®rad? ) rad v
Urad(M) <— Yrad®>(M) ¢— -+ < Yrad@™ =D i)

i
Y
Ai—q)

(=@ (i = Dy
a(iql)T J()[,'_l
(i —q— l)n (i - 2)n

%‘N /z

and with relations oyt —1 ... € —(u—1(my—1) = Oforr € [i,i —(n—1(M)—1)],. By Lemma 3.4,

Dy = Ep/(ep) is the path algebra of Q,(fM ) modulo relations. So it follows that mod D u =

mod A;yy—1 B modA;’:;%;. So by Theorem 3.5, the statement of the Proposition follows. [
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Theorem 6.6 Let H, denote the number of complete t-exceptional sequences in mod Al
Then H, satisfies the recurrence relation,

with Hy = 1.

Proof Let M be an indecomposable AJ-module. Suppose (M1, M2, ..., M,_1, M) is a
complete T-exceptional sequence in mod AJ} ending in M. Then by definition and the fact
that §(J(M)) = n — 1, the sequence (M1, M3, ..., M,_1) is a complete t-exceptional
sequence in J(M). It then follows that the number of complete t-exceptional sequences
ending in M is equal to the number of complete T-exceptional sequences in J (M).

The length of M is 1 <I(M) < n. For each possible value of /(M), there are n indecom-
posable All-modules of that length. If /(M) = n then M is projective and by Proposition
6.4, J(M) = mod A, _. The number of t-exceptional sequences in mod A, _; was shown
in [[28] [Proposition 1.1]] to be n"~2 = ("~ 1)n"~2Ho, where Ho = 1.

If 1 < I(M) < n — 1, then by Proposition 6.5, the t-perpendicular category of M
is J(M) = modA;n—1 © mod AZ:;E%; Arguing as above, the number of complete
T-exceptional sequences ending in M is equal to the number of complete T-exceptional

sequences in mod A;(ar)—1 @ mod AZ:;%; By Theorems 3.8 and 3.9, this is equal to
n—1 n—1
LM DD o = 1onan=2 g
<n_l(M)7l(M)—1> ( ) n—I(M) l(M)—l ( ) n—Il(M)

So it follows that,

n n
n—1 1(M)—2 n—1\.,_,
= 2 n(l(M)—1>l(M) H”_Z(M):"z« 1)l e

I(M)=1

It is trivial to see that H; = 1. Using the recurrence we obtain H; = (g)l’lHo =1,
therefore Hy = 1. O

We are now in a position to derive the exponential generating function of H,,. First we
state the following results and definitions which will be useful in deriving the exponential
generating function.

Lemma 6.7 [31, Section 2.3 Rule 3']. Let f = .00 ja,%; and g = 300 by be the
generating functions of the sequences {a,};° o and {b,};° , respectively. Then the series fg

is the exponential generating function of the sequence,

[ (ans]

The Lambert W function is defined to be the function W (z) satisfying W (z)e" @ = z.
The tree function T (z) is defined by the equation 7' (z) = —W (—z). The functions W and
T have many applications in mathematics. For example, they appear in the enumeration of
trees and the calculation of water-wave heights. The reader is referred to [9] for more on
Lambert’s W function.
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Lemma 6.8 [9, Section 2, Equation 2.36]. Leta > 1 and n > 0 be integers. Let N (a, n) :=
a(a + n)"~! be a function of two variables. For a fixed positive integer a, the exponential
generating function of the sequence N (a, n) is given by,

00 o
Za(a + n)nfl — — efaW(fx)’
n:

where W is Lambert’s W function.

Theorem 6.9 The exponential generating function of H,, is,

o0 n 1

ZHL_i
"nl T 14+ W(=x)

n=0
where W is Lambert’s W function and H,, is given by the closed formula,
H, =n".

Proof Let a, be the sequence a, = (n + D" L Let h(x) = ZZO:O Hn% and g(x) =
Z;’;O anfl—'; be exponential generating functions of H, and a, respectively. Recall the
recurrence relation of H, is given by,

S0,

We make the change of variable j = k — 1 in % to obtain the following.

H, "“/n-—
7”=Z< , )(J+1)’ Hy—(j+1),
j=0

thus

H, " /n
n+ . i—1

= E +1 J H,_;.
! J—O(.]>(J ) "

o0 n

X=X (S (v )

By Lemma 6.7, the right hand side is given the product g(x)2(x). So we have,

o0

H, 1 x"
Y e = g(0h().
—n + 1 n!

We can manipulate the right hand side so that the exponent of x matches the factorial, hence
n+l

- Z G = SR,
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so we can write the left hand side in terms of A (x) as follows,

() — Ho) = gAY,
Since Hy =1,
h(x) — 1 =xh(x)g(x).
By Lemma 6.8, g(x) = e~ therefore,
1 1
T 1—xg(x) T xe WD

Recall that Lambert’s W function is defined by the equation x = W (x)e" ™ (See [9] for
more on Lambert’s W function), thus —xe WD) = W (—x), giving us that,
1 1
T+ W) 1-T()
where T(x) = —W(—x) is called Euler’s tree function, again see [9]. This exponential

generating function is precisely the exponential generating function of the sequence n", see;
[19] Section 2 equation 2.7 and [26]. O

h(x) =

It is interesting to note that n” is also the number of complete exceptional sequences
over the hereditary algebras of type B and C; see section 5 of [22]. On a more interesting
note, n” also counts the number of full weak exceptional sequences (see Definition 5.7)
over A}, [30, Theorem 1.4]. The full weak exceptional sequences over AJ; also have length
n, so a natural question to ask is whether the complete tT-exceptional sequences over A’
coincide with the full weak exceptional sequences (see Definition 5.7) over All. We answer
this question in the affirmative. First, we state the following well known result.

Lemma 6.10 [8, Lemma 10.20] Let A be an exact category and let B be a full additive
subcategory of A. Then if B is extension-closed in A, the exact sequences A — B — C
in Awith A, B, and C € B form an exact structure on B. In particular for X,Y € B, we
have that Exth(X, Y) = Extg(X, Y).

Lemma 6.11 [18, Proposition 3.6] Let A be a finite dimensional F algebra and let M be a
basic t-rigid left A-module. Then the t-perpendicular category J(M) is extension-closed
in mod A.

Proposition 6.12 Let M = (M, M3, ..., M) be a complete t-exceptional sequence in
mod A}}. Then M is also a full weak exceptional sequence in mod AJ.

Proof We will argue by induction on #. In the case of n = 1, there is only one indecompos-
able module which is both weak exceptional and t-rigid, so the statement follows trivially.
Suppose that the statement is true for all 1 < n < k. Let us consider the k + 1 case. Suppose
M= (M, M>, ..., Mi41) is a T-exceptional sequence in mod A’,ﬁi{

Let ] = [(Mj4+1) be the length of My, then 1 <[ < k 4 1. By Propositions 6.4 and

6.5, the t-perpendicular category
J(My1) = mod Ay & AfT)

By definition, the sequence (M1, M3, ..., My) is t-exceptional in J(Mj+1). By Theo-
rems 3.8 and 3.9, we have that the sequence (M7, My, ..., M) is an interleaving of a
complete exceptional sequence X = (X, X2,..., X;—1) in mod A;_; with a complete
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T-exceptional sequence ¥ = (Y1, Ya, ..., Yx41-7) in mod A],z:[{j By the inductive hypoth-

esis, the sequence Y is a full weak exceptional sequence in mod A];i}j Moreover, we have
that

Homj ) (Xi, Yj) = 0= Homj ) (Y, Xi),
where 1 <i <l —1land1 < j <k + 1 — . Therefore, since the t-perpendicular category

J (Mp41) is a full subcategory of mod A’,ii{ we also have that

Hommod A’Ifii (Xi’ Yj) =0= HommodA,’ii} (Yj7 Xi),
where 1 <i <l —1and1 < j <k+ 1 —[. By asimilar argument, we also have that
HommodA];fﬂ (X], Xl) =0

forl<i<j<l—1and

Hom A:ii(yj’Yi) =0

forl1 <i < j < k+1—1. By Lemma 6.10, since J(My41) is an extension-closed
subcategory of AL we can argue in a similar way that

k 1’
Ext! Xi,Y;) = Ext! Yi, Xi) =0,

mod

mod

d
where 1 <i <l —1land1 < j <k + 1 —[. By another similar argument,
1 , )
BXU g g (X Xi) =0

forl <i<j<l—1and
Ext' (Y, Yi) =0
Ak+1

mod
for1 <i < j <k+1—1. So we can conclude that the sequence (M|, M>, ..., My) is
weak exceptional in mod Aiﬂ hence M = (M, M3, ... Myy1) is a full weak exceptional
sequence in mod Aﬁ} This completes the proof. O

Corollary 6.13 The complete t-exceptional sequences of mod A}, and the full weak
exceptional sequences of mod A}, coincide.

Proof Let us denote by T, the set of complete r-exceptional sequences in mod A’ and
denote by W, the set of full weak exceptional sequences in mod A’. Using Proposition 6.12,
we can construct the following map, f: 7, — W, where by f(M) = M. The map f is

clearly injective and since | 7, |=| W, |= n", the map f is bijective, but more precisely
the complete T-exceptional sequences of mod A} and the full weak exceptional sequences
of mod A coincide. O

Unlike t-exceptional sequences, there are no complete exceptional sequences in mod A”,
as we will show. In general, not much is known about exceptional sequences over the
Nakayama algebras A’l.

Proposition 6.14 There are no exceptional sequences (M1, Ma, ..., M) in mod A}, of
length | > 1. In particular, there are no complete exceptional sequences in mod A} where
n> 1

Proof Suppose M = (M1, M3, ..., M;) is an exceptional sequence of length / > 1. Every
indecomposable projective module in mod A’ has length n, so by Proposition 3.12 we have
that Hom(P;, P;) # Oforall 1 < i, j < n. As a consequence of this M cannot contain more
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than one indecomposable projective module, in particular, if / > 1, then M must contain
non-projective indecomposable modules.

Let N be a non-projective indecomposable module in mod A};. Observe that N =
rad® (P;) forsome 1 <i <nmand1 <k < n — 1. We can further observe that the length
of N is [(N) = n — k and that top(N) = S(i4x),. Further observe that N has the following
infinite sequence as its projective resolution.

. — P, — P(i+k),, — P, — P(i+k)y, — P, — P(i+k),, — N — 0

Since N has length I(N) = n — k and top(N) = S(tk),, we can write N =
P k), /1ad" (P 11),). By Proposition 3.12, we can observe that Hom(P;, N) = 0
and Hom(Pyx),, N) # 0. Therefore by applying the functor Hom(—, N) to the above

projective resolution, we obtain the following sequence

0 —> Hom(N. N) % Hom(Pi11),. N) 25 0 25 Hom(Pgs),. N) 25 0 L% .

So we have that Ext?(N, N) = ker(f3)/im(f>) # 0. Which is to say any non—projective
module in mod A} is not exceptional. From this we conclude that M cannot contain non-
projective modules. A contradiction. O

7 The "1 Case

Let n > 1 be a positive integer. In this section we will study the combinatorics for the
number of complete t-exceptional sequence in mod I‘,’l’_l. Recall that we denote by A, the
linearly oriented quiver with n vertices,

1252 %243 . The algebra I'*~! is defined

to be the F-algebra, FA,, / R”f . This is the path algebra of the quiver A, modulo the relation
ajay ..oy =0.

Observe the following. Let M be an indecomposable module in mod F,’f’l, then M
belongs to one of the following disjoint sets. The first set contains the indecomposable pro-
jective modules P; for 1 < j < n. The second set contains non-projective modules of the
form M =rad(P;) where 1 <i < n — 2 and Pj is the indecomposable projective at ver-
tex 1. The third set contains indecomposable modules which are neither projective or of the
form M =rad’(P)) for 1 < i < n — 2. Any indecomposable module M in mod - ! has
length /(M) < n, therefore by Proposition 6.1, every indecomposable module of mod rn- !
is T-rigid.

o3 -2 Ap—1

n—1

Proposition 7.1 Let P; be an indecomposable projective module in mod 1",’1‘_1 for some
1 <i < n. Then the t-perpendicular category of P; in mod F;’_l is J(P;) = mod Ay—; ®
mod A;_1, where A is the hereditary type A hereditary algebra.

Proof Let P; be an indecomposable projective with length 1 < /(P;) < n— 1. By definition
the Bongartz completion Tp, = P (x Py)). Since P; is projective, T P; = 0 therefore
+(zP;) = mod F,’;’l, hence the Bongartz completion

n
Tp, = @ Pj.
j=1
Thus the F-algebra Ep, = End..-1(Tp,) is precisely the algebra I‘Z“ , the path algebra of

. 0]
the quiver Anp,
PP R M S PSR I N il A L R S A .
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modulo the relation apa,_;...a; = 0. Let A)Y @ be the quiver obtained from AY by
removing the vertex ¢ and all arrows incident to i.
142 248 3% A R B P

The quiver Azpfi) has no relations. By Lemma 3.4, Dy = Ep/{ep) is the path algebra
of the quiver Af,p(l). Since Dy = ]P‘Azp(l), it follows that J(M) = mod A,,_; @ mod A; _;
by Theorem 3.5. O

Proposition 7.2 Let M be an indecomposable module in mod l"g_l of the form M =
rad' (Py) for some 1 <i <n — 2 with length 1 < 1(M) < n — 2. Then the t-perpendicular
category of M in mod T is

mod Ajpry—1 @ mod Ay @ mod Ay i =1

J(M) =
() {modAn_l(M) @ mod Aj(pry—1 i #1

where A; is the hereditary type A hereditary algebra.

Proof Consider P; the indecomposable projective module at the vertex j in mod I‘,’,‘_l with
J # L. Thenitis easy to see that P; = rad/~2(P,) and that Pjhaslength(P;) =n—j+1.
From this it follows that rad? (P;) = Pj;4 where 0 < g <n — j.

Let M = rad'(P)) for some 1 < i < n — 1. We observe that (M) = n — i — 1
and top(M) = S;4+1. In accordance to Proposition 3.11, M may in fact be written as
M = P,-+1/rad””"1(Pl-+1). Using Proposition 3.11 again, we can see that Auslander-
Reiten translate of M is given by tM = rad(Pi+1)/rad”’i(Pi+1) = P4, because
rad(Pi+1) = Piyp and I(Piy1) = n— (i + 1)+ 1 = n — i, hence rad”’i(P,'+1) = 0.
So we see that the only indecomposable I~ !-modules not in L(tM) are the projectives
P; = rad*(P;yp) for 0 < s < n —i — 1, in other words i + 2 < j < n since
I(Pigp)=n—1i—1.

We are now in the position to determine the Ext-projectives of *(z M) where M =
radi(Pl). By the above calculation, we can say that for 1 < j < i + 1, the projective
Pj is in (¢ M) hence Extrn-1 (Pj, " (tM)) = 0.

Let N = rad/(P;) for some j > i. Arguing as above we can see that the only inde-
composable T”~!-modules not in +(rN) are the indecomposable projectives P,, where
j+2 < m < n,so it follows that {X : Hom(X, tN) # 0} C {X : Hom(X, tM) # 0}.
This implies that Extrgq (N, X) = DHOmrz—l (X,TN) = 0 for all X in L(tM) by the
Auslander-Reiten formula. Hence N = rad/ (P;) is an Ext-projective in LM,

For every other indecomposable F,’{_] module Y, we have that tY is in l(z: M), therefore
since EXth—l Y,ty) = DHomF;l,_l (X, tN) # 0. Therefore these modules are not Ext-

projective in LM). By definition Ty = P (M), so by the above arguments,

n—2 i+1
PEaM) =M P rad'(P) & P P;.
s=i+1 j=1

In the case when i # 1 the F-algebra £y = End-1(T)y) is the path algebra of the quiver
On,

. @iyl @i 2}
i+l ——i— ... —— 1

Ju
a2 g3 it

a, o,
g2 a radi+1

) — ) ay,
Vpagn 2 U3 ——> ooo ———> Vgl ———> Uy Yy
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By Lemma 3.4, D)y = Ep/{epm) is the path algebra of the quiver Q;UM) which is the
quiver obtained from Q, by removing the vertex vy, and all arrows incident to vys. The

quiver Qﬁ,v’” ) has two connected components.

g1

il s 2

ragn =2 Prag—3, raqit!
Vgt = Vs~ v

Since Dy = FQ;”M), it follows that J (M) = mod A; | & mod A,,_;_» by Theorem 3.5.
Recall that (M) =n —i — 1, hence J(M) = mod A, _;(pr) ® mod A;pr)—1.
When i = 1 however, the F-algebra Eyy = End.»-1(T)y) is the path algebra of the quiver

!
n’

2

v radn—2 " radn—3 radi+1 v Pradi+1 v Fopg 1
— } — .- ]
rad" 2 rad" =3 rad'*! M

with no relations. By Lemma, 3.4 Dy, = E)s/(epr) is the path algebra of the quiver Q;,(UM )

which is the quiver obtained from Q/, by removing the vertex vys and all arrows incident to
vyr. This quiver has three connected components.
2

®pagn—2 Fpadn—3 Fpai+1
Vpadn=2 Vpadn—3 . Vpaditl 1
Since Dy = IE‘Q;(UM), it follows that J(M) = modA,_3 & modA; & mod A; by
Theorem 3.5. Since I(rad! (P})) = n — 2 then J (M) = mod Ajapy—1 @ mod Ay @ mod A
O

Proposition 7.3 Let M be an indecomposable T~ '-module such that M # rad* (P)
for some indecomposable projective P and positive integer k. Suppose M has length
1 < I(M) < n — 2, then the t-perpendicular category of M in mod F;l’_l is J(M) =

mod Aj(pr—1 @ mod FZ:IZ((AA:[I;71

Proof By Proposition 3.11, we can write M = Pi/radl(M)(Pi) forsomel <i <n—1and
T = rad(P;) /radl(M )+1(P;). We will consider the case where i # 1 and i = 1 separately.
Suppose i # 1, then we have that P; = radi’Q(Pg) and I(P;)) = n —1i + 1.
Therefore, rad?(P;) = Pi44, in particular we have that rad(P;) = P;y1, hence tM =
Pi+1/radl(M)(Pi+1). Now suppose that i = 1, hence M = Pl/radl(M)(Pl), then tM =
rad(Pl)/radl(M)“(Pl). Observe that top(tM) = S and [(tM) = (M), hence TM =
Pz/rad[(M)(Pz). In either case of i, we have that tM = P,~+1/radl(M)(P,~+1).

Nowlet X = P; Jrad’ (P;) be an arbitrary indecomposable F;,’_l module. By Proposition
3.12,Hom(X, tM) # Oifandonly j € [i+1,i+I(M)], andi+I(M) € [j, j+I—1],. From
this it follows that P; is notin LM ifi+l < Jj <i+Il(M).Hence EXthz—l (Pj,+ (zM)) =
Oif j¢[i+1,i +1(M)].

Consider the module rad®*(M) for 1 < s < [(M) — 1. The length of rad®(M) is given
by I(rad*(M)) = (M) — s. Moreover, rad® (M) = P;;/rad™~5(P,,), from which it
follows that trad’(M) = P,-+s+]/radl(M)_x(P,-JrH]). Again let X = Pj/radl(Pj) be an
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arbitrary indecomposable F,’l”l module. By Proposition 3.12, Hom(X, t rad®*(M)) # 0
ifand only j € [i +s + 1,i +[(M)], and i + I(M) € [j,j + ! — 1],. There-
fore {X : Hom(X, rrad®*(M)) # 0} C {X : Hom(X, tM) # 0}, which implies that
Extr;,_l (rad*(M),Y) = DHosz_l (Y, trad® (M)) = 0 for all ¥ in - (z M). In other words,
rad® (M) is Ext-projective in LM).

By Proposition 3.1, M is Ext-projective in *(t M), so

I(M)—1
PlaeMy=Mo @ race E P

s=1 Jeli+1,i+1(M)]

By definition, the Bongartz completion Tyy = P(+(tM)), so the F-algebra Ey =
End -1 (Ty) is the path algebra of the quiver O, modulo relations (set /(M) := m),

n Un—1 Qitm+2

Ditm+1 . o -1 o
n n—1 i

i—1
JD(
o qm—1 g =2 g2 Prad!

vmdm—l Urad””z e vrad' vm
Since the vertices of the top row of the quiver correspond to the indecomposable pro-
jectives of mod I'*~! and the arrows reflect the relations the corresponding maps between

the projectives, we see that we have the relation o, 0;—1 ... jpmt1ici—1 ... = 0. Let
(vm)
n

i+m+1 1

be the quiver obtained from Q, by removing the vertex vy and all the arrows incident

to vy,
L B N T B L |
Fragm—1 e a2
Uradmfl Umdm—;’ e Umdl
with the relation o, 01 .. . ¥jrm1¢iti—1 ...1 = 0. By Lemma 3.4, Dyy = Ep/(ey) is
the path algebra of the quiver QS)M) modulo the relation o0ty —1 . . . O p 101 ... 0] =
0. It follows that J (M) = mod Ay(y)—1 & mod I',—,(}~" by Theorem 3.5. O

Theorem 7.4 Let K, denote the number of complete t-exceptional sequences in mod I‘,"l_1 .
Then K, satisfies the recurrence relation;

n n—3
—1 . . —1 . .
Ki=m—Dn—-2)"3 4 '21 (Z’_ 1)(n—i+ Dor—i=bi=2 4 21 ('Z_ 1)(n—i+1)<”*'*1>i’*2
1= 1=

n—2 n—1
+>° (l, - 1)(:1 —i = Di" Ky
i=1

with K1 = 1.

Proof Let M be an indecomposable module in mod F;}" . Suppose (X1, X2,..., Xn—1, M)
is a T-exceptional sequence in mod r;}*l. Then by definition and the fact that §(J(M)) =
n — 1, the sequence (X1, X3, ..., X,—1) is a complete t-exceptional sequence in J(M).
Hence the number of complete t-exceptional sequences ending in M is equal to the number
of complete -exceptional sequences in J (M).

Suppose M is projective, hence M = P; for some 1 < i < n, then by Proposition 7.1
the t-perpendicular category J(M) = mod A,,_; & mod A;_1. The number of complete t-
exceptional sequences in mod Ay is precisely the number of complete exceptional sequence
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in mod A; which is shown in [[28] [Proposition 1.1]] to be (I + 1)~V Therefore by The-
orems 3.8 and 3.9 the number of complete 7-exceptional sequence ending in M = P; is
(=i + il

Suppose M = rad' (P;) for some 1 <i <n —2.1fi = 1 then we saw in Proposition 7.2
that J (M) = mod A,,_3@®mod A; ®mod A;. Arguing as above it follows that the number of
complete T-exceptional sequences ending in rad! (P)) is (n 31 1)(n —2)(n=92020 — ( —
1)(n—2)"=3 Ifitis the case that 2 < i < n—2, then J (M) = mod A,y ®mod A1
Therefore the number of complete T-exceptional sequences ending in M = rad’ (Py) for
some 2 < i < n—2is (L) (0 — LM) + 1IN () D=2 where [(M) is the
length of M.

Finally suppose that M is not of the form rad’ (P) for some indecomposable projective
module P. By Proposition 7.3, J(M) = mod A;(3)—1 @ mod F" IMD=1 here I[(M) is the

—I(M)
length of M. Therefore the number of complete 7- exceptlonal sequences ending in M is

((hryo1) Kn—tcan] (M)!*)=2_ Observe that in this case the length of M is 1 < 1(M) <n—2
and for each fixed value of /(M) there are n — [(M) — 1 indecomposable modules M such
that M = rad' (P).

By counting the number of complete t-exceptional sequences ending in each indecom-
posable I‘Z“—module M, the recurrence relation of K, follows. It is also trivial to see that
Ki=1. O

Theorem 7.5 Let h(x) = ZEO:O K, );T"’ be the exponential generating function of K,,. Then
h(x) satisfies the first order linear ODE,

1
K@) —xe VN 4 h)eVED = 207 2WEN) _ o= WD) 4o w—x) + ExW(—x).

Proof Let h(x) = Y 02 Kn’y be the exponential generating function of K. Let a(n) =
(n+ D" Let g(x) = ano(n + 1)"'2 Then g(x) = ¢~" (=) by Lemma 6.8, where
W (x) is Lambert’s W function. By the only Proposition in Section 6 of [22],

20+2' =Y (:_l)a(i)a(n —0.
i=0

So it follows from Lemma 6.7 that

(g0 =Y 20+ (1)

n=0

We make the following observations about

- 1

Z (l’l - >(n — i+ 1)(n—i—l) . ii—2
i—1

i=1

With the change of variable j =i — 1,

n

-1 o o . A
2 (’7 1><n—i+1><”*’*“-i”2 = Z<n : )(n—j><"*f*2><j+1>f*1 =2n+1)"2,
1 — X J
j=0

i=1
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1100 D. Msapato

as shown in the proof of the only Proposition in Section 6 of [22]. We also observe that

n n—3

,-; ('Z: 11)<n —i+ DD ; (’;: 11><n —i )OTD G2 2 () %(n - -2"",
S0,
Ly | 3
2 ( 1><n—i+1><”—’—“~i’—2 =241 =" (=)' =S (= D=2,
i—
i=1
(@)

As a result we can write the recurrence for K, 41 (from Theorem 7.4) in the following
way ,

n—1

Kp1=22(n+2)"" = (n+1)" 1 —n"! —(n)(n " 2+Z< ) —i) Kpy1—ii' %

3)
Making the change of variable j =i — 1 we get,

1
Kutt = 220042 = (b 1) =~ = )= 1" 2+Z( >(" J=DKamy G

We will now study the exponential generating function of K, 1. To do this we look at the
exponential generating function of each of the summands on the right hand side. We have
already seen from Eq. 1 that

Zz(n+2>" = (g’ )

n=0

To deal with the rest of the summands of K11 in Eq. 3 but the last one, we first re-organise
them in the following way using Eq. 2. Let

n—2
-1 : . 3
¢(n) = ; (': B 1>(n—i—|—l)(”_’_1)-i’_2 =2n+2)"" "=+ 1" —p! —in(n—l)"_z.

The change of variable j =i — 1 gives us

n—3
n n—j—2, - i
P =Y ( .)(n - NG+
=0
We have ¢ (n) = 0 forn = 0, 1, 2 since the sum is empty for these values of n. This further
implies that,

er(mfj =2_;¢<n)’::

= 22(7’1—}—2)” 1 Z(”‘l‘ l)n 1 _ Znnfl%l: _%Zn(n _ 1)1172);7,:
n=2 ! ! n=2 . 2 !
:((g(x))z—l—zx)—Z<n+1)"*12—7—2 " le—on(n—l)" -
n=2 ’ n=2
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by Eq. 1. Lemma 6.8 resolves the second summand. The third summand is resolved by [9]
in Section 2, page 4. This was previously was done in [24]. This has been translated into
English; see [23, Page 48]). To resolve the fourth summand we use the fact the exponential
generating function is a right index shift and multiplication by n of the 3rd summand. Right
index shifting is equivalent to formal integration and by Rule 2’ in Section 2.3 page 41 of
[31] multiplication by # is equivalent to differentiating and then multiplying the exponential
generating function by x (This is also given on the OEIS A055541). Therefore.

> ¢<n>’;—’: = [V —1—2x] = [V 1 —x] = [ W (=x) —x] - %[—xm—x)]
n=0 :

3
=W 1 2 — eV Ll px F W)+ x + FEW (=)
3
= WD oW L (—x) + SEW (). )

Now let us study the final summand of Eq. 3

n—2 n ' ' -
E j m—j—DK,—j- G+
Jj=0

Notice that the term (nfl)(n —(n—1)=DKn"2=0and (Z)(n —n—DKpn+1"1=0
since Ko = 0. Therefore,

n—2 n
n . n .
Z(.)(n—j—l)Kn_j-<j+1>f—1=Z<.>(n—j—1)Kn_,.(j+1)f—1.
i=o M i=o M
By Lemma 6.7,

ad " /n . vy R _ = x" - a1 X"
EO (,; (J.)(n —j=DKnj- G+ 1) ) = (Xz(j)(n - 1>Knn!) (;m +1) n,) :
By Rule 2’ in Section 2.3 page 41 of [31]

00 n d 00 n 00 n
<Z(n - 1)K”):”> = (Z Kﬁﬂ) _ (Z Kfﬂ) = x'(x) — h(x).
n=0

n=0 n=0
By Lemma 6.8,
o0 x”
(Z(n + l)n—l) — e—W(_X).
n!
n=0
Therefore
o0 n n ) _Xn
DU )= = DKy G+ DT = = @b (1) —h(x))e ™0 (6)
n=0 \j=0 J ‘ n

By Rule 1’ in Section 2.3 page 41 of [31],

00 X

} KnJrl*' = h/(-x)~
n.

n=0
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We now write the exponential generating function of K11, using the expression of K,
in Eq. 3 and the exponential generating functions of the summands of K, obtained as in
Egs. 4, 5 and 6.

o n
1
D Ko = 2e72V 0 — eV O W) e W)+ (e () = hne™ V0,
n=0 n
SO

1
B (x) =2e"2WED _ o= WED Ly (—x) + FEW (0 + (xh' (x) — h(x))e "9,
Therefore we have the following first order linear ODE,

hx)e WD 2em2WED o WD LW (—x) + 3xW (—x)
(1 —xe W0y (1 — xe=W(=) '

This ODE is of the form,

h (x) +

h'(x) + Q()h(x) = F(x),

so we may apply the integrating factor method and give a general solution for /(x),
h(x)=e V™ / V(x)F(x)dx + C,

where V (X) is the integrating factor,

—W(=x)
V(X) =/Q(x)dx=/67dx.

1 — xe=Wx)

Unfortunately, we are unable to evaluate V (X) so we leave h(x) as it is. O

8 Justification

In this section we would like to justify why we only look at the four cases above. Our
approach to counting the number of complete t-exceptional sequences in the above module
categories relied upon Theorems 3.8 and 3.9. We also took advantage of the fact that the 7-
perpendicular categories of indecomposable modules M were of the form J(M) = C & D
with C and D being module categories in the the two families I') or A It is our claim that
these four cases, I'Z, T~!, A2 A" are the only ones were all the 7-perpendicular categories

J (M) are of this form. In other words, our approach only works on these four cases.

Proposition 8.1 Fix a positive integers t > 3. Forn >t + 1, let A = A!,. Then there exists
an A-module M such that the t-perpendicular category J (M) is not a direct sum of module
categories over algebras of the form A!, or !, for2 <t" <n' <n.

Proof We prove this by counter-example. Set M = S, the simple module at vertex 1 of
the quiver C,, of A. Note that other simple modules also work, but for simplicity we choose
S1. The Auslander-Reiten translate of S is 7S] = . Using Proposition 3.11 and 3.12, we
can say that Hom(X, S») # O if and only if X = Pg/radl(X)(Pz) where [(X) is the length
of X. It also follows that P, is the only projective with non-zero maps to S,. Therefore all
other indecomposable projective modules P; with j # 2 are in L (1), hence they are Ext-
projectives in ~(zS1). By Proposition 3.1, the module S; is Ext-project in +(zS1). We can
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thus conclude that,
PGSy =P P @ si.
J#2
By definition the Bongartz completion of M in mod A is Tyy = P(zS)). Let O, be the

following quiver,
Usy

|

1

% a3

where the vertices labelled j correspond to the projective P; and the vertex vy, corresponds
to the simple S and the arrows correspond to the irreducible maps between their respective
modules. The F-algebra Ej; = Enda (7)) is the path algebra of the quiver modulo relations.
Let QZ“ be the quiver obtained from Q,, by removing the vertex vy, and any arrows incident

to vy,
1
R
n 3
an[ Taél

n—1 4
O{nx /{5'

by Lemma 3.4, Dy = Ejp;/(epm) is the path algebra of the quiver QZ” modulo relations.
We have the relation o4 1¢; .. .as033p = 0 involving ¢+ — 1 arrows because it corresponds
to Homy (P41, P2) = 0 since in mod A/, the composition of ¢ maps between projec-
tives is 0. However, at the same time we have that the composition of the 1/ — 1 arrows
iy ...op_—3) 7= O0for2 < t' < t. Therefore as a module category J (M) cannot be a

direct sum of module categories of the form mod Ail/ ,ormodI'! | as required. O

Proposition 8.2 Fix a positive integers t > 3. Forn >t + 2, let A = T'!. Then there exists
an A-module M such that the t-perpendicular category J (M) is not a direct sum of module
categories over algebras of the formT'!, or A!, for2 <t <n’ < n.

Proof The argument is similar to that for the previous proposition. We prove this by counter-
example. Set M = Si, the simple module at vertex 1 of the quiver A, of A. The Auslander-
Reiten translate of Sy is tS1 = S,. By Proposition 3.11 and 3.12, Hom(X, $2) # 0 if and
only if X = P, /rad!® (P,) where [(X) is the length of X. It also follows that P, is the only
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1104 D. Msapato

projective with non-zero maps to S. Therefore all other indecomposable projective modules
Pj with j # 2 are in L(z81), hence they are Ext-projectives in +(z S1). By Proposition 3.1,
the module S is Ext-project in Lz S1) We can thus conclude that,

Pas)=EP P os.
j#2
By definition the Bongartz completion of M in mod A is Tyy = P(zS1). Let Q, be the
following quiver,

o a3 o5

Vg, 1< 3 4 ¢
where the vertices labelled j correspond to the projective P; and the vertex v, corresponds
to the simple S and the arrows correspond to the irreducible maps between their respective
modules. The F-algebra Ejy; = End4 (7)) is the path algebra of the quiver 9, modulo

. Us . . .
relations. Let 0, ' be the quiver obtained from Q, by removing the vertex vs, and any
arrows incident to vy, ,

1 <22 3 4

by Lemma 3.4, D)y = Ep/{epm) is the path algebra of the quiver QZ’” modulo relations.
We have the relation oy y1¢; ... 24032 = 0 involving t — 1 arrows because it corresponds
to Homa (P41, P2) = 0 since in mod I', the composition of 7 maps between projec-
tives is 0. However, at the same time we have that the composition of the #' — 1 arrows
Qpoy—1 .. .0p——2) # 0. Therefore as a module category J (M) cannot be a direct sum of

a4 Qp—1

o,
n—1+>"—n,

273 Op

as Qp—1
.. n—1 n.

module categories of the form mod A;/ , or mod I‘I’l | as required. O

So we have shown that our strategy for deriving recurrences for the number of com-
plete T-exceptional sequences over Nakayama algebras only works in the four cases we’ve
studied. However, the statements of Theorems 3.8 and 3.9 are general enough that a simi-
lar strategy may be applied to other algebras, and may prove as effective for counting the
T-exceptional sequences for the module categories of those algebras.
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