D. Sleigh et al. (2023) “Lagrangian Multiforms for Kadomtsev-Petviashvili (KP) and the Gelfand-Dickey
Hierarchy,”

International Mathematics Research Notices, Vol. 2023, No. 2, pp. 1420-1460

Advance Access Publication October 13, 2021

https://doi.org/10.1093/imrn/rnab288

Lagrangian Multiforms for Kadomtsev-Petviashvili (KP) and
the Gelfand-Dickey Hierarchy

Duncan Sleigh*, Frank W. Nijhoff, and Vincent Caudrelier
School of Mathematics, University of Leeds, Leeds, LS2 9LN, UK

*Correspondence to be sent to: e-mail: mm16dgs@leeds.ac.uk

We present, for the first time, a Lagrangian multiform for the complete Kadomtsev—
Petviashvili hierarchy—a single variational object that generates the whole hierarchy
and encapsulates its integrability. By performing a reduction on this Lagrangian
multiform, we also obtain Lagrangian multiforms for the Gelfand-Dickey hierarchy
of hierarchies, comprising, among others, the Korteweg—de Vries and Boussinesq

hierarchies.

1 Introduction

A feature of integrable systems is the existence of hierarchies of mutually compatible
equations. A significant limitation of using traditional Lagrangians for such hierarchies
is that they do not capture this compatibility. This limitation was overcome by the
Lagrangian multiform [7], which allows compatible Lagrangians (i.e., Lagrangians of
compatible equations) to be combined into a single variational object. In recent years,
numerous examples of Lagrangian multiforms for continuous one- and two-dimensional
integrable hierarchies have been found (e.g., Calogero-Moser [16], Toda [9], potential KdV
[14], and AKNS [2, 10, 12, 13]). It is natural to expect that there should exist a Lagrangian
multiform for the most well-known three-dimensional integrable hierarchy, the Kadomt-
sev-Petviashvili (KP) hierarchy [6, 11]. A Lagrangian multiform for the discrete KP

hierarchy (the first example of a Lagrangian 3-form) was given in [8], while a Lagrangian
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Lagrangian Multiforms 1421

multiform for the first two flows of the continuous KP hierarchy was presented in [13].
This continuous KP Lagrangian multiform was limited in the sense that extending it to
contain higher flows of the hierarchy would result in non-local terms in the multiform,
and also there was no algorithmic method to perform such an extension.

In [3], Dickey gives a family of Lagrangians in terms of pseudodifferential
operators for the individual equations of the KP hierarchy. In this paper, we assemble
Dickey’'s KP Lagrangians, along with a new set of Lagrangians to create Lagrangian
multiform for the full XP hierarchy. This is the first ever example of a continuous
Lagrangian 3-form for a complete integrable hierarchy. Then, based on the reduction
of XP to the Gelfand-Dickey hierarchy, we perform a reduction on the KP Lagrangian
multiform to obtain Lagrangian multiforms for each of the integrable hierarchies that
comprise the Gelfand-Dickey hierarchy.

We begin by giving a brief introduction to Lagrangian multiforms in Section 1.1
and then summarise key results relating to pseudodifferential operators in Section 1.2.
In Section 2, we introduce the KP hierarchy in terms of pseudodifferential operators, and
also its reduction to the Gelfand-Dickey hierarchy. In Section 3, we introduce Dickey's
KP Lagrangian. Our main result, a Lagrangian multiform for the KP hierarchy, is given

in Section 4, followed by its reduction to Gelfand-Dickey in Section 5.

1.1 Lagrangian multiforms

Lagrangian multiforms were first conceived of in [7] to allow a variational description
of compatible systems of equations and have subsequently generated considerable
research interest. The traditional variational approach involves a Lagrangian that is

a volume form, that is,
L(x, u™)dx; A... Adxy, (1)

on a k-dimensional base manifold. We use the notation u to represent u and its
derivatives with respect to the independent variables x;, up to the nt" order. This can
only give as many equations of motion as there are components of u. A Lagrangian

multiform

M= Z ‘C(il...ik)(Xr u(n)) dXi1 A...Andx 2)

1<iy<..<ix<N

ik

is a k-form in an N dimensional base manifold with k < N, subject to the following

variational principle. We require that any u that is a critical point of the action

Slu; o] = / M(x, u™) (3)
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1422 D. Sleigh et al.

must be a critical point for all k-dimensional surfaces of integration o. This results in
the multiform Euler-Lagrange equations, given by §dM = 0. Furthermore, we require
that, on the equations given by §dM = 0, any interior deformation of the surface o must
leave the critical action S unchanged (i.e., that on the equations defined by §dM = 0, we
require that dM = 0). The multiform Euler-Lagrange equations can also be presented
as a set of equations in terms of variational derivatives of the £ ;) that includes
the usual Euler-Lagrange equations of each L; ;,. In [15] and [13], proofs are given
that show the equivalence of these two presentations of the multiform Euler-Lagrange
equations. In Appendix A, we go further and show explicitly the link between these two
presentations of the multiform Euler-Lagrange equations.

We shall use the convention that Lagrangians £; ; are anti-symmetric when

permuting the sub-indices so, for example, £ ;53) = L312) = —L(132)-

1.2 Pseudodifferential operators

The main results in this paper require the use of pseudodifferential operators. Here we

give a brief summary based on [4, Chapter 1] and the references therein. We introduce

the differential algebra .A with generators u,;,u,, us,... and derivation D,, the total
derivative with respect to x, such that Dxugf) = (ug))x = ul"™", where ul) = u,. Also, D,
@, G _ G+D_ ) @, G+1)

obeys the Leibnitz rule D, uq Ug' =Ug Ug +Uq Ug . Elements of A are polynomials
with real or complex coefficients in the generators u, and their derivatives of arbitrary
order. The operator d is defined such that for f € A,

where f € A, f = D,f and

(5)

(k)_ k(k—1)...(k—i+1)

i i!

When k > 0 this sum naturally truncates, whereas when k < 0 the sum is infinite. Using
these definitions for D, and 9, we note that for f € A, D,f is also in .4, whereas df is
not, since df = D, f + f9, which is an operator.

The ring of pseudodifferential operators R consists of elements

m
X= > X9, X €A (6)

i=—00
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Lagrangian Multiforms 1423

Elements of R can be added (in the natural way) and multiplied term by term, moving
all ds to the right hand side according to the commutation rule given in (4). Using the

commutation rule (4), elements of R can also be written in the equivalent “left” form

m
X = Z ai)?i, 5(1: (S ./4. (7)

i=—00

If the leading coefficient of X, X, is 1, then there exists a unique inverse X -1
also with leading coefficient 1, such that XX~! = X~1X = 1. There also exists a unique
mt" root of X, X'/™ starting with 8. Then XP/™ = (x!/™)P and (X'/™)™ = X. We define

R, to be the set of all elements

m
X, => X9 (8)
i=0
and R_ to be the set of all elements
X = > X 9)
i=—00

The residue of a pseudodifferential operator, res{X} = X_,, the coefficient of 9-1in X.

We shall make use of two important properties relating to residues. Firstly,
res{X,V} =res{X,V_} =res{Xv_}. (10)

The second property we shall use is given on the following lemma.

Lemma 1.1. The residue of a commutator of two pseudodifferential operators X
and Y,

res{[X, Y]} =D,h (11)
for some h € A, so is a total x derivative.

This lemma is given in [4, Chapter 1], but the proof contains errors that are

corrected here.

Proof. We verify this for single term pseudodifferential operators S = s3™ and
T = td". We shall use the notation s® = DXs and similarly for ¢t. We first note that

res{[S, T1} is only non-zero if one of m and n is greater than or equal to zero while the
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1424 D. Sleigh et al.

other is negative. Without loss of generality, we shall assume that m > 0 and n < 0. The

product
= (m
ST=>" (k)st(k)8m+"_k, (12)
k=0
o)
res{ST} = stmAn+D (13)
m+n+1

when m + n + 1 > 0. Otherwise, res{ST} = 0 since k > 0 in (12). It follows that

m n
res{[S, T} = stmnth _ stmntD) (14)
m+n+1 m+n+1

We notice that

m mim-—1)...(—n) n nn—-1)...(—m)
= and = (15)
m+n+1 (m+n+1)! m+n+1 m+n+1)!
SO
" = (—pmne( ™) (16)
m+n+1 m+n+1
Then
m
res{(S, T]} =(m na 1) (st (—1)m RNt
=( m )(St(m+n+l)+s(1)t(m+n) _ S(l)t(ern) _S(Z)t(m+n71) + S(Z)t(m+n71) +..
m+n+1
- (_1)m+nt(1)s(m+n) + (_1)m+nt(1)s(m+n) + (_1)m+nts(m+n+1))
(17)

where, to get the expression on the second line, we have added and subtracted

> s@imintl-a) We recognise this as a total x derivative, so

m+n

res{[S, T} = (m _::ll N 1)DX Z (_1)as(a)t(m+n—a)_ (18)
a=0
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Lagrangian Multiforms 1425

It follows that, for general pseudodifferential operators X and Y, their residue,
res{[X, Y]} can be expressed as the sum of total derivatives of the form given in (18)

for pairs X; and Y] so is a total x derivative. [ |

2 The KP Hierarchy and Its Reduction to Gelfand-Dickey
2.1 The KP hierarchy

Here we give a brief summary of Sato’s scheme [11] for the KP hierarchy [6]. We let
o
L=04ud ' 4ud?+...=0+ > u,d " (19)
a=1

Using the notation Li to represent (Li)+, fori>0

L, =LY, I (20)
gives us the KP hierarchy. For each i, this produces an infinite set of partial differential
equations (PDEs) containing derivatives with respect to x; and x. From the case where

i =1, we see that L, = D,L, allowing us to identify x; with x. A consequence of (20) is
that

@M, =L}, L™ (21)
for all n > 1. This can be proved by induction on n. It follows that

)y, — (L), = (L, 11, — ), 1],
=L} — 1L D], + 1L I,
= [-L}, ), + 1, 1)1, (22)
=[], + 1,0,
= [Li, 1.

This gives us the “zero-curvature” equations for XP,

Ty, = L)y, = LY, I, (23)
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1426 D. Sleigh et al.

For each i,j > 0, this produces a finite set of PDEs containing derivatives with respect

to x;, x; and x. In the case where i = 2 and j = 3, (23) gives us

3(uy)y, = 3ui? +6uy’

(24)
1 3 2 1
3y, +3(Up)y, — 2up)y, = ul +3uP —6ujul.
Letting 2u; = u and eliminating u,, this gives us
3uX2X2 = (4uX3 - u(3) - 6uu(l))xl (25)

the KP equation that gives its name to the hierarchy.

For a fixed choice of i and j, the PDEs given by (20) for i and j are not equivalent
to the PDEs given by (23) for the same i and j, since (20) gives an infinite set of PDEs
while (23) gives a finite one. However, the set of PDEs given by (20) for all i > O is
equivalent to the set of PDEs given by (23) for all i, j > 0. We have already shown that we

can obtain (23) from (20). The following lemma relates to the converse.
Lemma 2.1. The set of equations given by
(W) = L)y, = (L, ] (26)
forall 1 <i <jis equivalent to the set of equations given by
L, =L}, 1] (27)
foralli> 1.

Proof. We have already shown that (27) for i and j implies (26) for the same i and j. To

show that (26) for all 1 < i,j implies (27) for all i > 1, we consider (23) in the form
)y, — (L), = (L, D1, — 1, 1], (28)

and without loss of generality assume that j > i. The first j — i terms of this (i.e., the

coefficients of 9¥ for k from i — 1 to j — 2) are identical to the first j — i terms of

t, =1}, 1. (29)
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We now let j = n+ 1 in (29) and multiply from the left by L=", and from this we subtract
(29) with j = n, multiplied on the left by L™", and on the right by L to obtain

LML — LR L) = LML), L — (LY, LL). (30)

The left hand side of this is just L,, while the right hand side simplifies to L}, L.

Therefore, two copies of (23) with j = n and j = n + 1 give us the first n — i terms of
=[L%,Ll. (31)
Since n is arbitrary, we are able to obtain all terms of (20). [ |

In [13], a Lagrangian multiform incorporating a re-scaled version of (25) and the
corresponding equation arising from (23) with i = 2 and j = 4 was presented with the

following Lagrangian coefficients:

1 1o 15 3

£(123) = EVX1X1 VX1X3 - §V3X1 - EVXng + VX1X1 (323)
1 2
2
£(412) 2 X1X1 VX1X4 2V3X1 X1X1X2 - §VX1X2VX2X2 + 4VX1X1 VX1X2 (32b)
1 2
£(234) = _EVX1X3VX1X4 - 4VX1X3V3X1X2 + 2VX1X1X3VX1X1X2 - §VX2X2 VX2X3 + VX2X2 VX1X4
8
+ 4VX2X2 V3X1X2 - §Vxlxzxz VX1X1X2 - V3X1 VX1X1X4 + §V3X1 V3X2 4V3X1 X1X2 (320)
4
3 3
+ 8VX1X1 V3X1 VX1X1X2 + 8VX1X1 VX1X2 VXzXz + §VX1X2 - 8VX1X1 VX1X2 VX1X3 - 8VX1X1 VX1X2
L =Zv2 _42vi —2v —gv 1% —gv 1% + VWV
(341) 3 X9X2 4x, 3X1 X1X1X3 3 X9X9 Y X1X3 3 X1X2 Y X2X3 X1X2 Y X1X4
— 4V2 + —-v +12v2 v, +4vi v —4v? v (32d)
3 X1X1X2 3 3X1 X1X2X2 X1X1 Y 4x1 3x1 Vx1X1 X1X1 ' X2X2
+ 4VX1X1 X1X2 + 4VX1X1 X1X3 + 10VX1X1’

where the dependent variable v = u has been used to eliminate non-local terms.

X1X1
These Lagrangians were found using the variational symmetries method outlined in the
same paper. Although it is possible to extend this Lagrangian multiform to incorporate
more flows of the hierarchy, the resultant Lagrangians become increasingly unwieldy.
Also, as we progress up the hierarchy, an ever increasing number of non-local terms

appear in the Lagrangians, and the Lagrangians grow very large very quickly. Expanding
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1428 D. Sleigh et al.

this multiform to include the x5 flow results in Lagrangians that are many pages
long. Also, this approach does not yield an explicit formula for all of the constituent
Lagrangians of the multiform for the complete hierarchy, so in order to obtain a

multiform for the entire hierarchy, a different approach is needed.

2.2 The Gelfand-Dickey hierarchy as a reduction of KP

The n'" Gelfand-Dickey hierarchy [5] can be formulated as follows. We let
Lep =" 4V, 20" 2 +v, 20" 3 +... +v, (33)
and let
P, =@M, . (34)

We note that while L;; is not a pseudodifferential operator, in general a fractional

power of L.y, will be. The nt? Gelfand-Dickey hierarchy is then given by
(Lep)x,, = P/ Lgpl- (35)

In the case where n = 2, this gives the KdV hierarchy, while for n = 3 we get the

Boussinesq hierarchy. We now consider the KP equation (21)
Ly =IL7,L™. (36)

In order to reduce the KP hierarchy to the n* Gelfand-Dickey hierarchy, we impose the
constraint that L™ = 0. We note that

I"=0 — L"=1", (37)
an n'" order differential operator that we equate with L;p. It follows that Lé./n =1L, s0
P,, is given by L, making (35) and the right hand expression in (36) equivalent. We also
note that L” =0 = L =0forallk ¢ Z,, so (36) gives L;‘m = 0 whenever n divides m.
This is as expected since, by (35), (Lgp)y,, = 0 whenever P,, is an integer power of Lp,

which happens when n divides m.
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3 A Lagrangian for the KP Hierarchy

In this section, we present a Lagrangian for the KP hierarchy that was originally given
in [3]. We define A, to be the differential algebra analogous to A with generators
Po/#1, %2, (i.e., where elements of A, are differential polynomials in the generators
¢g), and we define R, to be the ring of pseudodifferential operators with coefficients

in A,. We define R,, and R,_ analogously to R, and R_. We make the dressing

substitution
L=¢ip~? (38)
where
o0
p=14> g0 7", (39)
B=0

noting that because of the leading 1, a unique ¢! exists. Expanding (38) we find that
L=09—¢d "+ (9owp — 91372 + (9100 + 9o¥t — (90)° —wiep =)0 > +...,  (40)

where <,o//8 denotes the x derivative of ¢;. Equating coefficients with (19), we see that
Uy = =), Uy = Qo — ¢}, Us = 0104 + 9o@) — (9)? — p2ey — ¢, etc., giving an injective
map from Ato A,.

In order to determine the resulting XP equation in terms of ¢, we invoke the idea
of homogeneity in the sense of all terms of an expression carrying equal weight. Let us

consider this in the case of the KP equation

Uy, y, = (4u,, —u® —6uu®), . (41)

X2X2

We begin by assigning a weight of 1 to the derivative with respect to x. On the left

hand side of the equation, we see a u term, which we compare to the u® term on

X2X
the right hand side. In order for theszze ierms to have equal weight, an x, derivative
must have weight 2. Similarly, by comparing the u)((ls) and u® terms, it follows that an
x5 derivative has weight 3. Finally by comparing u® and uu we see that u carries
weight 2. Whenever it is possible to assign weights in this manner such that all terms

of an expression carry equal weight, we say that the expression is homogeneous.

€20z Aenuer Gz uo Jasn spaaT Jo AsISAIUN AG £8196€9/021 L/2/€Z0Z/2101E/UIWI/WOo0"dNO"OILUSPEDE//:SARY WOl PAPEOjUMOC



1430 D. Sleigh et al.

Homogeneity can also be introduced directly on the level of the pseudodifferen-

tial operators. Applying this to the KP operator
L=0+u 0 ' +u,d02+..., (42)

we again assign a weight of 1 to the derivative with respect to x, so the leading 9 carries
weight 1. In order for all terms to carry equal weight, it follows that u; has weight 2, u,

has weight 3, and in general u, has weight « + 1. Similarly, the leading 1 of the operator
d=14+¢0 149,07 2+... (43)

tells us that ¢ has weight 0, so ¢, has weight 1, ¢; has weight 2, and ¢4 has weight g +1
in order that each term has weight 0. In this paper, we only deal with homogeneous

equations. With this in mind, we have the following lemma.
Lemma 3.1. WeletL =¢d¢ ' € R,. Then
Ly, =L}, L] & ¢, =-L"¢. (44)
Proof. Using that L = ¢d¢~!, the equation
L, =L}, 1] (45)
becomes
¢, 6" — L\, L1=0, (46)
This is equivalent to the statement that
¢ ¢ — L +f;=0 (47)
for some f; in R, such that [L, f;] = 0. Letting f; = ¢~ 'f;¢, the requirement that [L,f;] = 0

is equivalent to the requirement that [d,f] = D,f; = 0. Therefore, f; is a constant in

R(p, S0

F= >y (a8)

j=—oo
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for some m, where each Y is a constant in Aw (i.e., a real or complex number), and

consequently

fi= D vt/ (49)
Jj=—00

for the same constants y;- In (47) we see that both Py, ® I and Li are of weight i, so we
require that f; is also of weight i. Therefore, y; = 0 whenever j # i, so f; is of the form
y;L'. When f; takes this form, the coefficient of 3’ in (47) is y; — 1, and setting this equal

to zero gives us that y; = 1. Then (47) becomes

¢ ' +LL =0, (50)
so the resulting equation for ¢, is
¢y, = —L' 0. (51)
That is,
Ly =[L%, L] = ¢, =—L'¢. (52)

Conversely, we see that if (51) holds then

L, = (¢3¢ 1)y,
= ¢y, 00 — 0P Py
= Bl gagp™! + pagp 1L (63)
= [-LL, 1]
=[L%, L]
so (51) implies (45). [ |

Corollary 3.1. Lemmas 2.1 and 3.1 together tell us that the set of equations given by
W)y, — @)y, = ILL, 1] (54)
in R for all 1 <i,j is equivalent to the set of equations given by
¢ ¢ +ILL =0 (55)
in Rw foralli>1.

We now consider a Lagrangian L;;dx; A dx; A dx; with £,;; € A,. For such

8L 1
a Lagrangian, we can take variational derivatives % (i.e., the Euler operator with
Yp
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1432 D. Sleigh et al.

respect to ¢4 acting on L y;;)) to obtain expressions in A,. However, it is convenient to

define the variational derivative with respect to the pseudodifferential operator ¢,

8Laipy  ~= . p%Lai

_ p
S¢ _Bza

(56)
=0 5g0ﬂ

L i)

According to this definition, is a pseudodifferential operator in R, that can be

put in the usual form with all ds on the right using (4). The motivation for this definition

is made clear by the following lemma.

Lemma 3.2. If there exist h;, hy, and h4 such that
S‘C(llj) = I‘eS{X 8¢} + DXhl + Dxihz + ijhs (57)

for some X € R, then the variational derivative of £;;; with respect to ¢,

oy _

5 X, (58)

Proof. Since 8¢ = 8¢pyd 1 +8¢;972+. .. has only negative powers of 3, (57) is equivalent

to
8L ;5 = res{X, é¢} + Dyhy + Dy hy + ijhs- (59)

We write X, in the “left” form described in equation (7), so
m
X+ = Z aka, Xk € 'A(/J’ (60)
k=0
and consider the product of an arbitrary term in X, with an arbitrary term in §¢. This
will be of the form
n

~ ~ n .. .
"X, 80,0 " = X, 80,07 4D ( ,)D;(Xn 8¢,)9n Ml (61)
l

i=1
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Lagrangian Multiforms 1433

and the only term on the right hand side that is not a total derivative is X, §¢,,8" ™.

Therefore,

m
8L 45 = res{X, 8¢} + Dyhy + Dy hy + Dy hy = D" X 8¢+ Dyhy + Dy hy + Dy by (62)

k=0
for some le, so the variational derivative
8Ly -
19 _x (63)
8§0k

for 0 < k < m and is zero for k > m. It follows that

‘Sﬁ(llj) - ‘Sﬁ(lu)

z k

Z kX, = (64)

Following the formulation in [3], we introduce
o0
¢, =1+p > g0 P (65)
=0

where p € R.

Proposition 3.2, The Lagrangian density

1 . . . .
Ly = reS[ = /0 pl(@,0', ) L (9,00, ") 16, tdp + Vo g, — 3‘¢_1¢le (66)
gives Euler-Lagrange equations that are equivalent to the KP equation
(L), — (M), + 1L, T 1 =0, (67)

It is important to note that where 9 appears in this Lagrangian, it signifies an
operator that acts on everything to its right, rather than the x derivative of whatever
is immediately to its right. Also, even though ¢ consists of an infinite number of
components, because this Lagrangian is a residue, only a finite number of these
components actually feature. A proof that (66) gives the KP equation as its Euler—
Lagrange equations is given in [3] and repeated here. We shall require the following

lemma:
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1434 D. Sleigh et al.

Lemma 3.3. The following formula holds:
p , . , .
8res[ /O D ($p0'05 ), (95805 195 dD t=—Tes{[(¢,0'8, 1) 1. (8,96, 1) 160, ¢ } DRy
(68)
with
p
hy = / / plres{[TIV, SI, Ul + ([T, U1, S, V] + [UIV, S1,., T] + [UT, [V, S]] + [TIS, U, VI
0
+1U,IT, V1,81 + VIS, Ul,, T + [VT, [S, UL 1 + [lU, VI, TS| + [T, [U, V1S]}dp dx.
(69)

where S = ¢51, T = 5¢; ¢§1' U= (¢I~,ai¢lgl)+, and V = (¢f,af¢1;1)+. This h; is local.

The first part of this result is essentially the same as the one given by Dickey in
[3]. However, Dickey does not give an explicit expression for h;, since when considering
a single Lagrangian, it is only necessary to show that it is a total x derivative. In the

Lagrangian multiform case, we will require an expression for h;, so it is included here.

Proof of Lemma 3.3. We proceed by taking the p derivative of

p . . . .
ares[ /0 D (@005 )1 (05305 1) 05 1D |+ res{l(9,0°0, 1) (6,9, 1) 156, 6,71,
(70)

a
multiplying by p, and using that pai; = ¢, — 1. This gives us

sres((6p9'05 1) . 0y 05" 105"} + Tes{l@p0'0, ) (09051166, 057}
(71)
9 X .

+ res{(p@[((ppal%;l)y (¢pal¢51)+])8¢p ¢I;1 }-

a9
Again using pa—; = ¢, — 1 we find that

J . .
p5<¢pal¢gl)+ =—lp, " (Bp0° ) 1, (72)
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Lagrangian Multiforms 1435

We shall also use that
8(dpd'p, ) =50, ¢p", (9,00, ") 1. (73)
Letting S = ¢, !, T =8¢, ¢, ', U = (¢,0'¢, "), and V = (¢,3¢, "), (71) is equivalent to
res{l[T, Ul,, VIS + U, [T, V1,IS + [U, VITS — [U, VIST — [IS, U1, VIT — [U, IS, VI, 1T} (74)

In order to show that this is a total x derivative, we make use of (11), the property that
the residue of a commutator is a total x derivative. We consider (74) two terms at a time.

Firstly,

I‘es{[[T, U]+' V]S - [Ur [S! V]+]T}
=res{[T, Ul [V, S+ [T, ULS, VI+IT, Ullv,S], +[UIV,Sl,, T+ [UT,[V,S] ]} 75)
75
=res{[T, UIlV,S] + [T, U1, S, V] + [UlV, S, T1+ [UT, [V, S], ]}

=res{T[U, [V, Sl + [TV, S], Ul + [T, ULS, V1 + [UIV, Sl ., T1 + [UT, [V, S]_1}.
Then

res{lU, [T, VI ]IS —[IS, Ul,, VIT}
=res{[T, V1,[S, Ul + [U,IT, VI,_Sl + [T, VIS, Ul + [VIS, Ul,, T1 + [VT,[S, Ul 1} 76
76
=res{[T, VIS, Ul + [U, [T, V], S] + [VIS, Ul,, T + [VT,[S, Ul 1}

=res{T[V,[S, Ul + [TIS, U], V]l + [U, [T, V] _S] + [VIS, U], T1 + [VT, [S, Ul 1}.
Finally,

res{[U, VITS — [U, VIST}
=res{[U, VIIT, S1} (77)

=res{T[S, [U, VIl + [[U, V1, TS] + [T, [U, V1IS]}.

Adding (75), (76), and (77) together, we notice that

res{T([U,[V,SI] +[V,[S, Ul +[S,[U, VI)} =0 (78)
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1436 D. Sleigh et al.

by the Jacobi identity, so (74) is equal to

res{[T[V, S], Ul + [[T, UL,S, V] + [ULV, Sl,., T + [UT, [V, S| 1 + [TIS, U, V] + U, T, V1, S]

+[vis, Ul,, T+ [VT,[S, Ul 1+ [lU, V1, TS] + [T, [U, VISI}.
(79)

Since every term is the residue of a commutator, this is a total x derivative. We set h;
equal to the local expression obtained by letting p — p in (79), integrating with respect
to p from O to p, integrating with respect to x, and setting the constant of integration
equal to zero (i.e., the expression given in (69)). It follows that, for this choice of h,, (68)
holds. |

Proof of Proposition 3.2. We use Lemma 3.3 with p = 1 to obtain

8res[ /0 p ' (@p0'dy )1 (0,00, 1) 10, dp t=—Tes{l(0'¢ "), (pD ¢~ 1) 16¢ ¢~ HD, By ]y

(80)
Variation of the rest of the Lagrangian (66) gives us
sres{d/¢ " ¢y, — 0'0 " by )
=D, res{d/¢ 159} — DXjres{aizp_l(S(p}
+res(pdo g0 10097} —res(¢pd'e g, 680 ¢!
(81)

—res{g, 910 97"} +res(d, 0'¢ 3¢ ¢!} + ok,
=D, res{d'¢ 59} — DXjres{aiqﬁ_l(S(p}

+res{((Lh), — () )86 @71} + Dyhy,

where we have made use of (10) and the fact that ¢ ¢~! € R_ to obtain the the final

expression. Combining (80) and (81) we get

8L gy =res{((L)g, — W)y, + 1L, )50 67 )
=res(¢ " (L)), — Ty, + L4, T,1)5¢) + Dyhs,
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Lagrangian Multiforms 1437

so
8L . - .
g =07 (W — Wy + LT, 83
and when set equal to zero, this is equivalent to (23). |

Example 3.3. The explicit form of £,,3, given by (66) is

2 2
5(123) =— UXXX3 + Xy, — VU, —WU,, - VV, —U UX3 + VUX3 + UUXX3 + U Uyy,

+ UV, + U*V,,— UUy,,, — U3U,, — UW,,— 2UV,, — 3V,U,,— 3U,, U, + 2U,U,,

XXX2 xx Y xg
3 3

— 83U, Vy, — 83U, Upy, — Wy, + Uy — = UV — = U.

x Y xx9 XXXX2 2 XXX g XXX

3 27172
V-3V.V - JUU

1 3 3
2 2 2 3 3
+2U0,,,U° + 2V, U+ 20,V — -UU, - =U,U 3U,V,, — -U,U+2U,

XXX xYxxx x "/ x.
2 2 2

+ 38Wyy, — 2Vyy, + 3V, + BUULUy, + 2UVU,, + 3U,, U, U + 2U,, VU,

XXX2

(84)

where U = ¢y, V = ¢;, W = ¢,, and X = ¢4. This was calculated using Maple and
PSEUDO [1]. Note that although X and Y appear in this Lagrangian, their presence
is trivial in that they do not contribute to or feature in the resulting Euler-Lagrange
equations. We can simplify £ ;,3, considerably by subtracting total derivatives to obtain

the equivalent Lagrangian

8 3 5
L193) = 3UEU? — ZU,,,U* + 3V, , U* + U3 + U, Uy, + U%, — 3U,V,, — 3U,V,, + 3V2

po's xVx
2 2 2 2

(85)

that gives identical Euler-Lagrange equations. The variational derivatives with respect
to U and V are

8L 123) 2 2
S = = 6U Uy — 6UUS — 6UUy, + 6UVy, — U, Uy — 15U, Uy, — 2V, + 2o
+ 3VXX2 + SVXXX
5C
% = 6UU,, + 6U2 — 3U,py + 3Uy, — 6V,

(86)
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1438 D. Sleigh et al.

giving us that

5‘6(123) _885(123) 85(123)

5 SV SU
8L 8L 8L
_%taz) +D, (123) + (123)
1% 1% sU
=(6 UUXX + 6U)2( - 3UXXX + 3UXX2 - 6VXX)8 - UXXXX + 6UUXXX + 3UXXX2 - 3VXXX

2 2
+—6U%U,, + 3U, Uy, — 6UUZ — 6UU,,, + 6UV,, — 3U,, U, — 2U,,, + 3V,
(87)

Since the Euler-Lagrange equations (83) have a pre-factor of ¢!, we calculate

8L (123) 2
05 ) = (OUT+ BUL = 3y + 3y, = 6V,)0 — 30y, Uy — 30Ty,
+

(88)
+ 3UXXX2 + 3VXX2 - 2UXX3 + 3UUXXX + 3UX UXX - UXXX - ‘?’VXXX‘
Making the substitution u, = —U,, u, = UU, — V, (based on the expansion (40)), this

becomes
Bui? — 3y, +6us)d + 2(uy)y, — 3w, — 3(Up)y, — bujul’ +ul® +3uy. (89)

Setting this equal to zero gives us equations that are equivalent to (24).

4 Lagrangian Multiforms for the KP Hierarchy

In this section, we present two closely related Lagrangian multiform structures for the
KP hierarchy. Let

M= > Ly dx; Adx;Adx,. (90)

1<i<j<k

be a differential 3-form. We shall define the coefficients Ly, such that the PDEs
defined by dM = 0 are the full set of equations of the KP hierarchy, and we shall show
that on these equations dM = 0. We define P;;; such that

dM= > Pyydx; Adx; Adx Adx, (91)

1<i<j<k<l
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and will show that each P, has a double zero on the equations of the KP hierarchy,

so the coefficients Py, will be of the form

n
ZAyBy (92)
y=1

where each A, and B, is zero on the equations of the KP hierarchy. More specifically,
the A, will be of the form

(L), — W)y + [, 1) (93)
while the By will be of the form
¢ ¢+ LI, (94)

giving us the required double zero. Then

n
8Py = D _0A,B, +A,SB, (95)
y=1

so the equations given by 6P, = 0 will be a subset of the equations of the KP
hierarchy. In order for the equations given by 8P4k = O for all 1 < i,j,k to be the
full set of equations of the KP hierarchy, we require that the factors A, and B, span the
set of equations of the KP hierarchy, and also that the A, and B, are non-degenerate.
Rather than show this directly, we will instead show the equivalent result that the full
set of equations of the KP hierarchy arise from the Euler-Lagrange equations of the
L4 Lagrangians. Then, for the P(;;; where 1 < i,j, k,l we will show that §P;;; = 0 on
the equations of the XP hierarchy. Together, these results will show that the multiform
Euler-Lagrange equations given by §dM = 0 are a subset of the equations of the KP
hierarchy and include the entire KP hierarchy. It follows that the multiform Euler—
Lagrange equations are precisely the equations of the KP hierarchy.

The factorised form of Py, in terms of the A, and B, would suggest that as

well as giving us equations in the form

(L), — W)y + 1L, 1 =0, (96)
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1440 D. Sleigh et al.

the multiform Euler-Lagrange equations should also include KP equations of the type
¢ ¢ '+ L =0. (97)

However, Corollary 3.1 tells us that the set of equations of the form of (96) for alli,j > 0
is equivalent to the set of equations of the form of (97) for all i > 0, so we are free
to view either of these equivalent sets of equations as the complete set of multiform

Euler-Lagrange equations for M.

4.1 A Lagrangian multiform for KP based on Dickey’s Lagrangian
We define
T :=§<[¢a’°¢—1¢xi¢—1¢xf¢—11 + 103 b 6 By 0T 1 [90°0T G 0 Dy 07
A I N O B UL L R S e B U S o8)
+ [y, 050 6,07 1+ [0y, 79 by 0711+ [y, 967 by 0]
— [0y, 9D by 97N — [0, P97 07— [0y, 90 D 671,

1
Ajr = —/0 p ' (ITIv, S, Ul + [T, U1, S, V] + UV, Sl,., T] + [UT, [V, SI,] + [TIS, U], V]

+1U,IT, V1, SI+[VIS, UL, TI+IVT, [S, U1, ] + [U, V], TSI+IT, [U, VIS])dp
(99)

where S = ¢,1, T = (¢)y $p " U = ($,9'p "), and V = (9,3, ).,
1 -1 7i 7J 7 -1 J -1 7i i -1

Ok = 5 ([bx ¢ LI + 1L, Ly 6y 071+ Ky 971 LL1 + ILLL 6 07') (100)
and

A= (LD — T, TR 4+ L, T 4 1, 16 )+ 1, D 4 R 1)), (101)

gk = 5 b +h—r +h—r by rhp b —r rhl)

In these definitions, L is used as an abbreviation of ¢3¢ !, so all of the above are
pseudodifferential operators whose coefficients are in terms of ¢, and their derivatives.
Theorem 4.1. The 3-form

1<i<j<k

with coefficients

1 . .
Lajp = res[ —/0 P @85 )1 (0p0%6, 1) 1y dp + 056 gy, — aJ¢—1¢Xk] (103)
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Lagrangian Multiforms 1441
and
£(ijk) = / I'eS{Fijk + Aij,k + Ajk,i + Aki,j + ®ij,k + ®jk,i + ®ki,j + Aijk}dX (104)

(with the constant of integration set to zero) when i > 1 is a Lagrangian multiform for
the KP hierarchy. Each £, is a local expression in the fields ¢4 and their derivatives.
The multiform Euler-Lagrange equations given by §dM = 0 are the full set of equations
of the KP hierarchy and consequences thereof. On the equations of the KP hierarchy,
dM = 0.

We have constructed £, in this way so that
1<i<j<k<l
has a double zero on the equations of the KP hierarchy. In particular, this £, is such
that

Puijey = = Dy Laij) = D Lajiy + P Lainy + Px, Liijio

1 . . . .

= —res{; (Lh)y — Wh)y + L4 LD Gy 07 +15)
1 . . (106)

5 (@h)y, — @)+ LD @™ +1D)

bR — W + U LD G0 +ID)).
Before we can show this to be the case, we shall require a number of lemmas.
Lemmas 4.1 and 4.2 are closely related to Dickey’'s computations to obtain the Euler—
Lagrange equations of his KP Lagrangian that we reproduced in Section 3. Lemma 4.3
then re-arranges some of the resulting terms to get us closer to (106), while Lemma 4.4
gives us the terms in (106) that do not contain any x;, Xj, OT Xp, derivatives. Also, it is
important to note that each of 'y, Ajir, Ok, and Ay are expressed in terms of the
residue of commutators. Therefore, they are all total x derivatives so can be integrated

with respect to x to obtain a local expression for £, .

Lemma 4.1. The . ; defined in (98) is such that

ijk
D, (0% dy, — 797 by ) + Dy (' by, — 007 by) + Dy (PO, — 9070y

1 , . . .
= STy + Wby — Wty + Wby — Wy, + @0 )87 + Ty
(107)
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1442 D. Sleigh et al.

Proof of Lemma 4.1.

D, (0% ¢y — 797 py) + Dy (0'0 7 by, — %071 0,) + Dy (YO, — 0'07 )
=050y by, + 90T B, 8T By + VO Dy,

— 0% by 0 by — 0T By by, — VO by 6y
(108)

We now use commutators to get this in the form (Li)Xj¢Xk¢_1:

= 06 6,07 67 4 V6,07 b0 — 000 00 067!
+ 0050 9y b Db — 9V b 0T B0 + 000 G 8 0 67
+ %(—qﬁxja%”@p*l + G, P P! — by 00 by 7
+ 6,007 007 — b VO 0 + 6,007 B, 67
+ é(l¢a"¢—1¢xi¢—1¢xf¢—1] + [0V D 3 6 by 01+ 1900 Dy 0 By 9711 (109)
L CCAC R R s B UL S S s B UL R M R M
+ 10y, 9507 0 1+ [0y, VO by 671+ [y, 00T B 07
—[by, %070, 07 — Iy, PO Dy = (8, 997G, 671D

1 . . . .
=5 (S, + Wby — Ty by + Wy — M)y + LDy )¢ + Ty

Lemma 4.2. The A, defined in (99) is such that

1
D, res[ —/ p (@, 0051 ., (0,705 ]¢>1dp}
k 0 p p + p b /+¥p (110)

=res{[(¢d'¢p "), (@¥d 1) 1py, 7'} +res{Ay ).

Proof of Lemma 4.2. Since each L;; is autonomous, we notice that D, L;; =

3£(1ij)|5¢:¢xk' It follows from Lemma 3.3 that the left hand side of (110) is equal to

res{l(@3'¢ "), 0¥ 9 ) by, 671} = Dyhylsy ), (111)
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evaluated at p = 1. We note that res{A;; ;} as defined in (99) is precisely —D,h, |5¢ﬁ=(¢’13)Xk

evaluated at p = 1. That is,

1

+[U,IT, V1, Sl + VIS, Ul,, T1 + [VT,[S, UL 1+ [[U, V], TS] + [T, [U, VISl)dp (112)

with S=¢,1, T = (¢p)y by ' U= (9,0'¢; ") and V = (4,07, 1) . u
Lemma 4.3. The ©;;; defined in (100) is such that

res{[Ly, i1y ¢ 71} = Sres{lLy, gy, 67" + () LD — (L) IL) + res(©y). (113)

Proof of Lemma 4.3. Using the identity
0=}, ), =i, D)+1Lh, 0, +1L, 11, (114)
we see that
res([L},, I/, 19, ¢ ) =%res{[Li 16, 671} - %res{[Li e ¢ + L, I 1, 671
:%res{[Li ,L{F]qﬁxkqb_l} + %res{LiqﬁXk(p_le, - qkaqﬁ_lLﬂrLj,
+ o 6 L — g 9L + (g0 ILT 14 I, T, 67 ]
+ [, ¢ 07 LE + LIV, ¢, 700)
:%res{[Li e, ¢+ @) I — @), 1)
4 %res{[¢xk¢—1,Li+Lf_] I g 7+ gy 07 L)
LY, ¢ 07 ))
=%res{[Li e, 071+ @) L — L), I ) + res(Oy,),
(115)

where

Ok = E([tﬁxk(b_l,LfFLJ_] + [LJ_,LL(pqub—l] + [L]+¢Xk¢—1,L’7] + [LJ‘FLL*'¢X,€¢_1]). (116)

Lemma 4.4. The identity
res{[L’,, IIL¥ + [, LXILL + [L¥, LLIE ) = —2res{A), (117)

holds.
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1444 D. Sleigh et al.

Proof of Lemma 4.4. We consider res{[Li, I ]Lk}, (which is clearly zero) and express this

in terms of the positive and negative parts of the powers of L:

0 = res{[L}, IL¥} = res{[L%, I, 10¥ + [, I/ 1Lk + (L%, 1/ 0%

R L L. (118)
HILL, 0k 4+, 0k 41t kY.
The first three terms on the right hand side of (118) can be written as
res{[L}, I/ 1% + [, L¥ 1Lt + [0k, 1i1r o)

FILL, D LR+ ik, Do n )+ A, LR + R, 1))
while the final three terms on the right hand side of (118) can be written as
res{%([Lf_,L’j] + 1L, I DL + %([L’E,LL] + L5, L+ %([LE,LQ] +ILL, 1 Ik
+%([Li_,L{L’_i] L, D L)+ L IRy 4 LK D)+ R+ 2k 1) (1200
L, D LR + [k, T 1 ).
By (114), this is equal to

res{ — [/ A0 AR VA0 A A VA rR ) S 1 A ri 5.3 BN 1 AR P A

2 " 1k i1k |k ) . ko)
+ L, LS+ (LR LE, D)+ (L4 LD, L8+ (L4 LS, 1+ (L, I, L8] + (L5, I L 1}
(121)

Since (119) and (121) sum to zero, it follows that

res{IL’, I, IL* + [/, LXIL" + 2k, Ll )
= —res{2lL! , I LX)+ 21k I L 1+ 2Ll LK) + 2l 1K, D 1+ 1nE, 1 1K)

: o . . o , . o (122)
RS VAT A A VAL P K. IR 1 A0 A0 Pl IR 1 A0 P A I VA0 Ao P I VA P A

k 7Jgi
+ [L_ILJ,-LL_]}I
which simplifies to

—res{[Li L] — [ L1, LM+ (XL, 1) + (L, IX D ) + (1D, H9) 4 (L7, 17 ) 123
= —2res{Aijk}
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where

Ay = E(U'BFLJ_ Lt R+ kLt 4+ LR 4+ L, R 4 R ). (124)
|

A ®

commutators, it follows from Lemma 1.1 that

Proof of Theorem 4.1. Since Ty, Ay, Ok, and Ay are composed entirely of

Ljxy = / res{Tip + Ay + Ajri + Dy + O + O + Oy + Ay jdx  (125)

is local. Since the multiform Euler-Lagrange equations arising from §dM = 0 include
the Euler-Lagrange equations of the £,;;, we know that the set of equations given by

3dM = 0 includes all KP equations of the form
(L), — Ty, + L, T 1 =0. (126)
By Corollary 3.1, 5dM = 0 also gives us KP equations of the form
¢y +L ¢ =0. (127)
In order to proceed, we again use the notation P such that

dM= > Pyjydx; Adx; Adx Adx, (128)

1<i<j<k<l

Combining the results of Lemmas 4.1 to 4.4, we see that

Puijy = — D Lai) — DxLaji + DxLain + Px Lo

1 . . .
= —res{  (L)y — Wh)y + L4, D0y 07" + L)
1 . _ (129)
+ 5 (@) = ) + 1 LED @7 +1E)

1 . . .
S () = @ +15 D@07 +ID)),

and since equations of the form (LiL)Xj - (L{L)Xi + [LE ,L{L] = 0 and ¢Xi¢71 +I! =0 are

both equations of the KP hierarchy, P;;; has a double zero on the hierarchy.
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In order to complete the proof, we must show that for
Pty = Dy, Ly = D Laarty + D Liiyy — P Ly (130)

8Pjip) = 0 and Pyjg) = 0 on the equations of the KP hierarchy. We require that 6P, = 0
on the equations of the KP hierarchy in order to confirm that §P;;;, = 0 does not define
any equations that are not part of the KP hierarchy, and we require that P ;; = 0 in
order that dM = 0 on the equations of the hierarchy. To show this, we first note that
from its definition in terms of the L), Pk is a polynomial with no constant term,
in (gofgn) ); where n gives the order of derivative with respect to x and I is a multi-index

representing derivatives with respect to x; for i > 1. Also, since d*M is identically zero,
DyPjky = D, Pajiy — Dx;Paiky + Px Paijy — PxPaiji- (131)

This is an identity, so we do not require the ¢4 to satisfy the equations of the KP
hierarchy for this to hold. Since each of Py, P1;x1y, P1ypy, and Pyjyg) has a double zero
on the equations of the KP hierarchy, it follows that D, P, also has a double zero on

the equations of the XP hierarchy, and therefore that

B
(ijkl)
apg"y Y
for all T and n. Using the identity
0 D P D 9 Pon + 9 P (133)
NN (ijkl) = o (m+1). T ikl ). L3kl
atgg™ D T Tagty T Ay

we see that for a fixed choice of I, if n is the largest such that ((p/(gn))l appears in P,
then

0

J - J— (134)
(ijkl)
3((P/(3n))[ Y

on the equations of the XKP hierarchy. It also follows from (133) that, on the equations of
the XP hierarchy, if

0

(n) )I

8(‘Pﬁ

(n—1)

P ., =0. (135)
(ijkD)
3(90/3 )1 v
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Therefore, on the equations of the KP hierarchy,

0

P =0 (136)
(ijkl)
3((P/(3n))[ v

for all I and n, so 6P = 0. Since P is autonomous, (136) tells us that

0 P is constant, and since the KP hierarchy admits the zero solution, we conclude
that this constant is zero, and P;;) = 0 on the equations of the KP hierarchy.

Thus, the set of equations defined by §dM = 0 is precisely the full set of
equations of the KP hierarchy, and on these equations, dM = 0, so M is a Lagrangian

multiform for the KP hierarchy. |

4.2 An alternative KP Lagrangian multiform

In the KP Lagrangian multiform of Theorem 4.1, we used Dickey’s KP Lagrangian for the
L7, and the Lagrangian defined in (104) for the £, when 1 < i,j, k. Here we present
an alternative version of the KP Lagrangian multiform in which every Lagrangian is of

the same type.
Theorem 4.2. The differential 3-form

1<i<j<k

where
E(ijk) = / reS{Fijk + Aij,k + Ajk,i + Aki,j + ®ij,k + ®jk,i =+ ®kl,] —+ Aijk}dX (]_39)
(i.e., the Lagrangian defined in (104)), is a Lagrangian multiform for the XP hierarchy.

Proof. We recall that in Section 2 we identified x; with x. For now we choose not to
do so and treat them as separate co-ordinates. This allows us to consider a 3-form M;
such that the coefficient of dx A dx; A dx; with 1 < < jis Dickey's KP Lagrangian L ;;,
while the coefficient of dx; A dx; A dx, with 1 <i <j < k is the Lagrangian £ ;;;, defined
in (104). It then follows from the proof of Theorem 4.1 that this is also a Lagrangian

multiform for the KP hierarchy. The multiform Euler-Lagrange equations for M; will be
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1448 D. Sleigh et al.

the multiform Euler-Lagrange equations of M plus an additional set of equations that
tell us to equate derivatives with respect to x; with derivatives with respect to x, arising

from equations of the form
L)y, — (T, + 1Ly, Ty1 =0, (140)

and dM; will have a double zero on these equations. We now define M, to be the
restriction of M; to a submanifold with co-ordinates x;,x,,xs,..., obtained by fixing
x = c, a constant. It follows that dM, still has a double zero on this same set of
equations. If we then equate x; with x in M,, we get M and it follows that dM has a
double zero on the equations of the KP hierarchy. Therefore, the equations defined by
8dM = 0 are a subset of the equations of the KP hierarchy.

To complete the proof that Mis a Lagrangian multiform for the KP hierarchy, we
must show that the equations defined by 8dM = 0 are precisely the full set of equations
of the KP hierarchy. We shall do this by showing that the Euler-Lagrange equations of
the £, ;) Lagrangians give us these equations.

We first consider the coefficient P, from dM,.

Pixijiy =~ D L ixiy — DLy + DLty + DLy

1 . . o
= res{i((L;)Xj — )y, + L T ) (8, 07" + L)

. , _ (141)

5 (W) = W) + 1 LED @0~ +1D)
1 , , o

+ 5((Lli)xi — L)y, + L5 LD @0~ + 1)),

so in the case where i = 1 this becomes
P(lek) == DXkﬁ(le) - DXI’C(Xjk) + DXj‘C(Xlk) + Dxc(ljk)
1 ; -
= - res{i(—(Li)X1 + @)@ 07 +IF)
(142)

1 .
+ 5 () — (L) + 1L LED (@ 07" +L0)

1 .
+ 5 (@) — @O + I}

since L, = 0. If we equate x; and x in this expression then this becomes zero. This is

obvious in the first and third line; for the second line, we note that L_ = (¢3¢~ !)_ =
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@ — 0™ H_ = —p,¢~'. We now define
Lixiy = Loxip x> (143)
and consider the 2-form
L = L1jyd%; A A%} + L1 0%) A dxg + (£ — Lajiy) X5 A dx. (144)

By construction, dL = —P(jlxx, = 0. Then, by Corollary A.2, the variational

derivative of each of the Lagrangian coefficients in L is zero. Therefore,

s - -

3¢ Loglo ~ Lajp) =0 (145)
SO

SLajm _ SLup
o 8¢

= {¢7 (@h)y, — W, + L}, TLD) (146)

Since E(ljk) = Z(ljk), all equations of the KP hierarchy are consequences of §dM = 0, so

M is a Lagrangian multiform for the KP hierarchy. |

5 Reduction to Multiforms for the Gelfand-Dickey Hierarchy

In order to reduce KP to the n® Gelfand-Dickey hierarchy, we imposed the constraint
that L™ = 0. Since, by (51), by, = —L" ¢, we can achieve this in the Lagrangian multiform
by setting ¢, = 0. A simple way to obtain a Lagrangian multiform for the nth Gelfand-
Dickey hierarchy is to leave the KP multiform obtained in Section 4 unchanged and
impose this constraint on the Euler-Lagrange equations. A more satisfactory approach

involves setting ¢, = 0 in (129) to obtain
Dy, Layj) + P Laajmy = D Laimy — Dxy Liiny
1 ; L
= res( 5 (L4), (L), + LY, T, DIk
(147)

1 : .
5 (@ + LY LED (67" + L)

1 on n i - j
5 (@ + L2, LD @97 + L)),
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1450 D. Sleigh et al.

If we can find Lagrangians ﬁ(ijk) such that (147) holds, then the constraint L = 0 will
be naturally incorporated into the multiform Euler-Lagrange equations, giving us the
nth Gelfand-Dickey hierarchy. The £ are not uniquely defined by this expression, but a

natural choice would be

‘é(lij) = 0, (1483)
A 1 .
Liiny = res[ - /0 P U(e,0'0, 1), (0,07, 1) (16, dp + a”¢>‘1¢xi], (148b)
~ 1 .
Lyjny = res[ - /0 P @pd by )4 (90", ) I, dp + a”¢>—1¢xj], (148¢)
and
L ijny = / {Cijn + Djni+ Drij + O + Oy + Ay Jdx (148d)

with the constant of integration set to zero, where

N 1
Fijn = 5res{[90"¢ ™ 0y 07 0 6711 = 19970 00 by 07 ]

(149)
Hipy 0" BT = [y, 0" By 07}
is equal to I';;, with ¢, = 0. The KP multiform (90) reduces to
My = D Ljnydx; A dx; A dx,. (150)

1<i<j

This multiform does not contain any derivatives with respect to x,,, so does not allow
any motion in the x, direction, and is equivalent (i.e., produces identical multiform

Euler-Lagrange equations) to

M(n) = Z C(ijn)dxi A dx;, (151)

1<i<j

a Lagrangian 2-form for the n'" Gelfand-Dickey hierarchy. As was the case for the KP
Lagrangian multiform, a Lagrangian multiform with all coefficients in the form of (148d)

is also a Lagrangian multiform for the n* Gelfand-Dickey hierarchy.
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6 Conclusion

The Lagrangian multiforms we have presented constitute, in our view, the first instance
of establishing the integrability of the KP hierarchy at the Lagrangian level. In contrast
to the Lagrangian multiform for KP hierarchy (up to the x, flow) that was presented in
[13], we now have explicit formulae for the constituent Lagrangians of the Lagrangian
multiform for the complete hierarchy, and the constituent Lagrangians are fully local.
In addition, while for the Lagrangian multiform in [13] the x; and x, co-ordinates held a
special status (i.e., were treated differently to the other co-ordinates), for the Lagrangian
multiform presented here, only x; holds a special status. Aspirations for future work
include obtaining a Lagrangian multiform for KP that treats every co-ordinate (including
x) on an equal footing, and also to connect the continuous XP Lagrangian multiform

from this paper with the discrete KP Lagrangian multiform given in [8].

A Multiform Euler-Lagrange Equations in Terms of Variational Derivatives
It was first shown in [14] that §dM = 0 on critical points of a differential form

M= Z £(il...ik) dXil A...Adx;

1"

(A.1)
1<ij<..<ig<N

In [15] and [13], different proofs are given of how the equations given by §dM = 0 can be

expressed in terms of variational derivatives of the coefficients £; ;). In this section,

we shall present an alternative proof of this that also gives explicitly the link between

the equations in terms of variational derivatives of the £; ;) and the P; ; , defined

by

dM = > P gpdx ALoadx (A.2)
1<ii<..<lgp1 <N
In terms of the £; ;).
k+1
_ a+1
P(ilu-ikJrl) - Z(_l) DXia L(il.‘.ia,liaJr]..‘ikJrl)' (A.3)
a=1

We recall that the multiform Euler-Lagrange equations are given by §dM = 0. We

introduce the notation I to represent the N component multi-index (i;,...,iy) such that
p .
u; = ( H(Dxa)l“)u. (A.4)
a=1
We shall write Ik" to denote (iy,..., iy +7,...,iy), I\K" to denote (i;,..., i —7r,...,1iy) and

II| to denote the sum i, +...+iy. This allows us to express the multiform Euler-Lagrange
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equations are given by §dM = 0 in the form

0

iy e 0 (A.5)

forall 1 <i; <... <1, and all multi-indices I. For a fixed choice of i, ...i;_;, we shall

write L, to denote L ;i\ iy,,)- We then define

3L oL
(o) (a)
— = E D A.6
dug = (=D, u (A.6)
Ji =0
where the multi-index J is such that components j, = 0 whenever a # iy,..., i, that

is, J represents derivatives with respect to x;

R

x;  only. We define that 5 =0
u

in the case where any component of the multi-index I is negative. Note that by this

definition, the variational derivative of the Lagrangian L, ; i, 4., With respect to

u; only sees derivatives of u; with respect to the variables x;

e X

X e Xs
lyt+1’ " g1

even though derivatives with respect to other variables may appear in the Lagrangian.

lg—1'

This corresponds with only being able to perform integration by parts with respect to
variables that are integrated over in the action.

Using the identity

9 D, = 9 D g (A.7)
du; M duy; Moy '
tells us that
k+1
(— 1)““( +D, —) (A.8)
3u (11 1) T Z up, Xiy du;
SO
8 b
—P; = (=D);—P;.
Su; (1. Tg41) ; 8uIJ (1. Tg41)
k+1 _ aﬁ(_) (Ag)
— D 1)et! @ 4p, W),
Z( & z( ) ( UT iy O, Uy
Wheneverjia # 0 in this sum, so J is of the form Ki, for some multi-index K, then
oL, oL
+(-D);— 2 =D, (-D)x—= (A.10)
UL\, Uk
will appear in this sum. When J = K, the term
oL,
+ (-D)gD, —& (A.11)

Hie QU
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will appear. These two terms cancel, so (A.9) simplifies to

s k+1 ( )
+1 &
Su Pliycipy) = Z Z( D= D)JB
a=1 J IN\ig
Jia=0 (A.12)
k+1
— ( 1)06+1
It follows that if (A.5) holds, then
k+1
5 5L -
Lp. o =St 2@ . A.13
8u1 (A1--Tks1) ;( ) (Sul\ia ( )
We have shown that
k+1 (S,C(*)
M =0 =—= —P,; . = et — A.14
Su; (i1--Tkg1) ;( ) Sup, ( )
foralll1 <i; <...< ikJrl < N and I. Since
8P(11 T (k1) Z J‘S (i1 41) (A.15)
ou; Sury

]l<1
(a proof of this identity is given in [13]) it follows that the converse also holds. We

summarise this result in the following theorem:

Theorem A.1.  For a differential k-form M as given in (A.1), and Pj; ; .., as defined in
(A.3),

k+1
h) 8L )
— P, . =) (et = (A.16)
SuI (1. Tg41) ; 5“1\:'&
The set of equations defined by
)
forall 1 <i; <... < i < N and I is equivalent to the set of equations defined by
3dM = 0.
Corollary A.2. A corollary of Theorem A.1 is that
+1 77 la—1 Tt Tt1)
mp(n k1) — = (D" Su ’ (A.18)

so the usual Euler-Lagrange equations of each Lagrangian coefficient in M can be

expressed in terms of variational derivatives of the coefficients of dM.
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B Explicit Form of the KP Lagrangian Multiform

Here we present the first four Lagrangians of the KP Lagrangian multiform M and M,
expressed in terms of the ¢ that constitute ¢. In order to avoid notational confusion
over the use of subscripts, welet U = ¢y, V = ¢;, W = ¢,, and X = ¢,. The following
Lagrangians were found using Maple and PSEUDO [1]. In order to obtain £ ,34), @ Maple
procedure based on (18) was used.

2 2
Lz = —Usgey + Xy, — VUyy, — WU, — VV,, — U?U,, + VU, + UUy,, + U?U,,, + UV,,

XXX3

2 3
+U%V,, — UU,,, — UU,, — UW,, — 2UV,, —3V,U, —3U,U,, +2U,U,,

XXX9 xx " xg
3 3

3
—3U,V,, — 3U,U,y, — Wy, + Uy, — = UV, —EUXXXV—SVXXV—EUXZUZ

x Y xx9 XXXX9 2 XXX

1 3
+ 2UXXXU2 + 2VXXU2 + 2UX2V - EUUXXX - EUXUXXX - 3UXVXX XXU3

3
-Zu
2

+2U,°% + 3W,y, — 2V, + 3Vyyy, + 5UUU,, + 2UVU,, + 3U,, U, U + 2U,, VU,

XXXp
(B.1)
Foigsy = 202U, + 3UUU,, +20° + U, v. - Lo v, —20%U,_ + vy, + Suu
(123) — XXX X - XX X 2 X9 VX 2 X"/ Xo XX9 2 XXo 2 XXX
3 3 3 3 1
+ 2UX UXXZ - EVUXXX - EUVXXX - EU UXX - 3UXVXX - EUX UXXX - EUXZ UXX
1 2 2 3 2.2
— 5 UlUsx = UULUy, = Ul + 2VUE + 20V, = 3VV,, — - U*UZ
3
5 UV, + 20UV, (B.2)
3
‘6(134) = _6UXX VXX - EUXUXXXXX - 5UX VXXX - 6UXWXX - 4VX UXXXX+ UXXXXXZ + 4OVX UX UXX

— WV, 12V, Vo — AU W, + Yy, + UW,, — 4V, V, — 6V, U,, +8U,,U,>

x YV xxx x"Wxy

21
—4U, W, — 6U,,V. 7UZUXX2 — 86UV, — Uy — 3UW,, — 6W, W

x9 Vxx T XXXX3
3 9 .,
- 6UXXWX - 2UXX UXXX - E UVXXXX - E U UXXXX+ UUXXX3 +2UVXX3 + VX3 |4
2 2 3
+ Uy, V + WU, — Uy, U? =V, U? — 3UW,,, + U, U* — UX,, — VU,,,,
2
- Uxxz w+U UXXX2 - 8UX VXXZ - 4UXX2 VX - 6Uxxz UXX - 4UX UXXXZ + 3UX3 VX

+ 38U, Uy, + 3V, Uy + 83U, Uy — 83UV, — UU o + UPW,, — VIV,

x3 U xx x37x xx3 7 x XXX XXXX2 X2
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L3a) = —3USV — 4UZU* + 16U, V, V — 5VV, ., + 2UU,
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-V, U =V, ,W+U,, U*+U,,V* - U, X + 2U*V,,, —2VV,,, —U,,,U?

24
+ €U3UXVX+24U3UXUXX — 5U,, U, U—2U, UV — 12V, W, + 20U, U,,*

XXX

- 3U,* + 2U,,, UV + 7U,,, U, U

XXXX

2 34 2 2
+ 16UV, + Uy * Uy 8U,* Vi — 2UW,
+9U,,UU,, + 7U,, UV, + 2U, WU + 6U,, U,V — 9U,,U,U* - 3U,, U’V — X,,
46 70
+ 16UV Wy + - Upx Uy V + TV U U + 2V UV + = UU Vi + 8U, Vg
41
+ 5 UUxUsy + 4Uy WV + 12U, Uy W = 12UVU, Vy — 42UVU, Uy,

— 6V W, — 2U

XXXX

W + 12U, 2V + 6UU,, Vyy, + 120U, Uy, — 60UU,2U,,,

XX " XX XXX T XX

28
+ 8U WV, + 16U, VV, + AUV, Vy, + — UUy, Vy, — 33UU 2V, + 12UVV,,,

X" XX 3 XXX " X

1
- E UUXXXXXX

22
+ AUV W + - UVU

XXXX

+ 8UVW,, + 4UU,, W — 6UV?U,,

xxx - x XXX) XXXX2

36 48
—6UU2W — 27U%U,, U, + €U3VUXX + ?UZVUXZ + 6W,y,, +4V.

— 3W,,, — 3Vyuy, +4Xyy, — UV, U, — 6U*V,, V — 3U°WU,, — 15UV, U,
3
—12U%U,,, V + AU W, — UV 4+ AU, VZ — 5V Ve — > VWiooer (B3)

+ 8UVW,, — 6VIW,,,

XXXX XXXX3

9
w. 2 3 3 174 3

x Vxxx
24 . 28 )
- 2VX3 UXX + ?UXXXU + ?UVX UXXX - 6UXXVXXX + 8UX VXX + 16UX UWXX
3

3 2 2

—-3U WXX - 2UXX UXXXX —-3U WUXX - 5 VUXXXXX + 20UX UXX - 6UXXWXX
2 24 3

—2UW i — UXWX3 + 20Uy yixx + ?UXVXU —-42U0,,U,U0V — 2UXUXX4

3 2 2
+ 3U UXX3 + ?;UVXXX3 + 3VUXXX3 + 4UXXX3 U, +4U°W,,, — 4U UXXX3

3 2

+ 2VXX3 UX + 2VVXX3 - E UX UXXXXX - UXX UUX3 - ZWUXXXX +2U UXX4

— 12U, UVV, + 6U,,, V, — 2U°U,, + 16V2U, + 2UW,,, + 2U

XX3 XX3
1

+ 44U, V? + 12UV + U, W, — 12V, W, — 4U,,,, V, — =V, U

XXXX 9 XXy

UXX
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1456 D. Sleigh et al.

14
+ 8U, VVyy — 27U%U, Uy + 12V, UV + — U2V,

96 2.3

x Y xxx 3 XXXX + EU UX +4UWVXX
46

+ Uy UV — U, U

3 XXX X XXX

, 22
— 33UV, U% + =~U

3 XXXX

+ 12U, U, W — 5U, V.

X 7 XXXX

uv

21
—6WV,,, — 7U2U§X — 60U2UU,, + UU,U,, + 3U*U, Uy, + 8U, V,W

34
+2U

3 3 7
2
5 URU UV, = 5 UUsry + AU UW = SUU V= 12V, V

XXX 5 XXg 2 xxx V' x

16 3 70 4 )
+AUV, Vi = 2 UU V = S VU, + S Up ViU = SVUUy, — 12Uy, VU

X " XXX

48 35 1
- 3U% - 6U%VV,, — 15U%U,V,, + €U§VU2 = 5 UUxUsi, = 3UULV.

x "V xx X~ xx3 3 x Y x3

8 36
—9U,, V,U* — §U2VXX3 + €U3VUXX +40U,U,, V.

2 4 2
— 6UV Uy — SURU U Vi

x“x3

41
— SWWy, + VWU, + 1200, Uy + 68U UV, + — UULU

XXX T XX X T XXXX

12 g 1 1 1 3
+ ? VXX + EUXX UX4 - EUUXXXXXX + EUX VX4 - EUVXXXXX’ (B.4)

L4z = 6U°Uyyy +4U°V

XXX XX

24 16
—EU3UX2—€U4UXX+2U U U +4U,,V

xx Y xxx XXXXX2 XX " XX

20 16 44
—16VU LU, ~ S UUV, — - VV, U, — 160U, Uy — UV, Uy +4UW,,

XXX 3 XXX

+ U,

XXX3

2
+ U*U,, — VU,, — UU

XX3

—UV,, — 2U,U,, + Wy, — Y, +4V, V,

+6V,, U,y — 8U,,U,2 +4U,, W, + 6U,, V,y +4U,, Uy, + 2V, + 3VU.

X9 U xx X3 “x X9 /' xx X9 Y xxx XXXX

8

+8VV,,, +4VIW,, — §WUX2 +120U,2 — 6UU,, 2 + 4V, W — 4U%U,
20 8 , 8 , 8 28

- UV, — “UW,, +2U, W — —V?U,, — ~UU, W — —UU,,, V
3 3 3 3 3

— 8UV,,V + 8UVU,* + 4U*V, U, + 3UW,,, + UX,, + VU, + Up, W

2
-U UXXX2 + 8UX VXX2 + 4UXX2 VX + 6UXX2 UXX + 4UX UXXX2 + 3UVXXX2
+ UUpyn, — UW,y, + VW, + V, U+ V, W — U, U* — U,,V? + U, X

-2 U2 VXXZ + 2VVXX2 + UXXz U3 + 3UX UXXXX + 4UX WXX + 8UX VXXX + 4UXXX VX

32
+ 8V, V, — ?VXUXZ — 16U, *Uy, — 2U,,, UV — 7U,,, U, U — 9U, UU,,

- 7U,,UV, — 2U,, WU — 6U,, U,V + 9U,, U, U + 3U,, U*V — 7V, U, U
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£(142) = 6U U

L34 = —12U,, UVU,, — 9UU,,, V, + 14U, V, V,, + 4AUUW,, + U, VV,
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- 2VX2 uv + UUXXXXX + 3UVXXX - 6WXXX2 - 4VXXXX2 - 4XXX2 + ZUWXXX
+ 22U%U,, U, + 8U*VU,,, (B.5)
1 7 16 20 8 _»,
XXX + §UUXVX2 + §UUX2 VX - ? XVXV - ?UXXUVX - 2UUXXXX2 - gV UXX

8
+8U*VU,, — 2U,,, W + 2V, U,, — 16UZU, +§U2VXX2+3V

X2 T XX X XX XXXX

U+2W,,, U

4 8 4

+ 3V, — 5 W +4U°V,, + 120U + U W,, + §U§UX2 + AWV, 4 3VU, .y
3 2

+ 8VV,yy +4VW,, — 3U%U,,, — 38UV, — 3VU,y, — 4Usuy, Uy + 40Uy,

— 2V, Uy — 2VV,, + Uy UU,, — 6U,,

Vy, — 2UW,,, — 2U.

XX9

UXX + 2 UXX UXXX

— Uy, Wy 48U, Vi — AU Uy + 2WU, o + AU Vo + 84U, Vy + U U

X 7 XXX XXXX XXX XX " XX XXX " X X9 T XXX
32

+ 3U, Uy + 8V, Vyy — 8UVV,, — 16U, U, V — 3U*U,U,, — ?U)%VX

8 35 28
= UWUy + S UU Uy, = Uy UV = 16U UUy + UUy, + AU, Wy

16 44 24 o ., 5 2 16,
+ 5 Ul V = S UU Vi — S UPUR + 220U, Uy + AU,V UP = U U,

8 2 2 20 2 2

+ Ul — 5 U Wi — 6UGU — U2V + 8UURY, (B.6)

2
XXy " X X" X" XX X" XXX XXX + 2UUXXV

+ 3UU Vs + UU Uy + 12U, Vo W, + 4U, Uy Uy + 6U, VW, + UU,, U

x ¥ xxxx x Y xxxxx x/x"Wx xYxxYxxx xx7 Y X3
14
+ UX2 VX3 U-—- sz UXX3 U-—- UVX2 UXg - UXXXXZ UXX + ? U VXXXXZ - 3UXX2XX
18 . 8 2 ,
+ 8UXWXX2 U+ EUXZ Uv, + 6VXVXX3 — 50UV, Uy — §UUXX3 w4+ §UX VX3

+ 2U, 4y, Uy — BUZU,y, — 3UV, U7 + 8UUZU,, + 6U*U,,U,, — 8U,, UU,,

Xxx3 ~ XX x Y xx3
2 23 2
+ AUy, VU — 22Uy Uy U + 68U, ViU + - Us, U = 2W,, Ul
) 1 1 6,
+ 3WX2 U UX - E UXX UXXXX - VUXX UXX - E UXX4 UXX + g U VX2 UX
8 1 3
- 5 XWUX3 - E UX2 UXX4 - 5 VUXXX4 +11 UXX2 VVX + UX2 UXXX3 - 2VX3 UXX2
7
+ 2UXX3 VXz + WX2 UX3 - UXXXZ UX3 - UXZ WX3 + 8UVWXX2 - E UX VXXXXZ
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—2UU.

XX

w.

X.

4
— SWW,y, — S Uy WU + 6UULUW + Uy U,V + 6UV,, U,V

— 29UU, V, U, + 16U%U, Uy, — 12UU,U,,,. — 8UV,, V +8U°U,, V

XXX3 XX3 XX3

25
— 86U, V2U,, + 3 Uyxy

UU,, — 6UV, U,V — 33UU,

XX9

U,V — 6U,, VUV,

3 3
— 4U,, U*U, — = Vi, Uy + 6USW + 11U, U W + 2V, VU, — > WV,

_E xx4Vx

— 8V, U2Uy + 5V, Uy V + VUV, + 13U,

VU, + V., UU,,

XX

8 9
+8UU,, W, — ~U. V2+2UX2VWX—§U3U — 3VV,,, +4V, W

xx2 "Vx 3 7 xx3 XXXX2
2 2 2
+ 4WXX3 V+ 8VXXX3 V420 VXX4 +3 UXXXX3 V- UXXX4 UX +2U UXXX4 + UX4 UX
22 1 5 )
- ? UX UX3 Vy — E VXXZ UXXX - E UXX VXXXZ - 4UXXX2 WX -3 UXZ U WX
8 2 2 3
- 5 U WXX3 - 2VXX2 VXX + 3VXX2 UX + UUXX UXXXX - 3UX sz - 4UX UXX UX3
3 5 3 2 2 2
- EVXUXX4 —2U UXXZ —6U VXXX2 + 3VX UXX - 7UX VXXX - 2UX UXXXX

+8U%U,, — V,,U,U — 27UU,, U% + 2U, VU, + U, V,U + 2U,, U, U

x Y xx xx7 Yx x4V x xx4Yx

1
20, UV = 2 U, U + 100U, Vi + Uy, Uy U + 14U, ULV

XXXX4 xxp ¥ xx X4 Zxx XXX U X

+ 8U, 4y, UV, + 2U,, UW,, + 6U,, VV,, — 2W,, U,V — 2W, UV, — 6U,, U5V
+ Uy, UUy oy + 12U2U%V, — BUU, VZ — 2W, 4y, U — BUZV, V + 6VU, W,

) ) 2, 20
- 18UUX UXX + VXVUXXX - 2UXXXU VX + EUXXUXZ + ?UXXXUUXXZ

2 2 3
— 6U%U, V,, +4U, UV, — 6V, VV,, + UV, U,y — AU W, +4US,

x9 V' xx x Y xxxx x "V xxxo

28 2
3 3
= 2V3 + AUV + 20 W = 3V, W, — Uy UV, + SV, UU,
24 3 2 2 2
- ? U UX3 UX - 2WUXXXX2 +2U UXXXXXZ - 4UUX UXXX - 5VXXXU UX
16 4 3 4
- ? UXX3 + 5UX2 UXWX - EU UXX4 + 6UX2 UXVXX + 8UXUXX VXX
3
+11 UX VX UXXX + gUX UXX WX + 4UX2 VXW - E UVXXXXX2 - 2WXX2 UXX

XXXX3 XXX3

9 ) 36,
= 5 UnaU? Uy, + 8U UULV + = U°Uy, V + 30UV + 2UW

_ 2 2 24 a1 _4
12Uy, UV +4U°W. Uy, U U U u,vv

XXX2 XXX2 + ? XXX - 5 XXXXXX2 3 x"'x3
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X " XXX X" XX

+2UV,, W, + 14UU.

x V' xxx7

Vi, — 6Wy U2Uy + 5UV, Vs, + 6UV, W, + AUV, W

2 3 2 29 2
+5U,, V2 = Uy, Uyx — = Uy, UgU? + —UUUyy, + AUV, W — U2VU,,

XxXX9 U xxX 9 " Xa"X 3 x Y xxxxy
+ AU, VW + AU, U, W + UU, s — AU Uy, + 3?1 Uy, Ux Uyx — 2W,, U%
— TV Vi + U, UW — 2VU, V, — 6WV, . — 5U,, W, + 6U° U,
+ BU gy, Vi + 2V, U, Ve + 85—4 UU,y, Uy + AW, Uy, + 2U, Uy + 2U, W,
+ 4V, Uy, + U Uy + 2V Uy + 5V, Uy — BUU,, V2 — gUXXZ Voix

7 1
— U, V. +EUVXZUXXX—BUXXXXUZUX~|—15U UV, — 6UUZV,,

9~ XXX3 ! XX XX2

48
+ 5 Uy, U? v, v-3u,wu,,, —-6UWV,, — 150,,U0U0,U0,, — 15U,,UU,V,
2
- 5VVXXXX2 - 6VWXXX2 - 8UX WXX - WX VXXX + 2VXX WXX + 2VXX VXXX + SWXX UXXX
5 16 20 5 , 1
- EUXXXXQ Vy — ?UXg VUXX - ?U VXXX3 —-3U WXXZ + 4UXXX2 Ve+ EUXZ VX4
12
+ 12V, UV — 2UW, Uy, — 6UU, X, + 2U,,, U, U® + 3U,, , U*U,, + = UV,
39 ) 38 66 , ,
- ?Uxxxz U UX - 6WXX2 Vy— UXXXXX2 Uy — ?UXUXX:; V+ ?U UX sz
36
+ 5 Uxx U3U,, — 6U%V,,,V — 2U,, W, + 10V, U%, + 6X,V,, +3X, U,
2 2
- 4VX WXXX - 3VX VXXXX - VX UXXXXX - GWX WXX - 6UXXX + ZVXXX UXXX - 2UUXXX
2 2172 3773 2 113 2 2
— 2UV2, + 18U, U2U? — 4USU® - 2U2,U° - 3U%U,,, W — 6UUZW,
4 7 1 28
+ E UX WX3 U+ § UXZ UVXXX + E UXXX UXXX - ? UXXX3 uv — 4UX3 VVX
3 1 10 22
- E VUXXXXX2 - E sz UX4 - 6UX2 UX uw — ? UX3 UVXX + ? UXXXX2 uv
22 3 27 _, 5 1
- ? UUX VXX3 - E UXX VXXXX - 7 U UXXZ UXX + § UXz UX UXXX - E UXXZ UXXXX
10 1 1
+ ? sz VUXXX + E VXX UXXXX + E UXXZ UX4 . (B.7)

The Lagrangian 2(234) is identical to £ ,34). From the Lagrangians given here for 1 < i,
J =4, we see that L ;) gives a shorter Lagrangian than £ ;. In general, the difference
between Z(lij) and L;; can be expressed as the sum of a total x; derivative and a total

X; derivative.
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