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Abstract. Abnormal biological tissues possess unknown properties that must be estimated
in order to decide the appropriate method of treatment in terms of amount of dosage and
appropriate place of inoculation. The current work numerically investigates, for the first
time, the simultaneous estimation of several thermo-physical properties of multi-layered tis-
sues from internal temperature measurements. The heat propagation within the tissues is
modelled by the thermal-wave model of bio-heat transfer, accounting for the finite speed of
heat propagation. On the skin surface, a convective boundary condition holds taking into
account the heat exchange with the environment, whilst on the most inner wall of the tissues
a Dirichlet boundary temperature condition is prescribed. Accurate and stable reconstruc-
tion of the piecewise constant properties given by the thermal conductivity, heat capacity
and blood perfusion rate is successfully achieved for two physical examples concerning three-
and four-layered, one-dimensional tissues, subjected to externally induced aggression.

Keywords: Inverse problem; bio-heat transfer; thermal-wave model; stratified tissue.

1. Introduction

Cancer is recognised as the leading cause of death globally, [1]. It has been the fo-
cus of extensive research concerning its presence, spread and treatment in the past decades.
Determining its early presence and how it might grow can significantly assist in evaluating
the efficiency of medical treatments. Many therapeutic procedures such as thermotherapy,
cryosurgery and chemotherapy have been utilised to treat cancer. For instance, in hyperther-
mia treatment, to eradicate tumours, clinical therapists aim to elevate the temperature of the
unhealthy tissues to about 42-46 °C, while maintaining the healthy tissues unharmed, [1,2].

The use of mathematical modelling has been a success in most practical biomedical
applications such as identifying the characteristics of tumours, optimising the thermal dose
required in cancer treatments or computing the thermal damage caused by medical thera-
pies. In this regard, the parabolic Pennes’ bio-heat model [3] has been the most widely used
model. In spite of this wide acceptance, the Pennes’ bio-heat model breaks down because it
assumes that the propagation of heat is infinite. However, as observed experimentally, heat
in biological bodies propagates at a finite speed, [4-6]. This realistic feature is accounted
for by the thermal-wave model of bio-heat transfer (or sometimes called the single-phase-lag
model) developed by Liu et al. [7]. More recently, the dual-phase-lag model has been in-
creasingly used in modelling of bioheat transfer, [8-10]. To mention a few studies, Tung et
al. [1] obtained the temperature profile of a four-layered thigh tissue irradiated by external
heating using the Pennes’ bio-heat model in order to assist medical practitioners in treating
cancer. Based on the Pennes’ bio-heat model and an Arrhenius-type integral, Autrique and



Lormel [11] were able to evaluate the thermal damage due to a burn injury.

In most biomedical situations related to biological tissues, parts of the data, such as
the thermo-physical properties of the tissues considered, are unknown and cannot be di-
rectly measured by experiments, [12|. Nevertheless, inverse analysis has been a useful tool
to indirectly estimate such missing input. Research in this direction proceeds by recast-
ing the inverse problem at hand as a constrained non-linear minimisation problem which
is solved by invoking an optimisation method such as the golden section search method
(GSSM) [13], genetic algorithms [14], or the conjugate gradient method (CGM) [15]. Other
important methodologies are based on Bayesian analysis such as the Markov Chain Monte
Carlo (MCMC) method [16].

Previous inverse problems in biomedical engineering and medical physics have looked
at several applications such as tumour detection, the identification of thermo-physical prop-
erties and optimising cancer treatments. To mention a few applications, Panda and Das [13]
retrieved the metabolism of both healthy and unhealthy tissues to identify a tumour by
utilising the parabolic Pennes’ bio-heat model and the GSSM. Similarly, Das and Mishra [14]
identified the size, location and properties of a tumour using a genetic algorithm. The iden-
tification of tumour size and location on the basis of the knowledge of temperature on the
skin surface was investigated in [17] and [18] based on steady-state and transient thermal
analysis, respectively. Panda and Das [19] non-intrusively reconstructed the blood perfusion
rate in a single-layered tissue from its surface temperature using the thermal-wave model
of bio-heat transfer in conjunction with the differential evolution algorithm. Baghban and
Ayani [2] estimated the intensity of a laser applied to a three-layered skin tissue using the
parabolic Pennes’ bio-heat model and a sequential method. Very recently, the retrieval of
several thermo-physical properties of a single-layer tissue entering a thermal-wave model of
bioheat transfer has been investigated by Alosaimi et al. [20]. These previous studies either
neglected the stratified structure of the tissues investigated or did not consider the thermal-
wave model of bio-heat transfer. It is the purpose of this work to account for these extra
characteristics, in addition to investigating the simultaneous estimation of several thermo-
physical properties of multi-layered tissues, as illustrated in Figure 1.
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Figure 1: Triple-layered skin tissue, [21].



The rest of the paper is organised as follows. In Section 2, the thermal-wave model of
bio-heat transfer for multi-layered tissues is formulated. In Section 3, the finite-difference
method (FDM) used as a direct solver is developed, then two direct problems concerning
three- and four-layered, one-dimensional tissues subjected to externally induced aggression
are numerically solved using the proposed direct solver. Section 4 describes the inversion
approach subsequently utilised to recover the thermo-physical properties of interest. Results
of the inversion of both exact and noisy data are presented and discussed. Conclusions are
given in Section 5.

2. Mathematical formulation
The partial differential equation (PDE) governing the heat propagation in biological
tissues is described by the thermal-wave model of bio-heat transfer given by, [7],
0*T oT 0
peT o+ (pres + TWbeCb)E = EVPT + wyppcy(To — T) + Qm + Qe + T&(Qm + Qe),
in Q x (0,tg], (1)

where () represents the tissue domain, ¢; > 0 denotes the final time of the transient process,
T, pi, ¢, and k are the temperature [K or °C], density [kg/m?], specific heat [Joule/(kg K) or
Joule/(kg °C)] and thermal conductivity [W/(m K) or W/(m °C)] of the tissue, respectively,
p, ¢ and wy, stand for the density [kg/m?], specific heat [Joule/(kg K) or Joule/(kg °C)]
and perfusion rate [s7!] of the blood, respectively, 7 is the relaxation time [s], V? is the
Laplace operator, t is the time [s] and T, is the (arterial) blood temperature [K or °C]. @,
and Q. are the metabolic and external heats [W/m?®. Also, we denote by a = k/(pic;)
the thermal diffusivity of the tissue [m?/s]. Equation (1) has been derived by modifying
the parabolic Pennes’ bio-heat reaction-diffusion equation to take into account for the finite
speed (equal to \/a_/T) of energy propagation present in biological tissues through the non-
negligible relaxation time 7 in between 15-30 s for biological bodies, [22]. This gives rise to
the generalised Fourier’s law (or the Maxwell-Cattaneo equation) expressing the heat flux

q(x,t) as:

—kVT(x,t) = q(x,t+7) =~ q(x,t) + T?)_(;(X’ t), (x,t)€Qx (0, (2)

It is interesting to note that the zero-flux boundary condition q(x,t) - v(x) = 0 on
0 x (0, tg], where v is the outward unit normal to the boundary 02, maintains as the zero-
Neumann boundary condition —k0d,T" = 0, but a non-zero flux prescription does not maintain
its usual form in terms of the normal derivative of T, see Yu [23]. On the other hand, the
invariance holds for a Robin boundary condition that arises from a generalised Newton’s law
of the form, see Maurer and Thompson [24],

(q(x, t)+ T%—?(X, t)) v(x) = —hWTsx —T(x,t)), (x,t) €0 x(0,t, (3)

where h is the heat transfer coefficient [W/(m? K) or W/(m? °C)] and T, represents the
ambient temperature [K or °C]. The boundary condition (3) models the transfer of heat from
the environment into the biological body by taking into account for the time scale of thermal
relaxation, [25,26]. Then, assuming that (2) holds at the boundary we obtain the usual
Newton’s law boundary condition, see Hennessy et al. [27],

EVT v =h(Tyx —T) ondQx (0,tg. (4)
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Assuming that the tissue (2 is a one-dimensional composite material formed of J disjoint
layers [L;_1, Ly] for [ = 1,J, (notation for [ = 1,...,J), equation (1) transforms into, [28],
0T,
ot?

o1, 0*T,
+ (Oé + lell,()b)—l = k}l l

0
(375 W+wéCb(Ta_ﬂ)+Q%+Qi+Tl_(Qi@+Qi),

ot
(z,t) € [Li1, Li] x (0,8, 1=1,J, (5)

l
CtTl

with the corresponding thermo-physical properties annotated by the super/sub-script [ for
each layer, and C! = plcl [Joule/(m?® K) or Joule/(m? °C)] and Cj = pycp [Joule/(m? K) or
Joule/(m? °C)] denoting the heat capacity of the tissue layer [ and blood, respectively.

The above equations are coupled through the usual continuity of the temperature at the
interfaces, namely,

Ti(Ly,t) = T (L, t), te[0,t], 1=1,(J-1), (6)

and of the heat flux. This latter condition needs to be considered more carefully since
in the case of the Maxwell-Cattaneo equation (1) (or (5)), the heat flux is given by the
generalised Fourier’s law (2). Then, on imposing the continuity of the heat flux at the
interface q/(Li,t) = q+1(Li,t), we also have that %(L;,t) = 6‘15:1 (L;,t) and equation (2)
implies that:

oT) OTin

]{Zla—x([zl,t) = kl+1 B (Ll,t), t e [O,tf], l = 1, (J — 1), (7)

T

provided that 77 = 7,4 for [ = 1,(J — 1), i.e. the relaxation time is the constant 7 > 0 over
each layer, which we shall assume from now on.

For the governing hyperbolic PDE (5), we assume that the initial temperature is uniform
and equal to a constant Ty while the heating process is initiated from rest, in which case the
initial conditions are given by:

oT, -
Ty(x,0) = T, a—tl(x,O) =0, ze[l L] [=17. (8)

The upstream end of the tissue x = Lg is assumed in contact with the ambient air while
the downstream end x = Lj is kept at a fixed temperature equal to the constant Ty, such
that the boundary conditions are given by:

0Ty
—/ﬁ%([zo,t) =h(Te — T1(Lo,t)), Ti(Ly,t) =Ty, te€]0,t. 9)

The case of an adiabatic zero-flux Neumann condition 0,75(Ly,t) = 0, instead of the
Dirichlet condition Ty(Lj,t) = T in (9), has been considered elsewhere, [29].

The next subsection presents a dimensionless version of the thermal-wave model (5)-(9).

2.1 Dimensionless model
The thermal-wave model (5)-(9) can be non-dimensionalised using the change of vari-

ables:

(ZL’, Ll) t . T‘l _TO TOO—T()

oo = ———, F
Ly e’ T, T,

QL+ QY

(z,1y) = o

(10)



where )y is the maximum value of the heating applied and generated. Then, the dimension-
less version of the thermal-wave model (omitting the bars on x and ¢ for clarity) is obtained

as:
2 2 Ty T F!
OO L g% _ g% _ g (0;+ ° C‘)+ (F1+Ia—)

oz T Mot T “29p2 Ty ty Ot
(,8) € L, L) x (0,1], 1=T,7, (11)
subject to the initial conditions:
00, -
0[(1‘,0) =0, E(JI,O) =0, ze€ [Ll—laLl]a [=1,J, (12)
the interface conditions:
‘gl(Llat) :gl—l—l(Lht)v te [07 1]7 lzl:(‘]_l)v
00 00 - (13)
dy(Lit) = = (Lit),  te[01], 1=1(~1)
and the mixed boundary conditions:
00,
01(Lo,t) — ag—— B (Lo, t) = O, 0;(1,t) =0, te0,1], (14)
where:
te wlCypt kt? t t Qot? —
1 f b oLt l 1ty ! £ 1 f 1 olf
a1 T * cl “ TC’tng’ “ T <a1 T)’ K TToCl o
11 1
| _ 50y —_— QoLjay
—— I=1,J-1 = : 15
The inversion of the above algebraic equations is given by:
Qot? TC!L3d! C! t —
Cl = by = —212 0 i = (ad - = I1=1,]. 16
t TTOG/Z’ 1 t% ) wy, Cbtf aq T ) ) ( )

The next section develops an absolutely stable FDM used as a direct solver, after which
two direct problems concerning three- and four-layered, one-dimensional tissues are solved.

3. Numerical solution of direct problem
Denoting Q' := [L;_1, L] x (0,1] for [ = 1,J, we consider the more generic hyperbolic
direct problem associated with (11)-(14) given by:

02 0 o
87512” @uz(mvt) _Clﬁugl( z,t) — dyw(z, t) + fiz, 1), (z,t) € Ql7 (17)

where b;, ¢; and d; are given positive constants, and f; are given source functions for [ = 1, J,

(ZL’ t) —f-bl

subject to the initial conditions:

w(x,0) = ¢(z), %(x, 0) =¢i(x), =z e[l L, (18)
where ¢;(x) and 1;(z) are prescribed functions for [ = 1,J, the interface conditions:
w (L, t) = wa (L, t), t € [0,1],
2w = 2, e o, (19)
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where 4, are prescribed positive constants for [ = 1, (J — 1), and the mixed boundary condi-
tions:

Lo, t) + S5 Lo t) = RO, w(lyt) =0, 1€ [0,1] (20)

where Ly = 1, 5 # 0 is a prescribed constant and R(t) is a prescribed function.
As an alternative to the hyperbolic wave-type equation (17), we introduce the interme-
diate variable v, [30], as

v(x,t) = %QZZ (z,t) + by (z,t), (2,t) €Q, 1=1,J, (21)

such that equation (17) can be written as:

0 o
(;: (x,t) = ¢ o

From (18) and (21), we obtain the initial condition:
u(x,0) = di(z) +big(x), =€l L), =117 (23)
We subdivide the domain Q' into M! and N uniform meshes Az; = (L; — L;_;)/M" and

82(@—@wmw+ﬁ@ﬁ,(mw€@,l=fi (22)

!
At = 1/N, respectively. We let Py = 0 and P, = ZMT for I = 1,J. At the grid node
r=1
(9ul
- or (xla ) and fil,j = fl('z'iatj)>
where ©; = Lj_1 + (i — P_y)Axy, t; = jAt for i = B, P, j =0, N.
The FDM discretises (21) and (22) as

(z4,t;), we denote uia = w4, t;), Uij = v (@, t5), (ui])

l
ij+1

At

l
— U 1

ij _ l

— 9 ( ' blu + U@j+1 blui,jJrl) )

Z':Pl—lv-Pla 7:0~(N_1)7 l:ﬁa (24)

u

! !
Vijy1 —Vij 1 2, ! ! 2,1 ! !
T ) (A$ )25z (N dlui,j + fi,j + (A )2(590 4,j+1 dluivj"'l + fi’j"‘l ’

i:(Pl,l—i—l),(Pl—l), j:O,(N—l), =11, (25)
l l
Vijgr1 Vi 1 20 & . ! ! 52,1 ! !
At - (Al‘[)Qéx ij dlui,j + fi,j (A )2590 i,j+1 dluz’,j+1 + fz‘,j+1 )
i:BA,Q:OAN—U,lzii (26)
! l
Vijy1 — Vi 1 20 o ! 20, < ! !
At — 5 (Axl)g(sx 1] _dlulj +f’L] (A )251 1,5+1 dlui,j+1+fi,j+1 ’
i:Ph ]207(N_1)7 =1 ( ) (27)
where:
55 i] = ul —1,5 2U + u’H‘l]? 5920 i] = ui—i—l] i,j - A‘Il (ué,j)x7
521 U
Oy j = Uiy 5 — “i,j + Az (u 1])x
Equations (18), (23), (19) and (20) are discretised as:
’LL;O = ¢l(wi)7 ’U;O = ¢l(ajz> + bl¢l(xi)7 1= Pl—17 Pla [ = 17_‘]7 (28)
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ul s =ultt o (upy), = (uf)) J=0,N, l=1,(J-1), (29)
up; + B (ug;), = R(t;), wp,; =0, j=0,N. (30)
Solving (24) for v} ;,,, we obtain:
2 2
L ! ! !
Vig+1 = (bl + E)ui,j+1 + (bz - E) Usj ~ Vi) (31)

fori=P_y,F,j=0,(N—-1),l=1,1J.
Introducing (31) in (25), we obtain:

l l

At

+ 7 ( 1, + fz‘l7j+1> ’ (32)

- A 2
where i = (B, + 1), (P —1),j=0,(N—1),1 =1,7, Alzcl—t), B, = (E+bl)+

Q(AZEl 2
CZAt i dZAt and Cl _ (i . bl> _ ((C[At i dZAt).

(A$Z)2 2 At AJI;)Q 2
Similarly, introducing (31) in (26), we obtain:
2A$l+1Al+1 (ulljlr}]-Jrl)w + Bl+1ul1;lr;+1 2Al+1up+l+1 J+1 2A$l+1Al+1 (UZI;;]) + Cl+1upl J
+ 2Al+1“P 11, T 20 g; (fll;zral + f]ljﬂﬂ) (33)

for j =0,(N —1),1=0,(J —1), and in (27), we obtain:

At
+ 21}5310‘ + 7 (flljuj + fll)l,j-&-l) ) (34)

for j=0,(N —1),1=1,(J —1). From (30), the difference equation (33) for [ = 0 becomes:

At
(B; — )x)u(lm-+1 241 g1 =(C1+ Aug it 2A 7 Gt ZUOJ (f&j + f&’jﬂ)
—A (R(tj) + R(tj+1)), (35)

where A = 2A;Az,/p8. For j = 0,(N —1), 1 = 1,(J — 1), multiplying equations (33) and
(34) by 7, == Ax;A; and by 7 == v Ax; 114,41, respectively, summing the resulting equations
and then using the continuity conditions given by (29), we obtain:

— Aty Bulp o = A o = A+l + Avuig
At
+ Q(Uwpl 5t T]zvgi) + 7(77l(le>l,j + flel,jJrl) + Ul(le;lr; fJIDT;Jrl)) (36)
where Ay = 27 A, Ajp1 = 20 A1, By = By + MiBiy1 and Cp = §,Cy + qiClya.
At each time step t; 11 = (j + 1)At for j =0, (N — 1), the difference equations given by
(31), (32), (35) and (36) can be reformulated as an implicit FDM procedure of the form:

Lajy, = By +20; + b, (37)



where:

l

I _
u; = (up_, -

e
Il

e
I

!
I

v = (Uém .

. ’ulphj)T, 'U;- = <U§3171,j’ R ?U%’l,j>T7 u; = (utl),ja .-

" _ 9 2 J
s ThUp, j T MUp, > Up 415 - -

By — )\ —24,

_Al Bl _Al

Ay
Ay Oy A

AJ—I éJ—l A;
AJ CJ AJ

A; C;
At 1 1
> (fo,; + fos41) — MN(R(E;) + R(tj+1))
At
< g+ flin)
At ~ 1 1 — 2 2
> (71 (fbyg + Fhojer) i (fBy + fB01)

At
7 (f1291+1,j + f1231+1,j+1)

J—1 J—1 =
Py_1,j + PJ—17j+1) + M1 <fj;]71)j + fl‘lthj-&-l))
At
J J
> (fPJ71+1,j + fPJ71+1,j+1>

o

At
7 (fle—Lj + fI{J_lyj'i‘l)

8

~ J-1 = J
y N1-1Vp; 5 T N3-1Vp; VP, 41,50 -

(38)
'?UJPJfl,j)T7
'aU}LJ—l,j)Ta




The above FDM scheme is second-order accurate in both space and time in the L..-
norm and is unconditionally stable, [31].

Depending on the organ that is imaged the stratified specimen may have J = 3 layers,
[11], J = 4 layers, [1], or even J = 7 layers, [32], for the skin, thigh or eye, respectively.

In the next two subsections we investigate a triple- and a four-layer tissue.

3.1 Three-layered tissue
In this physical example, we consider a one-dimensional, three-layered (J = 3) human
skin tissue subjected to a short-time laser irradiation of the form, [11],

Q' (2,t) = ploH(t, —t)e ™, (2,t) € [Li_1, i) x (0,t], 1=1,7, (39)

where p is the extinction coefficient of the tissue [m™!], Iy denotes the intensity of the laser
[W/m?], ¢, represents the laser irradiation’s duration [s] and H(t) is the Heaviside step
function, and, for simplicity, the heat generation due to metabolism is neglected, i.e. Q. =0
for [ = 1,J. In computations, the Heaviside step function H(#) is approximated via the
hyperbolic tangent function as:

H(t, —t) ~ % {1 + tanh (w)} ,  te(0,t. (40)

Ut
The thermo-physical properties of the tissue layers given in Table 1 are taken from Table
IIT of Autrique and Lormel [11]. The values of the other parameters are taken from the same
reference as: C, = 3.9962 x 10° Joule/(m?® K), Ty = T, = T, = 306 K, h = 10 W/(m? K),
p="700 m™t I =130 x 10> W/m?, t, = 1 s and ¢; = 20 s. Further, we take the relaxation
time 7 = 20 s, which is characteristic to biological bodies, [33,34].

Table 1: Thermo-physical properties of a three-layered tissue, [11]. Note that 1 W = 1
Joule/s and Ly = 0.

Epidermis Dermis Hypodermis Unit
(L1 —Lo) | (Lo—Ly) | (Ls—Ly)
Thickness | 6x107* 1.4x1073 2x1073 m
k 0.235 0.425 0.185 W/(m K)
Ct 3.96x10° 3.65x 108 2.80x10% | Joule/(m? K)
Wy 0 9.6592x10~* 0 s~

To validate the FDM described in Section 3, we solve the dimensionless model (11)-(14)
using various discretisations N = M'! € {20,30,40} for [ = 1,3 with J = 3 and the above
input, which, via (10) and (15), yields:

al =a’ =1,a3 = 1.0212,a3 = 7.4179 x 1072, a3 = 1.4555 x 107}, a3 = 8.2589 x 1072,
a3 = a3 = 0,a; = 0.0212, a; = 1.5019, a3 = 1.6295, a] = 2.1242, aj = 0.5529,

a2 = 2.2973, ag = 5.875,00 = 0,Lo = 0,L; = 0.15, Ly = 0.5, L3 = 1,

F' 2 0.5 (1 +tanh(2.5 — 50t)) e 28 (z,t) € [Ly_y, Ly] x (0,1], 1=1,3.

(41)

Figure 2 shows the dimensionless temperature at the tissue surface x = Ly = 0 and at the
midpoint of the hypodermis layer. From this figure, it can be clearly seen that the numerical
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solution is convergent as the mesh size is reduced. Although the external heating radiates
according to the short-time laser aggression (39), the negative non-dimensional temperature
in Figure 2 indicates, see (10) with Ty = T, that the actual dimensional temperatures
T1(0,t) and 73(0.003,¢) are lower than the ambient temperature 7., = 306 K. This is due to
the hyperbolic model ?f bio-heat transfer given by equation (1), in which the negativeness of
dggt
a source if the relaxation time 7, > 0 is taken into account. This type of anomaly in the

the time derivative === (z,¢) makes the free term in equation (11) act as a sink rather than
analysis of hyperbolic heat conduction was previously highlighted by [35].

In contrast, the external heating (42) that is considered in the next subsection acts like
a source making the dimensionless temperature in Figure 3 positive.

0 T T Oty
—N=M'=20
o N=M =30
= M = -0.05
02} 5N =M =40||
q;: ;“ -0.1
S -04¢F =
\: (=)
< = -0.15+
S i
-0.6 1 _0.2_7N=Ml=20
-o-N=M =30
= N =M =40
-0.8 L L L L -0.25 L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 2: Numerical dimensionless temperatures 6,(0,t) and 03(0.75,t), for various N =
M € {20, 30,40} for [ = 1,3, for the direct problem of the three-layered tissue.

3.2 Four-layered tissue
In this physical example, we consider a one-dimensional, four-layered (skin, fat, muscles
and bone) human thigh tissue subjected to an electromagnetic (EM) aggression of the form,
[1],
Q' (z,t) = plrMee? @00 () € [Li_y, L] x (0,8, 1=1,7, (42)

where x [kg™!] and g [m™!] are constants of microwave antenna and Ag is the EM aggression
power [W]. For simplicity, the heat generation due to metabolism, Q' for [ = 1,4, has been
neglected. The tissue’s properties given in Table 2 are taken from Tung et al. [1]. The values
of the other parameters are taken from the same reference as: C, = 3.822 x 10° Joule/(m?
°C), Ty =T, =37°C, T, =20 °C, h =10 W/(m? °C), k = 125 kg™!, g = —127 m™ 1}
Ay =20 W and t; = 300 s. Further, we take 7 = 20 s as before in the previous example.

To confirm the convergence of the FDM described in Section 3, we solve the dimen-
sionless model (11)-(14) using various discretisations N = M! € {5,10,20} for [ = 1,4 with
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Table 2: Thermo-physical properties of a four-layered tissue, [1].

Skin Fat Muscle Bone Unit
(L1 — Lo) (La — L) (L3 — La) (Ls — L3)
Thickness | 2.5 x 1073 1072 2.75 x 1072 10—2 m
k 0.376 0.450 0.642 0.116 W/ (m °C)
Pt 1000 850 1050 1500 kg/m3
e 3770 2300 3750 1500 | Joule/(kg °C)
C 3.77 x 106 1.955 x 10° 3.9375 x 10% | 2.385 x 106 Joule/(m3 °C)
Wy 9.3333 x 1072 | 6.0714 x 1072 | 2.6190 x 103 0 st

J =4 and the above input, which, via (10) and (15), yields:

al = 17.8386,a? = 18.5609, a> = 15.7627, a} = 15, a3 = 0.1795, a3 = 0.4143,

a3 = 0.2935, ay = 0.0875, a} = 42.5793, a3 = 53.413, a3 = 11.44, a3 = 0, a; = 28.7186,
a3 = 55.3806, a3 = 27.4969, aj = 45.3959, ai = 0.8356, a2 = 0.7009, a; = 5.5345,

ag = 0.752, 00 = —0.4595, Ly = 0,L; = 0.05,Ly = 0.25, L3 = 0.8, L, = 1,

F' =0.2808¢ %02 F? = (.2387¢ 03502 F? — 0.2949¢03(+02),

F* = 0.4212¢ 03702,

(43)

Figure 3 depicts the dimensionless temperature at the tissue surface z = Ly = 0 and
at the midpoint of the muscle layer. From this figure, it can be clearly observed that the
numerical solution is convergent as the mesh size is reduced.

0.5 : : : : 0.07 : ;
— N=M'=5
h 0.06H-e-N=M" =10 %)
0.4} . = N=M =20
0.05f
0.3 =
% 13 0.04F
= 2
T g2l | % 0.03f
D
0.02f
0.1f —N=M=5 |
-©-N=M =10 0.01f
=sN=M =20
o : : : ; 0® : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 3: Numerical dimensionless temperatures #,(0,t) and 63(0.525,t), for various N =
M! € {5,10,20} for | = 1,4, for the direct problem of the four-layered tissue.

The next section presents a numerical optimisation approach used for the inversion of
the thermo-physical parameters, after which two inverse problems, associated with the direct
problems of Section 3, are solved.

4. Numerical approach to solve the inverse problem
For notational convenience, in what follows, we denote the solution of the direct problem
(11)-(14) by 6(z,t), which is piecewisely equal to 6; over the [*®-layer for [ = 1,J. The inverse

11



problem considered is that of reconstructing the physical parameters (kl, Cl, wb)l 7 of the
dimensional model (5)-(9) from point-wise observations of the tissue temperature supphed
at the distinct internal points " for n = 1, 1. These internal temperature measurements are
numerically simulated prior to inversion by solving the direct problem (11)-(14) using the
FDM solver described in Section 3 with N = M' = 640 for [ = 1,J. Afterwards, the inverse
problem is solved with a coarser mesh of Ny, = M} = 320 for [ = 1,J, which is different
from the previous mesh in order to avoid committing an inverse crime. Furthermore, to
mimic practical measurements in which errors are inherently present, random noise is added
to the numerically simulated data as:

6°(&",t;) =0(€"t;) + €', j=1 Ny, n=11 (44)

77

where €7 are random variables generated from a Gaussian normal distribution with zero mean
and standard deviations o,, given by:

—px max [0, n=T1 (45)
J=1,Ninyv
where p denotes the percentage of noise. The MATLAB command normrnd(0, o, Niny) is
employed to produce the random variables (e?)j: —— for n = 1,1

Therefore, in the inversion below, we attempt to recover the vector a:= (a}, a}, a}) i of

the dimensionless model (11)-(14) by minimising the least-squares objective function defined
by:

Z

nv

@ =33 [otent) - o€ 5] (16)

n=1 j

I
—_

where 6¢(£",t;;a) for n = 1,1 stand for the computed temperatures at each iteration of the
minimisation procedure. In the case of noisy measurements, 6(¢",¢;) for n = 1,1 are replaced
by 6(£",t;) (defined in (44)) in (46).

To this end, we invoke the MATLAB Isqnonlin subroutine which attempts to find the
minimum of a sum of squares subject to simple physical constraints on the unknowns by
starting from an arbitrary initial guess, [36]. We prescribe the lower and upper bounds for

(al),_ 3 to be ty/7 and 10°, respectively, and for (ab),_ 7 and (ah),_ 5 to be 107 and

=17 is taken to be 1.5¢¢/7, and for ((1 )z 3 and

(ah) 15 5 to be 0.5, which are reasonably far from their true values given in (41) or (43).
Other parameters associated with the built-in MATLAB [sqnonlin subroutine are specified
as follows:

103, respectively. The initial guess for ( )

e Algorithm is the Trust-Region-Reflective (TRR) minimisation, [37].
e Maximum number of iterations = 150.
e Maximum number of objective function evaluations = 10® x (number of variables).

Termination tolerance on the function value = 10=2,

Solution tolerance = 10729,

12



To examine the accuracy of the identified parameters, the relative error (RE%) is used,
as defined by:

’ Cnumerical _ Cexact ‘

RE(() = x 100%, (47)

|<’exact |

where Cnumerical

stands for the numerical value obtained and (®*** denotes the exact value of
the parameter of interest, if available.

4.1 Three-layered tissue

In this first example, we solve the inverse problem of reconstructing the physical param-
eters (k;, Cl, w,l))l:f3 of the dimensional model (5)-(9) for the three-layered tissue considered
in Section 3.1 from measurements of the tissue temperature at £ for n = 1,1. For the
present inverse problem, we assume that the temperature measurements are taken at the
tissue surface © = Ly = 0 and at the midpoints of the epidermis, dermis and hypodermis
layers (the dimensionless positions of the measurements are 0, 0.075, 0.325 and 0.75, respec-
tively). Precisely, we investigate =1 (¢! =0), I =2 (! =0 and €2 = 0.75), [ = 3 (¢! =0,
€2 =10.325and £ = 0.75) and I = 4 (¢! = 0, €2 = 0.075, £ = 0.325 and £* = 0.75) point-wise
observations.

We first consider noiseless data, i.e. p = 0 in (45), and run the MATLAB built-in
Isqnonlin subroutine for I € {1,2, 3,4} point-wise observations. Figure 4 depicts the conver-
gence of the objective function G defined in (46), as a function of the number of iterations,
for T € {1,2,3,4} point-wise observations. From this figure, it can be concluded that the
objective function G attains lower minimal values when considering I = 3 measurements
compared to the cases I € {1,2}. Moreover, the behaviour of the objective function G is
similar when I = 3 or I = 4. We thus choose the solution found for I = 3, as the desired
physical solution. We next consider p = 0.1% noise in (45) with I = 3 and employ the MAT-
LAB built-in Isqnonlin subroutine. Figure 4 shows the convergence of the objective function
G, as a function of the number of iterations, for this case of noisy data.

2,
10 - -
@ =I=1p=0
\ +I1=2,p=0
Q: 10° ©I=4,p=0
kS ~1=3p=0
2 AT1=3p=0.1%
2102 0% P o
E 3
()
2
+~
Q
BN
o]
@)
108 : : -
0 50 100 150

Number of iterations

Figure 4: The objective function G defined in (46), as a function of the number of iterations,
for T € {1,2,4} and p =0, and for I = 3 and p € {0,0.1%} noise, for the inverse problem of
the three-layered tissue.

Tables 3 and 4 show the reconstructed values of the dimensionless parameters (all, ab, aﬁl) —T3
for I € {1,2,4} and p = 0, and for I = 3 and p € {0,0.1%} noise, respectively. Additional
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details regarding the minimisation of the objective function (46), such as its values at the
identified solutions, the number of iterations and the elapsed time are also included in Table
4. The values of the dimensional constant parameters (kl, Cl, wé)z:ﬁ of the thermal-wave
model given by equations (5)-(9) can be found from the formulae given by equation (16),
and they are presented in Table 5. Clearly, from Table 3 it can be seen that the numerically
retrieved values of the coefficients are far from their true values for I € {1,2}. This indicates
that not enough information has been supplied in order to retrieve uniquely the unknown
coefficients. Consequently, the number of measurements has been increased to I = 3 and 4
and accurate reconstructions for the unknowns can be observed from Tables 3-5 in case of er-
rorless measured temperature data with p = 0. Furthermore, reconstructions are also shown
to be stable when inverting data contaminated with p = 0.1% noise, as can be seen from
Tables 4 and 5. Note that since the blood perfusion rates w! for [ = 1,3 are O(107*) small,
the use of the absolute error instead of the relative error might be more appropriate in order
to interpret and discuss the very good accuracy and stability in the numerical reconstructions
presented in Table 5.

Table 3: Identified values of (a},ab,d)}

problem of the three-layered tissue.

)l:ﬁ when I € {1,2,4} and p = 0, for the inverse

I=1 [=2 [=4

Exact Identified | RE (%) | Identified | RE (%) | Identified | RE (%)
al 1 1.0002 0.02 1.0000 5x107° 1.0000 4x10712
a? 1.0212 1.0003 2.04 1.1920 16.73 1.0212 9x10~4
a’ 1 6.8242 582.4 1.0000 2x10712 1.0000 4x10712
ay | 7.4179x1072 10.725 14359 6.3706 8488 0.0742 0.01
a? | 1.4555%x 107! 0.7207 395.2 0.0667 54.15 0.1455 7x1075
a3 | 8.2589x 1072 1.1544 1298 0.0823 0.34 0.0827 0.12
aj 1.5019 1.7051 13.52 1.7983 19.73 1.5020 | 5.8x1073
a2 1.6295 2.4642 51.22 1.5429 5.31 1.6296 | 5.1x1073
a’ 2.1242 9.8169 362.2 2.1247 0.02 2.1243 6.3x1073

G 6.48x10~* 9.43x10~* 2.82x1077

4.2 Four-layered tissue

In this second example, we solve the inverse problem of identifying the physical parame-
ters (k;, CL, w}) i—1z of the dimensional model (5)-(9) for the four-layered tissue considered in
Section 3.2 from measurements of the tissue temperature at £ for n = 1,1. For the current
inverse problem, we assume that the temperature measurements are supplied at the tissue
surface © = Ly = 0 and at the midpoints of the fat, muscle and bone layers (the dimen-
sionless positions of the measurements are 0, 0.15, 0.525 and 0.9, respectively). Precisely,
we investigate T =1 (! =0), =2 (¢! =0 and £ =0.9), I =3 (& =0, & = 0.525 and
=09 and =4 (£ =0, £ =0.15, & = 0.525 and £* = 0.9) point-wise observations.

We first consider noiseless data, i.e. p = 0 in (45), and invoke the MATLAB built-in
Isqnonlin subroutine for I € {1, 2, 3,4} point-wise observations. Figure 5 displays the conver-
gence of the objective function G, as a function of the number of iterations, for I € {1,2, 3,4}
point-wise observations. From this figure, it can be seen that the objective function (46)
attains lower minimal values when considering I = 4 measurements compared to the other
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Table 4: Identified values of (all, ab, ai) — and the relative errors (RE%), when I = 3 and

=13

p € {0,0.1%} noise, for the inverse problem of the three-layered tissue.

p=0 p=0.1%
Exact Identified RE (%) Identified RE (%)
al 1 1.0000 4x10712 1.0007 6.7 x 1072
a? 1.0212 1.0212 2.6x1073 1.0199 1.2 x 107!
a3 1 1.0000 4x10710 1.0000 9.4x10™*
as 7.4179%x 1072 7.4204x1072 | 3.3 x 1072 | 7.3761x1072 | 5.6 x 10!
a3 1.4555x1071 1.4550x1071 | 3.6 x 1072 | 1.4599x107! | 3.0 x 107!
as 8.2589x 1072 8.2692x1072 | 1.2 x 10! | 8.2729%x1072 | 1.7 x 10~
al 1.5019 1.5021 7.5%x1073 1.5015 2.9 x 1072
a’ 1.6295 1.6296 6.8x1073 1.6289 3.9 x 1072
a; 2.1242 2.1243 6.2x1073 2.1245 1.3 x 1072
G 2.67x1077 1.99x1074
Number of iterations 52 57
Elapsed time 16 s 18s

Reason of halting

iteration

Norm of current step is less than step tolerance, 1072

Table 5: Identified values of (k;, Cf,w}), - and the relative errors (RE%), when I = 3 and

1=13

p € {0,0.1%} noise, for the inverse problem of the three-layered tissue.

p=0 p=0.1%
Exact Identified RE (%) Identified RE (%)
0.235 0.2351 2.5 x 1072 0.2337 5.3 x 107t
0.425 0.4248 4.3 x 1072 0.4265 3.4 x 1071
0.185 0.1852 1.2 x 107! 0.1853 1.6 x 107!

Cll 3.96x10°

3.9597x10° 7.5x1073 | 3.9611x10° | 2.9 x 102

C2 | 3.65%x10°

3.6498x10% | 6.8x1073 | 3.6514x10% | 3.9 x 102

C3 | 2.80x10°

2.7998x 106 6.2x1073 | 2.7996x10° | 1.3 x 102

w] 0 2.1782x10~ 15 — 3.3393x10° —
w? [ 9.6592x10~% [ 9.6707x10~* | 1.2 x 10~ [ 9.0981x10% |  5.81
w} 0 1.4708x 1071 — 3.2906x 1077 —

three cases. We therefore choose the solution found for I = 4, as the desired physical solution.
We next consider p = 0.1% noise in (45) with I = 4 and run the MATLAB built-in lsqnonlin
subroutine. Figure 5 presents the convergence of the objective function G, as a function of

the number of iterations, for this case of noisy data.

Tables 6 and 7 show the identified values of the dimensionless parameters (al, asy, ay

11 l)l:ﬂ

for T € {1,2,3} and p = 0, and for I = 4 and p € {0,0.1%} noise, respectively. Additional
details regarding the minimisation of the objective function (46), such as its values at the

reconstructed solutions, the number of iterations and the elapsed time are also included in
Table 7. The values of the dimensional constant parameters (kl, Cl, wé) — of the thermal-

1=14

wave model given by equations (5)-(9) can be found from the formulae given by equation (16),
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Figure 5: The objective function G defined in (46), as a function of the number of iterations,
for T € {1,2,3} and p =0, and for I = 4 and p € {0,0.1%} noise, for the inverse problem of
the four-layered tissue.

and they are presented in Table 8. Clearly, from the rather poor numerical reconstructions
presented in Table 6 it can be seen that I = 1,2 or 3 internal temperature measurements are
not sufficient to retrieve all the 12 unknowns of the four-layered tissue. On the other hand, the
numerical reconstructions obtained with I = 4 internal temperature measurements presented
in Tables 7 and 8 illustrate an accurate and stable retrieval of the unknown parameters. Note
that since the blood perfusion rates w! for [ = 1,4 are O(107?) small, the use of the absolute
error instead of the relative error might be more appropriate in order to interpret and discuss
the very good accuracy and stability in the numerical reconstructions presented in Table 8.

Table 6: Identified values of (a},ab,d)}

problem of the four-layered tissue.

),_rz when I € {1,2,3} and p = 0, for the inverse

I=1 [=2 [=3
Exact | Identified | RE (%) | Identified | RE (%) | Identified | RE (%)
aj | 17.8386 | 17.8945 0.31 18.5914 4.22 20.0789 12.5
a? | 18.5609 | 18.8974 1.81 17.1831 7.42 16.5779 10.7
ad | 15.7627 | 20.5417 30.3 20.0015 26.9 16.6426 5.58
ai | 15.0000 | 22.5000 50.0 15.3986 2.66 15.4054 2.70
al | 0.1795 0.1786 0.53 0.1574 12.3 266.275 10°
az | 0.4143 0.3360 18.9 38.0517 10* 0.2191 47.1
as | 0.2935 0.0010 99.6 0.5208 77.5 0.5799 97.6
aj | 0.0875 0.5000 471.1 0.0429 50.9 0.0360 58.9
ai | 28.7186 | 28.8213 0.36 30.0590 4.67 24.3111 15.3
a? | 55.3806 | 56.9625 2.86 88.5900 59.9 372.949 573.4
ai | 27.4969 | 58.3760 112.3 71.0670 158.4 29.3131 6.60
aj | 45.3959 | 0.5000 98.9 48.3672 6.54 48.7687 7.43
G 1.27x107 1.49%x107° 9.93x1074
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Table 7: Identified values of (all, ab, ai)

=14

— and the relative errors

(RE%), when I = 4 and

p € {0,0.1%} noise, for the inverse problem of the four-layered tissue.

p=0 p=0.1%
Exact Identified | RE (%) | Identified RE (%)
al 17.8386 17.8383 | 1.8 x 1073 | 17.8266 6.7 x 1072
a? 18.5609 18.5608 | 5.7 x 107* | 18.5639 1.6 x 1072
a3 15.7627 15.7630 | 2.3 x 1073 | 15.7708 5.2 x 1072
al 15.0000 15.0000 | 5x 1071 | 15.0041 2.8 x 1072
aj 0.1795 0.1798 | 1.7 x 107t | 0.1813 9.9 x 1071
as 0.4143 0.4145 |33 x 1072 | 0.4213 1.69
as 0.2935 0.2936 | 5.1 x 1072 | 0.2969 1.16
a; 0.0875 0.0876 | 4.9x 1073 | 0.0866 1.11
aj 28.7186 28.7139 | 1.6 x 1072 | 28.6558 2.2 x 107!
a2 55.3806 55.3821 | 2.6 x 1073 | 55.4605 1.4 x 107!
a; 27.4969 27.4972 | 9.2 x 107% | 27.4994 9.0 x 1073
aj 45.3959 45.3963 | 9.4 x 107* | 45.4006 1.0 x 1072
G 3.22 x 1078 9.88 x 107°
Number of iterations 71 73
Elapsed time 69 s 71ls
Reas.o o of'haltlng Norm of current step is less than step tolerance, 102
lteration

Table 8: Identified values of (kl, Cl, wé)

i and the relative errors

(RE%), when I = 4 and

p € {0,0.1%} noise, for the inverse problem of the four-layered tissue.

p=20 p=0.1%
Exact Identified RE (%) Identified RE (%)
ky 0.376 0.3767 1.8 x 107! 0.3806 1.21
ko 0.450 0.4501 3.0 x 1072 0.4570 1.55
ks 0.642 0.6423 4.9 x 1072 0.6494 1.15
ky 0.116 0.1160 3.9x 1073 0.1147 1.12
C} 3.77x106 3.7706 x 106 | 1.6 x 1072 | 3.7783 x 10° | 2.2 x 107!
C2 | 1.955x10° 1.9549 x 10% | 2.6 x 1073 | 1.9522 x 105 | 1.4 x 1071
C? | 3.9375x10% | 3.9375x 10° | 9.2x107* | 3.9371 x 10° | 9.0 x 10~*
Ct| 2.385x10° 2.3850 x 10° | 9.4 x 107% | 2.3847 x 10% | 1.0 x 1072
wi 9.3333 x 1073 | 9.3338 x 1073 | 4.9 x 1073 | 9.3143 x 1073 | 2.0 x 107!
w? | 6.0714 x 1073 | 6.0711 x 1072 | 5.6 x 107® | 6.0679 x 1073 | 5.9 x 1072
wi | 2.6190 x 1073 | 2.6203 x 1073 | 4.7 x 1072 | 2.6468 x 1073 1.06
wi 0 1.6823 x 10713 — 8.6130 x 1076 —

5. Conclusions

The thermal-wave model of bioheat transfer in multi-layered biological tissues has been
considered. An iterative numerical procedure based on the MATLAB built-in Isgnonlin sub-
routine has been proposed and successfully applied for the simultaneous reconstruction of the
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thermo-physical properties of multi-layered biological tissues. Numerical results associated
with two physical examples concerning one-dimensional, three- and four-layered tissues have
been presented and thoroughly discussed. It has been found, as shown in Tables 5 and 8, that
the accuracy and stability of the numerical results for the simultaneous reconstructions of
the thermo-physical properties (kl, Cl, wé) =17 of the thermal-wave model given by equations
(5)-(9) are possible if sufficient internal temperature data is measured.

Future work will consist in the determination of the thermo-physical properties of multi-
layered biological tissues in the more general third-order dual-phase-lag model of bio-heat

transfer, [8].
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