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Abstract

A personal review of some recent developments on estimating large dynamic covariance
matrices whose entries are allowed to change over time is provided. The underlying covariance
matrices are assumed to satisfy structural assumptions such as GARCH, approximate sparsity
and conditional sparsity. Initially the review considers extensions of the classic GARCH model
to multivariate and high-dimensional time series settings, and then focuses on some data-driven
non- and semi-parametric models and estimation approaches for large covariance matrices which
evolve smoothly over time or with some conditioning variables. Detection of multiple structural
breaks in large covariance structures is also reviewed. Finally some relevant future directions are
discussed.
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1 Introduction

Estimation of covariance matrices is one of the most important problems in modern statistics and
econometrics, with applications in various areas including biology, economics, finance, health
science and social science. Suppose that we collect X, - - - , X, from a sequence of p-dimensional
random vectors which may be independent or stationary weakly dependent, E(X;) = 0 and
Cov(Xy) = E(XtXl) = Xx, where 0 is a null vector and Zx is a p x p positive definite covariance
matrix. The main focus of this review article is on estimating the covariance structure of X;. In the
classic setting, the dimension of X is either fixed or much smaller than the sample size n. The
population covariance matrix is often estimated by the conventional sample covariance matrix
(e.g., Anderson, 2003) defined by

n

- 1 - T~ T
ZX = —_— Z (Xt — X) (Xt — X) = (O-ij)pX‘p Wlth X == H Z Xt- (11)
t=1

Under some moment conditions on X, by the Law of Large Numbers, we may show that Ix
converges to Zx in probability when p < n, and consequently the smallest eigenvalue of Zx
would be positive and bounded away from zero with a high probability.

However, in big data analytics, a typical feature of the collected data is that the dimension p
diverges to infinity at a fast rate of the sample size n. It is well known that the sample covariance
matrix Zx becomes singular if p is larger than n, making it challenging to obtain its inverse. To
address this problem, some structural assumptions are imposed on Zx and various regularisation
techniques have been introduced in the estimation procedure. A comprehensive review of recent
developments on this topic is available at Bai and Shi (2011), Pourahmadi (2013), Cai, Ren and Zhou
(2016), Fan, Liao and Liu (2016) and Bose and Bhattacharjee (2018). We review two commonly-used
large covariance structures and discuss the corresponding estimation approaches in the next two
subsections.

1.1 Sparse covariance matrices and generalised shrinkage

In order to construct reliable covariance matrix estimation when p exceeds n, we often need to
assume that Xx satisfies the following sparsity condition (e.g., Bickel and Levina, 2008a).

Assumption 1. The population covariance matrix Xx is approximately sparse, i.e., Zx € 8(q, @1(p), M1),
P
8(q, @1(p), My) = {Z = log] 0 ‘ Vi, o1 < My, Z o7 < @1(]0)} ,
j=1

where 0 < q < 1and M, is a positive constant.
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The rate @ (p) in Assumption 1 is allowed to depend on the dimension p and would affect the
estimation convergence rate, see (1.3) below. For the special case of ¢ = 0, Assumption 1 is reduced
to the exact sparsity assumption. The sparsity assumption indicates that most of the off-diagonal
entries in Zx are either zero or close to zero, so the corresponding random elements in X are either
uncorrelated or very weakly correlated.

As recommended by the existing literature (e.g., Bickel and Levina, 2008a,b; Rothman, Levina
and Zhu, 2009; Cai and Liu, 2011), we may apply the following generalised shrinkage technique to
the off-diagonal entries of the sample covariance matrix and estimate the sparse Zx by

Oii, 1’ - j/

1.2
Sp(a‘ij)/ i#], (1.2)

Iy = [Eij]pxp , 0y = {

where s, (-) is a shrinkage function and p is a tuning parameter. The function s,(-) satisfies the
following three conditions: (i) [s,(u)| < [u| for u € R; (ii) s, (u) = 0if [u| < p; (iii) [sp(u) —u| < p.
Some commonly-used shrinkage functions satisfying these restrictions include

e hard thresholding: s,(u) = u - I(Ju| > p) with I(-) being an indicator function;
e soft thresholding: s, (u) = sign(u) - (ju| — p)4+ with u, = max{u, 0};
e SCAD (Fan and Li, 2001): s,(u) equals to the soft thresholding for |u| < 2p, [(a — 1)u —

sign(uw)ap]/(a —2) for 2p < |u| < ap, and u for [u| > ap, where a is often chosen as 3.7.

The tuning parameter p in the generalised shrinkage may be determined by the cross-validation
rule (e.g., Bickel and Levina, 2008a). Theorem 1 in Rothman, Levina and Zhu (2009) shows that,
choosing p = M /logp/n with M > 0 being sufficiently large, under some regularity conditions,

fo — ZXHO =0p (@1(17)(108]3/“)(170‘)/2) , (1.3)

where || - |0 denotes the matrix operator norm. The dimension p affects the convergence rate via
@1(p) and logp. Assuming @4(p) is bounded and q = 0, the rate in (1.3) would be simplified
to (logp/n)'/?, indicating that estimation consistency may be achieved even when p diverges at
an exponential rate of n. Optimality of the above convergence rate is discussed in Cai and Zhou
(2012) and Cai, Ren and Zhou (2016).

1.2 Estimation of conditionally sparse covariance matrices

The sparsity assumption discussed in Section 1.1 may be too restrictive when there exists high
correlation among the random components of X;. The latter is a typical feature for large data

collected in economics and finance. For instance, high-dimensional stock return time series data
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collected in the stock market are often affected by market and industry factors, leading to high
correlation among individual stock return series. To allow non-sparse covariance structure, we

may employ the following approximate factor model (e.g., Chamberlain and Rothschild, 1983):
Xt:rFt+8t:Xt+£t, t:1,~--,n, (14)

where I' is a p x k factor loading matrix, F, is a k-dimensional factor vector, and ¢, is a p-dimensional
idiosyncratic error vector. Through the factor model (1.4), X; is decomposed into the common
component x, and the error component &€;. Assuming that F; and ¢, are uncorrelated with mean

zero, the covariance matrix of X; can be written as
Iy =TZ T + X, with Zr = Cov(F,) and Z, = Cov(ey). (1.5)

The approximate sparsity condition may be imposed on X, leading to the so-called conditionally
sparse structure on Xx. Assuming that F; is observable (say, Fama-French three factors as in Fama
and French, 1992) and X, € §(q, @1(p), M1) defined in Assumption 1, Fan, Liao and Mincheva
(2011) estimate Xx by applying the generalised shrinkage to the estimate of £.. Fan, Liao and
Mincheva (2013) further introduce a novel estimation technique of Principal Orthogonal complE-
ment Thresholding (POET) to deal with the case of latent factors. We next briefly describe the
POET method.

Let ZX be the sample covariance matrix defined in (1 1), and (7\,,11]-), j=1,---,p, be pairs of
eigenvalues and eigenvectors of Tx, where Ay = Ap- -+ > ?\ By the spectral decomposition,

Tx = me]n] me)n] +X, with £, = Z AT = (Geij)pp - (1.6)

j=1 j=k+1

As X, € 8(q,@1(p), M1), we may apply the generalised shrinkage technique to I, ie,

s -~ . -~ 6 iis 1 - ./
Zs - (Ue,i)')pxp with Ge,ij — { © ~ J (17)

Sp (0cqj), 1#7,
where s, (-) is defined as in Section 1.1. Theorem 3.1 in Fan, Liao and Mincheva (2013) proves that

Hie _Za

= 0p (@1(p) ((logp/m)24+p7/2) 1), (18)

—1/2 3

where the additional rate p~'/“ is due to the cost of estimating the latent factors and can be removed

when p > n. Consequently, we estimate Zx by

Ix =Y A +Ze. (1.9)
j=1



The number of latent factors, k, is assumed to be known a priori in the above POET estimation. In
practice, this number can be estimated by the ratio or information criterion (e.g., Bai and Ng, 2002;
Lam and Yao, 2012; Ahn and Horenstein, 2013; Fan, Liao and Mincheva, 2013).

1.3 Large dynamic covariance matrices

The large covariance matrices discussed in Sections 1.1 and 1.2 are static ones with constant entries
over time. This condition is somehow restrictive and may be violated when large data are collected
over a long time span. We next give two motivating examples to further interpret this.

Example 1. Consider a U.S. macroeconomic dataset used by Stock and Watson (2009), containing
108 variables and covering the time period between 01/1959 and 12/2006. Let X; be the first-
order difference of the original monthly macroeconomic data, removing possible nonstationarity
involved. Note that the dimension of X; is p = 108 and the sample size is n = 575 (after taking
the first-order difference). As co-movement of many macroeconomic time series variables is often
driven by some latent factors, it seems sensible to apply the approximate factor model (1.4) to
X and then use Fan, Liao and Mincheva (2013)’s POET to estimate the covariance structure Xx.
However, as revealed by some recent literature such as Stock and Watson (2009), Chen, Dolado
and Gonzalo (2014) and Ma and Su (2018), it is inappropriate to apply a stable factor model with
constant factor loadings to this macroeconomic dataset. For example, Ma and Su (2018) identify
five structural breaks in the factor model. Consequently, a direct application of the POET method
would lead to biased covariance matrix estimation. It thus becomes imperative to detect possible
structural breaks in large covariance matrices. Some recent developments in this direction will be
reviewed in Section 5.

Example 2. Consider an empirical dataset which consists of daily returns (in %) on stocks listed
on New York Stock Exchange over the period between 11/12/2008 and 10/04/2018 (available
at Datastream). We may select 500 stocks which have largest capitalisation among those stocks
that have complete trading history over this period. Let X, be the vector of returns for day t with
Y x as the covariance matrix. Note that the dimension of X is p = 500. The main interest lies in
construction of global minimum variance portfolios, which is obtained by solving

argminw' Zyw subjectto w'l1=1,
w

where 1 is a p-dimensional column vector with each element being one. Allowing for short selling,
i.e., elements of the optimal weight vector can be negative, and assuming no transaction cost, the
analytical solution to the above problem can be written as w* = £'1/1"Z'1. Note that w* is a
vector of time-invariant constants, relying on accurate estimation of the static covariance matrix
2 x and its inverse. In practical applications, however, the dynamic optimal portfolio allocation
which allows w* to vary over time is often preferred, and outperforms the static one (e.g., Guo,



Box and Zhang, 2017; Chen, Li and Linton, 2019; Wang et al, 2021). For example, Chen, Li and
Linton (2019) estimate the dynamic covariance matrix which is allowed to change smoothly with
Fama-French three factors (to be reviewed in Section 3.2) and then use it to construct the global
minimum variance portfolio.

There have been extensive studies in the literature on dynamic volatility and covariance
since the seminal works by Engle (1982) and Bollerslev (1986) on ARCH and GARCH models,
respectively. In recent decades, there has been increasing interest on extending the ARCH/GARCH
modelling approach to the multivariate and high-dimensional setting. Bollerslev, Engle and
Wooldridge (1988) introduce the VEC-GARCH model, a straightforward multivariate extension
of the univariate GARCH model; Engle, Ng and Rothschild (1990) and Hafner and Preminger
(2009) consider the factor ARCH and GARCH models; Engle (2002) models dynamic conditional
correlation through multivariate GARCH; van der Weide (2002) proposes a generalised orthogonal
GARCH model; Guo, Box and Zhang (2017) introduce a semi-parametric method by combining
GARCH and adaptive functional-coefficient models to estimate dynamic covariance matrix with
size divergent to infinity at a polynomial rate of n; Engle, Ledoit and Wolf (2019) further combine
Engle (2002)’s dynamic conditional correlation with a nonlinear shrinkage technique based on
the random matrix theory in the high-dimensional case. Section 2 below will provide a selective
review of the aforementioned GARCH-based models in multivariate and high-dimensional time
series setting and discuss their estimation methodology.

However, the ARCH/GARCH modelling approaches are essentially parametric and may be
misspecified in practice. Hence, it becomes imperative to develop data-driven non- and semi-
parametric methods to estimate large dynamic covariance matrices. It is not uncommon to observe
smooth structural changes or structural breaks (over time) in covariance structures of large eco-
nomic and financial data. Section 3 considers large sparse dynamic covariance matrices which
evolve smoothly over time or change with a single or multiple conditioning variables. We mainly
review two estimation methods: a non-parametric kernel-based method combined with the gener-
alised shrinkage to estimate large dynamic covariance matrices when the conditioning variable
is univariate or scaled time; and a semi-parametric method combining the Model Averaging
MArginal Regression (MAMAR) and the generalised shrinkage when the conditioning variables
are multiple. Section 4 first extends the approximate factor model (1.4) by assuming factor loadings
as functions of an index variable or scaled time, and introduces a localised version of Principal
Component Analysis (PCA) to estimate both the factor loadings and common factors (subject to
appropriate rotation). Then, we extend the POET method to estimate large dynamic covariance
matrices with conditional sparsity. Section 5 reviews recent developments on multiple structural
break detection in large covariance matrices which are either sparse or conditionally sparse. The
classic binary segmentation with the CUSUM statistic is extended to estimate breaks in covariance
of large data. Section 6 finally discusses some relevant future directions.



Throughout this review article, we assume the underlying covariance matrices to satisfy certain
structural assumptions such as GARCH, approximate sparsity and conditional sparsity, and review
the relevant parametric, nonparametric and semiparametric frequentist estimation techniques.
Other large covariance matrix estimation methods which have been extensively studied in the
literature but are not covered in this review include the robust estimation (e.g., Fan, Liu and Wang,
2018), nonlinear shrinkage method (e.g., Ledoit and Wolf, 2012, 2015) and the Bayesian method
(e.g., Yang and Berger, 1994; Daniels and Pourahmadi, 2002; Rajaratnam, Massam and Corvallo,
2008).

2 GARCH-based dynamic covariance matrices

Recall that the univariate GARCH(m, q) model (Bollerslev, 1986) is defined by
m q
Xe =00y 0T =0+ ) Xt + ) Bior (2.1)
i=1 j=1

where 1, are independent and identically distributed (i.i.d.) random variables with zero mean
and unit variance, &g >0, &; > 0,i=1,---,m,3; >0,j=1,---,q, and > oci—l—zjqzl B; < 1.
With the above constraints on the parameters o; and 3;, we may show that the unconditional
variance of x; is time-invariant, whereas its conditional variance o2 changes over time. Since
introduction of the GARCH model in 1986, there have been extensive studies on generalising it
to multivariate time series data, see Bauwens, Laurent and Rombouts (2006) and Silvennoinen
and Terdsvirta (2009) for a comprehensive review. In recent years, there have been some further
extensions of the GARCH model to high-dimensional time series. Throughout this section, we let
Xt = (1, , Xtp)" and assume that

X, = =\/%,, (2.2)

where X, are p x p positive definite conditional covariance matrices, Ny = (M1, - - - ,ntp)T are i.i.d.
random vectors with E(n,) = 0 and Cov(n,) =I,,, a p x p identity matrix. We next briefly review
some commonly-used model specifications for X;.

2.1 VEC-GARCH models

The VEC-GARCH model introduced by Bollerslev, Engle and Wooldridge (1988) is a straightfor-
ward extension of model (2.1) to the multivariate setting. It is defined as

m q
vech(Zy) = Ag+ ) Avech (X._iX; ;) + ) Bjvech(Z. ), (2.3)

i=1 j=1



where vech(-) denotes half vectorisation of a symmetric matrix obtained by vectorising the lower
triangular elements, A is a column vector with dimension p(p + 1)/2, both A; and B; are p(p +
1)/2 x p(p + 1)/2 matrices. The model specification (2.3) shows that each entry in X, is a linear
function of all lagged conditional variances and covariances, as well as all lagged components
of vech (X(X}). Let A = (Ag,vec(A,),- -+ ,vec(A,),vec(By), - -- ,vec(Bq))T with vec(-) denoting
the conventional vectorisation of a matrix. As suggested by Bollerslev, Engle and Wooldridge
(1988), we may estimate A by the maximum likelihood if 1, follows a p-variate normal distribution.
Specifically, define the log-likelihood function L(A) = Y [, L (A) with Li(A) = —% log |Z(A)] —
%X;Zt_ YA)X¢ + ¢y, where ¢ is a constant independent of the unknown parameters and X(A)
satisfies (2.3). The maximum likelihood estimate is obtained by maximising L(A) with respect to
A. Unfortunately, this maximum likelihood problem may be difficult to solve when the dimension
p is moderately large, partly due to involvement of the inverse £, *(A). Engle and Kroner (1995)
thus propose the so-called BEKK model, which is a restricted version of VEC-GARCH but has a
desirable property that the conditional covariance matrices are guaranteed to be positive definite.

2.2 Factor-GARCH models

Engle, Ng and Rothschild (1990) propose the following decomposition for £ in (2.2):

k
Zo=) vivifu+Z, (2.4)

i=1

where X, is a p x p positive semi-definite matrix, y;, i = 1,--- , k, are linearly independent p-
dimensional column vectors and f;,i =1, - -, k, are positive random variables. The formulation
(2.4) shows that the dynamic variance and covariance are mainly driven by the underlying factors
whose number k is often considerably smaller than p. We may assume that each factor process fy;
follows a univariate GARCH model defined as in (2.1). The dynamic factors in (2.4) are allowed to
be correlated. If the number k is small, we may fit (fy,- -+, fix)' by the VEC-GARCH or BEKK
model mentioned in Section 2.1.

Vrontos, Dellaportas and Politis (2003) and Hafner and Preminger (2009) consider a full factor-
GARCH model defined by
X =RF, F = (Zi)l/z &) (2~5)

where R is a p x p constant loading matrix which is of full rank, £; = diag {02, ,,-, Otp e },and &,
are i.i.d. random vectors with E(&,) = 0 and Cov(&,) = I,,. It follows from (2.5) that the conditional
covariance matrix of X; is X = RZiRT. Note that the factor space has the same dimension as p and
there is no idiosyncratic error, making the full factor-GARCH model substantially different from
the conventional factor model discussed in Section 1.2. Model (2.5) covers some special cases such
as the generalised orthogonal GARCH model (van der Weide, 2002). Each diagonal component



of X} is assumed to follow the univariate GARCH process (2.1). Hafner and Preminger (2009)
use a quasi-maximum likelihood method to estimate the unknown parameters involved in the
GARCH model formulation for 03;,,i=1,--- ,p. They show that the estimate is consistent and
asymptotically normal distributed under some regularity conditions.

2.3 Dynamic conditional correlation models

Engle (2002) proposes a dynamic conditional correlation (DCC) model:
. =DC:Dy, (2.6)
where Dy = diag{oy,- -+, 0¢p} with 02, being the i-th diagonal element of £, and
C. = Corr(X{|F¢1) =D ', D ..

Model (2.6) is a natural generalisation of the constant conditional correlation model introduced by
Bollerslev (1990). The univariate GARCH defined in (2.1) can be used to model G?d, i=1,---,p.
Letting X} = D, 'X,, Engle (2002) introduces the following expression:

Qi=(1—a—B)C+aX; ;X; | +BQ_,

where Q, is called as a conditional pesudo-correlation matrix, & and 3 are the DCC parameters,
and C is the unconditional correlation matrix of X;. Consequently, C; is constructed via

C, = [diag(Q,)]""* Q. [diag(Q, )] "/*.

In general, estimation of the DCC model includes three steps: (i) a low-order univariate
GARCH model is used to fit 02, and obtain the fitted matrices D, and )/Z: ; (ii) estimate the large
unconditional correlation matrix; and (iii) finally estimate the conditional correlation matrix. Note
that the estimation problems in Steps (ii) and (iii) are challenging when the dimension p is large.
Engle, Ledoit and Wolf (2019) recommend a nonlinear shrinkage method (e.g., Ledoit and Wolf,
2012, 2015) to estimate C in Step (ii) when p and n are of the same order, using the random matrix
theory. The composite likelihood method introduced by Pakel et al. (2020) may be used to estimate
the large dynamic correlation matrix in Step (iii). A recent paper by Morana (2019) proposes a
regularised semiparametric method to estimate high-dimensional DCC matrices.



3 Non- and semi-parametric estimation of sparse dynamic co-

variance matrices

The GARCH-based conditional covariance matrix models introduced in Section 2 heavily rely
on pre-specified parametric model assumptions, which might be misspecified in practice. The
potential model misspecification issue often leads to biased covariance matrix estimates and
misleading conclusions in statistical inference. Non- and semi-parametric models and estimation
methods can avoid such a problem by allowing data to “speak for themselves”. In this section,
we review two non- and semi-parametric methods to estimate large sparse dynamic covariance
matrices, extending the methodology and theory in Section 1.1.

3.1 Non-parametric kernel estimation and generalised shrinkage

Define the conditional mean and covariance matrix of X; given z, = z as
my(z) = E(Xi|ze =z) and Zx(z) = Cov(X(|zy = z) = Ag(z) — my(z)my(2), 3.1)

where Ay(z) = E (XtXIlzt = z) and z, is a univariate random variable. In practice, z; may also
be chosen as scaled time point t/n with n as the sample size (e.g., Chen, Xu and Wu, 2013).
Without loss of generality, we assume that z; is defined on a compact set C. In contrast to the static
covariance matrix considered in Section 1, the covariance matrix defined in (3.1) is allowed to
evolve smoothly over time or with a stationary process z., providing a more flexible way to capture
the dynamic covariance structure. When X is univariate (p = 1), there have been extensive studies
on non-parametric estimation of the conditional variance function (e.g., Fan and Yao, 1998; Yu
and Jones, 2004; Chen, Cheng and Peng, 2009). When the dimension p diverges to infinity or even
exceeds n, Chen, Xu and Wu (2013) combine the non-parametric kernel smoothing method with
hard thresholding to estimate Zx(-) for the fixed-design case; whereas Chen and Leng (2016) use
the generalised shrinkage in the estimation for the random-design case. Before describing their
methodology, we extend the sparsity condition in Assumption 1 to a uniform version.

Assumption 2. The population conditional covariance matrix Xx(-) is approximately sparse uniformly
over C, i.e., Zx() € 8e(q, @2(p), M2),

)
Selq, @2(p), Mz) = {Z(') = oy ()], »p | Vi, sup 01i(z) < My, SUPZ loy; (2)]9 < QZ(P)} ,

zeC zeC ]:1

where 0 < q < 1and M, is a positive constant.
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With kernel smoothing (Wand and Jones, 1995), we estimate my(z) by

~ o Ztn: Kh(Zt — Z)Xt
m{z) = Zil Kn(z¢ — 2)

= [Mu(z),- ,mp(2))', (3.2)

where Kp, (u) = £K (%), K(-) is a kernel function and h is a bandwidth. Letting A;; be the (i, j)-entry
of Ao(z) =E (XtXllzt = z), we estimate it by

Aij(z) = Zt:ln n(zt let Xtj
2 i1 Knlze —2)

, 1<i,j<p, (3.3)

where x4; is the i-th component of X;. Combining (3.2) and (3.3), we estimate o};(z), the (i,j)-entry
of x(z), by 03j(z) = 7\15 (z) — mi(z)m;(z). Finally, the generalised shrinkage is applied to 0;(z)
when i # j, and estimate Zx(z) by

0ii(z), i=j,
Se(z) (035(2)), 1#7,

x(z) =[04(2)] ., Oy(z) = { (34)
where s, (,)(+) is a shrinkage function with a variable tuning parameter p(z) (Chen and Leng, 2016).
When z; is univariate random and letting € = [C;, C;] with C; < C,, Theorem 1 in Chen and Leng
(2016) shows that, under some technical conditions,

sup  ||Zx(z) — Zx(z)||, = Op <wz(p) (logp/(mh)]"V* + hz(logp)”z)l_q> , (3.5)

Ci+e<zg<Cr—e

where @, (p) is defined in Assumption 2 and e is a small positive number. The rate h?(logp)!/? in
the uniform consistency result (3.5) is caused by the kernel-based estimation bias. Choosing h to

have the optimal rate n /5

and treating (nh) as the effective sample size in the non-parametric local
estimation, the uniform convergence rate in (3.5) is comparable to that in (1.3). The convergence

result of £x(z) when z, = t/n is available in Theorem 4.1 of Chen, Xu and Wu (2013).

A potential issue of the above estimate Zx(z) is that it is not necessarily positive definite in finite
samples. To address this problem, Chen and Leng (2016) recommend the following modification.
LetAi(z) > Ao(2) = -+ - > Xp (z) be the eigenvalues of % «(z) which are arranged in a non-increasing
order. When the smallest eigenvalue Xp (z) is negative, the matrix T x(z) is not positive definite and
a modification is thus required. Define

Iy(z) = Zx(2) + [6n — Ap(2)] - T,

where 9, is a tuning parameter which tends to zero as n — co. The above modification guarantees

<=C, .. . Y . . . .
that X (z) is uniformly positive definite, and retains the approximately sparse covariance structure.
. . <=C . . = . .
Hence, it is sensible to use £ (z) as an alternative estimate of £x(z) when A, (z) is negative. Then,
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we may define the following modified version of Zx(2):

Ty (z2) = Zx(2) - 1(Ap(2) > 0) + Zx(2) - 1 (Ap(2) < 0)
= Zx(2)+ [bn —Ap(2)] I, - I (Ap(2) € 0).

It is easy to verify that f;/l (z) is alway positive definite (uniformly over z).

3.2 Semiparametric MAMAR and generalised shrinkage

In practical data analysis, the conditioning variables in (3.1) are often multivariate. For example,
Chen, Li and Linton (2019) choose them as the Fama-French three factors in construction of optimal
dynamic portfolios. In this case, a direct use of non-parametric kernel estimation as in Section
3.1 often results in poor finite-sample performance due to the “curse of dimensionality” problem.
To address this problem, Chen, Li and Linton (2019) consider MAMAR approximation for both
the multivariate conditional mean and covariance matrix, and subsequently introduce a semi-
parametric shrinkage method to estimate the large dynamic covariance matrix. More detailed
introduction of the MAMAR-based semi-parametric estimation together with its applications in
high-dimensional classification and portfolio selection can be found in Li, Linton and Lu (2015),
Chen et al (2016), Fan et al (2016) and Chen ef al (2018).

Replacing z; by Zy = (z¢1, -+, z¢r)' in (3.1), we have
04j(2) = Aij(2) = mi(z)m;(z), 1<4,j<p,

where z = (z1,- -+ ,z,)". Letting Aijx = E (xtixyjlzex = zx), we consider the following MAMAR
approximation to Ai;(z):

Aj(z) ~ afo+ Y af Az = Aj(2), (3.6)

k=1

*

where the constant weights aj; o, aj,, - - -, afj , are determined by minimising

*
ij,7r
2

T
E [ x¢ixy — aijo — E i, kA k (Zex)
=1

with respect to ayj, aij 1, - - -, aij,. Similarly, we also have the MAMAR approximation to m;(z):
mi(z) = bl + ) blmi(zid) = mi(2), (3.7)
k=1

where m; \ (z1) = E(xtilzee = zi) and biy, biy, -+ -, bi, are the constant optimal weights. Combin-
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ing (3.6) and (3.7), we have

Ix(z) =~ Zx(z) = [Gz‘j(z)}pxp with 07;(z) = Ajj(z) — m{(z)m](z). (3.8)
Instead of estimating Xx (z) directly, we may estimate its MAMAR approximation £} (z) which is
assumed to satisfy Assumption 2 in Section 3.1 (with slight modification). We next briefly review a
two-stage semi-parametric estimation method introduced by Chen, Li and Linton (2019).

e Stage 1: Estimate m; i () and Ayj « () non-parametrically and denote these estimates by m; i (-)
and Xij,k(-), respectively. The non-parametric method can be the kernel (as in Section 3.1),
local polynomial (Fan and Gijbels, 1996) or sieve method Chen (2007).

e Stage 2: Consider the approximate linear regression:

.
xixg & Ao+ ) afdlzad, t=1-,m,
k=1
and use ordinary least squares (OLS) to obtain the optimal weight estimates denoted by
Qij,0, Qij1, - - , Qij,r- Analogously, we can also obtain big, bi 1, - - -, by, as the OLS estimates
Of bi*,O’ b'i.*,ll A ’bi*,T'

With the estimates obtained in the above two stages, we have

X;’ (z) = ayjo + Z aij,kxij,k(zk)/ mi(z) = Bi,o + Z gi,kﬁli,k(zk)r
k=1 k=1
and consequently,
05 (z) =AL(z) —mi(z)mi(z).

Finally, applying the generalised shrinkage to 0};(z) as in (3.4), we obtain the covariance matrix
estimate Z;(z). Suppose that zyx has a compact support [Cix, Coil, k = 1,---, 1, and construct
mi x(-) and Xi)‘/k(') in Stage 1 via the kernel smoothing method with equal bandwidth h. When p is
larger than n, Theorem 1(i) in Chen, Li and Linton (2019) shows that, under some conditions,

sup (EEENE]

z=(z1,+,2+) T :Cix+e<zk < Cox—e

= Op (a’z(p) (ogp/ ()" + hz)l_q) ’

o

which is similar to the uniform consistency in (3.5). When the MAMAR approximation X3 (z) is
sufficiently close to Zx(z), i.e., there exists by, , — 0 such that

”Z)’)(((Z) - ZX(Z)HO = O(bn,p)
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uniformly over z, and additionally

max
1<Lj<p

)(2) — ay(2)| = O (llog p/(n]"/* + 1)
uniformly over z, we may further show that

sup |2~ 2x(2)| = 0p ((Dz(p) (llog p/ ()2 + h2>1_q + bn,p) .

z=(z1,,2r+) " :Cix+e<z <Cor—e

A modification technique as in Section 3.1 may be applied to Zy (z) so that the resulting covariance

matrix estimate is positive definite in finite samples.

4 Non-parametric estimation of dynamic covariance matrices with

conditional sparsity

In this section, we review a non-parametric estimation method for the conditionally sparse dynamic
covariance matrix, which is a natural extension of Fan, Liao and Mincheva (2013)’s POET method.
As this covariance structure relies on the factor model framework for X, we first generalise model
(1.4) by allowing factor loadings to change over time, and review a localised version of PCA.

4.1 Factor models with varying loadings and local PCA

Consider the time-dependent approximate factor model:
Xt:rtFt+€t, tzl, ,n, (41)

where I'y is a p x k factor loading matrix whose entries are allowed to change over time, and the
remaining components are the same as those in (1.4). Assume that each factor loading is defined as
a smooth function of a univariate index variable or scaled time point, i.e., 'y = T'(z¢) = [yi; (zt)]p k-
When z; is a stationary random state process, Pelger and Xiong (2019) consider estimation and
testing problems for model (4.1); when z; = t/n, Motta, Hafner and von Sachs (2011) and Su and
Wang (2017) estimate the time-varying factor model (4.1) via a localised version of PCA, which
we will describe shortly. Other estimation methods include the maximum likelihood method

(Mikkelsen, Hillebrand and Urga, 2019).
Let K(-) be the kernel function defined as in Section 3.1 and h be the bandwidth. Multiplying
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both sides of (4.1) by

Kin(z) = Kn (2 [ ZKh Z] with Kp(-) = %K('/h),

we obtain the following local approximation:
Xi(z) = X K{2 (2) = T(2)F K (2) + K2 (2) = T(2)Fe(z) + ecl2), t=1,---,m, (4.2)

when z; ~ z. Let X(z) = [Xi(z), -+, Xn(2)], F(z) = [Fi(2),--- JFL(2)], Nz) = Mi(z),--- ,Fp(z)]T.
Suppose that the number of common factors is pre-specified, and consider the following local
identification condition (Su and Wang, 2017):

1

;FT(Z)F(Z) =1, T (2)M(z) is diagonal. (4.3)

From (4.2), we consider the local least squares objective function defined by ||X(z) — T'F' i, where

|| - ||[r denotes the matrix Frobenius norm, and I' and F are p x k and n x k matrices, respectively.
With the identification condition (4.3), given F, we estimate I'(z) by -X(z)F. Consequently, the
local least squares objective function becomes

2

HX(Z) — %X(Z)]FFT = trace {X'(2)X(z)} — Tlltrace {F'X"(2)X(2)F}, (4.4)

F

which indicates that minimisation of ||X(z) — T'F' Hi subject to the restriction (4.3) is equivalent
to maximisation of the second term on the right side of (4.4) subject to 1F'F = I. Let F(z) =

[Fl (z), - ,Fn (z)} with each column vector being the eigenvector (multiplied by y/n) of the n x n
matrix X' (z)X(z) corresponding to the first k largest eigenvalues, and estimate the factor loading
matrix by

Iz) = EX(Z)F(Z) = |Ti(z), -, Tp(2)

Without loss of generality, we assume that z, has the compact support [0, 1] if it is random, and
p diverges at a polynomial rate of n. Under some regularity conditions, Wang et al (2021) give the
uniform consistency results for Fi(z) and F, (z),i.e

T —10 017 logp 2 V2
Fi(z) - () i) = on ( (BB2w2) ),

Fulz) ~ HR ()| = 0 (“BP 4 12),

max sup
I<isp e<z<l—e

and

sup LY |
t=1

e<z<l—e
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where H(z) is a k x k time-dependent rotation matrix and || - || denotes the Euclidean norm of a
vector. A similar uniform consistency result is also derived by Su and Wang (2017) when z, is fixed.
More asymptotic properties for the local PCA estimates (such as the limit distribution theory) are
available at Motta, Hafner and von Sachs (2011), Su and Wang (2017), Mikkelsen, Hillebrand and
Urga (2019), Pelger and Xiong (2019) and Wang et al (2021).

4.2 Local POET

A recent paper by Wang et al (2021) further uses the local PCA method introduced in Section 4.1
to estimate the dynamic covariance matrix of X, satisfying (4.1). Assuming that F; and ¢, are
conditionally uncorrelated given z,, we obtain

Ix(z) =T(2)ET (2) + Zc(2),

where X, (z) denotes the conditional covariance matrix of &, given z; = z (when z, is random) and
2 = Cov(F,) is assumed to be time-invariant, ensuring that the index variable z; and the factor F;
are separable (Pelger and Xiong, 2019).

We next combine the local PCA estimates in Section 4.1 with the generalised shrinkage to
estimate the large dynamic covariance matrix, and then introduce a localised version of POET,
extending the POET methodology in Section 1.2. With the local PCA estimates l:i(z) and ft (z), we
approximate the local residuals &(z) = &K/ 172 1 (z) in (4.2) by

~T

Elz) = Bulz), -, Epu(2)]” with Eii(2) = xit(2) — Ty (2)Fu(2),

where x;¢(z) is the i-th element in X (z), and then obtain the sample covariance matrix of € (z):

Z 2)&,(2) = [0 (2)],,y,, -

However, the above estimate is unstable when the dimension p exceeds n. Hence, we may apply

;a‘|>—*

the generalised shrinkage to the off-diagonal entries of . (z), and denote the resulting estimate by
Y. (z). Finally, we estimate x(z) by

where F(Z) is the local PCA estimate of the factor loading matrix defined in Section 4.1.
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On the other hand, consider the kernel-weighted sample covariance matrix:

1 = T 1 = T 1 b
= Etz—lxt(l)xt(l) = E;XtXtKh (z¢ —Z)] / [H;Kh (Zt—z)] .

We next introduce the localised version of POET using the elgen-analysrs of ZX( ). Let (?\1,2, n iIZ),
i=1,---,p, be pairs of eigenvalues and normalised eigenvectors of ZX( ), where 7\1 . = lez >
cee 2 Xp,z. By the spectral decomposition, we have

P
~ ~T
ZX Z 7\1 ZT]lZT]1 Z + Z Z i zni,zni,z-
i=1 i=k+

Apply the generalised shrinkage (3.4) to the off-diagonal entries of £, (z) and denote the resulting
estimate by fs (z). Consequently, Zx(z) is estimated by

K
2x (Z) = Z Ai,zﬁi,zﬁ{,z + 2 (Z)

i=1
Proposition 1 in Wang et al (2021) shows the equivalence of the local POET estimate and the local
PCA one, i.e., }EE (z) = £.(z) and }A:X(z) = ¥«(z). Theorems 1 and 2 in that paper further provide
uniform convergence results for the local POET estimate.

5 Detection of structural breaks in large covariance matrices

Structural breaks are common in many fields and occur for various reasons. For example, the
environmental Kuznets curve may shift (thus leading to breaks) due to international cooperation on
environmental protection and growing public awareness of environmental problems (e.g., Li, Qian
and Su, 2016). It is important to take possible structural breaks into account in the covariance matrix
estimation in order to conduct valid inference in the subsequent statistical analysis. The binary
segmentation introduced by Vostrikova (1981) is probably the most commonly-used technique
in detecting and estimating structural breaks and has been extended in recent years to handle
high-dimensional time series and large panel data with instabilities (Cho and Fryzlewicz, 2015;
Jirak, 2015; Cho, 2016; Aston and Kirch, 2018; Wang and Samworth, 2018). In this section, we
review recent developments on structural break detection and estimation for large covariance
matrices.
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5.1 Sparsified binary segmentation for covariance break detection

Throughout this section, we let Zx = E (XtXl) be the time-dependent second-order moment of
X, and assume the following multiple structural breaks:

ZX(l)/ 1 <t
Ix(2), m+1<L
Ixi= . .
Ix(K+1), n+1<t<n,

where Zx(j) # Zx(j+1),mn5,j =1,---,K, are unobservable break times, and the break number K is
unobservable either. To estimate the break times and break number over the interval [l, u], we may
use the classic cumulative sum (CUSUM) statistic in the matrix form (e.g., Wang, Yu and Rinaldo,

2021):
(s—1+1)(u—s) 1 : r - :
i =y P <s_1+1§XtXt—u—_sZXtXt>' .Y

t=s+1
for1 <1< s <u<n,orthe CUSUM statistic in the vector form (e.g., Aue et al., 2009; Li, Li and
Fryzlew1cz, 2020):
(s—1+1)(u—s) 1
CX, (s) = \/ h(XXy) — —— h (XX 2
tuls) w_t+1 s—1+1zvec ¢ tglvec ¢ (5:2)

Aue et al. (2009) test the hypothesis of a single break in the covariance matrix with a fixed size.
Wang, Yu and Rinaldo (2021) consider the matrix operator norm for C{, (s) and then use the binary
segmentation (and its extended version) to estimate the unknown breaks. Li, Li and Fryzlewicz
(2020) compare numerical performance between various norms on the CUSUM statistics and find
that the one defined in (5.2) with the L,-norm has reliable finite-sample performance.

Let C{fu(s ;1,) be the (i,j)-entry of C{fu(s). As it is often the case that breaks in large covariance
matrices are sparse, Cho and Fryzlewicz (2015) introduce a sparsified binary segmentation for
break detection in mean of high-dimensional time series. It is easy to generalise such an idea to the
large covariance structure. Define the L,-norm based and sparsified CUSUM statistic:

PP
:ZZ| 51]|I<lr£1ta<x|C 31])}>vn,p>,

i=1 j=i

where v,, ,, is a thresholding parameter By comparing C{(s;1,j) with v, ,, we delete the index
pair (i,j) when maxi<¢<y }C (s;1,7 ‘ )| does not exceed v, ,,. The latter indicates that there may be
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no break for the index pair (i,j). By maximising G{fu(s) with respect to s, we obtain

M = arg max Cluls),

the first candidate break point (which is not necessarily estimate of the first break point 1;), and
split the closed interval [l, u] into two sub-intervals: [l,1;] and [1;+1, u]. Then, letting (1, u) = (1,1)
or (M1 +1,u), we compute G{fu(s) with s in either of the two sub-intervals, maximise it with respect
to s and estimate the next candidate break points. The procedure is terminated when no more split
is possible or G{fu(s) = 0. Li, Li and Fryzlewicz (2020) further combine the above technique with
the wild binary segmentation introduced by Fryzlewicz (2014) and find that it performs well in
practice when breaks in the large covariance structure are indeed sparse.

5.2 Detection of breaks in conditionally sparse covariance matrices

In Section 4 above, we review the estimation method for large dynamic covariance matrices with
conditional sparsity. The main interest of this section lies in estimating sudden changes in the
conditionally sparse covariance structure. As the high-dimensional vector X satisfies the factor
model assumption, we are particularly interested on identifying whether the breaks originate in
the common or idiosyncratic error components.

Existing literature on break estimation and testing for factor models mainly focuses on breaks
in the factor loadings. Breitung and Eickmeier (2011) study the hypothesis of a structural break by
using the LR, LM and Wald tests; Chen, Dolado and Gonzalo (2014) test the break by regressing
one of the PCA estimated factors on the remaining ones; Cheng, Liao and Schorfheide (2016)
propose a shrinkage method to estimate the break in the factor loadings; Han and Inoue (2015)
and Baltagi, Kao and Wang (2017) observe that breaks in the factor loadings can be transformed to
breaks in the factor covariance structure and then test and estimate breaks using the PCA estimates
of the transformed factors. We next review this transformation mechanism and then introduce the
break detection technique. Consider

Xy =TjF; + €4, n}q +1<t< Tl}/ (5.3)

where I'j is a p x k; factor loading matrix, F; is the corresponding k;-dimensional factor vector
whennj ; +1 <t <nj,ny,--- My, are break times, 1; = 0 and ny, ; = n. The factor model
formulation (5.3) indicates that structural breaks in covariance of the common components may be
caused by either or a combination of the following three scenarios: (i) breaks in the factor loadings;
(ii) breaks in the covariance for common factors; and (iii) changes in the factor number. Proposition
2.1in Li, Li and Fryzlewicz (2020) proves that model (5.3) can be equivalently written as

X¢e =T"F, +¢&, t=1,---,n, (5.4)
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where I'" is the transformed factor loading matrix which is time invariant, and F; denotes the
transformed factors with dimension k;. In addition, the number of factors in (5.3) and that in

(5.4) satisty | max ki < ko < X171 ki With the transformed factor model (5.4), we may use the
siskg+

classic PCA to estimate the transformed factors, and construct the CUSUM statistic as in (5.1) and
(5.2) but with X, replaced by the PCA estimates of F;. Then, the binary segmentation could be
used to estimate the break times n%, e ,n}<1 as well as the break number K;.

We next turn to break detection in the covariance structure of X; defined via (5.3). Observe that
the time-invariant matrix decomposition (1.5) is now replaced by

ZX,t - Zx,t + Zs,t/ (5-5)

where X, ; is the covariance matrix of the common components x, with breaks:

Tt = : : (5.6)

Zs,t — . . (57)
T (Ky+1), T]]2<2 +1<t<n

From the formulation (5.6) and (5.7), it is clear that there are K; breaks in covariance of the common
components and K, breaks in the idiosyncratic error components. The main challenge of the break
detection is that neither the common components x, nor the error components & are observable.
However, the transformation mechanism given in (5.4) shows that the PCA method can be used to
estimate both x, and ¢,. Barigozzi, Cho and Fryzlewicz (2018) combine the wavelet transformation
and double CUSUM (Cho, 2016) to estimate the breaks. Li, Li and Fryzlewicz (2020) provide an
alternative detection method, where breaks in the common components are detected by using
the wild binary segmentation for the PCA estimates of F; and breaks in the error components
are detected by the wild sparsified binary segmentation for the estimates of &, (similar to that
described in Section 5.1).
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6 Discussions on future topics

In this section, we discuss some possible future topics which are relevant to the methodologies
reviewed in the previous sections.

6.1 Large dynamic precision matrices

The precision matrix, the inverse of the covariance matrix, plays an important role in various areas
such as discriminant analysis, Gaussian graphical models and optimal portfolio allocation. There
has been a rich literature in recent years on estimating large static precision matrices (e.g., Lam
and Fan, 2009; Yuan, 2010; Cai, Liu and Luo, 2011; Cai et al, 2012; Leng and Tang, 2012). With the
non- and semi-parametric estimates of large dynamic covariance matrices introduced in Sections 3
and 4, we may directly take their inverse, obtain the precision matrix estimates and then derive
sensible asymptotic theory. For example, Proposition 3 in Chen and Leng (2016) shows that

sup [ (2)— £ (2| | = Op (@alp) (logp/ (mh)1 2 + Wa(logp) ) 7)),

Ci+e<z£Cr—e

where f;l (z) is the inverse of Zx(z) defined in (3.4), and Theorem 3 in Wang et al (2021) derives
the uniform convergence rate for the inverse of > «(z) defined in Section 4.2.

When the primary interest is to estimate large precision matrices, it is often common to impose
a sparsity assumption that is similar to Assumption 1 in Section 1.1. Specifically, we may assume
that the large static precision matrix Qx := Z;l satisfies Qx € 81(q, @3(p), M3), where

p p
Sl(q, wg(p), M3) = {Q = [wij]pxp ‘ Q> O, 1121)«1);; |(Uij| < M3/ 121152;]; |wi]'|q < @3(]3)} ’

where “€Q > 0” denotes that € is positive definite. Commonly-used estimation methods for
large static precision matrices include penalised likelihood (Lam and Fan, 2009), graphical Danzig
selector (Yuan, 2010) and CLIME (Cai, Liu and Luo, 2011). It would be an interesting future topic
to apply these methods (with modifications) to estimate large dynamic precision matrices which
evolve smoothly over time. The methodologies reviewed in Sections 3 and 4 may be potentially
useful to this future research.

6.2 Large correlation matrices and their inverse for copula models

In recent years, there has been increasing interest in the statistical literature on high-dimensional
semiparametric Gaussian copula models (e.g., Liu, Lafferty and Wasserman, 2009; Xue and Zou,
2012, 2014; Liu et al., 2012). Let f = {f;,--- , f,} be a set of univariate monotone transformation
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functions and R be a p x p positive definite correlation matrix. Assume that
(fl(Xl), e /fp (X‘p)) ~ NP(OI R)

Then X = (x1,- -+, Xp )" follows a p-dimensional nonparanormal model (Liu, Lafferty and Wasser-
man, 2009). The main interest often lies in estimating the high-dimensional correlation matrix R
and its inverse. Liu, Lafferty and Wasserman (2009) propose a two-step normal-score estimation
method. To achieve optimal convergence rates, Liu et al. (2012) and Xue and Zou (2012) suggest
estimating R via Spearman’s rho or Kendall’s tau which is invariant under monotone transfor-
mation, and obtaining R™! via the techniques such as the graphical Danzig selector and CLIME

mentioned in Section 6.1.

Some recent econometric literature further introduces dynamic copula models for multivariate
and high-dimensional time series (e.g., Creal and Tsay, 2015; Oh and Patton, 2017, 2020; Opschoor
et al., 2020). For example, Oh and Patton (2020) propose a dynamic factor copula model by
assuming factor loadings to satisfy the generalised autoregressive score model and estimate the
large dynamic correlation matrix. It may be also interesting to develop a data-driven approach to
estimate large correlation matrices and their inverse under the copula model framework.

6.3 Large spot volatility matrices for high-frequency data

Modelling high-frequency financial data, as one of the most important problems in financial
economics, has received increasing attention in the past two decades. Continuous-time models
like the Brownian semi-martingale and the It6 semi-martingale are often used to capture dynamics
of asset prices, where the main component is the volatility function or matrix. In the classic setting
with a fixed number of assets, there have been extensive studies on using the realised volatility to
estimate the so-called integrated volatility over a fixed time interval (e.g., Andersen and Bollerslev,
1998; Barndorff-Nielsen and Shephard, 2002). In recent years, due to wide availability of large
data sets, financial practitioners often need to deal with a large amount of high-frequency financial
data collected for a large number of assets. So it becomes imperative to estimate large volatility
structures for high-frequency data. Motivated by recent developments in large covariance matrix
estimation for low-frequency data (see the review in Sections 1.1 and 1.2), Wang and Zou (2010) and
Tao, Wang and Zhou (2013) estimate large volatility matrices satisfying the sparsity assumption;
whereas Ait-Sahalia and Xiu (2017) and Dai, Lu and Xiu (2019) assume the factor model for
high-frequency data and then estimate conditionally sparse volatility matrices.

The estimation methods in the aforementioned literature cannot capture the large instanta-
neous/spot volatility structure and its dynamic change over time. Existing literature on spot
volatility estimation usually considers the low-dimensional high-frequency data setting with a
single or a fixed number of assets (e.g., Kristensen, 2010; Zu and Boswijk, 2014; Kanaya and
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Kristensen, 2016). It would be an interesting future topic to combine the spot volatility estimation
technique with the large dynamic covariance matrix estimation methods reviewed in Sections
3 and 4 to estimate large spot volatility matrices. However, such an extension is non-trivial as
there often exist market microstructure noises and non-synchronisation for large high-frequency
financial data. Consequently, additional techniques such as the pre-averaging (Jacod et al., 2009;
Christensen, Kinnebrock and Podolskij, 2010) and the generalised sampling time (Ait-Sahalia, Fan
and Xiu, 2010) need to be incorporated in the estimation procedure.

6.4 Large spectral density matrix estimation

The main focus of this review article is to estimate the contemporaneous second-order moment
structure with possible time-variation. In practice, it is often interesting to further explore the entire
second-order moment structure including the autocovariance. The spectral density which relies on
the Fourier transform of autocovariance functions is a commonly-used tool to address this problem.
It is essentially the frequency domain analogue of autocovariances. Letting A(k) = Cov(X¢, X¢4x),
the spectral density function/matrix is defined as

1 ¢
27

k=—00

Alkle ™ w € [—m, 7.

flw)
For the low-dimensional time series, as in Brockwell and Davis (2009), we may estimate f(w) by

- 1
fm = I i),
(@) = om 1) lj;n (w+ w;)

where w; = 27tj/n, m is a user-specified truncation parameter and I(w) is the periodogram defined
as

n—1
I(w) = Z A(k)e ke
k=—(n—1)

with A(k) being the sample version of the k-th autocovariance. For the high-dimensional time
series, as recommended by Sun et al. (2018) and Fiecas et al. (2019), we may apply the generalised
shrinkage technique to %\m(w). Specifically, let ?m,ij (w) be the (i,j)-entry of ?m(w) and construct

?m(w) = ﬁm,i)’(w)] y ¥m,ij(w) = S$p (%\m,ij(w)) ’

where s, (-) is defined as in Section 2.1. Sun et al. (2018) and Fiecas et al. (2019) derive the consistency
results for f,, (w) under different dependence conditions on large time series. It seems worthwhile
to further study the time-varying spectral density matrix for large time series with possible
structural changes or breaks, and extend the methodology and theory which have been developed
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by Dahlhaus (1997, 2009), Preuss, Puchstein and Dette (2015) and Kawka (2020) for low-dimensional

time series.
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