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Abstract— In this study, an acoustic backscatter system was used with single broadband 12 

transducers utilising narrowband excitation at multiple frequencies of 2.00, 2.25 and 2.50 MHz, 13 

to determine the scattering properties of three sizes of glass particles (40, 78 and 212 µm) in 14 

liquid suspensions. A calibration procedure was developed to initially measure the transducer 15 

constants, and form function and scattering cross-section values were calculated 16 

experimentally. Determined values aligned well with theoretical predictions, where viscous 17 

absorption was found to be important for the smallest glass particle size. A logarithmic 18 

translation of the signal attenuation gave a linear response, with respect to concentration, up to 19 

the maximum measured concentration of 125 gl-1 for the two smallest glass species. However, 20 

attenuation data for the largest species were only linear up to ~40 gl-1, attributed to significant 21 

multiple particle scattering causing an increase in the noise floor. Additionally, a procedure 22 

was developed to fit measured attenuation data to a nearfield correction factor correlation, 23 

improving measurements in restricted geometries and highly attenuating suspensions. 24 

Concentration profiles were produced using both single and dual frequency inversion methods 25 

and were found to be accurate up to ~25–40 gl-1, after which multiple scattering effects caused 26 

errors in the measured backscatter, and instability in the inverted profiles. Additional scatter 27 

observed in the dual frequency inversions was modelled in terms of the ratio between the 28 

attenuation coefficients at each frequency and compared to the experimental error. A ratio < 0.6 29 

between the attenuation coefficients is suggested to sufficiently minimise errors in the dual 30 

frequency inversion.  31 

 32 
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Acoustic Backscatter; Suspensions; Sediment; Particle characterisation; Concentration 34 
measurement; Rayleigh scattering. 35 

1 Introduction 36 

The monitoring of suspended sediment size and concentration is of great importance for both 37 

environmental and engineering purposes. For example, in fluvial and coastal environments, 38 

physical sampling can become impractical due to natural turbulence and high flow rates 39 

limiting the spatiotemporal resolution of the measurements [1]–[4]. Likewise, engineering 40 

processes typically have restricted access or large costs associated with sampling due to either 41 

the hazardous nature of the processes or the materials used, such as in nuclear waste treatment 42 

[5], [6]. Thus, there is a critical need for remote, flexible techniques for monitoring particle 43 

concentration in aqueous environments that are also robust to changes in particle properties, as 44 

well as hardware and analysis methods that minimise space requirements in restricted 45 

environments [7]–[11]. 46 

 47 

Acoustic backscatter systems (ABS) and Doppler profilers are used routinely to study sediment 48 

transport in coastal and estuarine environments [12], where concentration information can be 49 

gained from the intensity of the backscattered signal at different echo distance points from the 50 

transducer [13], [14]. While current characterisation methods are adequate for dilute granular 51 

sediments, there are important analytical limitations with fine or polydisperse particles, and 52 

also critically, in concentred suspensions of relevance to engineering systems, such as 53 

multiphase mixing and separation operations [11]. According to single (dilute limited) 54 

scattering models, as derived by Thorne and Hanes [12], if particle scattering properties remain 55 

constant with distance, the decay of the acoustic signal caused by the sediment should vary 56 

linearly on a logarithmic scale with concentration, where the sediment attenuation coefficient, 57 

ξ, should be an intrinsic particle property. The limit of this predicted relationship has been a 58 

subject of study for many groups [6], [15]–[22]. At high concentrations, inter-particle distances 59 

decrease and multiple scattering effects are enhanced, causing deviation in the attenuation 60 

response. These functional changes are not able to be analytically quantified currently, 61 

significantly limiting the application of acoustics as concentration profilers. For example, non-62 

linearity between attenuation and concentration was observed by Hipp et al. [23] to become 63 

more pronounced at low particle sizes and frequencies, where viscous attenuation dominates. 64 

However, a fuller understanding of the particle concentration and size limits where multiple 65 

scattering dominates is lacking.  66 
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 67 

For scattering attenuation, which is the increasingly dominant mode of attenuation as the 68 

product of the acoustic wavenumber, k, and the particle radius, a, increases toward unity [24], 69 

it was found by Shukla et al. [25] that for glass beads of ~ 40 – 120 µm in oil and water using 70 

broadband transducers, the attenuation increased linearly with concentration up to 6 %v/v for 71 

the largest particle size and up to 18 %v/v for the smallest particle size, highlighting the size 72 

dependency of the multiple scattering limit. Multiple scattering has also been shown to cause 73 

spreading of the acoustic signal over the time-domain [26], as found by Page et al. [27] for 74 

measurements through packed beds of glass beads, where the received pulse was spread over 75 

a much larger time domain, suggesting longer path lengths travelled by the multiple scattered 76 

wave. As ABS uses a fixed sound velocity to convert the time-domain signal into distance, 77 

multiple scattering would lead to additional signal components that may increase the overall 78 

noise in the system. It would therefore be invaluable to determine an optimal particle size and 79 

frequency for which the linear relationship between attenuation and particle concentration is 80 

maximised, such that scattering attenuation is the dominant mechanism and the signal is not 81 

overly diminished through multiple scattering. These limits may be more readily avoided by 82 

using broadband transducers pulsed over different narrowband ranges, for which the 83 

measurement frequency can be adjusted, and so their application is also of great interest. 84 

 85 

Quantitative analytical models that relate the backscattered acoustic signal received by an 86 

active piezoelectric transducer [12], [28] to characterise the concentration of particles in 87 

suspensions have been developed by a number of previous authors [2], [19], [29]–[33]. While 88 

a range of methods exist to average received signal peak intensity against particle level ([7], 89 

[10]), these do not provide a means to profile with distance, although they may provide an 90 

additional estimate for the average concentration that can be used to constrain results from a 91 

comparative measurement. For profiling techniques, in summary, if the backscatter and 92 

attenuation coefficient parameters of a suspension are known or can be estimated, then a 93 

particle concentration profile can be produced using either single frequency [12] or dual 94 

frequency inversion methods [34]. The advantage of multi-frequency methods are that they 95 

eliminate numerical instabilities in the farfield, normally associated with other inversion 96 

approaches [2], [29], [30]. Nevertheless, the use of multi-frequency techniques normally 97 

requires multiple discrete probes, which considerably limits their application in restricted 98 

engineering environments, and issues may arise if transducers cannot be collocated. As an 99 

alternative, it may be possible to utilise broadband probes that can be pulsed at multiple 100 
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frequencies, provided a sufficient difference in attenuation is observed between the 101 

measurement frequencies [8]. In general, research is required to provide a greater 102 

understanding of the limitations of both prediction of acoustic constants and subsequent 103 

concentration inversion for non-cohesive sediment using ABS. 104 

 105 

Therefore, in this study, a calibration method proposed by Rice et al. [8] with the subsequent 106 

modification by Bux et al. [35], was used in order to find the backscatter cross-section, χ, and 107 

form function, f, of a range of glass dispersions. The method is straightforward and requires 108 

only a few measurements at known, homogeneous concentrations. It also provides a means to 109 

study the change in acoustic attenuation with sediment concentration so that results can be 110 

compared with existing literature [17], [36]. Values for f and χ were determined for three sizes 111 

of glass spheres and three frequencies by pulsing broadband transducers at +/- 10 % of the 112 

central frequency, in order to assess their ability to accurately observe changes in acoustic 113 

constants over their available bandwidth, thus reducing the space required for additional 114 

telemetry. The form function and scattering cross-section were then compared to values 115 

determined using the heuristic model from Betteridge et al. [37] in conjunction with Urick’s 116 

model for viscous absorption [38]. The backscatter voltage responses were inverted to produce 117 

concentration profiles using the single frequency method given by Thorne and Hanes [12] and 118 

the dual frequency inversion originally proposed by Bricault [39] that has been utilised 119 

previously by Hurther et al. [34] and Rice et al. [8] for similar systems. However, the use of 120 

dual frequency inversions have not yet been applied to single broadband transducers pulsed at 121 

multiple frequencies, which could critically increase the amount of data obtained for a given 122 

amount of hardware/telemetry space. A novel method for determining the nearfield correction 123 

factor that corrects the ABS response close to the probe is also demonstrated and applied to 124 

inversion results, to improve fits for space-restricted geometries, such as pipe flows.  125 

 126 

2 Measurement principle and acoustic modelling 127 

The following model (Eqn. 1) as presented by Thorne and Hanes [12], gives the variation of 128 

acoustic backscattered voltage, V, with distance from the transducer face, r, for a given mass 129 

concentration of suspended particles, M, for single particle scattering. Here additionally, ks is 130 

the particle backscatter constant that describes the backscattering strength of the particle 131 

species, αs  is the particle attenuation constant, αw is the attenuation due to water, ψ is the near 132 
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field correction factor (NFCF) and kt is the transducer constant, which captures the inherent 133 

gain of the system and probe characteristics. 134 

 𝑉(𝑟) = 𝑘௧𝑘௦𝑀ଵଶ𝑟𝜓 𝑒ିଶ(ఈೢାఈೞ) 1 

Physically, the pre-exponential term encompasses the portion of the wave that is reflected at 135 

180 back to the transducer, while the exponential represents the portion of the signal that is 136 

attenuated by the fluid and sediment. The nearfield correction factor (the limit of which is unity 137 

in the farfield) can be estimated using the correlation given by Downing et al. [40] (Eqn. 2) 138 

that describes the non-spherical spreading of the acoustic signal in the transducer nearfield, 𝑟 139 

(Eqn. 3), in terms of the ratio of the measurement distance to the nearfield distance, 𝑧 (Eqn. 4). 140 

Here, additionally, 𝑎௧ is the transducer radius and 𝜆 is the wavelength of the ultrasonic signal. 141 

There exists some debate over the mathematical definition of the nearfield distance of 142 

ultrasonic transducers with various prefactors suggested for the మఒ  term [41]. The prefactor of 143 

π was selected here as results were to be compared to those produced by Downing et al. [40]. 144 

Results presented in Section 3.3 indicated that the error fell close to zero at z = 1 using this 145 

definition for the nearfield, and so it has been assumed to be sufficiently accurate for the 146 

analysis procedure. 147 

 𝜓 = 1 + 1.35𝑧 + (2.5𝑧)ଷ.ଶ1.35𝑧 + (2.5𝑧)ଷ.ଶ  2 

               𝑟 = 𝜋𝑎௧ଶ𝜆  3 

𝑧 = 𝑟𝑟  4 

The particle species backscatter constant (ks) can be found using Eqn. 5, where a is the particle 148 

radius, ρs is the particle density and f is the dimensionless form function. Here, the angled 149 

brackets indicate a number averaged over the particle size distribution. 150 

 𝑘௦ = 〈𝑓〉ඥ𝑎𝜌௦ 5 

The attenuation due to water at zero salinity, 𝛼௪ (in m-1) is defined by Rice et al. [8] derived 151 

from equations by Ainslie and McColm [42] and is shown in the Electronic Supplementary 152 

Materials (ESM) Eqn. S.1. The sediment attenuation constant, αs (also in m-1) is given by 153 

Thorne and Hanes [12] (Eqn. 6).  154 
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 𝛼௦ = 1𝑟 න 𝜉(𝑟)𝑀(𝑟)𝑑𝑟
  6 

Here, ξ (in m2 kg-1) is the concentration independent sediment attenuation coefficient, as 155 

expressed in Eqn. 7, where χ is the dimensionless normalised total scattering cross-section. 156 

 𝜉 = 3〈𝜒〉4〈𝑎〉𝜌௦ 7 

Heuristic expressions for 𝑓 and χ have been determined previously for spherical glass beads by 157 

Betteridge et al. [37] (see ESM, Eqns. S.2 and S.5) in terms of the acoustic wavenumber, k, of 158 

the ultrasound and the particle radius, a. This set of equations assumes that no multiple 159 

scattering occurs, such that the signal reflected from each particle is not affected by the 160 

neighbouring particles.  161 

 162 

If viscous losses are to be accounted for when ka << 1, then Urick’s model [38] can be used 163 

to calculate an additional attenuation term, χୱ୴, caused by visco-inertial interactions between 164 

the particles and surrounding fluid. The additional viscous cross-section term is shown in Eqn. 165 

8, in terms of the density ratio between the spheres and the surrounding fluid (𝛾) and 𝛽 =166  ඥ𝜔/2𝜈 and represents the inverse of the viscous boundary layer thickness, ω is the acoustic 167 

angular frequency and v is the kinematic viscosity of water. 168 χୱ୴ = 23 𝑥(𝛾 − 1)ଶ 𝜏𝜏ଶ + (𝛾 + 𝜃௩)ଶ 

 

8 

𝜏 = 94𝛽𝑎 (1 + 1𝛽𝑎) 

 

9 

𝜃௩ = 12 (1 + 92𝛽𝑎) 10 

 𝜒 = 𝜒௦௦ + 𝜒௦௩ 
 

11 

By using heuristically or experimentally determined values of f and χ, and accounting for 169 

viscous attenuation when it is significant compared to the sediment and water attenuation, 170 

Eqns. 5 - 7 can be substituted into Eqn. 1, leaving only the transducer constant, kt, as an 171 

unknown. Acoustic measurements on homogeneous suspensions of particles at fixed low 172 

concentrations with known scattering properties can then be used to find kt, using Eqn. 12 173 

(detailed by Betteridge et al. [37]). 174 
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 𝑟𝜓𝑉(𝑟)𝑘௦√𝑀 𝑒ଶ(ఈೢାఈೞ) = 𝑘௧ 
12 

   

2.1 G-function modelling 175 

In order to be able to determine the attenuation coefficient in arbitrary suspensions, previous 176 

authors [1], [8], [43], [44] have linearised Equation 1 with respect to distance, by taking the 177 

natural logarithm of the product of the measured voltage, 𝑉௦, and the distance from the 178 

transducer, r, to produce the ‘G-function’ (as denoted by Rice et al. [8]) and shown in Eqn. 13. 179 

 𝐺 = ln(ψ𝑟𝑉௦) = ln(𝑘௦𝑘௧) + 12 𝑙𝑛𝑀— 2𝑟(𝛼௪ + 𝛼௦) 13 

Where 𝛼௪ and 𝛼௦ are the attenuation due to the water and sediment respectively and ks and kt 180 

are the backscatter and tranducer constants. If the particle concentration, M, does not change 181 

with distance from the transducer, r, the derivative with respect to r gives Eqn. 14. 182 

 𝜕𝐺𝜕𝑟 = −2(𝛼௪ + 𝛼௦) 14 

With the requirement that such a relationship only holds for a homogenously mixed system. 183 

Applying this same condition to Eqn. 6 gives Eqn. 15, where 𝜉 again is the concentration 184 

independent attenuation coefficient. 185 

 𝛼௦ = 𝜉𝑀 15 
Substituting Eqn. 15 into 14 and differentiating with respect to the mass concentration, M, 186 

produces Eqn. 16. 187 

 𝜉 = − 12 𝜕ଶ𝐺𝜕𝑀𝜕𝑟 16 

Thus, by taking the gradient of G plotted against distance, డீడ  can be determined at multiple 188 

concentrations for a given particle system. This derivative can then be plotted against 189 

concentration, where the gradient of the linear fit is used to determine 𝜉 via Eqn. 16. 190 

 191 

A procedure following the G-function method is also given by Bux et al. [35] for calibration 192 

of the transducer constant, kt, for any transducer types, ks. The method uses measured values 193 

of attenuation coefficients in well characterised spherical glass dispersions and heuristic 194 

expressions for the form function, f, such as that provided by Betteridge et al. [37] (e.g. ESM, 195 

Eqn. S.2). Once kt is defined for specific transducers, attenuation and scattering coefficients 196 
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can be found for any arbitrary suspensions, allowing estimation of concentration profiles using 197 

inversion methods. 198 

 199 

2.2 Single frequency inversion 200 

To convert the raw backscattered signal (Vrms) to a mass concentration, Eqn. 1 must be solved 201 

for M. If only one frequency is available, an estimate must be made for the average particle 202 

size ,<a>, to allow the backscatter constant, ks, and the attenuation coefficient, ξ, to be 203 

calculated using Eqns. 5 and 7. As long as the transducer constant, kt, is known and Mξ ≪ 1 204 

then 𝛼s can be assumed to be zero yielding the relationship [12]. 205 

 𝑀 = ൜𝑉௦𝜓𝑟𝑘௦𝑘௧ ൠଶ 𝑒ସఈೢ  17 

As all terms on the right are known, a concentration profile can be produced. If it cannot be 206 

assumed that αs≈ 0 then an iterative approach is used. The first calculation is performed 207 

assuming αs≈ 0 the result of which is fed into Eqn. 18 to predict a new value for M, 208 

 𝑀ଵ = 𝑀𝑒ସఈೞ  18 
where 𝛼௦ is obtained using the newly found 𝑀 profile. This process is repeated until 𝑀 and 209 𝑀ାଵ are convergent. This is known as the implicit iterative approach. Caution must be used 210 

as the iterative feedback between 𝑀 and 𝛼௦ is positive and can cause the solution to diverge to 211 

zero or infinity due to feedback errors as the distance from the transducer increases [12].  212 

 213 

2.3 Dual frequency inversion 214 

If two frequencies are available, then a dual-frequency approach can be adopted to eliminate 215 

the cumulative error associated with the single-frequency approach [12]. The model, as 216 

described by Rice et al. [8], is shown in Eqns. 19-24. Eqn. 19 essentially gives the squared 217 

form of Eqn. 1 simplified to two terms, J(r) and 𝛷ଶ(𝑟). The J(r) term (Eqn. 21) contains the 218 

sediment attenuation coefficient, 𝜉, and mass concentration, M, while 𝛷ଶ(𝑟) (Eqn. 20), 219 

contains the sediment backscatter and transducer constants, ks and kt, the attenuation due to 220 

water, 𝛼௪, and the nearfield correction factor 𝜓. 221 𝑉ଶ(𝑟) = 𝛷ଶ(𝑟)𝐽(𝑟) 

 
19 

𝛷ଶ(𝑟) = ൬𝑘௦𝑘௧𝜓𝑟 ൰ଶ 𝑒ିସఈೢ  
 

20 
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𝐽(𝑟) = 𝑀𝑒ିସ ∫ క()ெ()ௗೝబ = 𝑉ଶ(𝑟)𝛷ଶ(𝑟) 21 

If the particle size, and therefore 𝜉 and 𝑘௦, do not change with distance from the probe, then 222 

the attenuation coefficient can be moved outside of the integrals, giving Eqn. 22. 223 𝐽(𝑟) = 𝑀𝑒ିସక ∫ ெ()ௗೝబ   22 

Where i = 1, 2 for probe frequencies 1 and 2 (2.00 and 2.50 MHz in this study). Dividing Eqn. 224 

22 by M, taking the natural logarithm and dividing by ξi yields Eqn. 23. 225 ൬𝐽ଵ𝑀൰ஞమ = ൬𝐽ଶ𝑀൰ஞభ
 23 

Finally, rearranging for M gives Eqn. 24. 226 𝑀 = 𝐽ଵ൬ଵିஞభకమ൰షభ𝐽ଶ൬ଵିஞమకభ൰షభ
 24 

For this method, the attenuation ratio ξ1/ ξ2 must be sufficiently different from unity to prevent 227 

mathematical instabilities and subsequent errors. A single broadband transducer could 228 

therefore possibly be used for quasi-simultaneous measurement in co-located sample volumes, 229 

when pulsed with narrowband excitation at multiple frequencies. However, the attenuation 230 

coefficient must be measured at each frequency and be sufficiently different to have an the 231 

accurate and stable inversion [34], which is a critical focus of investigation in this study.  232 

 233 

An equation for calculating the relative (mean-normalised) error in the dual-frequency inverted 234 

concentration, ఋெெ , in terms of the attenuation ratio and relative error in the measured scattering 235 

constant at a single frequency, ఋభభ , has been derived previously by Rice et al. [8] (ESM, Eqns. 236 

S.7-S.20) and is extended here to include the relative error at the second frequency ఋమమ . The 237 

result is shown in Eqn. 25. As the ratio ξ1/ ξ2 approaches unity, then the terms inside the bracket 238 

will approach infinity causing mathematical instabilities in the concentration inversion. 239 

 240 𝛿𝑀𝑀 = ඨቆ−2 ൬1 − 𝜉ଵ𝜉ଶ൰ିଵ ฬ𝛿𝐾ଵ𝐾ଵ ฬቇଶ + ቆ−2 ൬1 − 𝜉ଶ𝜉ଵ൰ିଵ ฬ𝛿𝐾ଶ𝐾ଶ ฬቇଶ
 

25 

 241 

3 Materials and methods  242 

3.1 Materials characterisation 243 
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Three sizes of spherical glass beads (Honite 22, Honite 16 and Honite 12) purchased from 244 

Guyson International Ltd, UK [45] were used as test materials. They are ideal acoustic 245 

scatterers and both heuristic expressions [37] and experimental methods [8], [35] exist to 246 

determine their acoustic scattering and attenuation properties. Particle size was measured using 247 

a Mastersizer 2000T (Malvern Panalytical Ltd., UK) with median (d50) values of 40, 78 and 248 

212 μm given in Table 1 (size distributions are shown within the ESM, Fig. S.1). The size 249 

distributions are relatively monodisperse as indicated by the small coefficient of variation, 250 

(COV, the standard deviation divided by the mean) for each size.  251 

 252 

Table 1 Median particle size data and variation statistics for the particles used in this study. 253 
Material Name Particle d50 (µm) Coefficient of Variation  

Honite 22 40 0.31 

Honite 16 78 0.29 

Honite 12 212 0.27 

 254 

In order to confirm the morphology of the glass species, scanning electron microscopy (SEM) 255 

images were taken using a TM3030 Plus desktop SEM (Hitachi High-Technologies 256 

Corporation, Europe) and are shown within the ESM, Fig. S.2. Although small surface defects 257 

and shape deviation are evidenced, the glass particles are observed to be highly spherical. 258 

 259 

3.2 Experimental methodology 260 

The acoustic backscatter system used was a bespoke device developed at the University of 261 

Leeds; the Ultrasound Array Research Platform (UARPII-16), featuring 16 individual 262 

transducer connections [46]. A high measurement speed is necessary to achieve real-time 263 

measurement to reduce the time averaging effects inherent in taking the root mean square of 264 

multiple measurements. The data path within the instrument is pipelined such that while a 265 

measurement is in progress, received data is stored in local memory in real-time while prior 266 

measurements can be downloaded from the instrument for analysis [47].  267 

 268 

The UARP modules are built around an Altera Stratix V field-programmable gate array 269 

(FGPA) and feature commercial off-the-shelf transmit and receive front end integrated circuits 270 

[48]. The transmit signal used was a switched mode waveform, with five discrete voltages of  271 

-96V, -48V, 0V, 48V and 96V. Through the use of Harmonic Reduction Pulse Width 272 
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Modulation (HRPWM) an excitation waveform with reduced harmonic content and time-273 

varying frequency and amplitude can be made.  274 

 275 

The receive path is based around integrated analogue front-end circuits, combining multi-stage 276 

amplification, filtering and analogue to digital conversion. High speed serial digital data is 277 

received by the FGPA and stored in local memory [48]. The UARP is controlled using a custom 278 

MATLAB (Mathworks, USA) interface. All raw data was processed in real-time for operator 279 

feedback and archived for further offline processing [49]. 280 

 281 

Eight identical immersion transducers with a 2.25 MHz central frequency and 0.25 in. 282 

(63.5 mm) diameter elements were tested (Olympus NDT V323-SM). As an example of the 283 

system scattering regime, the corresponding ka values for each glass particle size studied, when 284 

insonified at the central 2.2.5 MHz frequency, are 0.19, 0.37 and 1.01, for the 40, 78 and 285 

112 µm particles respectively. A Harmonic Reduction Pulse Width Modulation (HRPWM) 286 

algorithm was used to create three separate transmit waveforms in turn, with local central 287 

frequencies of 2.00, 2.25 and 2.50 MHz, each with Hann windowing and a 5 µs duration. The 288 

received echo voltage was recorded using 31172 points spaced over the 0.3 m range with 289 

10,000 repeat measurements made over a 5-minute period, resulting in a ~85 dB noise floor 290 

after signal processing. An example of the excitation signal for the central 2.25 MHz frequency, 291 

as well as an example of the time-domain received signal (for the case of 78 µm particles at a 292 

nominal concentration of 2.5 g/l) are shown within the ESM (Fig S.3). 293 

 294 

The transducers were placed in an impeller-agitated, 0.8 m tall, 0.3 m diameter calibration 295 

arranged radially, facing perpendicular to the tank base, with the experimental setup illustrated 296 

schematically in Figure 1 (a further image of the system is shown within the ESM, Fig. S.4). 297 

A pump was used to recirculate settling suspension from the conical base of the tank to a 298 

manifold arranged at the top of the tank, to prevent particles from settling out and ensure good 299 

levels of mixing. Suspension samples were taken at three depths simultaneously using a multi-300 

headed peristaltic pump, and particle concentrations determined gravimetrically (see the ESM, 301 

Fig. S.5), where good homogeneity was evidenced for all nominal concentrations. 302 

Measurements taken at eight nominal particle concentrations ranging from 2.5 to 133.7 g l-1.  303 

 304 
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 305 

Figure 1: Schematic of the experimental setup used for acoustic backscatter measurements, where the 306 
crossed orange circles indicate sample points and grey bars represent the location of baffles. 307 

 308 

3.3 Acoustic analysis  309 

In order to determine the acoustic attenuation constant, ξ, and subsequently the scattering cross 310 

section, χ and form function, f for each glass species, the extended G-function method [8], [35] 311 

was applied (Eqns, 13–16). A flowsheet is given within the ESM (Fig. S.6) that demonstrates 312 

this procedure. 313 

 314 

To improve results in the nearfield (taken as 14–50 mm from the probe face), an alternative 315 

correction factor, 𝜓ீ , to that proposed by Downing et al. [40] was modelled. Here, 𝜓ீ  was 316 

calculated on the basis that the resultant G-function profile (given by Eqn. 13) would maintain 317 

the expected linear relationship predicted by dG/dr, when using the newly modelled 𝜓ீ  in 318 

place of 𝜓. The same form of the equation proposed by Downing et al. [40], in terms of the 319 

ratio of the measurement distance to the nearfield distance, was used to fit the model parameters 320 

(an) to minimise the objective function, H, shown in Eqn. 26. A numerical fitting procedure 321 

was performed using MATLAB, with a non-linear least squares fit (where subscripts i and j 322 

indicate each concentration and insonification frequency respectively). A lower and upper 323 

bound of 0.1 and 10 were used for the model parameters, and initial values for each variable 324 

were identical to those in the original model (Eqn. 2). 325 
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 ቈ𝒆𝒙𝒑 ቆ𝒅𝑮𝒊𝒋𝒅𝒓 𝒓 + 𝒄𝒊𝒋ቇ − 𝑽𝒊𝒋𝒓 − 𝒂𝟏 + 𝒂𝟐𝒛 + (𝒂𝟑𝒛)𝒂𝟒𝒂𝟐𝒛 + (𝒂𝟑𝒛)𝒂𝟒 𝒏
𝒊,𝒋 = 𝑯 

26 

 326 

Single and dual frequency concentration profiles were inverted from experimental data using 327 

Eqns. 17 - 18 and Eqns. 19 – 24, as described. For the single inversions, only a single iteration 328 

was undertaken, with the initial guess for the concentration set to be equal to the nominal 329 

particle concentration (confirmed from sample data). For the dual-frequency concentration 330 

inversions presented in Section 4.3, individual discrete frequency data were analysed and 331 

averaged together for the total measurement times, using the method presented in Section 2.3. 332 

 333 

4 Results and discussion 334 

4.1 Determination of acoustic constants and near field correction factor 335 

modelling 336 

Examples of typical decibel profiles for a single probe collected with the UARP, are shown in 337 

Figure 2 (a)-(c) for all three particle sizes at three concentrations; measured using the central 338 

frequency of the transducer (2.25 MHz). Once outside of the near field (~0.05 m from the 339 

transducer) a logarithmic decay of the signal with distance (on a decibel scale) is observed. 340 

This relationship is governed by both scattering and attenuation parameters (Eqn. 1). On a 341 

decibel scale (dB = 20 log10 (VRMS)) the negative linear slope with distance is determined by 342 

the attenuation parameters and the logarithmic decay by the inverse relationship between 343 

voltage and distance, typical of moderately attenuating suspensions [19].  344 

 345 
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 346 

Figure 2: Acoustic backscatter profiles (a) – (c), uncorrected G-function translations (d) – (f), and 347 
corrected G-function translations using fitted Nearfield Correction Factor (NFCF) (g) – (i), for 40, 78 and 348 

212 μm glass particles at three concentrations. Data are for the central 2.25 MHz frequency.  349 
 350 

Using Eqn. 13, the backscatter signals were converted to G-function values and are shown in 351 

Figure 2 (d)-(f). The expected linear relationship between the G-function and distance is 352 

observed outside of the near field, confirming the homogeneity of the system [8]. Within the 353 

nearfield (r < 0.05 m) there is a significant reduction in values at distances close to the 354 

transducer when no near field correction factor is applied, due to non-spherical spreading of 355 

the acoustic signal causing backscattered power to be reduced [40]. Very small positive G-356 

function gradients are also seen for the lowest concentration of 40 μm glass beads, likely due 357 

to a low signal to noise ratio, caused by the decreasing backscattering constant, ks, as particle 358 

size is decreased [12]. For the 212 μm glass particles and concentrations above ~70 g l-1, there 359 

is a notable change in the gradient of the G-function with distance at ~0.09 m. It would appear 360 

from results presented here that non-linearity of the backscattered signal with distance occurs 361 

below a G-function value of around -11. Below this value, it is assumed that the signal 362 

approaches the instrument noise floor, causing the non-linearity observed in the G-function. 363 

Indeed, a decrease in the signal-to-noise ratio with increasing concentration (and hence 364 

attenuation) has been observed previously by other authors [50], [51] and is attributed to the 365 



Author Accepted Manuscript for: https://doi.org/10.1016/j.apacoust.2021.108100  Green OA  

15 
 

fact that high levels of attenuation will be measured by the transducer as an incoherent signal 366 

(i.e. additional noise).  367 

 368 

It is also likely that at high concentrations, inter-particle distance is small enough so that 369 

substantial multiple scattering of the compressional wave between particles occur [52]. As the 370 

primary mode of attenuation for large particles, where ka approaches 1, is scattering attenuation 371 

(as opposed to primarily viscous attenuation as ka approaches zero) then this result may be 372 

expected to be most prominent for the largest particle size, as is observed in Figure 2. For the 373 

larger particles, the scatter-attenuation will be greater and not limited to the viscous boundary 374 

layer width [16] and therefore allowed to propagate through the dispersion, leading to increased 375 

system noise and complex decay of the signal with distance. Additionally, spreading of the 376 

received acoustic signal over a greater time domain (equivalent to distance in the experimental 377 

setup) has also been observed over very short distances (~10 mm) in transmission setups by 378 

other authors [26], [27] for large glass beads at high concentrations, as well as in backscattering 379 

setups by Tourin et al. [53], which may also be contributing to the complex signal decay with 380 

distance.  381 

 382 

To improve G-function fits in the nearfield, the alternative correction factor, 𝜓ீ , to that 383 

proposed by Downing et al. [40], was modelled using Eqn. 26. The newly modelled near field 384 

correction factor ψG (discussed presently in relation to Fig. 3) was used to generate corrected 385 

G-function profiles, as shown in Figure 2 (g)-(h). The fitted correction factor noticeably 386 

improves the profiles in the nearfield region and would therefore allow for more accurate 387 

backscatter determination in applications where dispersion attenuation or physical geometry 388 

limits the available measurement range. Fig. 3 (a)-(c) shows the fitted data used to produce the 389 

ψG for all three particle species. Data for certain probes and concentrations were omitted when 390 

the data lay outside twice the root-mean square error of the initial model fit. Data above 391 

concentrations of ~70 g l-1 were also excluded, as they were found to predict significantly lower 392 

values for ψG compared to other particle sizes and concentrations. 393 
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 394 
Figure 3: Fitted Near Field Correction Factor (NFCF) model for (a) 40 μm, (b) 78 μm, and (c) 212 μm 395 

glass particles. 396 
 397 

Comparison to the NFCF model proposed by Downing et al. [40] (Eqn. 2) is shown in Figure 398 

4. The two models are in general in close agreement, although it can be observed that the 399 

modified ψG is consistently above the value predicted by the original NFCF. The cause of the 400 

deviation is likely due to small imperfections in the transducer shape and surface affecting the 401 

nearfield spreading characteristics of the acoustic signal. As expected also, ψG does not vary 402 

considerably with particle size [40]. In general, because fitting of the model was not 403 

computationally intensive and was easily implemented using MATLAB, it is recommended 404 

that the NFCF method presented here is incorporated whenever a transducer calibration is 405 

performed for a given set of probes, if measurements in the nearfield are to be used for further 406 

analysis. This procedure would subsequently improve measurements in zones close to the 407 

transducer such as in pipe flow applications [8], [54] and when taking backscatter 408 

measurements in highly attenuating or concentrated dispersions [19], [55]. 409 

 410 
Figure 4: Comparison of fitted NFCF against Downing et al. [40] model for 40, 78 and 212 μm glass 411 

particles. 412 
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 413 

The gradient dG/dr values versus concentration are presented in Figure 5 for the three particle 414 

types, with dashed linear interpolations indicating the fits taken to calculate the attenuation 415 

coefficient (Eqn. 16). The dG/dr values were determined by assessing the gradient of the G-416 

function profiles (Figure 2) between 0.05–0.24 m from the transducer, where the distance range 417 

was adjusted if required, to obtain the most negative value for the gradient while maintaining 418 

a minimum range of 0.05 m and ensuring that data below the noise floor (set as -85 dB) were 419 

excluded. Adjustments were required for the 40 μm glass beads at the lowest concentration, 420 

due to the artificial positive gradient, a result of a low signal-to-noise ratio, and for certain 421 

systems at high concentrations to mitigate the effect of multiple scattering on the attenuation 422 

at greater distances (e.g. the 212 μm glass particles at 78.8 gl-1 in Fig. 2).  423 

 424 

 425 

Figure 5: Gradient change in the G-function with distance (dG/dr) versus particle concentration for (a) 40 426 
μm, (b) 78 μm and (c) 212 μm glass particles. 427 

 428 

The expected linear gradient is observed with all concentrations for the 40 and 78 μm glass 429 

particles and fits generally had R2 values of ~0.99, while the 212 μm glass particle R2 value 430 

was ~0.92. With respect to the 212 μm glass particles results (Figure 5 (c)), there is a clear 431 

concentration limit at which the measured attenuation is no longer proportional to 432 

concentration. A similar concentration limit in transmission measurements has been observed 433 

by both Stolojanu and Prakash [17] and Atkinson and Kytömaa [36] for glass particles in water, 434 

as well as other authors for differing particle systems [23], [25], [56], [57] and is widely 435 

attributed to an increase in multiple scattering effects [54]. It is also noted that both authors 436 

[23], [32], observed an increase in this non-monotonic behaviour as ka increases towards unity, 437 

an effect also observed in the experimental results in Figure 5. As discussed previously in 438 

relation to Fig. 2(i), there is additionally a change in the gradient of G-function with distance, 439 

which may also be an indication of strong multiple scattering effects.  440 
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 441 

For a multiple scattered signal to contribute significantly, the signal attenuation (either from 442 

non-directional scattering or absorption) must be large when compared to the portion of the 443 

signal that is backscattered. If the attenuation due to water is assumed to be small, the 444 

exponential term in Eqn. 1 effectively gives the fraction of the signal that is not scatter-445 

attenuated by the sediment and is received by the transducer, while the remaining portion is 446 

scattered into the surrounding medium. Therefore, when the value of the exponential term 447 

approaches 0 (i.e. when the overall sediment attenuation coefficient is very large) only a small 448 

fraction of the acoustic signal is received by the transducer. In these conditions, multiple 449 

scattering effects would be expected to become important and would increase with 450 

concentration, distance and sediment attenuation, as can be observed in Figure 5 for the large 451 

glass. It is important to note that the multiple scattering effects differ in nature to those observed 452 

for colloidal dispersions [23], [58], where viscous attenuation dominates and overlap of the 453 

viscous boundary layers may cause decreases in attenuation. It is proposed here that the 454 

decreasing linearity of attenuation with concentration at high solids loading is caused by 455 

incoherent multiple scattering, leading to an increase in the noise floor at greater distances from 456 

the transducer, thereby causing the non-linearity of the signal and the observed reduction in 457 

attenuation at greater distances. 458 

 459 

Having determined the attenuation coefficients from the straight-line fits in Figure 5, the 460 

extended G-function method was then applied, where Eqn. 12 was used to obtain profiles of 461 

the calculated transducer constant, kt with distance, for the lowest two particle concentrations 462 

(2.5 and 5 g l-1). Nominal concentration values were used in conjunction with the measured 463 

attenuation coefficient and a heuristically estimated scattering constant from the Betteridge et 464 

al. [37] correlations as described (ESM, Eqns. S.2–S.6). The kt profiles were concentration and 465 

distance averaged over 0.1-0.2 m from the transducer for the 40 μm and 78 μm glass particles 466 

to avoid any potential near field effects and over 0.04-0.1 m for the 212 μm glass particles, due 467 

to limitations caused by the higher attenuation. Having found kt, Eqn. 12 was rearranged so 468 

that ks profiles could be recalculated using the nominal concentration and attenuation 469 

coefficient. As kt and ks are calculated through the same equations and set of experimental 470 

values, they have the same effective profile with distance and are inversely proportional. 471 

Example profiles for kt are provided within the ESM (Fig. S.7) with all kt values found for each 472 

probe, particle size, and frequency, also given for completeness (ESM, Table S.1).  473 

 474 
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Figure 6 presents examples of the calculated ks, as a function of distance for each particle size 475 

at the central frequency for a single probe. Although it should be constant with range according 476 

to Eqn. 1, ks increases exponentially with distance at higher concentrations for the 212 μm glass 477 

particles, where a less significant, but similar, trend is observed for both the 40 and 78 μm 478 

species. A likely factor contributing to this effect is the overall decreased contribution of the 479 

scattering term to the backscattered signal when attenuation effects begin to dominate. Small 480 

errors or deviations in the estimation of the attenuation coefficient can therefore cause large 481 

deviations in the calculation of ks at high concentrations, as any deviation in ξ will be multiplied 482 

through by the concentration value (Eqn. 1). As proposed, multiple scattering may be 483 

pronounced for highly scatter-mode attenuating particles, causing the observed attenuation 484 

(assumed to be constant for calculation of ks) to decrease with distance. This effect was 485 

observed, in particular, with the G-function results for the 212 μm glass particles (Figure 2 (f)), 486 

which would subsequently cause the overestimation of the attenuation at greater distances 487 

causing the non-linearity in ks.  488 

 489 

 490 

Figure 6: Calculated backscatter coefficient, ks,, versus distance for (a) 40 μm, (b) 78 μm and (c) 212 μm 491 
glass particles. Shown are data for the central frequency (2.25 MHz). 492 

 493 

4.2 Comparison of particle scattering and attenuation coefficients to model 494 

values 495 

Figure 7 presents a comparison of the experimental values for the scattering cross-section, χ, 496 

averaged over the 8 probes used in the experiments (obtained using Eqns. 7, 14 and 16) to 497 

predictions from the heuristic Betteridge et al. [37] model, with incorporation of viscous 498 

adsorption effects using the model of Urick [38]. The attenuation coefficients from all probes 499 

that are used to calculate χ, are given in the ESM (Table S.2). It is observed that viscous 500 
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absorption has very little effect on the overall scattering cross section for the 212 μm glass 501 

particles, where ka ~1, and only a minor effect for the 78 μm glass particles. For the 40 μm 502 

glass particles, there is notable improvement in the prediction of the scattering cross-section 503 

when viscous losses are accounted for, indicating that viscous losses are large at ka < ~0.6. 504 

Additionally, the measured values for the 212 μm glass particles are slightly below those 505 

predicted from the model, which may be due to the influence of the particle size distribution. 506 

This trend would be consistent with the work of Thorne and Meral [59], who observed that χ 507 

was larger than would be predicted for a uniform size distribution for ka < 1 and lower than 508 

predicted for ka > 1, in moderately polydisperse systems.   509 

 510 

Figure 7: Measured total scattering cross-section (χ) for the three particle species at all frequencies (2, 511 
2.25 and 2.5 MHz) as a function of particle size (a) and wavenumber (k). Includes comparison to the 512 
Betteridge et al. scattering model [37] in conjunction with Urick’s model of viscous attenuation [38]. 513 

 514 

Using Eqn. 5, the form function, f, was calculated based on using a single distance-averaged 515 

mean value of ks from the low concentration experimental data (as shown in Figure 6) and 516 

modelled using Eqns. 5 and 12, presented as a function of ka for each particle size in Figure 8. 517 

A table giving distanced averaged ks values for all probes and all concentrations is shown 518 

within the ESM, Table S.3, for completeness. A good fit to the Betteridge et al. [37] model is 519 

again observed, indicating that the G-function calibration procedure is valid for calculating the 520 

particle backscatter coefficient, ks. However, it should be noted that there is a level of circularity 521 

in ks measurements, as the value of the transducer constant, kt, is estimated using the Betteridge 522 

et al. model [37] to initially estimate ks. Therefore, the values of ks, and hence f, would generally 523 

be expected to align well with the model. As the particle backscatter coefficient, ks, is taken as 524 
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an average value over a particular distance range, deviations from the model shown in Figure 525 

8 therefore represent the error due to both scatter in the value of ks with distance and complex 526 

decay of the signal, which subsequently causes distance non-linearity of ks as observed in 527 

Figure 6. 528 

 529 

 530 

Figure 8: Measured form function (f) as a function of ka for the three particle types at all frequencies (2, 531 
2.25, 2.5 MHz) in comparison to the Betteridge et al. model [37]. 532 

 533 

4.3 Single and dual frequency concentration inversions 534 

In order to determine the experimental limits of the single frequency (Eqns. 17 and 18) and 535 

dual frequency inversions (Eqn. 24) concentration profiles were measured for a broad regime 536 

in the homogeneously mixed calibration tank. Thus, the mean gravimetrically determined 537 

concentration could be used for comparison (i.e. experimentally, there was no deviation in 538 

concentration with depth). Individual values of ks for each concentration were used to account 539 

for ks variation at high concentrations. The same values were used for both the single and dual 540 

frequency inversion as the calibration tank was homogeneously mixed and so the particle size, 541 

and hence the scattering properties, would not be expected to change with distance [60]. Errors 542 

in the concentration profiles would therefore be expected to occur when the calculated ks profile 543 

deviates considerably from the constant value used in the inversion. It is important to note that, 544 

as ks is calculated using experimentally determined values of ξ (using Eqn. 16) any errors in 545 

the measured attenuation are reflected in ks. 546 

 547 
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Figure 9 presents the concentration profiles produced using Eqns. 17 and 18 with the 548 

experimentally determined nearfield correction factor (ψG). There is good agreement with 549 

average sample values (within 10%) for the smallest two sizes of glass particle at all but the 550 

highest concentrations, at least for moderate distances, while there is an increasing deviation 551 

with distance and concentration that is particularly prominent for the largest particle size. 552 

Similar results can be found in previous literature [19], [34] and are typically attributed to the 553 

fact that, as feedback is positive between the estimated concentration and sediment attenuation 554 

term, errors accumulate along the profile causing a solution that diverges to zero or infinity 555 

[12]. In contrast, for the data presented here, the gravimetrically measured concentration was 556 

used for the inversion calculation at all distances and so this positive feedback is avoided. As 557 

concentration and distance from the transducer increase, however, any error in the predicted 558 

attenuation coefficient, may be magnified through multiplication with distance and 559 

concentration when inverting for concentration (Eqns. 15, 17 and 18) and would contribute to 560 

an increasing error. Given that the straight line fits used to estimate the attenuation coefficient 561 

were accurate up to the highest measured concentrations for the 40 μm and 78 μm glass 562 

particles (see Fig. 5) it is therefore unlikely that a poor fit for estimating attenuation coefficient 563 

is the cause of the errors in the inversions for the smaller two particle sizes. The more probable 564 

cause is the previously discussed multiple scattering effects at greater concentrations and 565 

distances from the transducer (e.g. Figure 2 (f)) [12]. Such a result is not thought to indicate 566 

that the physical attenuation decreases at high concentrations and distances, but that multiple 567 

scattering presents a concentration limit for the theory used to calculate the scattering and 568 

attenuation parameters [8], [12], and results become invalid due to increased system noise.  569 

 570 

Figure 9: Single frequency inversion profiles for (a) 40 μm, (b) 78 μm and (c) 212 μm glass particles at 571 
2.25 MHz with nearfield correction factor. Legend entries indicate mean samples concentrations. 572 

 573 
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In order to eliminate the propagation of errors along the profile seen in the single frequency 574 

inversions, the dual frequency method (as described in Eqns. 19-24) [8], [34], [39]) was applied 575 

to the data using the experimentally determined values for ks and ξ. Figure 10 shows the dual 576 

frequency profiles obtained for each particle size at a frequency pairing of 2.00 and 2.50 MHz. 577 

The widest frequency spacing was chosen, as this offered the attenuation ratio most different 578 

from unity and therefore, it was assumed, the smallest relative error in the concentration 579 

inversion according to the relationship derived by Rice et al. [8] (Eqn. 25). It is observed that 580 

the dual frequency profiles obtain relatively accurate concentration profiles up to ~20 g l-1, 581 

above which the inversion diverges towards zero. Secondly, above ~20 g l-1, there is scatter 582 

that worsens with increasing particle concentration. This random deviation can be predicted 583 

using the equation derived by Rice et al. [8] (Eqn. 25) and would be expected to increase as 584 

the attenuation coefficient ratio కభకమ approaches unity. The additional error introduced by the dual 585 

frequency method, as compared to the single frequency inversions, is thus likely caused by 586 

insufficient differences in the attenuation coefficients at each frequency. It is also noted that 587 

the scatter is much more pronounced for the 40 μm glass compared to the other two particle 588 

sizes and may be related to a smaller change in the attenuation coefficient with frequency for 589 

the smaller particle. In general, as with the single frequency inversion, concentration 590 

predictions for the largest particles are the most poorly aligned. Thus, while using an 591 

attenuation ratio produces a more mathematically stable relationship, it cannot overcome 592 

significant effects of multiple particle scattering.  593 

 594 
Figure 10: Dual frequency inversion profiles for (a) 40 μm, (b) 78 μm and (c) 212 μm glass particles with a 595 

frequency pairing of 2 and 2.5 MHz. Legend entries indicate mean samples concentrations. 596 
 597 

In order to fully investigate the accuracy limits of the concentration profiles obtained using the 598 

single and dual frequency inversion methods, mean concentration values were compared to the 599 
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sample values in Figure 11 (a) and (b). Here, the means were averaged over the same distance 600 

ranges used to calculate kt and ks to minimise both nearfield and multiple scattering effects. In 601 

comparison, greater deviation from the gravimetrically measured concentration is evident for 602 

the dual frequency inversions (similar to the concentration profiles) where, in general, the 603 

single inversions are accurate up to concentrations of ~ 80 g l-1, while the dual frequency 604 

inversions are only accurate up to a lower value of 40 g l-1. However, both limits are high 605 

enough to be within dispersion concentration regimes of many industrial multiphase mixing 606 

and settling systems ([11], [61]), highlighting the potential of ABS as process monitors.  607 
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 608 

Figure 11: Mean concentration comparisons, as measured by the acoustic backscatter system against 609 
values gravimetrically determined, for (a) single frequency and (b) dual frequency inversion models. 610 

Solid line displays 1:1 relationship. 611 
 612 

In addition to the mean concentrations, the coefficients of variation for the ABS concentration 613 

profiles were calculated for each particle size using the single and dual frequency inversion 614 

methods over the depth range. Values are shown as a function of the measured sample 615 

concentrations within the ESM (Fig. S.8). For the single frequency inversions, a rapid increase 616 
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in the coefficient of variation (COV) is observed for the 212 μm glass particles above 40 g l-1, 617 

while the 40 and 78 μm glass particles remain relatively accurate (COV < 0.24) up to 127 g l-1. 618 

Furthermore, for the single frequency inversion, the 78 μm glass particles obtains a lower COV 619 

than the 40 μm up to 5 g l-1 at 2.5 MHz and up to 10 g l-1 at 2 and 2.25 MHz. This difference is 620 

likely a result of the higher signal strength for the 78 μm glass particles as compared to the 40 621 

μm glass particles, for which the signal is close to the estimated noise floor (as seen in Fig. 2). 622 

In addition, there is a consistent increase in the COV with increasing frequency at 623 

concentrations greater than 10 g l-1, again indicative of increased error from multiple scattering 624 

effects. Comparing the COV observed in the dual frequency results to the single frequency 625 

data, an overall increase in the COV across all particle sizes is observed, except where the mean 626 

ABS-measured value is significantly over-estimated (thus also correspondingly decreasing the 627 

calculated COV value). It is noted, in general, that the 78 μm glass particles consistently give 628 

the lowest COV values of all three particle sizes for the dual frequency inversion and also 629 

obtains the most accurate concentration values. This enhancement is thought to largely be a 630 

result of the greater difference in attenuation values between the frequencies used, moving the 631 

attenuation ratio away from unity. 632 

 633 

To further investigate the scatter in the dual frequency inversions, the equation given by Rice 634 

et al. [8] (Eqn. 25) was used to compare the measured error in experimental concentration 635 

profiles to the error estimated from calculated ks profiles. Figure 12 presents the error in the 636 

measured concentration values, ఋெெ , as a function of the attenuation coefficient ratio, కభకమ , where 637 

solid markers indicate the actual experimental errors for the dual frequency method and the 638 

hollow markers correspond to the estimate for the error calculated using Eqn. 25. For each 639 

profile, the relative error in the scattering constants at each frequency, ቚఋభభ ቚ and ቚఋమమ ቚ, and 640 

relative error in the concentration, ఋெெ , were determined by taking the absolute deviation for the 641 

calculated ks and M profiles and normalising it to the mean value for the profile. The same 642 

distance range as that used for kt was chosen to determine the mean value and relative error of 643 

the ks and M profiles. In order to avoid additional errors from a poor estimate of the attenuation 644 

value observed at high concentrations and potential multiple scattering effects, ఋெெ  was only 645 

calculated for concentrations below 20 g l-1 and averaged to produce the mean error for each 646 

probe at each కభకమ ratio (plotted as the empty markers in Figure 12). It is noted that the attenuation 647 

ratios associated with the widest frequency bandgap (2.00–2.50 MHz) were used along with 648 
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the other frequency pairs (2.00–2.25 MHz, 2.25–2.50 MHz) in the error analysis, giving three 649 

ratio values for each particle size.  650 

 651 

The estimated error is greater than the observed error in all cases, but does follow a similar 652 

trend, with the attenuation coefficient ratio increasing as కభకమ approaches unity. As ks was 653 

calculated by assuming all the other terms in Eqn. 12 remained constant, the error in estimating 654 

all these terms is absorbed into the calculated ks values and hence ቚఋభభ ቚ and ቚఋమమ ቚ. Errors in 655 

other parameters that are assumed constant, such as the attenuation coefficient, will not scale 656 

in the same way as errors in ks and would therefore cause Eqn. 25 to predict values that are 657 

offset from the real measured values of ఋெெ . Deviation in the experimental values of ఋெெ  from 658 

the values calculated using Eqn. 25 would therefore indicate that some amount of error is not 659 

due to errors in ks directly, but instead caused by errors in another value that has been assumed 660 

constant. Therefore, as the experimental results for the 78 μm glass particles match closely with 661 

predicted values, this suggests that the majority of the error was due to small random variation 662 

in ks, likely a result of turbulence in the tank and the moderate size distribution of the glass 663 

spheres. This result would therefore imply that the other parameters used to calculate ks (Eqn. 664 

12) i.e. the estimated attenuation coefficients are accurate for the 78 μm data. For the other two 665 

sizes of glass particles, conversely, it is clear that there is some degree of error in either the 666 

sediment attenuation constant, αs, or a general deviation from the model, as a result of multiple 667 

scattering and increased system noise. 668 

 669 

 670 
Figure 12: Calculated and experimental mean normalised error in the dual frequency inversion profiles 671 

(𝜹𝑴𝑴 ) for all particle sizes and frequency pairings, as a function of the attenuation coefficient ratio (𝝃𝟏𝝃𝟐). 672 
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 673 

Despite the differences between the measured and predicted error, it is evident that the level of 674 

scatter in the dual frequency inversions is generally within expected ranges. This low relative 675 

error indicates that, so long as the frequency range is wide enough such that the resulting 676 

attenuation coefficient ratio is < ~0.6, a single broadband transducer is able to obtain an 677 

accurate dual frequency concentration, using two narrowband measurements. The dual 678 

frequency inversion is advantageous compared to the single frequency method, where 679 

concentration must be estimated or calculated iteratively causing errors to accumulate in the 680 

inversion with distance [34]. Even if the scatter from the dual frequency profile is large, it may 681 

provide good initial estimates for the concentration to be secondarily inputted into a single 682 

frequency inversion, for a closer refinement. The dual frequency method can also be applied 683 

when sediment attenuation coefficients are not known a priori (as long as particle ks values are 684 

known explicitly, or can be estimated from their d50 size) by taking dG/dr gradient values in 685 

well mixed systems (or at least in regions where concentration is assumed to be constant) where 686 

the sediment attenuation term, αs, can be found at each frequency. For a region of constant 687 

concentration, M, కభకమ is equivalent to ఈ౩భఈ౩మ, and therefore the ratio can be substituted directly into 688 

Eqn. 24 and the dual frequency inversion can be performed. 689 

 690 

5 Conclusions 691 

The particle level and ka limits of a simple calibration method to determine sediment 692 

concentration using acoustic backscatter systems [8], [35], has been explored for three sizes of 693 

glass spheres (40, 78 and 212 μm) insonified at 2.00, 2.25 and 2.50 MHz, using 2.25 MHz 694 

central frequency broadband probes. The expected trend of increasing scattering cross-section 695 

and form function with particle size and frequency were observed, and results compared well 696 

with the heuristic model from Betteridge et al. [37] when coupled with Urick’s model [38] for 697 

viscous attenuation. The greatest deviation was observed for the 212 μm glass particles due to 698 

the high ka value (~1) and the Rayleigh regime limitations of calibration method [8], [35]. An 699 

alternative nearfield correction factor was also presented to improve concentration inversion 700 

accuracy in the nearfield, based on the correlation originally proposed by Downing et al. [40], 701 

allowing constricted geometries such as pipes to be profiled. 702 

 703 
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Experimentally measured attenuation presented the expected log-linear relationship (using the 704 

logarithmic G-function) with concentrations up to ~125 g l-1 for the two smallest particle 705 

systems (ka ~0.2 and ka ~0.4) and up to ~40 g l-1 for the largest, 212 μm, glass particles (ka 706 

~1.0). Beyond this limit, the relationship overpredicted the measured attenuation and was 707 

attributed to multiple scattering effects causing an increase in the noise floor. Multiple 708 

scattering effects were also proposed to be the cause in the apparent reduction of attenuation at 709 

longer distances observed for the 212 µm particles. Single frequency inversions were used to 710 

generate concentration profiles in well mixed dispersions, and were found to be accurate up to 711 

~125 g l-1 for the 78 and 40 μm glass particles and up to ~40 g l-1for the 212 μm glass particles, 712 

due to the increase in attenuation with particle size. At high concentrations and distances, 713 

multiple scattering effects were again observed to increase the system noise floor, causing 714 

significant model deviations.  715 

 716 

To help overcome the mathematical instabilities of the single inversions, a dual frequency 717 

inversion method was applied to multiple narrowband pulses using the single broadband 718 

transducers (for a maximum 2.00 – 2.50 MHz paring) using the method developed by Hurther 719 

et al. [34] from preliminary work by Bricault [39], and were shown to be accurate up to ~20 720 

g l-1. Above this value, the profiles displayed greater level of scatter when compared to the 721 

single frequency inversions. The coefficient of variation in the profiles also increased with 722 

concentration, due to greater error in the calculated values of ks with distance. Additionally, the 723 

scatter increased further as the attenuation ratio (ξ1/ ξ2) became closer to unity, for particle sizes 724 

approaching the Rayleigh regime limit. Nevertheless, results presented indicate that for low 725 

attenuation ratios (ξ1/ ξ2 < ~0.6) the dual frequency inversion was accurate and highlights 726 

additional applicability of this method for single broadband transducers. Dual frequency 727 

inversions provide a number of advantages for monitoring complex engineering dispersions 728 

systems, as they do not require iterative solutions, where the attenuation ratio can be found for 729 

many arbitrary particles using the simple calibration procedure presented. Additionally, they 730 

provide a greater measure for determining the uncertainty or statistical variation in the 731 

experimental parameters used for the inversion. Results overall indicate that the combined use 732 

of single and dual frequency inversions using single broadband transducers offers an enhanced 733 

methodology for the application of ABS systems as concentration profilers in high 734 

concentration dispersions. 735 
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