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EXTREMA OF MULTI-DIMENSIONAL GAUSSIAN PROCESSES OVER RANDOM
INTERVALS

LANPENG JI AND XTAOFAN PENG

Abstract: This paper studies the joint tail asymptotics of extrema of the multi-dimensional Gaussian process
over random intervals defined as

Plu):=P {ﬂ?_l ( sup (X;(t) + ¢it) > aiu> } , U — 00,

t€[0,7i]

where X;(t),t > 0,7 =1,2,--- ,n, are independent centered Gaussian processes with stationary increments,
T =(T1, - ,Tn) is a regularly varying random vector with positive components, which is independent of the
Gaussian processes, and ¢; € R, a; > 0,7 =1,2,--- ,n. Our result shows that the structure of the asymptotics
of P(u) is determined by the signs of the drifts ¢;’s. We also discuss a relevant multi-dimensional regenerative

model and derive the corresponding ruin probability.

Key Words: Joint tail asymptotic; Gaussian process; perturbed random walk; ruin probability; fluid model;

fractional Brownian motion; regenerative model.

AMS Classification: Primary 60G15; secondary 60G70

1. INTRODUCTION

Let X (t),t > 0 be an almost surely (a.s.) continuous centered Gaussian process with stationary increments
and X (0) = 0. Motivated by its applications to the hybrid fluid and ruin models, the seminal paper [1] derived

the exact tail asymptotics of

(1) IP’{ sup X(t)>u}, u — 00,
t€[0,7]

with 7 being an independent of the Gaussian process X regularly varying random variable. Since then
the study of the tail asymptotics of supremum on random interval has attracted substantial interest in the
literature. We refer to [2, 3, 4, 5, 6, 7] for various extensions to general (non-centered) Gaussian or Gaussian-
related processes. In the aforementioned contributions, various different tail distributions for 7 have been
discussed, and it has been shown that the variability of 7 influences the form of the asymptotics of (1),
leading to qualitatively different structures.

The primary aim of this paper is to analyze the asymptotics of a multi-dimensional counterpart of (1). More

precisely, consider a multi-dimensional centered Gaussian process
(2) X(t) = (X1(1), Xa(t), -+, Xnu(t), 20,

with independent coordinates, each X;(t),¢ > 0, has stationary increments, a.s. continuous sample paths and

X;(0) =0, and let T = (T1,---,Tn) be a regularly varying random vector with positive components, which is
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independent of the multi-dimensional Gaussian process X in (2) (we use X for short). We are interested in

the exact asymptotics of

t€[0,7;]

(3) Pu) =P {ﬁ?_l ( sup (X;(t) + cit) > am) } , U — 00,

where ¢; € R, a; >0,i=1,2,--- ,n.

Extremal analysis of multi-dimensional Gaussian processes has been an active research area in recent years;
see [8, 9, 10, 11, 12, 13] and references therein. In most of these contributions, the asymptotic behaviour of the
probability that X (possibly with trend) enters an upper orthant over a finite-time or infinite-time interval is
discussed, this problem is also connected with the conjunction problem for Gaussian processes firstly studied
by Worsley and Friston [14]. Investigations on the joint tail asymptotics of multiple extrema as defined in (3)
have been known to be more challenging. Current literature has only focused on the case with deterministic
times 73 = --- = T, and some additional assumptions on the correlation structure of X;’s. In [15, 8] large
deviation type results are obtained, and more recently in [16, 17] exact asymptotics are obtained for correlated
two-dimensional Brownian motion. It is worth mentioning that a large derivation result for the multivariate
maxima of a discrete Gaussian model is discussed recently in [18].

In order to avoid more technical difficulties, the coordinates of the multi-dimensional Gaussian process X in
(2) are assumed to be independent. The dependence among the extrema in (3) is driven by the structure of the
multivariate regularly varying T . Interestingly, we observe in Theorem 3.1 that the form of the asymptotics
of (3) is determined by the signs of the drifts ¢;’s.

Apart from its theoretical interest, the motivation to analyse the asymptotic properties of P(u) is related
to numerous applications in modern multi-dimensional risk theory, financial mathematics or fluid queueing
networks. For example, we consider an insurance company which runs n lines of business. The surplus process

of the ith business line can be modelled by a time-changed Gaussian process

where a;u > 0 is the initial capital (considered as a proportion of u allocated to the ith business line, with
Sy a; =1), ¢; >0 is the net premium rate, X;(t),¢ > 0 is the net loss process, and Y;(¢),t > 0 is a positive
increasing function modelling the so-called “operational time” for the ith business line. We refer to [19, 20]
and [5] for detailed discussions on multi-dimensional risk models and time-changed risk models, respectively.
Of interest in risk theory is the study of the probability of ruin of all the business lines within some finite

(deterministic) time T > 0, defined by

ou) =P {O?_l <tei[r01,fT] Ri(t) < 0)} =P {ﬂ?_l (tes[té%](Xi(Yi(t)) +¢Yi(t) > aiu> } .

If additionally all the operational time processes Y;(t),t > 0 have a.s. continuous sample paths, then we have
p(u) = P(u) with T = Y (T), and thus the derived result can be applied to estimate this ruin probability. Note
that the dependence among different business lines is introduced by the dependence among the operational
time processes Y;’s. As a simple example we can consider Y;(t) = ©;t, t > 0, with ® = (04,---,0,,) being a
multivariate regularly varying random vector. Additionally, multi-dimensional time-changed (or subordinate)
Gaussian processes have been recently proved to be good candidates for modelling the log-return processes

of multiple assets; see, e.g., [21, 22, 23]. As the joint distribution of extrema of asset returns is important
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in finance problems, e.g., [24], we expect the obtained results for (3) might also be interesting in financial
mathematics.

As a relevent application, we shall discuss a multi-dimensional regenerative model, which is motivated from its
relevance to risk model and fluid queueing model. Essentially, the multi-dimensional regenerative process is a
process with a random alternating environment, where an independent multi-dimensional fractional Brownian
motion (fBm) with trend is assigned at each environment alternating time. We refer to Section 4 for more
details. By analysing a related multi-dimensional perturbed random walk, we obtain in Theorem 4.1 the ruin
probability of the multi-dimensional regenerative model. This generalizes some of the results in [25] and [26]
to the multi-dimensional setting. Note in passing that some related stochastic models with random sampling
or resetting have been discussed in the recent literature; see, e.g., [27, 28, 29].

Organization of the rest of the paper: In Section 2 we introduce some notation, recall the definition of the
multivariate regularly variation, and present some preliminary results on the extremes of one-dimensional
Gaussian process. The result for (3) is displayed in Section 3, and the ruin probability of the multi-dimensional
regenerative model is discussed in Section 4. The proofs are relegated to Section 5 and Section 6. Some useful

results on multivariate regularly variation are discussed in the Appendix.

2. NOTATION AND PRELIMINARIES

We shall use some standard notation which is common when dealing with vectors. All the operations on vectors
are meant componentwise. For instance, for any given @ = (z1,...,z,) € R" and y = (y1,...,yn) € R", we
write zy = (Z1y1,** ,TnYn), and write & > y if and only if z; > y; for all 1 <4 < n. Furthermore, for two
positive functions f, h and some ug € [—00, 00, write f(u) < h(u) or h(u) 2 f(u) if limsup,,_,,, f(u)/h(u) < 1,
write h(u) ~ f(u) if limy, yy, f(u)/h(w) = 1, write f(u) = o(h(w)) if limy_y, f(u)/h(u) = 0, and write
flw) < h(u) if f(u)/h(u) is bounded from both below and above for all sufficiently large uw. Moreover,
Z1 L Z o means Zo and Z5 have the same distribution.

Next, let us recall the definition and some implications of multivariate regularly variation. We refer to [30, 31,
32] for more detailed discussions. Let Ry = R" \ {0} with R = RU {—00,00}. An R"-valued random vector
X is said to be regularly varying if there exists a non-null Radon measure v on the Borel o-field B(Rg) with

v(R" \ R™) = 0 such that

P{z7'X €-
IP’{{|X| >:c}} % v(), x— oo
Here | - | is any norm in R™ and - refers to vague convergence on B(Ry). It is known that v necessarily
satisfies the homogeneity property v(sK) = s~*v(K), s > 0, for some a > 0 and all Borel set K in B(Ry).
In what follows, we say that such defined X is regularly varying with index « and limiting measure v. An
implication of the homogeneity property of v is that all the rectangle sets of the form [a,b] = {x : a < x < b}
in Eg are v-continuity sets. Furthermore, we have that |X| is regularly varying at infinity with index «,
ie, P{|X]| >z} ~ 27 “L(z),z — oo, with some slowly varying function L(z). Some useful results on the
multivariate regularly variation are discussed in Appendix.

In what follows, we review some results on the extremes of one-dimensional Gaussian process with nagetive drift

derived in [33]. Let X(¢),t > 0 be an a.s. continuous centered Gaussian process with stationary increments
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and X (0) =0, and let ¢ > 0 be some constant. We shall present the exact asymptotics of
PY(u) =P {sup(X(t) —ct) > u} , U —00.
>0
Below are some assumptions that the variance function o2(t) = Var(X (¢)) might satisfy:

C1: o is continuous on [0,00) and ultimately strictly increasing;

C2: o is regularly varying at infinity with index H for some H € (0, 1);

C3: o is regularly varying at 0 with index A for some A € (0,1);

C4: 0?2 is ultimately twice continuously differentiable and its first derivative 62 and second derivative &2

are both ultimately monotone.

Note that in the above 2 and 2 denote the first and second derivative of 62, not the square of the derivatives
of o. In the sequel, provided it exists we denote by & an asymptotic inverse near infinity or zero of o; recall
that it is (asymptotically uniquely) defined by & (o(t)) ~ o(% (t)) ~ t. It depends on the context whether &
is an asymptotic inverse near zero or infinity.

One known example that satisfies the assumptions C1-C4 is the fBm {Bg(t),t > 0} with Hurst index
H € (0,1), i.e., an H-self-similar centered Gaussian process with stationary increments and covariance function

given by
1
Coo(Brr (1), Bu(s)) = 5 (12 + s/ — |t = s™), 1,52 0.

We introduce the following notation:

o (L[ H
Chap, = V21 ey () (

AA+H—5+55(1-H)
H 1—H)

For an a.s. continuous centered Gaussian process Z(t),t > 0 with stationary increments and variance function

02, we define the generalized Pickands constant

Hz = lim lI[-E {exp ( sup (V2Z(t) — J%(t)))}
T—oo T +€[0,T)
provided both the expectation and the limit exist. When Z = By the constant Hp,, is the well-known
Pickands constant; see [34]. For convenience, sometimes we also write H,z for Hz. Denote in the following
by ¥(-) the survival function of the N(0,1) distribution. It is known that
I ) 1 .2
4) \Il(u):\/ﬂ/u e 2dx ~ e 27, u—oo.

2mu

The following result is derived in Proposition 2 in [33] (here we consider a particular trend function ¢(t) =

ct,t > 0).

Proposition 2.1. Let X(t),t > 0 be an a.s. continuous centered Gaussian process with stationary increments
and X (0) = 0. Suppose that C1-C4 hold. We have, as u — oo
(i) if o%(u)/u — oo, then

osconn (57) 58 (s 2)

(ii) if o (u)/u — G € (0,00), then

Y(u) ~ Hze2/g2)02 <ﬂ> o(u)¥ (mf u(l—i—t)) ;

>0 o(ut/c)
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(iii) if o*(u)/u — 0, then [here we need reqularity of o and its inverse at 0]

1-H H/X c_l_H+2H/’\0(u) ' u(1+t)
7l ) (02 (u) /) ( a(ut/c>)'

Y(u) ~ ", Cr,1x (

As a special case of the Proposition 2.1 we have the following result (see Corollary 1 in [33] or [20]). This will

be useful in the proofs below.
Corollary 2.2. If X(t) = By(t),t > 0, the fBm with index H € (0,1), then as u — oo

HA1/H—2 Mol
P {igg(BH(t) —ct) > u} ~ KpgHp,u v (HH(l—H)l_H> )

. 1 r oM 1/H=1
with constant Ky = 22~ 28 o (HH(l,H)kH) .

3. MAIN RESULTS

Without loss of generality, we assume that in (3) there are n_ coordinates with negative drift, ny coordinates

without drift and ny coordinates with positive drift, i.e.,
<0, 1=1,--- ,n_,
Ci:O7 t=mn_+1,-,n_+ny,

>0, i=n_+no+1,---,n,

where 0 < n_,ng,ny < nsuch that n_ +ng+ny =n. We impose the following assumptions for the standard

deviation functions o;(t) = 1/ Var(X;(t)) of the Gaussian processes X;(t),i =1,--- ,n.
Assumption I: Fori = 1,--- ,n_, 0;(t) satisfies the assumptions C1-C4 with the parameters involved indexed
byi. Fori=n_+1,--- ,n_+ng, 0;(t) satisfies the assumptions C1-C3 with the parameters involved indexed
by i. Fori =n_+4+mng+1,---,n, 0;(t) satisfies the assumptions C1-C2 with the parameters involved indexed
by 1.
Denote
H;
5 & = sup By, (t), ti=
5) = o B0, =
Given a Radon measure v, define
(6) P(K) = E{u(e""K)}, KeB(0,00]" \ {0}),

where ¢ VHEK = {(fl_l/Hldh e ,5;1/H”dn), (dy,---,dy) € K}. Further, note that for i = 1,--- ,n_, (where
¢; < 0), the asymptotic formula, as u — oo, of
g i) =P {sup(6i0) + ) > .
t>
is available from Proposition 2.1 under Assumption I.

Below is the principle result of this paper.

Theorem 3.1. Suppose that X (t),t > 0 satisfies the Assumption I, and T is an independent of X regularly
varying random vector with index o and limiting measure v. Further assume, without loss of generality, that
there are m(< ng) positive constants k;’s such that &;(u) ~ ko n_41(u) fori =n_ +1,--- ,n_ +m and

Siu) = 0(5n_41(0) fori=n_+m+1,--- ,n_ +ng. We have, with the convention H?:l =1,
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(i) If ng > 0, then, as u — oo,

1/Hn7+1

Pu) ~ #((kay ™" o0l) P{IT] > T sa(w)} [[vilaiu).
=1

where U and ¢ls are defined in (6) and (7), respectively, and

1/Hn_ 41 1/H, 41 1 Hp 11
ka, = (0, ,0,ky_s1a, 7 ka0, ,0).

(ii) If ng =0, then, as u — oo,

P(u) ~ v((ar, o0]) P{IT] > u} [ vilasu).

i=1

where a1 = (5] |er] -+, 85/ ’cnf yAn_+1/Cn_ 41y 5 Gn/Cp)-

Remark 3.2. As a special case, we can obtain from Theorem 3.1 some results for the one-dimensional model.

Specifically, let ¢ > 0 be some constant, then as u — oo,

a/H
(8) ]P’{ sup X(t)>u} ~ E (sup BH(t)> P{T > 5 (u)},

te[0,7] te[0,1]
(9) P {t;‘é"ﬂ (X () = ct) > u} ~ (el = H)/H)PPAT > u} (u),
(10) ]P’{ sup (X (t) + ct) >u} ~  c*P{T > u}.
tel0,7]

Note that (8) is derived in Theorem 2.1 of [1], (9) is discussed in [5] only for the fBm case. The result in (10)

seems to be new.

We conclude this section with an interesting example of multi-dimensional subordinate Brownian motion; see,
e.g., [22].

Example 3.3. Foreachi=0,1,--- ,n, let {S;(t),t > 0} be independent ;-stable subordinator with a; € (0, 1),
i.e., Si(t) 2 Sa, (t1%.1,0), where Su (o, B,d) denotes a stable random variable with stability index o, scale
parameter o, skewness parameter 8 and drift parameter d. It is known (e.g., Property 1.2.15 in [35]) that for
any fized constant T > 0,

P{S;(T) >t} ~ Cq,rt™ %, t — oo,

with Co, 7 = m Assume ay < «;, for alli =1,2--- ,n. Define an n-dimensional subordinator

as
Y (t) := (So(t) + S1(t), -, So(t) + Sn(t)), t=>0.
We consider an n-dimensional subordinate Brownian motion with drift defined as

X(t) = (Bi(M (@) + aaYi(t),- -+, Ba(Ya(l)) + cnYa(t)), 20,

where B;(t),t >0, i =1,--- ,n, are independent standard Brownian motions which are independent of Y and

¢; € R. Define, for any a; >0,i=1,2,--- . n, T >0 and u > 0,

te[0,T)

Pp(u) =P {ﬁ;‘_l ( sup (B;(Yi(t)) + ¢;Yi(t)) > aiu> } .
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For illustrative purpose and to avoid further technicality, we only consider the case where all ¢;’s in the above
have the same sign. As an application of Theorem 3.1 we obtain the asymptotic behaviour of Pg(u),u — 0o,
as follows:
(i) Ife; >0 foralli=1,--- ,n, then Pg(u) ~ Cup r(max] (a;/c;)u)” .
(ii) Ifc; =0 for alli=1,--- ,n, then Pg(u) < u=2%,
(iii) If ¢; < 0 and the density function of S;(T) is ultimately monotone for all i = 0,1,--- ,n, then
In Pg(u) ~ 237" (a;c;)u.

The proof of the above is displayed in Section 5.

4. RUIN PROBABILITY OF A MULTI-DIMENSIONAL REGENERATIVE MODEL

As it is known in the literature that the maximum of random processes over random interval is relevant
to the regenerated models (e.g., [25, 26]), this section is focused on a multi-dimensional regenerative model
which is motivated from its applications in queueing theory and ruin theory. More precisely, there are four
elements in this model: Two sequences of strictly positive random variables, {T; : ¢ > 1} and {S; : i > 1},
and two sequences of n-dimensional processes, {{XW(t),t > 0} : i > 1} and {{YD(#),¢t > 0} : i > 1},
where X () = (Xfi) (t),--- LX) (t)) and YO (¢) = (Yl(i)(t)7 R R (t)). We assume that the above four
elements are mutually independent. Here Tj, S; are two successive times representing the random length of the
alternating environment (called T-stage and S-stage), and we assume a T-stage starts at time 0. The model
grows according to {X(i) (t),t > 0} during the ith T-stage and according to {Y(i)(t),t > 0} during the ith
S-stage.

Based on the above we define an alternating renewal process with renewal epochs
0=Vo<Vi<Vo<Vg<---
with V; = (T1 4+ S1) + - - - + (T; + S;) which is the ith environment cycle time. Then the resulting n-dimensional
process Z(t) = (Z1(t), -+, Zn(t)), is defined as
2(t) = Z(Vi) + XU (- V), if Vi <t < Vit Tiga;
. Z(Vi)+ X (T) + YO =V = Tig), if Vit Tin <t < Vigr
Note that this is a multi-dimensional regenerative process with regeneration epochs V;,¢ > 1. This is a gener-
alization of the one-dimensional model discussed in [27].
We assume that {{X@(¢),t > 0} : i > 1} and {{YP(¢),t > 0} : i > 1} are independent samples of
{X(t),t > 0} and {Y'(¢),t > 0}, respectively, where
X;(t) = Bu,(t) +pjt, t>0, 1<j<n,
Yj(t) = By, (t) —qjt, t=0, 1<j<n,
with all the fBm’s By, Eﬁj being mutually independent and p;,q; > 0,1 < j < n. Suppose that (T3, S;),7 > 1
are independent samples of (T, S) and T is regularly varying with index A > 1. We further assume that

(11) P{S>a}=0P{T >2}), pE{T}<qgE{S}<oo 1<j<n.

For notational simplicity we shall restrict ourselves to the 2-dimensional case. The general n-dimensional
problem can be analysed similarly. Thus, for the rest of this section and related proofs in Section 6, all vectors

(or multi-dimensional processes) are considered to be two-dimensional ones.
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We are interested in the asymptotics of the following tail probability

Qu):=P<3In>1: sup  Zi(t) > aju, sup  Za(s) > agup, u— 00,
tE€[Vn—1,Val SE[Vn—1,Vn]

with a1,a2 > 0. In the fluid queueing context, Q(u) can be interpreted as the probability that both buffers
overflow in some environment cycle. In the insurance context, Q(u) can be interpreted as the probability that
in some business cycle the two lines of business of the insurer are both ruined (not necessarily at the same
time). Similar one-dimensional models have been discussed in the literature; see, e.g., [26, 25, 19].

We introduce the following notation:
(12) U™ =w" U= 2Z(V,) - Z(Vo_1), n>1, UD =0,

(13) M = (m™, mi™) ::( sup  Zi1(t) — Z1(Vu_1), sup 22(3)—22(vn_1)>, n>1.
te[Vin—1,Vn) SE[Vn—1,Vyn)

Then we have

i=1 i=1

Qu)="P {Hn >1: Z Ul(ifl) + Ml(n) > alu,ZUQ(iil) + MQ(n) > agu} .

Note that U™, n >0 and M™ n > 0 are both (i.i.d.) sequences. By the second assumption in (11) we have
(14) E{U"} = (mE{T} - uE{S}, p:E{T} - RE{S}) =t —c <0,

which ensures that the event in the above probability is a rare event for large u, i.e., Q(u) — 0, as u — oo.

It is noted that our question now becomes an exit problem of a 2-dimensional perturbed random walk. The
exit problems of multi-dimensional random walk have been discussed in many papers, e.g., [32]. However, as
far as we know the multi-dimensional perturbed random walk has not been discussed in the existing literature.

Since T is regularly varying with index A > 1, we have that

(15) T := (1T, p2T)

is regularly varying with index A and some limiting measure p (whose form depends on the norm |- | that is

chosen). We present next the main result of this section, leaving its proof to Section 6.

Theorem 4.1. Under the above assumptions on regenerative model Z(t),t > 0, we have that, as u — 00,
Qu) ~ uIP’{‘T) > u} /OO pw((ve + a, oo])dv,
0
where ¢ and T are given by (14) and (15), respectively.
Remark 4.2. Consider | - | to be the L' norm in Theorem 4.1. We have

1(la, 00]) = ((p1 + p2) max(as/p1,az/p2)) >,

and thus, as u — o0,

Qu) ~ uP{T > u} /OOO max((ay + ¢10)/p1, (a2 + c2v) /p2) dv.
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5. PROOF OF MAIN RESULTS

This section is devoted to the proof of Theorem 3.1 followed by a proof of Example 3.3.
First we give a result in line with Proposition 2.1. Note that in the proof of the main results in [33] the

minimum point ¢}, of the function

u(l+1t)
fu(t) == o(ut/c)’ t >0,

plays an important role. It has been discussed therein that ¢¥ converges, as u — oo, to t* := H/(1 — H) which
is the unique minimum point of lim,_, fu(t)o(u)/u = (1+t)/(t/c)®,t > 0. In this sense, t is asymptotically

unique. We have the following corollary of [33], which is useful for the proofs below.

Lemma 5.1. Let X(t),t > 0 be an a.s. continuous centered Gaussian process with stationary increments and

X(0) = 0. Suppose that C1—C4 hold. For any fized 0 < & < t*/c, we have, as u — 00,

t* [cte)ul

P sup (X(t) —ct) >up ~(u),
te[0,(
with ¥ (u) the same as in Proposition 2.1. Furthermore, we have that for any v > 0

P {Supte[o,(t*/cfs)u} (X(t) —ct) > U}
lim

S Sy -

Proof of Lemma 5.1: Note that
X (ut
P sup (Xt)—ct)y>up="P sup M>u .
t€[0,(t* /ete)u] te[0,(t*4ce)] L1FT

The first claim follows from [33], as the main interval which determines the asymptotics is in[0, (¢* + ce)] (see

Lemma 7 and the comments in Section 2.1 therein). Similarly, we have

X (ut
P sup (Xt)—ct)>up="P sup X(ut/c) >up.
te[0,(t* /e—e)u] te[0,(tr—ce)] 1+

Since ¢ is asymptotically unique and lim,,,~ ¢}, = t*, we can show that for all u large
inf t) > t) = pinf f, (¢
ot Fe®) 2 pfu(ty) = pinf fu(®)
for some p > 1. Thus, by similar arguments as in the proof of Lemma 7 in [33] using the Borel inequality we
conclude the second claim. O

The following lemma is crucial for the proof of Theorem 3.1.

Lemma 5.2. Let X;(t),t > 0,1 =1,2,--- ,no(< n) be independent centered Gaussian processes with stationary
increments, and let T be an independent reqularly varying random vector with index o and limiting measure v.
Suppose that all of o;(t),i =1,2,--+ ,ng satisfy the assumptions C1-C3 with the parameters involved indexed
by i, which further satisfy that, ﬁ(u) ~ kf?l(u) for some positive constants k;,i = 1,2,--- ,m < ng and
?J(u) = O(E(u)) forallj=m+1, -+ ,ng. Then, for any increasing to infinity functions h;(u),no+1<i<n
such that hi(u) = o(&1(u)),no +1 <i < n, and any a; > 0,

P {ﬂ?_"l <tes[3%]Xi(t) > am) s ing+ (Ti > hi(U))} ~ ¥(ka,.q ,00)) P{|T| > &1(u)},

where v is defined in (6) and kal/H — (klai/Hl, e Jcmarln/H’"’,U-- ,0) with Hy = Hy = -+ = Hy,.

m,0 —
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Proof of Lemma 5.2: We use a similar argument as in the proof of Theorem 2.1 in [1] to verify our conclusion.

For notational convenience denote

H(u)=:P {ﬂ?_ol ( sup X;(t) > a,-u) i1 (Te > hz(u))} )

t€(0,7;]

We first give an asymptotically lower bound for H(u). Let G(x) = P{T < x} be the distribution function of
T . Note that, for any constants r and R such that 0 < r < R,

H{(u)

v

P{ﬁ?% ( sup X, (t) > am) Sy (r&1 (1) < Ti < RE1(w)), Ny (T > Té_l(U))}

t€[0,7i]

f P e, sup ) > aju w)by, - - ,E(u)tn)
[r,R]™ X (r,00) =™ t€[0,87 (u)t; ]

f[le - mﬂIP{ sup X" (s) > a;u;(t Z)}dG (G1(u)ty, -, &1(u)ty)

i—1 s€[0,1]

holds for sufficiently large u, where

X (s) = )iz((éf_i((z))iij)’“v(tv) o 1LEu)ti)’S € [0,1], (t1,ta, -+ ) € [, R]™ x (1,00

)nofm

By Lemma 5.2 in [1], we know that, as u — 0o, the processes X" (s) converges weakly in C([0,1]) to B, (s),
uniformly in ¢; € (r,00), respectively for ¢ = 1,2,--- ,ng. Further, according to the assumptions on o;(t),
Theorem 1.5.2 and Theorem 1.5.6 in [36], we have, as u — 0o, u;(t;) converges to k;'it; " uniformly in
t; € [r, R], respectively for i = 1,2,--- ,m, and u;(¢;) converges to 0 uniformly in ¢; € [r, 00), respectively for
i=m+1,---,no. Then, by the continuous mapping theorem and recalling &; defined in (5) is a continuous

random variable (e.g., [37]), we get

s€[0,1]

(16) H(u) = 7{ HIP{ sup By, (s) > aikfitiHi} dG(E1(u)ty, -, &1(u)ty)
[T‘ R]’"X(r OO)" m 1

P{rm, (57 > kal 8i0) ) s (51(0) < T < REL(0) i (7> i)}
= Ji(u) — Ja(u),

where

Ji(u) = PN, gﬁT>kali&—(u) O (T > b1 (w) b
{ ) |

1

() = P{ " (55’1 T > hia; io*(u)) s (T > 87(w) .U (T2 < r7(u) U (T, > Rm»)}

Putting n = ( I/Hl, cee Tln/H’", 1,---,1), then by Lemma 7.2 and the continuity of the limiting measure v
defined therein, we have

Ji(u) \/H
(17) }g% ulggo P{|T‘ > ( )} ((ka‘m 0 700])

Furthermore,
Jo(u) < Zj: (P{g’*lfr > kia, i?(u),ﬁ < r&—l(u)} +P{T; > R?c—l(u)}) .

i=1
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Then, by the fact that | 7| is regularly varying with index «, and using the same arguments as in the proof of

Theorem 2.1 in [1] (see the asymptotic for integral I, and (5.14) therein), we conclude that

. . Jo(u)
1 1 =
i, N S ey~

which combined with (16) and (17) yields

) . H(u) ~ 1/H
> .
(18) i, it Sty = (ka0 s 00))

Next, we give an asymptotic upper bound for H(u). Note

H(u) < P{ﬂyil < sup X;(t) > am)}
t€[0,73]

= P{ ", < sup X;(t) > aiu> ,ﬁf’;l(rﬁ(u) <T; < Rﬁ(u))}

t€[0,7;]
+ P {m;’il <t€s[3%]Xi(t) > aiu> LUl (T < rﬁ(u)) U (T; > Rﬁ(u)))}
= Js(u) + Ja(u).

By the same reasoning as that used in the deduction for (17), we can show that

i i J3(u) ~ 1/H
1 1 < .
(19) i timsup g T < H(kay (o)

Moreover,

Ja(u) < f: (P{ sup X;(t) > au, T; < rﬁ(u)} +P{7; > RE(U)}) )

tel0,7i]

Thus, by the same arguments as in the proof of Theorem 2.1 in [1] (see the asymptotics for integrals Iy, I, Iy

therein), we conclude

. . Ja(u)
| | =0
o0 oo el P{T| > 61(0)}

which together with (19) implies that

i ; H (u) ~ 1/H
< .
(20) T—)Ol,lgl—)oo lll?i)SOlcl)p P {|T| > 1(U) — V((kam,o ,OO])
Notice that by the assumptions on {&; (u)}7,, we in fact have Hy = Hy = - -- = H,,. Consequently, combining

(18) and (20) we complete the proof. O
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Proof of Theorem 3.1: We use in the following the convention that N?_; = Q, the sample space. We first

verify the claim for case (i), ng > 0. For arbitrarily small £ > 0, we have

P(u) > Pz | sup (Xi(t) +cit) > aiu, Ti > (¢ |ei| + €)u ,ﬂ?:’:"il sup X;(t) > au |,
te[0, 73] - t€[0, 73]
N amot1 | sup (Xi(t) + cit) > agu, T; > @i Eu
t€[0,77] Ci
> P ﬁ?:’l sup (Xi(t) + cit) > au, T; > (7] |eil +e)u |,
te[0,(ts/]cil+e)u]
m?:_'rj_,nil sup Xz(t) > ;U vm?=n7+no+1 (Xl <ai ks 5“) > —eu, T; > ot 5u)
te[0,73] Ci Ci
= Qi(u) x Qz(u) x Qs(u),
where
Q1(u) = PN, sup Xi(t) + cit > au
te[0,(t; /Ici|+e)ul
n_ * n_—+ng n a; +e
Q2(u) = P Ni—1 (Ti > (t7/ leil + €)u) Nicn_+1 sup X;(t) > a;u N | T > - u )
t€[0,7;] i

Qs(u) = ﬁ ]P){Ni>_€u)}—>1, U — 00,

a;+e
gi\—/—Uu
i=n_+ng+1 Z( Ci

with N;,¢ = n_ +ng + 1,--- ,n being standard Normal distributed random variables. By Lemma 5.1, we

know, as u — 00,
Q1 (u) ~ [ vilasm).
i=1

Further, according to the assumptions on ¢;’s and Lemma 5.2, we get

. . QQ(U/) ~ 1/Hn_+1
lim 1 — 3((k
B0 P{T] > T sa(u)} V((kaq o)),

and thus

l/Hn7+1

P(u) Z v((kag 7oo])IP’{\’T| > ?n7+1(u)} ﬁwi(aiu), U — 00.

Similarly, we can show

Plu) < P {ﬂ?__l ( sup X;(t) + ¢t > aiu> ,ﬂ;:;tnil ( sup X;(t) > aw)}

t€[0,00) t€[0,77]

~ B((ka)

;0o )P{|T| > <En_+1(u)} ﬂwi(aiu)a U — 0.
i=1

This completes the proof of case (i).
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Next we consider case (ii), ng = 0. Similarly as in case (i) we have, for any small € > 0

P(u) > IP’{ ﬁ?':_l ( sup (Xi(t) + cit) > au, T; > (7 ) |ei| + €)u> ,

te[0,(t; /leil+e)ul

a; + ¢ a; +¢
?:n,-u (Xz' ( - U) > —eu, T; > - U> }
C; &

Q1(u) x Q3(u) x Qa(u),

where

Qa(u) ::P{mj‘l( > (£ lei| + &)u), N, <7;>‘”+5u>}.

Ci
By Lemma 7.1, we know

lim lim Q4( )

SH0unoo P{[T| > ul = v(a1, 00},

and thus
P(u) Z v(ay, o|P{|T]| > u} Hwi(aiu), u — 00.
For the upper bound, we have for any small € > 0

P(u) < I (u) + I2(u),

with

Li(u) = PL N | sup Xi(t) +eit > au |, Ny (Ti > (8 |ei| — e)u), M1 | sup Xi(t) + ¢ Ti > au
te[0,75] t€[0,77]

L(u) = sup X;(t) + it > agu | Uiz (T; < (8 ) |eil —e)u) Ny _oq | sup Xi(t) + ¢ T > au
te[0,7;:] te[0,75]

It follows that

IN

Il (’U,)
te[0,00) t€[0,7;]

{ ( sup X;(t) + ¢t > au ) Misy (T2 > (8] |es] — e)w) , Ny 1y ( sup X;(t) + ¢ T > au

ﬂwi(aiu)]}” {ﬂ?__l (T > (t7/ |es| —e)u) ,Niy_ 1 < sup X;(t) +¢7T; > am) } .
i=1

t€[0,7:]

Next, we have for the small chosen ¢ > 0

P {ﬂ?_1 (Ti > (t7/ leil —&)u) ,Miz,, 11 ( sup X;(t) +¢;Ti > am) }

t€[0,7:]

=P {ﬂ?_l (Ti > (t7/ |eil —e)u),Mi,_ 11 < sup X;(t) + ¢ T > au, sup X;(t) < 5u> }

te[0,7i] t€[0,73]

+P {ﬁ?_l (Ti > (t7/ |eil —e)u), Mz, 41 ( sup X;(t) + ¢ T > am) U < sup X;(t) > au) }

t€(0,75] te[0, 7]

gP{m?;l (T > (t7/ les| —e)u) ;i 11 (eiTi > (a; —€)u )}+ Z ]P{ sup Xi(t)>€u}.

i=n_+1 \t€[0,Ti]

Furthermore, it follows from Theorem 2.1 in [1] that for any i =n_ +1,--- ,n

t€[0,7;]

IP’{ sup X;(t) > €u} ~ Ci(@)P{T: > & (u)}, u— oo,
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with some constant C;(¢) > 0. This implies that

Z IP’{ sup XZ-(1§)>€u}zo(IP’{|'T|>u})7 U — 00.

i=n_-+1 t€[0,7i]

Consequently, applying Lemma 7.1 and letting € — 0 we can obtain the required asymptotic upper bound, if

we can further show

im 10 =
(21) B T P X [

Indeed, we have

I5(u)

IN

ZP{ ﬂ?:‘l ( sup X;(t) + ¢t > aju> ST < (] |ei| — s)u}
i=1

t€[0,7;]

IN

(22) 2 Hz/}j(aju)IP’{ sup X;(t) + it > aiu} )
te[0,(

i=1 j=1 ti/lcil—e)u]
J#i

Furthermore, by Lemma 5.1 we have that for any v > 0
P {SuptG[O,(t;‘Nci\fa)u] Xz(t) +cit > aiu}

li :0’ ':1,2’...’ -,
ul~>ngo ¢i(aiu)u—7 ¢ n

which together with (22) implies (21). This completes the proof. O

Proof of Example 3.3: The proof is based on the following obvious bounds
Pp(u) = P{NL, ((Bi(Yi(T)) + ;Yi(T)) > aiu)} < Pp(u)

(23) <P {ﬂ?_l ( [sup (Bi(t) + ¢it) > am) } =: Py(u).

0,Y:(T)]

Since o < min} 4 ;, by Lemma 7.3 we have that Y (T') is a multivariate regularly varying random vector
with index ag and the same limiting measure v as that of So(T) := (So(T),--,S0(T)) € R", and further
P{lY(T)| >z} ~P{|So(T)| > z} ,x — oo. The asymptotics of Py(u) can be obtained by applying Theorem
3.1. Below we focus on P (u).

First, consider case (i) where ¢; > 0 for all i = 1,--- ,n. We have
Pr(u) =P {m;;l ((BZ-(1)\/W+ aYi(T)) > au)} .
Thus, by Lemma 7.3 we obtain
Pr(u) ~P{N; (¢;So(T) > a;u)} ~ C’ao,T(I?ZalX(ai/ci)u)_o‘“, u — 00,

which is the same as the asymptotic upper bound obtained by using (ii) of Theorem 3.1.

Next, consider case (ii) where ¢; =0 for all ¢ = 1,--- ,n. We have
Pu(u) =P {m;;l (Bi(l) Y.(T) > au)} - 2%1? (A, (B:(1)2Yi(T) > (asu)?)}.
Thus, by Lemma 7.2 we obtain
Pp(u) < u™2, u — oo,

which is the same as the asymptotic upper bound obtained by using (i) of Theorem 3.1.
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Finally, consider the case (iii) where ¢; < 0 for alli =1,--- ;n. We have

Py(w) > B{rI, (Bi(Yi(T)) + & Yi(T) > awu, Yi(T) € [agu/ |ei] — Vi, agu/ Jei] + Vi) }

Y

n
min P{B t+cit>aiu>P Nz, (Yi(T) € [a;u cil — VvV, aiu/ el + V) ).
E(te[aw/mlﬁ’aiww {Ba(t P) B (V) € faiu | /leil + Vi) }

Recalling (4), we derive that

min P{Bi(t) + c¢it > a;u} = min P {Bl(l) > (a; — czt)\/ﬂ/\/i}
t€lau/|ci|—vu,aiu/|c;|+v/ul t€lai/|cil—1/vu,ai/leil+1/+/u]

1 o
> Constant - —=e2®icivtolw) o 4

~Y )

Furthermore,
P{Niy (Yi(T) € [asw/ |eil = vu, azu/ |ei| + v/u]) }
(24) > ﬁIP{Si(T) € laiu/ 2¢i| = Vu/2,au/ 12¢;| + Vu/2]} .
=0
Due to the assumptions on the density functions of S;(T),i = 0,1,- - ,n, by Monotone Density Theorem (see

e.g. in [38]), we know that (24) is asymptotically larger than Cu~#? for some constants C, 3 > 0. Therefore,

n

In Py, (u) 2 22((11‘01‘)% u — 00.
i=1

2a;c;u

The same asymptotic upper bound can be obtained by the fact that P {sup,.q(B;(t) + ¢;t) > a;u} = e
for ¢; < 0. This completes the proof. O

6. PROOF OF THEOREM 4.1

We first show one lemma which is crucial for the proof of Theorem 4.1.

Lemma 6.1. Let UY, MW and T be given by (12), (13) and (15) respectively. Then, UM and MY are

both regularly varying with the same index A and limiting measure p as that of T. Moreover,
}P’{’U(l)‘ > m} ~ ]P’{‘M(l)’ > x} NP{"T‘ > a:}, T — 00.
Proof of Lemma 6.1: First note that by self-similarity of fBm’s
U® = (x(1) + vV (81), XSV(T) + Y (9) B (T + 21 + Za + Zs),

where

Zy = (Bu,()T™, By, ()T™), Zy = (Bg, (1S™, By (1)S™), Z5 = (5. —25).
Since every two norms on R? are equivalent, then by the fact that H;, fIi < 1fori=1,2 and (11), we have
> J;} JP{|Z3| > x}) = O(P{‘T‘ > x}), x — 0.

Thus, the claim for UY follows directly by Lemma 7.3.
Next, note that

max (P{’(THl,TH2)| >} 7P{‘(Sﬁlasﬁ2)

MO 2 ( sup  (X1(6)o<t<r) + (X1(T) + Yi(t = T)) (r<i<r+s5)) »
0<t<T+8

sup  (Xa(t)Io<tar) + (Xo(T) + Ya(t — T))I(T§t<T+S))) = M,
0<t<T+S
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then

and

M < ( sup By, (t)+mT +supYi(t), sup B, (1) +paT +supVa(t) )
0<t<T t>0 0<t<T t>0

(&M 4+ sup Yy (t), &T2 4+ sup Ya(t)) + T,
t>0 t>0

D

with & defined in (5). By Corollary 2.2, we know P {sup,~ Yi(t) > #} = o(P{T > z}) as # — oo. Therefore,
the claim for M) is a direct consequence of Lemma 7.3 and Lemma 7.4. This completes the proof. O

Proof of Theorem 4.1: First, note that, for any a,c > 0, by the homogeneity property of p,

o0 o0 1
25) [ nl(ve+ a.c0)do < ul(ac0]) + [ v nl(e+ afv,o0)dv < pl(a,00) + 5pal(e )
0 1 _
For simplicity we denote wm .= e Uu (), We consider the lower bound, for which we adopt a standard
technique of ”one big jump” (see [25]). Informally speaking, we choose an event on which we=D L M gy >

(k+1)

1, behaves in a typical way up to some time k for which M is large. Let d,e be small positive numbers.

By the Weak Law of Large Numbers, we can choose large K = K, 5 so that
]P’{W(") > fn(1+s)c—K1} >1-6, n=1,2,--

For any u > 0, we have

Qu) = IP’{Eln >1, w4 ™ > au}

- P {M<1> > au} + ;P {mf,zl(w<”*1> + M™% qu), W 4 ppE+D S au}

P{M(” > au} + ZIP’{ E(WD £ MO % au), WP > k(1 +e)e — K1,

vV
)
£

MY > qu+ k(1 +5)c+K1}

v

P{M“> > au} +3 (1 P {u’“ (W= 4 M > au)}) ]P’{M(k“) > au+ k(1 +¢)e + Kl}

n=1
k>1

> (1-6- Q(u))Z]P’{M(” > au + k(1 +5)c+K1}

k>0
1-90— e
> w/ P{M" > au+ve+ K1} dv,
1+e 0
For u sufficiently large such that eu > K, we have
1—-90— o
Qu) > % /0 P {M(l) > (a+el)u+ vc} dv.

Rearranging the above inequality and using a change of variable, we obtain

(1—8)u [P {M<1> > u(a+ el + vc)} dv

26 Q(u) > ;
(26) ) 1+5+f0°CIP’{M(1)>(a+51)u+vc}dv

and thus by Lemma 6.1 and Fatou’s lemma

1
lim inf qu) > 0
w0 uP{‘T‘>u} L+e

/000 u((a+ el + ve, 00))dv.
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Since € and ¢ are arbitrary, and by (25) the integration on the right hand side is finite, taking ¢ — 0,0 — 0
and applying dominated convergence theorem yields
(oo}
lim inf qu) 2/ w((a + ve, oo])dv.
wreo u]P’{‘T‘ >u} 0

Next, we consider the asymptotic upper bound. Let y;,y2 > 0 be given. We shall construct an auxiliary
random walk W(n), n > 0, with W(O) =0 and W(n) =3, ﬁ(i), n > 1, where ﬁ(n) = (Nl(n), 52(")) is given
by
M™ it MM > g,
Ui(n) — Ui(n)7 if gy < Ui(n) < Mi(n) < i=1,2.
—yo, i M <y, UM <,

Obviously, w < f/[v/(n) for any n > 1. Furthermore, one can show that

M < O (),

Then,
WD ¢ < w4 (y1 +v2)1, n>1.
Thus, for any € > 0 and sufficiently large u,
Qu) < P {Eln >1, W(n) >au— (y1 + yg)l}
< P {Eln > 1, ﬁ//(n) > (a— el)u} .

(1
Define ¢y, 4, = —E {U( )}. Since limy, y,—s00 Cy1 4. = €, We have that for any y;,y» large enough ¢, 4, > 0.

(1
It follows from Lemma 6.1 and Lemma 7.4 that for any y;,y2 > 0, U( ) is regularly varying with index A and

~ (1)

limiting measure p, and ]P’{ U > u} ~P { ‘IN“ > u} as u — 00. Then, applying Theorem 3.1 and Remark

3.2 of [32] we obtain that

IP’{EIn > 1, ﬁ;(n) > (a— El)u} ~ u]P’{‘ﬁ(l)’ > u}/ p((ey, yov +a —el, 00])dv
0

~ u]P’{‘T’ > u} /oo ey, yv +a—el, 00])dv.
0

Consequently, the claimed asymptotic upper bound is obtained by letting € — 0, y1,y2 — 0o. The proof is

complete. 0

7. APPENDIX

This section includes some results on the regularly varying random vectors.

Lemma 7.1. Let T > 0 be a regularly varying random vector with index « and limiting measure v, and let
x;(u),1 <i < n be increasing (to infinity) functions such that for some 1 <m < n, x1(u) ~ -+ ~ 2, (u), and

zj(u) = o(z1(w)) for allj =m—+1,--- ,n. Then, for any a > 0,
PAMZ1 (Ti > aiwi(u))} ~ PANL, (Ti > @iz (u)} ~ v([@m0,00]) P{[T| > z1(u)}

holds as u — oo, with @m0 = (a1, ,am,0,---,0).
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Proof of Lemma 7.1: Obviously, for any small enough £ > 0 we have that when u is sufficiently large
PN (Ti > aizi(u)}y < P{OL(Ti > (ai — €)z1(w)), Misysr (Ti > 0)}
~ v(la—c,00)) P{|T|> a1 ()},
where a_. = (a1 — &, -+ ,a;m —€,0,---,0), and
P{i=y(Ti > aiwi(u)} > P{NZ(Ti > (a5 + &)1 (u)), Misy 1 (T > as(ew (u)) §

~ v([act, co)P{|T] > 21 (u)}

with a.y = (a1 + &, , a4 + €,am416,- -+ ,a,e). Letting € — 0, the claim follows by the continuity of
v([ac+,00]) in €. The proof is complete. O
Lemma 7.2. Let T, a;’s, x;(u)'s and @m0 be the same as in Lemma 7.1. Further, consider n = (n1,--- , 1)

to be an independent of T nonnegative random vector such that maxi<i;<n E {nf‘*“s} < oo for some § > 0.
Then,

PLOGy (Timi > aszi(uw)} ~ PN (Timi > aiz1 ()} ~ v([@mo,00]) P{|T| > 21(u)}
holds as u — oo, where D(K) = E{v(n™'K)}, with n™'K = {(n; 'b1,- -+ ,0;'bn), (b1, -+ ,by) € K} for any
K € B([0,00]™ \ {0}).

Proof of Lemma 7.2: It follows directly from Lemma 4.6 of [30] (see also Proposition A.1 of [39]) that the

second asymptotic equivalence holds. The first claim follows from the same arguments as in Lemma 7.1. O

Lemma 7.3. Assume X € R" is reqularly varying with index o and limiting measure u, A is a random n X d
matriz independent of random vector Y € R%. If0 < E{[|A[|*™} < 0o for some § > 0, with ||-|| some matriz

norm and

(27) P{IY|> 2} = o(B{|X| >a}), = o0,

then, X + AY is regularly varying with index « and limiting measure u, and
P{X +AY| >z} ~P{|X| >z}, z— .

Proof of Lemma 7.3: By Lemma 3.12 of [30], it suffices to show that

(28) P{|AY| >z} =0 (P{|X]| > z}), = — .

a+6/2
Defining g(x) = 2 +5 ,x > 0, we have

g(z

)
(29)  P{lAY| >z} <P{A|[Y]> =} S/O P{Y| > 2/t P{||All € dt} +P{||A]l > g(z)} .

Due to (27), for arbitrary ¢ > 0,
9(z) 9(z)
| rvIsemralear < [ PUXI > o p{lA] < @t
0 0

holds for large enough x. Furthermore, by Potter’s Theorem (see, e.g., Theorem 1.5.6 of [36]), we have
P{IX] > z/t}
P{|X]| > x}

holds for sufficiently large x, and thus by the dominated convergence theorem,

< <y + 20 In i<y, t € (0,9())

9(@) x 9(z) o T
e [T R e g e an < i [T SIS g4y < i = B gagey
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Moreover, Markov inequality implies that

P{|A E {| Al*+?
amoo P{|IX[>a2} 7 amoo g(z) PP X] > 2}
Therefore, the claim (28) follows from (29)-(31) and the arbitrariness of e. This completes the proof. O

Lemma 7.4. Assume X,Y € R" are regularly varying with same index o and same limiting measure .
Moreover, if X >Y and P{|X| >z} ~ P{|Y| >z} as x — oo, then for any random vector Z satisfying
X >Z>Y, Z is regularly varying with index o and limiting measure i, and P{|Z| > z} ~P{|X]| > z} as

T — OQ.

Proof of Lemma 7.4: We only prove the claim for n = 2, a similar argument can be used to verify the claim

for n > 3. For any x > 0, define a measure p, as

P{x_lZ S A} -2
A= —— ——= A Ry).
We shall show that
(32) e — p, T — 00.

Given that the above is established, by letting A = {z : || > 1} (which is relatively compact and satisfies
u(0A) = 0), we have py(A) — u(A) =1 as ¢ — oo and thus P{|Z| > 2} ~ P{|X| > x}. Furthermore, by
substituting the denominator in the definition of u, by P{|Z| > z}, we conclude that
P {az’lz € } v
e~ ul), @ oo,
Bzsey M T
showing that Z is regularly varying with index o and limiting measure px.

Now it remains to prove (32). To this end, we define a set D consisting of all sets in @3 that are of the following

form:
a): (a1,00] X [az, 0], a1 >0,a2 € R,
b): [—o0,a1] X (az,00], a1 € R as >0,
c): [—o0,a1) X [-00,as], a1 <0,a3 €R,
d): Ja1,00] X [-00,a2), a1 €R,ay <0.

Note that every A € D is relatively compact and satisfies u(90A) = 0. We first show that

(33) lim p,(A) =p(4), VAeD.

T—00
If A = (a1,00] % (ag,00] or A = (ay, 0] x [az, oc] with a; € R and at least one a; > 0,7 = 1,2, or A = Rx (az, o0
with some as > 0, by the order relations of XY, Z, we have for any x > 0
P{x’lY € A} ]P’{acle € A}

P{|X| >z} P{|X| >z} °
Letting x — oo, using the regularity properties as supposed for X and Y, and then appealing to Proposition

(34) < pe(A) <

3.12(ii) in [40], we verify (33) for case a). If A = [—00,a1] X (az,00] with some a; € R,as > 0, then we have
112 (A) = 112 (R x (a,0]) — o ((a1,00] X (a2, o)),
and thus by the convergence in case a),

lim j14(A) = p(R x (az,00]) — p((a1, 00] x (az,00]) = p(A),

Tr—r00
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this validates (33) for case b). If A = [—00,a1) X [—00,as] or A = [—00,a1) X [—00,az) with a; € R and at
least one a; < 0,4 = 1,2, or A = R x [—00, az) with some ay < 0, then we get a similar formula as (34) with

the reverse inequalities. If A = [a1, 0] X [—00, az) with some a; € R, az < 0, then

p(A) = po(R X [=00, a2)) = pra([=00, a1) X [-00, ag)).

Therefore, similarly as the proof for cases a)-b), one can establish (33) for cases ¢) and d).
—2
Next, let f defined on R, be any positive, continuous function with compact support. We see that the support

of f is contained in [a, b]® for some @ < 0 < b. Note that

[a, b]c = (bl, OO] X [ag, OO} U [700, bl] X (bg, OO] @] [700,(141) X [700, bg] U [al, OO] X [700, (12) =: U Ai,

where A;’s are sets of the form a)-d) respectively, and thus (33) holds for these A;’s. Therefore,

4
sup o (f) < sup f(2) - sup po([a, b]°) < sup f(z)- D sup . (A;) < oo,
>0 zeﬁﬁ >0 zeﬁﬁ —1 >0

which by Proposition 3.16 of [40] implies that {1, }.»>0 is a vaguely relatively compact subset of the metric space
consisting of all the nonnegative Radon measures on (@3, B(Eﬁ)). If up and py are two subsequential vague
limits of {py }o>0 as & — oo, then by (33) we have pg(A) = py(A) for any A € D. Since any rectangle in @(2) can
be obtained from a finite number of sets in D by operating union, intersection, difference or complementary, and
these rectangles constitutes a w-system and generate the o-field B(@E), we get fig = [, on @3. Consequently,

(32) is valid, and thus the proof is complete. O
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