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ABSTRACT

This paper presents a theoretical study on a hybrid fabric evolution law for modelling
anisotropic behaviour of granular media. In the hybrid evolution law, the rate of a contact
normal-based fabric tensor is related to the rates of both stress ratio tensor and plastic strain.
Assumptions and principles that were adopted for the development of the fabric evolution law
are presented and discussed at first. Its accuracy is then examined by comparing with discrete
element modelling (DEM) results under proportional loading and experimental data under
complex loading and unloading processes. It is found that fabric evolution at low stress ratios
is closely related to the stress-rate driven term of the hybrid law, while the strain-rate driven
term dominates at high stress ratios. The hybrid evolution law satisfies the uniqueness
requirement of fabric at the critical state by introducing an ‘attractor’ concept. Overall, fabric
evolutions predicted by the hybrid law show a close agreement with DEM simulation results

and experimental data.

Keywords: Anisotropy; Fabric evolution; Anisotropic critical state; Granular material;
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1. Introduction

The arrangement and organisation of particles and other features of microstructures within a
soil mass are usually termed as its Fabric. In granular materials, it is associated with various
microstructural quantities such as the elongated particle orientation direction, contact normal
vectors, branch vectors, and void vectors. It has been widely observed (in both experimental
tests [1-8] and numerical simulations [9-21]) that the fabric of granular materials is of
anisotropic nature, which may be produced in the process of deposition (i.e. initial anisotropy)
and/or upon anisotropic loading (i.e. induced anisotropy). Fabric anisotropy and its evolution
may exert significant effects on the strength and deformation properties of discrete granular
materials [1, 4, 17, 22-24], for example, the shear strength [20, 25-27], elastic moduli [28],
non-coaxial plastic flow [29-32] and dilatancy [10, 33-35]. These behaviours of granular
materials are closely associated with the stability and buckling of force chains at a mesoscopic
scale and sliding and rolling at contacts, thus governed by the grain-scale structural
characteristics and processes. To capture the fabric features, numerous fabric tensors describing
the spatial distribution of different microstructural quantities, statistical representation of the
microstructural fabric, have been developed in the literature (e.g. reviewed by Li et al. [36]),
and many of them have been incorporated into constitutive models for granular materials as

essential internal variables [31, 34, 35, 37-45].

Under shearing, the fabric of granular materials may be regarded as unchanged only at a very
low level of strain, typically at the order of 10” [46]. Beyond this level, the material fabric
would reorganise as particles slide and roll across each other, namely the fabric evolves during
loading. Results of physical tests [1, 3, 5-7, 47, 48] and numerical simulations [13, 15, 49-54]

revealed the following characteristics of fabric evolutions under monotonic shear loading:

e The principal directions of the fabric tensor tend to align with those of the stress tensor. As
the principal directions of the stresses rotate, the principal axes of the fabric tensor rotate
in a manner that they gradually become coaxial with the loading direction at large strain.

e An ultimate fabric state, i.e. the critical state, which is independent of the initial fabric
(void ratio and fabric anisotropy), tends to be achieved at large strain, at which influences

of the initial state of the fabric are totally erased.

In order to reproduce the observations of fabric during loading, various evolution laws have

been proposed, for example, by connecting the rate of a fabric tensor to either stress/elastic
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strain rate [38, 44, 55, 56] or plastic strain rate [3, 10, 14, 34, 40, 57, 58]. The former types of
fabric evolution laws are broadly categorised as stress-rate driven evolution laws as stresses
and elastic strains can be readily related by elastic models, and the latter is named as strain-rate
driven evolution laws in this paper. An overview of the commonly used fabric evolution laws
refers to the reference of [59]. Due to the lack of quantitative measurements of relevant grain-
scale features and processes, the development of early phenomenological fabric evolution laws

heavily relied on the stress-strain information at the macro level.

Benefitting from the advancements of non-destructive imaging technologies, such as X-ray
computed tomography [1, 7], and particle-based numerical simulation techniques, such as the
discrete element method (DEM) [21], the understanding of anisotropic fabric and its evolution
in granular materials has been greatly deepened and many fabric evolution laws have been
examined, proposed or improved based on observed particle-scale characteristics [9, 31, 34, 59,
60]. Motivated by micromechanical and experimental studies, Li and Dafalias [34] proposed
an Anisotropic Critical State Theory (ACST), which represents a milestone in the constitutive
modelling of anisotropic fabric for granular media. Hu et al. [31] examined the performance of
typical stress-rate driven and strain-rate driven evolution laws of material fabric in constitutive
modelling by comparing with DEM simulation results. It was shown that: (a) evolution laws
associated with the stress (or elastic strain) rate alone can capture the characteristics of peak
strength under monotonic shearing with various loading directions, but they rarely predict a
unique anisotropic critical state; (b) on the contrary, fabric evolution laws associated with the
plastic strain rate alone tend to give a unique critical value of the fabric tensor, but they cannot
capture the characteristics of peak strength easily. The latter issue has also been recognised by
Li and Dafalias [34] while modelling the anisotropic fabric of sand with a simple strain-rate
driven evolution law. To capture the peak characteristics during fabric evolution, Yang et al.
[40], Wang et al. [10] and Zhao and Kruyt [59], among others, made valuable attempts to
improve the strain-rate driven evolution laws based on DEM observations as discussed later in
this paper. Alternatively, Hu [61] proposed a hybrid fabric evolution law, assuming the
evolution of the fabric tensor in granular materials under monotonic shearing is dependent on
the rates of both stress ratio and plastic strain. Yuan et al. [9] extended the hybrid evolution
law to incorporate the effects of the intermediate stress ratio on the evolution of fabric. In this
paper, the assumptions, procedure and principles that were adopted in the development of the
hybrid fabric evolution law are elaborated and discussed for the first time. This is followed by

comparison and validation analyses of the fabric evolution laws based on direct grain-scale
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observation and measurement from DEM simulations and experimental data in the literature.

This paper is outlined as follows. Section 2 defines the fabric tensor and the anisotropic critical
state. Sections 3 and 4 introduce and analyse some general types of stress-rate driven and strain-
rate driven fabric evolution laws, respectively, according to the requirements of the principle
of material frame-indifference together with assumptions of rate-independence and uniqueness
of critical fabric tensor. In Section 5, the hybrid fabric evolution law of Hu [61] is presented
and briefly discussed. Then the performance of the hybrid evolution laws is examined by
comparing with results of DEM simulations and experimental data in Sections 6 and 7,

respectively. Finally, some conclusions are drawn in Section 8.
2 Uniqueness of critical state fabric tensor
2.1. Definition of the fabric tensor

Contacts at where particles interact with each other are often regarded as the fundamental fabric
information of granular materials [15, 62]. For a granular assembly of Np particles and N,
contact points, the relative frequency distribution of contact normals n may be described by a

probability density function E(n). In most cases, it can be truncated [9, 26, 52, 63] as:

E(n) :ﬁ(1+F:n®n) (D

by second-order spherical harmonic series for three-dimensional (3D) materials, or

Em) = —-(1+ F:n®n) 2)

by second-order Fourier series for two-dimensional (2D) materials. The symbol @ denotes a
dyadic product. The traceless tensor F in Eqgs. (1) and (2) is known as the second-order fabric
tensor of the third kind in terms of unit contact normal [46]. It is used to characterise the fabric
anisotropy in this study as it renders to capture the most essential microstructural features that
govern the material behaviour with a small number of parameters [33, 62]. Note that higher-
order terms are omitted in Egs. (1) and (2) for simplicity as the contributions of higher-order
terms are usually negligible compared to those from the second-order terms in most cases for
various loading paths [26, 64]. Practically, the fabric tensor F can be estimated from the

second-order tensor N [10, 13, 26, 65] as follows:

F = %(N - %I) for 3D case 3)
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F=4 (N —%I) for 2D case (4)

where I denotes the unit second-order tensor; N is a function of the discrete directional contact

normals n of a granular assembly as:

N = NLZCE,VC n‘®n’ (5)

2.2. The fabric tensor at the critical state

In classical critical state theory (CST), granular materials under a monotonic shearing will
achieve a critical state characterised by stationary values of stresses and void ratio with an
unlimited development of the shear strain [13, 53, 66-68], and the critical state can be fully

described by two analytical equations in a three-dimensional space:
e=e.=1TI(p) (62)

n=n.=(0q/p). = M(b) (6b)

where p = 1/3 tr(o) is the mean effective stress; g = \/3_/2 ||S|| is the stress deviator where
S is the deviatoric stress tensor, and 7 is the stress ratio. The operator ||*|| denotes the
Euclidean norm. The intermediate principal stress ratio b is defined as (0, — 03) /(07 — 03),
in which 0y, 0, and o3 are the major, intermediate and minor principal stresses respectively.
Compressive stresses are treated as positive in this paper. Eq. (6a) assumes that the critical void
ratio e, is only dependent on the mean effective stress p. Eq. (6b) defines that the critical state
stress ratio is only dependent on the shear mode (i.e. b value). The function M (b) represents

the effect of the shear mode on the critical state friction angle in the 7 plane.

The kernel of the idea in the CST is that the critical state line is unique for a given soil regardless
of the stress paths and the initial conditions. It has been realized that the two conditions of CST
(i.e. Egs. (6a) and (6b)) may be necessary but are not sufficient to maintain the critical state
[34, 69, 70]. Considerable microstructural studies revealed that material fabric at the critical
state is anisotropic in nature [9, 11, 13, 34, 50, 53, 57]. Accordingly, Li and Dafalias [34]
proposed the ACST, enhancing the two CST conditions by a third, i.e. a critical state value of
the fabric. Following this concept, one more condition, specifying the fabric tensor at the
critical state, is added to secure the sufficiency of reaching and maintaining the critical state.
The critical state fabric tensor F is assumed to be proportional to the deviatoric stress ratio

tensor m at the critical state as:
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Fo = Ce(b)me = G () (60)

Cc

where Cr is a proportional coefficient that is dependent on the b value [9, 13, 16]. According

to the definition of the stress ratio in Eq. (6b), we have n = /3/2|nll. n = S/p is the

(deviatoric) stress ratio tensor. If we define the deviator of the critical state fabric tensor as

Fye = /3/2|IF || = Mg, Eq. (7) can be deduced from Eq. (6¢) as:

My = Cr(b)M(b) (7

The additional constraint of Eq. (6¢) characterises the anisotropic feature of granular materials
at the critical state. The critical state fabric tensor specifies a boundary condition on the
evolution of the fabric. In other words, a unique critical state fabric tensor will be achieved
during fabric evolution, independent of the initial conditions and the stress path through which
the critical state is reached. The deviator of F, is equal to Cz(b)M(b), varying with the shear
mode. These features of the critical state fabric tensor are consistent with DEM simulation

findings [9, 10, 13, 17, 31, 49, 53, 71, 72] as will be elucidated later.
3. Stress-rate driven evolution laws
3.1. A general type of stress-rate driven fabric evolution laws

The spatial distribution of contact normals keeps evolving to achieve mobilised strength. Both
experimental observations [3, 47, 48] and numerical simulations [18-20] indicated that the
distribution of contact normals is closely related to the applied stresses, and the material fabric
tends to align with the applied stresses. In micromechanics, the stress tensor can be directly
related to a fabric tensor through the stress-force-fabric relationship [20, 64]. According to
these findings, Yu [55] proposed a general type of evolution laws in which the rate of the fabric

tensor (i.e. F) was related to the stress tensor @ and the stress rate & as
F = B(0,06) 8)
In this work our attention is restricted to rate-independent material behaviour. The rate-

independence requires that the tensor-valued function B is a homogeneous function of degree

one in . As such, one can obtain a rate-independent form of the evolution law as follows:

F=B(o2)llol ©)
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More details of the derivation of Eq. (9) refer to Gurtin et al. [73].
3.1.1. Uniqueness of the critical state fabric tensor

At first, we examined whether evolution laws in the form of Eq. (8) are compatible with the
condition of Eq. (6¢). The answer is negative. In rate-independent granular materials, although
the fabric tensor predicted by Eq. (8) will be ‘saturated’ at the critical state, namely it does not
develop further with unlimited shear strain, it varies with the initial fabric conditions (explained
in detail in Appendix A). In other words, Eq. (8), in which F is purely dependent on ¢ and &,
cannot satisfy the requirement of the uniqueness of the critical state fabric tensor for rate-
independent media. Therefore, Eq. (8) is not suitable for describing the evolution of fabric
tensors near the critical state. Nevertheless, it does not mean that Eq. (8) is not suitable for
other situations. In fact, Eq. (8) is able to describe the evolution of fabric tensor under rotational

shearing as well as in the case when the stress ratio is below the critical state stress ratio [61].
3.1.2. Requirements of the principle of material frame-indifference

The principle of material frame-indifference requires that the function B must be a tensor-
valued isotropic function on both stress rates and stress tensors. This feature of function B is
useful to develop evolution laws for internal variables and fabric tensors by using the
representation theorem of isotropic functions. According to the representation theorem for a
tensor-valued function of two symmetric tensors in a three-dimensional space [74], evolution
laws of the fabric tensor, satisfying the form of Eq. (8), can be generally expressed as:

F = agl + a,0 + a,0% + a36 + a,6% + as(66 + 60) + as(6%6 + 66%) +
a,(o6? + 6%0) (10)

where a,(k = 0,--+,7) are scalar-valued functions of basic invariants listed as follows:

e Invariant Group A: tr(a), tr(e?), tr(e®)
e Invariant Group B: tr(¢), tr(ed), tr(e?6)

e Invariant Group C: tr(¢?), tr(a?), tr(ee?), tr(c?6?)

Although Eq. (10) exactly represents the constraints imposed by the principle of material
frame-indifference, it is too general for practical use. In many cases, low-order terms may be
of sufficient accuracy, and the constraint imposed by such simplified relations would generally

be stronger than the full description of Eq. (10). We give several specific cases in which high-
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order terms can be assimilated or dropped in the following subsection.
3.2. Specific cases of Eq. (10)

It is natural to further assume that F is linear with & as it is the simplest way to satisfy the
requirement of rate-independence, i.e. Eq. (9). With the assumption of linearity, Eq. (10) can

be simplified as:
F = agl + a,0 + a,06% + a36 + as(66 + 60) + az(6%6 + 60?) (11)

As the fabric tensor F defined in Eq. (3) is traceless, only the deviatoric part of the fabric tensor

rate needs to be kept. Hence, Eq. (11) can be expressed more explicitly as:

F = (astr(0) + astr(06) + astr(0?6))S + (astr(6) + a;tr(ad) + agtr(a?6))(a?) +
as$ + a,q(06 + 60)' + a,,(6%6 + 662)’ (12)

where a;(k = 3,:+-,11) are new single scalar-valued functions, which are dependent on
Invariant Group A only. (*)" represents deviatoric part of a second-order tensor *, i.e. dev(x).

Obviously, F(a, ) in Eq. (12) is an odd function of the stress rate .
3.2.1. Evolution laws for specific loading paths

Under a proportional loading, the direction of deviatoric stresses I remains constant (e.g. for
triaxial compression and triaxial extension). By applying the Cayley-Hamilton theorem, Eq.

(12) can be equivalently expressed as:

F = (astr(0) + astr(06))S + (agtr(d) + a,tr(a6))(S2)’ (13)
Under a coaxial loading, the principal axes of stresses are fixed (e.g. the true axial shearing).
Since the stress tensor and its rate are coaxial, F can be equivalently expressed as

F = (a5tr(0) + astr(66) + astr(0?6))S + (agtr(6) + a,tr(ad) + agtr(a?a))(5?)’
(14)

Under a purely rotational shearing where the principal axes rotate but all stress invariants are

kept constant, the rate of stress tensor and the stress tensor satisfy the following equations:

tr(a) =0; tr(6o) =0; tr(6o?) =0 (15)

Combining Eq. (18) with Eq. (15) leads to:
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F= (ags +ay0(SS + $S) + a,,(S52S + Ssz))' (16)

The above example cases clearly show that different terms in Eq. (12) represent the effects of
different components of the stress tensor and the stress rate on fabric evolution. According to
the problem of stress paths in hand, specific forms of the stress-rate driven fabric evolution law

can be obtained by tailoring the terms in Eq. (12).
3.2.2. A simple evolution law for proportional loading

According to the DEM simulation results of tests under proportional loading by Yang [51],
which showed the second invariant of fabric tensor F; = ,/3/2||F|| varied non-linearly with

the stress ratio 77, a simple non-linear evolution law is proposed in Eq. (17) as:
. . s s .
F =+ GlmiDi = 6.1+ Glinlh (0 - 25») (17)

where C; and C, are material constants controlling the pace of fabric evolution. Note that Eq.

(17) 1s a special case of Eq. (12) while designating:

_ G A+GlmD _ G(+GlnlD

; Qg = —————; Qi(kx39) =0 (18)

a =
3 3p? p

In Eq. (18), two terms of Eq. (12) are kept. In this simple evolution law, the rate of the fabric
tensor is assumed to be proportional to the rate of stress ratio tensor. Setting C, = 0, Eq. (17)

reduces to the fabric evolution law proposed by Wan and Guo [38], that is:

F=Cm (19)

Eq. (19) relates the rate of the fabric tensor to the rate of the stress ratio. It predicts that the
fabric tensor stops evolving at the critical state as the stress ratio ‘saturated’ [38]. Integrating
Eq. (19) under a proportional loading leads to a linear relation between ||F| and ||n|| from an

initial isotropic fabric tensor. This disadvantage is eliminated by Eq. (17).

Satake [65] assumed that the fabric tensor is proportional to the stress tensor normalised by the

mean effective stress, i.e.

F=c0/p) =0C-5p) = GG 5p) (20)

This evolution law is essentially identical to that of Eq. (19). The dependence of the fabric

tensor on the stress rate has been observed in physical tests [47, 48], in which the distribution

10
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of contact normals was closely related to the applied stresses (e.g. Eqs. (19) and (20)). It has
also been argued that the fabric evolution depends on the elastic rate of deformation rather than
the plastic rate of deformation as they presumed that only the elastic deformation gives rise to
a change in stresses and causes distortion of the fabric [44, 56]. However, this is not necessarily
true as many recent studies [9, 10, 31, 34] showed that the fabric evolution may also closely

associate with the development of plastic strains prior to the critical state.
4. Strain-rate driven evolution laws

Strain-rate driven type of evolution laws were initially proposed to describe kinematic
hardening of internal state (hardening) parameters for metals (e.g. [75]) and then applied to
describe the rotational hardening of soils (e.g. [76-78]). Based on some existing fabric
evolution laws for granular materials in the literature (e.g. [3, 14, 34, 40, 57, 58]), a general

type of the strain-rate driven evolution laws is given at first in Eq.(21).
F = Cya(o,F)(B(a,F) — F)A (21)

where C; is a material constant controlling the pace of fabric evolution; A is a plastic index
defined as the norm of deviatoric plastic strain rates, i.e. A = ||e'p||; a(o, F) is a positive
isotropic scalar-valued function of the stress tensor @ and the fabric tensor F; B(a, F) is an
isotropic tensor-valued function. Eq. (21) meets the requirement of the principle of material
frame-indifference as both a(a,F) and B(o, F) are isotropic functions, and it is also

compatible with the assumption of rate-independence according to the definition of A.

4.1. Uniqueness of the critical state fabric tensor

Taiebat and Dafalias [76] introduced an ‘attractor’ concept to ensure that the anisotropic state
parameter, which macroscopically reflects material anisotropy, will reach and rest on the pre-
defined limit surface (normally in the stress spaces) under continuously monotonic shearing.
Following this concept, we proposed a general attractor in the form of B(ea, F) — F in Eq. (21),
which implies a relationship between the critical state fabric tensor and the stress tensor and
ensures a unique critical state fabric tensor. Specifically, the plastic index A in Eq. (21) is
always positive under monotonic shearing, hence the rate of evolution of the fabric tensor
reduces to be zero when the attractor (B(a, F) — F) approaches zero at the critical state.

During shearing, the fabric tensor evolves towards the fixed point that is defined in Eq. (22).

B(o.F,)—F,=0 (22)

11
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where o, and F represent the critical state stress and fabric tensors, respectively. Egs. (21)
and (22) specify that the fabric tensor may evolve from an arbitrary initial value of F; towards
the critical state fabric tensor F, and F. will stay the same with further development of plastic
strains. According to the representative theorem of isotropic tensor-valued function, it is found

that F. must be coaxial with o, as B is an isotropic tensor-valued function of them.

Following Egs. (6¢) and (22), various forms of the function B can be specified, for example:

B(o,F) = Cr(b)n (23a)
B(o,F) = Mz(b)n; n = ﬁ; nn=1 (23b)
B(o,F) = My(b)n; n = ”Z:’; G omn=1 (23c)

Note that, although the above B functions are all compatible with Eq. (6¢) at the critical state,
they define different paces of fabric evolution towards the critical state. The ‘attractor’ concept
here may be explained from different perspectives. According to Ma and Zhang [79] and Kuhn
[80], the evolution of contact normals in granular assembly can be treated as transport
phenomena. At grain scales, the movement of the contacts is characterized by the generation,
disruption, convection and diffusion of contact normals on a unit sphere. Correspondingly, the
evolution of the spatial distribution of contact normals is governed by Fokker-Planck equations
on a unit sphere including source, convective and diffuse terms. Under monotonic shearing,
the fabric evolves towards the critical state that corresponds to the steady state of the Fokker-
Planck equations. The attractor is a similar description of the evolution of Fokker-Planck
equations towards the critical state in the form of fabric tensor. At a meso-scale, the existence
of an attractor is closely associated with the fact that the buckling of the force chain cannot
continue unlimitedly. During monotonic shearing, especially after the peak, the force chain is

in a metastable state and the force network evolves towards a ‘dynamic’ equilibrium state.
4.2. A simple strain-rate driven evolution law

If we choose a(a, F) = 1 and B(o, F) in the form of Eq. (23a) and assume that Cr(b) is

independent of the b value for simplicity, a simple evolution law is obtained from Eq. (21) as:

F=C,(Cem— F)A (24)

This is similar to the evolution law that was proposed by Li and Dafalias [34] (i.e. Eq. (25)), in

which a traceless void vector-based fabric tensor n; was used.

12
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F=C.(n,—rF)A; nin; =1 (25)

where n; represents a direction along which the loading is applied. C, and r dictate the pace of

fabric evolution and its peak value, respectively.

The critical state fabric tensor F in Eq. (25) is normalised by its norm ||F,|| and hence there
alwaysis F.: F, = 1. Instead, the contact normal based-fabric tensor is attracted by Czn in Eq.
(24) so that the deviator of the critical state fabric tensor can be defined simultaneously (e.g.
Egs. (6¢) and (7)). r = 1 was assumed by Li and Dafalias [34] for simplicity in the constitutive
formulation with Eq. (25). In this case, this evolution law can be recovered by using a B(a, F)
function in the form of Eq. (26¢). However, Li and Dafalias [34] noticed that this simplification
is not able to capture the peak characteristics of the deviator of the fabric tensor in dense sand.
Instead of being constant, r should be able to evolve nonlinearly, whose value is smaller than
the unity before reaching the critical state and equals 1 at the critical state. For this reason,
Yang et al. [40] incorporated the material dilatancy into the evolution of r; Wang et al. [10]
related 7 to the evolution of the particle orientation fabric tensor. Similarly, Zhao and Kruyt
[59] related the coefficient of A with a nonlinear function of the state parameter for modelling

the peak characteristics of fabric evolution.
5. The hybrid fabric evolution law of Hu [61]

In order to avoid the aforementioned limitations existing in purely stress-rate driven and simple
strain-rate driven evaluation laws, Hu [61] proposed to combine Eqgs. (17) and (24) for
characterising fabric evolution of granular materials under proportional loading. By doing so,

the rate of the fabric tensor is related to the rates of both stress ratio and plastic strain as:

F =1+ Glinlhi + C;(Cam — PA (26)

Comparing to Egs. (17) and (24), two additional material parameters are involved in Eq. (26).
Eq. (26) satisfies both the uniqueness requirement of the fabric tensor at the critical state and
the requirement of the principle of material frame-indifference as Eqgs. (17) and (24) do. Based
on the stress-force-fabric relationship in micromechanics, the fabric tensor can be incorporated
into a yield surface through the concept of back stress [42, 55]. As a result, fabric evolutions
predicted by Eq. (26) will result in rotational hardening of the yield surface, which will be
‘saturated’ at a unique critical state [31]. This suggests that the rotational hardening law, widely

used in constitutive modelling of granular materials [77, 81], phenomenally represents the
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fabric evolution at the grain scale [43]. Moreover, the incorporation of the fabric evolution in
the plastic flow rule will lead to non-coaxial plastic deformation as the fabric tensor is generally

not coincident with the stress tensor [31, 35].

The first (stress rate) and second (strain rate) terms in Eq. (26) may be associated with different
microscopic mechanisms of fabric evolution [9, 31]. At the initial stage of shearing with rapid
increases in the stress ratio, contacts are forced to reorganise to support the applied stresses.
The change of distribution of contact normals, hence the evolution of the fabric tensor, is
mainly due to the net creation of the contacts. At this stage, the plastic strain rate is relatively
small, the fabric evolution can thus be effectively related to the stress ratio rate as expressed in
the first term of Eq. (26). As shearing continues (especially after the peak strength), the net rate
of contact creation decreases considerably, and the change of the contact normal distribution is
predominantly controlled by the migration of contact points through sliding and rolling of
particles across each other, accompanied by rapid increases of plastic deformation. Hence, the
fabric evolution can be effectively related to the plastic strain rate at large shear strains [14, 28]
as approximated by the second term of Eq. (26), which ensures that the fabric tensor evolves

towards a unique critical state.
6. Performances of fabric evolution laws under proportional monotonic shearing

This section examines the performance of the hybrid fabric evolution law (i.e. Eq. (26)) under
monotonic shearing with constant mean stress p and b value. The predicted fabric evolutions
are compared with the DEM simulation results obtained by Yang [51]. In the meanwhile,
individual influences of the stress-rate driven term (i.e. setting C3 = 0 and C, = 0 in Eq. (26))
and the strain-rate driven term (i.e. setting C; = 0 and C, = 0 in Eq. (26)) of the hybrid law on

the evolution of material fabric are also discussed.
6.1 DEM model

The DEM simulations were performed using the commercial package of PFC3P (2004). Non-
spherical particles (clumps) were used, which were formed by two identical and overlapping
spheres. The distance between two spheres in a clump was 1.4 times of the radius of each
sphere Rs, and Rs randomly distributed in the range of 0.3 mm and 0.5 mm. The local contact
behaviour was described by the linear contact model. Sliding occurs when the tangential

contact force exceeds the maximum allowable tangential force EL ., (EhLqx = UEL, where uis
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the frictional coefficient and ! is the normal stress at contacts). Contact cohesion and crushing

mechanism have not been considered. The model parameters used are summarised in Table .

Table 1 DEM simulation details

Particle Normal Tangential Friction Damping

solid stiffness for stiffness for coefficient for  Time-step At coefficient
density p sphere k, sphere ks sphere u &
2700kg/m®>  1X10° N/m 1X10° N/m 0.5 1.02X10°s 0.7

Initially, anisotropic samples of non-spherical particles were generated by the gravitational
deposition method in a cubic box of dimensions of 0.0912m X0.0912m X 0.133m. After the

deposition process, the polyhedral boundary walls were generated by selecting n=8 and
Ryw=0.0066m, where 7 is the number of sides of the top regular polygon wall surface and Ry is
the radius of the polyhedron inscribed sphere. The boundary surfaces were rigid walls with the
same mechanical properties as the granular particles. More details about the polyhedral
specimen refer to references of [51] and [82]. Each specimen consisted of 5188 particles, and
Yang [51] verified that the number of particles is great enough to serve as a representative
volume element using the polyhedral specimen. Afterwards, the anisotropic samples were
sheared to the deviatoric strain of 10% under triaxial compression, followed by unloading to
the isotropic stress state (see Fig. 1). The pre-loaded dense samples (i.e. No. CDED_TC_TT in
[51]) had an initial void ratio eo of 0.65. Finally, true triaxial tests were performed on the
samples. During the monotonic shearing, the mean stress p was kept as constant at 500kPa and
b = 0.4; the direction of the major principal stress was fixed at different angles to the

deposition direction, ranging from 0° to 90° at an interval of 15° (see Fig. 1a).

:l‘# deposition -

direction ‘
. a g1 b=0.
principal stress p = 500kPa
o direction 4
j Hl
5 —_—

73] X n' y

(a) (b) (c)

Fig. 1 (a) Definition of loading direction; (b) Definition of principal fabric direction; (c)

Loading history of the pre-sheared DEM samples.
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The fabric tensor can be fully characterised by the fabric deviator F, = \/3_/2 ||F||, the
intermediate fabric ratio F, = (F;, — F,)/(F;, — F3) (where F;, F, and F; are the major,
intermediate and minor principal values of the fabric tensor respectively) and the major
principal direction of the fabric tensor y (see Fig. 1b). The initial fabric before the monotonic
shearing in the DEM tests was characterised as Fy; = 0.72, Fp; = 0.0192, yp; = 0°. The

critical state stress ratio 7. was equal to 0.95, and the critical state fabric deviator F;. = 1.

6.2 Comparison with DEM simulation results

Model parameters required by the hybrid evolution law are summarized in Table 2, which were
calibrated by fitting results of the DEM simulations. The evolution laws were integrated using
an implicit Euler algorithm [9, 61] with values of the stress tensor and the strain tensor that
were obtained from the DEM tests. Note that A was calculated using the total strain rate as the

elastic strain rate is negligibly small compared with the plastic strain rate.

Table 2Model parameters for the hybrid fabric evolution law

Evolution 1 Parameters
volution law C,* c, C, C,
Eq. (26) 032 1.3 9 1/0.95

* Note that C; and C, may be dependent on the b value [9]. As the b value was set as constant in the

DEM simulations under monotonic shearing, they were set as constant accordingly here.

Figs. 2 and 3 compared fabric deviators obtained from the DEM simulations and theoretical
predictions, plotted against stress ratio 17 and deviatoric strain &, respectively. Simulation
results in Fig. 2 (a) show that before reaching the peak strength, there is a non-linear functional
relationship between the stress ratio and the fabric deviator as also observed in experimental
investigations [47]. After the peak strength, the fabric deviator evolves with the stress ratio in
a totally different manner. For tests performed under different loading directions, F; evolves
consistently towards a unique critical value with increasing strains (e.g. Fig. 3(a)). Figs. 4 and
5 present simulated and predicted evolutions of F, and y respectively, plotted against stress
ratio. The DEM simulation results show that the fabric tensor (i.e. the value of F}) tends to
have the same b value and be coaxial with the stress tensor towards the critical state, as what
we have assumed for the critical state fabric tensor in Eq. (6¢). The comparisons indicate that
the above features of fabric evolution can be well captured by the hybrid evolution law although

the predicted peace to reach the critical state is slightly quicker than the DEM measurements.
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At low stress ratios (or small shear strains), the material is more likely to behave elastically.
Figs. 2-5 indicate that, with a stress ratio up to 0.6, the fabric evolution is closely related to the
stress-rate driven term of Eq. (26). This is in line with experimental observations in which the
fabric evolution shows a strong link with the stress ratio and the material fabric attempts to
align with stresses [47, 83]. Beyond this stage, Eq. (26) is no longer suitable for predicting the
fabric evolution if only the stress-rate driven term is involved, particularly at the post-peak
stage. For example, the purely stress-rate driven term predicted the n — F,; curves in the
softening regime return exactly along the paths they came along (i.e. n varies from the peak
value 1, to the critical state value 1.) (see Fig. 2(b)), the critical state fabric deviators are
different in loading directions (see Fig. 3(b)), and the principal direction of the fabric only
rotates a small angle (see Fig. 5(b). All these features are against the DEM observations (e.g.
Figs. 2(a) and 3(a)). Those findings also echoed the conclusion made in Section 3.1.1 that the

purely stress-rate driven evolution laws cannot warrant a unique critical state fabric tensor.

At higher stress ratios (or larger shear strains), the fabric evolution tends to be more related to
the (plastic) strain-rate driven term of Eq. (26) as the material becomes more likely in the plastic
state. By introducing the ‘attractor’ concept, a unique critical state is predicted, and this is
consistent with the DEM results (Figs. 2(c, d) and 3(c, d)). Nevertheless, Figs. 2-5 shows that,
if excluding the stress-state term, Eq. (26) becomes much less accurate at low stress ratios,
especially for tests at small loading angles (e.g. @ = 0°), compared to the DEM results. The
evolution of fabric in the entire range of stress ratios can be well reproduced by the hybrid law
that incorporates both a stress-rate driven term and a strain-rate driven term. It may be assumed
that, when the granular material transits from an elastic state to plasticity under monotonic
shearing, that governs the fabric evolution gradually transfers from the stress-rate driven term

to the plastic-strain-rate driven term in Eq. (26).
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Fig. 2 Simulated and predicted fabric evolution: stress ratio 1 vs. fabric deviator Fj. (a) DEM;

(b) Stress-rate driven term of Eq. (26); (c) Strain-rate driven term of Eq. (26); (d) Eq. (26).
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Fig. 5 Simulated and predicted fabric evolution under proportional loading: principal fabric
direction y vs. stress ratio 1. (a) DEM; (b) Stress-rate driven term of Eq. (26); (c) Strain-rate
driven term of Eq. (26); (d) Eq. (26).

7. Comparison with experimental tests

The hybrid evolution law is further compared against experimental data in the literature to
examine its accuracy in describing the evolution of fabric tensors. As contact normals of
granular materials under three dimensional (3D) conditions were rarely detected in physical
tests at this moment, test results on samples made of 2D (Schneebeli) granular materials were
used here. The sample types and model parameters involved in the validation are listed in Table

2. Like the 3D cases, notations for the 2D cases are defined as follows.
p=tr(@)/2; S=o—pl n=" @7)

where p, § and n are the mean effective stress, the deviatoric stress, and the stress ratio tensor,
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2F21

n=Inll; & = |lepl; A=lle,]; F, =FIl; tany;) = (28)

Fa2—F11

where 7, &g A, Fq and yr are the stress ratio, the plastic strain deviator, the plastic index, the
fabric deviator and the major principal direction of fabric tensors with respect to the axis 2,
respectively. In the 2D case, the fabric tensor can be completely expressed by the fabric
deviator F; and the major principal direction of the fabric tensor, Y, as the fabric tensor is
traceless. The fabric deviator characterises the degree of concentration of contact normals in
preferred directions, i.e. yr. Note that the elastic strain was ignored while calculating the plastic

index in the following model predictions.

Table 1 Test samples, loading types and model parameters.

No. Materials Test type Model parameters Reference
G G C3 Cy
| | Polydisperseoval | Biaxial 1351 43 | 3 1 Oda et al. [4]
photoelastic rods | compression
. CHCV1
Polydisperse UVUHI
* 1 .
2 01rcu12r1f) (\;;OOden UDUGI 0.1 0 10 1.2 | Calvetti et al. [3]
CHCDI1

* V represents vertical compression; H represents horizontal compression; D and G represent
right shear and left shear respectively; C is used for tests with constant normal stress; and U
is used for constant volume tests. For instance, CHCDI is a test in which the specimen is first
loaded in horizontal compression (H) (x=constant) under constant vertical stress (C), and
then subjected to right shear (D) (y=constant > 0) under constant vertical stress (C).

7.1. Comparison with tests of Oda et al. [4]

Biaxial compression tests were performed on 2D assemblies of oval cross-sectional rods
(polyurethane rubber) by Oda et al. [4]. The photoelastically sensitive rods were lubricated,
leading to the interparticle friction angle was about 26°. As a result, the internal friction angles
of the assemblies are comparable to those of natural sands [47]. The assemblies were tilted and
held at a desired angle a (so-called the bedding angle) in the frame, followed by stacking the
rod-like particles by hand with the long axes of their cross-section horizontally. After the
completion of the assembly, the frame was brought back (see Fig. 6). A series of assemblies
with different bedding angles, i.e. initial fabrics, were tested. The assemblies were sheared by
increasing the vertical displacement incrementally with a constant lateral force. The contact

normals and their evolution for the assembly of @ = 0° and 60° were measured, respectively.
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More details of the tests refer to [22]. Noted that the second-order fabric tensor of the second
kind in terms of unit contact normal [63] that was used by Oda et al. [4] was converted to the

fabric tensor defined in this paper (i.e., Eq. (4)) for direct comparison.

Figs. 6 and 7 present measured and predicted results of fabric evolutions for assemblies with
different initial fabrics in terms of fabric deviator and major principal fabric direction,
respectively. Under displacement-controlled biaxial compression, the fabric anisotropy,
represented by the fabric deviator, increases with the development of shear strains until a peak
value is reached, responding to the increase in the stress ratio, then drops with decreases in the
stress ratio (Fig. 6). The principal axes of the fabric tensor rotated gradually towards the
principal axes of the stress tensor regardless of the initial fabric tensor being coaxial or non-
coaxial with the stress tensor (Fig. 7). The comparison results indicate that the above features
of fabric evolution under biaxial compression for assemblies with different initial fabrics can

be well reproduced by the present hybrid evolution law.
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Axial strain, &1 (%)

Fig. 6 Measured and predicted evolutions of the fabric deviator F; with axial strain &; for
assemblies with different initial fabrics.
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Fig. 7 Measured and predicted evolutions of major principal fabric direction Yy with axial

strain &; for assemblies with different initial fabrics.
7.2. Comparison with tests of Calvetti et al. [3]

Several laboratory tests on 2D material specimens composed of wooden roller stacks were
performed by Calvetti et al. [3] to analyse the material behaviour under complex loading
conditions, involving loading-unloading cycles and principal axes rotations. It has been shown
that the macroscopic behaviour of this 2D material, whose internal friction angle was about 28°
(£2°), was qualitatively similar to that of real granular materials (e.g. sands) under loading
paths such as compression, shear, and constant volume tests. The fabric tensor, used by Calvetti
et al. [3], was normalised by the initial distribution of contact normal and defined by a
distribution function of the contact normal truncated by second-order Fourier series. This is
similar to Eq. (4). Hence, the evolution of this fabric tensor reflects the underlying mechanisms
of evolution of contact normal, and it can be reasonably assumed that the hybrid evolution law
is able to capture the evolution of the fabric tensor. The rearrangement anisotropy d, defined

by Calvetti et al. [3], can be linked to the fabric deviator F; by:
F,=+2d (29)

As listed in Table 3, results from four different types of tests were used to validate the hybrid

evolution law. In summary, during the CHCV1 test (Fig. 8), the specimen was first loaded and
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unloaded in horizontal compression under constant vertical stress (part CH), followed by
vertical compression under constant horizontal stress (part CV); during the UVUHI test (Fig.
9), the specimen was first loaded in vertical compression, then unloaded and finally loaded in
horizontal compression, keeping the volume constant; the UDUGI shear test (Fig. 10) was
performed under constant volume conditions, in which the boundary strains were imposed
controlling the rotation g of the loading device lateral plates; in the CHCD1 test (Fig. 11) the
specimen was first loaded in horizontal compression (CH part) and then subjected to right shear
(CD part), as the vertical stress was kept constant. The stress and strain control conditions
applied in each of the tests are also briefly summarised in Figs. 8-11, respectively. More details

of the tests refer to [41].

The measured and predicted evolutions of the fabric tensor, in terms of the fabric deviator and
major principal fabric direction, are compared in Figs. 8-11. Overall, a close agreement is
shown between theory and tests under complex loading and unloading processes, although
slight overpredictions on the fabric deviator are made by the hybrid evolution law for the
UVUHI and UDUGT tests. One of the advantages of the proposed hybrid evolution law is that
the evolution of the distribution of contact normals is attributed to two different mechanisms
that are related to the stress rate and the plastic strain rate, respectively. Fig. 8 (a) shows that
the trajectory of the fabric deviator was mostly reversible during the loading-unloading cycle
from step 3 to step7. In other words, the material response was more elastic-like and the plastic
strain rate was very low during the unloading process. Similar features were observed during
loading and unloading processes in the UVUHI1 and the UDUGTI tests as shown in Figs. 9 and
10. In these processes, the fabric evolutions were mainly related to the stress rate. On the other
hand, the strain-rate driven mechanism was triggered and dominated at large shear strains.
comparisons in Figs. 9 and 10 indicate that the evolution law is applicable to the undrained
conditions featured by the constant volume. In addition, it is shown that the fabric evolution in
CHCDI1 test, where principal axes rotations were involved, can also be generally captured by

the hybrid evolution law using the same set of material parameters.
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Fig. 8 Measured and predicted evolutions of fabric tensor against shear strain & — &, under

CHCV1 test: (a) fabric deviator; (b) major principal fabric direction.
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549  UDUGI test: (a) fabric deviator; (b) major principal fabric direction.
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Fig. 11 Measured and predicted evolutions of fabric deviator Fy against strain deviator g4

under CHCDI test.
8. Concluding remarks

This paper focuses on the development and assessment of a generic hybrid fabric evolution law
for modelling of anisotropic behaviour of granular materials. The evolution law is formulated
at the macroscopic level within the general framework of rate-independent elastoplasticity,
which is not related to any particular model. Its features and performances are discussed by
comparing with DEM simulation results under proportional monotonic shearing and
experimental data under complex loading and unloading conditions. The following remarks

can be made:

e Evolution laws that assume the rate of the fabric tensor is dependent on stress rate and
stress tensor only (e.g. Eq. (9)) violate the uniqueness requirement of the critical state.
Strain-rate driven evolution laws in the form of Eq. (21) with an ‘attractor’ that satisfies
Eq. (6¢) at the critical state (e.g. Eq. (22)) can ensure a unique critical fabric tensor
independent of initial fabric. These two types of evolution laws satisfy the requirements
of the principle of material frame-indifference and the assumption of rate-independence.

e Fabric evolution predicted by the hybrid evolution law coincides well with DEM
simulations for granular materials under monotonic shearing at various directions. The

fabric evolution at low stress ratios is primarily governed by the stress-rate driven term
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of the hybrid law, while the strain-rate driven term dominates at high stress ratios and
ensures that the fabric tensor evolves towards a unique anisotropic critical state.

e A close agreement between the model predictions and experimental data is shown,
which suggests that the hybrid evolution law is also applicable to complex loading
conditions involving loading-unloading cycles and rotations of stress axes while the

axes rotate by an angle less than 180°.

The accuracy and applicability of the proposed evolutions laws may vary in tests performed
under different control conditions (e.g. under purely rotational shearing) [61]. This needs to be

further investigated in future studies.
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Appendix A.

A monotonic proportional loading path under mixed control is considered. In this specific

loading path, the mean effective stress p and the b value are kept constant and the principal
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directions of the stress tensor are fixed, while the vertical strain increases gradually. An initially
1sotropic stress state is assumed for clarity. One example of this type of loading in laboratory

tests is the drained constant p triaxial shear test after an isotropic consolidation.

The stress tensor o can be decomposed as:

o=pl+S=pl+ A (A1)

where A and I denote the norm and the direction of the deviatoric stress tensor § respectively.

S

A=l =15

;=1 (A2)

This specific proportional loading can be equivalently described as:
=0, p=0 (A3)

Hence, the following relationships can be obtained.

G $ A

S=Al+ﬂ.l=ﬂ.l, ||S||=|/1|, m=mzml (A4)

Using the relationships in Eq. (A 4), Eq. (9) reduces to:

F=B(p1+}tl,ﬁl> 1] (A5)
Before integrating Eq. (A 5), it is instructive to discuss the stress paths in detail. It can be
expected that a sample of granular material, either initially ‘dense’ or ‘loose’, will reach the
same critical state that is described by Egs. (6a), (6b) and (6¢) at large shear strains, along a
such loading path. Note that the critical state stresses for different samples are the same
according to Eq. (6b) and hence the critical state fabric tensors should also be identical
according to Eq. (6¢). In other words, the critical state fabric tensor should be unique under this
type of loading irrespective of the initial fabric or density of the sample. Fig. A.1 illustrates the
stress paths for both ‘dense’ and ‘loose’ samples. Terms ‘loose’ and ‘dense’ used here are
referred to as whether a peak stress ratio exists. It is well known that for ‘loose’ samples during
a monotonic shearing the stress norm A = ||S|| will increase monotonically from 0 to the
critical value A.(p), along the stress path O-C. While for ‘dense’ samples, A will increase up

to a peak value 4, (p) due to strain hardening, and then decrease gradually towards the critical

value A.(p) due to strain softening, namely along the path of O-C-P-C.
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Figure A.1. Illustration of stress paths in a deviatoric stress space

For ‘loose’ samples, along the stress path O-C there is i/|/i| = 1. For ‘dense’ samples, /i/|/i| =
1 along O-C-P, whereas /i/ |/1| = —1 after the peak strength along the path P-C. Since |/1|

approaches zero while reaching the critical state, it can be seen from Eq. (A 5) that the critical
fabric tensor will be ‘saturated’, which means that the fabric tensor will no longer change as
the shear strain develops further. Thus, the critical state fabric tensor F. can be obtained by

integrating Eq. (A 5) along the stress path O-C-P-C as:

Fo—Fi=[["B(pI + LD dA - fjpc B(pl + AL —1) dA (A6)

where F; is the initial fabric tensor. Rewriting Eq. (A 6) leads to:

FC:Fi+FC1+FC2 (A7)
Fey = [ B(pl + 2L 1) dA (A 8)
F,, = fjf (B(pI + AL D) + B(pI + AL —1)) dA (A9)

Note that the stress direction I remains unchanged in this loading path. The term F.; is the
stress-induced fabric tensor along the stress path O-C, and the term F; is the stress-induced

fabric tensor along the stress path C-P-C.

Eq. (6b) specifies that the critical state stresses are unique and independent of the initial state.

Hence, the stress-induced fabric tensors F; should be the same for ‘loose’ and ‘dense’ samples.
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For ‘loose” samples, there are no peak stress states, i.e. 4. = A, hence F, is always zero. Eq.
(A7) shows F_ will not be unique for samples with different initial fabric tensors, dependent
on F; instead, which means that Egs. (9) and (6¢) are not compatible for ‘loose’ samples at the
critical state. For ‘dense’ samples, providing that B is an odd function in terms of the stress
rate @, e.g. B is linear with & (see Section 3.2), there is B(pI + Al, —1l) = —B(pI + AL, 1), thus
F., = 0. This situation is the same as that of ‘loose’ samples. For the case where
B(pl + Al,-1) # —B(pI + AL 1), F., may vary with the peak strength A, which is also
dependent on the initial void ratio [84]. Consequently, F. will not be unique either as both F;
and F, are dependent on the initial state of the material. Overall, Egs. (9) and (6¢) are not

compatible at the critical state for ‘dense’ samples.
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