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❆❜str❛❝t✳ ■♥ ✶✾✾✽ ❑❧❡✐♥❜♦❝❦ ❝♦♥❥❡❝t✉r❡❞ t❤❛t ❛♥② s❡t ♦❢ ✇❡✐❣❤t❡❞ ❜❛❞❧② ❛♣✲
♣r♦①✐♠❛❜❧❡ d×n r❡❛❧ ♠❛tr✐❝❡s ✐s ❛ ✇✐♥♥✐♥❣ s✉❜s❡t ✐♥ t❤❡ s❡♥s❡ ♦❢ ❙❝❤♠✐❞t✬s ❣❛♠❡✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦✈❡ t❤✐s ❝♦♥❥❡❝t✉r❡ ✐♥ ❢✉❧❧ ❢♦r ✈❡❝t♦rs ✐♥ R

d ✐♥ ❛r❜✐tr❛r② ❞✐✲
♠❡♥s✐♦♥s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ✇❡✐❣❤t❡❞ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡
✈❡❝t♦rs ✐s ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✳ ❚❤❡ ♣r♦♦❢ ✉s❡s t❤❡ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡
♣❧❛②❡❞ ♦♥ t❤❡ s✉♣♣♦rt ♦❢ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡s ❛♥❞ t❤❡
q✉❛♥t✐t❛t✐✈❡ ♥♦♥❞✐✈❡r❣❡♥❝❡ ❡st✐♠❛t❡ ❢♦r ❛ ❝❧❛ss ♦❢ ❢r❛❝t❛❧ ♠❡❛s✉r❡s ❞✉❡ t♦ ❑❧❡✐♥✲
❜♦❝❦✱ ▲✐♥❞❡♥str❛✉ss ❛♥❞ ❲❡✐ss✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❧❡✈❛♥t ✇✐♥♥✐♥❣
str❛t❡❣② ✐♥ t❤❡ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✉s✐♥❣ t✇♦
✐♥❞❡♣❡♥❞❡♥t ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❧❛tt✐❝❡s✳

✳

❉❡❞✐❝❛t❡❞ t♦ ❆♥♥❛ ◆❡s❤❛r✐♠

✶✳ ■♥tr♦❞✉❝t✐♦♥

❆s ✐s ✇❡❧❧ ❦♥♦✇♥✱ t❤❡ r❛t✐♦♥❛❧ ♣♦✐♥ts ❛r❡ ❞❡♥s❡ ✐♥ t❤❡ r❡❛❧ s♣❛❝❡ R
d✱ ♠❡❛♥✐♥❣

t❤❛t Rd ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ❝✉❜❡s ✐♥ R
d ♦❢ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ✜①❡❞ s✐❞❡❧❡♥❣t❤ ε > 0

❝❡♥tr❡❞ ❛t r❛t✐♦♥❛❧ ♣♦✐♥ts✳ ❱❛r✐♦✉s q✉❛♥t✐t❛t✐✈❡ ❛s♣❡❝ts ♦❢ t❤✐s ❜❛s✐❝ ♣r♦♣❡rt② ❛r❡
st✉❞✐❡❞ ✇✐t❤✐♥ t❤❡ t❤❡♦r② ♦❢ ❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ❜② ❉✐r✐❝❤✲
❧❡t✬s t❤❡♦r❡♠✱ Rd ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ❝✉❜❡s ✐♥ R

d ♦❢ s✐❞❡❧❡♥❣t❤ 2q−(d+1)/d ❝❡♥tr❡❞ ❛t
r❛t✐♦♥❛❧ ♣♦✐♥ts ✭♥♦t ♥❡❝❡ss❛r✐❧② ✇r✐tt❡♥ ✐♥ t❤❡ ❧♦✇❡st t❡r♠s✮ ✇✐t❤ ❛r❜✐tr❛r✐❧② ❧❛r❣❡
❞❡♥♦♠✐♥❛t♦rs q ∈ N✳ ❖♥❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣ts st✉❞✐❡❞ ✐♥ ❉✐♦♣❤❛♥t✐♥❡ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ✐s t❤❛t ♦❢ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts✳ ❚❤❡s❡ ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ♣♦✐♥ts ✐♥
R
d t❤❛t ❝❛♥♥♦t ❜❡ ❝♦✈❡r❡❞ ❜② t❤❡ ❝✉❜❡s ❛r✐s✐♥❣ ❢r♦♠ ❉✐r✐❝❤❧❡t✬s t❤❡♦r❡♠ ✇❤❡♥ 2 ✐s

r❡♣❧❛❝❡❞ ❜② ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ■♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦♥❡ ❝♦♥s✐❞❡rs ❝♦✈❡r✐♥❣s
❜② ♣❛r❛❧❧❡❧❡♣✐♣❡❞s ✇✐t❤ ❞✐✛❡r❡♥t s✐❞❡❧❡♥❣t❤s ❝♦♥tr♦❧❧❡❞ ❜② d r❡❛❧ ♣❛r❛♠❡t❡rs r❡❢❡rr❡❞
t♦ ❛s ✇❡✐❣❤ts✳ ❚❤✐s ♠♦r❡ ❣❡♥❡r❛❧ s❡t✉♣ ❣✐✈❡s r✐s❡ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✇❡✐❣❤t❡❞ ❜❛❞❧②
❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts t❤❛t ✇✐❧❧ ❜❡ t❤❡ ♠❛✐♥ ♦❜❥❡❝t ♦❢ st✉❞② ✐♥ t❤✐s ♣❛♣❡r✳

■♥ ✇❤❛t ❢♦❧❧♦✇s d ∈ N ❛♥❞ Wd ❞❡♥♦t❡s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ d✲❞✐♠❡♥s✐♦♥❛❧ ✇❡✐❣❤ts✿

Wd =
{

w = (w1, . . . , wd) ∈ R
d : w1, . . . , wd ≥ 0, w1 + . . .+ wd = 1

}

.

❋♦r w ∈ Wd✱ ❛ ✈❡❝t♦r x= (x1, . . . , xd) ∈ R
d ✐s ❝❛❧❧❡❞ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤ r❡s♣❡❝t

t♦ w ✐❢ t❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② q ∈ N ❛♥❞ p = (p1, . . . , pd) ∈ Z
d t❤❡r❡

❡①✐sts 1 ≤ i ≤ d s❛t✐s❢②✐♥❣
∣
∣
∣
∣
xi −

pi
q

∣
∣
∣
∣
≥ c

q1+wi
.

▲❡t Bad (w) ❜❡ t❤❡ s❡t ♦❢ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✈❡❝t♦rs ✐♥ R
d ✇✐t❤ r❡s♣❡❝t t♦ w✳

❖♥❡ ♦❢ t❤❡ ♠♦t✐✈❛t✐♦♥s ❢♦r st✉❞②✐♥❣ t❤❡ s❡t ♦❢ ✇❡✐❣❤t❡❞ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✈❡❝t♦rs
❝♦♠❡s ❢r♦♠ ✐ts ❝♦♥♥❡❝t✐♦♥ t♦ ❛ ❝♦♥❥❡❝t✉r❡ ♦❢ ▲✐tt❧❡✇♦♦❞ ✕ ❛ ❢❛♠♦✉s ♦♣❡♥ ♣r♦❜❧❡♠
❢r♦♠ t❤❡ ✶✾✸✵s✳ ▲❡t ✉s ❜r✐❡✢② r❡❝❛❧❧ t❤✐s ❝♦♥♥❡❝t✐♦♥✳

✶
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❈♦♥❥❡❝t✉r❡ ✶ ✭▲✐tt❧❡✇♦♦❞✬s ❝♦♥❥❡❝t✉r❡✱ ✶✾✸✵s✮✳ ❊✈❡r② x= (x1, x2) ∈ R
2 s❛t✐s✜❡s

✭✶✮ inf
q∈N, p∈Z2

q |qx1 − p1| |qx2 − p2| = 0 .

■t ✇❛s ♥♦t❡❞ ❜② ❙❝❤♠✐❞t ❬❙❝❤✽✸❪ t❤❛t ✐❢ x /∈ Bad (w) ❢♦r s♦♠❡ w ∈ W2 t❤❡♥ x

s❛t✐s✜❡s ✭✶✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s❡ts Bad (w) ♦✈❡r ❛❧❧ w ∈ W2

✇❛s t❤❡ ❡♠♣t② s❡t✱ t❤❡♥ ▲✐tt❧❡✇♦♦❞✬s ❝♦♥❥❡❝t✉r❡ ✇♦✉❧❞ ❢♦❧❧♦✇✳ ❍♦✇❡✈❡r✱ ❙❝❤♠✐❞t
❞♦✉❜t❡❞ t❤❛t ✉s✐♥❣ ♦♥❧② t✇♦ ✇❡✐❣❤ts ✇♦✉❧❞ ❜❡ s✉✣❝✐❡♥t✱ ✐❢ ❤✐s ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡
✉s❡❞ t♦ ✈❡r✐❢② ✭✶✮ ❛t ❛❧❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❙❝❤♠✐❞t ❢♦r♠✉❧❛t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠
t❤❛t ❤❛s ✐♥s♣✐r❡❞ ♠❛♥② r❡s❡❛r❝❤❡rs ✐♥ ❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s
❞②♥❛♠✐❝s✳

❈♦♥❥❡❝t✉r❡ ✷ ✭❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡✱ ✶✾✽✷✮✳ ❋♦r ❡✈❡r② w1,w2 ∈ W2 ✇❡ ❤❛✈❡ t❤❛t

✭✷✮ Bad(w1) ∩Bad(w2) 6= ∅ .

❆❧♠♦st t❤r❡❡ ❞❡❝❛❞❡s ❧❛t❡r ❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡ ✇❛s ✈❡r✐✜❡❞ ❜② ❇❛❞③✐❛❤✐♥✱ P♦❧❧✐♥❣✲
t♦♥ ❛♥❞ ❱❡❧❛♥✐ ✐♥ t❤❡ t♦✉r ❞❡ ❢♦r❝❡ ❬❇P❱✶✶❪✱ ✇❤✐❝❤ ♦♣❡♥❡❞ t❤❡ ✇❛② t♦ ♠❛♥② ❡①❝✐t✐♥❣
♥❡✇ ❞❡✈❡❧♦♣♠❡♥ts✳

❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ ❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡ ❞❡❛❧s ✇✐t❤ ❛r❜✐tr❛r② ✜♥✐t❡ ❛♥❞✱
❢✉rt❤❡r♠♦r❡✱ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ Bad (w)✳ ❆❧r❡❛❞② ✐♥ ❬❇P❱✶✶❪ ❛r❜✐tr❛r② ✜♥✐t❡
✐♥t❡rs❡❝t✐♦♥s ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ ❢❛❝t✱ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❬❇P❱✶✶❪ ✐♠♣❧✐❡s t❤❛t

✭✸✮
∞⋂

n=1

Bad(wn) 6= ∅

✐❢ t❤❡ ❝♦✉♥t❛❜❧② ♠❛♥② ✇❡✐❣❤ts w1,w2, . . . ∈ W2 s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t

✭✹✮ lim inf
n→∞

minwn > 0 .

❯s✐♥❣ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❝♦♥❞✐t✐♦♥ ✭✹✮ ✇❛s ✐♥❞❡♣❡♥❞❡♥t❧② r❡♠♦✈❡❞ ❜② ❆♥ ❬❆♥✶✸❪
❛♥❞ t❤❡ s❡❝♦♥❞ ♥❛♠❡❞ ❛✉t❤♦r ❬◆❡s✶✸❪✱ ✇❤♦ ❜♦t❤ ❡st❛❜❧✐s❤❡❞ ✭✸✮ ❢♦r ❛r❜✐tr❛r② ❝♦✉♥t✲
❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥s✳ ■♥❞❡❡❞✱ ❆♥ ❬❆♥✶✸❪ s❤♦✇❡❞ ❛ str♦♥❣❡r ❞✐♠❡♥s✐♦♥ st❛t❡♠❡♥t✳

❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ■♥ t❤✐s ❣❡♥❡r✲
❛❧✐t② ✐t ✇❛s ✈❡r✐✜❡❞ ❜② t❤❡ ✜rst ♥❛♠❡❞ ❛✉t❤♦r ❬❇❡r✶✺❪✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ t✇♦ ❞✐♠❡♥✲
s✐♦♥❛❧ r❡s✉❧t ♦❢ ❬❇P❱✶✶❪✱ ✭✸✮ ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬❇❡r✶✺❪ ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ✇❡✐❣❤ts
w1,w2, . . . ∈ Wd s❛t✐s❢②✐♥❣ ✭✹✮✳ ❈♦♥❞✐t✐♦♥ ✭✹✮ ✇❛s ✜♥❛❧❧② r❡♠♦✈❡❞ ❜② t❤❡ t❤✐r❞
♥❛♠❡❞ ❛✉t❤♦r ✐♥ ❬❨❛♥✶✾❪✳ ■♥ s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡s❡ ♣❛♣❡rs ❣♦ t❤❡ ❡①tr❛ ♠✐❧❡ t♦
❣✐✈❡ ❛ ❢✉❧❧ ❞✐♠❡♥s✐♦♥ st❛t❡♠❡♥t ❢♦r t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ ✭✸✮ ❛♥❞ ❡♥❛❜❧❡ t♦
r❡str✐❝t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✮ t♦ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝✉r✈❡s ❛♥❞ ♠❛♥✐❢♦❧❞s✳

❚✇♦ ♥❛t✉r❛❧ ❢r❛♠❡✇♦r❦s ❢♦r ♣r♦✈✐♥❣ t❤❡ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤❡
s❡ts Bad (w) ❛r❡ ♦✛❡r❡❞ ❜② t♦♣♦❧♦❣② ❛♥❞ ♠❡❛s✉r❡ t❤❡♦r②✳ ■♥❞❡❡❞✱ ✐❢ X ✐s ❛ ❝♦♠♣❧❡t❡
♠❡tr✐❝ s♣❛❝❡ ♦r ❛ ♠❡❛s✉r❡ s♣❛❝❡ ❛♥❞ S1, S2, . . . ⊆ X ❛r❡ Gδ ❞❡♥s❡✱ ♦r✱ r❡s♣❡❝t✐✈❡❧②✱
❢✉❧❧ ♠❡❛s✉r❡ s❡ts✱ t❤❡♥

⋂∞
n=1 Sn ✐s Gδ ❞❡♥s❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❛ s❡t ♦❢ ❢✉❧❧ ♠❡❛s✉r❡✱ ❛♥❞

✐♥ ♣❛rt✐❝✉❧❛r✱ ♥♦♥❡♠♣t②✳ ❍♦✇❡✈❡r✱ t❤❡ s❡t Bad (w) ✐s ♥❡✐t❤❡r ❝♦♠❡❛❣r❡ ♥♦r ❝♦♥✉❧❧✳
■♥ ❢❛❝t✱ Bad (w) ✐s ❛ ❝♦✉♥t❛❜❧❡ ✉♥✐♦♥ ♦❢ ❝❧♦s❡❞ s❡ts ✇❤♦s❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐s ③❡r♦✱
❤❡♥❝❡ ✐t ✐s ❜♦t❤ ♠❡❛❣r❡ ❛♥❞ ♥✉❧❧✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ❢r❛♠❡✇♦r❦ t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦♣❡rt② ✐s ♦✛❡r❡❞
❜② ❣❛♠❡ t❤❡♦r②✳ ❚❤✐s ✇❛s ✜rst ❛rt✐❝✉❧❛t❡❞ ❜② ❙❝❤♠✐❞t ❬❙❝❤✻✻❪ ✇❤♦ ✐♥tr♦❞✉❝❡❞ ❛
✈❛r✐❛♥t ♦❢ t❤❡ ❇❛♥❛❝❤✲▼❛③✉r ❣❛♠❡✱ ♥♦✇ ❝❛❧❧❡❞ ❙❝❤♠✐❞t✬s ❣❛♠❡✱ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣
✇✐♥♥✐♥❣ s❡ts✳ ❊✈❡r s✐♥❝❡ ♦t❤❡r ✈❛r✐❛♥ts ♦❢ ❙❝❤♠✐❞t✬s ❣❛♠❡ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❜②
♠❛♥② ❛✉t❤♦rs ❢♦r ✈❛r✐♦✉s ♣✉r♣♦s❡s✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❙❡❝t✐♦♥ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s
♦❢ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ s❡ts ✭❛❜❜r✳ ❍❆❲ ✮ ❛♥❞ ❈❛♥t♦r ✇✐♥♥✐♥❣ s❡ts✱ ✇❤✐❝❤
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✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❲❡ ❛❧s♦ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬❇❍◆❙✶✽✱ ➓✷❪ ♦r ❬❇❋❑+✶✷✱ ➓✷❪
❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ✇✐♥♥✐♥❣ s❡ts✱ α✲✇✐♥♥✐♥❣ s❡ts ❛♥❞ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ s❡ts ✇❤✐❝❤
✇✐❧❧ ❜❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❚❤❡ st✉❞② ♦❢ ✇✐♥♥✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ Bad (w) ❤❛s ❛ ❧♦♥❣ ❤✐st♦r②✳ ❙❝❤♠✐❞t ♣r♦✈❡❞
✐♥ ❬❙❝❤✻✻❪ t❤❛t Bad(1) ✐s ✇✐♥♥✐♥❣✱ ✇❤❡r❡ ✐t ✇❛s ❛❧s♦ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ❛♥❛❧♦❣♦✉s
t❤❡♦r❡♠ ❤♦❧❞s ❢♦r

w = wd :=
(
1
d , . . . ,

1
d

)

❢♦r ❡✈❡r② d✳ ■♥❞❡❡❞✱ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❝❤♠✐❞t✬s ♠♦♥♦❣r❛♣❤ ❬❙❝❤✽✵❪✳
▼❝▼✉❧❧❡♥ ❬▼❝▼✶✵❪ ♣r♦✈❡❞ t❤❛t Bad(1) ✐s ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✳ ▲❛t❡r ❇r♦❞❡r✐❝❦✱ ❋✐s❤✲
♠❛♥✱ ❑❧❡✐♥❜♦❝❦✱ ❘❡✐❝❤ ❛♥❞ ❲❡✐ss ❬❇❋❑+✶✷❪ ♣r♦✈❡❞ t❤❛t Bad(wd) ✐s ❍❆❲ ❢♦r ❛♥②
d ≥ 1✳

❍♦✇❡✈❡r✱ t❤❡ st✉❞② ♦❢ ✇❡✐❣❤t❡❞ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts t✉r♥❡❞ ♦✉t t♦ ❜❡ ♠✉❝❤
❤❛r❞❡r✳ ■♥❞❡❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❛t✉r❛❧ ♣r♦❜❧❡♠ t❤❛t ✇❛s r❛✐s❡❞ ❜② ❑❧❡✐♥❜♦❝❦ ❬❑❧❡✾✽✱
❙❡❝t✐♦♥ ✽❪ ♦✈❡r t✇♦ ❞❡❝❛❞❡s ❛❣♦ r❡♠❛✐♥s ♦♣❡♥ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ♦♥❡ s♣❡❝✐❛❧ ❝❛s❡
t❤❛t ✇✐❧❧ s❤♦rt❧② ❜❡ ♠❡♥t✐♦♥❡❞✳

Pr♦❜❧❡♠ ✭❑❧❡✐♥❜♦❝❦✱ ✶✾✾✽✮✳ ■s ✐t tr✉❡ t❤❛t Bad (w) ✐s ✇✐♥♥✐♥❣ ❢♦r ❡✈❡r② ✇❡✐❣❤t w❄

❚❤❡ ✜rst ❜r❡❛❦t❤r♦✉❣❤ ❝❛♠❡ ❛❜♦✉t ✇✐t❤ t❤❡ ♣❛♣❡r ♦❢ ❆♥ ❬❆♥✶✻❪ ✇❤♦ s❡tt❧❡❞ ✐t
❢♦r d = 2✳ ❇❛s❡❞ ♦♥ ❬❆♥✶✻❪✱ ❙✐♠♠♦♥s ❛♥❞ t❤❡ s❡❝♦♥❞ ♥❛♠❡❞ ❛✉t❤♦r ❬◆❙✶✹❪ ♣r♦✈❡❞
t❤❛t Bad (w) ✐s ❍❆❲ ❢♦r ❛♥② w ∈ W2✳ ■♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ t❤❡ ♦♥❧② ❦♥♦✇♥ r❡s✉❧t
t♦✇❛r❞s ❑❧❡✐♥❜♦❝❦✬s ♣r♦❜❧❡♠ ✐s ❞✉❡ t♦ ●✉❛♥ ❛♥❞ ❨✉ ❬●❨✶✾❪ ✇❤♦ ♣r♦✈❡❞ t❤❛t ❢♦r
✇❡✐❣❤ts w ∈ Wd s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥

w1 = · · · = wd−1 ≥ wd ,

Bad (w) ✐s ❍❆❲✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ r❡s♦❧✈❡ ❑❧❡✐♥❜♦❝❦✬s ♣r♦❜❧❡♠ ✐♥ ❢✉❧❧✳
❖✉r ♠❛✐♥ r❡s✉❧t r❡❛❞s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸✳ ❋♦r ❛♥② w ∈ Wd t❤❡ s❡t Bad (w) ✐s ❍❆❲✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ✇✐♥♥✐♥❣✳

❚❤❡ ❍❆❲ ♣r♦♣❡rt② ✐♠♣❧✐❡s ♠♦r❡ t❤❛♥ ❥✉st t❤❡ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦♣❡rt②✳ ❋♦r
❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸ ♦♥ ❛♣♣❧②✐♥❣
♣r♦♣❡rt✐❡s ♦❢ ❍❆❲ s❡ts ❡st❛❜❧✐s❤❡❞ ✐♥ ❬❇❋❑+✶✷❪ ✭s❡❡ ❙❡❝t✐♦♥ ✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❆❤❧❢♦rs r❡❣✉❧❛r ❛♥❞ ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡s✮✳

❈♦r♦❧❧❛r② ✹✳ ❋♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ✇❡✐❣❤ts w1,w2 . . . ∈ Wd ❛♥❞ ❛♥② s❡q✉❡♥❝❡ f1, f2, . . .
♦❢ C1 ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ Rd✱ t❤❡ s❡t

∞⋂

n=1

fn (Bad (wn))

✐s ❍❆❲✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ µ ♦♥
R
d ✇❡ ❤❛✈❡ t❤❛t

dim

( ∞⋂

n=1

fn (Bad (wn)) ∩ suppµ

)

= dim (suppµ),

✇❤❡r❡ dim st❛♥❞s ❢♦r ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥✳

❚❤❡♦r❡♠ ✸ ✐s ♣r♦✈❡❞ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥✳

❚❤❡♦r❡♠ ✺✳ ❋♦r ❛♥② w ∈ Wd ❛♥❞ ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦✲
❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ µ ♦♥ R

d ✇❡ ❤❛✈❡ t❤❛t

✭✺✮ Bad (w) ∩ suppµ 6= ∅ .
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❖✈❡r t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s ❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡ ♠♦t✐✈❛t❡❞ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢
r❡s❡❛r❝❤ ❝♦♥❝❡r♥✐♥❣ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts ✐♥ ❢r❛❝t❛❧s✱ st❛rt✐♥❣ ✇✐t❤ P♦❧❧✐♥❣t♦♥
❛♥❞ ❱❡❧❛♥✐ ❬P❱✵✷❪ ❛♥❞ ❑❧❡✐♥❜♦❝❦ ❛♥❞ ❲❡✐ss ❬❑❲✵✺❪✳ ■♥✐t✐❛❧ ♣r♦❣r❡ss t♦✇❛r❞s ❚❤❡✲
♦r❡♠ ✺ ✇❛s ♠❛❞❡ ✐♥ ❬❑❲✵✺❪ ❢♦r w = wd ❛♥❞ ✐♥ ❬❑❚❱✵✻❪✱ ✇❤❡r❡ ✭✺✮ ✇❛s ♣r♦✈❡❞ ❢♦r
♣r♦❞✉❝t ♠❡❛s✉r❡s µ = µ1×· · ·×µd ✇✐t❤ ❡❛❝❤ µi ❜❡✐♥❣ ❆❤❧❢♦rs r❡❣✉❧❛r✳ ❖t❤❡r ♥♦t❛❜❧❡
❞❡✈❡❧♦♣♠❡♥ts ✐♥❝❧✉❞❡ t❤♦s❡ ❜② ❋✐s❤♠❛♥ ❬❋✐s✵✾❪ ❛♥❞ ❑❧❡✐♥❜♦❝❦ ❛♥❞ ❲❡✐ss ❬❑❲✶✵❪✳

❚❤❡ t♦♦❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✸ ❛♥❞ ✺ ❛r❡ t❤❡ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡
✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❇❛❞③✐❛❤✐♥✱ ❍❛rr❛♣✱ ❙✐♠♠♦♥s ❛♥❞ t❤❡ s❡❝♦♥❞ ♥❛♠❡❞ ❛✉t❤♦r
❬❇❍◆❙✶✽❪✱ ❛♥❞ t❤❡ q✉❛♥t✐t❛t✐✈❡ ♥♦♥❞✐✈❡r❣❡♥❝❡ ❡st✐♠❛t❡ ❢♦r ✏❢r✐❡♥❞❧②✑ ♠❡❛s✉r❡s ❞✉❡
t♦ ❑❧❡✐♥❜♦❝❦✱ ▲✐♥❞❡str❛✉ss ❛♥❞ ❲❡✐ss ❬❑▲❲✵✹❪✱ ❛❧❜❡✐t✱ ✇✐t❤✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❧❛tt❡r
✐s ♦♥❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡s✳

■♥ ♦r❞❡r t♦ s❤❡❞ s♦♠❡ ❧✐❣❤t ♦♥ t❤❡ ♥❡✇ ✐❞❡❛s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✱ ✐t ✐s
✉s❡❢✉❧ t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r t♦ t❤♦s❡ ♦❢ ❬❇◆❨✷✵❪ ❛♥❞ s❡✈❡r❛❧ ♣r❡❝❡❞✐♥❣
♣✉❜❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❞❡❛❧ ✇✐t❤ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts ♦♥ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝✉r✈❡s
✐♥ R

d✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ r❡str✐❝t ♦✉r ❞✐s❝✉ss✐♦♥ t♦ ❛♥❛❧②t✐❝ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝✉r✈❡s✳
▲❡t f : I0 → R

d ❜❡ ❛♥ ❛♥❛❧②t✐❝ ♥♦♥❞❡❣❡♥❡r❛t❡ ♠❛♣ ❞❡✜♥❡❞ ♦♥ ❛♥ ✐♥t❡r✈❛❧ I0 ⊆ R✳
❇② ❞❡✜♥✐t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡ ❢✉♥❝t✐♦♥s f1, . . . , fd ❛r❡ ❛♥❛❧②t✐❝ ❛♥❞
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ 1 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♦✈❡r R✳ ❚❤❡ ♠❛♣ f

s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ♣❛r❛♠❡t❡r✐s❛t✐♦♥ ♦❢ ❛ ❝✉r✈❡ C ✐♥ R
d✱ ♥❛♠❡❧② C = f(I0)✳

■♥ t❤✐s ❝❛s❡✱ t❤❡ s❡t f−1 (Bad (w)) ♣r❡❝✐s❡❧② ❝♦♥s✐sts ♦❢ t❤❡ ♣❛r❛♠❡t❡rs x ∈ I0 ❢♦r
✇❤✐❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t f(x) ♦♥ t❤❡ ❝✉r✈❡ C ✐s ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ✇❡✐❣❤t w✳ ❋♦r d = 2 ❇❛❞③✐❛❤✐♥ ❛♥❞ ❱❡❧❛♥✐ ❬❇❱✶✹❪ ♣r♦✈❡❞ t❤❛t f−1 (Bad (w))
✐s ❈❛♥t♦r ✇✐♥♥✐♥❣ ❢♦r ❡✈❡r② w ∈ W2✳ ❚❤✐s ♣r♦♣❡rt② ✇❛s t❤❡♥ ✐♠♣r♦✈❡❞ t♦ ❵✇✐♥♥✐♥❣✬
❜② ❆♥✱ ❱❡❧❛♥✐ ❛♥❞ t❤❡ ✜rst ♥❛♠❡❞ ❛✉t❤♦r ❬❆❇❱✶✽❪✳ ■♥ ❢❛❝t✱ t❤❡ ❵✇✐♥♥✐♥❣✬ ♣r♦♣❡rt②
❝❛♥ ❜❡ str❡♥❣t❤❡♥❡❞ t♦ ❵❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✬ ♦♥ ❛♣♣❧②✐♥❣ ❬◆❡s✶✸✱ ❆♣♣❡♥❞✐① ❇❪✱ s❡❡ ❛❧s♦
❬❆❇❱✶✽✱ ❘❡♠❛r❦ ✼❪✳ ❋♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✱ t❤❡ ✜rst ♥❛♠❡❞ ❛✉t❤♦r ❬❇❡r✶✺❪ ♣r♦✈❡❞
t❤❛t ❢♦r ❡✈❡r② w ∈ Wd t❤❡ s❡t f−1 (Bad (w)) ✐s ❈❛♥t♦r ✇✐♥♥✐♥❣ ✭s❡❡ ❛❧s♦ ❬❇❍✶✼✱
❚❤❡♦r❡♠ ❇❪✮✳ ❚❤✐s r❡s✉❧t ✇❛s t❤❡♥ ✐♠♣r♦✈❡❞ ❜② t❤❡ t❤✐r❞ ♥❛♠❡❞ ❛✉t❤♦r ❬❨❛♥✶✾❪ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✳ ❇② ❉❡✜♥✐t✐♦♥ ✷✵✱ ❛ ❈❛♥t♦r ✇✐♥♥✐♥❣ s❡t ✐♥ R

d ✐s α✲❈❛♥t♦r
✇✐♥♥✐♥❣ ❢♦r s♦♠❡ 0 ≤ α < d✳ ■♥ ❬❇❡r✶✺❪ t❤❡ ♣❛r❛♠❡t❡r α ❞❡♣❡♥❞s ♦♥ w✱ ✇❤✐❧❡ ✐♥
❬❨❛♥✶✾❪ ✐t ✇❛s s❤♦✇♥ t❤❛t f−1 (Bad (w)) ✐s α✲❈❛♥t♦r ✇✐♥♥✐♥❣ ❢♦r s♦♠❡ 0 ≤ α < d
t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ d✳ ❊✈❡♥t✉❛❧❧②✱ t❤❡ ❛r❣✉♠❡♥t ♦❢ ❬❇◆❨✷✵❪ str❡♥❣t❤❡♥❡❞ t❤❡
❝♦♥❝❧✉s✐♦♥s ♦❢ ❬❨❛♥✶✾❪ t♦ ❝♦♠♣❧❡t❡❧② r❡♠♦✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ α ♦♥ d✳ ❲❤✐❧❡ ✐t
❞♦❡s ♥♦t ❞♦ ✐t ❡①♣❧✐❝✐t❧②✱ ✐t ❞♦❡s s♦ ❡ss❡♥t✐❛❧❧② ❜② ❛❧❧♦✇✐♥❣ t❤❡ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡
t♦ ❜❡ ♣❧❛②❡❞ ♦♥ t❤❡ s✉♣♣♦rt ♦❢ ❛♥② ❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡ ♦♥ I0✳ ❇② ❬❇❍◆❙✶✽✱
❚❤❡♦r❡♠ ✶✳✺❪ t❤✐s ✐♠♣❧✐❡s t❤❛t f−1 (Bad (w)) ✐s ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✳

❖r❣❛♥✐s❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ t❤❡ r❡❧❡✈❛♥t ✈❛r✐❛♥ts ♦❢ ❙❝❤♠✐❞t✬s
❣❛♠❡✱ ❞❡✜♥✐t✐♦♥s ✐♥ ❢r❛❝t❛❧ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ ❡st❛❜❧✐s❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
❚❤❡♦r❡♠ ✸ ❛♥❞ ❚❤❡♦r❡♠ ✺✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ r❡❝❛❧❧ t❤❡ ❉❛♥✐ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❞
t❤❡ ❑❧❡✐♥❜♦❝❦✱ ▲✐♥❞❡♥str❛✉ss✱ ❲❡✐ss q✉❛♥t✐t❛t✐✈❡ ♥♦♥❞✐✈❡r❣❡♥❝❡✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲
♦r❡♠ ✺ ✐s ✜♥❛❧❧② ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳

◆♦t❛t✐♦♥ ❛♥❞ ❝♦♥✈❡♥t✐♦♥s✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♥♦t❛t✐♦♥✳ ●✐✈❡♥ ❛ ♠❡tr✐❝ s♣❛❝❡ (X, d)✱ ❛♥② S ⊆ X ❛♥❞ r > 0✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❝❧♦s❡❞
r ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ S ❜②

B(S, r) := {x ∈ X : d(x, S) ≤ r} .
❆ ❝❧♦s❡❞ ❜❛❧❧ B(x0, r) := {x ∈ X : d(x, x0) ≤ r} ✐s ❞❡✜♥❡❞ ❜② ❛ ✜①❡❞ ❝❡♥tr❡ x0 ❛♥❞
r❛❞✐✉s r > 0✱ ❛❧t❤♦✉❣❤ t❤❡s❡ ✐♥ ❣❡♥❡r❛❧ ❛r❡ ♥♦t ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❜❛❧❧ ❛s ❛
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s❡t✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❧❛tt❡r✱ ✇❤❡♥ r❡❢❡rr✐♥❣ t♦ ❛ ❜❛❧❧ B ✇❡ ✇✐❧❧ ♠❡❛♥ t❤❡ ♣❛✐r ♦❢ ✐ts ❝❡♥tr❡
❛♥❞ r❛❞✐✉s ❛♥❞✱ ✇✐t❤ s♦♠❡ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ B ✇✐❧❧ ❛❧s♦ ♠❡❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s❡t ♦❢ ♣♦✐♥ts ✇❤❡♥ ❛♣♣❡❛r✐♥❣ ✐♥ s❡t t❤❡♦r❡t✐❝ ❡①♣r❡ss✐♦♥s✳ ❚❤❡ s❛♠❡ ✇✐❧❧ ❛♣♣❧② t♦
t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ r ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ s❡t S✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♥② x ∈ R

d✱ r > 0
❛♥❞ c > 0✱ ✇❡ ❧❡t

cB (x, r) := B (x, cr) .

✷✳ ❙❝❤♠✐❞t ❣❛♠❡s ❛♥❞ ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ ❢r❛❝t❛❧s

❙❝❤♠✐❞t✬s ❣❛♠❡ ✐s ❛ q✉❛♥t✐t❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❇❛♥❛❝❤✲▼❛③✉r ❣❛♠❡ ♣❧❛②❡❞ ♦♥ ❛
❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✳ ■ts ❝♦rr❡s♣♦♥❞✐♥❣ ✇✐♥♥✐♥❣ s❡ts ❛r❡ ❞❡♥s❡ ❛♥❞ ♦❢t❡♥ ❤❛✈❡ ❧❛r❣❡
❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ α✲✇✐♥♥✐♥❣ s❡ts ✐s
st❛❜❧❡ ✉♥❞❡r t❛❦✐♥❣ ❝♦✉♥t❛❜❧❡ ✐♥t❡rs❡❝t✐♦♥s✱ ✇❤❡r❡ α ∈ (0, 1) ✐s ❛ ❝❡rt❛✐♥ ♣❛r❛♠❡t❡r ♦❢
❙❝❤♠✐❞t✬s ❣❛♠❡s✳ ❙❝❤♠✐❞t✬s ✇✐♥♥✐♥❣ s❡ts ❛r❡ ❛❧s♦ st❛❜❧❡ ✉♥❞❡r ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✱
❛❧t❤♦✉❣❤ t❤❡ ♣❛r❛♠❡t❡r α ♠❛② ❝❤❛♥❣❡✳ ❙❝❤♠✐❞t✬s ❣❛♠❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❙❝❤✻✻❪
❛♥❞ ✉s❡❞ t♦ str❡♥❣t❤❡♥ ❛♥❞ s✐♠♣❧✐❢② ❡❛r❧✐❡r r❡s✉❧ts ✐♥ ❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✳
❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ ❙❝❤♠✐❞t✬s ❣❛♠❡ r❡s✉❧t✐♥❣ ✐♥ ❛❧t❡r♥❛t✐✈❡ ♥♦t✐♦♥s
♦❢ ✇✐♥♥✐♥❣ s❡ts✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ t❤❡ ♥♦t✐♦♥s ♦❢ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ s❡ts ❬▼❝▼✶✵❪✱ ❍❆❲
s❡ts ❬❇❋❑+✶✷❪ ❛♥❞ ❈❛♥t♦r ✇✐♥♥✐♥❣ s❡ts ❬❇❍✶✼❪✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ s✉r✈❡② ♦❢ t❤❡ ✈❛r✐♦✉s
✇✐♥♥✐♥❣ s❡ts✱ t❤❡✐r ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡♠✱ s❡❡ ❬❇❍◆❙✶✽❪ ❛♥❞
❬❇❋❑+✶✷❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❬❇❋❑+✶✷❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t ❍❆❲ s❡ts ❛r❡ α✲✇✐♥♥✐♥❣ ❢♦r
❛♥② 0 < α < 1

2 ✳

❉❡✜♥✐t✐♦♥ ✻ ✭❍②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ ❣❛♠❡ ❛♥❞ s❡ts✱ ❬❇❋❑+✶✷✱ ➓✷❪✮✳ ❚❤❡
❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ♦♥ R

d ✐s ♣❧❛②❡❞ ❜② t✇♦ ♣❧❛②❡rs✱ s❛② ❆❧✐❝❡ ❛♥❞ ❇♦❜✱ ✇❤♦ t❛❦❡
t✉r♥s ♠❛❦✐♥❣ t❤❡✐r ♠♦✈❡s✳ ❇♦❜ st❛rts ❜② ❝❤♦♦s✐♥❣ ❛ ♣❛r❛♠❡t❡r 0 < β < 1/3✱ ✇❤✐❝❤
✐s ✜①❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❣❛♠❡✱ ❛♥❞ ❛ ❜❛❧❧ B0 ⊆ R

d ♦❢ r❛❞✐✉s r0 > 0✳ ❙✉❜s❡q✉❡♥t❧② ❢♦r
n = 0, 1, 2, . . . ✱ ✜rst✱ ❆❧✐❝❡ ❝❤♦♦s❡s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ An+1 ♦❢ ❛♥② ❤②♣❡r♣❧❛♥❡ ✐♥ R

d ♦❢
r❛❞✐✉s εrn ❢♦r s♦♠❡ 0 < ε ≤ β❀ ❛♥❞ s❡❝♦♥❞✱ ❇♦❜ ❝❤♦♦s❡s ❛ ❜❛❧❧ Bn+1 ⊆ Bn \An+1 ♦❢
r❛❞✐✉s rn+1 ≥ βrn✱ ✇❤❡r❡ rn ✐s t❤❡ r❛❞✐✉s ♦❢ Bn✳

❆ s❡t S ⊆ R
d ✐s ❝❛❧❧❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ ✭❛❜❜r✳ ❍❆❲ ✮ ✐❢ ❆❧✐❝❡ ❤❛s ❛

str❛t❡❣② ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t S ∩
⋂

n≥0Bn 6= ∅✳

❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s ♣❛♣❡r ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❡❞
✈❡rs✐♦♥ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✳

❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ♦♥ R
d ✐s ♣❧❛②❡❞ ❜② t✇♦ ♣❧❛②✲

❡rs✱ s❛② ❆❧✐❝❡ ❛♥❞ ❇♦❜✱ ✇❤♦ t❛❦❡ t✉r♥s ♠❛❦✐♥❣ t❤❡✐r ♠♦✈❡s✳ ❇♦❜ st❛rts ❜② ❝❤♦♦s✐♥❣
❛ ♣❛r❛♠❡t❡r 0 < β < 1✱ ✇❤✐❝❤ ✐s ✜①❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❣❛♠❡✱ ❛♥❞ ❛ ❜❛❧❧ B0 ⊆ R

d ♦❢
r❛❞✐✉s r0 > 0✳ ❙✉❜s❡q✉❡♥t❧② ❢♦r n = 0, 1, 2, . . . ✱ ✜rst✱ ❆❧✐❝❡ ❝❤♦♦s❡s ❛ ♥❡✐❣❤❜♦r❤♦♦❞
An+1 ♦❢ s♦♠❡ ❤②♣❡r♣❧❛♥❡ ✐♥ R

d ♦❢ r❛❞✐✉s βrn = βn+1r0❀ ❛♥❞ s❡❝♦♥❞✱ ❇♦❜ ❝❤♦♦s❡s
❛ ❜❛❧❧ Bn+1 ⊆ Bn \ An+1 ♦❢ r❛❞✐✉s rn+1 = βrn = βn+1r0✱ ✇❤❡r❡ rn ✐s t❤❡ r❛❞✐✉s ♦❢
Bn✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ❜❛❧❧ t❤❡ ❣❛♠❡ st♦♣s ❛♥❞ ❆❧✐❝❡ ✇✐♥s ❜② ❞❡❢❛✉❧t✳ ❖t❤❡r✇✐s❡✱
t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❣❛♠❡ ✐s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✐♥

⋂

n≥0Bn✳

❆ s❡t S ⊆ R
d ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ ✐❢ ❆❧✐❝❡ ❤❛s ❛

str❛t❡❣② ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t s❤❡ ❡✐t❤❡r ✇✐♥s ❜② ❞❡❢❛✉❧t ♦r t❤❡ ♦✉t❝♦♠❡ ❧✐❡s ✐♥ S✳

❲❡ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❍❆❲ s❡ts ❛♥❞ r❡str✐❝t❡❞ ❍❆❲ s❡ts
❛♥❞ t❤❡r❡❢♦r❡ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ ♣❛♣❡r ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡
❛❜s♦❧✉t❡ ❣❛♠❡ ❛s t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱ ❛♥❞ t♦ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦✲
❧✉t❡ ✇✐♥♥✐♥❣ s❡ts ❛s ❍❆❲ s❡ts✳ ❚❤✐s ❢❛❝t ✇❛s ♣r❡✈✐♦✉s❧② s❤♦✇♥ ✐♥ ❬❋❙❯✶✽❪ ✐♥ r❡❧❛t✐♦♥
t♦ t❤❡ ❛❜s♦❧✉t❡ ❣❛♠❡✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳



Bad (w) ■❙ ❍❨P❊❘P▲❆◆❊ ❆❇❙❖▲❯❚❊ ❲■◆◆■◆● ✻

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t S ⊆ R
d✳ ❚❤❡♥ S ✐s r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ ✐❢

❛♥❞ ♦♥❧② ✐❢ S ✐s ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✺ ✐♥
❬❋❙❯✶✽❪✳ ■♥❞❡❡❞✱ t❤❡ ♦♥❧② ❝❤❛♥❣❡ t❤❛t ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽
❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✺ ✐♥ ❬❋❙❯✶✽❪ ✐s t♦ r❡♣❧❛❝❡ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ ❜❛❧❧s✱
✇❤✐❝❤ ❛r❡ ❧❡❣❛❧ ♠♦✈❡s ✐♥ t❤❡ ❣❛♠❡ ♣❧❛②❡❞ ✐♥ ❬❋❙❯✶✽✱ Pr♦♣♦s✐t✐♦♥ ✹✳✺ ❪ ❜② ♥❡✐❣❤❜♦r✲
❤♦♦❞s ♦❢ ❤②♣❡r♣❧❛♥❡s✱ ✇❤✐❝❤ ❛r❡ ❆❧✐❝❡✬s ❧❡❣❛❧ ♠♦✈❡s ✐♥ ❉❡✜♥✐t✐♦♥s ✻ ❛♥❞ ✼✳ ❍♦✇❡✈❡r✱
❛s Pr♦♣♦s✐t✐♦♥ ✽ ❢♦r♠s ❛ st❡♣ ✐♥ t❤❡ ❛r❣✉♠❡♥t t♦✇❛r❞s ♦✉r ✜♥❛❧ ❣♦❛❧✱ ✇❡ ❣✐✈❡ ✐t ❛
❝♦♠♣❧❡t❡ ❢♦r♠❛❧ ♣r♦♦❢ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ♣❛♣❡r✳

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ ❚❤❡♦r❡♠ ✸ t♦ ❚❤❡♦r❡♠ ✺✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❆❤❧❢♦rs
r❡❣✉❧❛r ♠❡❛s✉r❡s ❛♥❞ ❛❜s♦❧✉t❡ ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱
✐♥ ❬❇❋❑+✶✷❪✳

❉❡✜♥✐t✐♦♥ ✾✳ ▲❡t X ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡✳ ●✐✈❡♥ α > 0✱ ❛ ❇♦r❡❧ ♠❡❛s✉r❡ µ ♦♥ X ✐s
α✲❆❤❧❢♦rs r❡❣✉❧❛r ✐❢ t❤❡r❡ ❡①✐st A, ρ0 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ suppµ

✭✻✮ A−1rα ≤ µ (B (x, r)) ≤ Arα ❢♦r ❛❧❧ 0 < r ≤ ρ0 .

❲❡ s❛② t❤❛t µ ✐s ❆❤❧❢♦rs r❡❣✉❧❛r ✐❢ ✐t ✐s α✲❆❤❧❢♦rs r❡❣✉❧❛r ❢♦r s♦♠❡ α > 0✳

❉❡✜♥✐t✐♦♥ ✶✵✳ ❆ ❇♦r❡❧ ♠❡❛s✉r❡ µ ♦♥ R
d ✐s ❝❛❧❧❡❞ ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ✐❢ t❤❡r❡ ❡①✐st

D, δ > 0 ❛♥❞ r0 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ suppµ✱ 0 < r ≤ r0✱ ❡✈❡r② ❤②♣❡r♣❧❛♥❡
H ⊆ R

d ❛♥❞ r′ > 0 ✇❡ ❤❛✈❡ t❤❛t

✭✼✮ µ
(
B
(
H, r′

)
∩B (x, r)

)
≤ D

(
r′

r

)δ

µ (B (x, r)) .

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ r❡❞✉❝❡ ❚❤❡♦r❡♠ ✸ t♦ ❚❤❡♦r❡♠ ✺✳ ❚❤✐s
♣r♦♣♦s✐t✐♦♥ ✐s ❛❧r❡❛❞② ❤✐♥t❡❞ ✐♥ ❬❇❍◆❙✶✽✱ ❘❡♠❛r❦ ✹✳✺❪✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ■❢ S ⊆ R
d ✐s ❍❆❲ t❤❡♥ S ∩ suppµ 6= ∅ ❢♦r ❛♥② ❆❤❧❢♦rs r❡❣✉❧❛r

❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ µ ♦♥ R
d✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ S ✐s ❇♦r❡❧ ❛♥❞ S ∩ suppµ 6= ∅

❢♦r ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ µ ♦♥ R
d✱

t❤❡♥ S ⊆ R
d ✐s ❍❆❲✳

Pr♦♣♦s✐t✐♦♥ ✶✶ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥✱ st❛t❡❞ ❛s Pr♦♣♦s✐t✐♦♥ ✶✸✱
✇❤✐❝❤ ❞♦❡s ♥♦t ✉s❡ ♠❡❛s✉r❡s ❛♥❞ ✐s s❧✐❣❤t❧② ❡❛s✐❡r t♦ ♣r♦✈❡✳ ❋✐rst✱ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥✐t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ ❬❇❋❑+✶✷❪✳

❉❡✜♥✐t✐♦♥ ✶✷✳ ❆ ♥♦♥❡♠♣t② ❝❧♦s❡❞ s✉❜s❡t K ⊆ R
d ✐s ❝❛❧❧❡❞ ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ ✐❢

t❤❡r❡ ❡①✐sts β > 0 ❛♥❞ r0 > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ K✱ 0 < r ≤ r0 ❛♥❞ ❡✈❡r②
❤②♣❡r♣❧❛♥❡ H ⊆ R

d ✇❡ ❤❛✈❡ t❤❛t

✭✽✮ K ∩ (B (x, r) \B (H,βr)) 6= ∅ .

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ■❢ S ⊆ R
d ✐s ❍❆❲ t❤❡♥ S ∩K 6= ∅ ❢♦r ❛♥② ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ s❡t

K ⊆ R
d✳ ▼♦r❡♦✈❡r✱ ✐❢ S ✐s ❇♦r❡❧ t❤❡♥ t❤❡ ❝♦♥✈❡rs❡ ❛❧s♦ ❤♦❧❞s✳

❖♥❧② t❤❡ s❡❝♦♥❞ ♣❛rts ♦❢ Pr♦♣♦s✐t✐♦♥s ✶✶ ❛♥❞ ✶✸ ❛r❡ ♥❡✇✳ ■♥❞❡❡❞✱ ❬❇❋❑+✶✷✱
Pr♦♣♦s✐t✐♦♥ ✺✳✺❪ ❢✉rt❤❡r ♣r♦✈❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢
❍❆❲ s❡ts ✇✐t❤ t❤❡ s✉♣♣♦rt ♦❢ ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡s✱ ❛♥❞ ❛♥ ❛♥❛❧♦❣♦✉s st❛t❡♠❡♥t ❛❜♦✉t
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❍❆❲ s❡ts ✇✐t❤ ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ s❡ts ❢♦❧❧♦✇s ❢r♦♠ ❬❇❋❑+✶✷✱
Pr♦♣♦s✐t✐♦♥ ✺✳✺❪✳ ❆ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♠♣❧✐❝❛t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✸ ✐s ♣r♦✈✐❞❡❞
❜❡❧♦✇ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✳



Bad (w) ■❙ ❍❨P❊❘P▲❆◆❊ ❆❇❙❖▲❯❚❊ ❲■◆◆■◆● ✼

❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Pr♦♣♦s✐t✐♦♥s ✶✶ ❛♥❞ ✶✸ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐❢ µ
✐s ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ t❤❡♥ suppµ ✐s ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ ❬❇❋❑+✶✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪✱
❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢K ✐s ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❆❤❧❢♦rs r❡❣✉❧❛r
❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ µ ❢♦r ✇❤✐❝❤ suppµ ⊆ K✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ s❤♦✇♥ ♦♥
♠♦❞✐❢②✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❬❇❋❑+✶✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪✱ ✇❤❡r❡ ❛♥ ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣
♠❡❛s✉r❡ µ ✐s ❝♦♥str✉❝t❡❞✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ▲❡t K ⊆ R
d ❜❡ ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t❧②

s✉♣♣♦rt❡❞ ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡ µ ♦♥ R
d s✉❝❤ t❤❛t suppµ ⊆ K✳

❚♦ s✉♠♠❛r✐s❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❢✉❧❧② ❥✉st✐❢② ♦✉r ❝❧❛✐♠ t❤❛t ❚❤❡♦r❡♠ ✸
❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✺✱ ✐t r❡♠❛✐♥s t♦ ❣✐✈❡ ❢♦r♠❛❧ ♣r♦♦❢s t♦ Pr♦♣♦s✐t✐♦♥s ✶✸ ❛♥❞ ✶✹✳
❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❢♦r♠❡r✱ ❛♥❞ st❛rt ❜② st❛t✐♥❣ t✇♦ ❛✉①✐❧✐❛r② st❛t❡♠❡♥ts
t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✸✳

▲❡♠♠❛ ✶✺✳ ❋♦r ❛♥② β > 0 t❤❡r❡ ❡①✐sts 0 < β′ < β ❛♥❞ N s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ❜❛❧❧
B = B(x, ρ) ⊆ R

d t❤❡r❡ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛t ♠♦st N ❤②♣❡r♣❧❛♥❡s HB s✉❝❤ t❤❛t ❢♦r
❛♥② ❤②♣❡r♣❧❛♥❡ H ′ t❤❡r❡ ❡①✐sts H ∈ HB ❢♦r ✇❤✐❝❤

B(x, ρ) ∩B
(
H ′, β′ρ

)
⊆ B (H,βρ) .

Pr♦♦❢✳ ❚❤❡ st❛t❡♠❡♥t ♦❢ t❤✐s ❧❡♠♠❛ ✐s ❛ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ ❆ss✉♠♣t✐♦♥ ❈✳✻ ✐♥ ❬❋❙❯✶✽❪✱

✇❤❡r❡ β′ = β
3 ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❤②♣❡r♣❧❛♥❡s ✭▲❡♠♠❛ ✶✺✮ ✐t ✐s ✈❡r✐✜❡❞ ❛s ♣❛rt ✭✷✮ ♦❢

❖❜s❡r✈❛t✐♦♥ ❈✳✼✳ ✐♥ ❬❋❙❯✶✽❪✳ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ s❧✐❣❤t❧② s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✸ ✐♥ ❬❇❋❑+✶✷❪✳

▲❡♠♠❛ ✶✻✳ ▲❡t K ⊆ R
d ❜❡ ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st 0 < β0 < 1

3 ❛♥❞
r0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② 0 < r ≤ r0✱ ❛♥② x ∈ K ❛♥❞ ❛♥② ❤②♣❡r♣❧❛♥❡ H t❤❡r❡ ❡①✐sts
x′ ∈ K s✉❝❤ t❤❛t

✭✾✮ B
(
x′, β0r

)
⊆ B(x, r) \B (H,β0r) .

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✸✳ ❆ss✉♠❡ t❤❛t S ✐s ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ ❛♥❞ K ✐s
❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡✳ ▲❡t β0 ❛♥❞ r0 ❜❡ t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✶✻ ❛♥❞ s✉♣♣♦s❡ t❤❛t
❆❧✐❝❡ ❛♥❞ ❇♦❜ ♣❧❛② t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✼✳
❙✉♣♣♦s❡ t❤❛t ♦♥ t❤❡ ✜rst ♠♦✈❡ ❇♦❜ ❝❤♦♦s❡s β = β0 ❛♥❞ ❛ ❜❛❧❧ B0 ♦❢ r❛❞✐✉s r0 ❝❡♥tr❡❞
✐♥ K✳ ❚❤❡s❡ ❛r❡ ✈❛❧✐❞ ❛ss✉♠♣t✐♦♥s s✐♥❝❡ β0 ∈ (0, 1)✱ K ✐s ♥♦♥✲❡♠♣t② ❛♥❞ B0 ❝❛♥
❜❡ ❛r❜✐tr❛r②✳ ▲❡t n ≥ 0 ❛♥❞ s✉♣♣♦s❡ t❤❛t B0, . . . , Bn ❛r❡ t❤❡ ❜❛❧❧s ❛r✐s✐♥❣ ❢r♦♠
t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ t❤❛t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ♣❧❛② ✇✐t❤ ❆❧✐❝❡ ✉s✐♥❣
❤❡r ✇✐♥♥✐♥❣ str❛t❡❣②✳ ❙✉♣♣♦s❡ t❤❛t ❛❧❧ t❤❡s❡ ❜❛❧❧s ❛r❡ ❝❡♥tr❡❞ ✐♥ K✳ ◆♦t❡ t❤❛t✱
❜② t❤❡ ❝❤♦✐❝❡ ♦❢ B0✱ t❤✐s ✐s tr✉❡ ❢♦r n = 0✳ ▲❡t An+1 ❜❡ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛♥②
❤②♣❡r♣❧❛♥❡ ✐♥ R

d ♦❢ r❛❞✐✉s βn+1r0 t❤❛t ❆❧✐❝❡ ❝❤♦♦s❡s ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡♥✱
❜② ▲❡♠♠❛ ✶✻✱ ❇♦❜ ❝❛♥ ❝❤♦♦s❡ ❛ ❜❛❧❧ Bn+1 ♦❢ r❛❞✐✉s βn+1r0 ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥
Bn \An+1 ❛♥❞ ❝❡♥t❡r❡❞ ✐♥ K✳ ■♥❞❡❡❞✱ Bn+1 ❝❛♥ ❜❡ ❞❡✜♥❡❞ t♦ ❜❡ B (x′, β0r) ❛r✐s✐♥❣
❢r♦♠ ▲❡♠♠❛ ✶✻ ✇✐t❤ B(x, r) = Bn ❛♥❞ B (H,β0r) = An+1✳ ❚❤✉s✱ ❢♦r ❛♥② n ❇♦❜
❤❛s ❛ ❧❡❣❛❧ ♠♦✈❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❆❧✐❝❡ ❝❛♥♥♦t ✇✐♥ ❜② ❞❡❢❛✉❧t✱ ❛♥❞ t❤❡ s❡q✉❡♥❝❡
(Bn)n≥0 ❝❛♥ ❜❡ ♠❛❞❡ ✐♥✜♥✐t❡✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ❛❜♦✈❡ ❇♦❜ ❝❛♥ ♣❧❛②

s♦ t❤❛t t❤❡ ❝❡♥tr❡s ♦❢ Bn ❛r❡ ❛❧❧ ✐♥ K ❛♥❞ s♦ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✐♥
⋂

n≥0Bn ❧✐❡s ✐♥ K✳
❆t t❤❡ s❛♠❡ t✐♠❡ ❆❧✐❝❡ ❝❛♥ ♣❧❛② ✉s✐♥❣ ❤❡r ✇✐♥♥✐♥❣ str❛t❡❣② s♦ t❤❛t t❤❡ ✉♥✐q✉❡ ♣♦✐♥t
✐♥
⋂

n≥0Bn ❛❧s♦ ❧✐❡s ✐♥ S✳ ❚❤❡r❡❢♦r❡✱ S ∩K 6= ∅ ❛♥❞ t❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
✜rst ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✸✳

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❛ss✉♠❡ t❤❛t S ✐s ❛ ❇♦r❡❧ s❡t ✇❤✐❝❤ ✐s ♥♦t ❍❆❲✳ ❚❤❡♥✱ ❜② ❇♦r❡❧
❞❡t❡r♠✐♥❛❝② t❤❡♦r❡♠ ❢♦r t❤❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ❛♣♣❡❛r✐♥❣ ✐♥ ❬❋▲❙✶✹✱ ❚❤❡♦r❡♠ ✶✳✻❪✱ ❇♦❜
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❤❛s ❛ ✇✐♥♥✐♥❣ str❛t❡❣②✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✜①❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✳ ▲❡t β ❛♥❞ B0 ❜❡
❝❤♦s❡♥ ♦♥ t❤❡ ✜rst ♠♦✈❡ ♦❢ ❇♦❜ ❛❝❝♦r❞✐♥❣ t♦ ❤✐s ✇✐♥♥✐♥❣ str❛t❡❣②✳ ❉❡✜♥❡ B0 = {B0}
❛♥❞ ❝♦♥t✐♥✉❡ ❜② ✐♥❞✉❝t✐♦♥ t♦ ❝♦♥str✉❝t ❝♦❧❧❡❝t✐♦♥s ♦❢ ❝❧♦s❡❞ ❜❛❧❧s Bn ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥
Bn✱ ❢♦r ❡✈❡r② B ∈ Bn ❧❡t HB ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❤②♣❡r♣❧❛♥❡s ❛r✐s✐♥❣ ❢r♦♠ ▲❡♠♠❛ ✶✺✳
❉❡✜♥❡ Bn+1(B) t♦ ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♦❢ ❇♦❜✬s r❡s♣♦♥s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✇✐♥♥✐♥❣
str❛t❡❣② ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❤②♣❡r♣❧❛♥❡s ✐♥ HB ❛s ♣♦ss✐❜❧❡ ♠♦✈❡s ♦❢ ❆❧✐❝❡✳ ◆♦t❡
t❤❛t Bn+1(B) ✐s ❛❧✇❛②s ♥♦♥❡♠♣t②✳ ❉❡✜♥❡

✭✶✵✮ K =
⋂

n≥0

⋃

B∈Bn

B .

❇② ▲❡♠♠❛ ✶✺✱ ❡✈❡r② x ∈ K ✐s ❛♥ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ♣❧❛②❡❞
❛❝❝♦r❞✐♥❣ t♦ ❇♦❜✬s ✇✐♥♥✐♥❣ str❛t❡❣②✳ ❚❤❡r❡❢♦r❡✱ x 6∈ S✳ ❙✐♥❝❡ x ✐s ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t
♦❢ K✱ ✇❡ ❤❛✈❡ t❤❛t K ∩ S = ∅✳

■t ✐s ❧❡❢t t♦ ✈❡r✐❢② t❤❛t K ✐s ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s β′β
2

❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡ ❢♦r β′ ❛s ✐♥ ▲❡♠♠❛ ✶✺✳ ❆ss✉♠❡ x ∈ K✱ 0 < r ≤ r0 ❛♥❞ H ′ ⊆ R
d

✐s ❛ ❤②♣❡r♣❧❛♥❡✱ ✇❤❡r❡ r0 ✐s t❤❡ r❛❞✐✉s ♦❢ B0✳ ▲❡t n ❜❡ t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r
s✉❝❤ t❤❛t

✭✶✶✮ 2βnr0 ≤ r < 2βn−1r0 ,

✇❤✐❝❤ ❝❧❡❛r❧② ❡①✐sts s✐♥❝❡ 0 < β < 1✳ ❙✐♥❝❡ x ∈ K✱ ❜② ✭✶✵✮✱ t❤❡r❡ ❡①✐sts ❛ ❜❛❧❧
B = B (x0, β

nr0) ∈ Bn s✉❝❤ t❤❛t x ∈ B✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✶✮ ✐♠♣❧✐❡s t❤❛t
B ⊆ B(x, r)✳ ❇② ▲❡♠♠❛ ✶✺ ❛♣♣❧✐❡❞ ✇✐t❤ ρ = βnr0✱ t❤❡r❡ ❡①✐sts H ∈ HB s✉❝❤ t❤❛t

B ∩B
(
H ′, β′βnr0

)
⊆ B

(
H,βn+1r0

)
.

❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✶✮ ✐♠♣❧✐❡s t❤❛t ββ′

2 r < β′βnr0 ❛♥❞ ❤❡♥❝❡

B ∩B

(

H ′,
ββ′

2
r

)

⊆ B
(
H,βn+1r0

)
.

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Bn+1(B)✱ t❤❡r❡ ❡①✐sts ❛ ❜❛❧❧ B′ ∈ Bn+1(B) s✉❝❤ t❤❛t B′ ∩
B
(
H,βn+1r0

)
= ∅✳ ❙✐♥❝❡ t❤❡ ❝♦❧❧❡❝t✐♦♥s Bn+1(B) ❛r❡ ❛❧✇❛②s ♥♦♥❡♠♣t②✱ ❜② ✭✶✵✮✱

✇❡ ❤❛✈❡ t❤❛t K ∩ B′ 6= ∅✳ ❙✐♥❝❡ ∅ 6= K ∩ B′ ⊆ K ∩ B ⊆ K ∩ B(x0, r)✱ ✇❡ ❤❛✈❡

K ∩ B(x0, r) 6⊆ B
(

H ′, ββ
′

2 r
)

✳ ❍❡♥❝❡✱ K ∩
(

B(x0, r) \B
(

H ′, ββ
′

2 r
))

6= ∅✳ ❚❤✐s

✈❡r✐✜❡s ❉❡✜♥✐t✐♦♥ ✶✷ ❢♦r t❤❡ s❡t K ❛♥❞ t❤✉s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

✷✳✶✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✹✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✹ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞
❝♦♥str✉❝t✐♦♥ ♦❢ ❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡s ✐♥ R

d ✈✐❛ ❞❡❝r❡❛s✐♥❣ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❞✐s❥♦✐♥t
❜❛❧❧s✳ ❋♦r t❤✐s ❝♦♥str✉❝t✐♦♥ ✇❡ ❢♦❧❧♦✇ ❬❑❲✵✺✱ ❙❡❝t✐♦♥ ✼✳✷❪✳ ❆ss✉♠❡ t❤❛t 0 < β < 1✱
r0 > 0✱ ❛♥❞ t❤❛t N > 1 ✐s s♦♠❡ ✜①❡❞ ✐♥t❡❣❡r✳ ❆ss✉♠❡ t❤❛t B0 ✐s ❛ ❝❧♦s❡❞ ❜❛❧❧ ✐♥ R

d

❛♥❞ t❤❛t (Bn)n≥0 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❝❧♦s❡❞ ❜❛❧❧s s✉❝❤ t❤❛t B0 = {B0}✱
❛♥② B ∈ Bn ✐s ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s βnr0✱ ❛♥❞

✭✶✷✮ Bn+1 =
⋃

B∈Bn

Bn+1 (B) ,

✇❤❡r❡ ❢♦r ❡✈❡r② B ∈ Bn t❤❡ ❝♦❧❧❡❝t✐♦♥

Bn+1 (B) =
{
B′ ∈ Bn+1 : B′ ⊆ B

}

❝♦♥t❛✐♥s ❡①❛❝t❧② N ❞✐s❥♦✐♥t ❜❛❧❧s ❢♦r ❛♥② n ≥ 0✳ ❉❡✜♥❡

✭✶✸✮ K =
⋂

n≥0

⋃

B∈Bn

B .
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❆❧s♦ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s

µn =
1

#Bn

∑

B∈Bn

λ|B (n ≥ 0)

✇❤❡r❡ λ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
d ❛♥❞ λ|B ✐s t❤❡ ♥♦r♠❛❧✐s❡❞ r❡str✐❝t✐♦♥ ♦❢ λ

t♦ B ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ λ|B(A) = λ(A ∩ B)/λ(B) ❢♦r ❛♥② ▲❡❜❡s❣✉❡
♠❡❛s✉r❛❜❧❡ s❡t A✳ ❇② ✭✶✷✮✱ ✇❡ ❤❛✈❡ t❤❛t suppµn ⊇ suppµn+1 ❢♦r ❛♥② n ≥ 0✳ ▲❡t µ
❜❡ t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ µn ❛♥❞ ❧❡t

✭✶✹✮ α = − logN

log β
.

◆♦t❡ t❤❛t ❢♦r ❡✈❡r② n ≥ 0 ❛♥❞ ❡✈❡r② B ∈ Bn ✇❡ ❤❛✈❡ t❤❛t

µ(B) = µn(B) =
1

#Bn
= N−n .

Pr♦♣♦s✐t✐♦♥ ✶✼✳ ▲❡t K ⊆ R
d✱ µ ❛♥❞ α ❜❡ ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳ ❚❤❡♥ suppµ = K ❛♥❞

µ ✐s α✲❆❤❧❢♦rs r❡❣✉❧❛r✳

Pr♦♣♦s✐t✐♦♥ ✶✼ ✐s ♣r♦✈❡❞ ✐♥ ❬❑❲✵✺✱ Pr♦♣♦s✐t✐♦♥ ✼✳✶❪ ❢♦r R
d ✇✐t❤ t❤❡ s✉♣r❡♠✉♠

♥♦r♠✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ r❡♣❡❛t t❤❡✐r ♣r♦♦❢ ✇✐t❤ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳

Pr♦♦❢✳ ❆ss✉♠❡ x ∈ K ❛♥❞ 0 < r ≤ 2r0✳ ▲❡t n ❜❡ t❤❡ ✉♥✐q✉❡ ✐♥t❡❣❡r ❢♦r ✇❤✐❝❤

✭✶✺✮ 2βn+1r0 < r ≤ 2βnr0 .

❙✐♥❝❡ x ∈ K✱ ❜② ✭✶✸✮ ❛♥❞ t❤❡ ❞✐s❥♦✐♥t♥❡ss ♦❢ t❤❡ ❜❛❧❧s ✐♥ Bn+1✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
❜❛❧❧ B ∈ Bn+1 s✉❝❤ t❤❛t x ∈ B✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✺✮ ✐♠♣❧✐❡s t❤❛t B ⊆ B(x, r)✳
❙♦✱ ❜② ✭✶✹✮ ❛♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✺✮ t❤✐s ✐♠♣❧✐❡s t❤❛t

µ(B(x, r)) ≥ µ(B) =
1

Nn+1
= βα(n+1) ≥

(
β

2r0

)α

rα .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✺✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t M ≥ 1
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ β ❛♥❞ d s✉❝❤ t❤❛t

# {B ∈ Bn : B ∩B(x, r) 6= ∅} ≤ M .

❚❤❡r❡❢♦r❡✱ ❜② ✭✶✹✮ ❛♥❞ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✺✮ t❤✐s ✐♠♣❧✐❡s t❤❛t

µ(B(x, r)) ≤ M

Nn
= Mβαn < M

(
1

2r0β

)α

rα .

❙♦ ✭✻✮ ✐s ✈❡r✐✜❡❞ ✇✐t❤ A = max
{(

2r0
β

)α
,M

(
1

2r0β

)α}

✳

�

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✹ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❢♦r ❛
♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ❜❛❧❧s ✇❤✐❝❤ st❛② ❢❛r ❢r♦♠ ❛♣♣r♦♣r✐❛t❡ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ ❤②♣❡r✲
♣❧❛♥❡s ✐♥ ❡❛❝❤ ❧❡✈❡❧✳ ❚❤❡ ❛r❣✉♠❡♥t ✉s❡❞ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❬❇❋❑+✶✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪
♣r♦✈✐❞❡s s✉❝❤ ❛ ❝❤♦✐❝❡✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

❉❡✜♥✐t✐♦♥ ✶✽✳ ❙❛② t❤❛t d ♣♦✐♥ts ✐♥ R
d ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ✐❢ t❤❡② ❧✐❡ ♦♥ ❛

✉♥✐q✉❡ ❤②♣❡r♣❧❛♥❡✳ ■❢ x1, . . . ,xd ∈ R
d ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ❞❡♥♦t❡ t❤✐s ❤②♣❡r♣❧❛♥❡

❜② H (x1, . . . ,xd)✳
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▲❡♠♠❛ ✶✾ ✭❙❡❡ ❬❇❋❑+✶✷✱ ▲❡♠♠❛ ✺✳✻❪✮✳ ●✐✈❡♥ β0 > 0✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡
♣❛r❛♠❡t❡r β′ ≤ β0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ R

d✱ ρ > 0✱ ❛♥❞ x1, . . . ,xd ∈ B(x, ρ)
✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❜❛❧❧s B (xi, β0ρ) ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ B(x, ρ) ❢♦r ❡✈❡r②
1 ≤ i ≤ d ❛♥❞ ❛r❡ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✱ ✐❢ ❛ ❤②♣❡r♣❧❛♥❡ H ✐♥t❡rs❡❝ts B (xi, β

′ρ) ❢♦r ❡✈❡r②
1 ≤ i ≤ d t❤❡♥

B(x, ρ) ∩B
(
H,β′ρ

)
⊆ B (H (x1, . . . ,xd) , β0ρ) .

▲❡♠♠❛ ✶✾ ✐s st❛t❡❞ ✐♥ ❬❇❋❑+✶✷❪ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❝✐t✳
❲❡ r❡♣❡❛t t❤❡ ♣r♦♦❢ t❤❛t ❛♣♣❡❛rs ✐♥ ❬❇❋❑+✶✷❪ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

Pr♦♦❢✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛ss✉♠❡ t❤❛t x = 0 ❛♥❞ ρ = 1✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛s✲
s✉♠❡ t❤❛t ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ≥ 1 t❤❡r❡ ❛r❡ x1,k, . . . ,xd,k∈ B(0, 1) ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥

❛♥❞ ❛ ❤②♣❡r♣❧❛♥❡ Hk t❤❛t ✐♥t❡rs❡❝ts B
(
xi,k,

1
k

)
❢♦r ❡❛❝❤ 1 ≤ i ≤ d ❜✉t

✭✶✻✮ B(0, 1) ∩B

(

Hk,
1

k

)

6⊆ B (H(x1,k, . . . ,xd,k), β0) .

❇② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ B(0, 1) t❤❡r❡ ❛r❡ s✉❜s❡q✉❡♥❝❡s
(
x1,kj , . . . ,xd,kj

)
❛♥❞ Hkj t❤❛t

❝♦♥✈❡r❣❡✱ s❛② t♦ (x1, . . . ,xd) ❛♥❞ H r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ♥❡❝❡ss❛r✐❧② x1, . . . ,xd ∈ H
❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛♥② j ❧❛r❣❡ ❡♥♦✉❣❤ s❛t✐s✜❡s

B(0, 1) ∩B

(

Hkj ,
β0
3

)

⊆ B(0, 1) ∩B

(

H,
2β0
3

)

⊆ B(0, 1) ∩B
(
H
(
x1,kj , . . . ,xd,kj

)
, β0
)
.

❈❤♦♦s✐♥❣ j ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t 1
kj

≤ β0

3 ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ✭✶✻✮✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✹✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❬❇❋❑+✶✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✺❪✳ ❆ss✉♠❡
K ✐s ❤②♣❡r♣❧❛♥❡ ❞✐✛✉s❡✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❝♦♥str✉❝t ❛♥ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧②
❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥ ❛ s✉❜s❡t ♦❢ K✳ ▲❡t β0 ❛♥❞ r0 ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✶✻✳
▲❡t β′ ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✶✾✱ ❛♥❞ ❧❡t

✭✶✼✮ β =
β′

2
.

▲❡t x0 ∈ K ❜❡ ❛♥② ♣♦✐♥t✱ ❛♥❞ s❡t B0 = B(x0, r0) ❛♥❞ B0 = {B0}✳ ❘❡❝✉rs✐✈❡❧②
❝♦♥str✉❝t t❤❡ ❝♦❧❧❡❝t✐♦♥s Bn+1(B) ❢♦r ❡✈❡r② ✐♥t❡❣❡r n ≥ 0 ❛♥❞ ❡✈❡r② B ∈ Bn ❛s
❢♦❧❧♦✇s✳ ❈♦♥str✉❝t ❜② r❡❝✉rs✐♦♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ d + 1 ♣♦✐♥ts ✐♥ K ∩ B✳ ❆ss✉♠❡
x1, . . . ,xi ∈ K ∩ B ❛r❡ ❛❧r❡❛❞② ❞❡✜♥❡❞ ❢♦r s♦♠❡ 0 ≤ i ≤ d✱ ❛♥❞ ❧❡t H ❜❡ ❛♥②
❤②♣❡r♣❧❛♥❡ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ x1, . . . ,xi✳ ❇② ✭✾✮ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t xi+1 s✉❝❤
t❤❛t

✭✶✽✮ B (xi+1, β0β
nr0) ⊆ B \B (H,β0β

nr0) .

❉❡✜♥❡ Bn+1(B) =
{
B
(
x1, β

n+1r0
)
, . . . , B

(
xd+1, β

n+1r0
)}

✳ ❙✐♥❝❡ β < β0 t❤✐s ✐s ❛
❝♦❧❧❡❝t✐♦♥ ♦❢ d+1 ❞✐s❥♦✐♥t ❜❛❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ B✳ ▲❡t µ ❜❡ ❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡♥ suppµ ⊆ K s✐♥❝❡ ❢♦r ❡✈❡r② n ≥ 0 ❡✈❡r② B ∈ Bn ✐s ❛ ❜❛❧❧
❝❡♥t❡r❡❞ ✐♥ K✳ Pr♦♣♦s✐t✐♦♥ ✶✼ ❣✉❛r❛♥t❡❡s t❤❛t µ ✐s ❆❤❧❢♦rs r❡❣✉❧❛r✳ ■t ✐s ❧❡❢t t♦
✈❡r✐❢② t❤❛t µ ✐s ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣✳

❆ss✉♠❡ r ≤ r0✱ x ∈ suppµ ❛♥❞ r′ > 0✱ ❛♥❞ ❧❡t H ❜❡ ❛♥② ❤②♣❡r♣❧❛♥❡✳ ▲❡t n ≥ 0
❜❡ t❤❡ ✉♥✐q✉❡ ✐♥t❡❣❡r s❛t✐s❢②✐♥❣

✭✶✾✮ 2βn+1r0 ≤ r < 2βnr0 .
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❙✐♥❝❡ x ∈ suppµ t❤❡r❡ ❛r❡ ❜❛❧❧s B ⊆ B′ ✇✐t❤ B ∈ Bn+1 ❛♥❞ B′ ∈ Bn s✉❝❤ t❤❛t
x ∈ B✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✾✮ ✐♠♣❧✐❡s B ⊆ B(x, r)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡q✉❛t✐♦♥
✭✶✽✮ ✐♠♣❧✐❡s t❤❛t

d
(
B′, B′′) ≥ 2 (β0 − β)βn−1r0

❢♦r ❛♥② B′ 6= B′′ ∈ Bn✱ t❤❡r❡❢♦r❡✱ s✐♥❝❡ β = β′

2 ≤ β0

2 ✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✾✮
✐♠♣❧✐❡s t❤❛t B(x, r) ∩B′′ = ∅ ❢♦r ❛♥② B′ 6= B′′ ∈ Bn✳ ❙♦✱ B(x, r) ∩ suppµ ⊆ B′✳

■t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② ✭✼✮ ❢♦r ❡✈❡r② r′ s♠❛❧❧ ❡♥♦✉❣❤✳ ❆ss✉♠❡ t❤❛t r′ < 1
2βr ❛♥❞ ❧❡t

m ≥ 1 ❜❡ t❤❡ ✉♥✐q✉❡ ✐♥t❡❣❡r s❛t✐s❢②✐♥❣

✭✷✵✮
1

2
βm+1r ≤ r′ <

1

2
βmr .

❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❜♦t❤ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ✐♠♣❧② t❤❛t r′ < βm+nr0✳ ❚❤❡r❡❢♦r❡✱ ❢♦r
❡✈❡r② 1 ≤ k ≤ m ❛♥❞ ❡✈❡r② B′′ ∈ Bn+k−1✱ t❤❡ ❤②♣❡r♣❧❛♥❡ ♥❡✐❣❤❜♦r❤♦♦❞ B(H, r′)
✐♥t❡rs❡❝ts ❛t ♠♦st d ❜❛❧❧s ❢r♦♠ Bn+k(B

′′)✳ ■♥❞❡❡❞✱ r❡❝❛❧❧ t❤❛t

Bn+k(B
′′) =

{

B
(

x1, β
n+kr0

)

, . . . , B
(

xd+1, β
n+kr0

)}

.

■❢ B(H, r′) ∩B
(
xi, β

n+kr0
)
6= ∅ ❢♦r ❡✈❡r② 1 ≤ i ≤ d+ 1 t❤❡♥ ✭✶✼✮ ✐♠♣❧✐❡s t❤❛t

H ∩B
(

xi, β
′βn+k−1

)

6= ∅

❢♦r ❡✈❡r② 1 ≤ i ≤ d+1✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♣♦✐♥ts x1, . . . ,xd ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥✱
s♦ ▲❡♠♠❛ ✶✾ ❣✐✈❡s

B′′ ∩B
(

H,β′βn+k−1r0

)

⊆ B
(

H(x1, . . . ,xd), β0β
n+k−1r0

)

.

■♥ ♣❛rt✐❝✉❧❛r✱ xd+1 ∈ B
(
H(x1, . . . ,xd), β0β

n+k−1r0
)
✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✭✶✽✮✳ ❚❤❡

✉♣s❤♦t ✐s t❤❛t B(H, r′) ✐♥t❡rs❡❝ts ❛t ♠♦st dm ❜❛❧❧s ✐♥ Bn+m✱ t❤❡r❡❢♦r❡✱

µ
(
B(x, r) ∩B

(
H, r′

))
≤
(

d

d+ 1

)m

µ
(
B′)

=

(
d

d+ 1

)m

(d+ 1)µ (B) ≤
(

d

d+ 1

)m

(d+ 1)µ (B(x, r)) .

❇② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✵✮✱ t❤✐s ✈❡r✐✜❡s ✭✼✮ ✇✐t❤ δ =
log d

d+1

log β ❛♥❞ D =
(

2
β

)δ
(d+1)✳

�

✷✳✷✳ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❈❛♥t♦r
♣♦t❡♥t✐❛❧ ❣❛♠❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❇❍◆❙✶✽❪✳ ❚❤❡ ❣❛♠❡ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ✇✐♥♥✐♥❣
s❡ts ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✷✵✳ ▲❡tX ❜❡ ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ α ≥ 0✳ ❚❤❡ α✲❈❛♥t♦r ♣♦t❡♥t✐❛❧
❣❛♠❡ ✐s ♣❧❛②❡❞ ❜② t✇♦ ♣❧❛②❡rs✱ s❛② ❆❧✐❝❡ ❛♥❞ ❇♦❜✱ ✇❤♦ t❛❦❡ t✉r♥s ♠❛❦✐♥❣ t❤❡✐r ♠♦✈❡s✳
❇♦❜ st❛rts ❜② ❝❤♦♦s✐♥❣ ❛ ♣❛r❛♠❡t❡r 0 < β < 1✱ ✇❤✐❝❤ ✐s ✜①❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❣❛♠❡✱
❛♥❞ ❛ ❜❛❧❧ B0 ⊆ R

d ♦❢ r❛❞✐✉s r0 > 0✳ ❙✉❜s❡q✉❡♥t❧② ❢♦r n = 0, 1, 2, . . . ✱ ✜rst✱ ❆❧✐❝❡
❝❤♦♦s❡s ❝♦❧❧❡❝t✐♦♥s An+1,i ♦❢ ❛t ♠♦st β−α(i+1) ❜❛❧❧s ♦❢ r❛❞✐✉s βn+1+ir0 ❢♦r ❡✈❡r②
i ≥ 0✳ ❚❤❡♥✱ ❇♦❜ ❝❤♦♦s❡s ❛ ❜❛❧❧ Bn+1 ♦❢ r❛❞✐✉s βn+1r0 ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Bn

❛♥❞ ❞✐s❥♦✐♥t ❢r♦♠
⋃

0≤ℓ≤n

⋃

A∈An+1−ℓ,ℓ
A✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ❜❛❧❧ t❤❡ ❣❛♠❡ st♦♣s ❛♥❞

❆❧✐❝❡ ✇✐♥s ❜② ❞❡❢❛✉❧t✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❣❛♠❡ ✐s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✐♥
⋂

n≥0Bn✳

❆ s❡t S ⊆ X ✐s ❝❛❧❧❡❞ α✲❈❛♥t♦r ✇✐♥♥✐♥❣ ✐❢ ❆❧✐❝❡ ❤❛s ❛ str❛t❡❣② ✇❤✐❝❤ ❡♥s✉r❡s
t❤❛t s❤❡ ❡✐t❤❡r ✇✐♥s ❜② ❞❡❢❛✉❧t ♦r t❤❡ ♦✉t❝♦♠❡ ❧✐❡s ✐♥ S✳ ■❢ X ✐s t❤❡ s✉♣♣♦rt ♦❢ ❛♥
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α✲❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡ t❤❡♥ S ⊆ X ✐s ❝❛❧❧❡❞ ❈❛♥t♦r ✇✐♥♥✐♥❣ ✐❢ ✐t ✐s α′✲❈❛♥t♦r
✇✐♥♥✐♥❣ ❢♦r s♦♠❡ 0 ≤ α′ < α✳

■t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❍◆❙✶✽❪ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ α✲❈❛♥t♦r ✇✐♥♥✐♥❣ s❡ts ❛❣r❡❡s
✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ✐♥ ❬❇❍✶✼❪✳ ❍❡r❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ r❡❣❛r❞✐♥❣ α ✐s
♦♣♣♦s✐t❡ t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❬❇❍✶✼❪✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ♦✉r ❝♦♥✈❡♥t✐♦♥ 0✲❈❛♥t♦r ✇✐♥♥✐♥❣
s❡ts ❛r❡ ❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣✱ s❡❡ ❬❇❍◆❙✶✽❪ ♦r ❬❇❋❑+✶✷❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❜s♦❧✉t❡
✇✐♥♥✐♥❣✳ ❚❤✐s ❝♦♥✈❡♥t✐♦♥ ❛❧❧♦✇s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ α✲❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡ t♦ ❜❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s♣❛❝❡ X✳ ❚❤✐s ❝♦♠❡s ❛t t❤❡ ♣r✐❝❡ t❤❛t s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❈❛♥t♦r
✇✐♥♥✐♥❣ s✉❜s❡ts ❞♦ ❞❡♣❡♥❞ ♦♥ X✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t ❛❜♦✉t ❈❛♥t♦r
✇✐♥♥✐♥❣ s❡ts✳

❚❤❡♦r❡♠ ✷✶ ✭❙❡❡ ❬❇❍◆❙✶✽✱ ❚❤❡♦r❡♠s ✸✳✹✱ ✹✳✶❪✮✳ ▲❡t X ❜❡ t❤❡ s✉♣♣♦rt ♦❢ ❛♥ α✲
❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡ ❛♥❞ ❧❡t S ⊆ X ❜❡ ❈❛♥t♦r ✇✐♥♥✐♥❣✳ ❚❤❡♥ S 6= ∅✳

❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② st❛t✐♥❣ ❛♥ ❛✉①✐❧✐❛r② ❧❡♠♠❛ ❛❜♦✉t ❡✣❝✐❡♥t ❝♦✈❡rs ❢♦r
❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

▲❡♠♠❛ ✷✷✳ ▲❡t µ ❜❡ ❛♥ ❆❤❧❢♦rs r❡❣✉❧❛r ♠❡❛s✉r❡ ♦♥ ❛ ♠❡tr✐❝ s♣❛❝❡ X✱ ❧❡t A,α, r0
❜❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✾ ❛♥❞ ❧❡t S ⊆ X ❜❡ ❛♥② s✉❜s❡t✳ ❙✉♣♣♦s❡ t❤❛t 0 < r ≤ r0 ❛♥❞
µ (B (S, r)) < ∞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦✈❡r ♦❢ S ∩ suppµ ✇✐t❤ ❜❛❧❧s ♦❢ r❛❞✐✉s 3r ♦❢
❝❛r❞✐♥❛❧✐t② ❛t ♠♦st

✭✷✶✮
Aµ (B (S, r))

rα
.

Pr♦♦❢✳ ❆ss✉♠❡ S ⊆ X ❛♥❞ r > 0✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛ss✉♠❡ t❤❛t S 6= ∅✳
◆♦t❡ t❤❛t B(S, r) ✐s ❛ ❇♦r❡❧ s❡t✳ ❈❤♦♦s❡ ❛♥② ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦✐♥ts U ⊆ S ∩ suppµ
s✉❝❤ t❤❛t {B (x, r) : x ∈ U} ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ❜❛❧❧s✳ ❇② t❤❡ ♣❛✐r✇✐s❡
❞✐s❥♦✐♥t♥❡ss ❛♥❞ ✭✻✮✱

✭✷✷✮ #U × rα

A
≤
∑

x∈U
µ (B (x, r)) = µ

(
⋃

x∈U
B (x, r)

)

≤ µ (B (S, r)) .

❙✐♥❝❡ µ (B (S, r)) < ∞✱ ❛♥② s✉❝❤ ❝♦❧❧❡❝t✐♦♥ U ✐s ✜♥✐t❡✳ ❚❤❡r❡❢♦r❡✱ ♦❢ ❛❧❧ t❤❡ ❝♦❧❧❡❝t✐♦♥s
U ❛s ❛❜♦✈❡ t❤❡r❡ ❡①✐sts ♦♥❡✱ s❛② Umax✱ ✇✐t❤ t❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳ ❚❤❡♥✱
❜② ✐ts ♠❛①✐♠❛❧✐t②✱ ❢♦r ❛♥② x′ ∈ S ∩ suppµ t❤❡r❡ ❡①✐sts x ∈ Umax s✉❝❤ t❤❛t d(x, x′) ≤
2r✳ ❚❤❡♥✱ x′ ∈ B(x, 3r) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t {B (x, 3r) : x ∈ Umax} ✐s ❛ ❝♦✈❡r ♦❢
S ∩ suppµ✳ ❋✐♥❛❧❧②✱ ✭✷✷✮ ✐♠♣❧✐❡s ✭✷✶✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �

✸✳ ❍♦♠♦❣❡♥❡♦✉s ❞②♥❛♠✐❝s ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ♥♦♥❞✐✈❡r❣❡♥❝❡

❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ❞②♥❛♠✲
✐❝s ✐s ✇❡❧❧ ❦♥♦✇♥ ❛s t❤❡ ❉❛♥✐ ❝♦rr❡s♣♦♥❞❡♥❝❡✳ ■♥ t❤✐s ❝♦♥t❡①t t❤❡r❡ ✐s ❛ ❜❡❛✉t✐✲
❢✉❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❜♦✉♥❞❡❞ ♦r❜✐ts ❛♥❞ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✈❡❝t♦rs✳ ❚❤r♦✉❣❤♦✉t✱
diag (b1, . . . , bd) ❞❡♥♦t❡s t❤❡ d× d ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s b1, . . . , bd✳

▲❡t G := ❙▲d+1 (R) ❛♥❞ Γ := ❙▲d+1 (Z)✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ Xd+1 := G/Γ
❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ✉♥✐♠♦❞✉❧❛r ❧❛tt✐❝❡s ✐♥ R

d+1 ✈✐❛ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ♠❛♣✿

gΓ ∈ Xd+1 7→ gZd+1 .
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●✐✈❡♥ w = (w1, . . . , wd) ∈ Wd ❛♥❞ b > 1✱ ❢♦r ❛♥② n ∈ Z ✇❡ ❧❡t

✭✷✸✮ an :=








bn

b−w1n

✳ ✳ ✳

b−wdn








∈ G .

❋✉rt❤❡r✱ ❢♦r ❛♥② x = (x1, . . . , xd) ∈ R
d ❧❡t

✭✷✹✮ ux :=








1 x1 · · · xd
1

✳ ✳ ✳

1








∈ G .

❋♦r ε > 0 ❞❡✜♥❡ t❤❡ s❡t

Kε := {Λ ∈ Xd+1 : ‖v‖ ≥ ε ❢♦r ❛♥② v ∈ Λ \ {0}} ,
✇❤❡r❡ ‖v‖ ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ v✳ ❚❤❡♥✱ ❛s ✐s ✇❡❧❧ ❦♥♦✇♥ ❢♦r ❛♥② x ∈ R

d ✇❡
❤❛✈❡ t❤❛t

✭✷✺✮ x ∈ Bad (w) ⇐⇒ ∃ ε > 0 s✉❝❤ t❤❛t anuxZ
d+1 ∈ Kε ❢♦r ❡✈❡r② n ∈ N .

❙❡❡ ❬❇P❱✶✶✱ ❆♣♣❡♥❞✐①❪ ❛♥❞ ❬❇❡r✶✺✱ ❆♣♣❡♥❞✐① ❆❪ ❢♦r ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤✐s
❡q✉✐✈❛❧❡♥❝❡✳

❘❡❝❛❧❧ t❤❛t ❜② ▼❛❤❧❡r✬s ❝r✐t❡r✐♦♥✱ t❤❡ ❝♦♠♣❧❡♠❡♥ts ♦❢ t❤❡ s❡ts Kε ❣✐✈❡ ❛ ❜❛s✐s ❢♦r
t❤❡ t♦♣♦❧♦❣② ❛t ∞ ✐♥ Xd+1✱ s♦ ✭✷✺✮ ♠❛② ❜❡ r❡♣❤r❛s❡❞ ❛s x ∈ Bad (w) ✐❢ ❛♥❞ ♦♥❧② ✐❢
{
anuxZ

d+1 : n ∈ N
}
✐s ❜♦✉♥❞❡❞ ✐♥ Xd+1✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② x′ ∈ R
d ✇❡ ❤❛✈❡ t❤❛t

✭✷✻✮ anux′a−1
n = udiag(b(1+w1)n,...,b(1+wd)n)x′ .

◆♦t❡ t❤❛t ✐❢ x = x0 + x′ t❤❡♥ ux = ux′ux0 ❛♥❞ t❤❡r❡❢♦r❡

anuxZ
d+1 = anux′a−1

n anux0Z
d+1 ✭✷✻✮

= udiag(b(1+w1)n,...,b(1+wd)n)x′anux0Z
d+1 .

❚❤✉s✱ ♦♥ ❧❡tt✐♥❣ Λ = anux0Z
d+1 ❛♥❞ y = diag

(
b(1+w1)n, . . . , b(1+wd)n

)
x′ ✇❡ s❡❡ t❤❛t

t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs y ∈ R
d ❢♦r ✇❤✐❝❤ uyΛ ∈ Kε ♣❧❛②s ❛ r♦❧❡ ✐♥ t❤❡ st✉❞② ♦❢

❜♦✉♥❞❡❞ ♦r❜✐ts ♦❢ uxZ
d+1 ✉♥❞❡r t❤❡ ❛❝t✐♦♥s ❜② an✳ ❚❤❡ ❉❛♥✐✲❑❧❡✐♥❜♦❝❦✲▼❛r❣✉❧✐s

q✉❛♥t✐t❛t✐✈❡ ♥♦♥❞✐✈❡r❣❡♥❝❡ ❡st✐♠❛t❡ ✭s❡❡ ❬❉❛♥✽✻✱ ❑▼✾✽❪✮ ❣✐✈❡s ❛ s❤❛r♣ ❛♥❞ ✉♥✐❢♦r♠
✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡t ♦❢ y ❢♦r ✇❤✐❝❤ uyΛ 6∈ Kε ✉♥❞❡r
s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❧❛tt✐❝❡ Λ✳ ▲❛t❡r t❤✐s ✇❛s ❣❡♥❡r❛❧✐s❡❞ t♦ ✏❢r✐❡♥❞❧②✑ ♠❡❛s✉r❡s
❜② ❑❧❡✐♥❜♦❝❦✱ ▲✐♥❞❡♥str❛✉ss ❛♥❞ ❲❡✐ss ❬❑▲❲✵✹❪✳ ❲✐t❤✐♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ✉s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✶ ✐♥ ❬❇◆❨✷✵❪✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❬❑▲❲✵✹❪✳

❚❤❡♦r❡♠ ✷✸✳ ❆ss✉♠❡ µ ✐s ❛♥ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧② ❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ ♦♥ R
d✳

❚❤❡♥ ❢♦r ❛♥② z ∈ suppµ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❜❛❧❧ B(z) ❝❡♥tr❡❞ ❛t z ❛♥❞ ❝♦♥st❛♥ts
C, γ > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ❜❛❧❧ B ⊆ B(z) ❝❡♥tr❡❞ ✐♥ suppµ✱ ❛♥② ❞✐❛❣♦♥❛❧ ♠❛tr✐①
g ∈ G ❛♥❞ ❛♥② 0 < ρ ≤ 1 ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❝❧✉s✐♦♥s ❤♦❧❞s✿

✭✐✮ ❢♦r ❛❧❧ ε > 0

✭✷✼✮ µ
({

x ∈ B : guxZ
d+1 /∈ Kε

})

≤ C

(
ε

ρ

)γ

µ(B) ;
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✭✐✐✮ t❤❡r❡ ❡①✐sts 0 6= v = v1 ∧ · · · ∧ vj ∈
∧j (

Z
d+1
)
✇✐t❤ 1 ≤ j ≤ d s✉❝❤ t❤❛t

sup
x∈B

‖guxv‖ < ρ .

■♥ ♦r❞❡r t♦ ✉s❡ ❚❤❡♦r❡♠ ✷✸ s♦♠❡ ♥♦t❛t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ t❤❡ ❡①t❡r✐♦r
❛❧❣❡❜r❛ ♦❢ Rd+1 ✐s s❡t ✉♣ ✐♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✳

▲❡t e+ := (1, 0, . . . , 0) ❛♥❞ ei := (0, . . . , 1, . . . , 0)✱ ✇❤❡r❡ ❢♦r ❡✈❡r② 1 ≤ i ≤ d t❤❡
i + 1st ❝♦♦r❞✐♥❛t❡ ✐s ♦♥❡ ❛♥❞ t❤❡ r❡st ❛r❡ ③❡r♦✱ ❜❡ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ Rd+1✳ ❋♦r
❛♥② I ⊆ {+, 1 . . . , d} ❧❡t eI =

∧

i∈I ei ❜❡ t❤❡ ✇❡❞❣❡ ♣r♦❞✉❝t ♦❢ ❜❛s✐s ❡❧❡♠❡♥ts ✇✐t❤

✐♥❞✐❝❡s ✐♥ I✳ ❋♦r ❛♥② 1 ≤ j ≤ d t❤❡ ❝♦❧❧❡❝t✐♦♥ {eI : #I = j} ✐s ❛ ❜❛s✐s ♦❢
∧j (

R
d+1
)
✳

❉❡✜♥❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥
∧j (

R
d+1
)
❜② s❡tt✐♥❣ 〈eI , eJ〉 = δI,J ✭✇❤❡r❡ δI,J := 1 ✐❢

I = J ❛♥❞ δI,J := 0 ♦t❤❡r✇✐s❡✮ ❛♥❞ ❡①t❡♥❞✐♥❣ ❧✐♥❡❛r❧②✳ ▲❡t ‖ · ‖ ❜❡ t❤❡ ❊✉❝❧✐❞❡❛♥
♥♦r♠ ✇❤✐❝❤ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤✐s ✐♥♥❡r ♣r♦❞✉❝t✳ ◆♦t❡ t❤❛t t❤✐s ♥♦t❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t
✇✐t❤ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✷✸✳

❋♦r ❡✈❡r② 1 ≤ j ≤ d ❞❡✜♥❡ t❤❡ s✉❜s♣❛❝❡s

V+ := spanR{eI : + ∈ I} ❛♥❞ V− := spanR{eI : I ⊆ {1, . . . , d}} .
❊❛❝❤ ✈❡❝t♦r v ∈

∧j (
R
d+1
)
❞❡❝♦♠♣♦s❡s ✉♥✐q✉❡❧② ✐♥t♦ v = v+ + v− ✇✐t❤ v+ ∈ V+

❛♥❞ v− ∈ V−✳

▲❡t G ❛❝t ♦♥
∧j (

R
d+1
)
❜② ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ❞❡✜♥❡❞ ♦♥ ✇❡❞❣❡ ♣r♦❞✉❝ts ❛s

❢♦❧❧♦✇s✿ ❢♦r ❛♥② g ∈ G ❛♥❞ v = v1 ∧ . . . ∧ vj ∈
∧j (

R
d+1
)
✇❡ ❞❡✜♥❡

✭✷✽✮ gv = gv1 ∧ . . . ∧ gvj .

Pr♦♣♦s✐t✐♦♥ ✷✹✳ ❆ss✉♠❡ x ∈ R
d✱ h ∈ Z✱ h ≥ 0 ❛♥❞ v = v1 ∧ . . .∧ vj ∈

∧j (
R
d+1
)
✱

1 ≤ j ≤ d✳ ❚❤❡♥✱ ❛ss✉♠✐♥❣ t❤❛t vi = vi,+e+ + vi,1e1 + · · ·+ vi,ded✱ ✇❡ ❤❛✈❡ t❤❛t

uxv = v + e+ ∧





j
∑

i=1

(−1)i+1 (vi,1x1 + . . .+ vi,dxd)
∧

i′ 6=i

vi′



 ;✭✷✾✮

‖a−hv+‖ ≤ b−wdh‖v+‖ ❛♥❞ ‖a−hv−‖ ≤ bh‖v−‖ ,✭✸✵✮

✇❤❡r❡ wd ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ s♠❛❧❧❡st ✇❡✐❣❤t✳

Pr♦♦❢✳ ❇♦t❤ ✭✷✾✮ ❛♥❞ ✭✸✵✮ ❛r❡ ❡❧❡♠❡♥t❛r② t♦ ♣r♦✈❡✳ ■♥❞❡❡❞✱ ✭✷✾✮ ✐s ❛♥ ✐♠♠❡❞✐✲
❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❞❡✜♥✐t✐♦♥ ✭✷✽✮ ❛♥❞ t❤❡ ❡❛s✐❧② ✈❡r✐✜❡❞ ❡q✉❛t✐♦♥ uxvi = vi +
(vi,1x1 + . . .+ vi,dxd) e+ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣r♦♣❡rt② ♦❢ t❤❡ ✇❡❞❣❡ ♣r♦❞✲
✉❝t ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢❛❝t t❤❛t e+∧e+ = 0✳ ■♥ t✉r♥✱ s✐♥❝❡ t❤❡ st❛♥❞❛r❞ ❜❛s✐s eI
♦❢
∧j (

R
d+1
)
✱ ✇❤❡r❡ I ⊆ {+, 1, . . . , d} ❛♥❞ #I = j✱ ✐s ♦rt❤♦♥♦r♠❛❧ ❛♥❞ ❡❛❝❤ ♦❢ eI ✐s

❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ a−h✱ ✐t s✉✣❝❡s t♦ ✈❡r✐❢② ✭✸✵✮ ❢♦r t❤❡ ❜❛s✐s ✈❡❝t♦rs eI ✳ ❚❤❡ ❧❛tt❡r ✐s
❛ tr✐✈✐❛❧ ❥♦❜ ❞♦♥❡ ❜② ✐♥s♣❡❝t✐♥❣ ✭✸✵✮✳ ❲❡ ❧❡❛✈❡ ❢✉rt❤❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡t❛✐❧s✱ ✇❤✐❝❤
❛r❡ str❛✐❣❤t❢♦r✇❛r❞✱ t♦ t❤❡ r❡❛❞❡r✳ �

❲❤❡♥ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷✸ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❜♦✉♥❞✳

▲❡♠♠❛ ✷✺✳ ❋♦r ❡✈❡r② ❜❛❧❧ B ⊆ R
d✱ ❡✈❡r② ❞✐❛❣♦♥❛❧ ♠❛tr✐① g = diag (b+, b1, . . . , bd)

s✉❝❤ t❤❛t b+ ≥ 1 ❛♥❞ 0 < b1, . . . bd ≤ 1 s✉❝❤ t❤❛t b+b1 · · · bd = 1✱ ❛♥❞ ❡✈❡r② v =

v1 ∧ · · · ∧ vj ∈
∧j (

Z
d+1
)
✇✐t❤ 1 ≤ j ≤ d+ 1 s✉❝❤ t❤❛t v 6= 0 ✇❡ ❤❛✈❡ t❤❛t

✭✸✶✮ sup
x∈B

‖guxv‖ ≥ min {1, rB} ,

✇❤❡r❡ rB ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ r❛❞✐✉s ♦❢ B✳
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Pr♦♦❢✳ ❚❤❡ ❝❛s❡ ♦❢ j = d + 1 ✐s tr✐✈✐❛❧ s✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t ‖guxv‖ =

‖v‖ ≥ 1 ❢♦r ❛❧❧ x✳ ▲❡t 1 ≤ j ≤ d✱ v = v1 ∧ · · · ∧ vj ∈ ∧j
(

Z
d+1
)

❛♥❞ v 6= 0✳ ▲❡t

x̃ = (1, x1, . . . , xd) ❛♥❞ ✇r✐t❡ ❡❛❝❤ vi = (vi,+, vi,1, . . . , vi,d)✳ ❚❤❡♥

✭✸✷✮ guxv =

j
∧

i=1








b+〈x̃,vi〉
b1vi,1
✳✳✳

bdvi,d








.

❙✐♥❝❡ v 6= 0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦❧❧❡❝t✐♦♥ {ℓ2, . . . , ℓd} ⊆ {1, . . . , d} s✉❝❤ t❤❛t t❤❡ r♦✇s
(bℓkv1,ℓk , . . . , bℓkvj,ℓk) (2 ≤ k ≤ d) ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡
❞❡t❡r♠✐♥❛♥t

det








b+〈x̃,v1〉 . . . b+〈x̃,vj〉
bℓ2v1,ℓ2 . . . bℓ2vj,ℓ2

✳✳✳
✳ ✳ ✳

✳✳✳
bℓjv1,ℓj . . . bℓjvj,ℓj








=

j
∏

k=1

bℓk × det








〈x̃,v1〉 . . . 〈x̃,vj〉
v1,ℓ2 . . . vj,ℓ2
✳✳✳

✳ ✳ ✳
✳✳✳

v1,ℓj . . . vj,ℓj








,

✇❤❡r❡ ℓ1 = +✱ ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳ ❍❡r❡ ✇❡ ✉s❡❞ t❤❡ ♦❜✈✐♦✉s ❢❛❝t t❤❛t t❤❡
❢✉♥❝t✐♦♥s 〈x̃,v1〉, . . . , 〈x̃,vj〉 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♦✈❡r R✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠
t❤❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ v1, . . . ,vj ✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❛❜♦✈❡ ❞❡t❡r♠✐♥❛♥t ✐s ♦♥❡
♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ guxv ✭s❡❡ ❬❙❝❤✽✵✱ ❙❡❝t✐♦♥ ■❱✳✻ ▲❡♠♠❛ ✻❆❪✮✳ ❋✉rt❤❡r♠♦r❡✱

s✐♥❝❡ ❛❧❧ t❤❡ ✈❡❝t♦rs vi ❛r❡ ✐♥t❡❣❡r✱ ✐t ✐s ♦❢ t❤❡ ❢♦r♠
∏j

k=1 bℓkf(x)✱ ✇❤❡r❡ f(x) =
c0 + c1x1 + · · · + cdxd ❢♦r s♦♠❡ ✐♥t❡❣❡r ❝♦❡✣❝✐❡♥ts c0, . . . , cd✱ ♥♦t ❛❧❧ ③❡r♦s✳ ❙✐♥❝❡
t❤❡ ♥♦r♠ ♦❢ guxv ✐s ❛t ❧❡❛st t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛♥② ♦❢ ✐ts ❝♦♦r❞✐♥❛t❡s✱ ✉s✐♥❣ t❤❡
❛ss✉♠♣t✐♦♥s t❤❛t b+ ≥ 1✱ 0 < b1, . . . , bd ≤ 1 ❛♥❞ b+b1 · · · bd = 1 ❣✐✈❡s

✭✸✸✮ ‖guxv‖ ≥
∣
∣
∣
∣
∣

j
∏

k=1

bℓkf(x)

∣
∣
∣
∣
∣
≥ |f(x)| .

■❢ c1 = · · · = cd = 0✱ t❤❡♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✸✮ ✐s ❛ ♥♦♥③❡r♦ ✐♥t❡❣❡r ❛♥❞
t❤❡r❡❢♦r❡ ✐t ✐s ❛t ❧❡❛st ✶✳ ❖t❤❡r✇✐s❡✱ ck 6= 0 ❢♦r s♦♠❡ 1 ≤ k ≤ d✳ ❚❤❡♥✱ t❛❦❡ t❤❡ ♣♦✐♥ts
x±1 = x0± rBek✱ ✇❤❡r❡ x0 ✐s t❤❡ ❝❡♥tr❡ ♦❢ B✳ ❚❤❡♥✱ |f (x+1)−f (x−1) | = |2ckrB| ≥
2 rB✳ ❈♦♥s❡q✉❡♥t❧②✱ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t t❤❛t supx∈B ‖guxv‖ ≥
max {|f (x+1)| , |f (x−1)|} ≥ rB✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �

✹✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺

▲❡t w ❜❡ ❛♥② ✇❡✐❣❤t✱ µ ❜❡ ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❆❤❧❢♦rs r❡❣✉❧❛r ❛❜s♦❧✉t❡❧②
❞❡❝❛②✐♥❣ ♠❡❛s✉r❡ ♦♥ R

d ❛♥❞ ❧❡tA,α ❛♥❞ ρ0 ❜❡ ❛s ✐♥ ✭✻✮✳ ❋♦r ❡✈❡r② z ∈ suppµ ❧❡tB(z)
❜❡ t❤❡ ❜❛❧❧ ❛r✐s✐♥❣ ❢r♦♠ ❚❤❡♦r❡♠ ✷✸✳ ❈❧❡❛r❧②✱

{
1
2B(z) : z ∈ suppµ

}
✐s ❛♥ ♦♣❡♥ ❝♦✈❡r

♦❢ suppµ✳ ❙✐♥❝❡ suppµ ✐s ❝♦♠♣❛❝t✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ s✉❜❝♦✈❡r
{
1
2B (zu) : 1 ≤ u ≤ U

}

♦❢ suppµ✳ ❚❤✉s✱

✭✸✹✮ suppµ ⊆
U⋃

u=1

1
2B (zu) .

Pr♦♣♦s✐t✐♦♥ ✷✻✳ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C ❛♥❞ γ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳
❋♦r ❡✈❡r② ❜❛❧❧ B ❝❡♥tr❡❞ ✐♥ suppµ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ ❜❛❧❧s B (zu) ✇✐t❤
1 ≤ u ≤ U ❛♥❞ s✉❝❤ t❤❛t st❛t❡♠❡♥t ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✷✸ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥❡q✉❛❧✐t② ✭✷✼✮
❤♦❧❞s ❢♦r ❛❧❧ ε > 0✳
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Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ C ❛♥❞ γ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✸ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡
❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❛❧❧s B (zu) ❛♥❞ s♦ C ❝❛♥ ❜❡ t❛❦❡♥ ✐ts ♠❛①✐♠❛❧ ✈❛❧✉❡ ♦✈❡r B (zu) ❛♥❞
γ ❝❛♥ ❜❡ t❛❦❡♥ ✐ts ♠✐♥✐♠❛❧ ✈❛❧✉❡ ♦✈❡r B (zu)✳ �

❘❡❝❛❧❧ t❤❛t t❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t Bad(w) ∩ suppµ 6= ∅✳ ◆♦t❡ t❤❛t
t❤❡ s✉♣♣♦rt ♦❢ ❛ ❇♦r❡❧ ♠❡❛s✉r❡ ✐s ❝❧♦s❡❞ t❤✉s X := suppµ ⊆ R

d ✐s ❝♦♠♣❧❡t❡✳ ❚❤❡♥✱
❜② ❚❤❡♦r❡♠ ✷✶ ✇✐t❤ S := Bad (w) ∩ suppµ✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t S ✐s α′✲❈❛♥t♦r
✇✐♥♥✐♥❣ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡ ♣❧❛②❡❞ ♦♥X✮ ❢♦r s♦♠❡ 0 ≤ α′ < α✳
❚❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ α′ ✇❡ ✉s❡ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ ✭✻✺✮ ❜❡❧♦✇✳

❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❛ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❆❧✐❝❡ ❢♦r t❤❡ α′✲❈❛♥t♦r ♣♦t❡♥t✐❛❧ ❣❛♠❡✳
❆ss✉♠❡ ❇♦❜ ❝❤♦♦s❡s B0 ❛♥❞ β ♦♥ ❤✐s ✜rst ♠♦✈❡✳ ❘❡❝❛❧❧ t❤❛t B0 ✐s ❛ ❝❧♦s❡❞ ❜❛❧❧ ✐♥
X = suppµ ❞❡✜♥❡❞ ❜② ✐ts ❝❡♥tr❡ x0∈ X ❛♥❞ r❛❞✐✉s r0✱ t❤❛t ✐s B0 = X ∩ B(x0, r0)✳
❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ ❆❧✐❝❡✬s str❛t❡❣② ✇❡ st❛rt ✇✐t❤ s❡✈❡r❛❧ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t r0 ✐s ❧❡ss t❤❛♥ 1

10 ♦❢ t❤❡ r❛❞✐✉s ♦❢

❡✈❡r② ❜❛❧❧ 1
2B (zu) (1 ≤ u ≤ U) ❛♣♣❡❛r✐♥❣ ✐♥ ✭✸✹✮✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❛s ❛ r❡s✉❧t ♦❢

❆❧✐❝❡ ♣❧❛②✐♥❣ ❛r❜✐tr❛r✐❧② ❢♦r s❡✈❡r❛❧ ♠♦✈❡s ✉♥t✐❧ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ♠❡t✳ ▲❡t u0 ❜❡ s✉❝❤
t❤❛t x0 ∈ 1

2B (zu0)✱ ✇❤✐❝❤ ❡①✐sts ❞✉❡ t♦ ✭✸✹✮✳ ❚❤❡♥ ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞
t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥ ♦♥ r0 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

✭✸✺✮ B(x0, 5r0) ⊆ B(z), ✇❤❡r❡ z = zu0 .

❍❡r❡ B(x0, r0) ✐s t❤❡ ❜❛❧❧ ✐♥ R
d ♦❢ r❛❞✐✉s r0 ❝❡♥tr❡❞ ❛t x0✳ ❆❧s♦ ✇✐t❤♦✉t ❧♦ss ♦❢

❣❡♥❡r❛❧✐t② ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t

r0 ≤ min

{

1
3ρ0,

1√
d
, A−1/α

}

,

✇❤❡r❡ ρ0✱ A ❛♥❞ α ❛r❡ ❛s ✐♥ ✭✻✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ✭✻✮✱ ✇❡ ❤❛✈❡ t❤❛t

✭✸✻✮ µ(B0) ≤ 1 .

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t

w1 ≥ w2 ≥ . . . ≥ wd > 0 .

❉❡✜♥❡ ❢♦r♠❛❧❧② wd+1 := 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥t❡❣❡r t s✉❝❤ t❤❛t 1 ≤ t ≤ d
❛♥❞

w1 = . . . = wt > wt+1 .

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t β ✐s s♠❛❧❧ ✭t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛❝❝♦r❞✐♥❣
t♦ ✭✻✻✮ ❛♥❞ ✭✻✼✮✮✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❛s ❛ r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣ ❆❧✐❝❡✬s str❛t❡❣② ❞❡s❝r✐❜❡❞
❜❡❧♦✇ ✇✐t❤ βM ❢♦r s♦♠❡ ✐♥t❡❣❡r M ≥ 1 ❛♥❞ ❧❡tt✐♥❣ ❆❧✐❝❡ ♣❧❛② ❛r❜✐tr❛r✐❧② ♦♥ ❡✈❡r②
st❡♣ ♦❢ t❤❡ ❣❛♠❡ ✇❤✐❝❤ ✐s ♥♦t 1 ♠♦❞✉❧♦ M ✳ ▲❡t b > 1 ❜❡ s✉❝❤ t❤❛t

β = b−(1+w1) .

❘❡❝❛❧❧ t❤❛t b ✐s ❛ ♣❛r❛♠❡t❡r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ an✱ s❡❡ ✭✷✸✮✳ ❋♦r ❛♥② n ≥ 0
❞❡♥♦t❡ ❇♦❜✬s nt❤ ♠♦✈❡ ❜②

Bn = X ∩B (xn, β
nr0) .

❚❤✉s✱ Bn ✐s ❛ ❜❛❧❧ ✐♥ X ♦❢ r❛❞✐✉s βnr0 ❝❡♥tr❡❞ ❛t xn ∈ X✳ ❋♦r ❡✈❡r② ✐♥t❡❣❡r ℓ ∈ Z

❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣♦♥❛❧ ♠❛tr✐①

✭✸✼✮ dℓ := diag



β
tℓ

d+1 , β− (d+1−t)ℓ
d+1 , . . . , β− (d+1−t)ℓ

d+1

︸ ︷︷ ︸

t t✐♠❡s

, β
tℓ

d+1 , . . . , β
tℓ

d+1

︸ ︷︷ ︸

d− t t✐♠❡s



 ∈ G .
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❆❧s♦✱ ❣✐✈❡♥ ❛♥② ε > 0✱ B ⊆ R
d ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs n✱ k ❛♥❞ ℓ✱ ❧❡t

✭✸✽✮ Ak,ℓ
ε (B) := {x ∈ B : dℓakux /∈ Kε} .

❲❤❡♥ B = Bn ✇❡ ✇✐❧❧ ✇r✐t❡ Ak,ℓ,n
ε ❢♦r Ak,ℓ

ε (Bn)✳ ❚❤❡ s❡ts Ak,ℓ,n
ε ✇✐❧❧ ❜❡ ✉s❡❞ t♦

❞❡✜♥❡ ❆❧✐❝❡✬s ✇✐♥♥✐♥❣ str❛t❡❣②✱ s❡❡ ✭✻✽✮✕✭✼✶✮✳ ■t ✇✐❧❧ ❜❡ ❛♣♣❛r❡♥t ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❆❧✐❝❡✬s str❛t❡❣② ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷✵ t❤❛t ♦✉r ♣r♦♦❢ ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞s ♦♥ ♦❜t❛✐♥✐♥❣
s✉✐t❛❜❧② ♣r❡❝✐s❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ µ✲♠❡❛s✉r❡ ♦❢ ❝❡rt❛✐♥ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ t❤❡ s❡ts

Ak,ℓ,n
ε ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s s✉❝❤ ❜♦✉♥❞s✱ ✐s t❤❡r❡❢♦r❡ t❤❡ ❦❡② st❡♣

✐♥ ❞❡✜♥✐♥❣ ❆❧✐❝❡✬s ✇✐♥♥✐♥❣ str❛t❡❣②✳

▲❡♠♠❛ ✷✼✳ ▲❡t C ❛♥❞ γ ❜❡ t❤❡ s❛♠❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✻ ❛♥❞ ❧❡t

C ′ = CA2max
{
2α(2r0)

−γ , 3α
}
.

❚❤❡♥ ❢♦r ❛♥② q✉✐♥t✉♣❧❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs (h, k, ℓ,m, n)✱ ✐❢

dℓ+makux̃nZ
d+1 ∈ K√

d+1β
m

d+1 r−1
0

,✭✸✾✮

❛♥❞

dℓak−hux̃nZ
d+1 ∈ K√

2dβ
τ
d
,✭✹✵✮

❢♦r s♦♠❡ ♣♦✐♥t x̃n ∈ Bn✱ ✇❤❡r❡

✭✹✶✮ τ = min

{

k − ℓ−m− n− h

1 + w1
,

hwd

1 + w1

}

≥ 0 ,

t❤❡♥ ❢♦r ❛♥② ε > 0

✭✹✷✮ µ
(

Ak,ℓ,n
ε

)

≤ C ′εγµ (Bn) .

■❢ n = 0 ❛♥❞ k ≥ 1+w1
w1

ℓ t❤❡♥ ✭✹✷✮ ❤♦❧❞s ❢♦r ❛♥② ε > 0 ✇✐t❤♦✉t ❛ss✉♠✐♥❣ ✭✸✾✮ ❛♥❞

✭✹✵✮✳ ▼♦r❡♦✈❡r✱ ✐❢ 0 < r ≤ βnr0 ❛♥❞

✭✹✸✮ ε′ :=
(

1 + max
{

βℓ−k, b(1+wt+1)k
}

r
)

ε ,

✇❤❡r❡ wt+1 = 0 ✐❢ t = d✱ t❤❡♥

✭✹✹✮ µ
(

B
(

Ak,ℓ,n
ε , r

))

≤ C ′ε′γµ (Bn) ,

✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ n ❛ss✉♠✐♥❣ ✭✸✾✮ ❛♥❞ ✭✹✵✮ ❛♥❞ ❢♦r n = 0 ❛ss✉♠✐♥❣ k ≥ 1+w1
w1

ℓ✳

Pr♦♦❢✳ ▲❡t n ≥ 0 ❛♥❞ ✇r✐t❡ x = x̃n + x′ ✇✐t❤ ‖x′‖ ≤ βnr0✳ ❙✐♥❝❡ w1 = · · · = wt ❛♥❞

β = b−(1+w1)✱ ❝♦♥❥✉❣❛t✐♥❣ ux′ ❜② dℓak ✐♥ t❤❡ ❡q✉❛t✐♦♥ ux = ux′ux̃n ❣✐✈❡s

✭✹✺✮ dℓakux = u(
βℓ−kx′

1,...,β
ℓ−kx′

t,b
(1+wt+1)kx′

t+1,...,b
(1+wd)kx′

d

)dℓakux̃n .

◆♦t❡ t❤❛t ✭✸✺✮ ❛♥❞ t❤❡ ❢❛❝t x̃n ∈ Bn = X ∩B (xn, β
nrn) ✐♠♣❧② t❤❛t

✭✹✻✮ B (xn, 2β
nr0) ⊆ B (x̃n, 3β

nr0) ⊆ B (xn, 4β
nr0) ⊆ B (x0, 5r0) ⊆ B(z) ,

✇❤❡r❡ B(z) ✐s ❛s ✐♥ ✭✸✺✮✳ ▲❡t 1 ≤ j ≤ d ❛♥❞ 0 6= v = v1 ∧ . . . ∧ vj ∈ ∧j (
Z
d+1
)
✳

▲❡t v′ = dℓakux̃nv ❛♥❞ v′
i = dℓakux̃nvi ❢♦r ❡✈❡r② 1 ≤ i ≤ j✳ ❆ss✉♠❡ t♦✇❛r❞s ❛

❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t

✭✹✼✮ sup
‖x′‖≤βnr0

∥
∥
∥
∥
u(

βℓ−kx′

1,...,β
ℓ−kx′

t,b
(1+wt+1)kx′

t+1,...,b
(1+wd)kx′

d

)v′
∥
∥
∥
∥
< 1 .
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■♥❡q✉❛❧✐t② ✭✹✼✮ ❛♣♣❧✐❡❞ ❛t x′ = 0 ✐♠♣❧✐❡s t❤❛t ‖v′‖ < 1✳ ❙✐♥❝❡ ‖ ‖ ✐s t❤❡ ❊✉❝❧✐❞❡❛♥

♥♦r♠✱ ‖v′‖ =
∥
∥
∥v′

1 ∧ . . . ∧ v′
j

∥
∥
∥ ✐s t❤❡ ❝♦✈♦❧✉♠❡ ♦❢ t❤❡ ❧❛tt✐❝❡ Λ∗ := Zv′

1 + . . .+Zv′
j ✐♥

t❤❡ ❊✉❝❧✐❞❡❛♥ s✉❜s♣❛❝❡W ∗ := Rv′
1+. . .+Rv′

j ♦❢ R
d+1✳ ❚❤❛t ✐s covol (Λ∗) < 1✳ ◆❡①t✱

❛s ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ B∗√
j
✐♥ W ∗ ❝❡♥tr❡❞ ❛t 0 ♦❢ r❛❞✐✉s

√
j ❝♦♥t❛✐♥s

❛ ❝✉❜❡ C∗ ♦❢ s✐❞❡❧❡♥❣t❤ 2✱ ✐✳❡✳ C∗ :=
{
∑j

i=1 θie
∗
i : |θi| ≤ 1

}

✱ ✇❤❡r❡ e∗1, . . . , e
∗
j ✐s ❛♥②

♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ W ∗✳ ❚❤❡r❡❢♦r❡ B∗√
j
❤❛s j✲❞✐♠❡♥s✐♦♥❛❧ ✈♦❧✉♠❡ > 2j ✳ ❚❤❡♥✱ ❜②

▼✐♥❦♦✇s❦✐✬s t❤❡♦r❡♠ ❢♦r ❝♦♥✈❡① ❜♦❞✐❡s✱ B∗√
j
❝♦♥t❛✐♥s ❛ ♥♦♥✲③❡r♦ ♣♦✐♥t ♦❢ Λ∗✳ ■♥

♦t❤❡r ✇♦r❞s✱ t❤❡ s❤♦rt❡st ♥♦♥✲③❡r♦ ✈❡❝t♦r ♦❢ Λ∗✱ s❛② ṽ′
1✱ ❤❛s ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ≤ √

j✳
❈♦♠♣❧❡t❡ ṽ′

1 t♦ ❛ ❜❛s✐s ṽ′
1, . . . , ṽ

′
j ♦❢ Λ∗✱ ❡✳❣✳ t♦ ❛ r❡❞✉❝❡❞ ▼✐♥❦♦✇s❦✐ ❜❛s✐s✳ ❚❤❡♥

v′
1 ∧ . . . ∧ v′

j = ±ṽ′
1 ∧ . . . ∧ ṽ′

j ✱ s✐♥❝❡ t❤❡ t✇♦ ❜❛s❡s s♣❛♥ t❤❡ s❛♠❡ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢

R
d+1 ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✭❡q✉❛❧ t♦ t❤❡ ❝♦✈♦❧✉♠❡ ♦❢ Λ∗✮✳ ❚♦ s❛✈❡ ♦♥

♥♦t❛t✐♦♥✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t v′
i = ṽ′

i (1 ≤ i ≤ j)✳ ❚❤❡♥✱
✇❡ ❤❛✈❡ t❤❛t

✭✹✽✮
∥
∥v′

1

∥
∥ <

√

j ≤
√
d ≤ r−1

0 .

■❢
∣
∣
∣v′1,i

∣
∣
∣ < βmr−1

0 ❢♦r ❛❧❧ 1 ≤ i ≤ t✱ ✇❤❡r❡ v′
1 =

(

v′1,+, v
′
1,1, . . . , v

′
1,d

)

✱ t❤❡♥ ✉s✐♥❣

✭✹✽✮ ✇❡ ❣❡t t❤❛t

✭✹✾✮ ‖dmv′
1‖ <

√
d+ 1β

tm
d+1 r−1

0 ≤
√
d+ 1β

m
d+1 r−1

0 ,

❛♥❞ s♦✱ s✐♥❝❡ v′
1 = dℓakux̃nv1 ✇✐t❤ v1 ∈ Z

d+1 \ {0} ❛♥❞ dmdℓ = dℓ+m✱ ✇❡ ❣❡t t❤❛t

dℓ+makux̃nZ
d+1 /∈ K√

d+1β
m

d+1 r−1
0

,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❛ss✉♠♣t✐♦♥ ✭✸✾✮✳

❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐sts 1 ≤ i0 ≤ t ❢♦r ✇❤✐❝❤

✭✺✵✮
∣
∣v′1,i0

∣
∣ ≥ βmr−1

0 .

■t ✐s ❡♥♦✉❣❤ t♦ ✉s❡ ✭✹✼✮ ❢♦r x′ ♦❢ t❤❡ ❢♦r♠ x′ =
(
0, . . . , x′i0 , . . . , 0

)
✇❤❡r❡ t❤❡ ♦♥❧②

♥♦♥③❡r♦ ❡♥tr② ✐s ✐♥ t❤❡ i0t❤ ❝♦♦r❞✐♥❛t❡✳ ■♥ t❤✐s ❝❛s❡✱ ❧❡t

✭✺✶✮ ṽ =

j
∑

i=1

(−1)i+1v′i,i0
∧

i′ 6=i

v′
i′ .

❚❤❡♥✱ ❜② ✭✷✾✮✱ ✇❡ ❤❛✈❡ t❤❛t

✭✺✷✮ u(
βℓ−kx′

1,...,β
ℓ−kx′

t,b
(1+wt+1)kx′

t+1,...,b
(1+wd)kx′

d

)v′ = v′ + βℓ−kx′i0e+ ∧ ṽ

❢♦r ❛❧❧ x′ =
(
0, . . . , x′i0 , . . . , 0

)
✇✐t❤ |x′i0 | ≤ βnr0✳ ❇② ✭✹✼✮✱

∥
∥v′ ± βℓ−kx′i0e+ ∧ ṽ

∥
∥ < 1

✇❤❡♥ x′i0 = βnr0✳ ❚❤❡♥✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱
∥
∥
∥2βℓ−kx′i0e+ ∧ ṽ

∥
∥
∥ ≤

∥
∥
∥v

′ + βℓ−kx′i0e+ ∧ ṽ

∥
∥
∥+

∥
∥
∥v

′ − βℓ−kx′i0e+ ∧ ṽ

∥
∥
∥ < 2 .

▲❡tt✐♥❣ x′i0 = βnr0 ❛♥❞ ❞✐✈✐❞✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② t❤r♦✉❣❤ ❜② 2βℓ−kx′i0 ❣✐✈❡

✭✺✸✮ ‖e+ ∧ ṽ‖ < βk−ℓ−nr−1
0 .

❖❜s❡r✈❡ t❤❛t e+ ∧ ṽ+ = 0✱ ❛♥❞ t❤✉s e+ ∧ ṽ = e+ ∧ ṽ−✳ ❋✉rt❤❡r♠♦r❡✱ ‖e+ ∧ ṽ−‖ =
‖ṽ−‖ ❛♥❞ t❤❡r❡❢♦r❡ ✭✺✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✺✹✮ ‖ṽ−‖ < βk−ℓ−nr−1
0 .
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✺✶✮✱ t❛❦✐♥❣ t❤❡ ✇❡❞❣❡ ♣r♦❞✉❝t ♦❢ v′
1 ❛♥❞ ṽ ❣✐✈❡s

✭✺✺✮ v′
1 ∧ ṽ = v′1,i0v

′ ,

s♦ ❡q✉❛t✐♦♥s ✭✹✽✮✱ ✭✺✵✮✱ ✭✺✹✮ ❛♥❞ ✭✺✺✮ ②✐❡❧❞
∥
∥v′

−
∥
∥ ≤

∣
∣v′1,i0

∣
∣−1 ∥∥v′

1,−
∥
∥ ‖ṽ−‖ <

√
dβk−ℓ−m−n .

❆♣♣❧②✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✵✮ ❣✐✈❡s

✭✺✻✮
∥
∥a−hv

′
−
∥
∥ <

√
dβ

k−ℓ−m−n− h
1+w1 .

◆❡①t✱ ❜② ✭✹✼✮✱ ‖v′
+‖ ≤ ‖v′‖ < 1✱ ❛♥❞ s♦ ❛♣♣❧②✐♥❣ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✵✮ ❣✐✈❡s

✭✺✼✮
∥
∥a−hv

′
+

∥
∥ < b−wdh .

❈♦♠❜✐♥✐♥❣ ✭✺✻✮ ❛♥❞ ✭✺✼✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t a−hv
′ = dℓak−hux̃nv ✇❡ ♦❜t❛✐♥

✭✺✽✮ ‖dℓak−hux̃nv‖ =
∥
∥a−hv

′∥∥ <
√
2dmax

{

β
k−ℓ−m−n− h

1+w1 , b−hwd

}

=
√
2dβτ ,

✇❤❡r❡ τ ✐s ❣✐✈❡♥ ❜② ✭✹✶✮✳ ❯s✐♥❣ ▼✐♥❦♦✇s❦✐✬s t❤❡♦r❡♠ ❢♦r ❝♦♥✈❡① ❜♦❞✐❡s ✐♥ t❤❡ s❛♠❡
✇❛② ❛s ✇❡ ❞✐❞ ✐♥ t❤❡ ❛r❣✉♠❡♥t ❧❡❛❞✐♥❣ t♦ ✭✹✽✮✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✺✽✮ t❤❛t t❤❡ ❧❛tt✐❝❡
dℓak−huZ

d+1 ❤❛s ❛ ♥♦♥③❡r♦ ✈❡❝t♦r ✇❤✐❝❤ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✐s s♠❛❧❧❡r t❤❛♥

√

j
(√

2dβτ
) 1

j ≤
√
2dβ

τ
j ≤

√
2dβ

τ
d

s✐♥❝❡ τ ≥ 0 ❛♥❞ 0 < β < 1✱ ❝♦♥tr❛r② t♦ ✭✹✵✮✳ ❚❤✉s✱ ✭✹✼✮ ❝❛♥♥♦t ❤♦❧❞ ❛♥❞ t❤❡r❡❢♦r❡✱
❜② ✭✹✺✮✱ ✇❡ ❤❛✈❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ✇✐t❤✐♥ ❚❤❡♦r❡♠ ✷✸ ❝❛♥♥♦t ❤♦❧❞ ✇✐t❤ ρ = 1 ❛♥❞
B = B (x̃n, 3β

nr0)✳ ❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✷✸ ✇✐t❤ t❤✐s ❝❤♦✐❝❡ ♦❢ ρ ❛♥❞ B✱ ✇❤✐❝❤ ✐s
❛♣♣❧✐❝❛❜❧❡ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✻ ❛♥❞ ✭✹✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

✭✺✾✮ µ ({x ∈ B (x̃n, 3β
nr0) : dℓakux /∈ Kε}) ≤ Cεγµ (B(x̃n, 3β

nr0)) .

❙✐♥❝❡ xn ❛♥❞ x̃n ❛r❡ ❜♦t❤ ✐♥ t❤❡ s✉♣♣♦rt ♦❢ µ ❛♥❞ 3r0 ≤ ρ0✱ ❜② ✭✻✮✱ ✇❡ ❤❛✈❡ t❤❛t

µ (B(x̃n, 3β
nr0)) ≤ A (3βnr0)

α = 3αA2A−1 (βnr0)
α✭✻✵✮

≤ 3αA2µ (B(xn, β
nr0)) = 3αA2µ(Bn) .

❋✉rt❤❡r ♦❜s❡r✈❡ t❤❛t✱ ❜② ✭✹✻✮✱ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✺✾✮ ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r

µ
(

Ak,ℓ
ε (2Bn)

)

✳ ❍❡♥❝❡✱ ❝♦♠❜✐♥✐♥❣ ✭✺✾✮ ❛♥❞ ✭✻✵✮ ❣✐✈❡s

✭✻✶✮ µ
(

Ak,ℓ
ε (2Bn)

)

≤ C ′εγµ (Bn) .

❆♥❞ s✐♥❝❡ tr✐✈✐❛❧❧② ✇❡ ❤❛✈❡ t❤❛t Ak,ℓ,n
ε ⊆ Ak,ℓ

ε (2Bn)✱ ✭✻✶✮ ✐♠♣❧✐❡s ✭✹✷✮✱ ❛s r❡q✉✐r❡❞✳

❘❡❣❛r❞✐♥❣ t❤❡ ❝❛s❡ n = 0 ✜rst ♦❜s❡r✈❡ t❤❛t✱ ❜② ✭✻✮✱ ✇❡ ❤❛✈❡ t❤❛t

✭✻✷✮ µ(2Bn) ≤ A22αµ(Bn).

◆♦✇ ✐❢ k ≥ 1+w1
w1

ℓ t❤❡♥ dℓak = diag(b+, b1, . . . , bd) ✇✐t❤ b+ ≥ 1 ❛♥❞ bi ≤ 1 ❢♦r

❡✈❡r② 1 ≤ i ≤ d✱ s♦ ❚❤❡♦r❡♠ ✷✸ ✇✐t❤ ρ = 2r0 t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✺ ❛♥❞ ✭✻✷✮
✐♠♠❡❞✐❛t❡❧② ✐♠♣❧② ✭✻✶✮ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✭✹✷✮✳

❚♦ s❡❡ ✭✹✹✮✱ ❛ss✉♠❡ t❤❛t 0 < r ≤ βnr0 ❛♥❞ ε′ ✐s ❣✐✈❡♥ ❜② ✭✹✸✮✳ ■❢ x ∈ Ak,ℓ,n
ε t❤❡♥

t❤❡r❡ ❡①✐sts v ∈ Z
d+1 \ {0} s✉❝❤ t❤❛t ‖dℓakuxv‖ < ε✳ ❙✉♣♣♦s❡ t❤❛t ‖y−x‖ < r ❛♥❞

❞❡✜♥❡ x′ = y − x✳ ❯s✐♥❣ t❤❡ ❝♦♥❥✉❣❛t✐♦♥ ♦❢ ux′ ❜② dℓak ❛s ✐♥ ✭✹✺✮ ✇❡ ❣❡t t❤❛t

dℓakuyv = u(
βℓ−kx′

1,...,β
ℓ−kx′

t,b
(1+wt+1)kx′

t+1,...,b
(1+wd)kx′

d

)dℓakuxv

= dℓakuxv + 〈ṽ, dℓakuxv〉e+ ,
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✇❤❡r❡ ṽ =
(
0, βℓ−kx′1, . . . , β

ℓ−kx′t, b
(1+wt+1)kx′t+1, . . . , b

(1+wd)kx′d
)
. ❚❤❡♥ ♦♥ ✉s✐♥❣ t❤❡

tr✐❛♥❣❧❡ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t✐❡s ✇❡ ❣❡t t❤❛t

‖dℓakuyv‖ ≤ ‖dℓakuxv‖+ |〈ṽ, dℓakuxv〉| ≤ (1 + ‖ṽ‖) ‖dℓakuxv‖ .
❖❜s❡r✈❡ t❤❛t

‖ṽ‖ ≤ max
{

βℓ−k, b(1+wt+1)k
}

· ‖x′‖ ≤ max
{

βℓ−k, b(1+wt+1)k
}

r

❛♥❞ t❤❡r❡❢♦r❡

‖dℓakuyv‖ <
(

1 + max
{

βℓ−k, b(1+wt+1)k
}

r
)

ε = ε′ .

❋✉rt❤❡r✱ s✐♥❝❡ x ∈ Ak,ℓ,n
ε ⊆ Bn ❛♥❞ ‖y−x‖ ≤ r ≤ βnr0✱ ✇❡ ❤❛✈❡ t❤❛t y ∈ 2Bn✳ ❚❤❡♥✱

B
(

Ak,ℓ,n
ε , r

)

⊆ Ak,ℓ
ε′ (2Bn) ❛♥❞ ❛♣♣❧②✐♥❣ ✭✻✶✮ ✇✐t❤ ε r❡♣❧❛❝❡❞ ❜② ε′ ❣✐✈❡s ✭✹✹✮✳ �

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✱ ❧❡t

s := max

{

5,

⌈
1 + w1

w1 − wt+1

⌉

,

⌈
2(1 + w1) + 1

w1

⌉}

,✭✻✸✮

η := min

{
1

4(d+ 1)
,

wds

2d(1 + w1)
,
w1s− 2(1 + w1)

2d(1 + w1)
,
α

γ

}

,✭✻✹✮

α′ := α− γη

4(s− 1)
,✭✻✺✮

✇❤❡r❡ ✐t ✐s ❛❣r❡❡❞✱ ✐❢ ♥❡❡❞❡❞ ✭✐✳❡✳✱ ✐♥ ❝❛s❡ t = d✮✱ t❤❛t wd+1 = 0✳ ◆♦t❡ t❤❛t ✭✻✸✮ ❛♥❞
✭✻✹✮ ✐♠♣❧② t❤❛t η > 0✱ 0 ≤ α′ < α ❛♥❞ s ≥ 5✳ ❆ss✉♠❡ t❤❛t β ✐s s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t
✐t s❛t✐s✜❡s

β
−w1s−2(1+w1)

2d(1+w1) ≥
√
2d, β

− wds

2d(1+w1) ≥
√
2d ❛♥❞ β

− 1
2(d+1) ≥

√
d+ 1r−1

0 ,✭✻✻✮

β
γη
s−1 ≤ min

{

2−1,
(
A2C ′2γ+1(3r−1

0 )α
)−1
}

.✭✻✼✮

❘❡❝❛❧❧ t❤❛tA ❛♥❞ α ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ µ ❛♣♣❡❛r✐♥❣ ✐♥ ✭✻✮✱ C ′ ✐s ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✷✼✱
C ❛♥❞ γ ❛r❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✻ ❛♥❞ r0 ✐s t❤❡ r❛❞✐✉s ♦❢ B0 ✇❤✐❝❤ ❝❤♦✐❝❡ ✐s ❞❡s❝r✐❜❡❞
❛❢t❡r Pr♦♣♦s✐t✐♦♥ ✷✻✳

◆♦✇ ❧❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❆❧✐❝❡✳ ❲❡ ✇✐❧❧ ❦❡❡♣ ♥♦t❛t✐♦♥ ✉s❡❞ ✐♥
❉❡✜♥✐t✐♦♥ ✷✵✳ ❆❧✐❝❡✬s str❛t❡❣② ✐s ✉♥❞❡rst♦♦❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Fn ✐♥❞❡①❡❞ ❜② n ∈
N ✇❤✐❝❤ ❛ss✐❣♥ ❛ s❡q✉❡♥❝❡ (An+1,i)i≥0 ♦❢ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❛t ♠♦st β−α(i+1) ❜❛❧❧s ♦❢ r❛❞✐✉s

βn+1+ir0 t♦ ❇♦❜✬s ♠♦✈❡s β,B0, . . . , Bn✱ t❤❛t ✐s (An+1,i)i≥0 = Fn(β,B0, . . . , Bn)✳ ❚❤❡
s❡ts An+1,i ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ✸✲st❡♣ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✭✐✮ ❈❤♦♦s❡ ❵r❛✇✬ s✉❜s❡ts An+1,i ⊆ Bn t❤❛t ❆❧✐❝❡ ✇✐s❤❡s t♦ ❵❜❧♦❝❦ ♦✉t✬ ❛s s❤❡
♣❧❛②s t❤❡ ❣❛♠❡❀ t❤❡♥

✭✐✐✮ ❘❡✜♥❡ An+1,i t♦ ♦❜t❛✐♥ s✉❜s❡ts Ãn+1,i ⊆ An+1,i ❜② r❡♠♦✈✐♥❣ ♦✈❡r❧❛♣s ❜❡✲
t✇❡❡♥ t❤❡ s❡ts An+1,i t❤❛t ❛♣♣❡❛r ❛t ❞✐✛❡r❡♥t st❛❣❡s ♦❢ t❤❡ ❣❛♠❡❀ ❛♥❞

✭✐✐✐✮ ❋✐♥❛❧❧② ❵❝♦♥✈❡rt✬ Ãn+1,i ✐♥t♦ t❤❡ r❡q✉✐r❡❞ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❜❛❧❧s An+1,i ❜② ✉s✐♥❣
t❤❡ ❡✣❝✐❡♥t ❝♦✈❡r✐♥❣ ♦❢ ▲❡♠♠❛ ✷✷✳

◆❛t✉r❛❧❧② ✇❡ st❛rt ✇✐t❤ ❙t❡♣ ✭✐✮ t♦ ❞❡✜♥❡ t❤❡ r❛✇ s❡ts An+1,i✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ❢♦r
❡✈❡r② i ≥ 0✱ ❧❡t

✭✻✽✮ A1,i :=
⋃

n′≥0, ℓ≥n′+1
s

n′+(s−1)ℓ=i

{

x ∈ B0 : dℓan′+1+sℓuxZ
d+1 /∈ Kβηℓ

}

,
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✇❤❡r❡ t❤❡ ✉♥✐♦♥ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ ✐♥t❡❣❡rs ℓ ❛♥❞ n′ ≥ 0✳ ◆♦t❡ t❤❛t
✐❢ ♥♦ s✉❝❤ ✈❛❧✉❡s ♦❢ ℓ ❛♥❞ n′ ❡①✐st✱ t❤❡♥ A1,i = ∅✳ ◆❡①t✱ ❢♦r n ≥ 1 ❞❡✜♥❡

✭✻✾✮ An+1,i :=
{

x ∈ Bn : dℓan+1+sℓuxZ
d+1 /∈ Kβηℓ

}

✐❢ i = (s − 1)ℓ ❢♦r s♦♠❡ ✐♥t❡❣❡r 0 < ℓ < n+1
s ✱ ❛♥❞ ✇❡ ❞❡✜♥❡ An+1,i := ∅ ♦t❤❡r✇✐s❡✱

t❤❛t ✐s ❢♦r i ≥ 0 s✉❝❤ t❤❛t i /∈
{
(s− 1)ℓ : ℓ ∈ Z, 0 < ℓ < n+1

s

}
✳

◆♦✇ ♠♦✈✐♥❣ ♦♥ t♦ ❙t❡♣ ✭✐✐✮✱ ❞❡✜♥❡

✭✼✵✮ Ãn+1,i = An+1,i \
⋃

0≤n′<n, i′≥0

An′+1,i′ ,

✇❤❡r❡ ✐♥ t❤❡ ❝❛s❡ n = 0 t❤❡ ✉♥✐♦♥ ✭✼✵✮ ✐s ❡♠♣t② ❛♥❞ t❤✉s Ã1,i = A1,i✳

❋✐♥❛❧❧②✱ ♠♦✈✐♥❣ ♦♥ t♦ ❙t❡♣ ✭✐✐✐✮✱ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ ▲❡♠♠❛ ✷✷✱

✭✼✶✮ ❧❡t An+1,i ❜❡ ❛♥ ❡✣❝✐❡♥t ❝♦✈❡r ♦❢ Ãn+1,i ❜② ❜❛❧❧s ♦❢ r❛❞✐✉s βn+1+ir0✳

❙✐♥❝❡ An+1,i ✐s ❛ ❝♦✈❡r ♦❢ Ãn+1,i✱ ❜② ❉❡✜♥✐t✐♦♥ ✷✵✱ ✇❤❡♥ ❇♦❜ ♠❛❦❡s ❤✐s ♥❡①t ♠♦✈❡

Bn+1 ✐t ♠✉st ❜❡ ❞✐s❥♦✐♥t ❢r♦♠ Ãn′+1,i′ ❢♦r ❛❧❧ i
′, n′ ≥ 0 s✉❝❤ t❤❛t n′+i′ = n✳ ❚❤❡r❡❢♦r❡✱

✐❢ x ✐s ❛♥ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❣❛♠❡✱ t❤❛t ✐s x ∈ ∩n≥0Bn✱ t❤❡♥ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t❤❛t

✭✼✷✮ x 6∈
⋃

n,i≥0

Ãn+1,i .

❯s✐♥❣ ❛ st❛♥❞❛r❞ ✐♥❝❧✉s✐♦♥✲❡①❝❧✉s✐♦♥ ❛r❣✉♠❡♥t ❛♥❞ ✭✼✵✮✱ ♦♥❡ r❡❛❞✐❧② ✈❡r✐✜❡s t❤❛t
⋃

n,i≥0

Ãn+1,i =
⋃

n,i≥0

An+1,i

❛♥❞ t❤❡r❡❢♦r❡✱ ❜② ✭✼✷✮✱

✭✼✸✮ x 6∈
⋃

n,i≥0

An+1,i .

❇② ✭✼✵✮✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ x ♦❢ t❤❡ ❣❛♠❡ s❛t✐s✜❡s

dℓan+1+sℓuxZ
d+1 ∈ Kβηℓ

❢♦r ❡✈❡r② n ≥ 0 ❛♥❞ ℓ ≥ 1✳ ❯s✐♥❣ t❤✐s ❢♦r ℓ = 1 ✇❡ ❣❡t t❤❛t

anuxZ
d+1 ∈ d−1a−s−1Kβη ⊆ K

β
η+ s+1

1+w1
+ d+1−t

d+1

❢♦r ❛❧❧ n ≥ 0✳ ❇② ❉❛♥✐✬s ❝♦rr❡s♣♦♥❞❡♥❝❡ ✭✷✺✮✱ t❤✐s ♠❡❛♥s t❤❛t x ∈ Bad(w)✳ ■♥ ♦r❞❡r
t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ t❤❛t Bad(w) ✐s ❈❛♥t♦r ✇✐♥♥✐♥❣ ✐♥ suppµ ✐t ✐s ❧❡❢t t♦ s❤♦✇
t❤❛t ❆❧✐❝❡✬s str❛t❡❣② ✐s ❧❡❣❛❧✱ t❤❛t ✐s ❢♦r ❛❧❧ n, i ≥ 0 ✇❡ ❤❛✈❡ t❤❛t

✭✼✹✮ #An+1,i ≤ β−α′(i+1) .

❚❤❡ ♣❧❛♥ ✐s t♦ ✉s❡ ▲❡♠♠❛ ✷✼ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ♠❡❛s✉r❡ ❡st✐♠❛t❡ ❢♦r s♠❛❧❧ ♥❡✐❣❤❜♦r✲
❤♦♦❞s ♦❢ t❤❡ s❡ts Ãn+1,i ❛♥❞ t❤❡♥ t♦ ❛♣♣❧② ▲❡♠♠❛ ✷✷ t♦ ❞❡r✐✈❡ ✭✼✹✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥

♦❢ Ãn+1,i ✐s ❞❡s✐❣♥❡❞ t♦ ❡♥s✉r❡ t❤❛t ❛ss✉♠♣t✐♦♥s ✭✸✾✮ ❛♥❞ ✭✹✵✮ ❤♦❧❞ ✇❤❡♥ t❤❡② ❛r❡
♥❡❡❞❡❞ ❛♥❞ s♦ ▲❡♠♠❛ ✷✼ ✐s ❛♣♣❧✐❝❛❜❧❡✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ n = 0✱ ✇❤✐❝❤ s❡r✈❡s ❛s
t❤❡ ❜❛s✐s ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡ ❛r❣✉♠❡♥t✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ♥♦t ♥❡❡❞❡❞✳ ❙❡❡ ❋✐❣✉r❡ ✹
❢♦r ❛ ♠♦r❡ ❣❡♦♠❡tr✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❆❧✐❝❡✬s str❛t❡❣②✳
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❋✐❣✉r❡ ✶✳ ❚❤❡ ♣❧❛♥❡ r❡♣r❡s❡♥ts ❛❧❧ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ✐♥ ❙▲3 (R)✳
▲♦❣❛r✐t❤♠ ♦❢ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✐s t❤❡ ✈❡❝t♦r ✇❤♦s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡
❧♦❣❛r✐t❤♠s ♦❢ t❤❡ ❡♥tr✐❡s ❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧✳ ❊❛❝❤ ❜❧✉❡ ♣♦✐♥t ✐s t❤❡
❧♦❣❛r✐t❤♠ ♦❢ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① dℓan+1+sℓ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡rs n, ℓ ≥
0✳ ❆♥ ❛rr♦✇ ❢r♦♠ dℓan+1+sℓ t♦ dℓ′an′+1+sℓ′ ✐s ❞r❛✇♥ ✐❢ ❡st✐♠❛t✐♥❣ t❤❡

♠❡❛s✉r❡ ♦❢ An+1+sℓ,ℓ,n
ε ✈✐❛ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✼ r❡q✉✐r❡s ❛♥ ❛ss✉♠♣t✐♦♥

r❡❣❛r❞✐♥❣ dℓ′an′+1+sℓ′uxn′
✳ ❉✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ✐♥ t❤❡ r❡❣✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❛rr♦✇s ✇❤✐❝❤ ❛r❡ ❧❛❜❡❧❡❞ ❜② log d1as ❛♥❞ log d1a2s ❛r❡ ❡①❛❝t❧②
t❤♦s❡ ✇❤✐❝❤ s❛t✐s❢② ℓ ≥ n+1

s ✱ ❛♥❞ ❛r❡ ❞❡❛❧t ✇✐t❤ ❛t ❆❧✐❝❡✬s ✜rst t✉r♥✳
❚❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤✐s ✜❣✉r❡ ❛r❡w = (2/3, 1/3)✱ s = 2✱
n = 5✱ ℓ = 1✳

❋✐rst ✇❡ ❞❡❛❧ ✇✐t❤ A1,i✳ ❖❜s❡r✈❡ t❤❛t t❤❡ s❡ts ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✻✽✮ ❛r❡

♣r❡❝✐s❡❧② Ak,ℓ,0
ε ❣✐✈❡♥ ❜② ✭✸✽✮ ✇✐t❤ k = n′ + 1 + sℓ ❛♥❞ ε = βηℓ✳ ❚❤❡r❡❢♦r❡✱

✭✼✺✮ B
(
A1,i,

1
3β

i+1r0
)
=

⋃

n′≥0, ℓ≥n′+1
s

, n′+(s−1)ℓ=i

B
(

An′+1+sℓ,ℓ,0
βηℓ , 13β

i+1r0

)

.

❋♦r ❛♥② i ≥ 0✱ ❢♦r ❛♥② n′ ≥ 0 ❛♥❞ ℓ ≥ n′+1
s s✉❝❤ t❤❛t i = n′ + (s − 1)ℓ✱ ❛♣♣❧②

▲❡♠♠❛ ✷✼ ✇✐t❤ t❤❡ q✉✐♥t✉♣❧❡ (h, k, ℓ,m, n) s❡t t♦ ❜❡ (0, n′ + 1 + sℓ, ℓ, 0, 0)✱ ε = βηℓ

❛♥❞ r = 1
3β

i+1r0✳ ■♥ t❤✐s ❝❛s❡ ✉s✐♥❣ ✭✹✸✮✱ ✭✻✸✮✱ t❤❡ ❡q✉❛t✐♦♥ b = β−1/(1+w1) ❛♥❞ t❤❡
❢❛❝t t❤❛t 0 < β, r0 ≤ 1 ❣✐✈❡s

✭✼✻✮ ε′ =
(

1 + max
{

β−(n′+1+(s−1)ℓ), b(1+wt+1)(n′+1+sℓ)
}

1
3β

i+1r0

)

βηℓ ≤ 2βηℓ .
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❇② ✭✻✸✮ ✇❡ ❤❛✈❡ t❤❛t k ≥ 1+w1
w1

ℓ ❛♥❞ t❤✉s ▲❡♠♠❛ ✷✼ ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❡❛❝❤ s❡t ♦♥ t❤❡

r✐❣❤t ♦❢ ✭✼✺✮✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✹✹✮✱ ✭✼✺✮ ❛♥❞ ✭✸✻✮ ❣✐✈❡s

µ
(
B
(
A1,i,

1
3β

i+1r0
))

≤
∑

n′≥0, ℓ≥n′+1
s

, n′+(s−1)ℓ=i

C ′2γβγηℓ✭✼✼✮

≤
∑

ℓ≥ i+1
2s−1

C ′2γβγηℓ ≤ C ′2γ

1− βγη

(

β
γη

2s−1

)i+1

≤ C ′2γ+1
(

β
γη

2s−1

)i+1
= C ′2γ+1β

γη
2s−1

(i+1)βαn ,

s✐♥❝❡ n = 0✱ ✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❞✉❡ t♦ ✭✻✼✮✳

◆♦✇ ❧❡t n ≥ 1✱ i ≥ 0 ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t Ãn+1,i 6= ∅

❛s ♦t❤❡r✇✐s❡ An+1,i = ∅ ❛♥❞ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ♣r♦✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❛t

i = (s − 1)ℓ ≥ 4 ❢♦r s♦♠❡ 1 ≤ ℓ < n+1
s ✳ ❖❜s❡r✈❡ t❤❛t An+1,i = An+1+sℓ,ℓ,n

βηℓ , ✇❤❡r❡

An+1+sℓ,ℓ,n
βηℓ ✐s ❣✐✈❡♥ ❜② ✭✸✽✮✳ ❚❤❡r❡❢♦r❡✱

✭✼✽✮ B
(
An+1,i,

1
3β

n+1+ir0
)
= B

(

An+1+sℓ,ℓ,n
βηℓ , 13β

n+1+ir0

)

.

◆♦t❡ t❤❛t n+1+i = n+1+(s−1)ℓ✳ ❲✐t❤ t❤❡ ✈✐❡✇ t♦ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✼ ❧❡t t❤❡ q✉✐♥✲

t✉♣❧❡ (h, k, ℓ,m, n) ❜❡ (sℓ, n+1+sℓ, ℓ, ℓ, n)✱ ε = βηℓ ❛♥❞ r = 1
3β

n+1+ir0 =
1
3β

n+1+(s−1)ℓr0✳

❯s✐♥❣ ✭✹✸✮✱ ✭✻✸✮✱ t❤❡ ❡q✉❛t✐♦♥ b = β−1/(1+w1) ❛♥❞ t❤❡ ❢❛❝t t❤❛t 0 < β, r0 ≤ 1 ✐♥ t❤❡
s❛♠❡ ✇❛② ❛s ✐♥ ✭✼✻✮ ✇❡ ❣❡t t❤❛t

ε′ =
(

1 + max
{

β−(n+1+(s−1)ℓ), b(1+wt+1)(n+1+sℓ)
}

1
3β

n+1+(s−1)ℓr0

)

βηℓ≤2βηℓ .

❋✉rt❤❡r✱ s✐♥❝❡ Ãn+1,i 6= ∅✱ ❜② ✭✼✵✮✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t x̃n ∈ Bn s✉❝❤ t❤❛t

✭✼✾✮ x̃n 6∈
⋃

0≤n′<n, i′≥0

An′+1,i′ .

❘❡❝❛❧❧ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ Bn ✐s ❛ s✉❜s❡t ♦❢ suppµ ❛♥❞ t❤❡r❡❢♦r❡ x̃n ∈ suppµ✳ ❇②
✭✼✾✮✱ ✇❡ ❤❛✈❡ t❤❛t

x̃n 6∈ A1,n+(s−2)ℓ ∪A1,n−ℓ ✐❢
n+ 1

2s
≤ ℓ <

n+ 1

s
,

x̃n 6∈ A1,n+(s−2)ℓ ∪An+1−sℓ,(s−1)ℓ ✐❢
n+ 1

3s
≤ ℓ <

n+ 1

2s
,

x̃n 6∈ An+1−sℓ,2(s−1)ℓ ∪An+1−sℓ,(s−1)ℓ ✐❢ ℓ <
n+ 1

3s
.

❆ r♦✉t✐♥❡ ✐♥s♣❡❝t✐♦♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ s❡ts ❛❜♦✈❡ ❣✐✈❡s t❤❛t

✭✽✵✮ d2ℓan+1+sℓux̃nZ
d+1 ∈ Kβ2ηℓ ⊆ K√

d+1β
ℓ

d+1 r−1
0

,

❛♥❞

✭✽✶✮ dℓan+1ux̃nZ
d+1 ∈ Kβηℓ ⊆ K√

2dβ
τ
d
,

✇❤❡r❡

τ = min
{

k − ℓ−m− n− h
1+w1

, hwd

1+w1

}

= min
{

1 + (s− 2)ℓ− sℓ
1+w1

, sℓwd

1+w1

}

> 0 .
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❛♥❞ t❤❡ ❝♦♥t❛✐♥♠❡♥ts ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❢♦❧❧♦✇ ❢r♦♠ ✭✻✻✮ t♦❣❡t❤❡r ✇✐t❤ ✭✻✹✮✳
❚❤✉s✱ ❝♦♥❞✐t✐♦♥s ✭✸✾✮ ❛♥❞ ✭✹✵✮ ❛r❡ s❛t✐s✜❡❞✳ ❇② ✭✹✹✮ ❛♥❞ ✭✻✮ ✇❡ ❤❛✈❡ t❤❛t

µ
(

B
(

An+1+sℓ,ℓ,n
βηℓ , 13β

n+1+ir0

))

≤ C ′2γβγηℓµ(Bn) ≤ C ′2γβγηℓA(βnr0)
α.

❚❤❡♥✱ ❜② ✭✼✽✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t i = (s− 1)ℓ✱ ✇❡ ❣❡t t❤❛t

µ
(
B
(
An+1,i,

1
3β

n+1+ir0
))

≤ C ′2γrα0Aβ
γη
s−1

iβαn✭✽✷✮

= C ′2γrα0Aβ
γη

2(s−1)
(i+1)

βαn .

❈♦♠❜✐♥✐♥❣ ✭✼✼✮ ❛♥❞ ✭✽✷✮ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✷ ❛♣♣❧✐❡❞ ✇✐t❤ r = 1
3β

n+i+1r0 ❣✐✈❡s
t❤❛t ❢♦r ❡✈❡r② n ≥ 0, i ≥ 4

#An+1,i ≤
Aµ
(
B
(
An+1,i,

1
3β

n+i+1r0
))

βα(n+i+1)(13r0)
α

≤
Amax

{

C ′2γ+1β
γη

2s−1
(i+1)βαn, C ′2γrα0Aβ

γη
2(s−1)

(i+1)
βαn

}

βα(n+i+1)(13r0)
α

≤ A2C ′2γ+1
(
3r−1

0

)α
β
−(i+1)

(

α− γη
2(s−1)

)

= A2C ′2γ+1
(
3r−1

0

)α
β
(i+1)

(

γη
4(s−1)

)

β
−(i+1)

(

α− γη
4(s−1)

)

≤ β−α′(i+1) ,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✻✺✮ ❛♥❞ ✭✻✼✮ ❛♥❞ ♦♥ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t i ≥ 4✳
❚❤✐s s❤♦✇s t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥ {An+1,i : n, i ∈ N} ✐s ❛ ❧❡❣❛❧ ♠♦✈❡ ❢♦r ❆❧✐❝❡✳ ❇② t❤❡
❛r❣✉♠❡♥t ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✷✽✳ ❚❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s dℓ ❛r✐s❡ ♥❛t✉r❛❧❧② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✼✱

❡✈❡♥ ✇❤✐❧❡ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡ts Ak,ℓ,n
ε ✇✐t❤ ℓ = 0✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐s ✉s❡❢✉❧ ❛s

t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✾✮ ❛♥❞ ✭✹✵✮ t✉r♥ ♦✉t t♦ ❛❧s♦ ❜❡ ♦❢ t❤❡ ❢♦r♠ xn /∈ Ak′,ℓ′,n′

ε′ ❢♦r s♦♠❡
♣❛r❛♠❡t❡rs ε′, k′, ℓ′, n′✳ ❈❤♦♦s✐♥❣ dℓ ❛s ✐♥ ✭✸✼✮ ✐s ♥❛t✉r❛❧✱ ❛s ✐t ❡q✉❛❧❧② ❡①♣❛♥❞s t❤❡
2♥❞ t♦ (t+1)st ❝♦♦r❞✐♥❛t❡s ✇❤✐❝❤ ❛r❡ ❛❧❧ ❝♦♥tr❛❝t❡❞ ❜② ak ❛t t❤❡ s❛♠❡ r❛t❡✳ ❍♦✇❡✈❡r✱
✐t ✐s ❧✐❦❡❧② t❤❛t d1✱ s❛②✱ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② ♦t❤❡r ✉♥✐♠♦❞✉❧❛r ❞✐❛❣♦♥❛❧ ♠❛tr✐①
✇❤✐❝❤ ❡①♣❛♥❞s t❤❡ 2♥❞ t♦ (t + 1)st ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❝♦♥tr❛❝ts t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥s✳
❚❤✐s ♣r♦♣❡rt② ✐s ♥❡❝❡ss❛r②✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t ❛♥ ✐♥❡q✉❛❧✐t② s✐♠✐❧❛r t♦ ✭✹✾✮
❤♦❧❞s✳ ❈❤❛♥❣✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ dℓ ✐♥ t❤✐s ❢❛s❤✐♦♥ ✇✐❧❧ r❡q✉✐r❡ ❛ ❞✐✛❡r❡♥t ❝❤♦✐❝❡
♦❢ t❤❡ ♣❛r❛♠❡t❡r s✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ ✭✻✸✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞
t❤❛t ▲❡♠♠❛ ✷✼ ✐s ♦♥❧② ❛♣♣❧✐❡❞ ✇✐t❤ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢♦r♠ dℓan+1+sℓ =
(dℓasℓ) an+1✱ s♦ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ♦♥❡ ♣❛r❛♠❡t❡r ❣r♦✉♣ dℓasℓ✳ ■t ✐s
✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❞❡s❝r✐❜❡❞ str❛t❡❣② ♦❢ ❆❧✐❝❡ ✐s ✐♥ ❢❛❝t ✇✐♥♥✐♥❣ ❡✈❡♥
✐❢ s ✐s r❡♣❧❛❝❡❞ ❜② ❛♥② ✐♥t❡❣❡r ❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ✭✻✸✮✱ ❛♥❞ t❤❛t dℓasℓ
❜❡❝♦♠❡s ❝❧♦s❡r ✐♥ ❞✐r❡❝t✐♦♥ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ an+1 ❛s s ❜❡❝♦♠❡s ❧❛r❣❡r✳

❆♣♣❡♥❞✐① ❆✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r t❤❡ ♣r♦♦❢ ❡ss❡♥t✐❛❧❧② ❢♦❧❧♦✇s t❤❡ ❛r❣✉♠❡♥t ♦❢ ❬❋❙❯✶✽✱
Pr♦♣♦s✐t✐♦♥ ✹✳✺❪✳ ❋✐rst ♦❢ ❛❧❧✱ ♥♦t❡ t❤❛t ✐❢ 1/3 ≤ β < 1 t❤❡♥✱ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦
❉❡✜♥✐t✐♦♥ ✼✱ ❆❧✐❝❡ ❝❛♥ ✇✐♥ ❜② ❞❡❢❛✉❧t ♦♥ ❤❡r ✜rst ♠♦✈❡ ❜② t❛❦✐♥❣ A1 t♦ ❜❡ t❤❡
❝❧♦s❡❞ β✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛♥② ❤②♣❡r♣❧❛♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡♥tr❡ ♦❢ B0✳ ❚❤✉s✱
✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤r♦✉❣❤♦✉t t❤✐s ♣r♦♦❢ t❤❛t ❇♦❜ ❛❧✇❛②s
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❝❤♦♦s❡s β < 1/3 ✇❤❡♥ ❤❡ ♣❧❛②s t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✳ ❲✐t❤ t❤✐s
❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❡ ♥❡❝❡ss✐t② ♣❛rt ♦❢ Pr♦♣♦s✐t✐♦♥ ✽ ❜❡❝♦♠❡s ♦❜✈✐♦✉s✳ ■♥❞❡❡❞✱
t♦ ✇✐♥ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ❆❧✐❝❡ s✐♠♣❧② ❤❛s t♦ ❢♦❧❧♦✇ ❤❡r str❛t❡❣②
❢♦r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ❛♥❞ s❡t ε t♦ ❜❡ ❡①❛❝t❧② β ♦♥ ❡❛❝❤ ♦❢ ❤❡r ♠♦✈❡s✳
❇② ✐♥❝r❡❛s✐♥❣ ε t♦ ✐ts ❧❛r❣❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ❆❧✐❝❡ ✇✐❧❧ ♦♥❧② ❧✐♠✐t t❤❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s
❢♦r ❇♦❜✬s ♥❡①t ♠♦✈❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠♦❞✐✜❡❞ ❣❛♠❡ ❤❛s ❛ ❣r❡❛t❡r r❡str✐❝t✐♦♥ ♦♥
❇♦❜✬s ♠♦✈❡s✱ s✐♥❝❡ t❤❡ r❛❞✐✐ ♦❢ ❤✐s ❜❛❧❧s ❛❧✇❛②s s❛t✐s❢② rn+1 = βrn✳ ◆♦t❡ t❤❛t s✐♥❝❡
β < 1/3 t❤❡ ❣❛♠❡ ❞♦❡s ♥♦t st♦♣ ❛t ❛ ✜♥✐t❡ st❡♣✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡
r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ✇✐❧❧ ❧✐❡ ✐♥ S ❛♥❞ ❆❧✐❝❡ ✇✐❧❧ ✇✐♥✳

❚♦ ♣r♦✈❡ t❤❡ s✉✣❝✐❡♥❝② r❡q✉✐r❡s s♦♠❡ ✇♦r❦✳ ❙✉♣♣♦s❡ t❤❛t S ✐s r❡str✐❝t❡❞ ❍❆❲✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❆❧✐❝❡ ❤❛s ❛ str❛t❡❣② t♦ ✇✐♥ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡
❣❛♠❡✳ ❋♦❧❧♦✇✐♥❣ ❬❋❙❯✶✽❪ ❛♥❞ ✐♥❞❡❡❞ ❙❝❤♠✐❞t ❬❙❝❤✻✻❪✱ ❜② ❛ str❛t❡❣② ♦♥❡ ❝❛♥ ✉♥❞❡r✲
st❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛♣s Fn+1✱ n = 0, 1, 2, . . . ✇❤✐❝❤ ❛ss✐❣♥ ❛ ❧❡❣❛❧ ♠♦✈❡ An+1 ❢♦r
❆❧✐❝❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ❇♦❜✬s ♣r❡✈✐♦✉s ♠♦✈❡s β,B0, . . . , Bn✳ ❚❤✐s str❛t❡❣② ✐s ✇✐♥♥✐♥❣
✐❢ ❆❧✐❝❡ ❝❛♥ ✇✐♥ ✇❤❡♥ s❤❡ ✉s❡s ✐t✳ ❆s ✇❛s ❞❡♠♦♥str❛t❡❞ ❜② ❙❝❤♠✐❞t ❬❙❝❤✻✻✱ ❚❤❡♦✲
r❡♠ ✼❪✱ ❆❧✐❝❡ ❛❧✇❛②s ❤❛s ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❡✈❡r② r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡
❛❜s♦❧✉t❡ ✇✐♥♥✐♥❣ s❡t S✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡✈❡r② β ∈

(
0, 13
)
t❤❡r❡ ❡①✐sts ❛ ♠❛♣

Fβ ❢r♦♠ t❤❡ s❡t ♦❢ ❜❛❧❧s ✐♥ R
d ✐♥t♦ t❤❡ s❡t ♦❢ ❆❧✐❝❡✬s ❧❡❣❛❧ ♠♦✈❡s ❢♦r t❤❡ r❡str✐❝t❡❞

❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ s✉❝❤ t❤❛t Fn+1 (β,B0, . . . , Bn) = Fβ(Bn) ✐s ❆❧✐❝❡✬s ✇✐♥✲
♥✐♥❣ str❛t❡❣②✳ ❚❤❛t ✐s ❆❧✐❝❡ ❝❛♥ ♠❛❦❡ ❤❡r ♠♦✈❡ ♦♥❧② ✉s✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ β ❛♥❞
❇♦❜✬s ♣r❡✈✐♦✉s ♠♦✈❡ Bn✳ ❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✜① ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r t❤❡
r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ t♦ ❞❡✜♥❡ ❛ ✇✐♥♥✐♥❣ str❛t❡❣②
❢♦r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✳ ❆❧s♦✱ ♥♦t❡ t❤❛t s✐♥❝❡ S ✐s r❡str✐❝t❡❞ ❍❆❲✱ ✐t ❤❛s
t♦ ❜❡ ❞❡♥s❡ ✐♥ R

d❀ ♦t❤❡r✇✐s❡ ❇♦❜ ❝❛♥ ✇✐♥ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡
❜② t❛❦✐♥❣ B0 t♦ ❝♦♥t❛✐♥ ♥♦ ♣♦✐♥ts ♦❢ S✳

●✐✈❡♥ ❛♥② 0 < β < 1/3✱ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣ ♦♥ ❜❛❧❧s B(x, r) ✐♥ R
d ✐♥t♦

❤②♣❡r♣❧❛♥❡ ♥❡✐❣❤❜♦r❤♦♦❞s ❛s ❢♦❧❧♦✇s✿ ✜rst ✜♥❞ t❤❡ ✉♥✐q✉❡ ✐♥t❡❣❡r mr ∈ Z s❛t✐s❢②✐♥❣

✭✽✸✮ (β/2)2mr+1 ≤ r < (β/2)2mr−1 ;

t❤❡♥ ✇r✐t❡

✭✽✹✮ F(β/2)2
(
B
(
x, (β/2)2mr

))
= B

(
H, (β/2)2mr+2

)

✇❤❡r❡ H ✐s ❛ ❤②♣❡r♣❧❛♥❡ ✐♥ R
d❀ ❛♥❞ ✜♥❛❧❧② ❞❡✜♥❡

✭✽✺✮ Gβ(B(x, r)) := B
(
H, 2(β/2)2mr+2

)
.

❇② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✽✸✮✱ ✇❡ ❤❛✈❡ t❤❛t

2(β/2)2mr+2 ≤ βr

❛♥❞ t❤❡r❡❢♦r❡ Gβ(B(x, r)) r❡♣r❡s❡♥ts ❛ ❧❡❣❛❧ ♠♦✈❡ ♦❢ ❆❧✐❝❡ ❢♦r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡
❣❛♠❡✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ♠❛♣ Gβ ❣✐✈❡s ❛ ♣♦s✐t✐♦♥❛❧ ✇✐♥♥✐♥❣ str❛t❡❣② ❢♦r ❆❧✐❝❡ ✐♥ t❤❡
❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✳

■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t ❇♦❜ ❝❤♦♦s❡s ❛♥② 0 < β < 1/3 ♦♥ ❤✐s ✜rst ♠♦✈❡ ❛♥❞ s✉♣♣♦s❡
t❤❛t Bn = B(xn, rn) ✭n = 0, 1, 2, . . . ✮ ❛♥❞ A1, A2, . . . ❛r❡ t❤❡ ♠♦✈❡s t❛❦❡♥ ❜② ❇♦❜
❛♥❞ ❆❧✐❝❡ r❡s♣❡❝t✐✈❡❧② ✐♥ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ s✉❝❤ t❤❛t

✭✽✻✮ An+1 = Gβ(B(xn, rn)) = B
(
Hn, 2(β/2)

2mrn+2
)

❢♦r ❛❧❧ n ≥ 0✱ ✇❤❡r❡ Hn ✐s ❛ ❤②♣❡r♣❧❛♥❡ ✐♥ R
d ❛♥❞ mrn ❛r✐s❡s ❢r♦♠ ✭✽✸✮ ✇❤❡♥ r = rn✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t rn → 0 ❛s n → ∞ ❛s ♦t❤❡r✇✐s❡ ❆❧✐❝❡
✇✐♥s ❜❡❝❛✉s❡ S ✐s ❞❡♥s❡✳
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◆♦✇ ✇❡ ❡①tr❛❝t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ Bn✱ s❛② Bnk
s✉❝❤ t❤❛t t❤❡ r❛❞✐✐ rnk

❛r❡ ❝♦♠♣❛✲
r❛❜❧❡ t♦ (β/2)2k✳ ❚♦ t❤✐s ❡♥❞✱ ✜rst ❞❡✜♥❡ k0 ∈ Z s✉❝❤ t❤❛t (β/2)2k0 < r1✳ ◆❡①t✱ ❢♦r
❡❛❝❤ k ≥ k0 ❞❡✜♥❡ nk s✉❝❤ t❤❛t

✭✽✼✮ (β/2)2k+1 = β 1
2(β/2)

2k ≤ rnk
< 1

2(β/2)
2k .

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ nk ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱
♥❛♠❡❧②✱ t❤❡ ❢❛❝t t❤❛t rn+1/rn ≥ β ❢♦r ❛❧❧ n ≥ 0✳ ❋✉rt❤❡r♠♦r❡✱ ♦❜s❡r✈❡ t❤❛t nk ✐s
✐♥❝r❡❛s✐♥❣✳ ❆❧s♦✱ ❜② ✭✽✸✮✱

✭✽✽✮ mrnk
= k .

◆♦✇ ❞❡✜♥❡

B̃k = B
(

xnk
, (β/2)2k

)

❛♥❞ Ãk+1 = F(β/2)2

(

B̃k

)

= B
(

H̃k, (β/2)
2k+2

)

❢♦r k ≥ k0✱ ✇❤❡r❡ H̃k ❛r❡ ❤②♣❡r♣❧❛♥❡s✳

❈❧❛✐♠✿ B̃k0 ✱ Ãk0+1✱ B̃k0+1✱ Ãk0+2✱ ✳ ✳ ✳ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❧❡❣❛❧ ♠♦✈❡s t❛❦❡♥ ❜② ❇♦❜ ❛♥❞
❆❧✐❝❡ ✐♥ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ✇❤❡♥ ❇♦❜ ❝❤♦♦s❡s (β/2)2 ❛s t❤❡
♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣❛♠❡✳

❚❤❡ ❧❡❣❛❧✐t② ♦❢ ❆❧✐❝❡✬s ♠♦✈❡s Ãk+1 ✐s ♦❜✈✐♦✉s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✼✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡
❧❡❣❛❧✐t② ♦❢ ❇♦❜✬s ♠♦✈❡s ✇❡ ❤❛✈❡ t♦ ✈❡r✐❢② t❤❛t

✭✽✾✮ B̃k+1 ⊆ B̃k \ Ãk+1

❢♦r ❛❧❧ k ≥ k0✳ ❋✐rst ♥♦t❡ t❤❛t✱ s✐♥❝❡ Bn = B(xn, rn) ❢♦r ❛❧❧ n = 0, 1, 2, . . . ✱ ✇❡ ❤❛✈❡
t❤❛t xnk+1

∈ Bnk+1
✳ ❋✉rt❤❡r✱ s✐♥❝❡ nk+1 ≥ nk+1 ❛♥❞ Bn ❛♥❞ An+1 ❢♦r n = 0, 1, 2, . . .

❛r❡ t❤❡ ❧❡❣❛❧ ♠♦✈❡s ♦❢ ❇♦❜ ❛♥❞ ❆❧✐❝❡ ❢♦r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱ ✇❡ ❤❛✈❡ t❤❛t

Bnk+1
⊆ Bnk+1 ⊆ Bnk

\Ank+1 .

❚❤❡r❡❢♦r❡✱

xnk+1
∈ Bnk

\Ank+1 .

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Bnk
✱ ✭✽✻✮✱ ✭✽✼✮ ❛♥❞ ✭✽✽✮✱ t❤❡ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t

✭✾✵✮ d
(
xnk+1

,xnk

)
≤ rnk

< 1
2(β/2)

2k

❛♥❞

d
(
xnk+1

, Hnk

)
> 2(β/2)2mrnk

+2 = 2(β/2)2k+2 .

✇❤❡r❡ d( · ) ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ♦♥ R
d✳ ❖❜s❡r✈❡ ✉s✐♥❣ ✭✽✹✮✱ ✭✽✺✮ ❛♥❞ ✭✽✻✮ t❤❛t

Hnk
= H̃k✳ ❚❤❡♥✱

✭✾✶✮ d
(

xnk+1
, H̃k

)

> 2(β/2)2k+2 .

❯s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② t♦❣❡t❤❡r ✇✐t❤ ✭✾✵✮ ❛♥❞ ✭✾✶✮ ❣✐✈❡s

B
(

xnk+1
, (β/2)2k+2

)

⊆ B
(

xnk
, (β/2)2k

)

\B
(

H̃k, (β/2)
2k+2

)

,

✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② ✭✽✾✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ ❝❧❛✐♠✳

❋✐♥❛❧❧②✱ ♦❜s❡r✈❡ t❤❛t ∩nBn ✐s t❤❡ s❛♠❡ ❛s ∩kB̃k ✇❤✐❝❤ ❤❛s t♦ ❜❡ ✐♥ S ❜② t❤❡ ❛❜♦✈❡
❝❧❛✐♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❆❧✐❝❡ ♣❧❛②s ❛❝❝♦r❞✐♥❣ t♦ ❤❡r ✇✐♥♥✐♥❣ str❛t❡❣②✳ ❚❤❡r❡❢♦r❡✱
❆❧✐❝❡ ✇✐♥s t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱ ♠❡❛♥✐♥❣ t❤❛t S ✐s ❍❆❲✳ ❚❤❡ ♣r♦♦❢ ♦❢
Pr♦♣♦s✐t✐♦♥ ✽ ✐s t❤✉s ❝♦♠♣❧❡t❡✳
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❘❡♠❛r❦ ✷✾✳ ❆t ♥♦ ♣♦✐♥t ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦♦❢ ❤❛✈❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t H ❛♥❞ Hn ❛r❡
❤②♣❡r♣❧❛♥❡s✳ ❚❤❡s❡ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ s❡ts ❢r♦♠ ❛♥② ❝♦❧❧❡❝t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ ♦♥ r❡♣❧❛❝✐♥❣
❤②♣❡r♣❧❛♥❡s ✇✐t❤ ❛♥♦t❤❡r ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ✇❡ ✇♦✉❧❞ ❛❧t❡r t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡
❣❛♠❡ ❛♥❞ t❤❡ r❡str✐❝t❡❞ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥s
♦❢ ✇✐♥♥✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥❛t✉r❡ ♦❢ H ❛♥❞ Hn ✐s ✐rr❡❧❡✈❛♥t t♦ t❤❡
❛❜♦✈❡ ♣r♦♦❢ ♠❡❛♥s t❤❛t t❤❡ ❛❧t❡r❡❞ ♥♦t✐♦♥s ♦❢ ✇✐♥♥✐♥❣ s❡ts ❛♥❞ r❡str✐❝t❡❞ ✇✐♥♥✐♥❣
s❡ts ❛r❡ t❤❡ s❛♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❝♦♠♠❡♥t ❛♣♣❧✐❡s t♦ t❤❡ k✲❞✐♠❡♥s✐♦♥❛❧ ❛❜s♦❧✉t❡
❣❛♠❡✱ ✇❤✐❝❤ ✐s ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛❜s♦❧✉t❡ ❣❛♠❡✱ st✉❞✐❡❞ ✐♥
❬❇❋❑+✶✷❪✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✿ ❊◆ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊❧♦♥ ▲✐♥❞❡♥str❛✉ss ❛♥❞ ❇❛r❛❦ ❲❡✐ss
❢♦r ✐♥❞✐s♣❡♥s❛❜❧❡ ❞✐s❝✉ss✐♦♥s ❛❜♦✉t Bad (w) ❛♥❞ ✇✐♥♥✐♥❣ ❞✉r✐♥❣ t❤❡ ❧❛st ❞❡❝❛❞❡✱ ❛♥❞
t♦ ❉❛✈✐❞ ❙✐♠♠♦♥s ❢♦r t❡❧❧✐♥❣ ❤✐♠ ❛❜♦✉t Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❊◆ ❛❝❦♥♦✇❧❡❞❣❡s s✉♣♣♦rt
❢r♦♠ ❊❘❈ ✷✵✷✵ ❣r❛♥t ❍♦♠❉②♥ ✭❣r❛♥t ♥♦✳ ✽✸✸✹✷✸✮ ❛♥❞ ❊❘❈ ✷✵✷✵ ❣r❛♥t ❍❉✲❆♣♣
✭❣r❛♥t ♥♦✳ ✼✺✹✹✼✺✮✳ ❊◆ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆♥♥❛ ◆❡s❤❛r✐♠ ❢♦r ❥♦✐♥✐♥❣ ❤✐♠ t♦
t❤❡ ✈❛❧❧❡②s ❛♥❞ ♣❡❛❦s✳ ▲❨ ✐s s✉♣♣♦rt❡❞ ✐♥ ♣❛rt ❜② ◆❙❋❈ ❣r❛♥t ✶✶✽✵✶✸✽✹ ❛♥❞ t❤❡
❋✉♥❞❛♠❡♥t❛❧ ❘❡s❡❛r❝❤ ❋✉♥❞s ❢♦r t❤❡ ❈❡♥tr❛❧ ❯♥✐✈❡rs✐t✐❡s ❨❏✷✵✶✼✻✾✳ ❚❤❡ ❛✉t❤♦rs
❛r❡ ❛❧s♦ ✈❡r② ❣r❛t❡❢✉❧ t♦ t❤❡ ❛♥♦♥②♠♦✉s r❡✈✐❡✇❡r ❢♦r ✈❡r② ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳

❘❡❢❡r❡♥❝❡s

❬❆❇❱✶✽❪ ❏✐♥♣❡♥❣ ❆♥✱ ❱✐❝t♦r ❇❡r❡s♥❡✈✐❝❤✱ ❛♥❞ ❙❛♥❥✉ ❱❡❧❛♥✐✳ ❇❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts ♦♥ ♣❧❛♥❛r
❝✉r✈❡s ❛♥❞ ✇✐♥♥✐♥❣✳ ❆❞✈❛♥❝❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✸✷✹✿✶✹✽ ✕ ✷✵✷✱ ✷✵✶✽✳

❬❆♥✶✸❪ ❏✐♥♣❡♥❣ ❆♥✳ ❇❛❞③✐❛❤✐♥✲P♦❧❧✐♥❣t♦♥✲❱❡❧❛♥✐✬s t❤❡♦r❡♠ ❛♥❞ ❙❝❤♠✐❞t✬s ❣❛♠❡✳ ❇✉❧❧✳ ▲♦♥❞✳
▼❛t❤✳ ❙♦❝✳✱ ✹✺✭✹✮✿✼✷✶✕✼✸✸✱ ✷✵✶✸✳

❬❆♥✶✻❪ ❏✐♥♣❡♥❣ ❆♥✳ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✈❡❝t♦rs ❛♥❞ ❙❝❤♠✐❞t✬s ❣❛♠❡✳ ❉✉❦❡ ▼❛t❤✳
❏✳✱ ✶✻✺✭✷✮✿✷✻✼✕✷✽✹✱ ✷✵✶✻✳

❬❇❡r✶✺❪ ❱✐❝t♦r ❇❡r❡s♥❡✈✐❝❤✳ ❇❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts ♦♥ ♠❛♥✐❢♦❧❞s✳ ■♥✈❡♥t✳ ▼❛t❤✳✱
✷✵✷✭✸✮✿✶✶✾✾✕✶✷✹✵✱ ✷✵✶✺✳

❬❇❋❑+✶✷❪ ❘②❛♥ ❇r♦❞❡r✐❝❦✱ ▲✐♦r ❋✐s❤♠❛♥✱ ❉♠✐tr② ❑❧❡✐♥❜♦❝❦✱ ❆s❛❢ ❘❡✐❝❤✱ ❛♥❞ ❇❛r❛❦ ❲❡✐ss✳ ❚❤❡
s❡t ♦❢ ❜❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ✈❡❝t♦rs ✐s str♦♥❣❧② C1 ✐♥❝♦♠♣r❡ss✐❜❧❡✳ ▼❛t❤✳ Pr♦❝✳ ❈❛♠❜r✐❞❣❡
P❤✐❧♦s✳ ❙♦❝✳✱ ✶✺✸✭✵✷✮✿✸✶✾✕✸✸✾✱ ✷✵✶✷✳

❬❇❍✶✼❪ ❉③♠✐tr② ❇❛❞③✐❛❤✐♥ ❛♥❞ ❙t❡♣❤❡♥ ❍❛rr❛♣✳ ❈❛♥t♦r✲✇✐♥♥✐♥❣ s❡ts ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s✳
❆❞✈✳ ▼❛t❤✳✱ ✸✶✽✿✻✷✼✕✻✼✼✱ ✷✵✶✼✳

❬❇❍◆❙✶✽❪ ❉③♠✐tr② ❇❛❞③✐❛❤✐♥✱ ❙t❡♣❤❡♥ ❍❛rr❛♣✱ ❊r❡③ ◆❡s❤❛r✐♠✱ ❛♥❞ ❉❛✈✐❞ ❙✐♠♠♦♥s✳ ❙❝❤♠✐❞t
❣❛♠❡s ❛♥❞ ❈❛♥t♦r ✇✐♥♥✐♥❣ s❡ts✳ ❤tt♣s✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✶✽✵✹✳✵✻✹✾✾✱ ♣r❡♣r✐♥t ✷✵✶✽✳

❬❇◆❨✷✵❪ ❱✐❝t♦r ❇❡r❡s♥❡✈✐❝❤✱ ❊r❡③ ◆❡s❤❛r✐♠✱ ❛♥❞ ▲❡✐ ❨❛♥❣✳ ❲✐♥♥✐♥❣ ♣r♦♣❡rt② ♦❢ ❜❛❞❧② ❛♣♣r♦①✲
✐♠❛❜❧❡ ♣♦✐♥ts ♦♥ ❝✉r✈❡s✳ ❤tt♣s✿✴✴❛r①✐✈✳♦r❣✴❛❜s✴✷✵✵✺✳✵✷✶✷✽✱ ✷✵✷✵✳

❬❇P❱✶✶❪ ❉③♠✐tr② ❇❛❞③✐❛❤✐♥✱ ❆♥❞r❡✇ P♦❧❧✐♥❣t♦♥✱ ❛♥❞ ❙❛♥❥✉ ❱❡❧❛♥✐✳ ❖♥ ❛ ♣r♦❜❧❡♠ ✐♥ s✐♠✉❧t❛♥❡♦✉s
❉✐♦♣❤❛♥t✐♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✿ ❙❝❤♠✐❞t✬s ❝♦♥❥❡❝t✉r❡✳ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮✱ ✶✼✹✿♥♦✳ ✸✱ ✶✽✸✼✕
✶✽✽✸✱ ✷✵✶✶✳

❬❇❱✶✹❪ ❉③♠✐tr② ❇❛❞③✐❛❤✐♥ ❛♥❞ ❙❛♥❥✉ ❱❡❧❛♥✐✳ ❇❛❞❧② ❛♣♣r♦①✐♠❛❜❧❡ ♣♦✐♥ts ♦♥ ♣❧❛♥❛r ❝✉r✈❡s ❛♥❞
❛ ♣r♦❜❧❡♠ ♦❢ ❉❛✈❡♥♣♦rt✳ ▼❛t❤✳ ❆♥♥✳✱ ✸✺✾✭✸✲✹✮✿✾✻✾✕✶✵✷✸✱ ✷✵✶✹✳
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