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Bad (w) IS HYPERPLANE ABSOLUTE WINNING

VICTOR BERESNEVICH, EREZ NESHARIM, AND LEI YANG

ABsTRACT. In 1998 Kleinbock conjectured that any set of weighted badly ap-
proximable d x n real matrices is a winning subset in the sense of Schmidt’s game.
In this paper we prove this conjecture in full for vectors in R? in arbitrary di-
mensions by showing that the corresponding set of weighted badly approximable
vectors is hyperplane absolute winning. The proof uses the Cantor potential game
played on the support of Ahlfors regular absolutely decaying measures and the
quantitative nondivergence estimate for a class of fractal measures due to Klein-
bock, Lindenstrauss and Weiss. To establish the existence of a relevant winning
strategy in the Cantor potential game we introduce a new approach using two
independent diagonal actions on the space of lattices.

Dedicated to Anna Nesharim

1. INTRODUCTION

As is well known, the rational points are dense in the real space R? meaning
that R? can be covered by cubes in R? of an arbitrarily small fixed sidelength ¢ > 0
centred at rational points. Various quantitative aspects of this basic property are
studied within the theory of Diophantine approximation. For instance, by Dirich-
let’s theorem, R? can be covered by cubes in R? of sidelength 2¢~(@+1/d centred at
rational points (not necessarily written in the lowest terms) with arbitrarily large
denominators ¢ € N. One of the fundamental concepts studied in Diophantine ap-
proximation is that of badly approximable points. These are precisely the points in
R? that cannot be covered by the cubes arising from Dirichlet’s theorem when 2 is
replaced by any positive constant. In the more general case one considers coverings
by parallelepipeds with different sidelengths controlled by d real parameters referred
to as weights. This more general setup gives rise to the notion of weighted badly
approximable points that will be the main object of study in this paper.

In what follows d € N and W, denotes the collection of all d-dimensional weights:

Wd:{W=<w1,...,wd)€Rd Wy, ..., we > 0, w1+...+wd:1}.

For w € W, a vector x= (x1,...,1q) € R?is called badly approzimable with respect
to w if there exists ¢ > 0 such that for every ¢ € N and p = (p1,...,pq) € Z¢ there
exists 1 < ¢ < d satisfying

c
— ql-i-wi :

_bi
q

Ty

Let Bad (w) be the set of badly approzimable vectors in R with respect to w.
One of the motivations for studying the set of weighted badly approximable vectors
comes from its connection to a conjecture of Littlewood — a famous open problem

from the 1930s. Let us briefly recall this connection.
1
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Conjecture 1 (Littlewood’s conjecture, 1930s). Every x= (z1,x2) € R? satisfies

(1) inf qlgr1 —pillgr2 —p2| = 0.
g€eN, peZ?

It was noted by Schmidt [Sch83] that if x ¢ Bad (w) for some w € W, then x
satisfies (1). In particular, if the intersection of the sets Bad (w) over all w € W,
was the empty set, then Littlewood’s conjecture would follow. However, Schmidt
doubted that using only two weights would be sufficient, if his observation can be
used to verify (1) at all. Specifically, Schmidt formulated the following problem
that has inspired many researchers in Diophantine approximation and homogeneous
dynamics.

Conjecture 2 (Schmidt’s conjecture, 1982). For every wi, wo € Wh we have that
(2) Bad(w;) N Bad(ws) # &.

Almost three decades later Schmidt’s conjecture was verified by Badziahin, Polling-
ton and Velani in the tour de force [BPV11], which opened the way to many exciting
new developments.

The more general version of Schmidt’s conjecture deals with arbitrary finite and,
furthermore, countable intersections of Bad (w). Already in [BPV11] arbitrary finite
intersections were considered. In fact, the main result of [BPV11] implies that

(3) (] Bad(w,) # @

n=1
if the countably many weights wi, wa, ... € W, satisfy the condition that

(4) lim inf minw,, > 0.
n—oo

Using different techniques condition (4) was independently removed by An [Anl3|
and the second named author [Nes13|, who both established (3) for arbitrary count-
able intersections. Indeed, An [Anl3| showed a stronger dimension statement.

Schmidt’s conjecture can also be considered in higher dimensions. In this gener-
ality it was verified by the first named author [Ber15|. Similarly to the two dimen-
sional result of [BPV11], (3) was established in [Berl5| for any sequence of weights
w1, Wo,... € Wy satisfying (4). Condition (4) was finally removed by the third
named author in [Yan19|. In should be noted that these papers go the extra mile to
give a full dimension statement for the intersection appearing in (3) and enable to
restrict the left hand side of (3) to nondegenerate curves and manifolds.

Two natural frameworks for proving the countable intersection property of the
sets Bad (w) are offered by topology and measure theory. Indeed, if X is a complete
metric space or a measure space and S, S9,... C X are Gg dense, or, respectively,
full measure sets, then (2, S, is G5 dense, respectively, a set of full measure, and
in particular, nonempty. However, the set Bad (w) is neither comeagre nor conull.
In fact, Bad (w) is a countable union of closed sets whose Lebesgue measure is zero,
hence it is both meagre and null.

An alternative framework to establish the countable intersection property is offered
by game theory. This was first articulated by Schmidt [Sch66] who introduced a
variant of the Banach-Mazur game, now called Schmidt’s game, and its corresponding
winning sets. Ever since other variants of Schmidt’s game have been proposed by
many authors for various purposes. We refer the reader to Section 2 for the definitions
of hyperplane absolute winning sets (abbr. HAW') and Cantor winning sets, which
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will be used in this paper. We also refer the reader to [BHNS18, §2| or [BFK 12, §2]
for the definitions of winning sets, a-winning sets and absolute winning sets which
will be mentioned in this paper.

The study of winning properties of Bad (w) has a long history. Schmidt proved
in [Sch66] that Bad(1) is winning, where it was also mentioned that the analogous
theorem holds for

W =wg = (é,...,é)
for every d. Indeed, the proof of this can be found in Schmidt’s monograph [Sch80)].
McMullen [McM10] proved that Bad(1) is absolute winning. Later Broderick, Fish-
man, Kleinbock, Reich and Weiss [BFK*12| proved that Bad(wy) is HAW for any
d>1.

However, the study of weighted badly approximable points turned out to be much
harder. Indeed, the following natural problem that was raised by Kleinbock [Kle98,
Section 8] over two decades ago remains open with the exception of one special case
that will shortly be mentioned.

Problem (Kleinbock, 1998). Is it true that Bad (w) is winning for every weight w?

The first breakthrough came about with the paper of An [Anl6| who settled it
for d = 2. Based on [Anl6|, Simmons and the second named author [NS14| proved
that Bad (w) is HAW for any w € Ws. In higher dimensions, the only known result
towards Kleinbock’s problem is due to Guan and Yu [GY19] who proved that for
weights w € Wy satisfying the condition

Wy =+ =Wg_1 = Wq,

Bad (w) is HAW. The goal of this paper is to resolve Kleinbock’s problem in full.
Our main result reads as follows.

Theorem 3. For any w € W, the set Bad (w) is HAW. In particular, it is winning.

The HAW property implies more than just the countable intersection property. For
example, we have the following corollary, which follows from Theorem 3 on applying
properties of HAW sets established in [BFK 12| (see Section 2 for the definition of
Ablfors regular and absolutely decaying measures).

Corollary 4. For any sequence of weights w1, wo ... € Wy and any sequence fi, fa, . ..
of C1 diffeomorphisms of R?, the set

() f» (Bad (wy))

n=1
is HAW. In particular, for every Ahlfors regular absolutely decaying measure p on
R? we have that

dim (ﬂ frn (Bad (w,)) N supp ,u) = dim (supp p),

n=1

where dim stands for Hausdorff dimension.

Theorem 3 is proved by passing to the following equivalent formulation.

Theorem 5. For any w € Wy and any compactly supported Ahlfors regular abso-
lutely decaying measure p on R we have that

(5) Bad (w) Nsupp p # &
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Over the last two decades Schmidt’s conjecture motivated significant amount of
research concerning badly approximable points in fractals, starting with Pollington
and Velani [PV02] and Kleinbock and Weiss [KWO05|. Initial progress towards The-
orem 5 was made in [KW05] for w = wy and in [KTV06], where (5) was proved for
product measures u = u1 X - - - X g with each p; being Ahlfors regular. Other notable
developments include those by Fishman [Fis09] and Kleinbock and Weiss [KW10)].

The tools used in the proof of Theorems 3 and 5 are the Cantor potential game
which was introduced by Badziahin, Harrap, Simmons and the second named author
[BHNS18], and the quantitative nondivergence estimate for “friendly” measures due
to Kleinbock, Lindestrauss and Weiss [KLWO04], albeit, within this paper, the latter
is only applied in the context of Ahlfors regular absolutely decaying measures.

In order to shed some light on the new ideas involved in the proof of Theorem 3, it is
useful to compare the results in this paper to those of [BNY20] and several preceding
publications, which deal with badly approximable points on nondegenerate curves
in RY. For simplicity we restrict our discussion to analytic nondegenerate curves.
Let f : Iy — R% be an analytic nondegenerate map defined on an interval Iy C R.
By definition, this means that the coordinate functions fi,..., f; are analytic and
together with the constant function 1 are linearly independent over R. The map f
should be understood as the parameterisation of a curve C in R?, namely C = f(Ip).
In this case, the set f~! (Bad (w)) precisely consists of the parameters x € Iy for
which the corresponding point f(x) on the curve C is badly approximable with respect
to the weight w. For d = 2 Badziahin and Velani [BV14] proved that f~! (Bad (w))
is Cantor winning for every w € Ws. This property was then improved to ‘winning’
by An, Velani and the first named author [ABV18]. In fact, the ‘winning’ property
can be strengthened to ‘absolute winning’ on applying [Nesl3, Appendix B|, see also
|[ABV18, Remark 7|. For higher dimensions, the first named author |Berl5| proved
that for every w € Wy the set f~! (Bad (w)) is Cantor winning (see also [BH17,
Theorem BJ). This result was then improved by the third named author [Yan19] in
the following manner. By Definition 20, a Cantor winning set in R? is a-Cantor
winning for some 0 < a < d. In [Berl5] the parameter o depends on w, while in
[Yan19] it was shown that f~! (Bad (w)) is a-Cantor winning for some 0 < o < d
that depends only on d. Eventually, the argument of [BNY20] strengthened the
conclusions of [Yan19] to completely remove the dependence of a on d. While it
does not do it explicitly, it does so essentially by allowing the Cantor potential game
to be played on the support of any Ahlfors regular measure on Iy. By [BHNSI18,
Theorem 1.5] this implies that £~ (Bad (w)) is absolute winning.

Organisation of this paper. In Section 2 we recall the relevant variants of Schmidt’s
game, definitions in fractal measure theory and establish the equivalence between
Theorem 3 and Theorem 5. In Section 3 we recall the Dani correspondence and
the Kleinbock, Lindenstrauss, Weiss quantitative nondivergence. The proof of The-
orem 5 is finally given in Section 4.

Notation and conventions. Throughout this paper, we will use the following
notation. Given a metric space (X,d), any S C X and r > 0, we denote the closed
r neighborhood of S by

B(S,r)={ze X : d(z,S) <r}.

A closed ball B(zg,7) :={z € X : d(x,z0) < r} is defined by a fixed centre zo and
radius r > 0, although these in general are not uniquely determined by the ball as a
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set. In view of the latter, when referring to a ball B we will mean the pair of its centre
and radius and, with some abuse of notation, B will also mean the corresponding
set of points when appearing in set theoretic expressions. The same will apply to
the more general notion of r neighborhood of a set S. Finally, for any x € R%, r > 0
and ¢ > 0, we let

cB(x,r):= B(x,cr).

2. SCHMIDT GAMES AND INTERSECTIONS WITH FRACTALS

Schmidt’s game is a quantitative version of the Banach-Mazur game played on a
complete metric space. Its corresponding winning sets are dense and often have large
Hausdorff dimension. Moreover, by definition, the collection of all a-winning sets is
stable under taking countable intersections, where a € (0, 1) is a certain parameter of
Schmidt’s games. Schmidt’s winning sets are also stable under affine transformations,
although the parameter o may change. Schmidt’s game was introduced in [Sch66]
and used to strengthen and simplify earlier results in Diophantine approximation.
There are several modifications of Schmidt’s game resulting in alternative notions
of winning sets. These include the notions of absolute winning sets [McM10], HAW
sets |[BFK*12] and Cantor winning sets [BH17|. For a detailed survey of the various
winning sets, their properties and the connections between them, see [BHNS18| and
[BFK*12|. In particular, in [BFK*12] it is proved that HAW sets are a-winning for
any 0 < a < %

Definition 6 (Hyperplane absolute winning game and sets, [BFK*12, §2|). The
hyperplane absolute game on RY is played by two players, say Alice and Bob, who take
turns making their moves. Bob starts by choosing a parameter 0 < § < 1/3, which
is fixed throughout the game, and a ball By C R? of radius ro > 0. Subsequently for
n=0,1,2,..., first, Alice chooses a neighborhood A,,,; of any hyperplane in R? of
radius er, for some 0 < € < 3; and second, Bob chooses a ball B, ;1 C By, \ Ap41 of
radius 7,41 > Bry, where 1, is the radius of B,,.

A set S C R? is called hyperplane absolute winning (abbr. HAW) if Alice has a
strategy which ensures that SN (",~,Bn # 9.

For the purposes of this paper it will be convenient to use the following modified
version of the hyperplane absolute game.

Definition 7. The restricted hyperplane absolute game on R? is played by two play-
ers, say Alice and Bob, who take turns making their moves. Bob starts by choosing
a parameter 0 < 8 < 1, which is fixed throughout the game, and a ball By C R? of
radius rg > 0. Subsequently for n = 0,1,2,..., first, Alice chooses a neighborhood
Ay,1 of some hyperplane in R? of radius fr, = " 1ry; and second, Bob chooses
a ball B,y1 C By \ Apy1 of radius rp41 = Bry, = By, where 7, is the radius of
B,,. If there is no such ball the game stops and Alice wins by default. Otherwise,
the outcome of the game is the unique point in (), < Bn.

A set S C R? will be called restricted hyperplane absolute winning if Alice has a
strategy which ensures that she either wins by default or the outcome lies in S.

We note that there is no difference between HAW sets and restricted HAW sets
and therefore throughout the rest of paper we will refer to the restricted hyperplane
absolute game as the hyperplane absolute game, and to restricted hyperplane abso-
lute winning sets as HAW sets. This fact was previously shown in [FSU18| in relation
to the absolute game. Formally, we have the following statement.
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Proposition 8. Let S C R?. Then S is restricted hyperplane absolute winning if
and only if S is hyperplane absolute winning.

The proof of this proposition is essentially the same as that of Proposition 4.5 in
[FSU18|. Indeed, the only change that is needed to obtain the proof of Proposition 8
from the proof of Proposition 4.5 in [FSU18| is to replace neighborhoods of balls,
which are legal moves in the game played in [FSU18, Proposition 4.5 | by neighbor-
hoods of hyperplanes, which are Alice’s legal moves in Definitions 6 and 7. However,
as Proposition 8 forms a step in the argument towards our final goal, we give it a
complete formal proof in the appendix at the end of this paper.

In order to reduce Theorem 3 to Theorem 5, let us recall the definitions of Ahlfors

regular measures and absolute decaying measures, which can be found, for instance,
in [BFK*12].

Definition 9. Let X be a metric space. Given a > 0, a Borel measure p on X is
a-Ahlfors reqular if there exist A, pg > 0 such that for every x € supp

(6) A7 < (B (x,7)) < Ar® forall 0 <r < pg.
We say that p is Ahlfors reqular if it is a- Ahlfors regular for some « > 0.

Definition 10. A Borel measure p on R? is called absolutely decaying if there exist
D,§ > 0 and rg > 0 such that for every x € suppu, 0 < r < 7, every hyperplane
H C R% and ' > 0 we have that

,r,l

4
7 (B (1) 08 0c) < D (%) (3 ).

The following proposition allows us to reduce Theorem 3 to Theorem 5. This
proposition is already hinted in [BHNS18, Remark 4.5].

Proposition 11. If S C R? is HAW then S Nsupp u # @ for any Ahlfors regular
absolutely decaying measure 1 on R%. Conversely, if S is Borel and S Nsupp p # @

for any compactly supported Ahlfors regular absolutely decaying measure u on RY,
then S C R js HAW.

Proposition 11 has the following equivalent formulation, stated as Proposition 13,
which does not use measures and is slightly easier to prove. First, recall the following
definition appearing in [BFK'12|.

Definition 12. A nonempty closed subset K C R¢ is called hyperplane diffuse if
there exists > 0 and r9 > 0 such that for every x € K, 0 < r < rg and every
hyperplane H C R% we have that

(8) KnN(B(x,r)\B(H,pr)) # 9.

Proposition 13. If S C R? is HAW then SN K # @ for any hyperplane diffuse set
K C R4, Moreover, if S is Borel then the converse also holds.

Only the second parts of Propositions 11 and 13 are new. Indeed, [BFK*12,
Proposition 5.5] further proves a lower bound on the dimension of the intersection of
HAW sets with the support of decaying measures, and an analogous statement about
the intersection of HAW sets with hyperplane diffuse sets follows from [BFK*12,
Proposition 5.5]. A direct proof of the first implication in Proposition 13 is provided
below for the reader’s convenience.
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The equivalence between Propositions 11 and 13 follows from the fact that if p
is absolutely decaying then supp p is hyperplane diffuse [BFK*12, Proposition 5.1],
and, on the other hand, if K is hyperplane diffuse then there exists an Ahlfors regular
absolutely decaying measure p for which suppu € K. The latter can be shown on
modifying the proof of [BFK*12, Proposition 5.5], where an absolutely decaying
measure u is constructed. Formally, we have the following statement.

Proposition 14. Let K C R? be hyperplane diffuse. Then there exists a compactly
supported absolutely decaying Ahlfors reqular measure p on R% such that supp p C K.

To summarise above discussion, in order to fully justify our claim that Theorem 3
follows from Theorem 5, it remains to give formal proofs to Propositions 13 and 14.
To begin with, we deal with the former, and start by stating two auxiliary statements
that will be used in the proof of Proposition 13.

Lemma 15. For any 3 > 0 there exists 0 < 8/ < B and N such that, for every ball
B = B(x,p) C R? there is a collection of at most N hyperplanes Hp such that for
any hyperplane H' there exists H € Hp for which

B(x,p)N B (H',8'p) € B(H,Bp).

Proof. The statement of this lemma is a specific case of Assumption C.6 in [FSU18]|,

where ' = g In the case of hyperplanes (Lemma 15) it is verified as part (2) of
Observation C.7. in [FSUIS|. O

The following is a slightly simplified version of Lemma 4.3 in [BFK*12].

Lemma 16. Let K C R¢ be hyperplane diffuse. Then there exist 0 < By < % and
ro > 0 such that for any 0 < r < rg, any x € K and any hyperplane H there exists
x' € K such that

(9) B (x', for) € B(x,7)\ B (H, or).

Proof of Proposition 13. Assume that S is hyperplane absolute winning and K is
hyperplane diffuse. Let [y and rg be the same as in Lemma 16 and suppose that
Alice and Bob play the restricted hyperplane absolute game according to Definition 7.
Suppose that on the first move Bob chooses § = By and a ball By of radius g centred
in K. These are valid assumptions since Sy € (0,1), K is non-empty and By can
be arbitrary. Let m > 0 and suppose that By,..., B, are the balls arising from
the restricted hyperplane absolute game that Alice and Bob play with Alice using
her winning strategy. Suppose that all these balls are centred in K. Note that,
by the choice of By, this is true for n = 0. Let A,4+1 be the neighborhood of any
hyperplane in R? of radius 87 +1r( that Alice chooses according to Definition 7. Then,
by Lemma 16, Bob can choose a ball B, 1 of radius 8"*!rq which is contained in
B, \ Ap4+1 and centered in K. Indeed, By,4+1 can be defined to be B (x/, for) arising
from Lemma 16 with B(x,r) = B,, and B (H, for) = An+1. Thus, for any n Bob
has a legal move, which means that Alice cannot win by default, and the sequence
(Bn),,> can be made infinite. Furthermore, as we have shown above Bob can play
so that the centres of B,, are all in K and so the unique point in (Ny>0 Br lies in K.
At the same time Alice can play using her winning strategy so that the unique point
in ),,>o Bn also lies in S. Therefore, SN K # & and this completes the proof of the
first part of Proposition 13.

For the converse, assume that S is a Borel set which is not HAW. Then, by Borel
determinacy theorem for the absolute game appearing in [FLS14, Theorem 1.6], Bob
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has a winning strategy, which will be fixed for the rest of the proof. Let 5 and By be
chosen on the first move of Bob according to his winning strategy. Define By = { By}
and continue by induction to construct collections of closed balls B,, as follows. Given
B, for every B € BB, let Hp be the collection of hyperplanes arising from Lemma 15.
Define B,,+1(B) to be the collection of all of Bob’s responses according to the winning
strategy while considering the hyperplanes in Hp as possible moves of Alice. Note
that B,4+1(B) is always nonempty. Define

(10) K= U B.

n>0 BeB,

By Lemma 15, every x € K is an outcome of the hyperplane absolute game played
according to Bob’s winning strategy. Therefore, x ¢ S. Since x is an arbitrary point
of K, we have that K NS = @.

B'B

It is left to verify that K is hyperplane diffuse. Indeed, we will show that it is ==
hyperplane diffuse for £’ as in Lemma 15. Assume x € K, 0 < r < rg and H' C R?
is a hyperplane, where rg is the radius of By. Let n be the unique positive integer
such that
(11) 2B"rg <1 < 28" rg,

which clearly exists since 0 < f < 1. Since x € K, by (10), there exists a ball
B = B (xq,"ro) € By such that x € B. The left hand side of (11) implies that
B C B(x,r). By Lemma 15 applied with p = 8"rg, there exists H € Hp such that

BNB(H',BB8") C B(H,B" ).
The right hand side of (11) implies that %ﬁlr < By and hence

BNB (H’, ﬁfr> C B(H,B" ).

By the definition of B,1(B), there exists a ball B’ € B,11(B) such that B’ N
B (H, B”“m) = . Since the collections B,,11(B) are always nonempty, by (10),
we have that K N B’ # @. Since @ # KN B C KN B C KN B(xp,r), we have

KN B(xo,r) ¢ B (H’, %ﬁ'r). Hence, K N (B(xo,r)\B <H’, %ﬂ’r)) 4 @. This
verifies Definition 12 for the set K and thus completes the proof.

2.1. Proof of Proposition 14. The proof of Proposition 14 relies on a standard
construction of Ahlfors regular measures in R? via decreasing collections of disjoint
balls. For this construction we follow [KWO05, Section 7.2]. Assume that 0 < 8 < 1,
ro > 0, and that N > 1 is some fixed integer. Assume that By is a closed ball in R
and that (B,),~ is a sequence of collections of closed balls such that By = {By},
any B € B, is a ball of radius 5"rg, and

(12) Br1 = U Bn1 (B),
BeBn
where for every B € B, the collection
Bnt1(B) = {B' € Byy1 : B'C B}
contains exactly NV disjoint balls for any n > 0. Define

(13) K= U B.

n>0 BEB,
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Also define the sequence of probability measures

1

BeB,

where ) is the Lebesgue measure on R? and \|p is the normalised restriction of A
to B which is defined by the formula A p(A) = AM(A N B)/A(B) for any Lebesgue
measurable set A. By (12), we have that supp ju,, 2 supp pin+1 for any n > 0. Let p
be the weak limit of u, and let

log N
14 - _ .
(14) = "1ogd
Note that for every n > 0 and every B € B,, we have that
1 -n

Proposition 17. Let K C R%, i and a be defined as above. Then supp u = K and
w18 a-Ahlfors reqular.

Proposition 17 is proved in [KWO05, Proposition 7.1] for R? with the supremum
norm. For completeness we repeat their proof with the Euclidean norm.

Proof. Assume x € K and 0 < r < 2rg. Let n be the unique integer for which
(15) 28"y <7 < 28"

Since x € K, by (13) and the disjointness of the balls in B,,11, there exists a unique
ball B € B,,4+1 such that x € B. The left hand side of (15) implies that B C B(x, 7).
So, by (14) and the right hand side of (15) this implies that

1 p

w(B(x,r)) > u(B) = AT ﬁa(n-ﬁ-l) > (27“0) re

On the other hand, by the right hand side of (15), there exists a constant M > 1
depending only on 8 and d such that

#{BeB,: BNB(x,r)# 2} <M.
Therefore, by (14) and the left hand side of (15) this implies that

w(B(x,r)) < % =MB" < M <2r106>ar°‘.

So (6) is verified with A = max { (2%)& M (ﬁ)a}
g

The proof of Proposition 14 is based on the construction described above, for a
particular choice of balls which stay far from appropriate neighborhoods of hyper-
planes in each level. The argument used for the proof of [BFK*12, Proposition 5.5]
provides such a choice. It is based on the following lemma.

Definition 18. Say that d points in R? are in general position if they lie on a
unique hyperplane. If x1,...,xq € R? are in general position denote this hyperplane
by H(Xl, ve ,Xd).
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Lemma 19 (See [BFK'12, Lemma 5.6]). Given By > 0, there ewists a positive
parameter ' < By such that for every x € R%, p > 0, and x1,...,x4 € B(x,p)
in general position such that the balls B (x;, Bop) are contained in B(x,p) for every
1 <i < d and are pairwise disjoint, if a hyperplane H intersects B (x;, 3'p) for every
1 <i<d then

B(va)mB(Hvﬁlp) C B(H(le--wxd)7ﬂop)~

Lemma 19 is stated in [BFK*12] with the general position assumption implicit.
We repeat the proof that appears in [BFKT12] for completeness.

Proof. Without loss of generality assume that x = 0 and p = 1. By contradiction, as-
sume that for every integer £ > 1 there are xy t,...,%q € B(0,1) in general position
and a hyperplane Hy that intersects B (ka, %) for each 1 <4 < d but

1
(16) B(0,1)N B (Hk, k:) Z B (H(X1k;--->Xdk)s Bo) -
By the compactness of B(0, 1) there are subsequences (lek]., e ,xd’kj) and Hy; that
converge, say to (x1,...,%Xq) and H respectively. Then necessarily x1,...,xq € H

and, therefore, any j large enough satisfies

B(0,1)nB (Hk 530) C B(0,1)NB (H 2?)

C B(()? 1) nB (H (Xl,k]‘;' . 'axd,k]') 350) .

Choosing j large enough so that % < % we obtain a contradiction to (16). U

Proof of Proposition 14. We follow the proof of [BFK*12, Proposition 5.5]. Assume
K is hyperplane diffuse. The goal is to construct an Ahlfors regular absolutely
decaying measure supported on a subset of K. Let 5y and rg be as in Lemma 16.
Let 3 be as in Lemma 19, and let

ﬁl
(17) p="2.
Let x9 € K be any point, and set By = B(Xg,r9) and By = {Bp}. Recursively
construct the collections By41(B) for every integer n > 0 and every B € B, as
follows. Construct by recursion a collection of d + 1 points in K N B. Assume
X1,...,X; € KN B are already defined for some 0 < ¢ < d, and let H be any
hyperplane that passes through xi,...,x;. By (9) there exists a point x;41 such
that

(18) B (Xit1, Bop"r0) € B\ B (H, foB"r0) -

Define By41(B) = {B (x1, 8" o), ..., B (%441, 8" o) }. Since B < By this is a
collection of d 41 disjoint balls contained in B. Let p be as defined in the beginning
of this section. Then suppu C K since for every n > 0 every B € B, is a ball
centered in K. Proposition 17 guarantees that p is Ahlfors regular. It is left to
verify that p is absolutely decaying.

Assume r < 19, x € supp i and 7’ > 0, and let H be any hyperplane. Let n > 0
be the unique integer satisfying

(19) 28" ey < r < 28™r.
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Since x € supp i there are balls B C B’ with B € B,,+1 and B’ € B, such that
x € B. The left hand side of (19) implies B C B(x,r). On the other hand, equation
(18) implies that

d(B',B") > 2(B — ) 8" 'ro

for any B’ # B” € B, therefore, since 3 = %/ < %, the right hand side of (19)
implies that B(x,r) N B"” = & for any B’ # B"” € B,,. So, B(x,r) Nsuppu C B'.

It is enough to verify (7) for every r’ small enough. Assume that 7’ < 18r and let
m > 1 be the unique integer satisfying

1 1
(20) 56”“7’ <7 < 567"7“.

The right hand side of both (19) and (20) imply that ' < g™*"ry. Therefore, for
every 1 < k < m and every B” € B, x_1, the hyperplane neighborhood B(H,r")
intersects at most d balls from B, (B"). Indeed, recall that

B, x(B") = {B (X17ﬁ"+k7’0) sooes B (Xd+175n+kro>} :
If B(H,r') N B (x;, " *ry) # @ for every 1 <i < d+1 then (17) implies that
HA B (xi, 85"1) # 2

for every 1 <14 < d+1. By construction, the points x1,...,x4 are in general position,
so Lemma 19 gives

B'NB (H 5’ﬁ”+’f*1r0) CB (H(xl, %), [30,8”““*%0) .

In particular, x411 € B (H(Xl, .. ,xd),ﬁ06”+k_1r0), which contradicts (18). The
upshot is that B(H,r') intersects at most d™ balls in By, 1, therefore,

w(Bx,r) N B (H,r')) < (di1>m u(B)

- (75) @ < (5) @ s,

e —d_ s
By the left hand side of (20), this verifies (7) with § = “e2 and D = (%) (d+1).
O

2.2. Cantor potential game. In order to prove Theorem 5, we will use the Cantor
potential game introduced in [BHNS18]. The game and its corresponding winning
sets are defined as follows.

Definition 20. Let X be a complete metric space and « > 0. The a-Cantor potential
game is played by two players, say Alice and Bob, who take turns making their moves.
Bob starts by choosing a parameter 0 < 8 < 1, which is fixed throughout the game,
and a ball By C R? of radius ro > 0. Subsequently for n = 0,1,2,..., first, Alice
chooses collections A, 11, of at most B0+ palls of radius 87 for every
1 > 0. Then, Bob chooses a ball B, 41 of radius B"*try which is contained in B,
and disjoint from (Jy<y<,, UAEAanu A. If there is no such ball the game stops and
Alice wins by default. Otherwise, the outcome of the game is the unique point in
Ny>0 Bn-

A set S C X is called a-Cantor winning if Alice has a strategy which ensures
that she either wins by default or the outcome lies in S. If X is the support of an
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a-Ahlfors regular measure then S C X is called Cantor winning if it is o/-Cantor
winning for some 0 < o/ < a.

It is proved in [BHNSI18| that this definition of a-Cantor winning sets agrees
with the original definition given in [BH17]. Here the convention regarding « is
opposite to the one used in [BH17|. For example, in our convention 0-Cantor winning
sets are absolute winning, see [BHNS18] or [BFK*12] for the definition of absolute
winning. This convention allows the definition of the a-Cantor potential game to be
independent of the space X. This comes at the price that some properties of Cantor
winning subsets do depend on X. We will use the following fact about Cantor
winning sets.

Theorem 21 (See [BHNS18, Theorems 3.4, 4.1]). Let X be the support of an «-
Ahlfors reqular measure and let S C X be Cantor winning. Then S # &.

We finish this section by stating an auxiliary lemma about efficient covers for
Ahlfors regular measures, which will be used in Section 4.

Lemma 22. Let pu be an Ahlfors reqular measure on a metric space X, let A, a,rg
be as in Definition 9 and let S C X be any subset. Suppose that 0 < r < rg and
w(B(S,7)) < co. Then there exists a cover of S Nsupp p with balls of radius 3r of
cardinality at most

Ap(B(5,1)

1) -~

Proof. Assume S C X and r > 0. Without loss of generality assume that S # &.
Note that B(S,r) is a Borel set. Choose any collection of points & C S N supp u
such that {B (x,r) : x € U} is a collection of pairwise disjoint balls. By the pairwise
disjointness and (6),

(2)  wux’ sZMB(x,r)):u(U B(x,m) < u(B(S,1).

xeU reU

Since p (B (S, 7)) < 00, any such collection U is finite. Therefore, of all the collections
U as above there exists one, say Upax, with the maximal number of elements. Then,
by its maximality, for any x’ € S Nsupp p there exists & € Unax such that d(z, z’) <
2r. Then, 2/ € B(xz,3r) and we conclude that {B (z,3r) : © € Umax} is a cover of
S Nsupp p. Finally, (22) implies (21) and the proof is complete. O

3. HOMOGENEOUS DYNAMICS AND QUANTITATIVE NONDIVERGENCE

The connection between Diophantine approximation and homogeneous dynam-
ics is well known as the Dani correspondence. In this context there is a beauti-
ful relation between bounded orbits and badly approximable vectors. Throughout,
diag (b1, ...,bq) denotes the d x d diagonal matrix with diagonal entries by, ..., by.

Let G := SLgy1 (R) and T' := SLg11 (Z). The homogeneous space Xgy1 := G/T
can be identified with the moduli space of unimodular lattices in R4t! via the fol-
lowing map:

gl' € X1 — gzt
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Given w = (wy,...,wq) € Wy and b > 1, for any n € Z we let
bTL

b*’u)ln

(23) ap, = . €G.
. p—wan
Further, for any x = (x1,...,74) € R? let
1
(24) Ux 1= . eqG.
1

For € > 0 define the set
K.:={A € Xgq1 : ||v|]| > e forany ve A\ {0}},

where ||v| is the Euclidean norm of v. Then, as is well known for any x € R? we
have that

(25) xeBad(w) <= 3Je >0 such that a,uxZ?! € K. for every n € N.

See [BPV11, Appendix| and [Berl5, Appendix A] for detailed explanation of this
equivalence.

Recall that by Mahler’s criterion, the complements of the sets K. give a basis for
the topology at 0o in Xg11, so (25) may be rephrased as x € Bad (w) if and only if
{anude“ 'n € N} is bounded in Xg,1.

It is straightforward to verify that for every x’ € R% we have that

(26) anux/agl = Udiag(p+wnn, . pO+wa)n)xs -

.....

Note that if x = xp + x’ then ux = uyux, and therefore

Zd+1 Zd+1 (2:6) Zd+1 )

_ -1
A Usx = Qplx/ A, Gnlx, Udiag(b(1+w1)n,7.'.7b(l+wd)n)xlanuxo

Thus, on letting A = a,ux,Z*! and y = diag (b(le)”, . ,b(de)”) x’ we see that
the set of parameters y € R? for which uyA € K. plays a role in the study of
bounded orbits of uxZ%! under the actions by an. The Dani-Kleinbock-Margulis
quantitative nondivergence estimate (see [Dan86, KM98|) gives a sharp and uniform
upper bound on the Lebesgue measure of the set of y for which uyA ¢ K. under
some conditions on the lattice A. Later this was generalised to “friendly” measures
by Kleinbock, Lindenstrauss and Weiss [KLW04]. Within this paper we will use
the following direct consequence of Theorem 5.11 in [BNY20|, which in turn is a
consequence of the results of [KLW04].

Theorem 23. Assume  is an Ahlfors reqular absolutely decaying measure on R<.
Then for any z € supp u there exists an open ball B(z) centred at z and constants
C,v > 0 such that for any ball B C B(z) centred in supp p, any diagonal matric
g€ G and any 0 < p <1 at least one of the following two conclusions holds:

(i) for alle >0

(27) 1 ({X € B: guyZ4t! ¢ KE}) <C (;)WM(B);
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(ii) there exists 0 £V =VviA---AVj€E N (Z+1Y) with 1 < j < d such that

sup [|guxv]| < p.
rxeB

In order to use Theorem 23 some notation related to the action of G on the exterior
algebra of Rt is set up in the rest of this section.

Let e; := (1,0,...,0) and e; := (0,...,1,...,0), where for every 1 < i < d the
i + 1st coordinate is one and the rest are zero, be the standard basis of R4T1. For
any I C {+,1...,d} let e = /\;,c; e be the wedge product of basis elements with
indices in I. For any 1 < j < d the collection {e; : #I = j} is a basis of \’ (RTHY).
Define an inner product on /\j (Rd+1) by setting (er,es) = 7,7 (where d7 7 := 1 if
I = J and 67y := 0 otherwise) and extending linearly. Let || - | be the Euclidean

norm which is derived from this inner product. Note that this notation is consistent
with that of Theorem 23.

For every 1 < 5 < d define the subspaces
Vi :=spang{er : + € I} and V_ :=spang{er : I C{1,...,d}}.

Each vector v € /\j (Rd+1) decomposes uniquely into v = v + v_ with vy € V,
and v_ € V_.

Let G act on \’ (R™!) by linear transformations defined on wedge products as
follows: for any g € G and v =vi A...Av; € A’ (R¥!) we define

(28) gV =gViA...\gvj.

Proposition 24. Assume x € R, h€ Z, h >0 andv=viA... AV € /\j (]Rd“),
1< j <d. Then, assuming that v; = v; yey +v;1€1 + -+ v; geq, we have that

J

(29) uv =vt+ep A > (D) (viaan + ..+ viarg) \ vir |
i=1 il i
(30) la—pvil <O~ vi]l and  [la_pv-|| < B*|v_]l,

where wy ts assumed to be the smallest weight.

Proof. Both (29) and (30) are elementary to prove. Indeed, (29) is an immedi-
ate consequence of definition (28) and the easily verified equation uxv; = v; +
(vipx1 + ... + v qxq) €4 together with the alternating property of the wedge prod-
uct and, in particular, the fact that e Aej = 0. In turn, since the standard basis e;
of N\’ (Rd“), where I C {+,1,...,d} and #I = j, is orthonormal and each of ey is
an eigenvector of a_p, it suffices to verify (30) for the basis vectors e;. The latter is
a trivial job done by inspecting (30). We leave further computational details, which
are straightforward, to the reader. (|

When applying Theorem 23 in Section 4 we will use the following simple bound.

Lemma 25. For every ball B C R?, every diagonal matriz g = diag (by,by,...,by)
such that by > 1 and 0 < by,...bg < 1 such that byby---bg = 1, and every v =
ViA- AV E /\j (Zd“) with 1 < j <d+ 1 such that v # 0 we have that
(31) sup ||guxv|| > min{1,rg},

reB

where T 1s the Fuclidean radius of B.
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Proof. The case of j = d + 1 is trivial since in this case we have that ||guxv| =
v >1forall x. Let 1 <j<d, v=viA---AVjE€E N <Zd+l> and v # 0. Let

x = (1,21,...,2q) and write each v; = (v; +,vi1,...,0;q4). Then

. b+<)~(7vi>
J b1v;1
(32) quxV = /\
i=1 :
bqv; 4
Since v # 0, there exists a collection {lo,..., 03} C {1,...,d} such that the rows
(be,v1,0ys - - - bevj0,,) (2 < k < d) are linearly independent. It follows that the
determinant

bJr <)~(, V1> ce b+ <)~(, Vj> ) <)~(, V1> ce <)~(, Vj>
be,v1,0 N YR ) J Vi g Y.
det 2. 2 . 2‘]72 ZHbekXdet ‘2 . ].72 ,
bg]. ’ULZJ. R bgjvjygj Ul’gj R Uj,Zj
where {1 = 4, is not identically zero. Here we used the obvious fact that the
functions (x,v1),...,(X,v;) are linearly independent over R, which follows from
the linear independence of vi,...,v;. Observe that the above determinant is one

of the coordinates of guxv (see [Sch80, Section IV.6 Lemma 6A]). Furthermore,
since all the vectors v; are integer, it is of the form [ _; by, f(x), where f(x) =
co + c1x1 + -+ - 4 cqxq for some integer coeflicients cy,...,cq, not all zeros. Since
the norm of guxv is at least the absolute value of any of its coordinates, using the
assumptions that b > 1,0 < by,... bd <1and byby---bg =1 gives

(33) lguxvll = H be f(x)| = [f(%)]-

k=1
If ¢ =+ = ¢g = 0, then the right hand side of (33) is a nonzero integer and
therefore it is at least 1. Otherwise, ¢ # 0 for some 1 < k < d. Then, take the points
X411 = X+ rpeg, where xg is the centre of B. Then, |f (x41)—f (x-1) | = |2¢krB|

2rp. Consequently, using the triangle inequality, we get that sup,cp |guxVl||
max {|f (x41)|,|f (x=1)|} = rp. The proof is complete.

v Iv

4. PROOF OF THEOREM 5

Let w be any weight, p be a compactly supported Ahlfors regular absolutely
decaying measure on R% and let A, v and pg be as in (6). For every z € supp p let B(z)
be the ball arising from Theorem 23. Clearly, {%B (z) : z € supp u} is an open cover
of supp . Since supp p is compact, there is a finite subcover {%B (zy) 1 <u< U}
of supp p. Thus,

U
(34) supp p1 C U 3B (

Proposition 26. There exist positive constants C' and v with the following property.
For every ball B centred in supp p that is contained in one of the balls B (z,) with
1 <wu < U and such that statement (ii) of Theorem 23 does not hold inequality (27)
holds for all € > 0.
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Proof. The existence of C' and v follows from Theorem 23 since we have a finite
collection of balls B (z,) and so C can be taken its maximal value over B (z,) and
~ can be taken its minimal value over B (z,). O

Recall that the ultimate goal is to show that Bad(w) Nsupp u # @. Note that
the support of a Borel measure is closed thus X := supp u C R? is complete. Then,
by Theorem 21 with S := Bad (w) N supp p, it suffices to show that S is o/-Cantor
winning (in the sense of the Cantor potential game played on X) for some 0 < o/ < a.
The specific value of o/ we use will be defined in (65) below.

We will describe a winning strategy for Alice for the o/-Cantor potential game.
Assume Bob chooses By and 8 on his first move. Recall that By is a closed ball in
X = supp p defined by its centre xo€ X and radius rg, that is By = X N B(xg, o).
Before describing Alice’s strategy we start with several simplifying assumptions.
Without loss of generality we can assume that rg is less than 1—10 of the radius of
every ball $B (z,) (1 < u < U) appearing in (34). This can be done as a result of
Alice playing arbitrarily for several moves until the condition is met. Let ug be such
that xo € 3B (2y,), which exists due to (34). Then using the triangle inequality and
the above condition on rg we conclude that

(35) B(xq,519) C B(z), where z = z,,, .

Here B(xq, 7o) is the ball in R? of radius 7o centred at xo. Also without loss of
generality we will assume that

S T )
where pg, A and « are as in (6). In particular, by (6), we have that
(36) u(By) < 1.
Without loss of generality we will assume that

wp > we > ... >we > 0.

Define formally wg41 := 0. Then there exists a unique integer ¢ such that 1 <t <d
and

w1 =...= Wt > W] -
Without loss of generality we may assume that § is small (to be determined according
to (66) and (67)). This can be done as a result of applying Alice’s strategy described
below with M for some integer M > 1 and letting Alice play arbitrarily on every
step of the game which is not 1 modulo M. Let b > 1 be such that

B _ b—(1+w1) )
Recall that b is a parameter appearing in the definition of a,, see (23). For any n > 0
denote Bob’s nth move by
B, = X N B (xp,"ro).

Thus, B, is a ball in X of radius 8"rq centred at x, € X. For every integer £ € Z
define the following diagonal matrix

_ (d1-t)e _ (d+1-t)e

(87)  dpi=diag | BT, B @ .. BT, BET, . BT | €.

t times d — t times
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Also, given any € > 0, B C R? and non-negative integers n, k and /, let
(38) AMY(B) :={x € B : dyajux ¢ K.} .

When B = B,, we will write Alg’e’” for A};’Z(Bn). The sets A’;’K’” will be used to
define Alice’s winning strategy, see (68)—(71). It will be apparent from the definition
of Alice’s strategy and Definition 20 that our proof crucially depends on obtaining
suitably precise upper bounds on the py-measure of certain neighborhoods of the sets
A’;"”‘. The following lemma, which provides such bounds, is therefore the key step
in defining Alice’s winning strategy.

Lemma 27. Let C and - be the same as in Proposition 26 and let
C' = CA? max {2%(2r9)77, 3%} .

Then for any quintuple of nonnegative integers (h,k,¢,m,n), if

_ d+l
(39) df+makuan € K\/d-f—ilﬁ#‘lﬁ)_l )
and
(40) deag—pus, 291 € Kﬂ(wg’
for some point X, € By,, where
h h

(41) T=min<k—4¢{—m-—n— , 1 >0,

14+w 14w
then for any € > 0
(42) p(AE) < eV (By)

If n =0 and k > %K then (42) holds for any € > 0 without assuming (39) and
(40). Moreover, if 0 < r < f"r¢ and

(43) g = (1 + max {5#’“, b(Hwt“)k} r> £,
where wiy1 = 0 if t = d, then
(44) p (B (A ) < O (By),

which is valid for all n assuming (39) and (40) and for n =0 assuming k > 1;:%6.
Proof. Let n > 0 and write x = x,, + X’ with ||x'|| < ™. Since wy = -+ = w; and
8= b_(le), conjugating ux by deay in the equation ux = uyxrug, gives

(45) dpapux = u<

deapusz, .
BUba B U g by ) TR

Note that (35) and the fact x,, € B, = X N B (xy, 8"ry) imply that
(46) B (xp,2"r0) € B (Xn,38"r0) C B (xn,48"r0) € B (x0,5r0) € B(z),

where B(z) is as in (35). Let 1 < j <dand 0 #v =viA...AV; € N (z4+1).
Let v/ = dyajug,v and Vg = dyagug, v; for every 1 < ¢ < j. Assume towards a
contradiction that

/
v

(47) sup

[x"|<B™ro

<1.

Uf e _ 1 k 1 k
(B By b e Dby b1 0a)kg )
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Inequality (47) applied at X" = 0 implies that ||[v/|| < 1. Since || || is the Euclidean
norm, ||v'|| = Hv’l Ao AV ’ is the covolume of the lattice A* := Zv} +...+Zv} in
the Euclidean subspace W* := Rv] +...+Rv’ of R4+, That is covol (A*) < 1. Next,
as is well known the Euclidean ball B*\/j». in W* centred at 0 of radius /j contains
a cube C* of sidelength 2, i.e. C* := { gzl gier = 16;] < 1}, where e7, ..., €] is any

orthonormal basis in W*. Therefore B*,. has j-dimensional volume > 27. Then, by

Minkowski’s theorem for convex bodies, Bfﬁ contains a non-zero point of A*. In
other words, the shortest non-zero vector of A*, say v/, has Euclidean norm < /j.
Complete ¥} to a basis ¥,...,V} of A*, e.g. to a reduced Minkowski basis. Then
VI AL AVE = V)AL AV since the two bases span the same linear subspace of

R and have the same Euclidean norm (equal to the covolume of A*). To save on
notation, without loss of generality we will assume that v} = v/ (1 <7 < j). Then,
we have that

(15) [vill < Vi< va <rg".

If ‘v’“ < B™ryt for all 1 < i < t, where v} = (v’17+,v’171, . ,’ui’d>, then using
(48) we get that
(49) ldmvh ]| < Vd+ 183yt < Vd+ 1871y

and so, since v} = dgapug, vi with vi € Z41\ {0} and d,dy = dgypm, we get that

d AUx ZdJrl K _m_
l+mUEUx, ¢ \/mﬁd+1T617

which contradicts assumption (39).
Otherwise, there exists 1 < i < t for which

(50) W] = Bt

/

It is enough to use (47) for x’ of the form x’ = (O, S

nonzero entry is in the ¢gth coordinate. In this case, let

J
(51) v = Z(—l)’“vgﬂ-o /\ Vi
i=1 i

.,O) where the only

Then, by (29), we have that

2 U v =v' ko v
(52) <6£7kx/1’_._”38719147b(1+wt+1)k$;+1,”.Vb(1+wd)k1,/d) + 8 i€+ N

for all X" = (0,..., 2} ,...,0) with |z} | < 8"ry. By (47),

10

when z] = "ro. Then, by the triangle inequality,

v+ ﬁgka;0e+ AV <1

st no] <

v+ 5€_kx;0e+ A f/H + ‘

v/ — B ey A \NIH < 2.
Letting x; = B"ro and dividing the above inequality through by Qﬁé_kxgo give

(53) les A9 < Bt

Observe that ey A vy =0, and thus e AV = e AVv_. Furthermore, |le; AV_|| =
|[Vv_]|| and therefore (53) can be rewritten as

(54) V|| < BE=Emrgt
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On the other hand, by (51), taking the wedge product of v} and v gives
(55) VIAV = v’l’iovl,
so equations (48), (50), (54) and (55) yield
~1 - e
IVEI < fota | Vi[9 < Vdgh=me.

Applying the right hand side of (30) gives

e
(56) lla_pv'_|| < Vag*—m e
Next, by (47), |[v/ || < [|[v'|| < 1, and so applying the left hand side of (30) gives
(57) la—nv', || < b-wah

Combining (56) and (57) together with the fact that a_,v' = dpay_pux, v we obtain
h
(58)  ldga—nux, vll = [la-nv'[| < V2dmax {g* """ wn p=iend = \/adpT,

where 7 is given by (41). Using Minkowski’s theorem for convex bodies in the same
way as we did in the argument leading to (48), we deduce from (58) that the lattice
dpaj_puZ®! has a nonzero vector which Euclidean norm is smaller than

l, T T

Vi (V2dsT)’ < v2dpi < Vadsi
since 7 > 0 and 0 < 8 < 1, contrary to (40). Thus, (47) cannot hold and therefore,
by (45), we have that Condition (ii) within Theorem 23 cannot hold with p = 1 and
B = B (%y,38"r9). Hence, by Theorem 23 with this choice of p and B, which is
applicable in view of Proposition 26 and (46), we obtain that
(59) p({x € B (%n,38"r0) : deayux & K:}) < Ce"p(B(Xn,36"10)) -
Since x,, and X, are both in the support of u and 3rg < pg, by (6), we have that
(60) 1 (B(Xn,38"r0)) < A(38"rg)" = 3*A2A™1 (87r)

< 3°A%1 (B(xp, BMr0)) = 3°A%u(B,,) .

Further observe that, by (46), the left hand side of (59) is an upper bound for
1 <A§’£(2Bn)). Hence, combining (59) and (60) gives

(61) i <A§’€(2Bn)) < O’V (By).

And since trivially we have that AF“™ C A%*(2B,,), (61) implies (42), as required.
Regarding the case n = 0 first observe that, by (6), we have that

(62) W(2B,) < A22°u(B,).

Now if k > Y0 then deay = diag(by,by,...,bs) with by > 1 and b; < 1 for
every 1 < i < d, so Theorem 23 with p = 2ry together with Lemma 25 and (62)
immediately imply (61) and consequently (42).

To see (44), assume that 0 < r < 8¢ and € is given by (43). If x € AP*™ then
there exists v € Z41\ {0} such that ||dearuxv|| < e. Suppose that ||y — x| < r and
define x’ = y — x. Using the conjugation of uy by dyay as in (45) we get that

dparuyv = “(/3/27%/17,,_,527%;,b(1+wt+1)’“x;+1,...,b(“’wd)%;) dpaguxv

= dpapuxv + (V, dpaguxvye ,
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where v = (0, 872/, ..., B *aj, pItwer)k g AR ,btwa)ky, /}) - Then on using the
triangle and Cauchy—Schwarz mequahtles we get that

|dearuy vl < ||deaguxvl]l + (¥, dearuxv)| < (1 + [[V]]) [|dearuxv]| -
Observe that
9] < max { B, b1k b x| < max { gE p ek Ly
and therefore
|dearuyv| < (1 + max {Bg_k, b(wa“)k} 7“) e=¢.
Further, since x € ARt C B and lly —x|| < r < B™rg, we have that y € 2B,,. Then,
B (A];’Z’”,r> - Af;€(2Bn) and applying (61) with e replaced by &’ gives (44). O

To complete the proof of Theorem 5, let

(63) S::max{&{ 1+ w; w’{2(1+w1)+1ua

W1 — W1 w1

(64) o min{ 1 wys wis — 2(1 + wy) a}
= 4d+1) 21 +w1)’ 2d(1+w) '~

m
65 S — -
(65) oima g
where it is agreed, if needed (i.e., in case t = d), that wg1; = 0. Note that (63) and

(64) imply that n > 0,0 < o/ < o and s > 5. Assume that (3 is small enough so that

it satisfies
wys—2(1+wq)

(66) ﬁ_ 2d(1+wy) > \[Cl /B_%ﬁ’l) > \/id and B_m 2 \/mTal’
(67) [’3:1 < min {2—1, (A20/27+1(3T61)a)_1} .

Recall that A and « are the parameters of p appearing in (6), C” is given in Lemma 27,
C and « are as in Proposition 26 and r¢ is the radius of By which choice is described
after Proposition 26.

Now let us describe the winning strategy for Alice. We will keep notation used in
Definition 20. Alice’s strategy is understood as a sequence of maps J,, indexed by n €
N which assign a sequence (An+1,i)i>0 of collections of at most B*a(”l) balls of radius
B H1+irg to Bob’s moves 3, By, . . ., By, that is (Ant1,);59 = Fn(B, Bo, - .., Bn). The
sets Aj,+1, will be defined in a 3-step process, which can be described as follows:

(i) Choose ‘raw’ subsets A,41,;, € B, that Alice wishes to ‘block out’ as she
plays the game; then

(ii) Refine Ay,41, to obtain subsets An—i—l,i C A4, by removing overlaps be-
tween the sets A,,11; that appear at different stages of the game; and

(iii) Finally ‘convert’ flnH’i into the required collections of balls A, 11 ; by using

the efficient covering of Lemma 22.

Naturally we start with Step (i) to define the raw sets A,41,. To begin with, for
every ¢ > 0, let
(68) A= U {x € By : dpttys14s0uxZ0 ¢ KW},

n'>0, (> +1
n'+(s— I)Z i
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where the union is taken over all possible values of integers ¢ and n’ > 0. Note that
if no such values of ¢ and n' exist, then A; ; = @. Next, for n > 1 define

(69) Apiri = {x € By ¢ dptny1ssuxZit! ¢ KW}

if i = (s — 1)¢ for some integer 0 < £ < ntl and we define Apt1,i = @ otherwise,

R
that is for i > O such that i ¢ {(s —1){ : L€ Z, 0 < < 2HL}
Now moving on to Step (ii), define

(70) A1 =Any1i\ U Apiir s

0<n/<n, i'>0

where in the case n = 0 the union (70) is empty and thus flu = Ay,
Finally, moving on to Step (iii), with reference to Lemma 22,

71 let A - be an efficient cover of A . by balls of radius 7T,
( ) n+1, n+1, DY B 0

Since Ap41,; is a cover of fln+172~, by Definition 20, when Bob makes his next move
B+ it must be disjoint from A,/ i for all ¢/, n’ > 0 such that n'+4" = n. Therefore,
if x is an outcome of the game, that is x € N, >0 B, then we necessarily have that

(72) X Q U An-l—l,i'
n,i>0

Using a standard inclusion-exclusion argument and (70), one readily verifies that

U An-‘,—l,i = U An-‘,—l,i

n,i>0 n,i>0

and therefore, by (72),

(73) X ¢ U An-l—l,i-

n,i>0
By (70), we have that the outcome x of the game satisfies
dgan+1+sgude+1 S Kﬁni

for every n > 0 and £ > 1. Using this for £ = 1 we get that

d+1
anUuxZ € d_la_s_lKgn - I{ﬁnJr iﬁt}ﬁrd}i?
for all n > 0. By Dani’s correspondence (25), this means that x € Bad(w). In order
to complete the proof that Bad(w) is Cantor winning in supp p it is left to show
that Alice’s strategy is legal, that is for all n,7 > 0 we have that

(74) #Ani1 < 00D

The plan is to use Lemma 27 in order to get a measure estimate for small neighbor-
hoods of the sets A, 1, and then to apply Lemma 22 to derive (74). The definition
of Apy1; is designed to ensure that assumptions (39) and (40) hold when they are
needed and so Lemma 27 is applicable. Note that in the case n = (0, which serves as
the basis of the inductive argument, these assumptions are not needed. See Figure 4

for a more geometrical description of the definition of Alice’s strategy.
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(0,1,-1) (1,0,-1)

log da.

log da..,

0q a;

P (1-1,0)

FIGURE 1. The plane represents all diagonal matrices in SL3 (R).
Logarithm of a diagonal matrix is the vector whose coordinates are
logarithms of the entries along the diagonal. Each blue point is the
logarithm of a diagonal matrix dpa, 11 for some parameters n, ¢ >
0. An arrow from dya,+14s¢ t0 dpray 4145 is drawn if estimating the
measure of AZT1H44" via applying Lemma 27 requires an assumption
regarding dpap/y14s0ux . Diagonal matrices in the region between
the arrows which are labeled by logdias and logdyass are exactly
those which satisfy £ > "TH, and are dealt with at Alice’s first turn.
The parameters used to generate this figure are w = (2/3,1/3), s = 2,
n=2>5,0=1.

First we deal with A; ;. Observe that the sets in the right hand side of (68) are
precisely AF0 given by (38) with k = n/ + 14 s and € = 7. Therefore,

(75) B (Ay, %ﬁi-}—lro) — U B (AZJHSZ’Z’O, %5”11”0) '

n'>0, 0> HL g (s-1)0=i

For any 7 > 0, for any n’ > 0 and ¢ > % such that i = n’ + (s — 1)¢, apply
Lemma 27 with the quintuple (h, k, ¢, m,n) set to be (0,n’ +1 + s£,£,0,0), ¢ = 7
and r = 13" ro. In this case using (43), (63), the equation b = B~/ (+w1) and the
fact that 0 < 8,79 < 1 gives

(76) & = (1 I max{Bf(n’+1+(sfl)f)7b(1+wt+1)(n’+1+s€)} %5i+1r0> gt < 28
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By (63) we have that k > 1:}—11”16 and thus Lemma 27 is applicable to each set on the
right of (75). Therefore, using (44), (75) and (36) gives
(77) H (B (Al,z'a %ﬁiﬂro)) < Z C'2v gt
n'>0, 0> HL g (s—1)0=i
< Z CIQ’YB’W?@S c' <52e 1>i+1

ez 27;:;11 - /8

< i+ <5%>i+1: Ol g (1) gan

since n = 0, where the last inequality holds due to (67).

Now let n > 1, ¢ > 0 and let us assume without loss of generality that ATH—LZ' #* g
as otherwise A, 1; = @ and there is nothing to prove. In particular, we have that

i=(s—1)¢{>4forsome 1</ < ”T“ Observe that A,41,; = = AnPIESGEn  ere

Bt
AZLHSM ™ is given by (38). Therefore,
(78) B (AnJrl i 3ﬁn+1+z ) (Ag:£1+s€£n 1Bn+1+2 ) ‘

Note that n+1+i = n+1+4(s—1)¢. With the view to applying Lemma 27 let the quin-
tuple (h, k, ¢, m,n) be (st,n+1+sl,(,0,n), e = 7 and r = "+, :%ﬁ"H*(S*l)ZTO.
Using (43), (63), the equation b = §~Y/1+¥1) and the fact that 0 < 8,79 < 1 in the
same way as in (76) we get that

o — (1 1 max {B—(n—i-l—i—(s—l)ﬁ)’b(1+wt+1)(n+1+s€)} %5n+1+(5—1)zr0> gnt<opgnt.
Further, since An+17i # @, by (70), there exists a point X, € B, such that
(79) X, & U Apry1 -

0<n/<n, i'>0

Recall that, by definition, B, is a subset of supp p and therefore x,, € supp p. By
(79), we have that

- . n+1 n+1
Xn & Al,n+(s—2)€ U Al,n—€ if 95 <i< s
- ) n+1 n+1
Xn g Al,n+(372)£ U AnJrlst,(sfl)Z if 3s <i< 25
- . n+1
Xn & An+1fs€,2(371)8 U An+1fs€,(sfl)€ it t< 3s

A routine inspection of each of the sets above gives that

(80) Ao 140z, 2 € Kgag C K\/di[j%

and

(81) dgan+1u;(nZd“ S Kﬁnz - K\/ﬁdﬁg s

where

. h hwy . slwgy
T—mln{k—ﬁ—m—n—m, 1+wl}—mm{l+( )€—1+w1,1+w1}>0.
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and the containments on the right hand side follow from (66) together with (64).
Thus, conditions (39) and (40) are satisfied. By (44) and (6) we have that

(B (A otom 51Ty ) ) < C21 87 (B, < €2 B A(B o)
Then, by (78) and the fact that i = (s — 1)¢, we get that
(82) 1 (B (Antrir 587 o)) < C'20rg AR 5o
— "5 ABTe-D ) gom
Combining (77) and (82) together with Lemma 22 applied with r = 8" ¥1r) gives
that for every n > 0,7 > 4
Ap (B (Ang,i, 38 rg))

#Ant1,i < Ba(n+z+1)( 7o)

Amax {C”Q“/Hﬁz;% (i+1) gan ClgvrgAﬁﬁ(iﬂ)ﬁan}

<
> Ba(n+z+1)( TO)

< 20 (3r51) 5 0 (e xit)
= A20'271 (3 ral)aﬁ(iﬂ)(%)5_(”1)(”%)
< 5 (’L+1

where the last inequality follows from (65) and (67) and on using the fact that ¢ > 4.
This shows that the collection {Ay,4+1, : n,7 € N} is a legal move for Alice. By the
argument in the beginning of this section, this completes the proof.

Remark 28. The diagonal matrices dy arise naturally in the proof of Lemma 27,
even while only considering the sets ARE™ Gith ¢ = 0. The general case is useful as
the conditions (39) and (40) turn out to also be of the form x,, ¢ Al;,l’gl’n/ for some
parameters €', k', ¢',n’. Choosing dy as in (37) is natural, as it equally expands the
2nd to (t+1)st coordinates which are all contracted by aj, at the same rate. However,
it is likely that dj, say, can be replaced by any other unimodular diagonal matrix
which expands the 2nd to (¢ + 1)st coordinates and contracts the other directions.
This property is necessary, in order to ensure that an inequality similar to (49)
holds. Changing the definition of dy in this fashion will require a different choice
of the parameter s, which is defined in (63). In this context, it should be noted
that Lemma 27 is only applied with diagonal matrices of the form dya,y145¢ =
(dgase) an+1, so it makes sense to also consider the one parameter group deag. It is
interesting to note that the above described strategy of Alice is in fact winning even
if s is replaced by any integer larger than the one described in (63), and that dyagp
becomes closer in direction to the direction of a,41 as s becomes larger.

APPENDIX A. PROOF OF PROPOSITION 8

As we mentioned earlier the proof essentially follows the argument of [FSULS,
Proposition 4.5]. First of all, note that if 1/3 < 8 < 1 then, with reference to
Definition 7, Alice can win by default on her first move by taking A; to be the
closed B-neighborhood of any hyperplane passing through the centre of By. Thus,
without loss of generality we can assume throughout this proof that Bob always
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chooses 5 < 1/3 when he plays the restricted hyperplane absolute game. With this
additional assumption the necessity part of Proposition 8 becomes obvious. Indeed,
to win the restricted hyperplane absolute game Alice simply has to follow her strategy
for the hyperplane absolute game and set € to be exactly 5 on each of her moves.
By increasing € to its largest possible value Alice will only limit the possible choices
for Bob’s next moves. Additionally, the modified game has a greater restriction on
Bob’s moves, since the radii of his balls always satisfy r,+; = 8r,. Note that since
B < 1/3 the game does not stop at a finite step. Therefore, the outcome of the
restricted hyperplane absolute game will lie in S and Alice will win.

To prove the sufficiency requires some work. Suppose that S is restricted HAW,
which means that Alice has a strategy to win the restricted hyperplane absolute
game. Following [FSU18| and indeed Schmidt [Sch66], by a strategy one can under-
stand a sequence of maps F,+1, n = 0,1,2,... which assign a legal move A, for
Alice depending on Bob’s previous moves 3, By, ..., B,. This strategy is winning
if Alice can win when she uses it. As was demonstrated by Schmidt [Sch66, Theo-
rem 7|, Alice always has a positional winning strategy for every restricted hyperplane
absolute winning set S. This means that for every 8 € (07 %) there exists a map
Fp from the set of balls in R? into the set of Alice’s legal moves for the restricted
hyperplane absolute game such that F,41 (8, Bo, ..., By) = F3(By) is Alice’s win-
ning strategy. That is Alice can make her move only using the knowledge of 8 and
Bob’s previous move B,,. From now on we fix a positional winning strategy for the
restricted hyperplane absolute game, which we will use to define a winning strategy
for the hyperplane absolute game. Also, note that since S is restricted HAW, it has
to be dense in R?; otherwise Bob can win the restricted hyperplane absolute game
by taking By to contain no points of S.

Given any 0 < 8 < 1/3, define the following map on balls B(x,r) in R? into
hyperplane neighborhoods as follows: first find the unique integer m, € Z satisfying

(83) (B/2™* <7 < (B/2)"™

then write

) Fiapp (B (x,(8/2)™)) = B (H. (8/2)™ ")
where H is a hyperplane in R% and finally define

(85) Gs(B(x,7)) = B (H,2(8/2)2m+2).

By the left hand side of (83), we have that
2(6/2)*™ % < Br

and therefore Gg(B(x, 7)) represents a legal move of Alice for the hyperplane absolute
game. We claim that the map Gg gives a positional winning strategy for Alice in the
hyperplane absolute game.

Indeed, suppose that Bob chooses any 0 < 8 < 1/3 on his first move and suppose
that B, = B(xn,m,) (n = 0,1,2,...) and Aj, Ag,... are the moves taken by Bob
and Alice respectively in the hyperplane absolute game such that

(86) Ani1 =G3(B(xp, 1)) =B (Hn,2(ﬁ/2)2mrn+2)

for all n > 0, where H,, is a hyperplane in R? and m,., arises from (83) when r = ,,.
Without loss of generality we can assume that r,, — 0 as n — oo as otherwise Alice
wins because S is dense.
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Now we extract a subsequence of B,,, say By, such that the radii r,, are compa-
rable to (8/2)2*. To this end, first define kg € Z such that (3/2)%% < ry. Next, for
each k > kg define n;, such that

(87) (8/2)% = B3(B/2)* <, < 3(8/2)°.

The existence of ny follows from the properties of the hyperplane absolute game,
namely, the fact that r,41/r, > S for all n > 0. Furthermore, observe that ny, is
increasing. Also, by (83),

(88) mr,, =k.
Now define
Bk =B (xnk, (ﬁ/Q)Qk) and zzlk_H = ]:(5/2)2 (Bk> =B (ﬁkv (6/2)2k+2)

for k > ko, where Hj, are hyperplanes.

Claim: Bkm flkﬁ_l, Biy+1, Ako+2, - - -1s a sequence of legal moves taken by Bob and
Alice in the restricted hyperplane absolute game when Bob chooses (3/2)? as the
parameter of the game.

The legality of Alice’s moves Ay is obvious from Definition 7. To determine the
legality of Bob’s moves we have to verify that
(89) Biy1 € B\ Appa

for all k > k. First note that, since B,, = B(xy,ry,) for all n = 0,1,2,..., we have
that x,,, ., € By, ,. Further, since ngy1 > ng+1and B, and A, 41 forn =0,1,2,...
are the legal moves of Bob and Alice for the hyperplane absolute game, we have that

g1
Therefore,
Xnyq € Bry \ Angr1 -

Using the definitions of By, , (86), (87) and (88), the above implies that
(90) d (Xny,qsXn,) < Ty < %(ﬁ/2)2k
and

d (Xnpyrs Hny) > 2(8/2)° "t = 2(5/2)2042
where d(-) is the Euclidean distance on R?. Observe using (84), (85) and (86) that
H,, = Hj. Then,

(91) d (xnm,ﬁ,ﬂ) > 2(8/2)%+2.

Using the triangle inequality together with (90) and (91) gives
B (xur: (8/27572) € B (0,0 (8/2%) \ B (Hy. (8/2)72)

which is precisely (89). This completes the proof of the above claim.

Finally, observe that N, B,, is the same as ﬁkBk which has to be in S by the above
claim and the fact that Alice plays according to her winning strategy. Therefore,
Alice wins the hyperplane absolute game, meaning that S is HAW. The proof of
Proposition 8 is thus complete.
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Remark 29. At no point in the above proof have we used the fact that H and H,, are
hyperplanes. These could have been sets from any collection. Of course, on replacing
hyperplanes with another collection of sets we would alter the hyperplane absolute
game and the restricted hyperplane absolute game and the corresponding notions
of winning. However, the fact that the nature of H and H,, is irrelevant to the
above proof means that the altered notions of winning sets and restricted winning
sets are the same. In particular, this comment applies to the k-dimensional absolute
game, which is a more general version of the hyperplane absolute game, studied in
[BFK'12].
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