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The prime ideals and simple modules of the universal
enveloping algebra U(b x V3)

V.V. Bavulaand T. Lu

Abstract

Let b be the Borel subalgebra of the Lie algebra sls and V2 be the simple 2-dimensional
slo-module. For the universal enveloping algebra A := U(b x V2) of the semi-direct product
b x V5 of Lie algebras, the prime, primitive and maximal spectra are classified. The set of
completely prime ideals of A are described. The simple unfaithful A-modules are classified
and an explicit description of all prime factor algebras of A is given. The following classes of
simple U(b x V2)-modules are classified: the Whittaker modules, the K[X]-torsion modules
and the K[E]-torsion modules.

Key Words: Prime ideal, maximal ideal, primitive ideal, simple module, torsion module,
Whittaker module.
Mathematics subject classification 2010: 17B10, 16D25, 16D60, 16D70, 16P50.
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1 Introduction

In this paper, module means a left module, K is a field of characteristic zero and K* := K\ {0}.

Recall that the Lie algebra sl = KF @ KH @ KFE is a simple Lie algebra over K where the Lie
bracket is given by the rule: [H,E] = 2E, [H,F] = —2F and [E,F] = H. Let V, = KX ¢ KY
be the 2-dimensional simple slo-module with basis X and Y: H- X =X, H- Y =-Y, F- X =
0,F-Y=X,F-X=Y and F-Y =0. Let a := sl x V5 be the semi-direct product of Lie
algebras where V5 is viewed as an abelian Lie algebra. In more detail, the Lie algebra a admits a
basis {H, E, F, X, Y} and the Lie bracket is as follows

[H,E] =2F, [H,F] = —2F, [E,F]=H, [E,X]=0, [E)Y] =X,
F,X] =Y, [F,Y] =0, H,X]=X, [HY]=-Y, [X,Y]=0.
Let A = U(a) be the enveloping algebra of the Lie algebra a.

Let b = KH @& KFE be the Borel subalgebra of the Lie algebra sl,. Then b x V5 is a Lie
subalgebra of a. It admits a basis {H, E/, X, Y}, and the Lie bracket on b x V5 is given as follows

[H,E] = 2E, [H,X] = X, [H,Y] = -Y,
[E,X] =0, [E,Y] = X, [X,Y]=0.

The universal enveloping algebra A = U(b x V) of the Lie algebra b x V5 is a subalgebra of A.
The Lie algebra b x V5 is known as the ageing algebra, see, e.g., [12, 17, 16]. Recently, the simple



weight modules of the algebra A were classified in [13]. The quantum analogue of the algebra
A, the, so-called, quantum spatial ageing algebra was introduced and studied in [9]. In [9], for
the quantum spatial ageing algebra, its prime, primitive and maximal spectra are classified, the
automorphism group was determined, the classes of simple unfaithful modules and various torsion
simple modules were classified.

The paper has the following structure. In Section 2, an explicit description of the prime
spectrum of the algebra A is given (Theorem 2.5). An explicit description of all the prime factor
algebras of A is given in Theorem 2.5. The inclusions of primes are given in the diagram (9). The
sets of maximal, completely prime and primitive ideals of A are explicitly described (Corollary
2.6, Corollary 2.7 and Proposition 2.8, respectively.) In Section 3, using the classification of all
primitive ideals of the algebra A (Proposition 2.8) and the explicit description of primitive factor
algebras of A (Theorem 2.5), a classification of simple unfaithful A-modules is given (Proposition
3.3). In Section 4, a classification of simple K[X]-torsion .A-modules is given (Corollary 4.5).
In Section 5, a classification of simple Whittaker .A-module is obtained (see (22), Theorem 5.4,
Theorem 5.7 and Proposition 5.8). In Section 6, we classify simple K[E]-torsion A-modules (see
(32), Theorem 6.4, Theorem 6.6 and Proposition 6.7).

2 The prime ideals of A

The aim of this section is to describe the prime ideals of the enveloping algebra A (Theorem 2.5).
As a result, the sets of maximal, completely prime and primitive ideals are described (Corollary
2.6, Corollary 2.7 and Proposition 2.8). Theorem 2.5 gives an explicit description of all prime
factor algebras of A.

The n-th Weyl algebra A,, = A, (K) is an associative algebra which is generated by elements
T1,.., Tn,Y1,--.,Yn subject to the defining relations: [z;,z;] = 0, [y;,y;] = 0 and [y;, ;] = d;;
where [a, b] := ab — ba and §;; is the Kronecker delta function. The Weyl algebra A, is a simple
Noetherian domain of Gefand-Kirillov dimension 2n. For an algebra R, we denote by Z(R) its
centre. An element r of a ring R is called a normal element if Rr = rR.

The subalgebra E of A. Let E be the subalgebra of A generated by the elements E, X and
Y. The generators of the algebra E satisfy the defining relations

EY -YE=X, EX=XFE and YX =XY.

Clearly, X is a central element of the algebra E. The algebra E is isomorphic to the universal
enveloping algebra of the 3-dimensional Heisenberg Lie algebra. In particular, the algebra E is a
Noetherian domain of Gelfand—Kirillov dimension 3. Let Ex be the localization of the algebra E
at the powers of the element X. Then the algebra Ex is the tensor product of two algebras

Ex = KX* ® AF

where the algebra A := K(EX 1Y) is the (first) Weyl algebra since [EX 1, Y] = 1. Since the
algebra A is a central algebra, we have Z(Ex) = K[X*!]. Then Z(E) = Z(Ex) NE = K[X].

Lemma 2.1. [14, Lemma 14.6.5] Let B be a K-algebra, S = B ® A,, be the tensor product of the
algebra B and the Weyl algebra A,, 6 be a K-derivation of S and T = S[t;8]. Then there exists
an element s € S such that the algebra T = BIt';0'] ® A, is a tensor product of algebras where
t' =t+s and ' =6+ ad,.

The algebra A. Recall that the algebra A is the subalgebra of A generated by the elements
H,E, X and Y. Then

A =E[H;d] (1)

is an Ore extension where the K-derivation ¢ of the algebra E is given by the rule: §(F) =
2F, §(X) = X and 6(Y) = =Y. Notice that X is a normal element of the algebra A since X is



central in E and XH = (H — 1)X. The localization Ax of the algebra A at the powers of the
element X is an Ore extension

Ax = Ex[H;0] = (K[X*'] ® A7) [H; 4] (2)

where §(E) = 2E,§(X) = X and 6(Y) = —Y. The element s = EX~'Y € Ex satisfies the
conditions of Lemma 2.1. In more detail, the element HT := H +s = H + EX 'Y commutes
with the elements of A] and

Ax = K[XE[HT; 6| ® AT where §'(X) = X. (3)

Notice that the algebra K[X*1|[H*;§] can be presented as a skew Laurent polynomial algebra
K[H*][X*!; 0] where o(Ht) = HT — 1. This is a central simple algebra of Gelfand-Kirillov
dimension 2. Let @ := HTX~!. Then [0, X] = 1 and so the subalgebra A; = K(9, X) of Ax
is the (first) Weyl algebra. Moreover, the algebra A; is a subalgebra of K[X*!|[H*;§'] and the
algebra K[X*![H*;§'] = Ay x is the localization of the Weyl algebra A; at the powers of the
element X. Now,

Ax = A1 x ® A7 . (4)
Lemma 2.2. 1. The algebra Ax is a central simple algebra of Gelfand—Kirillov dimension 4.
2. Z(A) =K.

Proof. 1. Since both the algebras K[ X*![HT;d’] and A] are central simple algebras of Gelfand—
Kirillov dimension 2, statement 1 then follows from (3).
2. Since K C Z(A) C Z(Ax) =K, we have Z(A) =K. O

The factor algebra 5 := A/(X). We also denote by H, E and Y the images of these elements
in the factor algebra B := A/(X). Then the algebra B is generated by the elements H, E and Y
that satisfy the defining relations

[H,E| =2E, [HY]=-Y, [E,Y]=0.
Hence, the algebra B is an Ore extension,
B=K[E,Y]|[H;0] where §(F)=2F and §(Y) = -Y. (5)

It is clear that the element Z := EY? belongs to the centre of the algebra B. The elements Y and
E are normal elements in B. Let By be the localization of the algebra B at the powers of element
Y. Then

By =K[Z] @ K[H]|[Y*;0] = K[Z] ® Y (6)

where the skew polynomial algebra Y = K[H][Y*!;0] is a central simple algebra where the K-
automorphism o of K[H] is defined as follows: o(H) = H + 1. Hence, the centre of the algebra
By is K[Z]. The algebras B and By are Noetherian domains of Gelfand-Kirillov dimension 3.

Lemma 2.3. Z(B) = Z(By) = K[Z] where Z = EY?2.
Proof. Since K[Z] C Z(B) C Z(By) = K[Z], we have Z(B) = K[Z]. O

The prime spectrum of the algebra A. For an algebra R, let Spec (R) be the set of its
prime ideals. The set (Spec(R),C) is a partially ordered set (poset) with respect to inclusion of
prime ideals. Each element € R determines two maps from R to R, r-: z +— rxz and r : & — ar
where z € R. For an element r € R, we denote by (r) the ideal of R generated by the element 7.
If {s"]|i € N} is a left denominator set of an algebra R, we denote by R the localization of R at
the powers of s.



Proposition 2.4. ([9].) Let R be a Noetherian ring and s be an element of R such that Ss :=
{s"|i € N} is a left denominator set of the ring R and (s') = (s)" for all i > 1 (e.g., if s is a
normal element such that ker(-sg) C ker(sg-)). Then Spec (R) = Spec(R, s) U Spec,(R) where
Spec(R, s) := {p € Spec(R) |s € p}, Spec,(R) = {q € Spec(R) |s ¢ q} and

(a) the map Spec (R, s) — Spec (R/(s)), p = p/(s), is a bijection with the inverse q — 7 1(q)
where m: R — R/(s),r — 1+ (s),

(b) the map Spec,(R) — Spec (Rs), p — S;'p, is a bijection with the inverse q — o~ 1(q) where
0:R— R, :=8'R, r— .

(c) For all p € Spec (R, s) and q € Spec,(R),p Z q.

Let U := U(sly) and U™ be the ‘positive part’ of U, i.e., U™ is the subalgebra of U generated by
the elements H and E. Then U = K[H|[E; 0] is a skew polynomial algebra where o(H) = H — 2.
The localized algebra Uj, = K[H][E*';0] is a central simple domain. The following diagram
illustrates the idea of finding the prime spectrum of the algebra A by repeated application of
Proposition 2.4,

A— Ax

|

B=A/(X) —— (A/(X))y = By

|

Ut =A/(X,Y) —— U}

|

K[H] = U+/(E). o

Using (7) and Proposition 2.4, we can represent the prime spectrum Spec (A) as the disjoint union
of the following subsets

Spec (A) = Spec (K[H]) L Spec (Uz) U Spec(By) U Spec(Ax) (8)

where we identify the sets of prime ideals in (8) via the bijections given in the statements (a) and
(b) of Proposition 2.4.

A prime ideal p of an algebra R is called a completely prime ideal if R/p is a domain. We denote
by Spec,.(R) the set of completely prime ideals of R; it is called the completely prime spectrum of
R. The next theorem gives an explicit description of the poset (Spec(A), C) and of all the prime
factor algebras of A. It also shows that every prime ideal is a completely prime ideal.

Theorem 2.5. The prime spectrum Spec (A) of the algebra A is the disjoint union of the sets in
(8). More precisely,

{(V.B,p) |p € Max (x[H])}

{(X.0)|aeMax ®IZD\ {(2)}} (V)

where



1. Spec (K[H]) = {(Y, E,p)|p € Spec (K[H])} = {(Y, E)} U {(Y,E,p)|p € Max (K[H])} and
A/(Y,E,p) ~ K[H]/p.

2. Spec (Uf) = {(Y)}, (V) = (X,Y) and A/(Y) ~ U+ = K[H][E;0] is a skew polynomial
algebra which is a domain where o(H) = H — 2.

3. Spec (By) = {(X), (E), (X,q)[q € Max(K[Z]) \ {(2)}} and

(a) A/(X) =B =KI[E,Y]|[H;d] is an Ore domain (see (5)) where 6(E) = 2E and §(Y) =
-Y,

(b) A/(E) ~ K[H][Y;0] is a skew polynomial algebra which is a domain where o(H) =
H+1, and

(¢c) A/(X,q) ~B/(q) ~ By /(qQ)y ~ Lq®Y is a simple domain which is a tensor product
of algebras where Lq :=K[Z]/q is a finite field extension of K.

4. Spec (Ax) = {0}.
Proof. Recall that X is a normal element in the algebra A. By Proposition 2.4,

Spec (A) = Spec (.A/(X)) L Spec (Ax). (10)

(i) Statement 4 holds: By Lemma 2.2.(1), the algebra Ax is a simple algebra. Hence,
Spec (Ax) = {0} and we are done.
Recall that Y is a normal element of the algebra B = A/(X). By Proposition 2.4,

Spec (A/(X)) = Spec (A/(X,Y)) U Spec ((A/(X))Y) = Spec (U") U Spec (By). (11)

(i) (Y) = (X,Y) and (F) = (X, E): Both equalities follow from the relation X = [E,Y].
(iii) Statements 1 and 2 hold: The element E is a normal element of the algebra UT. By
Proposition 2.4,

Spec (U') = Spec (UT/(E)) U Spec (Ug). (12)

Since K[H] = U"/(E), statement 1 follows. Now, (8) holds by (10), (11) and (12). The algebra
Uj ~ K[H][E*Y; 0] is a central simple domain where o(H) = H — 2. By the statement (ii),
A/(Y)=A/(X,Y)=U" is a domain. The set Spec (U}, as a subset of Spec (A), consists of the
single ideal (Y'), and statement 2 follows.

(iv) Statement 3 holds: By (6), By = K[Z] ® Y where Y is a central simple algebra. Hence,
Spec (By) = Spec (K[Z]), and the set Spec (By ), as a subset of Spec (A), is equal to {AN(X)y, AN
(X,2)y, AN (X,q9)y|q € Max (K[Z]) \ {(Z)}}. We have to show that AN (X)y = (X), AN
(X, Z)y = (E) and AN (X,q)y = (X, q). }

AN (X)y = (X): Let u € AN (X)y, then Y'u € (X) for some ¢ € N. Since A/(X) = B is
domain and Y ¢ (X), we must have u € (X). Hence, AN (X)y = (X).

AN(X,Z)y = (E): By the statement (ii), (F) = (X, E). So, (F)y = (X, E)y = (X,2)y.
Let ue AN(X,Z)y = AN (E)y, then Yiu € (E) for some i € N. Since A/(E) = A/(X,E) ~
K[H][Y ;0] is a domain where o(H) = H+ 1 and Y ¢ (F), we have u € (F). Therefore,
AN(X,Z)y = (E). So, statement (b) holds and (E) is a completely prime ideal of the algebra A.

AN (X,q)y = (X,q) for ¢ € Max(K[Z]) \ {(Z)}: Let us first show that the statement (c)
holds. It is clear that A/(X,q) ~ B/(q). Since q # (Z), the nonzero element Z = EY? of L is
invertible in the field Ly. Hence, the element Y is invertible in the algebra B/(q). Now, B/(q) ~
By /(q)y ~ Ly ®Y, see (6). This proves the statement (c). Since A/(X, q) is a simple algebra (by
the statement (c)), the ideal (X,q) of A is a maximal ideal and (X,q) € AN (X,q)y & A, we
must have AN (X, q)y = (X, q).

(v) Clearly, we have the inclusions as in the diagram (9) (see the statement (ii)). It remains to
show that there are no other inclusions. Recall that Z = EY2. Hence, (Z) C (E) and (Z) C (Y).



The ideals {(X,q)|q € Max (K[Z]) \ {(Z)}} are maximal in A and (q) + (Z) = (1). Therefore,
none of the maximal ideals (X, q) contains (V) or (E). Therefore, picture (9) represents the poset

(Spec (A), ©). L

For an algebra R, let Max(R) be the set of its maximal ideals. The next corollary is an explicit
description of the set Max(A).

Corollary 2.6. Max (A) =P U Q where P := {(Y, E,p)|p € Max (K[H})} and Q := {(X,q) lq €
Max (K[Z)) \ {(2)}}

Proof. The corollary follows from (9). O
Corollary 2.7. Every prime ideal of the algebra A is completely prime, i.e., Spec.(A) = Spec (A).
Proof. The corollary follows from Theorem 2.5. O

Corollary 2.7 can also be obtained directly from [15, Corollary 2.6].

Let R be an algebra and M be an R-module. For a € R, let ap;- : M — M, m — am. The
ideal of R, anng(M) := {a € R|aM = 0}, is called the annihilator of the R-module M. An
R-module is called faithful if it has zero annihilator. The annihilator of each simple R-module is
a prime ideal. Such prime ideals are called primitive and the set Prim (R) of all primitive ideals
is called the primitive spectrum of R. The next proposition gives an explicit description of the set

Prim (A).
Proposition 2.8. Prim(A) = Max(A) U {(Y), (E), 0}.

Proof. Clearly, Prim (A) D Max (A). The ideals (X) and (Y, E) are not primitive ideals as the
corresponding factor algebras contain the central elements Z and H, respectively.

(i) (Y) € Prim(A): For A € K*, let I(\) = (Y) + A(E — \). Since A/(Y) ~ U™ (see
Theorem 2.5.(2)), the left A-module M(\) := A/I(\) ~ UT/UT(E — \) ~ K[H]1 is a simple
A-module/U*-module where 1 = 1+ I()). By the definition of the module M()), its annihilator
p = anny (M()\)) contains the ideal (Y') but does not contain the ideal (Y, E), since otherwise

we would have 0 = F1 = A1 # 0, a contradiction. By (9), we have p = (V).

(ii) (E) € Prim (A): For A € K*, let Jy = (E) + A(Y — \A). Since A/(F) ~ K[H][Y; o] where
o(H) = H + 1 (see Theorem 2.5.(3b)), the left A-module T'(\) := A/J\ ~ K[H]1 is a simple
module where 1 = 1+ Jy. Clearly, the prime ideal q := ann_4 (T()\)) contains the ideal (F) but
does not contain the ideal (Y, E)) since otherwise we would have 0 = Y1 = A1 # 0, a contradiction.
By (9), we have q = (E).

(iii) It follows from Theorem 4.4 that 0 is a primitive ideal of A. O

The fact that (Y) and (F) are primitive ideals of A also follows from [10, Proposition 5.2].
The next lemma is a faithfulness criterion for simple A-modules.

Lemma 2.9. Let M be a simple A-module. Then M is a faithful A-module iff ker(Xps-) = 0.

Proof. The A-module M is simple, so annyg(M) € Prim (A). Recall that the element X is a
normal element of the algebra A. So, ker(X;-) is a submodule of M. Then either ker(X;-) =0
or ker(X ) = M, and in the second case ann 4 (M) D (X). If ker(Xps-) = 0 then anng (M) =0
since otherwise, by (9), (X) C ann (M), a contradiction. O



3 A classification of simple unfaithful A-modules

In this section, all simple unfaithful .A-modules are classified (Proposition 3.3). The problem of
classification is reduced to the one for algebras for which the simple modules are classified but we
have to select faithful simple modules. The set A (unfaithful) of isomorphic classes of unfaithful
simple A-modules can be partitioned according to their annihilators

~

A (unfaithful) = | | A(P) (13)
PePrim(A)\{0}

where A (P) = {[M] € A|ann4(M) = P}. By Theorem 2.5 and Proposition 2.8, there are four
types of nonzero primitive ideals. We consider all four cases separately.

A (P) where P = (Y, E,p) and p € Max(K[H]). In this case, the factor algebra A/(Y, E,p)
is isomorphic to K[H]/p (Theorem 2.5.(1)) and the next Lemma is obvious.

—

Lemma 3.1. For all p € Max(K[H]), A/(Y, E,p) = K[H]/p = {K[H]/p}.

A(P) where P = (X,q) and q € K[Z]\ {(Z)}. By Theorem 2.5.(3c), the algebra A/(X, q) is
isomorphic to the skew Laurent polynomial algebra Lq[H][Y*!; o] where o is an Lg-automorphism
of the polynomial algebra Ly[H] over the field L, given by the rule o(H) = H + 1. The algebra
L4[H] is a commutative Dedekind domain. The algebra Ly[H]|[Y*!; 0] is a particular case of the
ring R (see below) for which all simple modules are classified.

Classification of simple R-modules. Let us recall the classification of simple R-modules
where R = DIt,t71;0], D is a commutative Dedekind domain and o satisfies the condition (I),
see below. These results are very particular cases of classification of simple modules over a GWA
D(o, a) obtained in [1, 2, 3, 5, 6, 7, 8.

Let S = D\ {0} and k = S~!D be the field of fractions of the ring D. The ring R is a subring
of B := k[t,t71;0]. The ring B = S7'R is a (left and right) localization of R at S. The ring B
is a Fuclidean ring and so is a principle left and right ideal domain. Every simple B-module is
isomorphic to B/Bb for some irreducible element b € B (i.e., b = ac implies either a or ¢ is a unit
in B). Two simple B-modules B/Ba and B/Bb are isomorphic iff the irreducible elements a and
b are similar, i.e., there exists an element ¢ € B such that 1 is the greatest common right divisor
of b and ¢, and ac is the least common left multiple of b and c.

Let G := (o) be the subgroup of Aut(D) generated by o. The group G acts on the set Max(D)
of maximal ideals of D. For each p € Max(D), O(p) := {o%(p)|i € Z} is the orbit of p. The set
of all G-orbits in Max(D) is denoted by Max(D)/G. The orbit &(p) is called an infinite or linear
orbit if |&(p)| = oo; otherwise the orbit &(p) is called a finite or cyclic orbit. If &(p) is an infinite
orbit then the map Z — @(p), i — oi(p), is a bijection, and we write o?(p) < o7 (p) if i < j. So,
the total ordering of Z is passed to €'(p). This ordering does not depend on the choice of the ideal
p in the orbit &(p).

Given elements «, 5 € D\ {0}, we write o < § if there are no maximal ideas p and q that
belong to the same infinite orbit and such that o € p, 5 € q and p > q. In particular, if « € D*
is a unit of D then o < 8 for all 3 € D\ {0}. The relation < is not a partial order on D \ {0} as
1 < 1. Clearly, a < 8 iff 07(a) < 07 (B) for some/all j € Z.

Definition. An element b = t™3,, + t™ 3,1 +... +t"B, € R where 3; € D, m < n and
B, P # 0 is called an [-normal element if 8, < B,,.

Definition. We say that the automorphism o of D is of (I)-type, if all G-orbits in Max(D) are
infinite. _
Let R be the set of isomorphism classes [M] of simple R-modules M. Then

R= E(D—torsion) U }AE(D—torsionfree)



is a disjoint union where R(D-torsion) := {[M] € R|S~*M = 0} and R(D-torsionfree) := {[M] €
R|S™M # 0}. An R-module M is called a weight R-module if M is a semisimple D-module,

ie.,
M= @ M
pEMax(D)

where M, = {v € M |pv = 0} is called the component of M of weight p. The set Supp(M) = {p €
Max(D) | M, # 0} is called the support of the weight A-module M. It is also denoted Supp (M)
and is called D-support if we want to stress over which ring D we consider weight modules. Every
simple weight R-module is a simple D-torsion R-module, vice versa. We denote by R(D-torsion,
infinite) and E(D—torsion, finite) the sets of isomorphism classes of simple, weight R-modules with
infinite and finite support, respectively.

The next theorem classifies the simple R-modules.

Theorem 3.2. Suppose that o is of (I)-type. Then

1. [4] the map Max(D)/G —s R(D-torsion), @(p) — R/Rp, is a bijection with the inverse
M — Supp(M).

2. [4] R(D-torsionfree) = {[R/RN Bb]|b € R is an l-normal, irreducible elementof B}. The
simple R-modules R/R N Bb and R/R N BY are isomorphic iff the B-modules B/Bb and
B/BUV are isomorphic.

The next proposition describes the sets A (P) for all nonzero primitive ideals of A, hence gives
a classification of simple unfaithful A-modules.

Proposition 3.3.

1. For all p € Max (K[H]), A ((Y, E.p)) = A/(Y, E,p) = K[H]/p = {K[H]/p}.

— -

2. For all q € Max (K[Z)) \ {(2)}, A ((X, q)) — AJ(X,q) =L, ®V.

)

3. A((Y)) = AJ(Y) (faithful) = U+ (faithful) = U+ \ (upeMax iy A ((Y,E,p))).

—

4. A((B)) = A/(E) (faithful) = K[H][Y; o] (faithful) = K[H][Y; o]\ ( Upentax ey A (V2 B, p))) .

Proof. All the statements are obvious. The algebras Ut and K[H][Y; 0] (where o(H) = H+1) are
isomorphic to the enveloping algebra of the Borel subalgebra of sly, the simple modules of which
were classified by Block [11], see also [7]. The algebra Y = K[H][Y*!;0] is a skew polynomial
algebra with the coefficients from a Dedekind domain, the classification of simple Y-modules can
be found in [7]. O

4 A classification of simple K[X]-torsion A-modules

In this section, K is an algebraically closed field of characteristic zero. The aim of this section is
to classify all the simple K[X]-torsion A-modules (Corollary 4.5).
The set S = K[X]\ {0} is a left and right Ore set of the domain A. An A-module M is called
an S-torsion module or a K[X]-torsion module if S™1M = 0. Then
A (K[X]-torsion) = A (K[X]-torsion, faithful) L A (K[X]-torsion, unfaithful). (14)
For each A € K, consider the A-module
V) = A/AX =N = P KH'E'Y*T where 1:=1+ A(X — \). (15)
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The Gelfand—Kirillov dimension of the A-module V' ()) is 3. Since the field K is an algebraically
closed field, each simple K[X]-torsion .A-module is an epimorphic image of the A-module V() for
some A € K.

Lemma 4.1. 1. If A # 0 then the map X-: V(\) — V(N\), v — Xwv, is a bijection.
2. If A= 0 then V(0) = A/(X) and ann_4 (V(O)) = (X).

Proof. 1. The A-module V()\) admits two sets of bases {H'E'Y*1|i,5,k € N} and {(H —
1)!EIY*1|i,5,k € N}. Now, the lemma follows from the equalities X - H'EIY*1T = \(H —
1)!EIYFT.

2. The element X is a normal element of A, and so statement 2 is obvious. O

For each A € K*, the A; x-module

A x(N) = A1 x /AL x (X = \) = PKo'T = PKH)T

i>0 i>0

is a simple A; x-module. By (4), the algebra Ax = A; x ® A is a tensor product of algebras.
So, the Ax-module

V(A) =41 x(\) @ AT (16)

is the tensor product of A; x-module A; x(\) and the Af—module AT.

Let R be an algebra and S be a non-empty subset of R. The algebra Cr(S) = {r € R|rs =
sr for all s € S} is called the centralizer of S in R. The next lemma describes the centralizer of
the element X in A.

Lemma 4.2. C4(X) =E.

Proof. Clearly, E C C4(X) and XH® = (H —1)*X for all i > 0. So, the result follows from the
equality A = E[H; 0], see (1). O

The element X is a central element of the algebra C4(X) = E (Lemma 4.2). For A € K*,
the factor algebra E(A) := E/E(X — \) is isomorphic to the Weyl algebra since [E,Y] = A

mod E(X — A). Using the equality A = E[H;J] (see (1)), the A-module V() (where A # 0) can
be written as

V() =K[H] @ E(\) = P H @ E(\) (17)
>0

where K[H] ® E()) is a tensor product of vector spaces. The next proposition gives an explicit
description of all submodules of the A-module V().

Proposition 4.3. Let A € K*.

1. The set {K[H] ® I|I is a left ideal of the Weyl algebra IE()\)} is the set of all distinct
submodules of the A-module V().

2. The set {K[H] ® I'|I is a mazimal left ideal of E()\)} is the set of all distinct maximal
submodules of the A-module V (X).

Proof. 1. Let M be a submodule of the A-module V(\) = @, H' @ E()\), see (17). We
have to show that M = K[H]| ® I for some left ideal I of the algebra E(A). The .A-module
V(A) = Uiso V(N is the union of the vector spaces V(\)<; = {Z;:o Hi®rj|r; € E(\)}. Then
MNV(AN<o = M NE(\) = I where I is a left ideal of E(A). We claim that M = K[H| ® I.
We have to show that, for all i > 0, M NV(N\)g; = M; = @;‘:0 HJ ® I. To prove this we use



induction on 4. The initial case when ¢ = 0 is trivial. So, let i > 0, and we assume that the result
holds for all ¢/ < i. Clearly, (X — A\)V(A) < € V(X)gi—1 for all i > 0 (where V(X)<—1 := 0) since,
forallr e E(\), (X —NH'®@rl=[X,H]@rl=\(H-1)-H)Y®@rl = \(—iH" 1+ ---)®rl
where the three dots mean a polynomial of degree < ¢ — 1. Moreover,

V(N<i V(N
X —\: = =
VV<i-1 VN«

L H @M+ V()i = —NH T ' @rl+V(\)gia.  (18)

2
It follows from (18) and induction on 4 that if w = Z;‘:o Hi®@r;1e MNV(\)g; then —X\ir; € I,
i.e., r; € I. Hence, H* ®@ r; € M;, and so Z;;g H ® T =w— H®r,eMnN V(N gio1 = M;_1,

by induction. Therefore, w € M;, i.e., M NV (A)g; = M;, as required.
2. Statement 2 follows from statement 1. O

Let V be a vector space. A linear map f : V — V is called a locally nilpotent linear map if
V= Un>1 ker(f™). We also say that the map f acts locally nilpotently on V. The next theorem
gives a classification of simple faithful K[X]-torsion .A-modules.

Theorem 4.4. A (K[X]-torsion, faithful) = {K[H] ® M|[M] e IE/(X),)\ € K*} and the simple
A-modules K[H] @ M and K[H] @ M’ (where [M] € m) and [M'] € m} are isomorphic iff
A=XN and M ~ M’ as E(\)-modules.

Proof. Since X is a normal element of the algebra A, all simple factor modules of the .A-module
V(0)=A/AX = A/(X) are annihilated by (X) and, therefore, are unfaithful. Let S = {K[H]| ®
M|[M] e E/()\\), A € K*}. By Proposition 4.3.(2), A (K[X]-torsion, faithful) C S. Conversely, let
M =K[H]® M € S where [M] € m for some A # 0. Clearly, the A-module M has the form
K[H] ® @ where I is a maximal left ideal of the Weyl algebra E()). By Proposition 4.3.(2),
the A-module M is simple since M ~ %. By (9), the A-module M is faithful since
XM =AM = M # 0. Therefore, .Z(K[X]—torsion, faithful) = S.

The element (X — A) acts locally nilpotently on the A-module M = K[H|® M where M € m
since (X —ANH'@m = AN(H—-1"—H")®@m fori > 1onm € M. But then, for all u # A,
the element X — p acts bijectively on M. So, the scalar A is a unique scalar for the A-module
M such that the element (X — A) acts locally nilpotently. Let M € E(X) and [M’] € E(XN') where
A, A € K*. The simple A-modules K[H] ® M and K[H] ® M’ are isomorphic iff A = A" and the
E(A)-modules ker(X — ANg(mjgm = M and ker(X — N)giajgnm = M’ are isomorphic. O

By Proposition 2.8 and (9), all the nonzero primitive ideals of A contain the ideal (X). Hence,

o~ o~

A (K[X]-torsion, unfaithful) = A (unfaithful). (19)

Corollary 4.5. Theorem 4.4 and Proposition 3.3 give a classification of all simple K[X]-torsion
A-modules.

Proof. The proof follows from (14) and (19). O

5 Whittaker A-modules

In this section, K is an algebraically closed field. In this section, a classification of Whittaker
A-modules is given (see (22), Theorem 5.4, Theorem 5.7 and Proposition 5.8).

Let h:= H*X = HX+EY. Then the Ore extension A; y = K[X*][H™;§'] where ¢'(X) = X
(see (4)) can be written as the Ore extension

Ay x = K[XEY[h; 6] where §(X) = X2 ([h, X] = X?). (20)

Lemma 5.1. 1. C4,(Y) = 41, x 9 K[Y].
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2. The centralizer of the element Y in A, Co(Y) = K[Y] ® R, is a tensor product of algebras
where R := K[X][h; 8] is an Ore extension, h= H"X = HX + EY and §(X) = X2,

3. The centre of the algebra C4(Y) is K[Y].
Proof. 1. By (4), Ax = A1 x®A] and Y € Af. Then C 4, (Y) = Ay x ®CAT(Y) = A x K[Y].
2. Now, Ca(Y) = ANCa (V) = AN A, x 9K[Y] 2 ANK[X*[h; 6] 9 K[Y] = K[X][h; 6] ©
K[Y] (since h = HX + EY and X is a normal element of A) and so the result.
3. By statement 2, Z(CA(Y)) = K[Y]® Z(R) =K[Y] 9 K = K[Y]. O
For an A-module M, an element m € M is called a Whittaker vector if Ym = Am for some
A € K. An A-module M is called a Whittaker module if there is a Whittaker vector m € M which

generates the A-module M, i.e., M = Am. For a given A € K, the universal Whittaker module
W (A) is defined as follows

W) = AJAY =N = @ KH'E'X*T where 1:=1+A(Y —\). (21)
4,7,k=0

Any Whittaker module M is an epimorphic image of the A-module W (\) for some A € K, and
vice versa.

Lemma 5.2. Let M be a Whittaker A-module, i.e., M is an epimorphic image of the A-module
W(A) for some A € K. Then

1. the element Y — X\ acts locally nilpotently on M but the elements Y — p where p € K\ {A\}
act bijectively on M.

2. If V.C M is a nonzero submodule of M then V contains a nonzero Whittaker vector.

Proof. 1. The inner derivation ady acts locally nilpotently on A. Recall that W (\) = Al where
1=1+A(Y — ). It follows from the equalities (where a € A) (Y —N)al = [Y,a|]l +a(Y —\)1 =
ady (a)1 that the element Y — X acts locally nilpotently on M. Then for all 1 # ), the element Y —p
1 -1
acts bijectively on M since (Y —p);; = (/\—;L—F(Y—)\))NI =A-p) ! (1—(/1—/\)‘1(Y—)\))M =

A—p)~t > isolb— A)~HY — N)Y, is the inverse map of (Y — u)py : M — M, m— (Y — p)m
2. Let V be a nonzero submodule of M and 0 # v € V. Then there exists ¢ > 0 such that
= (Y =X # 0 and (Y — \)**1v = 0. Then v’ is a Whittaker vector in V. O

Let A (Whittaker) be the set of isomorphism classes of simple Whittaker .4-modules. Then,
by Lemma 5.2.(1), the set

A (Whittaker) = |_| A (Whittaker, \) (22)
AekK

is a disjoint union where A (Whittaker, ) := {[M] € A (Whittaker) |ker(Y — A)ps # 0}.
The sets A (Whittaker, \) where X € K*. It follows from the equality h = HX + EY that
E = (h—HX)Y ™! and so the localization of A at the powers of Y
Ay = R[Y,Y '][H;6] = Ca, (Y)[H; 0] (23)

is an Ore extension where R[Y,Y '] = R ® K[Y,Y '] is a Laurent polynomial algebra with
coefficient in the algebra R and the derivation & of the algebra R[Y,Y 1] is defined as §(X) =
X, d0(h)=hand 6(Y) = -Y. Let A € K*. By Lemma 5.2.(1) and (23),

W(A) =Wy = Ay /Ay (Y - N) =K[H|® Rl = @D H' ® R1 (24)

120

where K[H] ® R is the tensor product of vector spaces. The next proposition gives an explicit
description of all the submodules of the A-module W () where A € K*.
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Proposition 5.3. Let A € K*.

1. The set {K[H]QI1|I is a left ideal of R} is the set of all distinct submodules of the A-module
WN.

2. The set {K[H]) ® I1|I is a mazimal left ideal of R} is the set of all distinct mazimal sub-
modules of the A-module W (X).

Proof. 1. Let M be a submodule of the A-module W () = @, H'® RI1, see (24). We have
to show that M = K[H| ® I1 for some left ideal I of the algebra R. The A-module W (\) =
Uiso W(N)<; is the union of the vector spaces W(A)<i = {Zj‘:o H7 ® rj1|r; € R}. Then
MNW(AN)go=MnNRL=1I1where I is a left ideal of R (since gR1 ~ rR). We claim that M =
K[H]®I1. We have to show that, for alli > 0, MNW(\)g; = M; := @;:0 HI®11. To prove this
we use induction on ¢. The initial case when 7 = 0 is trivial. So, let i > 0, and we assume that the
result holds for all i/ < i. Clearly, (Y —A\)W(A)g; € W(N\)gi—1 for all i > 0 (where W(A\)<_1 :=0)
since, forallr € R, (Y = ANH'@rl =[Y,H|@rl=X(H+1)'-H)@rl = A\(H" ' +---)@rl
where the three dots mean a polynomial of degree < ¢ — 1. Moreover,

Y — X\

W(N)<i W(N)<i—1 = pricl o 7
- — = H* 14+ WN)gio1 — NH® 1+WN)gi—2. 25
et s L e L W et o N 0T+ W) eia (29
It follows from (25) and induction on ¢ that if w = Zj':o HI ®r;1 € MNW(Ng; then Xir; € 1,
i.e., r; € I. Hence, H'®7r;1 € M;, and so Z;;%) Higril=w—H'®@r,l € MONW (N gi—1 = M;_1,

by induction. Therefore, w € M;, i.e., M N W (\)g; = M;, as required.
2. Statement 2 follows from statement 1. 0

The next theorem gives an explicit description of the sets A (Whittaker, \) for all A € K*.

Theorem 5.4. Let A € K*. Then A (Whittaker, \) = {{K[H] ® M} | [M] € ]%} and the simple

A-modules K[H] ® M and K[H] ® M’ (where [M],[M’'] € R) are isomorphic iff the R-modules M
and M’ are isomorphic.

Proof. By Proposition 5.3.(2), every simple module in the set ~/Z(V\/'hittaker, A), where A # 0, is
isomorphic to the factor module

W) K[H] ® R1 N

KH| @Il KH®I1

K[H]® R/I ~K[H]® M

where I is a maximal left ideal of R and M := R/I is a simple R-module. If simple .A-modules
K[H] ® M and K[H] ® M’ are isomorphic (where M and M’ are simple R-modules) then the
R-modules ker(Y — Agimjenm = M and ker(Y — N)giajgar = M’ are isomorphic (see (25)). O

Lemma 5.5. Suppose that T is a ring, x is a normal element of T and M is a simple T-module.
Then either xM = 0 or, otherwise, the map xp; : M — M, m — xm, is a bijection.

Proof. The element x is normal. Hence, ker(zps) and im(zps) are submodules of M. So, either
ker(xps) # 0, or otherwise, im(zy) is a nonzero submodule of the simple module M, i.e., im(xp) =
M, i.e., xps is a bijection. O

The set A\(Whittaker, 0). Clearly,
A (Whittaker, 0) = A (Whittaker, 0, faithful) L 4 (Whittaker, 0, unfaithful). (26)
The set A (Whittaker, 0, faithful). The element X is a normal element of A. By Lemma

5.5, for every [M] € fT(VVhittaker7 0, faithful), the map X5 : M — M, m — Xm, is a bijection.
Therefore, the A-module M coincides with its localization Mx at {X*|i > 0}, i.e., M = Mx

12



is an Ax-module. By (4), the algebra Ay is the tensor product 4; x ® AT of algebras. Recall
that Y € A7 and O, (Y) = A1 x ® K[Y] (Lemma 5.1.(1)). The Af-module V := AT /ATY =
KIEX T = @,5,K(EX 1)1 is a simple Aj-module where 1 = 1+ AfY. The Ax-module
V= Ax/AxY ~ A1 x ® V is a tensor product of the A; x-module A; x and the Af—module
V. The next proposition describes all the submodules of the Ax-module V and its simple factor
modules.

Proposition 5.6. Let Z;(A; x) be the set of all left ideals of the algebra Ay x. Then
1. {I®V|IeLi(A x)} is the set of distinct submodules of the Ax-module V.

2. {MeV|[M]e AlAX} is the set of all simple factor modules of the Ax-module V. The Ax-
modules M@V and M'®V are isomorphic iff the A1 x-modules M and M’ are isomorphic.

Proof. 1. Let M be an Ax-submodule of V =4 x @ V = @i>0 A x @ (EX™1)'1. We have to
show that M = I ® V for some left ideal of the algebra A; x. We may assume that M # 0. Each
element m of M is a unique sum m = > a; ® (EX 1)1 for unique elements a; € Ay x. Let I
be the left ideal of the algebra A; x generated by all the elements a; for all m € M. Then M is
a submodule of the Ax-module M’ := I ® V. It remains to show that M’ C M. To prove this it
suffices to show that for all elements m = Y7 ja; ® (EX 1)1 of M we have a; ® 1 € M (since
then M D Afa; ®1=0a; ® AT 1 =0a;®V, hence M D YA xa,V=1IQV).

To prove this statement we use induction on the degree n := deg(m) = max{i|a; # 0} of the
element m. The case n = 0 is obvious. So, let n > 1 and we assume that the statement holds for
all elements of degree < n. The element

Ym=-> a;@i(EX')"'TeM

i=1

has degree n— 1. Hence, by induction, a1 ®1,...,a,®1 € M. Thenm’ := 3" ;@ (EX 1)1 €
M, and so ag®1=m—m/ € M, as required.
2. Statement 2 follows from statement 1. O

The algebra A; x contains the skew polynomial algebra A = K[H1][X;0] where o(H") =
H* — 1. The element X is a normal element of A and Ax = A; x. By Lemma 5.5, for a simple
A-module M the following conditions are equivalent

ker(Xp ) =0 XM #A0< Xy : M — M, m— Xmis a bijection < anny (M) =0. (%)

Let A (%) be the set of all simple A-modules that satisfy one of the equivalent conditions (x).
The next theorem gives an explicit description of the set A (Whittaker, 0, faithful).

Theorem 5.7. A (Whittaker, 0, faithful) = {M ® V | [M] € A (x)} and simple A-modules M @ V
and M'®V are isomorphic (where [M], [M'] € A (x)) iff the A-modules M and M’ are isomorphic.

Proof. Let [N] € A (Whittaker, 0, faithful). The element X is a normal element of A. By Lemma
5.5, N = Nx. Hence, Nx is a simple factor module of the .4 x-module V. By Proposition 5.6.(2),

Nx ~ M ®V for some [M] € @
Claim: If M’ is a A-submodule of M then M' @V is an A-submodule of M @ V :
XM @V =(XM)oVCMeV,
YM @V=MaYVCM®®V,
EM' @V =XM®EXHYW MKV,
HM'@V =H'-EX'YYMQVCHM @V -M EX'YVCM®V.

By the Claim and the simplicity of the A-module M ® V' we must have M = M’, i.e., M € A (%).
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Conversely, let L := M ® V for some [M] € A (). The element X is a normal element of A.
By Lemma 5.5, the element X acts bijectively on M. So, M = Mx is a simple A; x-module, since
A1 x = Ax. Hence, L is an Ax-module and A-module. Let us show that the A-module L is simple.
It suffices to show that Au = L for all nonzero elements u € L. Fix a nonzero element v € L. Then
u=> 1 m;®(EX 1)1 where m; € M and m,, # 0. Then Y"u = (—=1)"n!m,®1 € M = M®1.
The action of the element H on M ®1 coincides with the action of the element Ht = H+EX 'Y
since Hfm®1=Hm®1+m® EX'Y1= Hm®]1 (since Y1 = 0) where m € M. Therefore, to
say that M ®1 is a A-module is the same as to say that M &1 is a A-module where A = K[H][X; 0]
is a skew polynomial algebra where o(H) = H — 1. Since M is a simple A-module, it is a simple
A-module. Hence, Au D Am,, ® 12 Am, @1 =Am, ®1 =M @ 1. Now, for all i > 0,

AuD EM@1=(EX DY X'Mel=XMe(EX YHil=Me(EX ).
Therefore, Au = M ® V, as required. O
The set A (Whittaker, 0, unfaithful). Notice that

A (Whittaker, 0, unfaithful) = |_| A (Whittaker, 0, P) (27)
PePrim(A)\{0}

where A (Whittaker, 0, P) := {[M] € A (Whittaker, 0) |ann (M) = P}. An explicit description of
the set A (Whittaker, 0, unfaithful) is given in the following proposition.

— —

Proposition 5.8. A (Whittaker, 0, unfaithful) = A/(Y) (faithful) Upemaxim) A/ (Y, E,p). In
more detail,

(a) A(Whittaker,0, (Y)) = A/(Y) (faithful).

—_—

(b) For all p € Max(K[H]), A(Whittaker,0, (Y, E,p)) = A/(Y, E,p) = K[H] /p.
(¢) A(Whittaker,0, (E)) = 0.
(d) A(Whittaker,0, (X, q)) = 0 for all q € Max(K[Z]) \ {(Z)}.

Proof. In view of the disjoint union (27) and the explicit description of primitive ideals of the
algebra A given in Proposition 2.8, it suffices to show the statements (a)—(d) hold. The statements
(a) and (b) are obvious. By Theorem 2.5.(3b), A/(E) ~ L := K[H][Y; 0] is a skew polynomial
algebra where o(H) = H + 1. Since Y is a normal element of the algebra L, the annihilator
of the L-module L/LY = L/(Y) ~ K[H] is equal to (Y) # 0. So, all simple factor modules of
the L-module L/LY are unfaithful L-modules, and so statement (c) follows. Finally, for all q €
Max(K[Z])\ {(Z)}, the algebra A/(X, q) is isomorphic to the algebra Y since K is an algebraically
closed field, see Theorem 2.5.(3c). The element E is a unit of the algebra A/(X,q), since the
element Z = EY? is a nonzero element of the field K. Hence, the statement (d) follows. O

6 A classification of simple K[E]-torsion .4-modules

In this section, K is an algebraically closed field of characteristic zero. The aim of this section is
to give a classification of simple K[E]-torsion A-modules (see (32), Theorem 6.4, Theorem 6.6 and
Proposition 6.7).

Using the equality [E,Y X 1] = 1, we see that the subalgebra A} := K(E,Y X 1) of Ax is the
(first) Weyl algebra. Then Ex = K[X*'] ® A] = K[X*!] ® A4] is the tensor product of algebras.
By (2), Ax = (K[X*') @ A})[H; ] where 6 is as in (2). By Lemma 2.1, the algebra

Ax =R ® All (28)
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is a tensor product of algebras where R’ := K[X*1|[H’; §'] is an Ore extension, H' := H+2Y X 'E
and ¢'(X)=X. Then b := H'X =HX +2YFE € A and
R =K[X*[I;6] where §(X) = X2 (29)

Notice that the elements H'X ~! = b/ X =2 and X of R’ satisfy the commutation relation [H'X 1, X] =
1. Therefore, the subalgebra A; := K(H'X ™!, X) of R’ is the (first) Weyl algebra and the algebra
R’ = A, x is the localization of the Weyl algebra A; at the powers of the element X. In particular,
the algebra R’ is a central simple domain.

Lemma 6.1. 1. C4,(F) =R QK[E].

2. The centralizer of the element E in A, C4(F) = K[E] ® R, is a tensor product of algebras
where R := K[X][h'; 8] is an Ore extension, ' = H'X = HX +2YE and §(X) = X2

3. The centre of the algebra C4(E) is K[E].
Proof. 1. By (28), Ax = R'® A} and E € Aj. Then C4, (F) = R’ ® Cy(E) = R @ K[E].

2. Now, C4(E) = ANCa, (E) = ANR'@K[E] 2 ANK[X*[';6]9K|E] = K[X][I'; 6] oK|E]
(since b’ = HX + 2FY and X is a normal element of A) and so the result.
3. By statement 2, Z(CA(E)) — K[E] ® Z(R) = K[E] ® K = K[E]. O

The set S := K[E] \ {0} is a left and right Ore set in .A. An S-torsion A-module is called a
K[E]-torsion A-module. We aim to classify all simple K[E]-torsion A-modules (see (32), Theorem
6.4, Theorem 6.6 and Proposition 6.7).

For each A € K, consider the .A-module

UN) = AJAE-)) = @ KH'XIY*T where 1:=1+ A(E - \). (30)
i,5,k>=0

The Gelfand—Kirillov dimension of the A-module U(A) is 3. Since the field K is an algebraically
closed field, each simple K[E]-torsion A-module is an epimorphic image of the A-module U () for
some A € K.

Lemma 6.2. Let A € K. Then the element E— X acts locally nilpotently on U(N) but the elements
E — u, where p € K\ {\}, act bijectively on U(X).

Proof. Repeat the proof of Lemma 5.2.(1). O

It follows from the equality b’ = HX +2Y E that Y = 1(h/ — HX)E~!, and so the localization
of A at the powers of the element E

Ap = R[E,E7Y|[H;0] = Ca, (E)[H; ] (31)

is an Ore extension where R[E,E~!'] = R ® K[E, E~!] is a Laurent polynomial algebra with
coefficients in the algebra R and the derivation § of the algebra R[E, E~!] is defined as 6(X) =
X, 6(h') =h and §(E) = 2E.

By Lemma 6.2, the set

A (K[E]-torsion) = | | A(K[E]-torsion, \) (32)
XK
is a disjoint union where A (K[E]-torsion, A) := {[M] € A (K[E]-torsion) | ker(E — A)ps # 0}.
The set A (K[E]-torsion, \) where A € K*. Let A € K*. By Lemma 6.2 and (31),

UN =UNg=Apg/Ap(E-X) =K[H @Rl = H @RI (33)

i>0

where K[H] ® R is the tensor product of vector spaces. The next proposition is an explicit
description of all the submodules of the A-module U(\) where A € K*.
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Proposition 6.3. Let A € K* and Z;(R) be the set of all left ideals of the algebra R.
1. The set {K[H]® I1|I € T;(R)} is the set of distinct submodules of the A-module U(N).

2. {K[H] ® I1|1 is a maximal left ideal of R} is the set of all mazimal submodules of the
A-module U(N).

Proof. 1. Let M be asubmodule of the A-module U(X) = €D, H'®@RI1, see (33). We have to show
that M = K[H]® I1 for some left ideal I of the algebra R. The A-module U(A) = U5 UM< is
the union of the vector spaces U(\)<; = {Zj':o Hi®@r;1|r; € R}. Then MNU(N)<o = MNR1 =
I1 for some left ideal I of the algebra R (since gR1 ~ gR). We claim that M = K[H]| ® I1.
We have to show that, for all ¢ > 0, M NU(\)g; = M; = EB;:O H’ ® I1. To prove this we use
induction on i. The initial case when ¢ = 0 is trivial. So, let ¢ > 0, and we assume that the result
holds for all ¢/ < 4. Clearly, (E — A)U(M)<; € U(N)gi—1 for all i > 0 (where U(M\)<—1 := 0) since,
forallr e R, (E-NH'®@rl=[E,H|@rl=A(H-2)'-H)®rl = X-2iH '+ )®rl
where the three dots means a polynomial of degree < ¢ — 1. Moreover,

A)<i A)<i L= o _
UW<i | UN<iot - i g 09 4 (0 s o —20H @11+ U(N<ia. (34)
<

E—-\: —
UN<i-1 UN)<i-2

It follows from (34) and the induction on ¢ that if w = Z;':o Hi®r;1 € MNU(N)g; then —2Xir; €
I,ie,r; €l Hence, H'®r;1 € M;, andso Y\ Hi@r;l=w—H'®r,1 € MNU(N)<i—1 = M,
by induction. Therefore, w € M;, i.e., M NU(N)g; = M;, as required.

2. Statement 2 follows from statement 1. O

The next theorem gives an explicit description of the sets A (K[E]-torsion, \) for all A € K*.

Theorem 6.4. Let A € K*. Then A (K|E]-torsion, \) = {[K[H] ®M} | [M] € 7%} and the simple

A-modules K[H] @ M and K[H]® M’ (where [M],[M’'] € R) are isomorphic iff the R-modules M
and M’ are isomorphic.

Proof. By Proposition 6.3.(2), every simple module in .Z(K[E]—torsion, A), where A\ # 0, is isomor-
phic to the factor module

Uy KH|®RI N
KH ol -~ Ko =~ CHeR/I=KH oM

where I is a maximal left ideal of R and M := R/I is a simple R-module. If simple A-modules
K[H] ® M and K[H] ® M’ are isomorphic (where M and M’ are simple R-modules) then the
R-modules ker(E — Mg (mjom = M and ker(E — N)gajgam = M’ are isomorphic (see (34)). [

The set A (K[E|-torsion, 0, faithful). The element X is a normal clement of A. By Lemma
5.5, for every [M] € ﬁ(K[E]—torsion, 0, faithful), the map Xy, : M — M, m — X'm, is a bijection.
Therefore, the A-module M coincides with its localization Mx at {X*|i > 0}, i.e., M = My is
an Ax-module. By (28), Ax = R’ ® A} is the tensor product of algebras. Recall that £ € A}
and C4, (E) = R ® K[E] (Lemma 6.1.(1)). The Aj-module V' := A}/A/E = K[Y X Y1 =
@D K(YX 1)1 is a simple Aj-module where 1 = 1+ A1 E. The Ax-module V' := Ax /Ax E =
R' ® V' is a tensor product of the R’-module R’ and the A}j-module V’. The next proposition
describes all the submodules of the Ax-module V' and all its simple factor modules.

Proposition 6.5. Let Z;(R') be the set of all left ideals of the algebra R'. Then
1. {I®V'|I €Zi(R)} is the set of distinct submodules of the Ax-module V'.

2. {MeV'|[M]e f%\’} is the set of all simple factor modules of the Ax-module V'. The Ax-
modules M @ V' and M’ @ V' are isomorphic (where [M],[M’] € R') iff the R'-modules M
and M’ are isomorphic.
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Proof. 1. Let M be an Ax-submodule of V' = '@ V' = @,,( R @ (YX')'T. We have to
show that M = I ® V' for some left ideal of the algebra R’. We may assume that M # 0. Each
element m of M is a unique sum m = Y ;" ja; ® (Y X 1)"1 for unique elements a; € R’. Let I
be the left ideal of the algebra R’ generated by all the elements a; for all m € M. Then M is a
submodule of the Ax-module M’ := I ® V'. It remains to show that M’ C M. To prove this it
suffices to show that for all elements m = Y7 ja; ® (Y X 1)1 of M we have a; ® 1 € M (since
then M D Ala;, @1 =0a,® Aj1=0a,® V', hence M D> Ra, @V' =I@V).

To prove this statement we use induction on the degree n := deg(m) = max{i|a; # 0} of the
element m. The case n = 0 is obvious. So, let n > 1 and we assume that the statement holds for
all elements of degree < n. The element

n
Em=> a;@i(YX ') 'TeM
i=1
has degree n— 1. Hence, by induction, a1 ®1,...,a,®1 € M. Thenm’ := 3" ;@ (Y X 1)1 €
M, and so ag ® 1 =m —m’ € M, as required.
2. Statement 2 follows from statement 1. O

The algebra R’ contains the skew polynomial algebra A’ = K[H'|[X;0] where H = H +
2YX7'E and o(H') = H' — 1. The element X is a normal element of A’ and Ay, = R'. By
Lemma 5.5, for a simple A’-module M the following conditions are equivalent

ker(Xp) =0 XM #0< Xpr: M — M, m— Xmis a bijection < anny/ (M) =0. (%)

Let A’ (%) be the set of all simple A’-modules that satisfy one of the equivalent conditions ().
The next theorem gives an explicit description of the set A (K[E]-torsion, 0, faithful).

Theorem 6.6. A (K[E]-torsion, 0, faithful) = {M ® V' |[M] € A’ ()} and simple A-modules
M@V’ and M' @V’ are isomorphic (where [M], [M'] € A’ (x)) iff the A'-modules M and M’ are
isomorphic.

Proof. Let [N] € A (K[E]-torsion, 0, faithful). The element X is a normal element of A. By
Lemma 5.5, N = Nx. Hence, Nx is a simple factor module of the A x-module V'. By Proposition
6.5.(2), Nx ~ M @ V' for some simple R’-module M.

Claim: If M' is a A'-submodule of M then M’ @ V' is an A-submodule of M @ V':

XMo@V =(XM)eV' CM eV,

YM @V =XM oYX 'V CM eV,

EM' @V =M @EV' CM oV,

HM' @V =H -2YX'EYM' @V CHM @V' - M 2YX'EV C M oV’

By the Claim and the simplicity of the A-module M ® V' we must have M = M’, i.e., M € N ().

Conversely, let L := M @ V' for some M € A’ (x). The element X is a normal element of A’.
By Lemma 5.5, the element X acts bijectively on M. So, M = Mx is a simple R’-module, since
Ay = R'. Hence, L is an Ax-module and A-module. Let us show that the A-module L is simple.
It suffices to show that Au = L for all nonzero elements v € L. Fix a nonzero element © € L. Then
w="> 1" ,m;® (Y X 1)1 where m; € M and m,, # 0. Then E"u =nlm, ®1 € M = M ®1. The
action of the element H on M ® 1 coincides with the action of the element H' = H +2Y X 'FE
since Hm®1=Hm®1+2m®Y X 'El= Hm®1 (since E1 = 0) where m € M. Therefore, to
say that M @1 is a A’-module is the same as to say that M ®1 is a A-module where A = K[H][X; 0]
is a skew polynomial algebra where o(H) = H — 1. Since M is a simple A’-module, it is a simple
A-module. Hence, Au D Am,, ®1 2 Am, ®1 =M ® 1. Now, for all i > 0,

Au2YMeI=X'Me¥X )l=Me¥X )L
Therefore, Au = M ® V', as required. B

17



The set A (K[E]-torsion, 0, unfaithful). Clearly,

.%T(K[E]—torsion7 0, unfaithful) = |_| .%T(K[E]—torsion7 0, P) (35)
PePrim(A)\{(0)}

where A (K[E]-torsion, 0, P) := {[M] € A (K[E]-torsion, 0) | ann 4 (M) = P}. The next proposition
gives an explicit description of the set A (K[E]-torsion, 0, unfaithful).

Proposition 6.7. A\(K[E]-torsion,O,unfaithful) = //(F) (faithful) LlpEMaX(K[H]) A/@,p). In
more detail,

(a) A(K[E]-torsion, 0, (E)) = //(E) (faithful).

—_—

(b) For all p € Max(K[H]), A (K[E]-torsion, 0, (Y, E,p)) = A/(Y, E,p) = K[H]/p.
(¢) A(K[E]-torsion, 0, (Y)) = 0.
(d) A(K[E]-torsion, 0, (X, q)) = 0 for all q € Max(K[Z]) \ {(Z)}.

Proof. In view of (35) and an explicit description of primitive ideals of 4 (Proposition 2.8), it
suffices to show that statements (a)—(d) hold. The statements (a) and (b) are obvious. The
statement (c) follows from the fact that A/(Y) ~ K[H]|[F; 0] =: L where o(H) = H — 2 and the
annihilator of the A-module L/LE is (E,Y) # (Y), see (9). (Hence, every simple factor module of
the A/(Y)-module L/LE has nozero annihilator in A/(Y)). Finally, by Theorem 2.5.(3c), for all
q € Max(K[Z]\ {(Z)}), the element E is a unit in the factor algebra .4/(X, q), and the statement
(d) follows. O
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