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We study the quantum analogue of the classical process of superradiance for a massless charged scalar
field on a static charged black hole space-time. We show that an “in” vacuum state, which is devoid of
particles at past null infinity, contains an outgoing flux of particles at future null infinity. This radiation
is emitted in the superradiant modes only, and is nonthermal in nature.
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1. Introduction

In the classical phenomenon of superradiance, a wave is am-
plified during a scattering process, resulting in a reflected wave
with greater amplitude than the incident wave [1]. One manifes-
tation of superradiance is the scattering of low-frequency bosonic
waves on a rotating black hole space-time [2-4]. There is a cor-
responding process on a static, charged Reissner-Nordstrom (RN)
black hole space-time [5-8], known as “charge superradiance”. A
charged scalar field wave is amplified upon scattering on the RN
black hole if its frequency is sufficiently low.

On rotating Kerr black hole space-times, there is a quantum
analogue of the classical superradiance process [9,10], known as
Starobinskii-Unruh radiation. The black hole spontaneously emits
particles in those modes which display classical superradiance.
This radiation is in addition to the usual Hawking radiation [11],
and is independent of the temperature of the black hole.

In this paper we study the quantum analogue of classical charge
superradiance, first studied by Gibbons [12]. As with Starobinskii-
Unruh radiation, a charged black hole spontaneously emits parti-
cles in the classically-superradiant modes, resulting in nonthermal
emission [13-16]. Much of the literature on this topic to date has
focused on the comparison between quantum charge superradi-
ance and the well-known Schwinger pair-creation process [17] in
a strong electric field (see, for example, [13-16,18-21] for a se-
lection of references considering a charged scalar field on an RN
black hole). In particular, for a massive quantum field, the emis-
sion rate is suppressed by an exponential factor depending on the
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field mass [13-16], and is negligible unless the electrostatic poten-
tial at the black hole horizon significantly exceeds the square of
the mass/charge ratio of the quantum field [12].

Here we take an alternative perspective, and consider instead
a massless scalar field, so that the emission is not exponentially
suppressed. We focus on the construction of quantum states and
the properties of quantum expectation values as the charge of
the scalar field varies. We consider a massless charged scalar field
minimally coupled to the RN space-time geometry and construct
natural “in” and “out” vacuum states. Quantum charge superradi-
ance means that these two states are not the same, with the “in”
vacuum containing an outgoing flux of charged particles far from
the black hole.

The outline of this letter is as follows. In Sec. 2 we review the
classical process of superradiance for a charged scalar field on an
RN black hole, before studying the quantum analogue of this pro-
cess in Sec. 3. We define our “in” and “out” vacuum states, and
compute the fluxes of charge and energy emanating from the black
hole. Our conclusions are presented in Sec. 4. Throughout this let-
ter, the metric has mostly plus signature. We use units in which
G =c=h=1 and Gaussian units for electrodynamic quantities.

2. Classical superradiance on static black hole space-times
We consider a massless charged scalar field ® evolving on the

space-time of an RN black hole, which is described by the follow-
ing line element

ds*> = —f(r)dt® + [f ()] dr* + r*d6? + r* sin® 0 dg?, (1)
where the metric function f(r) is given by

2M Q2
f(r)zl—T-i-r—z, (2)
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with M being the mass and Q the electric charge of the black
hole. If M? > Q2 (which is the only possibility we consider here),
the metric function f(r) given by (2), has two zeros, at r =r4,
where

re=M+yVM2-Q2 (3)

In this case r; is the location of the black hole event horizon and
r_ is the location of the Cauchy horizon. In this paper we restrict
our attention to the region exterior to the event horizon.

The dynamics of the scalar field ® is determined by the field
equation

D, D"*® =0, (4)

where D, =V, —iqA, is the covariant derivative, with A, being
the electromagnetic gauge potential A, = (Ap, 0, 0, 0), where

and we have chosen a constant of integration so that the electro-
magnetic potential vanishes far from the black hole.
The scalar field modes are of the form

—iwt

dwem(t, 1,0, 9) = NoXwe®Ym (6, @), (6)

r

where ¢ =0,1,2,... is the total angular momentum quantum
number, n=—¢,—¢+1,...,£—1, ¢ is the azimuthal angular mo-
mentum quantum number, w the frequency of the mode, N, is a
normalization constant and Y., (6, ¢) is a spherical harmonic. We
have fixed the normalization of the spherical harmonics such that

‘/&wmw,wn@mfw,w)ﬂnededwzzw@amw. 7)

We define the usual “tortoise” coordinate r, by

dry 1

A 8
ar = 7o (®)
in terms of which the radial equation for X, (r) takes the form
d2
=== + Veri (1) | Xoe(r) =0, 9)
drs
where the effective potential Vg (r) is
fn) 9Q\’
Veff(r)=r—2[6(3+1)+rf’(r)]— w—==]" (10)

Near the black hole event horizon, as r — r; and r, — —oo, and
at infinity, as r,r, — oo, the effective potential Vs, given by (10),
has the asymptotic values

2
2 ( _ ﬂ) _
o°=—(ow , Ty — —00,

Vegr(r) ~ -+ * (11)

—w*, 'y — 00,
where we have defined the quantity
F=w-19, (12)

I+

A basis of solutions to the radial equation (9) consists of the
usual “in” and “up” scalar field modes, which have the asymptotic
forms

in ,—iwr
sze *, Iy = —00,

xngpy=1"e N
wl e—iwrs +A$Kezwr*’

(13a)
I'y — 00,
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and
eicT)r* _{_AUPefi(T)r* re — —00
X = t CE ’ (13b)
wl - BUP eiwr* . — 00
U)e £ * £

respectively. The “in” modes correspond to waves incoming from
past null infinity, which are partly reflected back to future null in-
finity and partly transmitted down the future horizon. The “up”
modes correspond to waves which are outgoing near the past
event horizon, partly reflected back down the future horizon and
partly transmitted to future null infinity.

In addition to the “in” and “up” modes defined above, it is use-
ful to also consider the time-reverse of these modes, denoted “out”
and “down” respectively. The radial functions for these modes have
the asymptotic forms

inx ,icr,
: el@r« T, = —00
out __ ylinx _ Y4 ’ *9 s
Xoe 0 =Xpr (V=1 00 rine—ior (14a)
e + A e , Ty —> 00,
and
—it up* i
down ups e e 4 AaEZ el 1y — —o0,
Xot (N =Xy =1 ups__ioor (14b)
B, e 1, e = 00,

respectively. The “out” modes have no flux ingoing at the future
event horizon, while the “down” modes have no outgoing flux at
future null infinity.

To find the normalization constants A/, we employ the Klein-
Gordon inner product (®1, ®,), defined by

(d1, D) :i/ [(Dp®@1)" @2 — ®FD, 2] V/—gdTH. (15)
)

This inner product is independent of the choice of Cauchy surface
3 over which the integral is performed. Using a Cauchy surface
close to the union of the past event horizon and past null infinity
for the “in” and “up” modes, and a Cauchy surface close to the
union of the future event horizon and future null infinity for the
“out” and “down” modes, we find

i 1 down 1
adnjeut _ - A/ - 16
@ NZTam) @ NZTan (16)

From the radial equation (9) we can derive the following useful
Wronskian relations:

.2 .2
w[l—’Ag)‘Z ]:5‘32}13 , 5)[1—|A;‘; z]zw\B‘;j}z,
(17)
and
@BN, = wBl . (18)

From the relations (17) we can observe the phenomenon of charge
superradiance [5-8] since a scalar field mode for which w® < 0
will have |A,¢|? > 1, and hence will be reflected with a larger am-
plitude than it had originally.

This effect can also be seen in Fig. 1, where we show the re-
flection coefficient |A", |? for “in” modes' with ¢ =0 and qQ > 0.
Superradiance occurs for low frequency modes with w < qQ /r4,
when |A2}[|2 > 1. The wave amplification in this process is much
larger than that observed in the superradiance of a neutral scalar
field on a Kerr black hole [1] (see also Fig. 16 in [22]).

! The Wronskian relations imply that the quantities |A®%,|> and |A}}|? are equal.
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Fig. 1. Reflection coefficient |A12U2 for the “in” mode with £ =0 as a function of the
frequency w for some values of the scalar field charge q and fixed black hole charge
Q = 0.8M. Superradiance occurs when |A‘“£\2

3. Quantum superradiance for a charged scalar field

We now turn to the quantization of the charged scalar field.
We firstly define the two quantum states of interest, and derive
quantum superradiance by considering the expectation values of
the current and stress-energy tensor operators.

3.1. “In” and “out” vacuum states

The “in” and “up” modes (13) form an orthonormal basis of
field modes. The “in” modes (13a) have positive norm when w > 0,
while the “up” modes (13b) have positive norm when @ > 0. We
therefore write the quantum field ® as the following mode sum

30>

e}

0
sinf i
/dwawlm w£m+ / da)b:)lkm(pi&m
—00

(=0m=—¢
[e9) 0

+ [ @i 00+ [ @b e, | (19)
0 —00

The expansion coefficients 4, b satisfy standard commutation rela-
tions (all other commutators vanish):

Ainf

[ai&mv aw,z,m/] =8¢0 Smm § (0 — @), >0,
[Aiar)lema BZ‘LW] = 800 Smm § (0 — @), w <0,
[ai)‘im, a?ﬂrmr] = 800 Smm 8 (@ — @), @ >0,
(588 B | = St 8mm s (@ — ), @ <00 (20)

An “in” vacuum state can be defined as the state annihilated by
the @"/'P and bi"/UP operators. We denote this state by |in):

Mm|1n) 0, w>0, bmlm|m) 0, w<0,
aw ling=0, @>0, b |inj=0, @<O0. (21)

The “in” vacuum has no particles incoming from past null infin-
ity nor outgoing from the past horizon and hence is as empty as
possible at past null infinity.

To investigate the properties of this state, it is useful to define
the time-reverse of the “in” vacuum, namely the “out” vacuum
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lout). In order to construct this state, we expand the quantum
scalar field @ in terms of the “out” and “down” modes (14):

00 ¢ o0 0
o=y % f Qoo+ [ doBios
=0 m=— —00
o
+ [ awatgmadsm + / ambigsomn . (22)
0

where the expansion coefficients satisfy the standard commutation
relations (all other commutators vanish)

[aiuztnw afﬁm/] =00 dmmd(@ — @), >0,
[52)%1 ny‘fﬂm] = 800 8mm' 8 (@ — @), w <0,
[adomm. a0t | = deedmmd(@ — @), B>0,
[Bg)%vnn’ bd?\g,ﬁ] =8udmmd(w— ),  ®<O0. (23)

The natural “out” vacuum state to define using this expansion
of the quantum scalar field is then annihilated by the following
gout/down apq pout/down gherators:

@ lout)=0, >0, B°‘;tm|out> =0, w<0,
adowniouty =0, @=>0,  bI%Mout)=0, @ <0. (24)

The “out” vacuum is as empty as possible at future null infinity,
and also contains no particles ingoing at the future event horizon.

3.2. Observables

We are interested in whether the “in” and “out” vacua are, in
fact, identical. Since they have been defined in such a way that
the “out” vacuum is the time-reverse of the “in” vacuum, the ex-
pectation value of the scalar field condensate 1(®®T + dTd) will
be the same in both states. We therefore consider the expectation
values of the scalar field current and stress-energy tensor, which,
being tensor operators, will be able to distinguish between the two
states.

The scalar field current operator J* is given by

A l A~ A~
I [0 (06)  (046)

~ S\ AT 4~

-d (D“d)) - (D“d>) qa], (25)
and the stress-energy tensor operator f,w takes the form
. 1 AT . T T u
fuv=71(Pu®) D& +D,& (Dud) +(Dud) Db
. AT
+D,b (D)
N o ~ AT

208" [(Dpcb) DUCI>+DUCI>(DPCI>) “ (26)

Expectation values of the current and stress-energy tensor opera-

tors in the “in” and “out” vacuum states can be written as sums
over combinations of the field modes

e ZZ/da)(ZZ—i-l)[]’“" id

(in| J*[in) =
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OOOO

q uout
(out| J*|out) = 2 ZZ/dw(zeH) i
=

s

u down]

o0

LA 1
(1n|TW|1n):EZ/dw(2€+1)[ti§‘u weHER w[]

1 [o.¢]
(out| T, |out) = T E / do (2¢+1) [t,(luut we T t%w:w]
=0

(27)

where the nonzero components of the mode contributions to the
expectation values are (see [23] for details)

ji"fé: B rz;(r) N ‘ ‘Xk[(r)‘ ( qu>

ks k
R I [X ot d (wa))}
rodr r
2] qQ\2 L+ FO o 2
S
+f()? ( (r)>‘ ,
”
ks k
t;(r,a)e = -2 (a)— #) ‘./\/2() ZS [wa(r)% (X ﬁ(r)>:| 7
e = [N U (99 €D e 12
trr,a)f - ’N [|:f(r)2f2 ((,() r ) r4f(r) :| ’Xwe(i’)‘
MEREAG 2
dr r ’
k _ K|? 1 qQ 2
o0, = ’Nw {m<w—7> ’sz(r)’
2 d Xg)z(r) 2 -
—for E r ’ (28)
with ¢§  , =tk, ,,sin?6 and k= in, up, out, down labels the spe-

cific mode contribution. The symbol J denotes the imaginary part.

Since X% = Xin* and X4o"n = X"P*, the mode contributions
.tk k k k “ ”
Joer tit.wer trrwe and tg, , are the same for the “out” modes as

they are for the “in” modes, and the same for the “down” modes
as for the “up” modes. Therefore the expectation values of the cor-
responding components of the current and stress-energy tensor are
identical in the “in” and “out” vacuum states. We therefore focus
our attention on the remaining components, namely the fluxes (]r>
and (T{ ).

3.3. Fluxes of energy and charge

Expectation values of the current operator in any quantum state
are conserved [24]:

V. (J*) =0. (29)
For static states as considered here, this gives

A K
(Jn =— (30)
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where /C is a constant whose value depends on the quantum state
under consideration. Physically, /C is the flux of charge from the
black hole. When K has the same sign as the black hole charge Q,
the black hole is losing charge.

Since there is a background electromagnetic field, expectation
values of the stress-energy tensor are not conserved [24], but in-
stead satisfy

VAT ) = 4 F (JH), (31)

where F;, is the background electromagnetic field strength. For
static states on an RN black hole space-time, the t-component of
this equation can be integrated to give
L 4nQK

2t 3

r r

(T{) = — (32)
where £ is another constant depending on the particular quantum
state under consideration. Physically, £ is the flux of energy from
the black hole and £ > 0 corresponds to a loss of energy by the
black hole.

From the mode contributions to the expectation values (28),
and using the properties X24 = X'“* and Xd"""n X:}z*, we have
the results

(out|J"|out) = —(in| J"[in), —(in|T][in),  (33)

which are to be expected since the “out” vacuum is the time re-
verse of the “in” vacuum. It is therefore sufficient to study these
expectation values in the “in” vacuum state. It is proven in [23]
that these components of the current and stress-energy tensor
do not require renormalization, which simplifies the computations
greatly.

We first consider the form of the expectation values (in|jr|in)
and (in\fﬂin) as r — oo. Using the form of the modes (13), wi
find, as r — oo, the following leading order behaviour

(out|T]|out) =

max{c’Q 0}
in|J"|in) ~ 20+1)|B™ |,
(in| J"[in) ~ 64n3r22 / ( +1)|B,)
_mm{ ,0}
(34a)
max{qQ 0}
in|TT|i 20+1) B}
(in|T{ fin) ~ — < — TZZ / ( +1)|B)
_mln 0}
(34b)

These are clearly nonzero, and thus the “in” and “out” vacuum
states are not the same. Using (30), (32), we find the constants
K and L to be

max{ﬂ,O}
q - ' % up |2
K=5 > Wiz @+ |Bay|” (35a)
=0 . ‘90
mm{:,O}
| o= max{‘l—g,O} . 2
_ up
L=1r3 > / dwﬁ(2£+l)|8w[ . (35b)
(=0m=— 70
mm{: 0}

Both the expectation values (34) involve sums over just the
superradiant “up” modes with w@ < 0. The nonzero expectation
value (in|]'|in) corresponds to an outgoing flux of charge as seen
by a static observer at a fixed value of the radial coordinate
r > ry, while the nonzero expectation value (in\f[ |in) represents
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10° 42 r2(17)
108 vy 72(J")

r/ry

Fig. 2. Expectation values of rZ]’ and r? 'fr’ for the “in” vacuum state for = Q =

0.8M. The quantity rz(]’> is constant and negative. The quantity rz(f{) is negative
for sufficiently large values of r but positive close to the event horizon.

3.5
3L J
2.5 | J
£
L\L 2 b B
+
=~
o L5 J
=)
T
1k J
0.5 | J
0
0 3.5

a/M

Fig. 3. Expectation value of the conserved quantity —r?(]") for the “in” vacuum
state as a function of the scalar field charge q, with Q =0.8M.

an outgoing flux of energy as seen by that static observer. This
is precisely the phenomenon of quantum superradiance [12]. The
charged black hole spontaneously emits particles in the superradi-
ant modes.

The fluxes (35) contain a nonthermal distribution of particles,
which is present even for extremal black holes for which the
Hawking temperature vanishes. Since we are considering a mass-
less charged scalar field, there is no exponential suppression of the
flux, as seen in the massive case [13-16].

To calculate numerical values for the expectation values, the
in/up 2
wl
radial equation (9) to obtain the radial modes. These can also be
inserted directly into the mode sums associated with the expecta-
tion values of ]r and T{, given in (27), as a check of our numerical
results. In Figs. 2-4 we display the components r2(in|J"|in) and
r2(in|f'[\in) for Q =0.8M and a selection of positive values of the
scalar field charge q.

In Fig. 2, we see that, as expected, rz(jr> is a constant —/C
(30), (35a). Fig. 3 shows the value of K as a function of the scalar
field charge q for fixed black hole charge Q = 0.8M. From (35a),
the flux of charge K always has the same sign as the black hole
charge Q, so that the black hole discharges due to quantum super-
radiance. As q increases, it can be seen in Fig. 3 that K increases
rapidly.

transmission coefficients ’B are computed by integrating the

Physics Letters B 811 (2020) 135904

8 T T
/M =032 ——
6 i
q/M =048 - - - -
4t Q/M =064 -on 1
S a/M =08 |
R 0 ,\‘\ — i
© R
S ,,,,,,,,,,,,,,,,,,,
4 L ]
—6 L L L L L L L L

r/ry

Fig. 4. Expectation value rz(?{ ) for the “in” vacuum state for selected values of the
scalar field charge g, with Q =0.8M.

Fig. 4 shows the behaviour of r2(in|f{|in) as the scalar field
charge q varies. From (32), as r — oo, the quantity r2(in|f'[\ir1) ap-
proaches a constant — L. In Fig. 4 we see that £ is always positive
(as may be anticipated from (35b)), corresponding to a loss of en-
ergy by the black hole. The constant £ also increases as the scalar
field charge q increases for fixed black hole charge.

Close to the horizon, the expectation value (f{ ) is positive, due
the second term in (32) and the fact that Q K > 0. This is in con-
trast to the situation for Starobinskii-Unruh radiation from a Kerr
black hole [25], for which <f{ ) has the same sign everywhere out-
side the event horizon. Therefore, at the event horizon, we find
a flux of ingoing rather than outgoing energy. Furthermore, the
magnitude of this ingoing flux at the horizon increases as the mag-
nitude of the scalar field charge increases.

The expectation value (T{ )} vanishes when r =rg, where

AT QK

o= - (36)
We note that ro > 0 for all Q # 0. For all values of q, Q studied,
we find that ro > r;. Fig. 4 seems to indicate that ry is indepen-
dent of the scalar field charge q, for fixed black hole charge Q.
However, there is a slight variation as one can see in Fig. 5. For
fixed Q, we find that rp increases with q up to a saturation point.
As g — 0, the expectation value (T{ ) vanishes everywhere outside
the black hole, which means ry is not well-defined in this limit.
This is reflected in a loss of accuracy in the numerical estimation
of ro for small values of q.

The fact that the energy flux (f{ )y has opposite signs close to
and far from the black hole is reminiscent of the notion of an “ef-
fective” ergosphere [7,26,27]. Inside the effective ergosphere, the
energy of a charged particle can be negative as seen by an observer
at infinity. The presence of the effective ergosphere enables a clas-
sical process of charge and energy extraction from a charged black
hole, namely the charged analogue of the Penrose process. In this
process, a particle orbiting the black hole splits into two other par-
ticles with charges of opposite sign. The particle with charge of the
same sign as the black hole charge escapes to infinity, whereas the
other falls into the black hole, thereby effectively stealing charge
from it. For a massless charged particle, the effective ergosphere
has outermost radius given by

M+ /M2 - Q2 +¢2Q*/p}

, (37)
1-4¢2Q?/p

Tergo =
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2.3

2.2 + g

ro/ry
(S
—
T
\

]“9 L L L L L L
q/M

Fig. 5. Radial position ro, where the expectation value (T{) vanishes, for the “in”
vacuum state, as a function of the scalar field charge g, with Q =0.8M.

where p,, is the particle angular momentum. We note that rergo
depends weakly on the scalar field charge g, in analogy with the
weak dependence of ry on g seen in Fig. 5.

4. Conclusions

In this letter we have studied the quantum analogue of classi-
cal superradiance for a charged scalar field on an RN black hole
space-time. For a massive field whose Compton wavelength is sig-
nificantly smaller than the size of the black hole, this process is
exponentially suppressed [13-16,20], so we have studied a mass-
less scalar field, for which this exponential suppression is absent.
We have computed the expectation values of the fluxes of charge
and energy from the black hole for an “in” vacuum state which is
as empty as possible at past null infinity. The superradiant emis-
sion is nonthermal in nature and such that the black hole loses
both charge and mass.

As well as the “in” vacuum, we have also constructed an “out”
vacuum state, which is the time-reverse of the “in” vacuum and is
as empty as possible at future null infinity. The expectation values
of the components of scalar field current and stress-energy tensor
operators in the “in” and “out” vacua are the same, except for the
fluxes of charge and energy. The fact that these fluxes are different
means that these two vacuum states are not identical. Computing
the fluxes is comparatively straightforward as these components
of the current and stress-energy tensor operators do not require
renormalization [23]. In order to investigate the properties of the
“in” and “out” vacua in more detail, we would need to examine the
other components of these operators, which would require renor-
malization.

Neither the “in” nor “out” vacua considered here are empty at
both future and past null infinity, unlike the Boulware vacuum [28]
defined on a Schwarzschild black hole. It is known that, as a conse-
quence of quantum superradiance, there is no state empty at both
future and past null infinity on a Kerr black hole [25]. Examining
whether or not such a state exists for a charged scalar field on a
charged black hole space-time would be an interesting extension
of our work here, to which we plan to return in the near future
[23].
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