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Automorphic Lie algebras and corresponding integrable systems.

Rhys T. Bury and Alexander V. Mikhailov
Applied Mathematics Department, University of Leeds, UK

December 11, 2020

Abstract

We study automorphic Lie algebras and their applications to integrable systems. Automorphic
Lie algebras are a natural generalisation of celebrated Kac-Moody algebras to the case when the
group of automorphisms is not cyclic. They are infinite dimensional and almost graded. We
formulate the concept of a graded isomorphism and classify s/(2, C) based automorphic Lie algebras
corresponding to all finite reduction groups. We show that hierarchies of integrable systems, their
Lax representations and master symmetries can be naturally formulated in terms of automorphic
Lie algebras.

1 Introduction

The integrability of a nonlinear partial differential or a differential difference equation can often be re-
lated to the existence of a corresponding Lax representation. Having a Lax operator we can construct
an infinite hierarchy of commuting symmetries, local conservation laws and find exact multi-soliton
solutions. It enables us to find a recursion operator and a multi-Hamiltonian structure for the corre-
sponding equation. Symmetries, local conservation laws, recursion operators and multi-Hamiltonian
structures are fundamental properties of integrable equations [1], [2]. Integration of such equations
can be reduced to a direct and inverse spectral transform associated with the Lax operator.

Symmetries of the Lax operator play a key role in the spectral transform and are reflected in all
structures associated with the corresponding integrable equation. Discrete groups of automorphisms
of Lax operators, the reduction groups, were introduced in [3], [4], [5]. Reduction groups have been
extensively applied for the construction of new integrable systems, recursion operators, R matrices,
for the classification of soliton solutions, and the spectral theory of Lax operators (see for example [4],

[5], [6], [7], [8], [9], [10]).

Often the structure of Lax operators have a natural Lie algebraic interpretation in terms of Kac-
Moody algebras [11]. A new class of Lie algebras over rings of automorphic functions, which can be
also regarded as infinite dimensional Lie algebras over C, was proposed in [7]. These algebras have
been further studied in [12] where they acquired the name automorphic Lie algebras (see also [13]).
Automorphic Lie algebras are a natural generalisation of Kac-Moody algebras. While a Kac-Moody
algebra can be seen as a subalgebra of a loop algebra, which is invariant with respect to a cyclic
group of a finite order automorphism (the Coxeter automorphism [11]), an automorphic Lie algebra
is a subalgebra of a generalised loop algebra which is invariant with respect to a reduction group (the
reduction group can be non-cyclic, noncommutative, and it can be infinite).

Automorphic Lie algebras are infinite dimensional (over the field C), they are almost graded and can
be characterised by a finite set of structure constants. They have a structure of a finitely generated
C[J]-Lie module, where J is a primitive automorphic function. The classification of automorphic Lie
algebras is part of the programme of classification of Lax operators and hence of integrable systems.
The problem of classification of automorphic Lie algebras corresponding to finite reduction groups had
been extensively studied in [14] and independently in [15]. An alternative approach to automorphic



Lie algebras and further development can be found in [16], [17]. Automorphic Lie algebras have found
further applications to construction of differential-difference and partial-difference integrable systems
and Yang-Baxter maps [18], [19].

In this paper we define the concept of a graded isomorphism of almost graded algebras. It is stronger
than isomorphism and can be effectively verified. We also study automorphic Lie algebras related
to the simple Lie algebra A; and finite reduction groups. We show that there are five types of non-
isomorphic algebras which include the polynomial part of the A; loop algebra, the polynomial part of
the Kac-Moody algebra A} and three others. Explicit realisation of these algebras in terms of finitely
generated C[.J]-Lie modules is presented in Section 3.3. We discuss the construction of Lax operators,
corresponding integrable hierarchies and master symmetries in terms of automorphic Lie algebras and
illustrate it with examples.

2 Kac-Moody and automorphic Lie algebras

The construction of automorphic Lie algebras is similar to the construction used in the theory of Kac-
Moody Lie algebras. While a Kac-Moody algebra can be realised as a subalgebra of a loop algebra,
which is invariant with respect to a cyclic group generated by an automorphism of a finite order, an
automorphic Lie algebra can be viewed as a subalgebra of a simple Lie algebra over the field C(\),
which is invariant with respect to a finite group of automorphisms. Automorphic Lie algebras can also
be defined for infinite groups, but in this paper we focus on the case of finite groups.

Let I' = {pr € C} denote a finite set of points and R(I') denote a ring of rational functions of the
variable A with poles at A\ = ug, pux € I' and regular elsewhere. In this notation the ring of polynomials
C[)\] = Ra(co) and the ring of Laurent polynomials C]A™1, \] = R (0, 00).

Let 2 be a simple Lie algebra over C and
A\(T) =RA(T) @c . (1)
Then 2, (T") may be made into a Lie algebra in a unique way satisfying
[p®a,q®b] =pg®la,b]

for p,q € RA(I"), a,b € A. In particular, the algebra ) (0,00) = Rx(0,00) ®c 2 is called the loop
algebra [20]. Elements a(\) € A5(0,00) are Laurent polynomials » ., A"a, where a, € 2 with
finitely many a,, # 0. We shall call the algebra 2, (I") a generalised loop algebra.

2.1 Kac-Moody algebras

Let ¢1 : A — A be an automorphism of a finite order n, then ®; : (0, 00) — A (0, 00), defined for
any a(X) € Ax(0,00) as
_ 27
@1(a() = dr(alw V), w=exp() 2)
is an automorphism of 2 (0, 00). The automorphism ®; is of order n and thus it generates a cyclic
group of automorphisms G = (&1 ; ¢ = id) ~ Z/nZ.

A Kac-Moody algebra L(2l, 1) can be defined! as a subalgebra of 2((0, 00) invariant with respect to
the cyclic group of automorphisms G

L@, ¢1) = {a(A) € An(0,00) |a(A) = g1(alw™N))} 3)

!There are many comprehensive monographs and textbooks presenting the theory of Kac-Moody algebras (see for
example [21], [20]). We shall adopt definitions and some notations from [11] (Section 5) where the most convenient and
useful (for our purposes) exposition of Kac-Moody algebras is given. In [11] and in this paper Kac-Moody algebras are
assumed to be centreless, i.e. are quotients of the corresponding affine Lie algebras over their centres.




We have L(A, ¢1) = Y ez A¥A; where 2, = {a € A|¢1(a) = wFa} and define L¥(A, ¢1) = A¥2Ay. Tt
is a graded Lie algebra

LA ¢1) =P LA 61), (LR, 61), L™, 61)] € LA, 1) -

kEZ

We can also consider two subalgebras L (2, ¢1) C L(, ¢1) of polynomials in A and A~
Li(A, 1) ={a€U(o0) |a=P1(a)}, L-(A 1) ={a €A(0)|a=P1(a)}.
The subalgebras Ly (2, ¢1) are isomorphic and they cover L(2, ¢1):

L—(Qlu¢l)UL+(le¢l) :L(Q[7¢1)7 L—(Qla ¢1)ﬂL+(QL7¢l) :Ql0~ (4)

Example: In A = sl(2,C) we take the standard (Cartan-Weyl) basis e, f, h

0 1 00 1 0
=(00) =(10) »=(o &)
with commutation relations
[e,f] =h, [h,e]=2e, [h,f]=-2f. (5)

We define the automorphism ®; of order 2 as

= (5 5 Jan(p 4 ) 0
Then Ao, 1 = Spang (e, f), Ao, = Spang(h), k € Z and
L@ ¢1) = P AN, L@ o) = PN, L 61) = PAmrr". (7)
kEZ k>0 k<0

The algebra L(, ¢;) is isomorphic to the loop algebra 2A(0,00). Indeed, the set {e; = e, f, =
N by = Mh} ez is a basis in (0, 00) with non-vanishing commutation relations

[Ck, fp] = hk+p> [hk7 ep] = 2€k+pﬂ [hk7 fp] = _2fk‘+p7 kap € 7. (8)

In L(2, ¢1) one can take the basis {e¥ = A\ Tle, fF = N2k=1f p% = \?h},.z and verify that the
commutators of its elements are exactly the same as in (8).

This is an illustration of a general Theorem (V.Kac [21]) that for any simple Lie algebra 2 and a
finite order inner automorphism ¢; the corresponding Kac-Moody algebra L(2, ¢1) is isomorphic to
the loop algebra 20, (0, 00). Here we would like to stress the fact that the subalgebras Ly (2, ¢1) and
2o in the coverage (4) depend on the choice of the automorphism and that is of importance to our
applications to integrable systems.

2.2 Automorphic Lie algebras

The map

21

g1 : Ra(0,00) = Ra(0,00),  gi(a(N) = alw™'A),  a(d) € Ra(0,00), w = exp <n> )

is an automorphism of order n of the ring R(0,00). The ring R (0, 00) has another automorphism
go of order 2

g2 : Rx(0,00) = Rx(0,00), gala(N) =a(A™1), a()) € Rx(0,00). (10)



The automorphisms g; and go generate a subgroup G C Aut R, (0, 00) which is isomorphic to D,, -
the group of a dihedron with n vertices. Indeed, we have g7 = g3 = id and it is easy to verify that
91929192 = id, thus

G = {91,925 97 = g5 = Q1920192 = id) ~ D, . (11)

The order |D,| = 2n. In the case n = 2 the group is commutative and Dy ~ Zg X Zgy (the group of
Klein).

The subring of all G—invariant (or automorphic) Laurent polynomials is given by
RS (0,00) = {a € Rx(0,00) | g1(a) = ga(a) = a}.

The ring R (0, 00) = C[J], where J = 1(A"+A~") € R, (0, 00) is an automorphic Laurent polynomial.
Moreover J is a primitive automorphic function of the group G, in the sense that any automorphic
rational function of A is a rational function of J [12].

Let ¢1, ¢2 be two automorphisms of 2l satisfying the conditions ¢} = ¢3 = ¢1¢pa¢1¢2 = id. Then @4
(defined in (2)) and P9 : A (0, 00) — A (0, 00)

Da(a(N) = ¢2(a(A7),  a(X) € Ax(0,00) (12)

generate a subgroup G = (@1, Py ; ®F = @3 = O1P,®, Py = id) C AutA,(0,0) (a reduction group
[3]-[7]), which is isomorphic to the dihedral group G ~ ID,,. The subalgebra of (0, c0) invariant with
respect to the group of automorphisms G

A5 (0,00) = {a(\) € Ax(0,00) |a = P1(a) = Pa(a)} (13)

is an example of an automorphic Lie algebra. In this example ng(O, o0) is a subalgebra of the Kac-
Moody Lie algebra L(2, ¢1).

In order to formulate a general definition of automorphic Lie algebras we need to fix some notations.
We will consider the groups G whose elements are Mobius (linear-fractional) transformations

ap\ +
gr(\) = == B Rk — Bk # 0, ak, Br, Yk, Ok € C.

YA+ 6

of the extended complex plane C = C U {oo}. The group of all Mébius transformations is called the
Mébius group which is isomorphic to PSL(2,C) ~ SL(2,C)/ + I, where SL(2,C) is a group of 2 x 2
matrices whose determinants are equal to 1, and I is the unit matrix. Indeed, if we associate a matrix

(o B
S = ( e ) (14)

with the Mobius transformation gy, then the composition of transformations g, - g corresponds to
the product of the matrices S,S). Matrices Si and 0S5, 6 # 0, 6 € C result in the same Mobius
transformation.

In this paper we are interested in finite subgroups of the Mobius group. According to F.Klein [22], all
finite subgroups of PSL(2,C) are in the following list:

1. the additive group of integers modulo N, Z/NZ

2. the symmetry group of the dihedron with N vertices, Dy
3. the symmetry group of the tetrahedron, T

4. the symmetry group of the octahedron, O

5. the symmetry group of the icosahedron, 1



In what follows we assume that G is a finite group of Mobius transformations. For any v € C we denote
the orbit G(v0) = {9(10) |9 € G} and the isotropy subgroup G, = {g € G|g(v0) = 0} If the group
G, is nontrivial, i.e. |G,,| > 1, then the point 7q is called a fixed point of the group G of order |G, |.
Points which are not fixed are called generic. Obviously, the number of points |G(y0)| = |G|/|G+, |- If
7o is a fixed point of order n, then the corresponding orbit is called a degenerate orbit of degree n.
We call orbits corresponding to generic points generic. Two points 7g,v1 € C are said to be equivalent
70 ~ 71 if they belong to the same orbit (for non equivalent points vg,y; € C we shall use the notation

Yo # M)

Mébius transformations induce automorphisms of the field of rational functions C(\) defined as

g: fO) = flg7 V), F() €CON). (15)

If G is a finite group of Mobius transformations, then there exists a subfield C%(\) of G-invariant
rational functions

CEN) ={f €CWN)|g(f)=f Vg€ G}

Non constant elements of (CG()\) are called rational automorphic functions of the group G. Moreover,
there exists a primitive automorphic function J € C%(\), such that any rational automorphic function
is a rational function of J, or C%()\) = C(J) (see [12]). The primitive automorphic function J is not
uniquely defined - any non constant fractional linear function of J is a primitive automorphic function.

For finite groups automorphic functions can be easily constructed using the group average

(f\)g = ‘G,Zf g

geG

If an automorphic function has a pole (or a zero) in A at a point A = y, then its order is divisible by

|Gl
Let 49 € C, then

Ja(A\ 1) = <()\_»y10)Gm>G

is a primitive automorphic function which has poles of multiplicity |G,,| at the points of the orbit
G(70)- If 40 = oo, then Jg(A, 00) = (AC=l) .

Assuming vy % 1 we define a primitive automorphic function

Ja(N\70,71) = Ja(M ) — Jalr, ) (16)

with poles of multiplicity |G,| at points of the orbit G(v), zeros of multiplicity |G.,| at points of
G(v1) and no other poles or zeros. Any primitive automorphic function with a pole at 7y and a zero
at 1 is proportional to Jg(A,v0,71). The following Lemma summarises some useful properties of the
function Jg (X, v0,71)-

Lemma 1. Let G be a finite group, B £ «a, B~ and B+ §, then

Ja(o, B,7) + Ja (v, 8,a) = (17)
Jala, B,v) = Ja(d,8,7) = G(O‘aﬂa 5) (18)
Ja(a, B,7)Ja(a, v, 8) = C(8,7) (19)
Ja(a, B,7)Ja(a,v,0) = Ja(a, B,6)Ja (B, 7, 9) (20)

where C(B,v) = C(v,B) # 0 and C(B,) does not depend on a.

Proof. Identity (17) follows from (18) if we take v ~ «, and (18) immediately follows from (16). The
left hand side of (19) is a product of two rational functions of a.. Poles of Jz(«, 8,7) are all at a ~ 3
and are canceled by the corresponding zeros of Jg(a,~y,3). Similarly poles of Jg(a,7y, ) are all at



a ~ v and they are canceled by the corresponding zeros of Jg(«, 3,7). Thus the product is a rational
automorphic function of v which does not have any poles. Therefore it is a constant function of a.
The property C(8,v) = C(v, ) is obvious from the symmetry. Identity (20) follows from (17)-(19):

JG(avﬁa'Y)JG(O‘”Y? 5) = JG’(O%B/Y)(JG(OQ’Y?B) - JG(év'Va 6)) =
C(B,7) — (Jala, B,6) + Ja(d, B,7))Ja(6,7, 8) = C(B,7) + Jale, B,6)Ja(B,7,6) — C(B,7) . W

If the group G is clearly specified or the result is general and does not depend on the choice of a finite
group G, we shall use a simplified notation by omitting the subscript G in Jg(a, 3,7).

Let I' = G(70) be an orbit of a finite subgroup G € PSL(2,C) and R, (T") the corresponding ring of
rational functions with poles at T" only. Then G is a group of automorphisms of R (I"). Indeed, the
transformations (15) map R (I") = R,(T") and respect the ring structure. The G-invariant subring

RS(T) = {a € RA(T) | g(a) = a,Vyg € G}
is the ring of polynomials C[J] of a primitive automorphic function J = Jg(A,70).

Let us have a simple Lie algebra 2, the corresponding generalised loop algebra 2,(I') (1) and a
homomorphism ¥ : G — Aut2,(I"). We denote by G the image ¥U(G) in Aut2,(T") and call it the
reduction group. An element ®; € G can be viewed as a pair @, = (g, ¢x) consisting of a Mdbius
transformation g and an automorphism ¢ € Aut®l, which could depend on A. The action of ®; on
the elements of A, (I") is similar to (12):

op(a(N) = drlalgr (V). a(X) € A(D).

When the elements ¢, € Aut2 do not depend on A we can (without loss of generality - see [12])
construct the reduction group as follows. Suppose we have a A-independent homomorphism ¢ : G —
Aut2l. For every element g, € G we define ®, = (gx, 1y, ) and the reduction group G(G,¢) = {® =
(9,%4) | g € G}, which is a subgroup of the direct product G x Aut2 and is isomorphic to G.

The automorphic Lie algebra corresponding to the group G and the orbit I' is the G-invariant subalgebra
AJ(T) = {a € A\(T) | D(a) = a,Y® € G}.

More generally, let I' be a G orbit of a finite set of points {u1,...,un | pi 9 w4}, which is then
a union of M simple orbits T' = Ué\il Iy, i.e. orbits of a single point I'y = G(ug). The group
G is still a group of automorphisms of the corresponding ring R)\(I') and G = ¥(G) is a group
of automorphisms of the Lie algebra 2 (I'). We shall call the G-invariant subalgebra ng(l") the

automorphic Lie algebra corresponding to the reduction group G and simple orbits I'y,...,Tpr. The
subalgebras ng(Fk) C ng(I‘), k=1,...,M form a coverage of ng(I‘) in the following sense:

M
AT = [ JAf(Tr), AT (ATn) =A%, k #n, (21)
k=1

where 29 = {a € A| ®(a) = a, V® € G} is a G-invariant subalgebra of the C-algebra L.

In this sense, the Kac-Moody Lie algebra L(2, ¢1) is the automorphic Lie algebra corresponding to
the cyclic group Z/nZ and I' = I'y UT'y, where I'y = {oo} and I'y = {0} (of the M6bius transformation
g1(A) = w). Its subalgebra L, (2, ¢1) is a Z,-automorphic Lie algebra corresponding to one orbit
I'y. Similarly, L_ (2L, ¢1) corresponds to the orbit I'y. The algebra Ql(j:(O, o0) (13) is the automorphic
Lie algebra corresponding to the group G ~ ID,, and a single degenerate orbit I' = {0, 00} of degree n.

There is a natural projection Pg of the linear space 2(\(T') onto Qlf(l") given by the group average.
For a € A (T") we define Pg(a) € ng(l") as

Pgla) = (a)g = = Y ®(a). (22)

Obviously Pg = Pg. The projection Pg : 2\ (T) — ng(I‘) is a surjective linear map, but it is not a
Lie algebra homomorphism.



3 Automorphic Lie algebras in the case 2 = sl(2,C)

As above, G denotes a finite group of Mébius transformations. In the case 21 = sl(2, C) it is well known
([23], [21], [20]) that all automorphisms are inner and can be represented in the form a — UalU ~! where
U € GL(2,C). We shall denote such an automorphism as ¢, where ¢y (a) = UaU 1. Thus Aut 2 ~
PSL(2,C). Let us take any injective? homomorphism p : G — PSL(2,C) (which can be regarded as a
faithful projective representation p : G — EndC?) and define a homomorphism ¢, : G — Aut(sl(2,C))
by its action on the Mobius transformations g € G : 1,(g) = ¢,(g). Thus with any Mébius group G
and a projective representation p we associate a reduction group G = {®; = (g, ¢p(g)) lg € G}.

In the case A = sl(2, C) there is a natural homomorphism v : G — Aut(sl(2,C)), namely ¢ (gx) = ¢s,,
where g € G and Sy is the matrix (14) associated to the Mobius transformation gi. We call the
reduction group G = {(gx, ¢s,) | gx € G} the natural reduction group.

3.1 The case G =D, and A = si(2,C)

Without loss of generality we can represent the generators of the group G by the Mobius transforma-
tions

Thus the (natural) reduction group G ~ Dy is generated by the transformations
@1 (a(N)) = ssa(—N)ss, Py(a(N)) = s1a(A"Y)sy. (23)

Here we use the notation

(10 (01 (0 -1 (1 0
0=V o 1) ®=\10) %71 0o ) B \o -1 )"

The set {sg, s1,S2,83} is a two-dimensional irreducible projective representation of the group Ds. Since
the group Dy is commutative, all its linear irreducible representations are one-dimensional.

In order to construct a corresponding automorphic Lie algebra we need to choose an orbit I' of the
group G or a finite union of orbits. There are three degenerate orbits I'g, 'y and I'; of degree 2

To={0,00}, Ty={x1}, T;={%i}

and a generic orbit
F,LL = {iM>iM_1}7 K g {0,00,il,ii}.

Elements of a basis of the automorphic Lie algebra Qtf(ro) can be constructed using the group average
(22). We define e! = 2{)\e)g, ! = 2(Mf)g, h? = 2(\?h)g. Evaluating the group average we get:

e1:<)\01 3) f1:<2\ A;), h2:()\2—)\_2)<(1) _01> (24)

Their commutators are
el fl]=h?, [h%e'] =202+ 1" 2)e! —4f!) [h? fl]= 2002 + A D +4e'. (25)

For v + 0 we define a primitive automorphic function Jg (A, 0,v) = Ja(A, 0)—Jg (v, 0) where Jg(A,0) =
(A2 = £(A2+ A72) (see (16)). The set

B = U an Bn _ {eQn—l — Jn—lel’ f2n—1 — Jn_lfl, h2n _ Jn—th}’ (26)
neN

2If the homomorphism p is not injective and therefore the corresponding projective representation is not faithful, then
its kernel ker p C G is a normal subgroup in G and the problem can be effectively reduced to the quotient group G/ker p
(see [12]).



where J = 2J(\,0,v) is a basis of ng(l“o) (see [12]).

It follows from the commutation relations (25) that

[en’fm]: hn+m
BF,e) = 2emF — 4f7HE2 4 46 (0, 0)em 2, (27)
[hk, fn] — _2fn+k 4 4en+k 2 4JG( 70)fn+k—27

where n,m € 2N — 1 and k € 2N. Thus the algebra ng(I’o) is almost graded
A (Ty) = @Bk 187,87 c BPt P Brrt

where homogeneous subspaces are B7 = Spanc(B,). If we set v = exp T then Ji(v,0) = 0 and the
commutation relations (27) take a rather simple form. A choice of the pomt v (which controls zeros
of the automorphic function Jg(A,0,r)) corresponds to a choice of the basis in Q(g(f‘o). The grading
structure depends on the choice of v (see [12]). It follows from the commutation relations (27) that
the algebra Qlf(Fo) is generated by its first homogeneous space B! (and actually, in this particular
case, by two elements e! and f!).

Remark: Almost graded algebras can be seen as deformations of the corresponding graded algebras.
For example the Automorphic Lie algebra ng (T'o) is a deformation of the graded algebra Lo (2, ¢1) =
Drso U C Ly (A, ¢1) (7). Indeed, after the re-scaling (which is a graded isomorphism)

A

8" = ¢"e”, " =¢"", h" = h"

the commutation relations (27) take the form

[en, fm] = Rt
[}:1k7 én] — 2en+k 462fn+k 2 + 4€2JG( O)§n+k_2,
[hF, £7] = —2£7FF 4 4e2en k=2 — 4e2 Jo (v, 0)FHH 2.

Setting (formally) € = 0, we obtain the commutation relations for the algebra L (2, ¢1).

Similarly one can construct a basis for the algebra ng( ), for any orbit I' = G(k) and compute the
corresponding structure constants. For example a basis for A9 {(I'1) can be chosen as:

{J"'Pg <Ae_1> J"Pg <(>\—fl)> Jm 17>g< b ) |n €N},

where J = Jo\ 1L,v), vl

There is, however, a more elegant way to give a description of the automorphic Lie algebra Qlf(F) for
any orbit I' = G(k), k 0.

Proposition 1. Let G ~ Dy be the reduction group generated by the automorphisms (23), k € C\
{0,000}, Ty = G(k) and J, = Jg(\ k,0). Then

(i) the automorphic Lie algebra ng(I‘H) is generated by

a; = J,Qel, ag = J,.;fl, ag = J.h2.

(i) The commutation relations between the generators are

lar,as] = Jyas, (28)
[ag,a1] = 2(k% 4w 2)Jea; — 4J.a0 +4C(0, k)ay, (29)
a3, a) = —2(k* 4+ k%) Jeag + 4,21 — 4C(0, k)ay. (30)



(iii) The set
B=J By, By={J2 s, Ji . JP ) (31)
neN

is a basis of ng(Fﬂ).
(iv) The algebra Qlf(l“,@) is almost graded

@Bk [BP, B9 C Bp+q@5p+q 1

where B¥ = Spanc(By,).

Proof. (ii): The commutation relation (28) immediately follows from (27):
[a1,as] = J2[e!, f!] = J?h? = J, a3,
To show (29),(30) we use (27) and (16),(19). To demonstrate (29) we note:
lag,a;] = J?[h?, e'] = 2(\% + A" %) Jea; — 4,40
We recall that (A2 + A72)J,; = 2Jg(A,0)Je (), &, 0). It follows from Lemma 1 (16),(19) that
2J6(X,0)Ja (N, k,0) = 2Jg(k, 0)Ja(\, K, 0) + 2Ja(X, 0, k) Jg(\, &, 0) = (k2 + K2)J, + 2C(0, k)
and thus [a3,a1] = 2(k? + k%) Jea; — 4J.az +4C(0, k)a;. The proof of (30) is similar.
(iii): The elements J" a; are G invariant and have poles at points of T',; only, thus J?'a; € Q[g( I'y).
It is easy to show that any element of ‘219( x) can be represented as a finite linear combination of
elements of B. For a generic point k, the proof of the latter statement is given in [12] (Proposition

3.1). In the case of degenerate orbits I';, I'; the proof is similar (or can be deduced from the generic
orbit case). Thus B is a basis of ngf(l“,i).

(): It follows from (i7) that all elements of B can be generated by the set B; = {aj,as,as}.
(tv): Since B is a basis of Q[g(l}), we have Q[g(l}) = @72, B* where B* = Spanc(B,,). It follows
from (i) that [BP, B C BPTa @ Brta—1, [ |

It follows from the above Proposition and the preceding discussion that for any orbit I' an almost
graded basis of the algebra A{(T") can be characterised by a set of generators {aj,as, a3} and a
primitive automorphic function J with poles at I' and thus it is convenient to introduce the notation

(ay,ag,a3; J) = {J" a;|n € N,i=1,2,3}.
In this notation B = (a1, as,as; J.) (31).
An almost graded C—algebra with the basis (aj,ag,as; J) is infinite dimensional and can be viewed

as a C[J]-Lie module with three generators. It can be completely characterised by a finite number of

structure constants C’Uk, C']k eC:

[a;,a;] = Z kJak +C kak (32)

Two algebras are isomorphic iff there exist bases such that the corresponding structure constants
coincide.

Definition 1. Given two almost graded Lie algebras A and B with bases defined by (ai,...,an; Jq)
and (by,...,byx; Jp) respectively, we say that the algebras are graded isomorphic if there exists a
linear transformation of the form

N
by =) Wiby, Jo=AJ+06,  AGWi;€C, detW #0, (33)
k=1
such that the structure constants of the algebras A and B in the bases (ai,...,an; J,) and

<131, ...,by; jb> coincide.



Graded—isomorphic algebras are of course isomorphic. The advantage of the graded isomorphism is
that it can be effectively verified for infinite dimensional almost graded C—algebras. Suppose we are

given two almost graded algebras, one with the basis (ai,...,ay; J,), commutation relations (32) and
thus with structure constants Czlj > ijk and another one (by,..., by ; J;) with commutation relations

[b;, b Z Lk Jubr + S bk

and corresponding structure constants S} ik and S Then for the transformed elements Bp =
Zizl Wyib; and J, = A=Y (J, — ) we have:

N A
A J, ) W, W, W
b b E : =2 S kl k’slb A S ik kslb + S ik k;slb

Equating the transformed structure constants with C!

ik C%k we obtain the following overdetermined

system of N?(N — 1) polynomial equations

quk 0, quk 0, p,q, ke{l,...,N}, p>q, (34)
where
PI’lqk = Z W W Sl_]k ZA pgs Sk7 (35)
4’j |
N
P = Z WypiWaiShie = Y (Clus + 0Chqs) Wik (36)
7.7 1 s=1

for N2 + 2 unknowns W;;, A, 4.

Proposition 2. Let A = sl(2,C) and G ~ Dy be the reduction group generated by the automorphisms
(23). The automorphic Lie algebras ﬂf(ro), Q[g(Fl) and 915(1}), corresponding to degenerate orbits,
are graded isomorphic.

Proof: The algebra Q[g(l“o) is almost graded in the basis (e!,f! h%; Jy) with structure constants
defined by (25)

[e',fl]=h?, [b? e!]=4Jpe! —4f', [ '] = —4Jof" +4e’. (37)

It follows from Proposition 1 that the algebra ng(Fl) is almost graded in the basis (aj, a9, as; Ji)
with structure constants defined by (28),(29) and (30), (k =1, C(0,1) = 1):

[a1,ap] = J1a3, [ag,ai] =4J1a1 — 4J1a0 + 4ay, (a3, ap] = —4Jja2 + 4J1a; — 4as.

It is easy to verify that the following invertible linear map A (T';) — 2[5(1“0)
1 1
e =aj —az — ;a3 fi = —a; +ax — 523 hy = 4a; +4a, Jo=8J1 +2

is the graded isomorphism. If we denote by (a1, ag, as; J;) the basis of ngf (T';) with structure constants
defined by (28),(29) and (30) and x =i, C(0,7) = 1, then the linear map ng(Fl) — ng(l“l) given by
a; = —aj, a, = ag, a3 = ag, J; = —J1 is a graded isomorphism. [ ]

Proposition 3. Let A = sl(2,C) and G ~ Dy be the reduction group generated by the automorphisms
(23). The automorphic Lie algebras Q[g(Fu), ng(FZ,) are graded isomorphic if and only if

1 i —1

vt uet ). (35)

v € G(u) UGlip) UG(E i+ 1

UG(i

+1)
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In the proof of the proposition we shall use the following Lemma.

Lemma 2. Consider two almost graded algebras A and B with bases (aj,as,as; J,) and
(b1,ba,bs; Jp) and the commutation relations

[ar, as] = J,as, (b1, ba] = Jybs,
[az,ai] = dad,a; — 4J,a0 + 4ay, (b3, bi] = 45Jyb1 — 4Jyby + 4by, (39)
[ag, ag] = —4aJaa2 =+ 4Jaa1 — 482, [1)37 bg] = —45Jbb2 + 4Jbb1 — 4b2,

respectively. If algebras A and B are graded isomorphic, then
(@® = B8%)((a +3)* = B (a — 1)*)((a = 3)* = f*(a + 1)*) = 0. (40)

Proof: Algebras A and B are graded isomorphic and thus there exists a solution of equations (34)
for unknowns W;;, A, with the condition det W = ~ # 0. Obviously P}E)qk,Pz}qk, p,q,s € {1,2,3}
(35), (36) are polynomials in Wjj;, o, B, A, 6. In the polynomial ring C[Wj;, o, 8,7, A, §] we consider
the ideal J = (Pz?qk,P]}qk,detW — 7) generated by all polynomials P%, P! = p q s € {1,2,3} and

pqk’ = pgk>
the polynomial det W — v. It can be duly shown that the polynomial
m=7(a? =) ((a+3)" = f(a-1)*)((a=3)* = X a+1)’) e T (41)
belongs to the ideal J. Thus 7 = 0 for every solution of the system (34) and the equation det W = ~.
Since v # 0 we get (40). [ |

Proof of Proposition 3: First we show that the isomorphism ng(Fu) o~ ng(l)) follows from (38).
It is sufficient to show that ng(]_“u) o~ 91?(1)) for v = ip and v = Z—:‘l Indeed, if v € G(u) then
I'y =T',, and the algebras coincide, while the remaining cases can be reduced to the above two cases by
compositions. In the case of a degenerate orbit I',, condition (38) means that v € I'g|JTI'1 UT'; and the
statement follows from Proposition 2. Thus we shall assume that point y is generic. Since C'(0, u) # 0,
by the re-scaling a; — C(0,u)a;, J — C(0,u)J, we can reduce the commutation relations (28),(29)
and (30) for the algebra ng(Fu) to (39) for the algebra A with o = 3(p® + p=2). For a generic point
i we have o # +1. Similarly for the algebra ng (T',) we get structure constants for the algebra B (39)
with 8 =112 +v72).

In the case v = iy we have § = —« and it is easy to verify that the linear map Q(g(f‘w) — ng(F#) of
the form (33)
a;=—bi, ay=by, azg=bz, Jo=-h

is the algebra homomorphism. Similarly,

1 1 1 1 1
a; = 170[(511—52—5513), as = ﬁ(_él+é—2_§é3)v a2 :m(4él+4fl2)
and J, = —ﬁJa — —L- maps the basis of A§(T',,) into the basis of A{(T',) with v = Z—ﬁ

The necessity follows from the statement (40) of Lemma 2. If the algebras A and B are graded iso-

morphic, then 8 € {+a,+9+3 ig—ﬁ’} The case 8 = « corresponds to v € G(u), the cases § =

a—1"
R g g—j and —g—ﬁ’ correspond to v € G(iu),G(Z—H),G(iZ—H),G(EﬁH) and v € G(ZZZJ:)

respectively.

—Q

The group of automorphisms Aut G of the reduction group G ~ Dy (23) is isomorphic to the dihe-
dral group D3, and it has six elements. Elements of Aut G act by permutations on the set of the
orbits G(u), G(ip), G(ﬁ)’ G(i%), G(Zﬁj&), G(Z;ZH) That explains the number of solutions to the
equation (41).

In this Section we have shown that for 2 = sl(2,C) and G ~ Dy (23) there are two essentially different
types of automorphic Lie algebra. The first one corresponds to degenerate orbits of the M6bius group,
and the algebras corresponding to different degenerate orbits are all isomorphic. The second type is
the automorphic Lie algebras ng(FM) corresponding to generic orbits of the Mobius group G. If p and
v are two generic points, then the corresponding automorphic Lie algebras are graded isomorphic if
and only if the condition (38) is satisfied.
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Proposition 4. Let A = sl(2,C) and G ~ Dy be the reduction group generated by the automorphisms
(23). Automorphic Lie algebras corresponding to generic and degenerate orbits are not isomorphic.

Proof: Assuming u to be a generic point, it follows from (28),(29),(30) and (25) that
dim (A (L) ([ (1), 2 () =3, dim (A (To),/([AF (To), A (To)])) = 2.

where <[ng (), ng (T',)]) denotes the ideal generated by the commutator of the algebra ng (")) with
itself. |

3.2  Automorphic Lie algebras corresponding to finite reduction groups, 2 =
sl(2,C)

In this section we consider automorphic Lie algebras ng(F) where 2 = sl(2,C), T" is an orbit (with
respect to the Mobius group associated with a finite reduction group G) of a point, which may be either
degenerate or generic. With every finite Mobius group and every 2-dimensional faithful projective
representation of the group we can associate a reduction group. Thus one could expect that the
number of automorphic Lie algebras is rather big. However, it turns out that there exist many
graded isomorphisms between these automorphic Lie algebras.

Proposition 5. Automorphic Lie algebras corresponding to groups Zy, N > 2 and the degenerate
orbit T' = {oo} are isomorphic.

Proof. For a given N > 2 we choose the following generators:
aj=Xe, ap=A""If az=h, J=\V
then the commutation relations are
[a1, as] = Jas, [as,a1] = 2ay, [az, as] = —2ay

and they do not depend on the choice of N. These are the commutation relations of the Kac-Moody
subalgebra L, (2, ¢), ¢ = id. |

Furthermore, automorphic Lie algebras corresponding to the dihedral groups Dy for any N > 2 and
any irreducible projective representations are graded isomorphic to the cases considered in Section 3.1
for the group D9 - with the distinction remaining between when we take I' degenerate or generic (for
generic orbits this has been shown in [12]).

There also exist graded isomorphisms between all algebras associated with non-cyclic reduction groups
and degenerate orbits.

Theorem 1. Let A = sl(2,C), G be any finite non-cyclic reduction group and I" be a degenerate orbit
of the corresponding Mdébius group. Then the automorphic Lie algebra ng(F) s graded isomorphic to
the algebra with G ~ Do and the degenerate orbit T' = {0,00}.

Sketch of the proof. Our proof is elementary, but long®. We consider all finite non-cyclic Mobius
groups, namely the groups Dy, T,O and I. We take (in turn) each one of the groups. We take (in
turn) each one of the three possible degenerate orbits (these orbits are listed in [12], Appendix A).
We consider (in turn) all faithful 2-dimensional projective representations of the chosen group and

3The conjecture that the algebras mentioned in the Theorem are isomorphic had been formulated by one of the
authors (AVM) in 2008. When our proof of the Theorem was completed and announced at a number of seminars and
the conference ‘Symmetry in Nonlinear Mathematical Physics - 2009”, Kiev, we were informed that a short and elegant
proof of the conjecture has been done by S.Lombardo and J.Sanders (now published in [15]). Their proof is based on the
classical theory of invariants. In [15] the authors also introduced a canonical basis for automorphic Lie algebras, which
is analogous to the Cartan-Weyl basis.
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construct the corresponding reduction groups. Taking each one of the reduction groups and each orbit
we evaluate the reduction group average to find a basis of the associated automorphic Lie algebra
ng(F) and compute the corresponding structure constants. Finally we find a linear transformation
(33) which transforms the structure constants obtained to the structure constants (25) of the algebra
with G ~ Dy and the degenerate orbit I' = {0, co}.

For example, let us take the icosahedral group G = I. As a Mdbius group it can be generated by two
linear-fractional transformations

(2 +e)A+1 27i
g1(A) = e, 92(\) = N2 _3 € = exp A

The group I has two 2-dimensional irreducible projective representations. Let us take the natural
representation generated by

e 0 g2 4¢3 1
Ul_(O 1) U2_< 1 —52—53>'

Thus the reduction group G is generated by two automorphisms
1(a(N) = Uralgr "ODUTY, ®a(a(X)) = Usalgy (\)U; .
Let us choose the degenerate orbit of order 5
I ={0,00, et 4 b=l h¥2 L F=2 11 —0,1,2,3,4}.

The corresponding automorphic Lie algebra %f(P) has generators

by = (Xe);, by=(Af),, bs=(Nh),, Ji=(\)
with the following commutation relations

5 5
[b1,ba] = =b; — =

1
by + —b
2 62 T 1208

11 )
[bl,bg] = —5by + ?bQ + 61)3 — 2Jib1
5)
[bQ, bg] = —1653b; + 5by + §b3 + 2J1by
After an invertible transformation of the form (33)

1 S 1 5
byt by,  J=—Jit
2+36 3 36 ]I+12

. . . 5 5
a; = 2by, ag = —bg, ag = 6b1 ~ 18

one can easily verify that the commutation relations for a1, a2, a3 (structure constants) coincide with
the ones for the Dy group (25), and thus the two algebras are graded isomorphic. We treated all other
cases similarly. [ ]

This covers the situation for all groups where we choose degenerate orbits, but we can also consider
the case where we choose generic orbits (we did this for Dy in Section 3.1). For all groups G, we take

the generators
< : > < : > < : >
a; = o1) , az= o2) , az= 03

(01 (0 -1 (1 0
T=11 0/ 27\1 o) 7 \o -1

being a basis of sl(2,C). If G is the Mobius group associated with the reduction group G, the
automorphic function J is given by
)
J=(—

13
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With all finite reduction groups the commutation relations take the form

[ai,az] = pa; + qag + rzaz + 2Ja3,
[a1,a3] = sa; + maz — qaz + 2Jay, (42)

[ag, ag] = ria; — sagz + pas + 2Ja1

where s, p, ¢, 7; are functions of a generic point u. For example, for the trivial group all coefficients
s, p, q, T; are equal to zero, for the group Zy we have:

r3=——, p=q=s=r1=r2=0
U

and for Dy we have:

(uN —1)? pN -1

MN+1 , = MN+1 5 S:p:q:r:i:o'

To =

In fact using transformations (33) we can reduce the relations (42) to one of the above listed cases.

Here we assert that the list of automorphic Lie algebras corresponding to all finite reduction groups
and 20 = sl(2,C) is rather short and up to graded isomorphism can be represented by algebras of the
following types:

A" the polynomial part of the Loop algebra (2(oc) = C[\] ®c sl(2,C)), when the reduction group
is trivial;

A! the subalgebra L, (2, ¢), ¢> = id of the Kac-Moody algebra, which corresponds to ng(F) with
G ~ Z9 and a degenerate orbit I' = {oo};

A} the algebra 2 (') with G ~ Zy and a generic orbit I'y = {£1};

A? the algebra 2 (I") with G ~ Dy and a degenerate orbit I' = {0, 00};

the algebra ng (I'y) with G ~ Dy and a generic orbit I',.

Proposition 6. The algebras of the types A°, A, AL, A% and Ai are not graded isomorphic.

Proof: For any algebra A we set A = A/([A, A]), where ([A, A]) denotes the ideal generated by the
commutator of the algebra A with itself. It follows from the commutation relations of these algebras,
given earlier, that

dimA® =0, dimA'=1, dimA; =2, dimA®=2, dimA2=3.

Our analysis of equations (34), (35) and (36), these being the equations determining the mapping
between the bases of two algebras to establish a graded isomorphism between them, shows that the
algebras AL and A? are not graded isomorphic, since in this case the equations (34), (35) and (36)
have no solution. |

3.3 Explicit realisations of s/(2,C) automorphic Lie algebras as finitely generated
C[J]-Lie modules

Automorphic Lie algebras A°, Al, Ai, A2 and .Az are almost graded infinite dimensional Lie algebras
over C. They also can be viewed as C[J]-Lie modules with three generators aj,as,as, where .J
is the corresponding automorphic function of the parameter A\ [7]. Each of these algebras and the
corresponding C[J]-Lie module can be extended by a derivation D. In this Section we give explicit
realisations for all automorphic Lie algebras listed above, their derivations and commutation relations.

14



d
0. = = — = = =
A% T =\, D_d/\’ aj=e, ay=1f, ag=h,
with commutation relations (5), [D,a;] =0, [D,J] = 1.
d
Al T = )2 D:)\ﬂ, a; =Xe, ay=A\, az=h,

and commutation relations: [D, J] = 2J

[alan] - Ja37 [a37a1] = 23.1, [a37a2] == _2a27
[Da al] = ay, [D, a2] = ag, [Da 33] =0.
1 d A A
1. — — — — —
./41. J = ﬁ, D= )\ﬂ’ a] = ﬁe, ag — ﬁf7 az = h,
with commutation relations: [D, J] = —2J — 2J2,
a1, a0] = (J + J%)a3,  [az,a1] = 2ay, a3, ag] = —2ay,

[D,al] = —(1 + 2J)a1, [D, ag] = —(1 + 2J)a2, [D,ag] = 0.

4
d\’
aj =Xe+ A, ay=Xle+ M, a3=2)—-\?)h,

A% T=X24A"2 D=A)-)2)

with commutation relations: [D, J] = 2J% — 8,

[a1,a2] = ag, [az,a;] = 2Ja; —4ay, [as,az] = —2Jay + 4a,
[D,a;] = Ja; —2az, [D,a] = Jay —2ay, [D,a3] = 2Ja3.

4 2 2 4
2. 7 (" = 1)A _ A1 =A%) i 4
A= maomey P omaax MEhmEL el
2/v4
a; = Au e+ Au as = Au e+ Au f, a3 w 1) h,

A2 — 12 122 T2 ) (1 - A22)
[al,ag] = Ja3, [D, 3] = (J2 =+ aJ)ag,

[as,a1] = 2(J + a)a; + 4fas, [D,a;] =
[ag, ag] = —2(J + Oé)ag — 453.1, [D, ag] =

4 2
1 1%
dg= .
and 8 A1

4 Integrable systems corresponding to finite reduction groups

Automorphic Lie algebras can be used to find systems of integrable equations, by using them to
construct an automorphic Lax pair (L, A):

L =0, +U(z,t,\), A=0+V(x,t,\) (43)

where U, V € 2§(T).

A Lax pair defines the linear differential system

Ly =0, A¢p=0 (44)
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where 1 is a fundamental solution matrix to this linear problem. In order for this linear system to be
consistent, the following compatibility condition must hold

Vﬂ@ - Ut + [Uv V] = 07 (45)

which means that operators L and A commute [L, A] = 0.

Let us denote as A9 = {a € A|P(a) = a,¥® € G} a G-invariant subalgebra of a simple finite
dimensional Lie algebra 2. Let GY be a Lie group corresponding to A9 and g € GY be a differentiable
function of x, ¢ with values in GY.

Definition 2. The map
L—L=g'Lg, A A=glAg (46)

1s called a gauge transformation of the Lax pair.

Obviously X R X R
L =0, +U(z,t,\), A=0,+V(x,t,\)

where

A~ A~

U=gl'g,+g'Ug, V=glg+g'Vg

and [ﬁ, A] = 0. If ¢ is a fundamental solution of the problem (44), then y = g~!4 is a fundamental
solution of the problem Ly =0, Ax = 0.

Lax pairs (L, A) and (f/, fl) related by a gauge transformation are called gauge equivalent. Choosing
an appropriate gauge we can transform a Lax pair to a convenient form.

Definition 3. We say that a lax pair (43) is in the canonical gauge if U N A9 =0 and VNAY = 0.

The canonical gauge is almost unique. The remaining gauge freedom is due to constant (x,t-
independent) elements g € GY, which are point symmetries of the resulting integrable non-linear
system.

There is also a freedom in the choice of independent variables z,t. Suppose

r=X(¢mn), t=T(En) (47)

is an invertible change of variables, then

0X oT 0X oT

e = 675%0 + 875% = _87£U¢ - afgvﬂ)a
0X oT 0X oT

Yy = 87777/)3: + 8—771% = _8777U¢ — %Vw

and thus in new variables the Lax pair corresponding to (43) can be written in the form
L=0+T1, A=09,+V,

where 89X aT 89X oT
g2y %y vy %y
U= 57U+ 5V 5 Ut B

In the following subsections we consider Lax pairs and corresponding second-order systems of two
equations using the automorphic Lie algebras constructed above.
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4.1 Equations corresponding to algebra A?

Theorem 1 states that automorphic Lie algebras corresponding to the groups Dy, T, O and I and
degenerate orbits are all graded isomorphic and can be represented by algebra A2. For this algebra
we choose a basis (aj,as,as, J) with commutation relations of the form (25)

[al, ag] = ag [a1, ag] = 4ar — 2Ja; [ag, a3] = —4a; + 2Jay.

In order to obtain a system of two second order equations we choose the following Lax pair

3

L = (%—Zui(a:,t)ai (48)
=1
3 3

A = =) wilz,t)a — > wix,t)Ja (49)
=1 =1

In this case the subalgebra Y is trivial and therefore the Lax pair is already in the canonical gauge.

Decomposing the compatibility condition (45) over the basis we obtain a system of eight equations

aj : u1r = vz — 4(uzve — u2v3) (50)
as : Uz = vog — 4(u1v3 — uzv1) (51)
as: U3E = U3y — UIV2 + U201 (52)
Jaj : 4(ugwa — ugws) + 2(uzvy — u1v3) — Wi, =0 (53)
Jag : 4(uyws — uzwy) + 2(ugvs — uzvy) — wo, =0 (54)
Jag : UTW2 — UW1 — W3,z = 0 (55)
J2a1 . Q(U3w1 - u1w3) =0 (56)
J2a2 : 2(UQ’LU3 - U,3’LU2) =0. (57)

for nine functions wu;,v;, w;. This system is underdetermined. In order to make it well determined
we use transformation (47) of the form © — X (2/,t), ¢ — ¢ to make ug = 1. Then it follows from
(55)-(57) that w3, = 0 and thus w3 = w3(t) is a function of ¢ only. By an appropriate change of the
variable t, t — T'(t'), we can fix ws = 2. We shall omit primes and use the notations z and ¢ for the
new independent variables. Then from equations (52)-(57) it follows that

2 2
w1 = 2u1, we = 2ug, v3 = —ujUz + @, V1 = Uz — UTU2 + QUI, V2 = —U2, — UIU5 + Qug,

where a = «(t) is an arbitrary function of t.

Finally, the equations at a; and as give us our nonlinear integrable system:

ue = Ulgr — (Ujue)s +dusy + auig, (58)
—U2t = U2zx t (ulug)x - 4u1,x — QU2 -
The arbitrary function a(t) can be removed by a Galilean transformation  — z + [ a(t) dt.

System (58) possesses an infinite hierarchy of symmetries. They can be found using the same L
operator (48) and Ag, k € N operators of the form

k3
Ak = 8tk — Z ZU,ES)JS_lai.

s=1 i=1
In particular (58) corresponds to k = 2

3
t =19, A=Ay = 8152 — Z(viai + 2uiJai)
=1
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and in the case of kK = 1 the system is linear

(ul)h = Ul,x, (u2)t1 = U2,z

The coefficients vz(s) can be found from the compatibility condition [L, Ax] = 0, or using the method

proposed in [11], [27].

The existence of the derivation J

dX

of the automorphic Lie algebra A2 enables us to construct a Lax representation for the master symme-

try. Let us consider the same Lax operator L (48) and define the second operator M, which includes
the D derivation

D= AN -\

0

M= —
or

3
+D — Z(Vlaz -+ WlJaz)
i=1
It follows from the compatibility conditions [L, M] = 0 that W; = 2zu; + yu;, where v is an arbitrary
function of 7. We choose v = 0 without loss of generality. Then we can establish that

1 1
Vi = §UI + UIVS + TU Vo = _571'2 + UQV:‘g — U2,z ‘/'3 = —Turuz + o
We shall omit the inessential constant of integration « (an arbitrary function of 7). The resulting
System
3
Uy, = 4ugy — u%uz + iul’x +z(ur,p — u%uz + 4ug) g,
(59)

3
2 2
ugr = 4uy —ujus — Uz — x(u2p + usur — 4ur )y

is a master symmetry of the the system (58). Indeed, 9; and 0, do not commute, but their commutator
commutes with 9; and defines a symmetry of (58):

Opyut = [0, Orlur = 2uq goa + (16u; — 4uia - 12u1u% + 3U‘Z’u% — BuiugU ¢)zs

Oryu2 = [0r, Ot|ug = 2ug gz + (16ug — 4u% — 12u%u2 + Su%ug + 6ujugu2 ¢ )y (60)

An infinite hierarchy of commuting local symmetries of equation (58) can be constructed recursively

8tn-l»l = [87" 8tn]’ [atnatm] = O

Moreover, the operators A can also be found recursively Apiq = [M, Agl.

For example, taking

A2 = 8t2 - V, V= Z?Zl(vi + 2uiJ)aZ~,
M=0,+D-W, W= Z?Zl(Wi + 2zu;J)ay,
we obtain
3
[M, Ag] = [0r,00,] = Ve = D(V) + Wiy, + W, V] = 01 — Y _ (2 + 4vi] + 8uiJ?)ay
i=1
where

21 = 2U1 gz — BU2U UL & + Sug ; + 3u%u§’ — 4u§’ — 4u%u1 — 16w,
29 = 2Ug gy + BurULU2 » — 8Up 5 + Sudud — 4ud — dudus — 16us,
23 = 2uiug z — 2U2uq 4z + SU%U% — 4u% — 4u% —16.

The Lax pair (L, As) yields equations (60).

There is a complete classification of second-order two component integrable systems [24], [25]. Equa-
tion (58) corresponds to the equation (D) in the list of integrable systems provided in [25]. This
system is often called the deformed derivative nonlinear Schrédinger equation.
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The system (I) in [25]
Uit = Ulgr — (U%U2)xa
—U2t = U2axx + (ulu%)z

corresponds to the algebra A! in a similar way. It can be transformed into the well known derivative
nonlinear Schrédinger equation [26] by the change of independent variables ¢ — it, x — iz and the
additional assumption v := u; = u3

iy 4 Uy + i(|ul?u), = 0. (61)

The condition u; = u} corresponds to a choice of the real form of A and requires a Zs extension
of the reduction group, which includes complex and hermitian conjugations a(\) = a™(\*). The Lax
representations for the famous nonlinear Schrédinger equation and the Heisenberg model originate
from the algebra A°. They correspond to different choices of the gauge of the Lax operator and a real
form of AY.

4.2 Equations associated with generic orbits of s/(2,C) automorphic Lie algebras

In the case of sl(2,C) the automorphic Lie algebras ng (I'y) corresponding to a generic orbit of a finite
group have a basis (aj, as,as, J) such that the commutation relations take the form

[a1, as] = pa; + qag + rsas + 2Jag

[ai,a3] = sa; + rpaz — qag + 2Jay
[az, ag] =rja; — sas + pas + 2Ja;

where s, p, q, r; are constants depending on a generic point p and the choice of representation of a
reduction group G. The algebra Qlf(f‘“) is almost graded

AY(C,) =Pk,  [wr,q9] c W oyrtat!
k=1

where 2! = spanc(aj, ag,a3) and A¥ = JF-1(L,

Let us take a Lax pair (L, A) where the operator L is spanned by the first homogeneous space A of
the automorphic Lie algebra, while the operator A is spanned by the first and second homogeneous

spaces:
3

L= 835 + Z Si(x,t)ai

i=1

3 3
A=0+ Zvi(ac,t)ai + Zwi(x,t)Jai )

i=1 i=1
The compatibility condition [L, A] = 0 results in a system of equations in the first three homogeneous
spaces. In 23 we get the equations (vanishing the coefficients at J2ay, J?as, J2a3 respectively):

2(Sqws — Sswg) =0, 2(Sjws — Sswy) =0, 2(Sjwe — Sawy) = 0.
and thus w; = ~y(x,t)S;. Taking this into account we see that the coefficients at Jaj, Jag, Jas vanish
if
W1 ,x + 2(52’03 — 537)2) =0, w2 4+ 2(311)3 — SgUl) = 0, w3,z + 2(512}2 — 522}1) =0. (62)

Equations (62) are compatible and enable us to express the functions v; in terms of S; and their
x—derivatives if

1
Sywy z 4 Sows y 4 S3wsz. = Y2(SF — S5 4+ S2) + §7<s% — 82483, =0.
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Assuming that S? — S2 + 52 # 0 we can make a change of variables z — & = a(x,t), t — t = B(t)
(and thus S; — S; = S; /), such that 5’% — S’% + 5'32 =1 and v = 2. Thus, without a loss of generality
we shall assume that

S? - 82482=1, w; =25,

Taking this into account we represent a general solution of eq (62) in the form
v] = 52453 — 53,52 + ®S1, w2 = 51,53 — 53,51 + PS2, w3 =51,52 — 52,51 + PS3,
where ® = ®(x,t) is an as yet undetermined function. In ' the coefficients at aj,as, a3 vanish if

517,5 =V1q +p(SlUQ — ngl) -+ S(Slvg — ng1) + 7’1(521)3 — 531)2),
Sot = Va4 + q(S1v2 — Sav1) + r2(S1v3 — S3v1) — 5(Sa2vz — S3v2),
S3t = v3 5 + 13(S1v2 — Sav1) — q(S1v3 — S3v1) + p(S2v3 — S3v2).

It follows from the equation (S7 — S3 + S3); = 0 that
1
® = pS5153 + 85152 — ¢52535 + 5(7‘15? — 7"2522 + 7‘353%) +6(t)

where 0(t) is an arbitrary function. Finally we obtain the following integrable system of equations

S1t = 538222 — 5253 0 + [S1(pS1S3 + 55152 — ¢5253)]x
1
5[51(7’15% — 7’2522 + 7’35%)];3 — pS&z — 35271 — 7’15171 + 9(t)81,$,
Sot = 535142 — 515300 + [S2(pS153 + 55152 — ¢5253)]»

’ 1
5[52(7”15% — 7953 +7353)]x — qS3,0 — 1252, + 5514 + 0(t) Sz,
595120 — 515222 + [S3(pS153 + 85152 — ¢5253)]

+

+

St
1
+ 5195t — a8y + 73S — 73830 + 452 — PS1a +0(H) S50
The functions S (z,t), Sa(z, t), S3(x, t) satisfy the condition S7 —S3 + 53 = 1 and can be parametrised
by two functions u = u(z,t) and v = v(x,t):

S, = 1—uv7 Sy = 1+uv? ngu—H;

u—v uU—v u—v

In these new variables the above system takes the form

_ 2052 op(usus — Pluues] + ()
u = Uge — e U, V) Uy u, w)vg] + n(t)ug
202 2
—Ut = Ugx — U—20 + (u—v)? [2P(u, v)vy — P(v,v)ug] — n(t)vs

where
P(u,v) = 2au*v? + b(uv® + vu?) + 2cuv + d(u +v) + 2, n(t) =0(t) — (r1 + 19 —13)/2
and

a = 1(7’2 —r1+2s), b= 1(p—i—q), c= 1(7“2 +r —2r3), d= 1(q —p), e= 1(7'2 —ry —2s).
8 2 4 2 8

The function 7(t) can be set to zero by the Galilean transformation z — x + [n(¢) dt. The system

obtained corresponds to the system (m) in the list in [25]. In the simplest case of vanishing constants

s =p = q =r; =0 this system is equivalent (up to invertible point transformations) to the (complex)

Heisenberg model and the corresponding algebra, is A°.
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5 Summary and Discussion

In this paper we have studied automorphic Lie algebras ng (T') where the Lie algebra 2 = sly(C), the
parameter A belongs to the Riemann sphere, the reduction group G is finite and the set I is a finite
union of simple orbits I' = [ JI's of the group G on the Riemann sphere. The algebra Q[g(I‘) is covered
by the algebras ng(f‘s) corresponding to simple orbits (21). Automorphic Lie algebras are almost
graded and can be viewed as finitely generated R(I‘)g modules.

In this paper we have introduced a definition of graded isomorphism (Definition 1), which is stronger
than isomorphism and algorithmically verifiable for almost graded algebras. We have shown that up to
graded isomorphism all algebras ng (T's), where 2 = sl3(C), are isomorphic to one of the five algebras
listed in Section 3.2:

o [f the reduction group is trivial, then any point p on the Riemann sphere can be taken as its
simple “orbit” T'y, = {u} and A\ (L)) = R () Q¢ sl2(C) ~ Ay (00) = A°.

e For reduction groups Zy, N > 2 there are two degenerate orbits I'g = {0} and I's, = {oc0}, and
a generic orbit I',, = {uw® |k =1,..., N, w = exp(27i/N)}. These result in two algebras which
are not graded isomorphic. One, A!, corresponds to degenerate orbits and the other, A}, to a
generic orbit.

e The reduction group Dy ~ Zo X Zo has three degenerate orbits I'y = {0,00}, T'y = {£1}
and T; = {+i}, and a generic orbit I', = {#+u,+pu~'}. The degenerate orbits result in the
automorphic Lie algebra graded isomorphic to A2, while a generic orbit results in the algebra
Az. The algebras .AZ and A2 are isomorphic if and only if

Ve F“UFz#UFLfl UFlLfl Ul—‘i,u—l UF.i,u—l .

PES pEST il LrrEs

All other possible finite reduction groups are isomorphic to the groups Dy, T, O and I and result
in automorphic Lie algebras which are graded isomorphic to A? for degenerate orbits and to .Ai
for a generic orbit for an appropriate choice of the parameter pu.

There are many directions of research, which are due to be developed and where only partial results
are known:

Restrictions of Lax operators to automorphic Lie algebras can be seen as reductions of bigger systems
using the reduction group approach [4, 5]. The reduced systems may get lacunae in the hierarchy of
local conservation laws [5, 28], more complicated Hamiltonian structures and increased orders of the
recursion operators [9, 29].

In this paper we assume that algebras are over the complex field C and the variables in the associated
integrable systems are complex valued. In applications we often need to study equations with real
valued functions or with a certain complex structure. For example in (58) we could assume that
the variables u1,us are real or alternatively, after the complex change of the dependent variables
t — it, x — iz, we could assume that u; = u3, which would lead to an equation for one complex
variable ©v = u;

iy + Uge — i(Jul?u) e + 4iut = 0.

The above choices correspond to different real forms of the algebra A%. In this paper we did not
study real forms of automorphic Lie algebras, although it is an interesting problem important for
applications.

In Section 4 we presented examples of Lax pairs for automorphic Lie algebras with a single simple
orbit. The integrable systems obtained are of evolutionary type. The well known integrable massive
Thirring model is of hyperbolic type [30]. The operators of the Lax pair in this case are based on two
sub-algebras of the type A! corresponding to two degenerate orbits, namely 2[?2({0}) and Ql?z ({o0}).
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One of the operators of the massive Thirring model coincides with the L operator of the derivative
nonlinear Schrédinger equation (61), which is a symmetry of the Thirring model. An interesting and
important problem is to describe and classify all possible Lax pairs associated with automorphic Lie
algebras and their real forms, as well as corresponding integrable systems and their interrelations.

The spectral transform method can be applied to find solutions of integrable equations corresponding
to automorphic Lax operators. It can be reduced to a matrix Riemann—Hilbert problem for piece-wise
analytic fundamental solutions of the Lax equation [31]. The domains of analyticity of the analytic
fundamental solutions and spectral data very much depend on the choice of the reduction group (see
for example [4, 5]). Lax operators corresponding to isomorphic Lie algebras result in the same systems
of integrable equations, but the analytic properties of fundamental solutions are different. It would
be interesting to compare the spectral transforms for different presentations of graded isomorphic
automorphic Lax operators.

In this paper we have only studied finite reduction groups acting on a Riemann sphere. There are
generalisations of this construction. A finite reduction group acting on a torus was introduced to
integrate the Landau-Lifshitz model of anisotropic ferromagnets [6]. The possibility of considering
finite reduction groups on Riemann surfaces was discussed in [7]. The idea to consider infinite Fuchsian
groups and the modular group for the construction of reduction groups and automorphic Lie algebras
is not new, but up to now it has not yielded any non-trivial examples. In the recent work [32] the
authors have constructed an automorphic Lie algebra associated with the modular group and G = slo,
which is graded isomorphic to the algebra A! in this paper. It would be interesing to find automorphic
Lie algebras corresponding to congruence subgroups of the modular group.
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