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Self-consistent solutions to the intersubband rate equations in quantum
cascade lasers: Analysis of a GaAsÕAlxGa1ÀxAs device

K. Donovan,a) P. Harrison, and R. W. Kelsall
Institute of Microwaves and Photonics, School of Electronic and Electrical Engineering,
University of Leeds, Leeds LS2 9JT, United Kingdom

~Received 27 March 2000; accepted for publication 21 November 2000!

The carrier transition rates and subband populations for a GaAs/AlGaAs quantum cascade laser

operating in the mid-infrared frequency range are calculated by solving the rate equations describing

the electron densities in each subband self-consistently. These calculations are repeated for a range

of temperatures from 20 to 300 K. The lifetime of the upper laser level found by this self-consistent

method is then used to calculate the gain for this range of temperatures. At a temperature of 77 K,

the gain of the laser is found to be 34 cm21/~kA/cm22!, when only electron–longitudinal-optical

phonon transitions are considered in the calculation. The calculated gain decreases to 19.6

cm21/~kA/cm22! when electron–electron transition rates are included, thus showing their

importance in physical models of these devices. Further analysis shows that thermionic emission

could be occurring in real devices. © 2001 American Institute of Physics.

@DOI: 10.1063/1.1341216#

I. INTRODUCTION

Quantum cascade lasers have been the focus of much

research since they were developed in 1994.1,2 They have

traditionally been based on a InGaAs/AlInAs structure so

that the growth could be lattice matched to InP substrates.3,4

More recent designs have been based on a GaAs/AlGaAs

structure, which is a material more commonly used in com-

pound semiconductors.5 There has been rapid progress in

their development and much improvement in their

performance.6,7 At present the only operational quantum cas-

cade lasers are in the mid-infrared frequency range8,9 but

recently models have been proposed which extend the oper-

ating frequency into the far-infrared ~FIR! range10 and FIR

electroluminescence has been observed in multiple quantum

well devices.11 There are difficulties with FIR intersubband

devices, however, because the smaller subband separations

required are of the order of the longitudinal optical ~LO!
phonon energy. This means that detrimental nonradiative

transitions are increased, so the quantum efficiency of the

device is reduced.12 Theoretical studies to date have mainly

centered around the optimization of the active region struc-

ture so that the maximum possible population inversion

could be achieved ~see for example Refs. 13 and 14!. Deter-

mination of the population inversion of a device requires

calculation of the subband populations and carrier transition

rates within the structure.

II. THEORY

A full analysis of a quantum cascade laser requires con-

sideration of not only the active region, where laser emission

takes place, but also the injector regions which supply the

upper laser level with carriers. The aim of this article is to

calculate the populations of the active region and injector

subbands in a quantum cascade laser, using a self-consistent

approach. The subband populations can then be used to cal-

culate the population ratio and gain of the device.

For a three-level laser, as shown in Fig. 1, ignoring ab-

sorption processes, the number of carriers in the second sub-

band is given by

dn2

dt
5

n3

t32

2

n2

t21

, ~1!

where t32(t21) represents the average time for an electron in

subband 3 ~subband 2! to scatter to subband 2 ~subband 1!.
At equillibrium dn2 /dt50, therefore

n3

n2

5

t32

t21

. ~2!

Hence if t32.t21 then a population inversion would exist

between subbands 3 and 2. This has been used to give an

indication of the potential for a device to reach a population

inversion and works well in, for example, mid-infrared de-

vices where the energy gaps are relatively large and phonon

absorption less likely. In later work13 the energy difference

between the lower laser level ~subband 2! and the ground

state ~subband 1! was small and hence backscattering ~ab-

sorption processes from 1 to 2! were much more significant.

To improve the approximation the net rate was used, i.e.,

n3

n2

;

S 1

t21

2

1

t12
D

S 1

t32

2

1

t23
D

. ~3!

However, this is no more than a first order approximation,10

since the subband populations themselves depend on the in-

tersubband carrier transition rates. This article presents a

self-consistent solution of the transition rate equations for a
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working quantum cascade laser.5 The subband populations

and carrier lifetimes were calculated and these were then

used to find the gain of the laser.

The energy levels and associated wave functions of the

active region and injector were found by numerical solution

of the Schrödinger equation15 for 1 1
2 periods of the superlat-

tice. ~One period consists of one injector region and one

active region.! A schematic diagram of this nine-level system

is shown in Fig. 2. Contrary to the assumption of a miniband

in the injector region,5 there are, in fact, just three energy

levels in the injector. Radiative emission is between the third

and second energy levels in the active region ~called sub-

bands 7 and 5 in the nine-level system!. The upper laser level

is populated by injection of carriers from the three states 6, 8,

and 9, in the left hand injector.

The carrier transitions in the structure are shown in Fig.

3. To simplify the calculation, the assumption was made that

subbands 1, 2, and 3 were isolated from 6, 8, and 9; i.e.,

transition rates between consecutive injector regions were

negligible. It was also assumed that upward scattering from

subbands 1, 2, and 3 into 7 was negligible. To introduce

periodic boundary conditions, the rate equations were written

such that carriers were cycled around the nine level system.

In a steady state situation, this is equivalent to carriers enter-

ing subband 9, the highest injector level, from the previous

active region and leaving subband 1, the lowest injector

level, to enter the next active region. Given this, the rate

equation for subband 1 at equilibrium is given by

dn1

dt
5

n2

t21

1

n3

t31

1

n4

t41

1

n4

t46

1
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1
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2n1S 1
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1

1

t14

1

1

t15

1

1

t64

1

1

t65

1

1

t67
D

50, ~4!

with the rate equations for subbands 2–9 following similarly.

Note that t i f is a function of both n i and n f , the initial and

final subband populations. This 1 1
2 period model must reflect

the full many period system of the true device and hence

subband 1 must be equivalent to subband 6. Now back-

scattering into subband 1 from the next injector cannot be

included ~because it is outside the 1 1
2 periods considered

here!, however it is equivalent to the backscattering from the

active region subbands 5 and 7 into its equivalent subband 6,

hence the inclusion in Eq. ~4! of terms like n5 /t56 .

The equations describing the rates dn1 /dt , dn2 /dt , and

dn3 /dt are symmetric with those describing dn6 /dt ,

dn8 /dt , and dn9 /dt . This implies that, when the system has

reached a steady state, the number of carriers in subband 6

should equal that in subband 1, so that the injection rates on

each side of the active region are equal.

Each rate equation is then rewritten to make a different

subband population the subject; i.e., Eq. ~4!, which describes

the number of electrons in subband 1, is rewritten as

FIG. 1. Energy levels and transition rates in a three-level laser.

FIG. 2. A schematic diagram of the energy levels and associated wave

functions for a mid-infrared quantum cascade laser. The structure studied

here consisted of nine energy levels; three injector levels introducing carri-

ers to the active region of the laser, three active region levels, and three

injector levels in the next period of the laser, into which carriers are emitted

from the active region.

FIG. 3. Carrier transitions in the nine-level system. It was assumed that the

upward transitions from levels u1&, u2&, and u3& into level u7& were negligible,

as were the transitions between the injector regions either side of the active

region.
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with the other eight rate equations producing similar expres-

sions for the subband populations n1 ,n2 ,n3 , . . . . . ,n9 . Thus

we have a set of equations which specify the population of a

subband in terms of the populations of all the other subbands

and the scattering rates between them. The problem is to find

values for n1 ,n2 ,n3 , . . . . . ,n9 which satisfy all these equa-

tions simultaneously.

This is done by assuming equal carrier densities in each

subband, calculating the scattering rates and then producing

the next best iteration using the series of equations as illus-

trated by Eq. ~5!. These new solutions were then renormal-

ized by driving them towards the fixed value for the total

carrier density in each quantum well period—deduced from

the doping profile (3931010 cm22). The iteration is contin-

ued until self-consistency is achieved; i.e., the values pre-

dicted by the series of equations illustrated by Eq. ~5! are the

same as in the previous evaluation ~the method is illustrated

in Fig. 4!.
The carrier lifetimes in each subband t i and the inter-

subband carrier scattering times t i j were calculated in the

first instance using the electron–LO phonon scattering rates

only15 ~to reduce computational time! and then later includ-

ing electron–electron scattering.16 Radiative transition rates

were calculated using the approach of Smet et al.17

The gain of a mid-infrared quantum cascade laser can be

written as4

g5

4pq

e0n

~t752t5!~t7 /t75!

2g75Lp

~z75!
2

l
, ~6!

where q is the electronic charge, n is the refractive index, g75

is the half width half maximum of the luminescence, and Lp

is the length of a period. z75 is the radiative transition matrix

element which can be calculated as15

~z75!
2
5

O75\

2m*v
, ~7!

where O75 is the oscillator strength.

Using this expression, the gain of the device was calcu-

lated at a range of temperatures from 20 to 300 K. The life-

times t5 , t7 , and t75 were obtained from the self-consistent

solution of the transition rate equations. The values n

53.2836, g7555.5 meV,18 Lp545.3 nm, and O75

50.6350 m21 s2 were used.

III. INCLUSION OF ELECTRON–LO PHONON
SCATTERING ONLY

It can be seen in Fig. 4, which shows the subband popu-

lations versus the number of iterations at a temperature of 77

K, that the subband populations reach convergence after

about 20 iterations of the calculation. At this point n11n2

1n31 . . .1n95N total and the injector levels to the left and to

the right of the active regions have equal populations; i.e.,

n15n6 , n25n8 , and n35n9 , as can be seen in Fig. 4. See

also Fig. 5.

The population ratio n7 /n5 is shown in Fig. 6. It is a

maximum at 120 K but decreases as the temperature is de-

creased. This can be explained by Fig. 7, which shows that

the injection time

t Iin5S 1

t67

1

1

t87

1

1

t97
D 21

of carriers into the upper laser level is slow at low tempera-

tures and decreases as the temperature rises. The latter is

FIG. 4. Subband populations vs the number of iterations of the self-

consistent calculation, considering electron–LO phonon scattering only.

Convergence is achieved after 20 iterations of the self-consistent calcula-

tion, when the gradient of the curve tends to zero. At equilibrium, the cor-

responding injector levels contain the same number of carriers; i.e., n1

5n6 , n25n8 , and n35n9 .

FIG. 5. Subband populations vs the number of iterations of the self-

consistent calculation, considering electron–LO phonon scattering only.

This figure shows more clearly that n35n9 .
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because of the thermal broadening of the injector states, in

particular the lower energy level u6&, and the resulting in-

creased energy overlap. Given that the lifetime for scattering

out of the active region into the next injector

t Iout5S 1

t53

1

1

t52

1

1

t51

1

1

t43

1

1

t42

1

1

t41
D 21

remains almost constant, as illustrated in Fig. 7, then this

improving injection rate with temperature results in an in-

creased proportion of the carriers occupying the active re-

gion, as illustrated in Fig. 8. As the temperature rises, non-

radiative losses from the upper laser level to the lower

increase and as usual the population ratio decreases, as illus-

trated in Fig. 6.

The gain of the laser as a function of temperature is

shown in Fig. 9. It is a maximum at low temperatures and

has a value of 57 cm21/~kA/cm22! at 20 K, decreasing to 15

cm21/~kA/cm22! at 300 K. This is because the nonradiative

lifetime of the excited state is higher at low temperatures.

The device is quoted as having a maximum operating tem-

perature of 140 K,5 and at this temperature the gain is 25

cm21/~kA/cm22!. At the working temperature of 77 K, the

calculated gain is 34 cm21/~kA/cm22!. This is similar to the

value of 30 cm21/~kA/cm22! calculated in Ref. 10. The gain

measured by experiment was found to be 8.7

cm21/~kA/cm22! at 77 K. This was calculated using GM

FIG. 6. The population ratio between the upper and lower laser levels vs

temperature.

FIG. 7. Injection times t Iin and t Iout of carriers into and out of the active

region, respectively, as a function of temperature.

FIG. 8. Percentage of carriers in the active region of the laser as a function

of temperature.

FIG. 9. The gain of the laser vs temperature.
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5gJth5(aM1aW)/G , where GM is the material gain, J th is

the threshold current, and aM and aW are the mirror and

waveguide losses, respectively.

IV. INCLUSION OF ELECTRON–ELECTRON
SCATTERING

At the point of convergence the self-consistent analysis

was extended to include calculation of the electron–electron

(e – e) transition rates. Because the CPU time required to

calculate electron–electron scattering is so long, initially

these rates were calculated just for those transitions between

subbands separated by less than the LO phonon energy; i.e.,

2→1, 3→2, 4→3, 7→6, 8→7, and 9→8.

The electron–LO phonon transition rates were calcu-

lated, followed by these electron–electron transition rates for

a further ten iterations, until convergence was achieved

again. The new lifetimes t5 , t7 , and t75 were then used to

calculate the gain of the device at 77 K. The gain was found

to be 23 cm21/~kA/cm22!, which is closer to the gain found

by experiment. This relatively large change in the calculated

gain thus illustrates the importance of electron–electron scat-

tering in these mid-infrared quantum cascade lasers.

All the electron–electron transitions involving subbands

7 and 5 were then included, as it was found from initial

calculations that, although the population ratio changed by

only 10% upon the inclusion of electron–electron scattering,

the lifetimes of 7 and 5 were reduced sufficiently to cause a

decrease in the gain of the device. The solution was again

iterated to self-consistency.

The gain of the laser was now calculated as 19.6

cm21/~kA/cm22! at 77 K. Because of the extremely long

CPU time required, it was not practical to calculate electron–

electron scattering rates for all possible transitions in the de-

vice. However, the calculations described above have shown

that electron–electron scattering is a significant nonradiative

loss mechanism, and the inclusion of further electron–

electron scattering mechanisms could explain some of the

difference between the experimental and calculated gain re-

ported by Sirtori et al.5

V. THE EFFECT OF ELECTRON TEMPERATURE ON
CARRIER TRANSITION RATES

There is some ongoing discussion on the electron tem-

perature within quantum cascade lasers and how this may

affect device performance. Elevated electron temperatures

can occur as a consequence of short-pulse optical excitation,

and pulsed or steady state high field electrical excitation. The

device under analysis requires an electric field of 48

kV cm21 for optimum band lineup, which lies well within

the range at which electron heating is anticipated.

The electron–LO phonon transition rates for the impor-

tant transitions 7→5 and 5→4 were calculated for a lattice

temperature of 77 K ~as used in the experiment!5 for a range

of electron temperatures between 77 and 300 K. The graph

of the resulting e – LO transition rates against electron tem-

perature is shown in Fig. 10. It can be seen that there is a 3%

change in the e – LO rate for the 7→5 transition and a 20%

change in the 5→4e – LO transition rate. The energy gap

between 7 and 5 (DE75) is 138 meV, which is greater than

the DELO , whereas the 5→4 energy gap is 36.5 meV, which

is equal to DELO .

Hence variations in the electron temperature do not

change the electron scattering rate significantly in this mid-

infrared device. Thus it can be concluded that the electron

temperature does not affect the gain directly—although see

the discussion in Sec. VI.

VI. OTHER LOSS MECHANISMS

There are two possible loss mechanisms which could

explain the difference between the gain calculated theoreti-

cally and that obtained by experiment. The first of these is

thermionic emission; i.e., the escape of carriers from the up-

per laser level over the adjacent right hand barrier into the

FIG. 10. The electron–LO phonon transition rate as a function of electron

temperature. The lattice temperature remained constant at 77 K.

FIG. 11. A schematic diagram of the G- and L valleys of the GaAs well and

the G and X valleys of the AlGaAs barrier.
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continuum. The energy of the top of the barrier directly ad-

jacent to the well containing the upper laser level, subband 7,

is 296 meV. This energy together with the Fermi–Dirac dis-

tribution of electron energies of selected states is shown in

Fig. 12. There are very few carriers in subband 7 ~given by

n7! at or above 296 meV; the subband minimum of subband

7 is 232 meV so carriers would, on average, need to have a

kinetic energy of 64 meV to occupy a state near the top of

the well. Since kT56.64 meV at 77 K, it is very unlikely that

carriers would be able to undergo thermionic emission from

the top of the well. For thermionic emission from the left

hand well of the active region to be significant, the electron

temperature of the carriers in subband 7 would have to reach

400 K ~Fig. 13!. There is no evidence to suggest that the

electron distributions are heated to this extent in quantum

cascade lasers operated at 77 K.

However, in Fig. 11 it can be seen that ;10% of the

probability distribution of 7 is localized in the central well of

the active region. The Fermi energy of 7 is just 44 meV

below the top of the central well, which has an absolute

energy of 259 meV. About 0.3% of the carriers in 7 are in

the central well and at or above this energy ~Fig. 11! so is

possible that carriers could undergo thermionic emission into

the continuum from the upper laser level. As mentioned ear-

lier, an elevated electron temperature, while not affecting the

gain directly, would give an increased loss in this manner,

thus lowering the gain. This could be one reason why the

measured gain is below that calculated here.

Another loss process that has been suggested is interval-

ley scattering.5 The intervalley scattering process with the

lowest energy threshold in this system is the G – L transfer in

the GaAs quantum well. However, the G – L energy separa-

tion is ;330 meV, which is above the G point in the barrier

just discussed, so intervalley transfer is unlikely, unless the

electron temperature is considerably higher than the lattice

temperature.

VII. CONCLUSIONS

A self-consistent analysis of the transition rate equations

for a mid-infrared quantum cascade laser has been used to

calculate the subband populations and transition rates for a

nine-level system consisting of two injectors and an active

region. Calculations show that a population ratio greater than

3 may be expected at 77 K. It was found that electron–

electron scattering must be included in the calculation of

laser gain, to avoid substantial overestimation of this param-

eter. Further reductions in gain are most likely due to ther-

mionic emission from the active region into continuum

states.19
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