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Abstract

In this paper we present novel integrable symplectic maps, associated with or-
dinary difference equations, and show how they determine, in a remarkably diverse
manner, the integrability, including Lax pairs and the explicit solutions, for integrable
partial difference equations which are the discrete counterparts of integrable partial
differential equations of Korteweg-de Vries-type (KdV-type). As a consequence it is
demonstrated that several distinct Hamiltonian systems lead to one and the same
difference equation by means of the Liouville integrability framework. Thus, these
integrable symplectic maps may provide an efficient tool for characterizing, and de-

termining the integrability of, partial difference equations.

Keywords: discrete Korteweg-de Vries-type equations, integrable Hamiltonian systems,

integrable symplectic maps, Baker-Akhiezer functions, finite genus solutions

1 Introduction

Integrable symplectic maps [1-4] comprise some of the remarkable outcomes from the the-
ory of discrete integrable systems: such maps allow the construction of special solutions
for the corresponding partial difference equations by means of algebro-geometric methods
[5-9]. Many of the infinite-dimensional discrete integrable models that are supported by
(in the sense that they can be reduced to) integrable symplectic maps have interesting
properties: the existence of Lax pairs, Backlund transformations, symmetries and conser-
vation laws, Hamiltonian structures, the construction of integrable algorithms, (elliptic)
soliton solutions, finite genus solutions [see 10-23, and references therein].

By definition, in the symplectic space N’ = (R?Y,dp A dq) with associated coordinates
)T

(p,q) = (p1,---,PN,q1,---,qN)" , where N is a positive integer, a mapping S that sends

(p,q) to (p,q) is called an integrable symplectic map, iff the induced map S* on the space



of differential forms on A satisfies S*(dpAdg) = dpAdg and S*F; = F},1 < j < N, where
Fy, ..., Fy are smooth, functionally independent, and pairwise in involution (with respect
to the Poisson bracket associated with symplectic form), functions in a dense open subset
of R2NV. We will construct in this paper some novel integrable symplectic maps, which
turn out to constitute a powerful tool to study the natural discrete analogues of KdV-type
equations. The latter are members of the celebrated Adler-Bobenko-Suris (ABS) list [24]
of integrable partial difference equations on the quadrilateral lattice.

In [25, 26], some of the integrability characteristics of multidimensional mappings aris-
ing by periodic reductions from the partial difference analogues of the KdV equation were
investigated. These include Lax pairs, classical r-matrix structures and Liouville integra-
bility, but the explicit solutions for the map remained to be established. In [27], by means
of the finite-gap technique, the rational maps generated from periodic initial problems
of the lattice KdV equation, were parameterized in terms of Kleinian functions, and the
closed-form modified Hamiltonians for one- and two-degree symplectic mappings arising
from the lattice KAV and modified KdV equations were constructed, combined with the
application of the method of separation of variables [28-30]. The latter gave rise to a dis-
crete analogue of the Kowalewski-Dubrovin equations, describing the dynamics in terms
of the separation variables. The quantization of the latter systems have been investigated
as well in connection with integrable quantum field systems [31-33]. Symplectic mappings
related to higher-order counterparts of the KAV type, e.g., the Boussinesq type, have been
studied as well [34].

The motivation for this present paper originates from [16], in which finite genus solu-

tions for the lattice potential KAV (IpKdV) equation

(@ —u)(t—u) = B2 — b1, (1.1)

are obtained through integrable symplectic maps and where the lattice KAV (IKdV) equa-
tion is solved as well. Here we use the usual notation, h(m,n) = h(m + 1,n), h(m,n) =
h(m,n + 1), for any function h(m,n). A discrete spectral problem associated with (1.1)
can be constructed from the property of multi-dimensional consistency of (1.1), cf. [19],

namely

~ 3 a —A+p[+ab
Xx=0\—-8)"2DP (N a,b)x, DP(\a,b)= , . X (1.2)

where x is a 2-component vector function, A is a spectral parameter, 8 is the parameter



of the lattice and a, b are potentials (i.e., functions of the independent variables), which is
different from the ones in [16, 35]. Furthermore, from the Darboux/Bécklund approach,

it is found that (1.2) also allows a compatible spectral problem [36-38]

vo—A4w
Oxx = U(\jv,w)x = X- (1.3)
1 —v
The resolution of the potentials v,w in (1.3) are not independent from the a,b in (1.2),
and the relations between them are the key to the problem (see Section 2).

Another ingredient in our treatment is the methodology of “nonlinearisation” [39, 40],
which is related to the expansions of potentials a,b,v,w in terms of squared eigenfunc-
tions. In the present paper, following this method we prove that the spectral problem
(1.3) can be nonlinearised resulting in a finite dimensional integrable Hamiltonian system
which provides the essential conditions for constructing the relevant integrable symplectic
map stemming from (1.2). Using this map, we deduce several well-defined meromorphic
functions on the spectral curve. Finally the IpKdV equation (1.1) is solved by solving the
relevant Jacobi inversion problem in terms of theta functions on the hyperelliptic Riemann
surface. In contrasts to the usual cases treated in [16, 41, 42], where potentials themselves
satisfy the corresponding discrete models, the solutions here are expressed in terms of the
derivative of a special theta function with respect to the auxiliary Darboux variable.

As it turns out, we conclude that one and the same discrete model can be solved
through different Liouville integrable models. Inspired by this, we will also investigate the

lattice potential modified KdV (IpmKdV) equation
51 (ﬁ’L:L — u&) =ps (’EL’L:L — i), (1.4)

which is closely related to the Hirota equation, i.e., the lattice sine-Gordon (IsG) equa-
tion whose algebro-geometric solutions have been discussed [43, 44]. In [41], integrable
symplectic maps and novel theta function solutions for equation (1.4) were constructed
through integrable Hamiltonian systems associated with the continuous sG equation. In

contract, in the present paper, we start from the Kaup-Newell spectral problem [45]

A/2 0w
Oox =V (Xv,w)x = X (1.5)
Mw  —N2/2
and the associated discrete spectral problem
Aa
X=MW =820 (Na)x, DP(Na) = ’ . (1.6)
B Aat



In this example we actually have a different type of situation from the one of the previous
examples [16, 41, 42] since the relation between the discrete potential a and the continuous
potentials v, w is implicit. However, based on the Lax structure of the Kaup-Newell
equation, (1.6), the system can still be nonlinearised, in the sense mentioned above, as an
integrable symplectic map.

In addition, we will investigate the lattice Schwarzian KdV (ISKdV) equation, first
given in [35],

Bi(a—a)(a —u) = B3 (i —u)(a — u), (1.7)
which expresses the cross-ratio of four points in the complex plane being equal to a con-
stant. Equation (1.7) was used in [44] to define a discrete conformal map, consequently
in [46] solutions in terms of the Riemann theta function were written down in the context
of the geometry of those conformal maps. Moreover, the finite genus solutions to ISKdV
equation (1.7) are discussed, with the help of some finite dimensional integrable systems
arising from one Lax matrix for the derivative Schwarzian KdV equation [47]. Interest-
ingly, in [48] by using the so called direct linearisation method, a more general form of
(1.7) was deduced (nowadays sometimes referred to as NQC equation), which in different
special parameter cases reduces to both (1.1), (1.4) and (1.7). In the present case the

relevant Hamiltonian system is associated with the continuous spectral problem

—“N2/24+v+w Av
Oxx = W(Ajv,w)x = X, (1.8)
- NJ2—v—w
which is curiously compatible with the dynamic problem of the Kac-van Moerbeke hier-

archy [49], and whose corresponding discrete spectral problem is given by

A
R= 02— ) DO e s, DO = ) )
Bs™t Aa~t

Similarly, the parametrization of the potentials plays an essential role in this case.

The present paper is organised as follows. In Section 2, the construction of integrable
symplectic maps and the resulting finite genus solutions to the IpKdV equation (1.1)
are presented. In Section 3, we deal with the lpmKdV equation (1.4), and exploit the
permutability of the integrable discrete phase flows arising from the iteration of a novel
parameter-family of integrable symplectic maps, leading to the corresponding finite-genus
solutions to the partial difference equation. In Section 4, we study the ISKdV case and

establish a useful relation between the two discrete potentials present in the same spectral



problem for the construction of the relevant integrable symplectic map. By this relation,
a novel Lax pair for ISKdV equation (1.7) is obtained, different from the ones given in

[35, 47]. As a result, a recursion relation for the finite genus solutions is presented.

2  The lattice potential KAV equation

In this section we will investigate the IpKdV equation (1.1) via integrable symplectic maps.
For further calculations an integrable Hamiltonian system is needed, which provides the

integrals, the spectral curve, etc.

2.1 An integrable Hamiltonian system

For the sake of self-containedness we first review some of the methodology of [16]. This
is based on the observation, going back to [50], that finite-dimensional integrable sys-
tems can be obtained by restricting the infinite-dimensional integrable systems to a finite-
dimensional invariant manifold. To realise it, a good way is the nonlinearization of the
spectral problem [39, 40]. Here we use this technique to construct a finite-dimensional
integrable Hamiltonian system.

Consider N copies of (1.3) with distinct eigenvalues a, - - - , ay, and write them in the

vector form:

Ozp = vp — Aq + wq, @.1)

Orq =p — vgq.
where A = diag(ay, -+ ,an). According to the principle of nonlinearisation [39, 40], the
reflectionless potential can be expressed by the squared sum of eigenfunctions. In the
present case, we shall impose some constraint on the potentials v, w, so that the linear
equation (2.1) can be nonlinearised to produce a completely integrabe Hamiltonian system.

By [6, 45, 49], we take the following Lax equation as a starting point:
e L(X;p,q) = [U(Xsv,0), L(A;p, q)], (2.2)

which is the compatibility condition of (1.3) and the eigenvalue problem L(\;p, q)x = Kkx.
The Lax matrix is computed in a similar way as in [6, 45, 49] from (2.2), and adopts the

following traceless form:

LOvp.g) = V<Gq>+ QP q) —A—=Qx(p,p) | (2.3)

1+Qx(q,9) —V/<4,a>—Qx(p,q)



where Q) (£,1) =< (M — A)71¢,n >, and < £, >= Zé\f:l&"jnj is the usual inner product
of two N-dimensional vectors &, 1.

It is well-known that the characteristic polynomial det(xI—L()\; p, q)) = x2+detL(\; p, q)
represents the spectral curve of the system, which in turn gives rise to the integrals of the

corresponding Hamiltonian system. In our case, we have the determinant

Fr e detL(A;p,q) =X + Qx(Aq, @) + Qa(p,p) — 2v/< ¢, ¢ >Q (P, q)
+ Qx(p,p)Qx (2. 9) — Q3(p, @),

(2.4)

where Q\(Aq,q) = — < q,q > +2Qx(q, q). Actually, F) is a rational function of A, having

N

simple poles at {a;};*,, since the coefficient of (A — a;)~% is zero. Thus,

OIS O- ) A
Fy= HJN o) = a0y (2.5)

J=1

where A(N\) = Hévjll()\ —Aj),a(N) = H§V:1(A — «j). By virtue of general results of the
theory of algebraic curves, cf. [51-53], the spectral curve associated with a 2-sheeted
Riemann surface of genus g = N is constructed according to the method elaborated in
[54, 55],

R: 2= —-R(\), (2.6)
where R(A\) = A(X)a(X). For values of A not corresponding to a branch point, there are
two points p(A), (7p)(A) on R,

p(N) = (N E=V-R(N), (mp)(\) =\, &=—V—R(N).

with 7 : R — R the map of changing sheets.
Furthermore, from equation (2.2) it follows F) is independent of the argument z, there-
fore, F can act as the generating function of the integrals associated with the Hamiltonian

system (see below). In fact, setting
Fa=A+I52 FjA 7, (2.7)
the coefficients in the expansion are given by

Fi =< Aq,q>+ <p,p>-2/<q,q><p,q>,
Fi=<Alqq>+<App>-2/<qq><A'pg>+ (2.8)

+ Y (<App><Afqq>—<Alpg><AFpqg>),(1>2).
Jt+k+2=1;5,k>0



Inspired by the structure of the spectral curve (2.6), we find that F is proportional

to a perfect square of a quantity ), namely
MH3 = F. (2.9)
By using the expression (2.7), we obtain
Hy=1+32 HAx 7 (2.10)
where

1
Hl(p,q)=§(< Aq,q>+<p,p>)—V<q,q><pqg>. (2.11)

Now we consider Hi(p,q) as a Hamiltonian function and calculate the corresponding

Hamiltonian system. Fortunately, when choosing

(v,w) = (V< a4, 4>, <p,qa> V< a0q>), (2.12)

in the reflectionless case, what the solution (p;,g;)? of the linear equation (2.1) satisfies,

is actually a system of nonlinear equations, which can be written in Hamiltonian form as:
Pz = —8H1/8q, Qe — 8H1/8p. (2.13)

So far, we have finished the nonlinearisation of the eigenvalue problem (1.3), resulting
in the Hamiltonian system (2.13). In the future analysis we need the following ingredients:
1) the canonical basis ag,- -+ ,ag,b1,- - , by of the homology group of contours.

2) the basis of the holomorphic differentials, written in the vector form as
= (wlla T )w, )T7 w;‘ = )‘g_jd)‘/(Qf)a (214)

which can be normalized into & = C&’, where C' = (ajk);xlg, with aj; the integral of w;-
along ax and C, the I-th column vector of C. Near the point at infinity, the following local

expansion holds:

&= [0 + Ot?)dt, (2.15)

where ) = —C) and t(t=2 = —)) is the local coordinate for the branch point cc.
3) the periodicity vectors S}w By, defined as integrals of & along ag, by, respectively.

They span a lattice .7 of periods, which defines the Jacobian variety J(R) = C9/.7. The

matrix B = (By, ... ,Eg) is used to construct the Riemann theta function
0(z,B) = Z expmV—1(< B2, 2/ > 42 < 2,2 >), 2€CY. (2.16)
z' €79



The Abel map &7 : Div(R) — J(R) is given as
p —
SO) = [ & o (Snp) = S (). (217)
Po
Thus by equation (2.15), we solve
Po Po e . Po
—d(p):/ w:/ w+/ G — Oyt + O, n:/ 3. (2.18)
p 0 p 00
Now we discuss the complete integrability of (2.13) in the Liouville sense. Here we
employ the r-matrix and the evolution of the Lax matrix along a certain phase flow,
which can be used to encode the involution and independence of the integrals in our case.
Referring to [56-58], we verify by direct computation that there are two matrix-valued

functions, r12 and 721, on the symplectic space,

2 -1
0 — 0
A— U \/<%,q> )
0 0
Py = ) A—p V<aa> |
0o — 0 0
A— U )
0 0 0 -
2 -1 0
p=A /<q,q> )
0 0 — 0
21 = 0 2 M; 1 ’
p=A v<%q>
O I
0 0 T

in terms of which the fundamental Poisson bracket between the Lax matrices takes the

form:

{L(A) @L(#)} = [r12, Li(A)] = [ra1, L2(p)], (2.19)

where L()) is the abbreviation for L(\;p,q), L1(A) = L(A\) ® I, Lo(pn) = I ® L(p) and I
is the usual unit matrix.
Lemma 2.1. The Lax matrix L(p) satisfies the evolution equation along the ¢y-flow

defined by the Hamiltonian vector field of F),

dL(p)/dtx = [W (A, p), L)), (2.20)



where W (A, u) satisfies

dix \ g OF/p; qj
1 0 1
W(A,M) = LL()\) + \/2%0'4_, 04 = ( ) .

Proof. Since L?(\) = —F\I, we obtain

{£*(\) DLW} ={-ATa LW}

(AP L) 0
0 —{Fa L(p)} (2.21)

(dL/dt o
0 drwyan)

By equation (2.19), we calculate the left hand side of (2.21) again and get
{L(A\) ® L()} =Li(M{LN) © L(u)} + {L(A) @ L(u)} L1()

= — Li(N)ra1La(p) + L1 (A) La(p)ra1
— o1 Lo(p) L1(N) + La(p)r21L1(N)

= — [Li(AN)ra1 + ro1L1(N), La(p)]

_ (W (A, ), L(p)] 0
0 WA ), L(w)] )

where we use the formulas L2(\) = —F\I and L1(\)La(p) = La(u)L1(\) = L(\) ® L(p)

(2.22)

which are easily got by some calculations. Then comparing (2.21) with (2.22), equation
(2.20) is verified. O
As a corollary of Lemma 2.1, we have dL?(p)/dty = [W (A, u), L?(1t)], which implies

dF,/dty = {Fu, Fa} =0, Vu,A€C, (2.23)

by using the formula L?(p) = —F,I and the fact that F, is Hamiltonian for the ¢\-flow.
As a consequence we have
{Fus Fay ={Fu, Ho} = {Hu Ha} =0, Yu,AeC,

{F, Fp} ={F;,H;} ={H;,H,} =0, Vj,k=1,2,3,... ,



implying that FY, ..., Fiy are in pairwise involution, moreover, they are integrals for Hamil-
tonian system (2.13).

In the theory of Liouville integrability the functional independence of Fy, ..., Fiy plays
a fundamental role [59-61]. In order to prove the latter, we introduce the elliptic variables

vj, i.e., curvilinear orthogonal coordinates [62],

_ ) (2.24)

A—aj  of

_l/]

L?'(\) =14+ Qx(g,9)

||:]2

A resolution of (2.24) is given in terms of the quasi-Abel-Jacobi variable ¢’ and the Abel-

Jacobi variable d_;, which are defined as
. 9 p(ve) W . — 9
F=X [ d=cd = (Y ). (2.25)
k=1

taking values in the Jacobian variety J(R), by using the Abel map <.

Consider one of the entries of matrix equation (2.20):
AL (u)/dty = 2(W (A, ) L (1) = WH A, ) L2 (), (2.26)
Since Fy = — (L' (X)) — L*2(\) L2 ()\), we find
LY (1) m/a (vg),

as a consequence of equation (2.5). Evaluating equation (2.26) at the point pu = v, we

obtain the evolution of the elliptic variables v, along the t)-flow,

S () (1<k<g)

o/ R dix  a) A —wo'(y)” +
which are the Dubrovin equations for our case [8, 29, 63]. Then by means of the Lagrange
interpolation formula for polynomials, we have

—1
g Vg

dyy, —2 & u,g*ln()\) -2 .
= A 1<i<
- Zl , (1<i<y),

25 R X o) al)
which can be rewritten in a simple form

(¢, Fa} = d¢l - a(i) XL (1< <yg), (2.27)

using the quasi-Abel-Jacobi variable </3" = (¢, ,gf)’g)T given by (2.25). Expanding both

sides of equation (2.27), we obtain

Sl , —o\~!
Ej FAINT = 2§jAA (i+1) QE:A A,
{er, ]} Hiﬂ(l—ak)\ it

J=1 - Jj=—00

10



with Ag =1,A_; =0,Vl € N. Hence, we get

1 A Ay ... Ay,
/ / 1 Al Ag_2
a(¢17"'7¢g) / .
2P0 V) F; =2 R 2.2
oty ... ,tg) ({¢l’ J})ng . ) (2.28)
Ay
1

where t; is the flow variable, ie., dG/dt; = {G, F;} for any smooth function G(p,q).
We note in passing that the matrix (2.28) is non-degenerate, hence dFj,...,dFy are
linearly independent throughout each cotangent space T} R2VN vy € R?V. Indeed suppose
Zévzlcdej = 0, then E;-V:lcj{(b;, F;} = 0,Vl, which implies that ¢; = 0,Vj. Thus we arrive
at the main result:

Proposition 2.1. The Hamiltonian system (2.13) is completely integrable in the sense of
Liouville, possessing the integrals F1, ..., Fiy, which are in involution w.r.t. the canonical

Poisson brackets and functionally independent on N = (R?V,dp A dg).

2.2 An integrable symplectic map

We now use the results in Section 2.1 to construct an integrable symplectic map. Motivated

by [16], we define the following linear map on N,
Pi ~1/2(8)

Sgi| = (aj — B)~/*DV¥W(ej;a,b)

qj 495

P a<i<m, (2.29)

where D) is the relevant Darboux matrix given in (1.2). Similarly, we will find the
constraint on the discrete potentials a, b, under which Sz can be nonlinearised to derive
an integrable symplectic correspondence. This can be seen to arise from the following

discrete Lax equation:
D = L5, @)D (X a,b) = DD (X0, 0)L(X; p, ) = 0. (2.30)

In fact, by direct calculations, we have

!
>
i~

|
>

11



where v is given by equation (2.12) and

pig;  —D;

g5 =
G =g

satisfies ;D) (aj;a,0) — D) (aj;a,b)e; = 0. Then the entries of the matrix D are
expressed as

DY = (v —v —b) +v* - 3,

D2 = _Nb—a+v+0)+ (B+ab)(v+9)— <p,§>— <p,q>,

D! —aqg—9—v—b,

D* =bla -0 +v) —v* + 3.
Hence, from the formula for D?! we choose the restriction

a=b+v+0, (2.31)

Substituting (2.31) into the other components, we obtain

D'? = pD'! + aD*
D' = D% = —PP(bip,q),
where
PO (b;p,q) = L*(B)6? + 2L (B)b — L'2(3), (2.32)
by using
i = (aj — B)?[ap; + (—aj + B+ ab)gy],
; = (aj — B)"Y2(p; + bgy),

derived from (2.29). Therefore, we assert that the roots of the quadratic equation P (b; p, q) =

0 give rise to an explicit constraint on b,

1 —R(B)

b=f5pq) = 5= (V< aq4> - Qplp,q) + : 2.33
00 = 1 o) s Y @)
Actually they are the values of a meromorphic function on the curve R defined by (2.6),
Bp) = o (VT ETS Q) )
= - q,9q - b, q )
1+Qp(q,9) ’ a(B)

at the points p(f) and (7p)(/53), respectively. Then by the relation (2.31), we get

a=f3p.q) = f30.0) +V<@Gi>+V<q,q0>. (2.34)

12



Though doubled-valued as functions of 8 € C, (2.33) and (2.34) are single-valued as
functions of p(8) € R. Thus we get the following expression for the discrete potentials in

term of the square of eigenfunctions:

(a,b) = fa(p.q) = (f5(p, @), F3(p, 0)), (2.35)

by which the linear map Sg given by (2.29) becomes a nonlinear map

S - _ (A gy [T (AT AT ablg . (2.36)

p+bq (a,b)=15(p,0)

< ™

Here we use the same symbol Sg for short.
Proposition 2.2. The above map (2.36) is an integrable symplectic map, under which
the quantities F1,..., Fy on phase space given by (2.8) are invariant.

Proof. According to the above analysis, we have

L\ 5,0) DD (X; f5(p,q)) — DP(X; fa(p, @) L(X; p, q) = 0, (2.37)

by substituting (2.35) into the left hand side of the discrete Lax equation (2.30). Taking
the determinant on (2.37), we obtain Fy = Fy which implies Fi(p,q) = Fj(p,q), ie.,
S5F; = Fj, 1< j < N.

In order to get the symplectic property of (2.36), we calculate

N

1
> (dp; Adg; — dp; Adg;) = —§dP(5) (b;p,q) A< G, G >, (2.38)
j=1

where P®)(b;p, q) is given by (2.32). Thus Sg(dp A dg) = dp A dg under the constraint
(2.35). O

Proposition 2.2 implies the Liouville integrability of the symplectic map [1-4]. Con-
sidering the map (2.36) as an iterative map, we can create a discrete orbit starting
from an initial data (po,qo) € R?N. Thus we are able to define a discrete phase flow
(p(m),q(m)) = Sg‘(po,qo) repeated application of the map, ie., S5' = Sgo SE”_I. The

potentials along the Sg'-flow are,

(a(m),b(m)) = (am,bm) = f(p(m), a(m)) = f3(S5 (ro, 90)), (2.39)

m = by + Uy + Va1, or a=b+v+7, (2.40)

where vy, = /< q(m), q(m) >. Then equation (2.37) can be written in the form
L1 (A DR (A) = DD (3 Lin(3), (241)

13



where we have used the abbreviations L, (A) = L(A; p(m), g(m)), D,(,?)()\) = DB(X; apm, bn).
We remark that since ]-'A(Sﬁ(p, q)) = Fr(p,q) = Fx(p,q), we have ]-'A(p(m),q(m)) =

Fx(po,qo). Thus the spectral curve R is invariant under the Si'-flow.

2.3  The finite genus solutions to the IpKdV equation

Our aim is to calculate finite gap classes of exact solutions for IpKdV equation (1.1). We
now consider DY) (M) as a difference operator and L, (\) as an algebra operator. The above
commutativity relation (2.41) between them reminds us of the Burchnall-Chaundy theory
[64], for commutative differential operators, the discrete analogue of which we formulate

below [16], and the Baker-Akhiezer functions [65, 66] as well. Therefore, we introduce a

new discrete spectral problem with potentials a.,, b,, as
hs(m +1,X) = DY) (N ha(m, ), (2.42)

and investigate its fundamental solution matrix Mg(m, \) with Mg(0,A) = I. Fortunately,
the solution space €y of equation (2.42) is invariant under the action of the linear operator

Ly (N). In fact, if b € ey, then by (2.41),
(Lh)ms1 = Lins1 (DY hin) = DD (Lh)m,

which implies Lh € €.
In the invariant space ¢y, the linear operator L,,()\) has two eigenvalues pf, indepen-

dent of the discrete argument m due to Proposition 2.2,

py = £pr = £/ —Fr = £/-R(\)/a(N), (2.43)

which are the values of a well-defined meromorphic function £(p)/a(A(p)) on R at the
points p(N), (7p)(A) respectively.

The corresponding eigenvectors hg + are given by
(Lin(X) = p¥)hp s (m, A) = 0. (2.44)
Simultaneously hg + are solutions of the equation (2.42), thus we have
.t (m +1,8) = D (Whs o (m, ), (2.45)

and in this sense the hg+ are common eigenvectors for Dﬁ,f )()\) and L, (A). Since the

rank of L,,(\) F +/—F) is equal to 1, in each case the common eigenvector is uniquely
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determined up to a constant factor. We choose

p) (m, A) N
haa(mA) = | = Ma(m,\) [ ] (2.46)
hg o (m, A) 1

By letting m = 0 in equations (2.44) and (2.46), we solve

L _LiNEp L))
= s = - . (2.47)
o (A) Lo (A) F pa
Hence ¢ ¢y = —L{*(N)/L3(N), and ¢y, ¢y are two branches of a meromorphic function

on two sheets of R, since Lék, J,k = 1,2 are rational functions of A apart from p,.
Following [16, 65-67], we now investigate a well-defined meromorphic function hg) (m,p)
on R, i.e., Baker-Akhiezer function, with values hgzr(m, A) and hgl (m, A) at the points
p(N\) and (7p)(A) respectively. It turns out that the explicit expression of h(;) (m,p) is
the key to the solutions for IpKdV equation (1.1), in terms of theta functions. According
to the theory of Riemann surfaces [51-53], we need to consider the zeros and poles of
b (m,p).
Lemma 2.2. The following formula holds [16]:

hgl_(m, A) - hg)_(m, A)=A=p)" H m (2.48)
=1 !

Proof. Since Mg(m, \) is the solution matrix of the equation (2.42), we have
Mg(m +1,)) = D (\) Ms(m, \), (2.49)
and by induction, we obtain
Mg(m,\) = DY) (DY, (n) ... D (). (2.50)

Then from the commutativity relation (2.41), the action of the algebra operator L,,(\) on

Mpg(m, \) gives rise to

Lin(A\)Mg(m, X) = Mg(m, X)Lo(A). (2.51)
Finally we calculate,
(1) (1) 7 (1) 1(2) + - 4+
hﬁy"‘hﬁy_ h,87+h,37— _ M (m )\) C)\ C/\ C)\ MT(m )\)
B 0 @ e | A _ e
B7+ By_ 61+ 6,_ C)\
1 .
= LT()\)MB(”% A)[Lo(A) + palioca M (m, A)
0
1 .
= W[Lm()\) + pa]Mg(m, )\)lUgMg(m’ A)
1
= =31y Lm(A) + palioa (A = )™,
Lg ()
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where o9 is the Pauli matrix. Thus, h(2) h(;)_ = (A — B)™L2L(\)/L3()\), which implies
(2.48) by using (2.24). O

Lemma 2.2 gives the total zeros and some poles. We now exhibit the remaining poles
stemming from the asymptotic behaviors [68].

Lemma 2.3. In the neighborhood of oo, the following formula reads:
2 -m
WG, (m, X) = (££) ™1+ O(1)). (2.52)
Proof. By using equation (2.46), we have
Gy (m, A) = e ME (m, X) + M32(m, A). (2.53)

Thus the asymptotic behaviors for cf and Mpg(m, \) are needed. From equation (2.47),
we solve

=V +0N?), (A= o). (2.54)

Moreover, as A — 0o, we get

sy - (VO o)
O(N*1) (=N + 0]
(2.55)
k kL -1
s [ OO0 CNTIROGY)
(=NF[L+ 0\ O(\")
by equation (2.50) and induction.
Substituting (2.54) and (2.55) into (2.53), we obtain
B (2k, ) = O Y2) + (= 0F[L+ O] = ()M 1+ 0(1),
WGy (2K +1,0) = £(—NFF2[1 4 O Y2)] = ()72 1+ 0(1),
whose unified form is exactly equation (2.52). O

~1/2 4t the branch points oo.

The spectral curve R has a local coordinate t = (—\)
Thus, by equation (2.52), hg)(m,p) has a pole at oo of order m. Considering zeros and
other poles by equation (2.48), we arrive at

Proposition 2.3. The Baker-Akhiezer function bg) (m,p) has divisors

—p(v(0))) +m(p(B) — o0). (2.56)

Mm

Div( bﬁ m,p))
]:1

According to [51-53], for any two distinct points q,t € R, there exists a dipole w]q,t],

an Abel differential of the third kind, with residues 1, —1 at the poles q,t, respectively,
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satisfying

/CL_W[q,t}ZO, /b~w[q’t]:/tqwj’ G=1,-,9).

J J

Decomposing the meromorphic differential as the combination

g

dinb (m, p) = 3 wlp(v;(m)), p(v;(0))] + mwlp(8), 00] + > yje; + 2,

j=1 j=1
where 7, are constants, and €2 is the Abelian differential of the second kind, with residues
equal to zero at all poles. Refer to [69], the differential leads to
9. rpi(m) p(B)
3 / G+m / G=0, (mod?). (2.57)
j=1 p(v;(0)) o
Now we consider the formula (2.57) from the Abel-Jacobi variables, and find that the

Sit-flow viewed in the Jacobian variety J(R) is linear, i.e.,

o(m) = (0) + mQs,  (mod.7), (2.58)

g
Sm) =3 / B = o (S0 p(v;(m))) (2.59)

which is the Abel-Jacobi variable (2.25) along the Si'-flow.
Hence, the Baker-Akhiezer function b(;)(m,p) can be constructed, in terms of the
Riemann theta functions corresponding to the Riemann surface determined by the spectral

curve (2.6) [16, 51-53, 65, 66],

L=/ () & (m) + K] m [, wlp(5)00 (2.60)
0]~ (p) + ¢(0) + K] |

[],2’2) (m,p) = Cpy -

where C,, K are constants, independent of p € R. By letting p — oo in equation (2.60),

with the help of Lemma 2.3, we solve the constant factor as

(46O + K] 1 o wp(8)ed)
O S o)+ m + B Gy P ) - o
Thus,
6D (. p) = LT ) + p(m) + K] 01—/ () + 6(0) + K] ( 1 )"
P e (00) + (m) + K] 0[-a/(p) + 6(0) + K]\

In [5, 7, 8, 65—67], it indicates that the reconstruction of some finite-gap potentials can

be reduced to the classical Jacobi inversion problem on hyperelliptic Riemann surfaces.
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In the present case, we reconstruct the discrete potentials a,,, b,, by using the expression
(2.62), even through the constraint (2.35) for them has been given. Then the finite genus
solutions to the IpKdV equation (1.1) can be deduced [16]. Hence, we consider equation

(2.45) implying

by (m +1,p) = amb (m,p) + (=X + B+ ambm )b (m, p),

b5 (m+1,p) = b5 (m, p) + bmb; (m, p).

After eliminating f)g)(m, p), we have

b5 (m +1,p) = (b + am-1)05 (m.p) — (A = BB (m — 1,p). (2.63)

Note that the relation (2.40) between a,, and by, is not enough for further calculations.
Actually, we need to combine it with the compatibility of spectral problems (1.2) and

(1.3). Then the following relations are obtained:

Gm = Zm + Um+1, (2.64)
by = Zm — U, (2.65)
(zm + 2Zm—1)z = zfn - zfn,l, (2.66)

where zp,, = y/v2, ., +v2, — B.

Remark: Equation (2.66) can also be derived from a Bécklund transformation for the
potential KdV equation [19, 70],

1
(um—i—l + um)x =2\ — §(um+1 - um)2a

when selecting

— 22 = U1 — U, (2.67)

According to the permutability property of the Backlund transformations, u satisfies the
IpKdV equation.

Hence, we are supposed to integrate z,,. By equations (2.64) and (2.65), the coefficient
bm + am—1 in equation (2.63) can be written as z,, + z,—1. Now we calculate z, + zm—1

in two ways. First, we have

(F)(;)(er Lp)  ApbY (m - 1,p>) 2.68)
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and with the help of equation (2.15), we get

0l—< (p) + 6(m) + K]
0o/ (c0) + ¢(m) + K]

=1—1t0,, +O(t?), (2.69)

where ©,, = 8, |p—0 log 0]z + K(m)], K(m) = n+ ¢(m) + K with 7 given by (2.18).
Thus,

()
hr'(m+1,p 1 10)
M = 7{1 + [@m - @m—‘rl Eﬁ]t (t2)}’

b (m,p)

AP (m — 1,
05 =) L1 s — O+ eslt + O,

where €g is given by

Ll ) _ g o).

T8
Therefore, we have
Zm + Zm-1=0Om_1 — Omi1 + 265. (2.70)
Second, we have
(A= B)hS (m —1,p)
Zm + Zm—1 = lim ©)
i 02[ (m)]
T8 0K (m+1)]0[K(m —1)]
with
: L3 wlp(8).00]
rg = lim ——e’ro ’
7T A B
then by equation (2.66), we obtain
Zm — Zm—1 — 2@771 - @m-i-l — @m—l- (272)

As a result, by adding (2.70) and (2.72), we arrive at the explicit formula

Zm = (—)m — @m+1 + €3
blath + K(m)] (2.73)
0+ BEm+1)]

= Oy |z=0 log

Here the exact expressions for a,, and by, are not obtained. However, the formula (2.73) is
enough when we compute the solutions for the IpKdV equation (1.1) in terms of Riemann
theta functions.

Let the parameters 8 = (1, f2 be distinct and non-zero, and applying the theory in

Section 2.2 to the two parameter cases respectively, the resulting integrable maps Sg,, Sg,
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possess the same Liouville set of integrals F1,--- , F)y which subsequently determine the
action-angle variables (I, ) with I = I(F},---, Fy). Thus, in the neighborhood of each
level set

MC = {(p7 q) & RQN : Fl(p, q) =C1,.. .,FN(p7 q) = CN},

the phase flows Sgi and ng are linearised by the same action-angle variables [42]. As
a corollary of the discrete version of the Liouville-Arnold theorem [2-4], S3' and S
commute. Then we get a well defined function, and it can be expressed in two ways,

respectively, as

(p(m, ’I’L), Q(mv n)) = SE? ng (va QO) = ng (p(07 n)v Q(O’ n))

= 55,55 (po, q0) = S§, (p(m,0), q(m, 0)).

(2.74)

Thus by equations (2.29) in the two special cases, (2.64) and (2.65), the j-th component

satisfies two equations simultaneously with A = «;,

Zij = (aj — B1) V2D (a5 2 + 5,2 —v) P , F =40 - By
qj qj
(2.75)
bj _ (Oéj . 52)_1/21)(’82)(04]'; e 7, S U) pj ’ S — \/m
qj qj

Besides the evolution of equation (2.58) along the above two discrete flows gives
é(m,n) = ¢(0,0) + mﬁgl + nﬁgg.
Comparing equation (2.67) and the theta function expression (2.73) of z,,, we now define
Zn = Oz |a—=0 log 9(36@1 + mﬁgl + n(_ng + ]’?00), (2.76)
with Koo = 14 $(0,0) + K. Then we have

2= Zmn — Zmn +€s5

2= Zmn — Zmn + €8,

and straightforward calculations tell us that ()2 — (2/)2 = (2)2 — (2/)2 = 2(B1 — B2). The

latter relations can be used to calculate the commutator

D(ﬁl)D(62) _D(BQ)D(ﬁl) _ 1 _Zmn‘i‘Zmn‘i‘Zmn_Zmn‘i‘@‘f‘U =

0 1

. (27
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where

== (Zmn - Zmn + €8, — 6[31)(Zmn - Zmn + €5, + Eﬁl) + B2 — B1.

Proposition 2.4. The IpKdV equation (1.1) has the finite genus solutions
w(m,n) = 0y |e—o log O(z0 + mﬁgl + nﬁﬁ2 + Koo) — meg, — Neg,. (2.78)

Proof. The commutativity of the flow 5§ and S5, guarantees the compatibility of equation
(2.75). Thus D) DF2) = DB2) D(B1) which implies = = 0. This leads to IpKdV equation
(1.1) when choosing u(m,n) = Z,, — meg, — neg,. O

So far, from a novel Hamiltonian system different from the one in [16], we have suc-
ceeded in deducing the explicit analytic solutions, i.e. finite genus solutions in our case, for
the IpKdV equation via integrable symplectic maps. Next we will investigate the I[pmKdV

equation and the ISKdV equation in a similar way.

3 The lattice potential modified KdV equation

Let us now consider the lattice version of the potential mKdV equation (1.4). Note that
Lax pairs for (1.4) have been written down in [30, 35], but we have not been able to blend
those linear problems with the algebro-geometric technique of nonlinearisation employed
in the present paper. Inspired by Section 2.3, here we select a different parametrization
for the discrete potential a given in the Lax matrix (1.6), whereby (1.4) then arises as the
compatibility condition of a pair of such linear problems associated with the shifts of the

vector-function y in the m and n directions, namely
=W =)Dy, x = (07 -6 EDP (W, (3.1)

where DP1)()) is given by

u

A= B
u

DBI(N) =
B A
u

; (3.2)

and where D(2)()) is given by a similar matrix obtained from (3.2) by making the re-
placements 81 — [2 and ™ —".

In fact, we have

0
DB pB2) _ H(B2) p(B1) — U

w
‘w
&
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where Z = 31 (uu — ui) — B2t — uti).

It turns out that almost everything that holds true for the IpKdV equation also holds
true for the lpmKdV equation. We shall now discuss the integrable symplctic maps and
show how to solve IpmKdV equation (1.4) via the nonlinearisation approach, which differs

from previous approaches.

3.1 An integrable Hamiltonian system

As the starting point for the subsequent calculations, we now review some results from

[45]. Introducing a Lax matrix

o AQx(Aq, q) —1/2 — Qx(A%p, q) 7

where Qx(£,n) =< (A2 — A%)7L¢ n >, A = diag(ay,...,ay) with o2, ..., a3 distinct in

pairs and non-zero. It satisfies the r-matrix ansatz

{L(A) G? L(:U’)} = [r12()‘7 N)v Ll()‘)] - [T12(N7 )‘)7 LQ(,U,)],

A
ria(\ p) = m()\([ + 03 ®03) + (o1 ® o1 + 02 @ 02))
A0 0 O
2\ 0 0 p O
M=o uo ol
0 0 0 A

where 01,09, 03 are the usual Pauli matrices. Considering the determinant of the Lax

matrix (3.4),

A
Fx = detL(X;p,q) = —(1/2 + QA(A%p,9))? + A>Qx(Ap, p)Qx (4, ), (3.5)
we also have the evolution equation in the present case,

o [uLM(N)  AL2(N)

dL(M)/dt)\ = [W(}\,M),L(,U,)], W()\,,U,) = A2 — /112 )\L21()\) LH(A)
—H

(3.6)

where t) is the flow variable corresponding to the Hamiltonian function F). In a sim-

ilar way as in Section 2, we obtain pairwise involutive quantities Fp, Fy ..., Fn_1, i.e.,
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{Fj, F} = 0, from the power series expansions

1 :
Fyr= -1 + ZFJ-)\_2J, [A| > max{|a1],...,|an]|},
N (3.7)
Fa=Y_F N, |\l <min{laa],....|on]},
§=0
where
Fo=—(2<p,q>—1)
Fi=<Ap,p>< Ag,q> — < A%p,q >,
Fp=—<A%pq>— Y  <Apq><A¥pq>
itj=kii,j>1
- ) <App><A¥Tqq>, (k>2).
itj=k+1;4,5>1
Besides, F) is a rational function of ¢ = A\? and can be factorized as
1 R(¢)
Fy = —— 3.8
A 4 052(4')7 ( )
where
N N
o) = [[€—ad). 2(Q) =], R =a(0)2(0),
j=1 k=1
The relevant spectral curve is defined as
R:€2 = R(C) =0, (3.9)

with genus ¢ = N — 1 and two infinities oo, co_. For any ¢ € C, in the non-branch case

(not equal to (j, 04?) there are two corresponding points on R:

p(Q) = (¢.£=VR(Q), (tp)(¢) = (¢.&€ =—V/R(Q)).

From the Lax matrix (3.4), we get the zeros of the off-diagonal entries, which are exactly

the elliptic variables ,u?, ij,

m(¢)

L2(\) = —) < Ap,p > @a m(C):ngl(C_'“JQ')’
o (3.10)
L'\ = A < Agq,q > a0 MO = 9_, (¢ —v3),

in terms of which the corresponding quasi-Abel-Jacobi variables and Abel-Jacobi variables

read

B 9 rp(w?) . B g
F=Y [ @ G=cd— (3 peh)

k=1"Po k=1
3 g 0(2) / ) 3 g . (3.11)
Py [ d=ed = (Y s

k=1"Po k=1
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where ¢ = (1, -+, )", 0 = (41, )T, and & = (wf, - wp)T, wf = ¢o71A¢/2V/R(Q) (1<
[ <g).

It turns out that (1.5) can be nonlinearised to create a completely integrable Hamilto-
nian system possessing integrals Fo, F ..., Fy_1 [45]. The latter is defined by the canon-

ical equations

: —9H, /dq; a2 /2 —a; < Ap,p > :
o [P = 1/945 ) _ i/ i <Ap,p %) 1<i<n)

qj O0H1/0pj a; < Agq,q > —a§/2 qj
(3.12)

where Hy = F; /2 is the first member in the expression of square root H ) satisfying
1 & .
—4Fy = (—4Hy)?, Ha= -7+ ZH]-)\_QJ. (3.13)
j=1
The nonlinearisation procedure explained above also plays an important role in solving
the (2+41)-dimensional derivative Toda equation by algebra-geometric technique [45], while
the nonlinearisation of the discrete spectral problem (1.6) can lead to new theta function

solutions for IpmKdV equation (1.4).

3.2 An integrable symplectic map

Following the conclusion of Section 3.1, we now construct the integrable symplectic map

arising from the N copies of the discrete spectral problem (1.6),

pj pj

— (02— ) 2DD (az0) [P, G=1,...,). (3.14)
qj qj
According to the procedure of Section 2.2, we discuss the discrete Lax equation in the

present case. The Lax matrix (3.4) can be rewritten as

N

1 A
Lxpa) = (5= <pa>)os+ 35 Z:(A
j=1

£j dj

),

—Oéj >\—|—Oéj

where §; = o3¢;03 satisfying §; DP)(—a;) = D) (—qa;)d;. Through direct calculations,
we get

L. @)D (A a) = DD (A a)L(X;p,q) = =P (a; p, g)ioe, (3.15)
where

aP®(a;p,q) = a(< p,§ >+ < p,q > —1)
(3.16)
= a’L'(8) — 2aL"(8) — L*'(B).
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Thus, the constraint on «a is derived by solving the quadratic equation aP(ﬁ)(a; p,q) =0,

_ -t 2 7R(52)
a = fﬂ(p7q) - BQB(Apap) (1/2_'_@/3(‘4 b, CI) + 20[(62) )

Moreover, Ba gives two values of a single-valued meromorphic function on the curve R

(3.17)

given by (3.9),
§

—1
Ap) = 5 (1/2+ Qa(Ap,0) + =),
)= Qotap ) M2+ PP T 55 y)
at the points p(52) and (7p)(5?), respectively. The constraint (3.17) leads to the nonlinear
map
D aAp +
Sy : Py _ (A% — g2)~1/2 p+ha . (3.18)
g ailAq + Bp a=fz(p,q)

Proposition 3.1. The map Sz of (3.18) is symplectic and Liouville integrable, i.e.,
Sg(dp ANdq) =dp Adg, and Fy, Fy ..., Fy_1 given by equation (3.7) satisfies SpFj = Fj.
Proof. Substituting (3.17) into (3.15), we obtain

L\ 5,9 DP (Na) = DD (X;a)L(N;p, q) = 0. (3.19)

Thus detL(\; p, ¢) = detL(\; p, q) by taking the determinant, which implies SpE; = Fj.
The symplectic property is confirmed by the expression

N
S5(dp Adg) —dp Adg =Y (dp; Adg; — dp; Adg;)
j=1 (3.20)

1
= %da AdPP (a;p, q).
which is derived from equation (3.14). O

We now define the discrete orbit (p(m), q(m)) = Sgb(po, ¢o). This is more discernible

if we reformulate the potentials a(m) = a,, and u(m) = u,, as

a(m) = f(p(m),a(m)) = (S§")" f3(po, ),

(3.21)
U/u=a, Or Umii/Um = Q.
On the Sj'-flow, equation (3.19) is rewritten as
L1t DR (A) = DA Lin (), (3.22)

where Ly, (A) = L(A; p(m), g(m)), DY (A) = D (A: anm).
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Then by equation (3.11), the Abel-Jacobi variables in the Jacobi variety J(R) = C9/7

can be defined as

} g 9 p(A(m)
Jom = A w6z =3 [ a

=1 j=1"¥0
. g ) 9. reli(m) (3:23)
dm) =AY ) =Y [ e
j=1 j=1"P0
Let us now introduce the discrete spectral problem with potential a,,
hg(m+1,) = D (Mhg(m, A), (3.24)
and let Mg(m, A) be solution matrix with Mz(0,\) = I. Obviously,
Mg(m, x) = DD (DD ,(\) ... D V),
B 1 2 0 (3.25)

where detMg(m, \) = (A> — 32)™. As A — oo, we have the asymptotic behaviour
o™ o™
Mg(m,\) = . (3.26)
o™ O™

Solving the eigenvalues of the linear map L, (),

Py = tpy =V =Fr = £V/R(()/2a(0),

(3.27)
pr=1/2+0(17?), (A — 00).
the associated eigenfunctions satisfy
hga(m+1,X) = DI (\hg +(m, \), (3.28)
pY m, A cf
hg(m, \) = ﬂf( ) - Mg(m, \) [ ] (3.29)
Gy (m, \) 1

We now study the common eigenvectors hg 4 (m, A) for operators Ly, (\) and DY )()\) with
the help of the Baker-Akhiezer functions expressed by the theta functions of hyperelliptic

Riemann surface defined by the curve R.

Since hg +(0,A) = (ci:, )T, the relevant entries cf are given by
LY\ +p Li2(N) L2\
+ 0 A 0 + .- 0
oy = =— , GOy = — , (3.30)
g L' (N) LN Fpe M LEOY
which as A — oo, behave as
A
cf=—"——(1+0(1\?),
f = 100 7Y) .
< Ap,p > _ '
5 = p;"% +0(\2).
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Furthermore, )\c;\r and Ac, are the values of a meromorphic function on R,

—(¢ < (¢—A*)""Apo,po >
—1/2— < (¢ — A2)~TA%pg, qo > +£/20(C)’

Cp) =

at the points p(A2?) and (7p)(A?), respectively.
Quite similarly as in Section 2, relying on equations (3.10), (3.25), (3.29) and (3.30)

we have in this case the following formulas:

—Liz(\) <A p > o c
L21 )\ A m .
2, (. ) -2 (m, 3 :Lg;EA% (c- gy = Sl ‘-;>>'|0 - ) H
(3.32)

As A — oo, from equations (3.26), (3.29) and (3.31) we find their asymptptic behaviours,

Um,

h(l) N=_ 4m
por(m ) = Aq,q >0 uo

>\m+1 + O()\mfl)’

) m m—1

i~ (m 2) = O™, (3.33)
By (m,A) = O(™),

S (m,A) = 22N L O(2),

Um
To get well-defined meromorphic functions on R, we separate the two cases of odd and

even m, i.e., m = 2k — 1,2k, then put equation (3.29) in the form

G, (26— 1,0) = AcE A IMEL 2k — 1, 0)] + M2k — 1,0),
(2

L2k — 1,0) = A M3 (2k — 1, ) + AMZ2(2k — 1, ), 530
3.34
ARG (2k, A) = A MAY(2k, A) + AMA(2k, N),

>
S
e
~~
[\
&
Nt
!
>
)
>
>

TIMEH (2K, N)] + M3 (2K, A).

Apart from )\cf, the remaining functions M éj appearing on the right-hand sides are poly-
nomials of the argument ¢ = A2. Thus, four meromorphic functions on R can be obtained,

with the values at p and 7p given as

by (2k — 1,p(A%) = hG, (2k — 1,A), b5 (2k — 1,7p(A2)) = h§) (2K — 1, ),

b (2k —1,p(N2)) = )\h( L@k -1,0), 8P 2k —1,7p(N?)) = )\hgf_(% —1,)), 55
by 2k, p(A?) = MRS (2, 0), b5 (2K, 7p(02)) = ARG (2K, ),

b5 (2k,p(02) = h$ (2k,N), 852Kk, 7p(X?) =AY (2K, X).
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Then by using equation (3.32), we get

hg)(zk - 17P(/\2))h(51)(2k —1,7p(\?)) = M(C 5221 H ¢ — My(% -1)

< Ag,q >0 o ()

h,(32)(2k — 1,p()\2))b( )2k — 1,7p(\2)) = MC(C 32)2k-1 H w

< Aq,q>|o e ¢(—v2(0)
(1) 2 (1) 2 < Ap D >|2k 272k g C—,u?(Qk‘)
b (2. p())b5 " (2K, TP(NY) = = R0 (C — ) jHl< 70)
2 2\y, (2) 2 < Ag,q >|2k 22k Ny V?(%’)
b (2 p(A*)bg" 2k, Tp(V)) = — =T HC —57) ]Hl T=20)
(3.36)

Note that at the branch point o, we have the local coordinate A. Thus by using equa-
tions (3.33) and (3.36), we obtain divisors for the four meromorphic functions hg)(2k -

1,p), b5 (2% — 1,p). 55 (2K, p) and b (2k, p), respectively:

||
Mm

Div(p}) (2k — 1,p)) p(u2(2k — 1)) — p(v2(0))) + (2k — 1)p(5?) — kooy — (k — 1)oo_,

.
Il
—

I
M

Div(h} (2k — 1,p)) (p(v3(2k — 1)) — p(¥2(0))) + {p(0)} + (2k — 1)p(B?) — koo — koo,

<.
Il
-

Div(h§ (2K, p)) =

M=

(p(12(2k)) — p(12(0))) + {p(0)} + 2kp(B%) — (k + L)oo — koo,

.
Il
—

M=

Div(h (2k,p) = > (p(v3(2k)) — p(v2(0))) + 2kp(62) — kooy — koo_.

1

<.

(3.37)
Similarly as proved in Section 2.3, we put the above results in the Jacobi variety J(R),
and arrive at the evolution formula for Abel-Jacobi variables (3.23),
(2k —1) = ¢(0) + (2k — G5 + kQ, (mod.7),

$(2k — 1) = (0) + (2k — )05 + kO + Gy,  (mod.7),

B} ) ) (3.38)
V(2k) = ¢(0) +2kQ5 + (K +1)Q+Qy,  (mod.T),
$(2k) = 6(0) + 2k + kG, (mod7),
where QB = foo’ @, Qa = p?%; @, and ) = 7@, As a result, the theta function
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expressions of Baker-Akhiezer functions hg)(m, p)),( =1,2), read

6l-o/(p) + D2k~ 1)+ K] 6~/ (00y) +3(0) + K]
6l—/ (p) + 6(0) + K] 6]— (004) + $(2k — 1) + K]

otk b k) BT w8 ok ) wle(8%),004],
<Ag.q>louo (rj)k

hY)(2k —1,p) =

6O _ 1,p) AT @)+ D+ K] 6l-/(00-) + $(O) + K] _
’ ’ 0=/ (p) + ¢(0) + K] 0[—/(co-) + ¢(2k — 1) + K]
w 1 k55T wlp(8),004 1+ [ (b= 1)e[p(8%), 00 |+w[p(0),00-]

Y

Cuger (g )l
5O (2. p) 0= (p) + :(214:) +f€] 0=/ (004) +?7(0) +I€J ‘
P 0= (p) + 6(0) + K] 0~ (004) + $(2k) + K]
, Uk LR T (8B 00 ] kelp(8),004]+e0[p(0) 00+ ]
< Aq,q >|o uo (r;_}“)kr(')F ’
01—/ (p) + $(2k) + K] 0o/ (00_) + 6(0) + K]
0~ (p) + $(0) + K] 0o/ (00_) + 6(2k) + K]

b (2k,p) =

U0 Lk [T wlp(8) 004k [ wlp(8),00-]
U2k (Tg)k ’
(3.39)
where
ol L ehmel@eos] o L[ wlp(0).00-]
0 pSeet((p) 0 - C(p) ’
1 p 2 1 p 2

’I"+ — lim ——e’ro wlp(B )7004—]’ r7 = lim 76./;30 wlp(B?),00—
B pSeet C(p) B psee—C(p)

In this case, we meet a problem that the discrete potentials are in the expression (3.39).
However, when we deduce the formulas for the potentials u(m) and a(m), the problem is
solved with the help of the relation in (3.21). This relation arises from the parametrization
for constructing the Lax pair of lpmKdV equation (1.4). According to Section 2.3, we now
inverse the discrete potentials by using the above results.

Proposition 3.2. The potentials u(m) and a(m), defined by equation (3.21), have explicit
evolution formulas along the S?—ﬂow , respectively

—

w(m) =u(6m) - Z[(l — 0m) 0+ (Oms1 = 0m))
(1= 6,0)3 + (Our1 — 0m)S

P G Rig+(—1)" Rog],

o+ K(m)] 01K (o) + 6]
o + I + Q] (3.40)

- €
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am) =(a(0)) V" . ML= 0m41) @ = Bruts = 60) g + K(m + D] - 61K (Grn1) + 9]
O[(1 = Oms1) — (Sms1 — 6m)Qy + K(Smp1)] - O[K (m + 1) + Q)
011 - )Q + (Oms1 — 0m)5 + K (6)] - O[K (m) + Q]
0[(1 — 0,)Q + (Oms1 — 0m) Dy + K (m)] - 0[K (5m) + ]

- e3lm(=1)"+0m] Rg+m(=1)"* Rog

(3.41)
where §; is equal to 0 and 1 for even and odd j respectively, and
. - - Po rgrgc
Rim)=dm)+ K+ [ @ Ry=w"2,
00+ "8"8
p(ﬁz) ’r’+ 3 42
Rog = ([ wlp(0),004] + wlp(0),00-]) - lny P (3.42)
Po B Tﬁ To 7"0
k= elvo T wlp(B%),00-] T = elvo ~ wlp(8?)004]
Proof. By equation (3.28), we have
by (2k.p) = Can—1by) (2k — 1,p) + B05 (2% — 1,p), 13
b (2K, p) = 845 (2k — 1,p) + b (2k = 1,p),
and
(1) 1) (2)
b5 (2k +1,p) = axwby (2K, p) + Bby (2K, p),
( ) = asib P2k, p) + 852 (2K, p) o1

b (2k +1,p) = 855 (2K, p) + Caztn ) (2k,p),

where p = p(¢), ¢ = A2, According to (3.37), the order of the zero p(/3?) of f]g)(m, p), (=

1,2), is equal to m. Thus, from the above equations we get

55 (2k — 1,p(A?) B0 2k, p(A?))

— aop = 1
e Ag%ﬁh 2 1Lpn2) TN 502k, p(A2
B

By using equations (3.38) and (3.39), we obtain the following relation in terms of theta

functions between wu,,, and a,,

02K + (k+ )0+ G5 + K(0)] 010 + K (0)]
T kG, + (kO R(O0)] 0[2k— )8, + (k+ )8+ G, + K(0)]
. 0[(2k — 1)(25 + EQ + K(0)] < Ag,q > ul . (r;)’“(rﬁ)k‘l J2ED fp(0),00-]
01K (0)] (=Budpy  (rg)" 1 rd)krg
O 0[2k+ D)8 + (k+ DS+ K (0)] 010 + K (0)]
Tk )G, + (k- 2)0+ O + K(0)] 02K, + (k+ DG+ K(0)]
K(0

2K + (k+ DA+ Q5 + K0)] () < Agg>loud (Fri)irg _pody
0K(0)] Uy (rgrg)F
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Note that (3.21) gives another relation between them, i.e. aor_1 = ugg/usg_1,a2% =
Ugk+1/ U2k, which implies

a2k U2k —1U2k+1 a2k+1 U2ku2k 2
_ +1 + + (3.46)

a2k—1 U3 a2k U1
Substituting (3.45) into (3.46), we obtain the central result (3.40) for the solution by

induction and some calculations. Then by using (3.21), equation (3.41) is obtained as
well. O

Now the theta function expression for the discrete potential u(m) is written down. By
which we will discuss the explicit solutions to the lpmKdV equation (1.4) through the

commutativity of discrete flows.

3.3 The finite genus solutions to the lIpmKdV equation

Taking now any two distinct lattice parameters 3%, 33, the integrable symplectic maps
Sg, and Sg, share the same Liouville set of integrals, the confocal polynomials, there-
fore, the resulting discrete phase flows, i.e., Sg:— and Sgg—ﬂow commute. Thus a well-
defined function (p(m, n),q(m, n)) is obtained, and by equation (3.21) the j-th component
(pj(m,n),q;(m,n)) solves two copies of equation (3.14) with 8 = 1, f2 simultaneously in

the case of A\ = «j,

H = (a3 = B})"V2DP) (a5 /) b (3.47)
4j q;
H = (a? — 83)7Y2DP) (aj; /) bi (3.48)
qj q;

The compatibility of equations (3.47) and (3.48) is provided by the commutativity of the
Sp,- and S -flow expressed by DB PDB2) — DB2) DBL) | Then from equation (3.3), the
evolution of the function u(m) given by equation (3.40) along the discrete flows yields
Proposition 3.3. The lpmKdV equation (1.4) has finite genus solutions as

0L~ 8m)D + (O 41 = 5m) g + K(m, )]
Ol(1 — 6,) + (341 — 0n) Qg + K (G, )]

wu(m,n) =u(dm, op) -

—

6[(1 — ) (5n+1 5n)ﬁ_ + K:((Sma n)] [ ( ) + ﬁ] . (3.49)
0[( - ) (5m+1 _5 )Q +K(6man)] H[K( )+Q]
.em [67”R[31+(_1)mR0ﬁ1}+T[67LRﬁ2 (_1) R052]7
where K (m, n) = ¢(m, n)—l—I?—i—f;K @, ¢(m,n) = ¢(0, 0)+mﬁ§1+n(§§2+m +n —i—25m + 4, G

(Om + 5n)ﬁa, and Rg, , Rog, are given by equation (3.42) with § = B,k = 1,2.
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Up to now, the lpmKdV equation has been resolved via new integrable symplectic
maps generated by a finite dimensional integrable Hamiltonian system associated with

the Kaup-Newell problem, which is different from the results in [41].

4  The lattice Schwarzian KdV equation

Let us now study the ISKdV equation. The associated continuous spectral problem (1.8)
and discrete spectral problem (1.9) carries two potentials respectively, similar to the case
of the IpKdV equation, while the way to deal with them are somewhat different from
the other cases. Nonetheless, from the earlier sections, it is evident that the discrete
Lax equation plays an essential role, and that is also true in the present case. We note
in passing that the ISKdV (1.7) first appeared in [35] as a special parameter limit of a
slightly more general equation, the NQC equation derived in [48] in the context of the
direct linearisation method. The latter quadrlateral lattice equation, that is equivalent
to the (Q3)s=o equation of the ABS list [24] found more recently, also gives rise discrete
version of the Volterra-Kac-van Moerbeke equation in special parameter and continuum
limits. In the present context, following the computations of the previous sections, we are
naturally concerned with the Lax matrix, for which we take the one of [49] (up to a factor
—2)), which corresponds to the finite-dimensional Hamiltonian systems for the Kac-van

Moerbeke hierarchy;,

Lvpq) = A2+ 2Qx\(p,q) — <p,q>—Qx(Ap,p) | (4.1)

14+ Qx(Aq,q) —A/2 = AQx(p, q)
where Q\(&,1) =< (A2 — A?)71¢,n >, A = diag(ay,...,an) with of,... a4 pairwise
distinct and non-zero. Moreover, we have the following linear map from (1.9):

_ bj
= (o = 872D (aj3a,5) [

q; qj

, (j=1,...,N). (4.2)

Now we compute

4

Y = L\ 5,9) DY (N a,5) — DB (s a,5)L(\;p, q), (4.3)
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with the entries
Tll = _Bs_l <ﬁaq> _63+a(<ﬁaq > = <p7q >)7
T2 =X\Bs—Xa" ' <p, >+ a<p,q>,
T2h = Xa— Aa~! = A\Bs7H,
22 _ p.—1 S
T =p0s"" <p,qg>+PBs—a (<p,§>—<p,q>).

By using Y?2!, we choose the formula
s=p/(a—at). (4.4)

On one hand, (4.4) guarantees the realization of an associated integrable symplectic map;

On the other hand, imposing (4.4), the spectral problem (1.9) can be written in the form

,82
A
F= 0= )P0 a, DOa) = | ama T @)

a—at a1t

Now the number of the discrete potentials is reduced to one, same as the lpmKdV situation.
Inspired by the construction of the Lax pair for lpmKdV equation (1.4) (see Section 3),
we find the Lax pair for ISKdV equation (1.7),

X =DBV(N;2/z 8122/ (32 — 22))x, x = DB (\;z/z, Bazz/ (22 — 2%))x. (4.6)

Indeed, by direct calculation, we get

A2z(22+ 22 - 32 - 2%

(32 — 22) (52_ZQ)(ZQ_Zzlg§2_52)(§2_52) =

Z(22 — 22)(22 - 22)

ISIN

~—

DB pB2) _ H(B2) pBr) — z(22 — 22

)

e}

(4.7)
where = = 8%(22 — 22)(22 — 2?) — 85(22 — 22) (2% — 2?), and hence the discrete zero curvature
equation D) DB2) — D(B2) (A1) = ( implies = = 0. The ISKAV equation (1.7) can be
deduced by letting v = 22.

Following the procedure applied in the preceding sections, we now treat the ISKdV

equation in a similar way.

4.1 The integrable Hamiltonian system

Based on the Lax matrix (4.1), we now exhibit an integrable Hamiltonian system for

further calculations. The following fundamental Poisson bracket relation links (4.1) to a
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classical r-matrix stucture,

{LA) @ L(w)} = [r(A 1), Ly (V)] + [ (A, ), La(w)],

)

2 2
r = mpu)\+0'3®0+, T,:ﬁPAM_JS®U+a
A0 0 O (4.8)
0 0 p O
Py, =
0O o 0 O
0 0 0 X

The associated generating function reads:

Fa= =22 (1/4+Q3(p. )+ Qa(p. @)+ < p,q > (1+Qx(Aq, q)) + Qxr(Ap, p)(1+Qx(Aq, q)),

and the corresponding evolution along the t)-flow for the Lax matrices reads:

2p 2L (\) o
dL(p)/dtx = WA\ 1), L), WA p) = 5L\ + (—~ = L*(\))os. (4.9)
A — A
Considering now the power series expression,
eSS o (110
j=1

it yields two types of objects:
a) N smooth functions {F}(p,q),1 < j < N} involutive with each other,

Pyl =—<pqg>*—<A’p,qg>+ < Ap,p >+ <p,q>< Aq,q >,
Fj=— < AYp g>+ < A% 'pp>+ <pg>< A¥ g q>

— ) <Apg><Alpg>+ ) <AMpp>< At g>, (j>2).
k+1l+1=j5;k,1>0 k+14+2=j5;k,1>0

b) square root H ) satisfying

4 S
— e Fa = (LHAM)? Ha= D Hi¢T (4.11)
j=1
1 . o .
where Hy = —§F1, whose corresponding Hamiltonian system is
pj —0H1/0q;
Oz =
aj 9H1/p;
< Ag,q >
B —a?/2+<p,q>+# aj <p,q> D
- < Aq,q > ’
o w3 <pa>-SAtez ||
(4.12)
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(1 <j < N). Comparing with equation (1.8), we select the constraint
(v,w) = (< p,g >, < Ag, q > /2). (4.13)

In this sense, (4.12) is the nonlinearisation of (1.8).

Consider the fractional expression

B 1 R(C) B N+1 N
A= 1t R(O—ca(og(c G, o 1:1 (4.14)

then a curve R : £2 = R((), with genus g = N, is obtained. The curve R has two infinities

004, 00—, and branch points (j, a ,0. And the general points on R are

= (¢,¢=VR(Q), ()0 =(¢=-VR(Q), (eC.

Introducing the corresponding elliptic coordinates MJQ-, 1/]2:

LY2?(\)=—<p,q> ];1(07 m(() = Hé\le(g‘ - :u?)’

(©) (4.15)
¢ .
L) = 28 0l0) = L (- 2)
the quasi-Abel-Jacobi and Abel-Jacobi variables are defined respectively as
. . g
¢/:(¢ll77¢g Z/ _C(Z)IZ”Q{(ZP(VI%))v
k=1
, (4.16)
k=1

where &' = (W, -+ ,w ;) , wh=¢9" Jd¢/(24/R

Let us consider one of the entries in (4.9), namely
AL () fdty = 2W (A ) L1 () — W2, 0) LY (1)),

and setting p = pg, then we get the Dubrovin type equations

1 d(p) 1 m(¢)

N 1<k 417
2 Jm B aQ € pwy C=FEY (4.17)
from which we have
d 1
{41, Fa} = ﬂ = @Cg—l, (1<1<g).
Hence,
DU EICT = =) A, (4.18)
j=1 =
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where Ag =1, A;_; =0 (j < ). Thus, we conclude

1 A Ay .. Ay
1A Ay
({01, Fj}) gy = :
Ay
1

which implies Fy,. .., Fy are functionally independent on the phase space N' = (R?Y,dpA

dq).
The Liouville integrability for the Hamiltonian system (4.12) is established. We will

proceed by constructing integrable symplectic maps for ISKdV equation.

4.2 The integrable symplectic map

With the help of the formula (4.4), the map (4.2) can be written in the form

P; 1 ®) p; :

-~ _p®(a; C(1<j<N), 4.19
V)= e (] i<y (419)
q 7 7 q]

where D) is given in (4.5). Moreover, equation (4.3) becomes

(1>

T =L\ 5, @) DP(Na) — DD (Nja) LN p.q), (4.20)

with the components

2
Tll:a_1<]5,d>—a<p,q>—

1

a—a-
T12 — —ATII,
T =0,
fr22 _ —Tll.

Here we also use Y for short. Then by equations (4.1) and (4.19), we get

B2 B
a? -1 2

< 5,3 >= (a2 =)L) +a? < p,q > +——(1 — L*(B)) + 28(5 — L'(B)). (4.21)

Substituting it into T, we obtain

r_ POapg (1 —A

4.22
el N (422)
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where

PO(a;p, q) = (a® = 1)°L*(8) — 28(a® — )L (8) — B2L*(B), (4.23)
which is a quadratic polynomial with respect to a®—1. The roots to the quadratic equation
PB)(a;p,q) = 0 are given by

9 -1

1 R(B?)
o= < p,q > +Qs(Ap,p) )

2a(5?)

which are the values of a well-defined meromorphic function on R,

(B%(1/2+ Qp(p,q)) +

—1
< p,g>+Qs(Ap,p)

D(p)

(F2(1/2+ Qu(0-0) + 51 537)

at the points p(3?) and (7p)(5?), respectively. Equation (4.24) provides the constraint on
the discrete potential a, denoting it a = f3(p, q). Thus, we obtain the following nonlinear

map from the linear map (4.19):

D aAp + Bq
Spo || = (A2 — g2)~1/2 a—al . (4.25)
q (a—a)p+atAq) la=fs(p.0)

We assert that the map Sg is an integrable symplectic map sharing the same set of integrals
{F;(p,q),1 < j < N} as the Hamiltonian system (4.12). In fact, under the constraint
(4.24) we have
L(x:5,9)DP (X;a) = DO (X a) L(X;p, q), (4.26)

by equations (4.20) and (4.22), which implies S5 o Fj(p,q) = Fj(p,q),1 < j < N.
The symplectic property for Sg, i.e., Sj (dpAdg) = dp Adgq relies on the following formula:

i(dﬁ-/\d{j —dp; Adgj) = ¥dP(B)(a'p q) ANda (4.27)
< j j j j a(a® —1)? i P, : :
As a consequence, a discrete Sj'-flow can be set up by setting (p(m), q(m)) = Sgl(po, q),
with (po, go) as an initial point. By equations (4.6) and (4.24), we denote the corresponding

potentials as
a(m) = am = 2ms1/2m, w(m) =, = 22, (4.28)
which lead to the discrete spectral problem
hg(m +1,A) = DD (A\)hg(m, \), (4.29)
where DY )()\) = D (X;a,,), whose fundamental solution matrix Mg(m, \) satisfies
Mg(m +1,)) = DP(\)Ms(m, \), Mg(0,\) = I. (4.30)
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Hence, following this by iteration, we get the solution as a matrix product chain

My(m.A) = D (D, () ... DY),

which implies detMg(m, ) = (A2 — %)™, and as A — oo,
Imamo(m?) o(mY)
Mﬂ(m’ )‘) = 0 2
m—1 0 ym m—2
o(\™ 1) — A"+ O(N"T9)

Zm
Furthermore, from the compatibility relation (4.26) along the Si'-flow
Limn1(N DD (A) = DY (A Lin(N),

where L, (A\) = L(A;p(m), g(m)), and equation (4.31), we obtain

Lm(/\)MB(m7 )‘) = Mﬁ(mv )\)Lg()\),

(4.31)

(4.32)

(4.33)

(4.34)

which is helpful to derive the relevant formulas below for zeros and poles of the corre-

sponding meromorphic functions.

In order to proceed we need some properties of the linear operator L,,(\) with val-

ues in the solution space of equation, (4.29). Through direct calculation, we obtain the

eigenvalues of the operator as follows:

Py = tp, = £/ =Fxr = £/R(()/2)a((),

pr=5+0C), (O o0),

together with the associated eigenfunctions satisfying

hg(m+1,X) = DI (A\)hg 1 (m, \),

p) (m, A) N
haa(mA) = | — Ma(m,\) | * |,
hg o (m, A) 1
+ —
(Lm(A) = px ) hgx(m, A) = 0.
Let m = 0 in equations (4.38) and (4.39), then
a WOk PN IEO)
7PV TPV EPY L3N

As A — 00, we have
o =A1+0(™),

¢y =<po,q > A1+ 0(™h).
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(4.40)
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Moreover, )\Cj\' and Ac) are the values of a meromorphic function on R constructed by

(4.14),
C/2+C < (C— A% po,q0 > +£/20(C)
14+ < (¢ — A?)~1Aqgo, qo > ’

at the points p(A\?) and (7p)(A\?), respectively.

Cp) =

Based on the results above, we now prepare some formulas to discuss the common

eigenvectors hg 1 (m, A) on the level of Riemann surface theory. Through some calculations,

we have
N 2
m T S~ #5(m)
B (m ) - B (m ) = < pog > (C = 57) 1_11 Ci,j?(o)
= (4.42)
G, (m, A) - hG) (m, A) =(¢ — 2™ H

by using equations (4.15), (4.31), (4.34), (4.38) and (4.40). Similarly as the previous
sections, the following asymptotic behaviours (A — oo) are also obtained via equations

(4.32), (4.38), (4.41):

1) _ Amym+1 m—1
Py (m, \) = 2N O,
hG) (m, ) =0,

B2’_< ) =0R™) (4.43)
h$, (m,A) = O(A™),
B (m,A) = 22N+ O(A™2),

Zm

L2k — 1,0) = AF NI MAN 2k — 1, )] + M2 (2k — 1,0,
(2

(2k — 1,\) = Acy MB' (2k — 1, \) + AMZ*(2k — 1, ),

)
o (4.44)
ARG (2K, 3) = Ak ME (2K, ) + AMJ(2k, ),
hG 2k, ) = AN TIMEL 2k, A)] + M3 (2K, \),

by (2k — 1,p(A2) = h{, (26 — 1,A), b5 (2k — 1,7p(A2)) = h§) (2K — 1, ),

b (2k — 1,p(A2) = MG (2k — 1,A), 55 (2k — 1,7p(A%)) = ARS) (2k — 1, ), s
by 2k, p(A?) = MRS (2, 0), b (2K, 7p(0%)) = ARG (2K, ),

b 2k, p(A2) = A (2K, 0), b5 (2K, 7p(A2)) = h) (2K, N).
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From the formulas (4.42), we have

NoC— 22k -1
by (2k — 1,p(N2)BS (2k — 1, 7p(A2) =< p,q >|a—1 (¢ — BHP ] CCM_](VZ(O)),
j=1 J
N 2 o
b (2k — LpW))hS) 2k — 1,7p(A2)) = ¢(¢ - A% ]] w
=1 ¢ Vi (0)
NC— 22k
by (2k, PO (2, 7R(N)) =<, >|ai ¢(¢ = 89 [ | CC_“;Q((O))
j=1 J
N o2
52 2k, D)0 2 2k, 7 (0) = (¢ — 5% T S22,
=1 ¢ v; (0)
(4.46)

Now the zeros and poles for the meromorphic functions bg)(m,p)), (I =1,2) can be ob-

tained by equations (4.43) and (4.46). This results into the following expressions of the
divisors for h(ﬂl) (m,p)), ([ =1,2):

I
M

Div(h}’ (2k — 1,p)) (p(13(2k — 1)) — p(v3(0))) + (2k — 1)p(8?) — koo — (k — L)oo,

<.
Il
-

I
M

Div(h} (2k — 1,p)) (p(v7(2k — 1)) —p(3(0))) + {0} + (2k — 1)p(B*) — kooy — koo,

<.
I
—_

M=

Div(h}) (2k,p) = > (p(k2(2k)) — p(12(0))) + {0} + 2kp(5%) — (k + 1)oos — koo,

<.
Il
.

M=

Div(h (2k,p)) = Y (p(v3(2K)) — p(12(0))) + 2kp(B?) — koo — koo_.

1

.
Il

(4.47)

We now view the above formula (4.47) from the Abel-Jacobi variables. Then, the associ-

ated Sj'-flow is linearized on the Jacobi variety J(R) as

$(2k — 1) = $(0) + (2k — 1) + kG, (mod7),

$(2k — 1) = (0) + (2k — 1) + kG + Gy,  (mod.7),

- - - L. (4.48)
¥(2k) = ¢(0) + 2k + (k+1)Q+Q;, (mod?),
$(2k) = $(0) + 2k + kC,  (mod7),

where QE = fpcz%;)di, Qg = fOOO* @, and 0= f;oj @. We can now write down Baker-
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Akhiezer functions b(ﬁl)(m, p)), (I =1,2) in terms of theta functions,

01—/ (p) + 92k — 1)+ K] 0]-o/(001) + 6(0) + K]
0= (p) + ¢(0) + K] 0[-o/(00y) +¥(2k — 1) + K]
Vaker L k) [ wlp(8%) .00k fin wlp(8),00+]
F\k ’
20 &y

6@ (o _ 1.p) L@ +q§(2k ~1)+K] 0o (c0)+6(0)+ K]
’ T 0-A )+ 0+ K] 6/ (c0-) + {2k — 1) + K]
o 1 oSy wlp(8%) 00414+ J7 (k=) [p(82),00- ] +wo,00-]

— )

ok (rg)’“lro
0]/ (p) + F2K) + K] 0] (c0y) + 5(0) + K]
0[— (p) + $(0) + K] 0]—/ (004) +1)(2k) + K]

by (2k — 1,p) =

—

22k L kT wlp(82) .00 [ kwlp(82).004 ] +wlo.00+]
20 (ry)krg ’
6 (2. p) 0=/ (p) + 6(2k) + K] 0]—o/(00-) + 6(0) + K]
’ 0~/ (p) + 6(0) + K] 0~/ (00_) + 6(2k) + K]
CA L kT wlp(8%) 00 ) [ wlp(82) 00
2ok (rg)* ’
(4.49)
where
743_ = lim Lefppo w[0700+}, 7"0_ e L6 "pO [0700_]7
p—oot C(p) poo— C(p) (450
1 P 2 1 P 2 :
b lim oo o L g () ee ]
P pmootC(p) P poo ((p)

With the help of the expression (4.49), we now calculate the discrete potential which
leads to the finite genus solutions for ISKdV equation (1.7).
Proposition 4.1. The discrete potential u(m), defined by (4.28), satisfies the recursive

relation,
w(m) — u(m + 1) =u(0) - 9[;2 + K(0)] | 010w+ (O = dm1) S + K(m + 1))
[K(0)] 0[(8m + Gms1) + K (m + 1))
O0m 19— (O — Omy1)Cg + K(m)] () ()2 it yimen
0] + K (m))] (15 )m=6m)/2 (g )om

Cedvo T wlp(BY),00- ] = [y T P wlp(8%),00 4] ~Om1 [ wlo,004]+6m [} wlo,00-]

(4.51)

—

where K (m) = (m)—i—l?—kff& &, and d; is equal to 0 and 1 for even and odd j respectively.
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Proof. From equation (4.37), we obtain

2
by (2k + 1,p) = azcb (2k,p) + B—mﬁ (2k,p), (4.52)
a2k — Qo
W _ M C&
hg (2k +2,p) = C@k—f—lbg (2k +1,p) =) f)ﬂ (2]‘5 +1,p), (4.53)
A2k+1 — Uop 1
which implies
by (2k +1,p) g2 59 (2kp)
—(1) - G/Qk + —1 (1) 9 (454)
bg (2k,p) a2k — Qg bg (2k,p)
by (2k +2,p) g2 b 2k+1p)
0 = Caaki1+ T (D ’ (4.55)
bﬁ (Qk + 1,]3) A2k+1 — Qop4q hﬂ (2]€ + 1,]3)
where p = p(¢),( = A%. Let A — 3, we have
(2) 2k A2
asy, + 7 lim hfl)( P 1, (4.56)
A=Bh 7 (2k, p(A2))
@2k +1,p(\2
a3y q + lim hfl)( P)) _ 1, (4.57)
AZBh 0 (2K + 1,p(A2))

according to the divisors given by (4.47).
Then substituting (4.28) and the theta function expressions (4.49) into (4.56) and (4.57),

respectively, we get
O—o (004) + ¢(0) + K] 0[—o/ (p(5?)) + 1(2k) + K]
O o) + G+ E] oy (ﬁ ) (4.58)
0]—ot (co0_) + ¢(2k) + K] O g
o I8 00—k g b5 001 i oo ]
and
u(2k + 1) — u(2k + 2) —u(0) - L7F )+ IO + K] 0=/ ((5)) + 6(2k +1) + K],
0= (004) + ¢(0) + K] 0[—o/ (p(5?)) +(2k + 1) + K]
0=/ (o) + 92k + 1) + K] 1 ()"
O]—(00-) + 62k + 1)+ K] 15 (rg)*
) kf T wlp(82),00- |- (k+1) fog ~ wlp(8?),004]+ [ wlo,00- },
(4.59)
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which give rise to the unified form

- - ) ~
Mm_wm+nz()ﬂ (00-) + 3(0) + K] 6]~ <Mi” é(m) + K]
Ol—/(c01) +¢(0) + K] 0[=/(p(5?)) +¢p(m) + K]
o (00y) 4+ ¥(m) + K] (5 R v Dy
o (00-) + §(m) + K] (rg ) =om)/2 (g )om

(4.60)

—

Then by using formulas —a/ (p(3?)) = QE + 0+ f:& & and ¥(m) = ¢(m) + i1 +
(Omt1 — 5m)ﬁa deduced by equation (4.48), equation (4.51) is proved. O

4.3 The finite genus solutions to the ISKdV equation

According to the methods used in the preceding sections, we now have two integrable sym-
plectic maps Sg,, S, by imposing the lattice parameter 8 two values (31, 32 respectively.
Then by iteration, Sj- and Sj -flow commuting with each other are obtained as well. As
a result, from recursive relation (4.51) we obtain the solutions for the ISKdV equation.

Proposition 4.2. The finite genus solutions for the ISKdV equation (1.7) satisfy

u(m,n) —u(m+1,n) =u(0,n) - Q[I_{'(O,n)] O[(6m + 5m+1)Q’ + K(m +1,n)]

O0m119 = (G — Om11)D + K(m,n)] (B2)om1.
010 + () 1
. (rlgl)(m—ktsm)/Q ' (,r,0+)6m+1 .
(g )m=0m)/2 (g )om
Covo T T wp(B) .00 )= g T TEPmwlp(8]),004]=bm i1 [ wlo,004]+0m [

(4.61)

where u(0,n) is given by

0[ + K(0,0)] 0[0n3 + (3 — 1)y + K(0,n+1)]
0[K (0,0)] 0[(0n + 0py1)Q + K (0,1 + 1)]

u(0,n) —u(0,n 4+ 1) =u(0,0) -

012+ K(0,n)] 0[0mS + (6m — 6my1)D5 + K(m +1,n)]

s
0-
oo T wp(B82),00-]= g T TEPmwp(8%),004]=bmp1 [y wlo,004]+0m [ wlo,c0-]

wlo,00-]

' 0160119 — (8, — 0041)Q5 + K (0,7)] . (r§2)(n+5n)/2 | (Tar)anﬂ'

Sna1
o[ +R(o n)] (52) (r5,) =002 ()b
Cedvo TR wlp(B3).00- )= fog T MR wp(83),004]=bnp1 [ wlo,004]+bn [ wlo,00-]
(4.62)
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4 - ; - - L S+ O =
and K (m,n) = ¢(m, n)+K+f£+ &, ¢p(m,n) = ¢(0, O)+mQ/gl+nQEQ—|—m n +2 * O+

(Om + 5n)§0_. Besides, rgj,rgj are obtained by putting 8 = f;,7 = 1,2 in equation (4.50)

respectively.
Another way to obtain the analytic solution in terms of theta functions for equation

(1.7) is calculating the potential u(m) by the discrete integration

u(m) =u(0) + Y _ (u(f) —u(j — 1)),

m
j=1
with the help of equation (4.51). The evolution of u(m) along the corresponding discrete

flows leads to the solutions as well.

5 Conclusion

In this paper, we exhibited a new version of the algebro-geometric approach to deal with
the partial difference equations of KdV-type, which is different from the existing results
in the literatures [16, 41, 42].

We have presented examples of integrable symplectic maps and finite genus solutions
for lattice KdV-type equations. In the IpKdV and ISKdV cases, there are two discrete
potentials, and we need to impose constraints between them in order to construct the
algebro-geometric solutions using the technique of nonlinearisation. Applying the method
and the constraints, we end up with expressions for a single potential for the ISKdV
equation as in the lpmKdV case. These cases share a similar algebro-geometric structure
when constructing the explicit solutions in terms of theta functions. However, in the IpKdV
case, the Riemann surface is different and the constraint is not enough to characterize the
solution. Hence, an alternative parametrization was constructed in order to solve the
problem.

In this paper the discrete version of the Liouville-Arnol’d theorem, [2, 3], plays an
essential role. We point out in the present context that different Liouville integrable
reductions can be considered associated with distinct Hamiltonian systems, leading all to
solutions of one and the same partial difference equation.

At this juncture, we would like to point out that Noether’s principle for Hamiltonian
systems tells us that there is a correspondence between integrals and symmetries. Further-
more, the integrals of a Hamiltonian system form a Lie algebra with respect to the Poisson

bracket, while the corresponding flows generate a Lie group. Therefore, we may conjecture
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that the algebraic structure behind the approach employed in our analysis could shed a

light on this phenomenon in discrete integrable systems.
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