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Entropic Dynamic Time Warping Kernels for
Co-evolving Financial Time Series Analysis

Lu Bai, Lixin Cui, Lixiang Xu, Zhihong Zhang, Yue Wang, Edwin R. HancotkEE Fellow

Abstract—Network representations are powerful tools to mod- return rate. Due to the evolution of these nancial variables
elling the dynamic time-varying nancial complex systems con- with time, multiple co-evolving nancial time series can be
sisting of multiple co-evolving nancial time series, e.g., stock generated from the original data.

prices, etc. In this work, we develop a novel framework to T | the ti . ial ket crisi isk
compute the kernel-based similarity measure between dynamic 0 analyze the ime-varying nancial market crisis or rsk,

time-varying nancial networks. Speci cally, we explore whether ~change point detection has played an important role to identify
the proposed kernel can be employed to understand the structural abrupt changes in the time series propertiés [5]. Unfortunately,
evolution of the nancial networks with time associated with  detecting such crucial points remains challenging, since it is
standard kernel machines. For a set of time-varying nancial it oIt to detect the changes that cannot be easily observed

networks with each vertex representing the individual time series - . . .
of a different stock and each edge between a pair of time series for a system consisting of complex interactions between its

representing the absolute value of their Pearson correlation, our Constituent co-evolving time series [6]. One way to overcome
start point is to compute the commute time matrix associated this problem is to represent multiple co-evolving nancial

with the weighted adjacency matrix of the network structures, time series as a family of dynamic time-varying netwoiKs [7].
where each element of the matrix can be seen as the enhancedspeci cally, for each dynamic network at time stépeach

correlation value between pairwise stocks. For each network, R . .
we show how the commute time matrix allows us to identify vertex represents an individual time series of a stock (e.g.,

a reliable set of dominant correlated time series as well as Stock trading prices over a time window of paat time
an associated dominant probability distribution of the stock steps ending at time ste) and each edge between a pair
belonging to this set. Furthermore, we represent each original of co-evolving nancial time series indicates their correlation
network as a discrete dominant Shannon entropy time series (; o = the ahsolute value of their Pearson correlation). Note
computed from the dominant probability distribution. With the . . - .
dominant entropy time series for each pair of nancial networks that, this is an effective way to represent multiple co-evolving
to hand, we develop an Entropic Dynamic Time Warping Kernels ~hancial time series as dynamic networks and has been widely
through the classical dynamic time warping framework, for employed in most real-world applications [6].! [8].! [9]._[10],
analyzing the nancial time-varying networks. We show that the  [17]. Under this scenario, network-based approaches can be
proposed kemel bridges the gap between graph kernels and the irectly employed for the structural analysis of nancial risks.
classical dynamic time warping framework for multiple nancial - - .
time series analysis. Experiments on time-varying networks N machine learning, graph kernels are effective approaches
extracted through New York Stock Exchange (NYSE) database t0 characterize graph structures in a high dimensional Hilbert
demonstrate that the proposed method can effectively detect space for structure analysis [12], [13]. The aim of this paper is
abrupt changes in networks as time series structures and can o develop a new kernel approach for analyzing multiple co-
be used to characterize different stages in time-varying nancial o\ ing nancial time series that are represented as network
network evolutions. . . -
structures. Our work is based on representing each nancial
Index Terms—Time-varying Financial Networks, Graph En-  network as discrete entropy time series as well as the clas-
tropy, Graph Kernels, Time Series. sical dynamic time warping measure between the series. The
proposed approach bridges the gap between graph kernels and
|. INTRODUCTION the dynamic time warping framework for time series analysis.
There have been a surge of research interests to employ
machine learning algorithms for the analysis of dynami
networks, due to their potential applications in many practical
systems, such as social systems, neural netwiorks [1], uncertaifetwork representations have been widely employed for
systems[[2], nancial market systems| [3], etc. Among theg&e analysis of time-varying complex systems consisting of
common systems, the nancial market can be considered agWltiple co-evolving time series |[8]. [9]._[10]. [6]. [11], e.g.,
complex time-varying system consisting of multiple interacthe stock market with trade price, climate data, and functional
ing nancial components[[4], e.g., the stock trade price anflagnetic resonance images. These approaches are based on
the idea that the structure of so-called time-varying complex
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Fig. 1. The architecture to compute the proposed kernel. Given a pair of time-varying nancial networks, for each of them we (1) compute
the commute time (CT) matrix, (2) identify the set of dominant correlated time series represented by vertices through CT, (3) compute the
dominant probability distribution and represent each network as dominant entropy time series, and nally (4) compute the kernel between
the dominant entropy time series of two networks.

networks, extreme events corresponding to the nancial ikernels to analyze time-varying network structures inferred
stability of the stock are of particularly interest [6] and cafrom the original time series tends to be dif cult. Because
be inferred by detecting the anomalies in the correspondiagch network structures in most real-world applications are by
networks [11]. The network structure before and after amature complete weighted graphs, i.e., each vertex is adjacent
extreme event should be signi cantly different. to all remaining vertices, whereas the edge weights between

Broadly speaking, most existing approaches aim to charé@g vertices may be rather different. It is dif cult to decompose
h a graph into substructures. This in turn in uences the

terize networks based on two principal approaches, namelyS | ¢ e h K |
derive network characteristics using connectivity structures, grectiveness of most existing grap erneis.
One way to address the problem is to discard the less

statistics capturing connectivity structures and b) characterize

the networks using statistical physics. Proponents of the fdpteracted information between a pair of vertices and adopt the
mer approach focus on capturing network substructures usﬁ&f‘rser versions of the original “me'VaW'_“g network;, 1€, the
communities, hubs and clustefs [15]. [16].][17]. On the oth&Parser networks only preserve the original edges indicating
hand, proponents of the latter approach describe the netwB@'s of more interacted vertices. Under this scenario, Ye et

structures based on the partition function to characterize l‘?lle [11], Silva et al.[[6] and Wang et al. [29] have taken the

network structures, and the corresponding temperature, eneY%qely adopted t_hreshold—based methods and presgrved the
and entropy measures can be calculated in terms of this fufi€9€S thse weights fall Into the largt% of .correlatlon-

tion [18], [18], [20], [21], [11]. Unfortunately, both approached@S€d weights. Although this strategy provides a way of
tend to approximate structural relationships of networks in@y€ctly employing existing graph kemels to accommodate
low dimensional pattern space, hence leading to substanf/d]€-vVarying networks for muitiple co-evolving time series
loss of information. This shortcoming affects the eﬁectivene@galys's' these sparse structures rely on th? s_eleguon of the
of existing network methods for time series analysis. Or{gres_hold. Thus, it is not clear how to preliminarily select
principal approach to address this drawback is to adopt gra?)f?u'tabl? thresho!d. Morepver, these sparser structur'es also
kernels. In machine learning, graph kernels are powerful toé?sad to signi cant information loss, becaL_lse many weighted
for analyzing graph-based structural data. The main advant§§i9es are discarded. To further reveal this weakness, assume
of adopting graph kernels is that they provide an effective Wgysample nancial network exhibited by Figyrp 2, where each
of mapping graph structures into a high dimensional HilbeYE't€x represents a stock and each edge corresponds to the

space and thus better encapsulate the structural informatiofPrTelation value betwefan a pair of stocks. Clearly, one can
only preserve2 edges (i.e.,10% of the edges) through the

Most existing state-of-the-art graph kernels fall into thgphove threshold-based strategy. In summary, analyzing time-

scenario of R-convolution kernels, that are originally propos&rying networks associated with state-of-the-art graph kernels
by Haussler in 1999 [22]. The main idea underpinning Remains challenges.

convolution kernels is based on decomposing graphs into

substructures and measuring the similarity between each pair o

of input graphs in terms of their isomorphic substructureB: Contributions

e.g., graph kernels based on comparing pairs of isomorphicThe objective of this paper is to address the aforementioned
a) walks, b) subgraphs, and c) subtrees. RepresentativepRoblems and develop a new kernel-based approach for ana-
convolution graph kernels based on substructures include theing multiple co-evolving nancial time series. Speci cal-
Weisfeiler-Lehman subtree kernél [23], the tree-based contig; we propose an Entropic Dynamic Time Warping Kernel
uous attributed kernel [13], the aligned subtree kernel [24EDTWK) for time-varying nancial networks, with each
the Jensen-Tsallis g-difference graph kernel [25], the optimartex representing the individual time series of a different
assignment Weisfeiler-Lehman kernel[[26], the core variantstock (e.g., stock trading price) and each edge between a pair
based shortest path kernel [27], the random walk graph kef-co-evolving nancial time series representing the absolute
nel [28], etc. Unfortunately, directly employing these graptalue of their Pearson correlation. One key innovation of
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the proposed EDTWK kernel is the automatic identi catiorinto a discrete dominant entropy time series associated with
of the dominant correlated vertex subset for each of tlilee dominant probability distribution, i.e., we characterize the
nancial networks, i.e., the proposed kernel incorporates thacertainty of each network structure within the nancial
process of identifying the most mutually correlated stocksystem to hand in terms of the classical Shannon entropy
speci ed by the vertex subset. In contrast, the aforementionadgsociated with the probability distribution. With each pair
methods through the threshold-based strategy cannot guaraofeentropy time series to hand, we compute the EDTWK
that the preserved vertices correspond to a more mutudtlgrnel through the classical dynamic time warping framework.
correlated vertex subset. This is because these methods tendiéoshow that the proposed kernel not only accommodates
individually select each edge with a higher correlation weigtihe complete weighted graphs through the commute time
and many edges between the preserved vertices may mattrix, but also bridges the gap between graph kernels and
exist. Based on nancial risk theory [30], the nancial criseghe classical dynamic time warping framework for time series
are usually caused by a set of the most mutually correlatadalysis (see details in Sectipn 1T]-B).
stocks while having less uncertainty. As a result, the proposedThird, we perform the proposed kernel on time-varying
EDTWK kernel not only overcomes the shortcoming of heurisnancial networks extracted from New York Stock Exchange
tically selecting the threshold value that arises in the threshol@dYSE) data. Experimental results demonstrate that the pro-
based approach for time-varying network analysis [11], [6hosed method can preserve the ordinal arrangement of the
but also captures more reliable information concerning thiene-varying nancial networks, and thus well understand
evolution of the nancial system to hand. The computationahe structural evolution of the networks with time, i.e., the
framework of the proposed EDTWK kernel is shown in Fig.lproposed kernel can effectively detect abrupt changes in net-
Speci cally, the main contributions of this work are threefoldworks as time series structures and can be used to characterize
First, for a family of time-varying nancial networks, our different stages in time-varying nancial network evolutions.
start point is to compute the commute time matrices associated
with their original weighted adjacency matrices, i.e., the abse—_ Paper Outline
lute Pearson correlation based matrices. The reason of using ) ) )
the commute time matrix as the representation of each network! his paper is organized as follows. Sect[oh Il reviews the
structure is that each element of this matrix represents tReliminary concepts. Sectign]ill de nes the EDTWK kernel
average path length between a pair of vertices over all possifflé time series analysis. Secti¢gn]IV provides the empirical
paths residing on the original weighted eddes [31]. Thus, tg¥aluation results. Section]V provides the conclusion and
commute time can be seen as the enhanced absolute Pedigbie work of this paper.
correlation value between the time series of pairwise stocks,
i.e., it integrates the effectiveness of all possible correlation- [l. PRELIMINARY CONCEPTS
based paths between a pair of vertices of the original network this section, we briey review preliminary concepts

Moreover, the commute time is robust under the perturbatiQghich will be utilized in this paper. We rst review the concept
of the network structure (e.g., the changes of edges or paiithe commute time. Furthermore, we review the concept of

s [31]). As a result, the commute time matrix can provide & dynamic time warping framework inspired kernel.
more stable representation for the nancial network structure

that may accumulate a lot of noises over time. In summary, )
the commute time matrix offers an elegant way to prodfe- Commute Time on Graphs
the original structure of the time-varying nancial networks As we have stated, one main objective of this work is to
(see details in Sectidn T[JA). More speci cally, the proposedutomatically identify a set of the most mutually correlated
approach associated with the commute time matrix will k&tocks in terms of their time series. To this end, we require
more effective than that associated with the original absoluecorrelation matrix as the weighted vertex adjacency matrix
Pearson correlation matrix (see details in Secfion ]V-B amd the corresponding time-varying nancial network to rep-
Section TV-Q). resent the physical interactions between multiple co-evolving
Second with the commute time matrix of each time-varyingime series. Broadly speaking, most state-of-the-art approaches
nancial network to hand, we employ this matrix to auto-adopt the aforementioned absolute Pearson correlation based
matically identify a set of dominant correlated vertices in theatrix as the network representation [11].1[29], [6]. In order
network structure (i.e., a set of the most mutually correlatéd capture a reliable and robust mutually correlated stock set,
time series represented by the set of vertices), by maximizingnathis work we propose to utilize the commute time matrix
quadratic programming problem associated with the commutssociated with the original correlation matrix as the network
time matrix. Speci cally, we compute a dominant probabilityepresentation.
distribution of these time series belonging to the most mutually The main reasons of employing the commute time matrix
correlated set. We show that this strategy not only overcoma® threefold. First, the commute time averages the time taken
the shortcoming of existing threshold-based approaches [1ft); a random walk to travel between a pair of vertices over
[6] that roughly select pairs of relatively more correlated timall connecting paths residing on the original correlation based
series, but also encapsulates reliable information in termsweéighted adjacency matrix. Thus, the commute time can be
the evolution of the nancial system to hand. Furthermoreonsidered as the enhanced correlation matrix. Second, since
we transform each original time-varying nancial networkhe commute time amplies the correlation based af nity
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between a pair of vertices, it is robust under the perturbatieffectiveness over all possible paths residing on the original
of the graph structure, e.g., the changes of edges or pathsighted edges. However, similar to these threshold-based
Thus, the commute time based enhanced correlation matpproaches| [11],[29],[[6], the quantum kernell[32] cannot
is robust and provides a stable correlation representation gurarantee that the preserved vertices correspond to a more
the time-varying nancial network that may accumulate a latnutually correlated vertex subset, since the spanning tree is
of noises over time. Third, the commute time is calculateal very sparse structure (only 1 edges preserved for the
through the Laplacian matrix of the original correlation basewktwork withn vertices) and many edges between the vertices
weighted adjacency matrix. In Sectipn|Ill, we will show howdo not exist. In other words, this kernel approach cannot
the commute time matrix can be employed to identify a set ect the most mutually correlated time series speci ed by the
of the most mutually correlation stocks speci ed by a set ofertices, and will in uence the effectiveness. To overcome this
dominant vertices, associated with a quadratic problem.  problem, in Sectiof T]I, we will develop a new kernel-based
In this subsection, we brie y introduce the concept of thapproach for nancial network analysis that can integrate the
commute time. Assum&(V;E;A) is a complete weighted process of adaptively identifying the most mutually correlated
graph, whereE is the edge sety is the vertex set, and nancial time series of stocks associated with the commute
each vertex ofV is connected by all the remaining verticestime matrix.
Let A be the associated weighted adjacency matrixGofif
A(u;v) = A(v;u) > 0, we say that the vertices 2 V and g The Dynamic Time Warping Framework
u?2 V are adjacent. LeD denote the degree matrix &. D . . .
is a diagonal matrix and each of its diagonal elen(; u) We review the global alignment kernel that is de ned

corresponds to th,g sum of the corresponding row or column?fough the classical dynamic time warping framewark [33].

A, i.e.D(u:u) = A(u: v). Then, the graph Laplacian ma- ssumeT is a set of discrete time series that take values
L . bR 1 \Y 1 . 1 . - - . . —

trix L is computed by- = D A. The spectral decompositionIn a spaceX . For each pair of discrete time seriés =

of L is de ned asL = T where = diag 1; 2,35 n) P . . .

is ajVj j Vj diagonal matrix with ascending eigenvalues al and ndrespecuvgly, fthe allgqmept betvx:eenP ar-ldQ 'Sf'
elements, .0 = ; , viand isajVjj Vi Icom|tohu|te as+a palio r|1ncreasmg integral vectprs; q) 0
matrix = ( 1j 2j:j jv;) with the corresponding ordered eng m=+n » Where

eigenvectors as columns. F@, the hitting time H (u;Vv) 1= 5(2) p()=m

between each pair of vertices and u is computed as the

expected number of steps taken by a classical random wé

commencing fromu and ending av. Likewise, the commute 1= 4@ a(=n

time C(u; V) is de ned as the expected number of steps of thgch that( ,; ) is assumed to possess unitary increments
random walk commencing frora and ending av, and then anq no simultaneous repetitions. Ferand Q, each of their

coming back tou again, i.e.,C(u;v) = H(u;v) + H(vV;U).  elements can ban observation vector with xed dimensions
Thus, the commute tim&(u; v) can be calculated through they; 5 corresponding time step. For any indethat is between

unnormalized Laplacian eigenvalues and eigenveciois [31] 8ndl 1 (e.,1 i | 1), the following condition holds
X Ri g ) for the increment vector of = ( p; o), i.e.,
Cluv)= Duu)  —(Cj( V)= @) D ) . 011
u2v j=2 | q(i +1) q(i) 1 7 0 ¢ 1 L (2)

Remarks: The commute time has been proven to be @jthin the framework of the classical dynamic time warp-
powerful tool to extract rich characteristics from completghg [33], the coordinates, and 4 of the alignment de ne
weighted graphs. In previous works, Bai et al. |[32] havge warping function. AssumA (m;n) corresponds to a set
employed the commute time matrix to develop a new quantugg¥ 5| possible alignments betweéh and Q, Cuturi [33] has
inspired kernel for dynamic nancial network analysis. SpeCifproposed a dynamic time warping inspired kernel, namely

ically, for the original complete weighted adjacency matrihe Global Alignment Kernel, by considering all the possible
of each nancial network, they commence by abstractingjignments inA(m;n). The kernel is de ned as

the minimum or maximum spanning tree associated with the

commute time matrix. For a pair of complete weighted graphs kea (P;Q) = e Priel); 3)
to be compared, the resulting quantum kernel is de ned by 2A (mn)

measuring _the similarity betwe_en their associated Comm%erer.Q( ) is the alignment cost given by

time spanning tree structures in terms of a new developed '

evolving model of discrete-time quantum walks. This approach X

signi cantly reduces the problem of information loss that Dri( )= " (P, d4m) (4)
arises in previously mentioned threshold-based methods for i=1

nancial network analysis([11],129],16]. This is because thend is de ned through a local divergence that quanti es
weights of the preserved edges on spanning tree structuites discrepancy between each pair of elemgnt P and
correspond to the commute time values between corresponding?2 Q. In general,’ is de ned as the squared Euclidean
pairs of vertices, and the commute time values integrates ttistance[[33]. Note that, the kernlefa measures the quality
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of both the optimal alignment and all other alignments

2 A(m;n), thus it is positive de nite. Moreover,
kea provides richer statistical measures of similarity by
encapsulating the overall spectrum of the alignment costs
fDp.o( ); 2A(Mm;n)g.

Remarks: The dynamic time warping based global alignment
kernelkga has been proven to be a powerful tool of analyzing
vectorial time seried [33]. To extend the effective kerkel

for time series analysis domain into the graph kernel domafrig- 2. The subset of nancial time series specied by
Bai et al. [34] have developed a family of nested graph kernéf&tices vi; v2;vsg is dominant.

throughkga . Speci cally, they commenced by decomposing

each graph structure into a family &f-layer expansion sub- €dge setsE; are quite different with timet. In real-world
graphs rooted at the centroid vertex. The nested depth-bageaglication, this a very common situation and usually appears
complexity trace of each graph is computed by measuri{iere the time-varying networks are extracted from complex
the entropy on the fam||y oK _|ayer expansion Subgraphs'systems with a SpeCi ed set of CO-eVOIVing time Series, i.e.,
Since the parametdt varies from1 to K , this complexity the systenS has a xing number of components co-evolving
trace naturally forms a one-dimensional sequence-based chgt time.

acterization vector, that is similar to the one-dimensional time For each networlG, we rst compute its commute time
series vector. As a result, for a pair of graphs the resu|ti|ﬁ©atrix asC; associated with its original absolute Pearson cor-
dynamic time warping based kernel can be directly computégfation based adjacency matrix. As we have stated previously,
by measuring the global alignment keriels between their the commute time not only re ects the integrated effectiveness
complexity traces. Although, they demonstrated that the nes@fdall possible weighted paths between a pair of vertices of
graph kernels outperform state-of-the-art graph kerriels [28)€ original network structure, but is also robust with the
[35], [36] on graph classi cation tasks. Unfortunately, as weerturbation of the network structure (i.e., the changes of edge
have stated, the nancial networks are by nature complefeight on the original weighted adjacency matrix). As a result,
weighted graphs and it is dif cult to decompose such netwoitk€ commute time matri€,; can be seen as a reliable enhanced
structures into the required expansion subgraphs rooted at @solute Pearson correlation matrix fG¢. In other words,
centroid vertex. As a result, directly preforming the dynamie commute time matrix provides a stable representation to
time warping inspired kernetga for time-varying nancial further characterize the dynamic netwdsg associated with

networks tends to be elusive and remains challenges. time-varying correlations between vertices.
With the commute time matrixC; of each networkG; to
I1l. THE KERNEL FORTIME-VARYING NETWORKS hand, we automatically identify a set of dominant correlated

In this section, we propose a kernel-based similarit metir_ne series through the dominant set problem proposed by
' brop Y MEBovan et al. [37]. The de nition of the dominant set simul-

sure .for tlme'var.ylng ngMorks rgpresentlng multiple COfaneously emphasizes internal homogeneity and together with
evolving nancial time series. Speci cally, we commence by g .
. e ) external inhomogeneity, and can be employed as a general
identifying a set of the most mutually correlated time serie

S , . de nition of a cluster. An instance is exhibited in Hi.2.
through maximizing a quadratic programming method on t . . . s
) . o . ere, assume a time-varying nancial network consisting of
commute time matrix. We exhibit how this allows us to

T . . . vertices denoted ag, v», Vs, V4 andvs. Each weight of this
compute a probability distribution for the time series bEIong'r}getwork represents the correlation between pairwise vertices.

to the dominant set. Finally, we characterize each tlme-varylr_r.]%r this instance, the subsBIS = fvi:v,:vag forms the

network as a discrete dominant entropy time series through the . . ; e
. ) o o2 dominant set, i.e., the internal set. This is because the sum
Shannon entropy associated with the probability distribution

and in turn develop a new kernel-based approach in termsoé the edge weights between the internal &ef; vz; vsg is
. pan . PP larger than the sum of those between the internal and external
the classical dynamic time warping framework1[33].

sets. Here, the edges between the internaf ggtv,; vag are
marked as red color. As a result, the time series speci ed by

A. ldentifying Dominant Correlated Time Series DS can seen as the set of the most mutually correlated time
We identify a set of the most mutually correlated timé&eries. To automatically identify the most mutually correlated

series for each time-varying nancial network. L& = time series fronG;, we can solve the corresponding dominant

fGy;:::;Gy;:::;Grg be a family of time-varying nan- Setproblem by maximizing a quadratic program problen [37].

cial networks extracted from a complex syste®) and More speci cally, associated witlS;, we compute the solution
Gi(Vi;E(;A;) be the sample network extracted from th& of the following quadratic program problem [37]

system at time stepbased on the absolute Pearson correlation 1.

measure stated earlier (i.e., the corresponding statement in argmax ia Cia (5)
Section[]). Note that, in this work we assume that the time- o P ...

varying network structures have xed numbers of verticesubject toa 2 RVt & 0 and ‘i\:"l' a; = 1. The solution
i.e., these networks have the same vertex\getvhereas the vectora of Eq.@) is anVj-dimensional vector. Whea > 0,
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thei-th time series represented by the vengx@ V; belongs ‘
to the most correlated time series subset@f Thus, the 0.70 0.5
number of the selected time serieds speci ed by counting ‘
the number of all positive components af Based on the 020 @ Vi v v v, v
. ) 0.60 0125 1 2 3 4 5
de nition of Pavan and Pelillo[[37], we can solve the local 024040 036 0 0
maximum off (a) by 090 [ 025 025\ gp0
Cia(k))i
a(k+rD)= a()— i ©) ® -
a(k)" Cia(k) . o _
a) A Sample Dynamic Networig, at b) The Probability Distribution of the Vertice
wherea; (k) corresponds to thieth time series represented by Time Stept (The Commute Time Matrix) Belonging to the Dominant Set
Vi 2 V; at iterationk. Based on the element value af all Vi oV, V3V, Vg Vi Vo V3 Vo Vs
time series represent_ed by the vertiegs: ::;vjy,; fall into T T E. 034 [014 |0 035 0
two disjoint subsets, i.e., s= { E. 023 [036 030 0 O
Si(a)= fvi 2 Vi ja > Og g 034|036 |03 0 o

¢) The Dominant Entropy Characteristics  d) The Dominant Entropy Time v;g\‘:g

and VectorE, for G, SeriesS for G, direction

S(a)=fvi 2V ja =0g0:
2(3) A 9 Fig. 3. Instance of Characterizing the Time-varying Networks as the
Clearly, the setS; with nonzero values indicates the sePominant Entropy Time Series. The procedure of characterizing each
of dominant correlated time series, i.e., the set of the md&pe:varying networkG: 2 G at timet consists of three steps.

I lated ti - Finall h h uti The rst step computes probability distribution of the dominant
mutually correlated time series. Finally, note that, the solutiqiyejated time series over the commute time matrix representation

vector a also corresponds to a probability distribution obased on Eq{6). These dominant correlated time series are marked
the time series belonging to the dominant Sef i.e., each by the red color. 2) The second step computes the dominant entropy

elemenig; corresponds to the probability of theh time series characteristics vectdE, of G based on Ed.{9). Here, each element
belonging toS; of the vector indicates the dominant sub-entropy of each vertex

associated with its probability belonging to the dominant correlated
time series, based on Hg.(8). 3) Assume the value of the time interval

B. The Entropic Dynamic Time Warping Kernel w is 3, the third step computes the resulting dominant entropy time
series ofG; as Si, where each rows corresponds to the dominant

In this subsection, we develop a new kernel method for agntropy characteristics vector of the network between ime to t
alyzing time-varying nancial networks based on the classicdle., the dominant entropy characteristics vectors of the recent 3 time
dynamic time warping framework. To this end, we commend#eps ending to time step t). Here, each colum&.o€orresponds to
by representing the complex networks as discrete dominérl’ﬁ entropy time series of the stock represented by the corresponding

t i . ina the Sh t th h [kertex. For instance the column marked by green color corresponds
entropy ume series usmg_ e .annon. entropy _roug [ the series of the stock represented by vevtexand the red arrow
most mutually correlated time series set introduced in Sectigfdicates the time-varying direction.

[M-A] The reason of characterizing the network using the

entropy measure is that the Shannon entropy is an effeCti(gte that, ifa, = 0, we say that thé-th time series does
way of measuring the uncertainty in the corresponding nan;st belong toS; and we set a loga; = 0. With the sub-

cial system, associated with the probability distribution of th@ntropies of all vertices to hand, we compute the dominant

stocks belonging to the correlated set. Speci cally, for ea“éhtropy characteristics for each netwdgk at time stept as
sample networkG;(V;;E;) from G at time stept, we rst

compute the associated commute time mafixMoreover, by Et = fHs(v1);::;Hs(Vi); i Hs(Ww)g'; 9
solving the quadratic program problem [37] on the commute
time matrixC;, we identify the set of dominant correlated timavhere
seriesS; and compute the associated probability distribution _ aloga; a >0 ie;vi2S;
of the time series belonging ®,. Based on Sectign I, the  Hs(vi) = 0; a=0:iev2S,
remaining non-dominant correlated time series are included in
the setS,. With the probability distributiora to hand, based Eq.{19) indicates that we only compute the sub-entropies for
on [38] we compute a dominant Shannon entropy@eras the dominant correlated time seriesSp, and do not consider
i the non-dominant correlated time seriesSn
He(a) = a loga;: 0 With the dom_inant entropy characteristics to hanq, we
- b further characterize each netwo@ as entropy time series.

] B ) ) ] To this end, we move a time interval of time steps over all
whereg; is the probability of the-th time series representedine time-varying networks of the nancial system to construct

by vertexv; 2 ;. Eq.(7) indicates that the dominant Shannoy time-varying dominant entropy time series for each network
entropy is computed by the sum of elemenis; loga;, thus G, at time steqt. In this work, we set the value af as 28,
each element 3 loga; can be seen as dominant sub-  gpecj cally, for each networkG;, we compute its dominant
entropy Hs(vi) of thei-th time series represented by, i.e., entropy time serie§; associated with its time interval as

(10)

Hs(vi)= @ loga;: (8) St = fEt we1JEt we2)iiijEsjiiiEG; (11)
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wheres 2 ft w+1;t w+2;:::;tg, and each column time complexityO(w?). Thus, the whole time complexity of
Es of S is the entropy characteristics vector of each netwotke proposed kerndd is O(n® + w?).

Gs 2 G at time steps and is de ned by Eq[(9). Clearly,
the dominant entropy time serieS; of the network G;

encapsulates the time-varying entropy characteristics vector? - Related Works to The Proposed Kerel

of the networksG; .+ attimet w+1 to G; at timet. Comparing to some state-of-the-art approaches, the pro-
An instance of characterizing the time-varying netw@kat posed EDTWK kernel has a number of advantages.
time stept is exhibited in Figuré¢ 3 First, unlike the dynamic time warping inspired GAK

AssumeGp, 2 G and Gq 2 G are a pair of time- kernel [33], the proposed kernel is developed for time-varying
varying networks at time stegsandq respectively, and their complex networks. Since the network encapsulates rich co-

associated entropy time series are relationship between pairwise co-evolving time series, the
: ) o proposed kernel can re ect richer correlated information than
Sp= fEp wrlEp weajiiijEpg the classical dynamic time warping framework for original
and vectorial time series.
Sq= TEq witiEq wezi:1jEqQ: Second the proposed kernel is based on the new dominant

entropy time series that is computed through a quadratic

We de ne the Entropic Dynamic Warping Kernel (EDTWK)programming method on the commute matrix to identify
betweenG, andG, as the most correlated time series subset. As a result, unlike
K (Go:Ga) = ko (So: So) the existing thre§hold—baseq approaches [6]; [11}. [29] t'hat

DCTE 1¥%p» =g N SN roughly select pairs of relatively more correlated time series,

= e Drial); (12) the proposed kernel can re ect reliable dominant correlated

2A (Ww) information between time series through the dominant entropy
where kea is the dynamic time warping inspired GIobaItime series. Furthermore, the commute time encapsulates the

Alignment Kernel (GAK) de ned in Eq[(8), is the warping integrated effectiveness of all possible paths between a pair

alignment between the entropy time series@f and G of vertices. As a result, the dominant entropy time series
A(w; w) is all possible alignments ari@ly.q( ) refers to th computed through the commute time matrix can potentially
alignment cost obtained via EG.(4) ' encapsulate the weighted information over all edges, and

Remarks: Although the proposed EDTWK kernel is relateVercome the shortcoming of information loss arising in the
to the general principles of the GAK kernel. However, thiréshold-based approaches. _ _
proposed kernel has two distinct theoretical differences. First,1ird, as we have stated, the time-varying networks are
the original GAK kernel is only designed for vectorial timeHsually complgte weighted networks. Most existing grqph k-
series and cannot capture intrinsic relationships between tiff@€!S are designed based on the concept of R-convolution [22]
series. In contrast, our proposed kernel is explicitly design@§d cannot directly accommodate such network structures
for time-varying nancial networks that re ect correlations@nd need to transform them into sparse structures [6]. Un-
between pairs of time series. Second, only the propos@ﬁtu”ately' these_ sparse stru.ctures @scard many weighted
EDTWK kernel can identify the dominant correlated tim&d9es and certainly lead to information loss. By contrast,
series through the analysis over the commute time matr[® commute time is computed through the Laplacian matrix
Based on nancial risk theory [30], nancial crises are usually@t can directly accommodate complete weighted graphs.
caused by a set of the most correlated stock time series havlily'S: the proposed kernel encapsulates the whole structural
less uncertainties. Therefore, only the proposed kernel is ajifPrmation residing on all weighted edges. On the other
to capture more reliable nancial information. hand, the discrete-time qugntum walk kernell[32] can also
In summary, the proposed kernel provides an effective Wg);commodate complete weighted graphs through the commute

of incorporating the structural correlations between time serib@€ and has been demonstrated effective for time-varying

into the process of multiple co-evolving time series analysis,r.'anc'al network analy_S|s. However, similar to the aforemen-
tioned approaches, this quantum kernel also needs to extract

] ] the minimum spanning trees over the commute time matrix
C. Time Complexity as the sparser network structure. Since the number of the
For a pair of networks, the proposed kerkgtte requires preserved edges is always equivalent to that of the vertices,
time complexity O(n® + w?). The reasons are as followsthis process cannot adaptively determine the most correlated
Assume a family of time-varying networks and each netwottkme series. Thus, unlike the proposed kernel, this quantum
hasn vertices. Computing the dominant commute time entroggernel cannot re ect reliable characteristics of the nancial
kernel k between a pair of networks associated with a timeetwork structures.
window of w steps requires time complexit®(n® + w?). Fourth, Cuturill [33] has shown that the dynamic time
Because computing the required entropy time series is baseaping inspired GAK kernel is both faster and more ef cient
on the computation of the commute time. This computatidhan other kernel approaches based on the dynamic time
relies on the spectral decomposition of the Laplician matrixarping framework. Since the proposed kernel is based on
and thus requires time complexi@(n?®). Moreover, comput- measuring the GAK kernel between the entropic time series
ing all possible warping alignments overtime steps requires for a pair of time-varying networks, the proposed kernel can
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each temporal time window encapsulates a set of 347 co-
evolving daily stock price time series of the 347 stocks over
28 days. We characterize the trades between various stocks as
a network structure with each stock as the vertex. Speci cally,
for each time window we calculate the absolute value of the
Pearson correlation between the time series for pairwise stocks
as their edge weight. This in turn generates a family of time-
(a) Black Monday (b) Dot-com Bubble Burst varying nancial network with a xed number of 347 vertices
and varying edge weights for the 5976 trading days. The aim
-~ of this study is to investigate whether the proposed kernel

: approach can be used to detect uctuations in trading network
W structure due to global political or economic events.
/ A. Evaluation of The Entropy Time Series

We commence by exploring whether the dominant entropy
time series can signi cantly characterize the time-varying
(c) Bankrupt of New Centry Financial (d) Lehman Crisis nancial networks, since these new developed time series

play an important role for the proposed kernel. Specially,
T e T ngieys | 187 A we investigate the evolutionary behavior of the NYSE stock

i b!czll Cris cris (uzu my/

market through calculating the dominant Shannon entropy on
the time-varying nancial networks at each time step, i.e., we
investigate how the sum of the dominant sub-entropies of the
network varies with increasing tinte We exhibit the results in

Fig[4, where the x-axis corresponds to the date (time) and the

as
W Twer

a6 be

of

Ten Trading Days before Lehm

0 2 w0 o e
100 Trading Days (Dates from 22rd Jan 2007 to 14th Jun 2007) adng ooy 0

Zastf]
G| Thirty Trading Days
34 befare the Prosecution

22
Prosecution against Arthur Andersen

o T 0w 0 2 w0 - .
i o G T oo e 67 8 5 y-axis corresponds to the dominant Shannon entropy values.
(e) Enron Crisis (f) 1997 Asian Financial Crisis  Fig[4 shows that the dominant Shannon entropy is sensitive
Fig. 4. Evaluation of Dominant Shannon Entropy. to different nancial crises (i.e., Black Monday [40], Dot-

com Bubble Burst[[41], Bankrupt of New Centry Financial,

naturally inherit these advantages of the GAK kernel. Orehman Crisis in Sub-prime Crisis Periad [42], Enron Crisis,
the other hand, with the entropic time series to hand, agfd 1997 Asian Financial Crisis), and the entropy values
other state-of-the-art kernel approach designed for vectoriigually lead to a rapid decrease even many days before the
time series can be directly employed for the analysis of timgigni cant nancial event. In other words, each signi cant
varying networks, e.g., the time series cluster kerfel [39}ctuation of the dominant Shannon entropy values corre-
However, it has been shown that the cluster kernel is associa$®@nds to a nancial crisis, and provides early warning before
with a lot of parameters. Selecting a set of suitable paramet#i€ crisis occurs. The reason for the effectiveness is that the -
usually tends to be a complicated problem if there is no prigiancial networks are constructed by computing the correlation
knowledge. By contrast, the associated GAK kernel of ofetween pairwise stock time series and the dominant Shannon
approach only needs little parameters and is more applicaBRriropy is computed based on the dominant correlated time
for time-varying network analysis. series subset that is identied through the commute time
In summary, the proposed kernel bridges the gap betwe®atrix. Based on the nancial risk theory stated by![30], the
state-of-the-art graph kernels and the classical dynamic tinfi@ncial crisis is usually caused by a set of the most correlated
warping framework for time-varying networks, providing &tocks having less uncertainties. Thus, the dominant Shannon

new alternative way for analyzing time series more effectivelgntropy, that characterizes the the dominant correlated stocks,
tends to signi cantly drop down before a nancial crisis. The

experiments demonstrates that the proposed dominant entropy
time series through the commute time can capture signi cant
We empirically validate the effectiveness of the proposedancial information, satisfying nancial theory.
kernel approach on a family of time-varying nancial net- Note that, although Fig]4 indicates that the dominant Shan-
works extracted from the New York Stock Exchange (NYSE)on entropy is effective for identifying the extreme nancial
dataset[[6], [[11]. The NYSE dataset consists of 347 stocksents in the evolution of the time-varying nancial networks,
associated with their daily closing prices over 6004 transactitire entropy measure can only represent the network charac-
days starting from January 1986 to February 2011. Thetistics in an one-dimensional pattern space and thus ignores
prices are all collected from the public nancial dataset othe information regarding specic changes in the network
Yahoo (http:// nance.yahoo.com). To abstract the time-varyingtructure. In contrast, our proposed kernel associated with the
nancial network structures, we employ a time windd¥ of dominant entropy is able to map the network structures into a
xed size (i.e., 28 days) that has been stated in Seglion I. Wiigh dimensional Hilbert space via kernelizing the entropies.
slide this xed sized window along time to derive a sequenda other words, our kernels should better preserve structural
from the 29th trading day to the 6004th trading day, wheiaformation contained in the network structures.

IV. EXPERIMENTS OFTIME SERIESANALYSIS
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TABLE |
6000 THE DISTANCE STRESS OF THENETWORK EMBEDDINGS
Methods [ EDTWK [ GC H GAK H WLSK ]

l l

Distance Stres§| 1:1931 [[ 55215 [ 2:9677 [[ 4:0045 |
Methods [ QISK__ || FLK || EDTWKO ][ QK |
Distance Stresd| 2:7220 [ 2:9297 [ 2:133 [[ 2:9167 |

Path Lengths (Iog)

3000

o
o
l
l

Third Eigenvalue
Sum of Shortest

1000

in Fig[§(b). Finally, we also compare the proposed kernel with
four state-of-the-art kernel methods, that is, the dynamic time
warping inspired global alignment kernel (GAK) for original

time series [[38] and three graph kernels for time-varying

. ~ i nancial networks. Speci cally, the graph kernels include the

5|

5.8464
5.8464

6 sgae3 58464

800500 ) 1000
First Eigenvalue Second Eigenvalue von Neumann Entropy

(a) Path for EDTWK (b) Path for GC

Jensen-Shannon kernel (QJSK)I[44], and the feature space
Laplacian graph kernel (FLGK) [46]. For the GAK kernel,
we also adopt a time window of 28 days for each trading
day. For the WLSK kernel, since it cannot accommodate a
complete weighted graph and the edge weight, we transform
each original network into a minimum spanning tree and
ignore the edge weights. Note that, although one can also
adopt the aforementioned threshold-based strategy [[6], [11]
to abstracted sparse network structures for the WLSK kernel,
it has been shown that the minimum spanning tree abstracted
from the commute time matrix has more advantages than that
abstracted from the original adjacency matfix1[32]. Thus, in
i this work we do not consider the threshold-based strategy
ke for the WLSK kernel. For the QJSK and FLGK kernels,
ks e wial since they can accommodate edge weights, we directly apply
these kernels to the original nancial networks. For the four
kernel methods, we also perform kPCA on the resulting kernel
matrices and embed the original time series or the time-varying
networks into a vector space, and the embedding results are
exhibited in Fid.b(c)[ B(d).|5(e) arid 5(f), respectively.

As we previously stated, the commute time matrix computed
from the original absolute Pearson correlation based adjacency
matrix of each nancial network can be seen as the enhanced
p Pearson correlation matrix for the proposed DETWK kernel.

] w0 g 0 T S — Thus, the commute time matrix plays a signi cant role to
(g) Path for EDTWKO (h) Path for QK determine the effectiveness of the proposed kernel. To further
Fig. 5. Path of nancial networks over all trading days. validate its effectlv_eness, .We also compare the _propo_sed DE-
) ) } TWK kernel associated with commute time matrices with that
B. Kernel Embeddings of Financial Networks from kPCA = qqqciated with the original weighted adjacency matrices (DE-

In this subsection, we evaluate the performance of tA&VKO), and the result is displayed in Hg 5(g). In addition,
proposed EDTWK kernel on time-varying networks of theve compare the proposed kernel with the quantum-inspired
NYSE dataset, and explore whether the proposed kernel damnel (QK) [32], since the QK kernel can also accommodate
distinguish the network evolution with time. Speci cally, assothe original Pearson correlation based adjacency matrices of
ciated with the proposed kernel, we perform kernel Principlaancial networks through the commute time matrices. The
Component Analysis (kPCA) [43] on the kernel matrix of theesult of the QK kernel is exhibited in F[d 5(h).
nancial networks and embed the networks in a vector space.Fig[§ exhibits the traces of the time-varying nancial net-
We visualize the embedding results through the rst thresorks (or the original time series) in the different kernel spaces
principal components in F[g.5(a). In addition, we comparegether with the classical graph characterization pattern space
the proposed kernel to three classical graph characterizatorer all trading days. The color bar of each sub gure indicates
methods (GC), that is, the Shannon entropy associated witle speci c date over time. We observe that the embedding
the classical steady state random walk [44], the von Neumainom the proposed EDTWK kernel exhibits a better mani-
entropy associated with the normalized Laplician mafriX [45fpld structure. Moreover, the embedding resulting from the
and the average length of the shortest path over all pairsEDTWK, WLSK and QK kernels are better distributed than
vertices [6]. All the three network characterization methodbose de ned by the remaining approaches for comparisons.
can accommodate complete weighted graphs. The visualiZarother interesting phenomenon exhibited in [Hig.5 is that
tion spanned by the three graph characterizations are shamwy the proposed EDTWK kernel produces a clear time-

,_;i Weisfeiler-Lehman subtree kernel (WLSK) [35], the quantum
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Fig. 6. Vertex (Stock) Embedding Comparisons. (a) Black Monday for EDTWK (b) Black Monday for GC

varying trajectory associated with the nancial networks of
consecutive time steps, i.e., the embedding of each tirr

varying nancial network on the current time step is closeh * .
near to that on the last time step in the embedding spaii ™
By contrast, the alternative methods hardly result in such ¢ .,
trajectory and the associated embeddings tend to distribt
as clusters. To further demonstrate this effectiveness of t )

proposed EDTWK kernel, we compute the distance stress — swemse 7% e I

the nancial network embeddings based on different methods. () Black Monday for GAK (d) Black Monday for WLSK
Speci cally, the distance stred3S is de ned as
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wheret =2;3;:::;n, X; is the network embedding vector at ) E

time stept, andx, is the nearest network embedding vecto
of x¢. For each embedding vector at time stept, if the .
nearest embedding vector is always the embedding vector s T T e g T
last time step (i.ex; 1), the value of the distance streB$

will be 1. In other words, the distance stress value neardr to
indicates the better performance of the embeddings to form -

First Eigenvalue

(e) Black Monday for QJSK (f) Black Monday for FLK

clear time-varying trajectory. The distance stress values of t . - | A
nancial network embeddings based on different methods a _ - 17.10.1087 § o R T

show in Tablg]l. It is clear that only the distance stress valt ; * § L SEe
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Finally, although the EDTWK kernel (i.e., the proposea
kernel associated with the original weighted adjacency matrixf® Black Monday for EDTWKO
can also form a clear time-varying trajectory, its embeddirfdg. 7- The 3D embeddings of Black Monday.
points of the nancial networks are not well distributed. This
reveals that the proposed approach associated with the cehe diagonal matrix of ordered eigenvaluesand the corre-
mute time matrix has better performance than that associaggwndingly ordered matrix of column eigenevtorsthen the
with the original absolute Pearson correlation matrix, demOmatrixpwith the embedding co-ordinates as column vectors is
strating the effectiveness of the commute time integrated Y0 = © . Here we discard rows corresponding to negative
the proposed approach. To further reveal the effectiveneggenvalues and take the leading two rows. The results are
of adopting the commute time matrix, we randomly seleghown in Fig.p. It is interesting that the stock embedding
a nancial network. For this network we perform multidi-points through the commute time matrix distribute well and
mensional on both its commute time matrix and the Pearsfgim an approximately linear manifold structure. By contrast,
correlation matrix, to embed each vertex (i.e., the 347 stockfe stock embedding points through the Pearson correlation
from NYSE) into a 2-dimensional pattern space. Suppose theitrix disperse over a larger volume of the space. Note that we
af nity matrix in this question isC (i.e., the commute time will observe similar results for most of our nancial networks.
or the Pearson correlation matrix), then the centred similarithis reveals that when compared to the Pearson correlation
matrix is given by matrix, the commute time based vertex af nity matrix offers

K= 1=2(0 J=n)C(l J=n): (14) the advantage. of cap_turir.]g more reliaple relatic_)nships between

the stocks which reside in an approximately linear subspace.

wheren is the number of verticed, is then n identity Overall, the above observations indicates that the proposed
matrix, andJ is then n all-ones matrix. IfK = T EDTWK kernel associated with the commute time matrix
is the eigendecompositon of the kernel matrix in terms @fn better understand the structural evolutions of the nancial
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Fig. 8. The 3D embedding of Dot-com Bubble Burst. (9) Enron Incident for EDTWKO (h) Enron Incident for QK
networks with time than the remaining methods. Fig. 9. The 3D embedding of Enron Incident.

_ _ ) o } nancial events are in the middle of the corresponding clus-
C. Kernel Embeddings for Financial Crisis Analysis ters. Another interesting phenomenon from [Fig.9 is that the

To take our study one step further, in this subsection vembedding points of the networks between year 1986 and
exhibit more details of the kernel embedding results for thrgear 2011 are distinctly divided by the Prosecution against
different nancial crisis periods that have been preliminarilyArthur Andersen 3rd November, 200R Since the prosecution
explored in Sectiof TV-A. Speci cally, for differen methods,symbolizes the end of the Enron Incident, the Enron Incident
Fig[7 corresponds to the Black Monday periddoh 15th can be considered as a watershed at the beginning of the
June 1987 to 17th February 1988 Fig[§ corresponds to 21st century, which signi cantly distinguishes the nancial
the Dot-com Bubble periodfrom 3rd January 1995 to networks of the 21st century from those of the 20th century.
31st December 2001 and Fid.9 corresponds to the EnroThese observations again indicate that the proposed kernel
Incident period the red points, from 16th October 2001 can well understand and detect the abrupt nancial incident
to 11th March 2003. These gures show that the Blacksigni cantly changing the network structures. Although some
Monday (7th October, 198y the Dot-com Bubble Burst methods are competitive, only the proposed kernel produces
(13rd March, 2000 and the Enron Incident periodf¢m 2nd a clearer trajectory in terms of the embedding distributions,
December 2001 to 11th March 2092re all extreme nancial i.e., the proposed kernel can better re ect the time-varying
events. The embedding points of the proposed EDTWK kerrtednsition with time. Note that, we can observe similar results
before and after these events can be better separated ihtee explore the proposed kernel and the remaining methods
independent clusters, and the points representing the extreanethe alternative nancial crisis mentioned in Section 1V/-A.
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Fig. 10. Time-varying Trajectory Comparisons of the EDTWK and WLSK
Kernels for Sub-prime Crisis.
The above experimental results indicate that the WLSK
kernel as well as the QK kernel are the most competitive
alternative methods to the proposed EDTWK kernel. Since
the embedding results of these two kernels can also be better
divided before and after a nancial event. To further demon-
strate the effectiveness of the proposed kernel, we compare
the three methods on two nancial events happened in Sub- (e) For EDTWK on Lehman (f) For WLSK on Lehman
Prime Crisis period fom 2nd January 2006 to 1st July Fig. 11. Kernel Matrices Visualizations for EDTWK and WLSK Kernels.
2009 in more details. The nancial events for comparison

are the Newcentury Financial Bankruptogt April 2007) Retworks belonging to the Newcentury crisis period and the

Lehman crisis period, as well as that belonging to all the
and the Lehman Brothers Bankruptdbh September 2008 6004 trading dats of the NYSE dataset. The kernel matrix

both having signi cant impacts in the world nance hiStory'visualization results are shown in Fig.11, where both the x-

Speci cally, for each method, we visualize the set of pOIr‘tgxis and y-axis represent the time steps. Note that, to compare

that indicate the path of the kPCA embeddings with time ov: : ; X
about 90 trading days (i.e., 90 points) around each of tﬁlaﬁ?e two kernels in the same scaled Hilbert space, we consider

L e normalized version of both the kernels as
two events. The results are shown in Fig.10, and the colour

bar beside each sub gure represents the data in time series. K(Gp; Gq) _

Note that, we only show the result from the WLSK kernel, k(Gp;Gp)k(Gq;Gq)'

since we will observe the similar phenomenon from both the

WLSK and QK kernel. For the proposed kernel, we obsery#herek, is the normalized kernel, aridis either the EDTWK

that the point distribution forms a clear trajectory with timekernel or the WLSK kernel. As a result, the kernel values
and the trajectory around each of the nancial events usuafye all bounded betweed to 1, and the colour bar beside
undergoes signi cant changes, i.e., the trajectory starting frod@ch sub gure of Fig.11 represents the kernel value of the
the nancial event will tempestuously change the distributiokernel matrix. Through Fig.11, we observe that the kernel
direction during a short time period. By contrast, the poiralues tend to decrease when the elements of the kernel matrix
distributions from the WLSK kernel are chaos and cannot oBte far away from the trace of the matrix. This is because
serve any signi cant phenomenon. This demonstrates that oslych elements of the kernel matrix are computed between

the proposed kernel has better capability to both characteri#ge-varying nancial networks having long time spans, there
and distinguish nancial crises. are more structure changes when the network evolves with a

long time variation. Thus, both the EDTWK and the WLSK
kernels can re ect the structural evolution of the nancial
networks with time. However, on the other hand, we observe
To further reveal the effectiveness of the proposed EDTWHat the kernel values associated with the WLSK kernel tend
kernel, in this subsection we also draw the kernel matricés suddenly drop down when the element is a little far from
of both the proposed EDTWK kernel and the competitivhe trace. By contrast, the kernel values associated with the
alternative WLSK kernel. Note that, for another competitiveroposed EDTWK kernel tend to gradually decrease when
QK kernel, we can observe the similar phenomenon with tlilee element gets far away from the trace. This observation
WLSK kernel, thus we only exhibit the experiment with theeveal the reason why only the kPCA embeddings through the
WLSK kernel. The kernel matrices are computed between theoposed EDTWK kernel can form clear trajectory with time

Kn(Gp;Gq) = P

D. Evaluations of the Kernel Matrix
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TABLE I
CLASSIFYING TIME-VARYING NETWORKS THROUGHDIFFERENTKERNELSASSOCIATED WITHC-SVMs.
[ Datasets [[ Black Monday [[ Newcentury [ Lehman [[ Asia 1997 [[ Dot-com |
EDTWK 91.47 0:54 88.79 0:63 88.00 0:65 90.82 0:57 91.03 0:61
QJSK 89:71 0:78 88:32 0:74 87:85 0:81 89:88 1:11 89:17 0:72
WLSK 88:70 0:51 88:30 0:80 86:36 0:88 85:44 0:91 88:03 0:71
QK 90:10 0:51 88:50 0:80 87:69 0:88 90:21 0:91 89:79 0:71

variation in Fig.10. Therefore, only the proposed EDTWK ketthe QJSK kernel [44], and the evaluations associated with these
nel can well distinguish and understand the structural chandesnels follow the same experimental setup of the proposed
of the network structures evolving with a long time periockernel. The experiment results are also reported in Table.ll.
Note that, we can observe similar results if we explore theis clear that the proposed EDTWK kernel outperforms the
proposed kernel and the remaining methods on the alternatifgernative graph kernels, and the proposed kernel can better

nancial crisis mentioned in Section IV-A. classify each nancial network into a correct local stage. This
evaluation indicates that the proposed kernel not only captures
E. Classi cations from C-SVMs the main common characteristics of the nancial network

The above experiments have demonstrated that the proponged W|th|n a Short'term Stage, but a|SO diSCFiminateS the
EDTWK kernel can better discriminate the global structurdn@in changes of that evolved over a long time period across
changes of the dynamic time-varying nancial networks befor@ore than one stages, demonstrating the better ability of
and after a nancial event, over the entire nancial crisighe proposed kernel to understand how the structure of the
period. On the other hand, we show that only the kerndlancial network gradually evolve with time.
embeddings associated with the proposed EDTWK kernelNote that, in this evaluation one can also classify the
can form a clear trajectory in terms of the embedding di§me-varying nancial networks from each crisis period into
tributions with time, i.e., the proposed EDTWK kernel ca®ther number of classes, e.g., 2 classes, 3 classes, etc. If the
better preserve the ordinal arrangement of the time-varyiffgmber of the classes B the classi cation evaluation tends
nancial networks. Intuitively, this observation indicates thato explore the global discriminative ability of the nancial
the proposed kernel may have a good ability to understand fiiwork changes before and after a specic nancial event.
local structural changes of the time-varying network graduallthe more classes we divided the nancial networks into,
evolved with time, i.e., the structure of the time-varyinghe more the classication evaluation focuses on the local
nancial network tends to gradua”y Change with time. discriminative ablllty of the network Changes with time during

To demonstrate this, we validate the effectiveness of the pa? entire nancial crisis period. The proposed kernel tends
posed EDTWK kernel on classi cation tasks. Speci cally, w0 signi cantly outperform the remaining kernels, when we
explore whether the proposed kernel can be used to Corre(ﬂiyide the nancial networks into more classes. However, it
classify the time-varying nancial networks into correspondinds Nnot signi cant to divide the nancial networks into more
short-term stages during each speci ¢ nancial crisis periodhan 20 classes, since less than 5 nancial networks of each
The crisis periods for evaluations include the Black Monddgcal stage are not enough to represent the main common
period, the Dot-com Bubble period, the Newcentury Financigharacteristics of such a stage.
crisis period, the Lehman Crisis period and the 1997 Asia
Financial crisis period. Since the Enron crisis is not
emergency crisis and continued for many trading days, we
not perform the classi cation evaluation on this crisis. For each All the above experiments demonstrate the effectiveness
of these selected nancial crisis periods, we utilize 100 contiof the proposed kernel. The reasons for the effectiveness
uous trading days around the particular day when the nanciate fourfold. First, unlike the WLSK kernel, the proposed
event happens, i.e., we respectively select 50 days before &athel can directly accommodate the time-varying networks
after the crisis event. For each crisis, we sequentially divide thieat are complete weighted graphs. Second, unlike the GC
100 continuous trading days into 10 short-term stages and eaoéthod that computes vectorial network characteristics and
stage contains 10 continuous trading days, i.e., the nancieinds to approximate the time-varying networks in a low
networks of the 100 trading days are separated into 10 classkmensional pattern space, the proposed kernel can represent
For each nancial crisis period, we calculate the kernel matrthe network structures in a high dimensional Hilbert space
between the nancial networks of the trading days. Moreoveand thus better preserve the network characteristics. Third,
for the proposed kernel, we perform 10-fold cross-validatiamlike the GAK for original time series, the proposed kernel
using the C-Support Vector Machine (C-SVM) to compute thier time-varying networks is based on the dominant entropy
classi cation accuracies, using LIBSVM [47]. We use ningime series and re ects richer correlated information than
samples for training and one for testing. All the C-SVMshe original time series. Fourth, unlike the QJSK and FLK
were performed along with their parameters optimized on eakérnels, only the proposed kernel can capture reliable nancial
dataset. We repeat the whole experiment 10 times and regoformation through the dominant entropy time series. Overall,
the average classi cation accuracies and standard errorstlie proposed kernel provides an effective way to analyze
Table.ll. We also compare the proposed EDTWK kernel wittihe nancial crisis associated with the dynamic time-varying
the competitive WLSK and QK kernels [35], [32], as well asnancial networks.

.ODiscussions of the Experimental Advantages
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