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Global, decaying solutions of a focusing
energy-critical heat equation in R*

Stephen Gustafson, Dimitrios Roxanas

Department of Mathematics
University of British Columbia
V6T 172 Vancouver, Canada
gustaf@math.ubc.ca, droxanas@math.ubc.ca

Abstract

We study solutions of the focusing energy-critical nonlinear heat
equation u; = Au — |u|?>u in R*. We show that solutions emanating
from initial data with energy and H!—norm below those of the station-
ary solution W are global and decay to zero, via the “concentration-
compactness plus rigidity” strategy of Kenig-Merle [35, 36]. First,
global such solutions are shown to dissipate to zero, using a refine-
ment of the small data theory and the L?-dissipation relation. Finite-
time blow-up is then ruled out using the backwards-uniqueness of
Escauriaza-Seregin-Sverdk [17, 18] in an argument similar to that of
Kenig-Koch [34] for the Navier-Stokes equations.
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1 Introduction

We consider here the Cauchy problem for the focusing, energy-critical non-
linear heat equation in four space dimensions:

up = Au + |ul?u
{ u(0, ) = up(x) € H'(RY) (1.1)

for u(t,xz) € C with initial data in the energy space
FRY) = {u e TARYC) | ul%, = / Vu(2)|? dr < 0o},
R4

This is the L? gradient-flow equation for an energy, defined for v € H' as

1 1
Eu:/ (—Vuz——u4)dx,
) = [ (5Ivu =l

and so in particular the energy is (formally) dissipated along solutions of (1.1):

d

—E(ut))=— [ |w|*dx <0. (1.2)
dt R4

We refer to the gradient term in E as the kinetic energy, and the second

term as the potential energy. The fact that the potential energy is negative



expresses the focusing nature of the nonlinearity. Problem (1.1) is energy-
critical in the sense that the scaling

up(t,r) = Mu(N\’t,A\r), A >0 (1.3)

leaves invariant the equation, the potential energy, and in particular the ki-
netic energy, which is the square of the energy norm || - || .

Static solutions of (1.1), which play a key role here, solve the elliptic
equation
AW + |[WPW = 0. (1.4)

The function
W=W()= —— € H\(R"), ¢ L*RY)
(1+ 25

is a well-known solution. Its scalings by (1.3), and spatial translations of
these are again static solutions, and multiples of these are well-known [1, 56]
to be the unique extremizers of the Sobolev inequality

1

— % = |[VW]||,2 the best constant.
(1.5)
As for time-dependent solutions, a suitable local existence theory — see
Theorem 2.1 for details — ensures the existence of a unique smooth solution
u € C(I; HY(R*)) on a maximal time interval I = [0, T)e0(1g)). The main
result of this paper states that initial data lying “below” W gives rise to

global smooth solutions of (1.1) which decay to zero:

vue H, |lullps < O Vulz, C

Theorem 1.1. Let ug € H'(RY) satisfy
E(ug) < EW),  |[Vuollr2 < [[VW]| . (1.6)
Then the solution u of (1.1) is global (Tyna.(ug) = 00) and satisfies
lim [[u(t)] g = 0. (L7)

The conditions (1.6) define a non-empty set, since by the Sobolev in-
equality (1.5) it includes all initial data of sufficiently small kinetic energy.
Moreover, conditions (1.6) are sharp for global existence and decay in several
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senses. Firstly, if the kinetic energy inequality is replaced by equality, W it-
self provides a non-decaying (though still global) solution. Secondly, if the
kinetic energy inequality is reversed, and under the additional assumption
ug € L*(R*), by a slight variant of a classical argument [39] we find that the
solution blows up in finite time:

Theorem 1.2. Let uy € H'(R*) with
E(uw) <EW),  |[Vuollz = [VW]| 2.
Then the solution u of (1.1) has finite mazimal lifespan: Tpa.(ug) < 00.

Thirdly, for any a* > 0, [52] constructed finite-time blow-up solutions
with initial data ug € H'(R*) satisfying E(W) < E(ug) < E(W) + a*. See
also [20] for formal constructions of blow-up solutions close to W.

It follows from classical variational bounds — see Lemma 2.1 — and energy
dissipation (1.2), that any solution w on a time interval I = [0,7") whose
initial data satisfies (1.6), necessarily satisfies

stuPHVuHLz < ||VW]| 2. (1.8)
S

So it will suffice to show that the conclusions of Theorem 1.1 hold for any
solution satisfying (1.8). Indeed, we will prove:

1. If I = [0,00) and (1.8) holds, then tlirn |Vu(t)||2 = 0. This is given
— 00

as Theorem 3.1.

2. For any solution satisfying (1.8), Tye:(u(0)) = oco. This is given as
Corollary 1.

That static solutions provide the natural threshold for global existence
and decay, as in (1.8), is a classical phenomenon (eg. [53]) for critical equa-
tions, particularly well-studied in the setting of parabolic problems, mostly
on compact domains, (e.g., [16, 28, 40, 57]) via “blow-up”-type arguments:
first, failure of a solution to extend smoothly is shown, by a local regu-
larity estimate, to imply (kinetic) energy concentration; then, near a point
of concentration, rescaled subsequences are shown to converge locally to a
non-trivial static solution; finally, elliptic/variational considerations prohibit
non-trivial static solutions below the threshold.



The main purpose of our work is twofold: first, to establish the global-
regularity-below-threshold result Theorem 1.1 on the full space R*; second,
to do so not by way of the classical strategy sketched above, but instead via
Kenig-Merle’s [35, 36] “concentration-compactness plus rigidity” approach to
critical dispersive equations, similar to Kenig-Koch’s [34] implementation for
the Navier-Stokes equations.

The argument is structured as follows. First, in Section 3, we prove the
energy-norm decay of global solutions which satisfy (1.8). This is the content
of Theorem 3.1. The strategy is that employed for the Navier-Stokes equa-
tions in [23]: reduce the problem to establishing the decay of small solutions
(which is a refinement of the local theory) by exploiting the L?—dissipation
relation, using a solution-splitting argument to overcome the fact that the
solution fails to lie in L2

Second, in Section 4, we prove the existence and compactness (modulo
symmetries) of a “critical” element — a counterexample to global existence
and decay, which is minimal with respect to sup ||Vu(t)|| 12, following closely

t

the work [37]. See Theorem 4.1. The technical tools are a profile decom-
position compatible with the heat equation (described in Section 2.2) and a
perturbation result for the linear heat equation, based on the local theory
(Proposition 2.1).

Finally, in Section 5, we exclude the possibility of a compact solution
with finite maximal existence time in Theorem 5.1. In fact this is a much
stronger conclusion than required for the proof of Theorem 1.1, since it ex-
cludes compact finite-time blowup at any kinetic energy level — that is, it
does not use (1.8). This part is based on classical parabolic tools. We first
show that the centre of compactness remains bounded, by exploiting energy
dissipation. Then a local small-energy regularity criterion, together with
backwards uniqueness and unique continuation theorems of [17, 18], as in
[34], imply the triviality of the critical element.

There is a vast literature on the semilinear heat equation u;, = Au +
|u|lP~'u. We content ourselves here with a brief review focused on the case
of domain R, and refer the reader to the recent book [50] for a more com-
prehensive review of the literature. For treatments of the Cauchy problem
in L and Sobolev spaces under various assumptions on the nonlinearity and
the initial data, see [59, 60, 6].

Much of the work concerns (energy) subcritical (p < $2) problems. The

2
seminal papers [29, 30, 31| introduced the study of heat equations through



similarity variables and characterized blow-up solutions. In continuation of
these works, [42] gave a first construction of a solution with arbitrarily given
blow-up points, and see [48] (and references therein) for estimates of the blow-
up rate, descriptions of the blow-up set, and stability results for the blow-up
profile. We remark that blow-up in the subcritical case for L*°—solutions is

known to be of Type I, in the sense that lim sup(7jnax — t)TlIHU(',t)HLoo <

t—>Tmax
+00, and Type I blow-up solutions are known to behave like self-similar

solutions near the blow-up point. For a different set of criteria for global
existence/blow-up in terms of the initial data we refer the reader to [9]. For
results on the relation between the regularity of the nonlinear term and the
regularity of the corresponding solutions, see [10].

For supercritical problems, [43, 44, 45] show that there is no Type II
blow-up for 3 < d < 10, while for d > 11 it is possible if p is large enough.
It is also shown that a Type I blow-up solution behaves like a self-similar
solution, while a Type I converges (in some sense) to a stationary solution.
We also refer to the recent results [11] (d > 11, bounded domain), and [12]
and to the preprint [4] for results in Morrey spaces.

For the critical case, we have already mentioned the finite-time blow-up
constructions [20, 52], and we point to recent constructions of infinite-time
blowup (bubbling) on bounded domains (d > 5) [13], and on R?® [47]. The
work [21] deals with the continuation problem for reaction-diffusion equa-
tions. We finally mention the recent result [14], where a complete classifica-
tion of solutions sufficiently close to the stationary solution W is provided
for d > 7: such solutions either exhibit Type-I blow-up, dissipate to zero,
or converge to (a slightly rescaled, translated) W. In particular, Type II
blow-up is ruled out in d > 7 near W. We also refer to our work [32] for a
critical case of the m-corotational Harmonic Map Heat Flow.

Remark 1.1. We expect Theorem 1.1 to extend to the energy critical problem
for the nonlinear heat equation in general dimension d > 3:

up = Au + |u!d%2u

. 1.9
u(to, z) = uo(x) € H'(RY). (1.9)

For simplicity of presentation, we will give the proof only for the case d = 4.
As will be apparent from the proof, the result can be easily transferred to
solutions of (1.9) for d = 3. The proof should also carry over to d > 5 with
some extra work to estimate the low-power nonlinearity as in [58].

6



Remark 1.2. Our proof makes no use of any parabolic comparison prin-
ciples, and so applies to complex-valued solutions. That said, for ease of
writing some estimates we will sometimes replace the nonlinearity |u|*u with
u? though the estimates remain true in the C-valued case.

2 Some analytical ingredients

2.1 Local theory

We first make precise what we mean by a solution in the energy space:

Definition 2.1. A function u : I x R* — C on a time interval I = [0,T)
(0 < T < 00) is a solution of (1.1) if u € (CtHL N LY, )([0,] x RY); Vu €
L3 ([0,t] x RY); D*u, u, € L7L5([0,t] x R*) for all t € I; and the Duhamel
formula

u(t) = e ®ug + /t eI (u(s))ds, (2.1)

is satisfied for all t € I, where F(u) = |u|*u. We refer to the interval I as
the lifespan of u. We say that u is a maximal-lifespan solution if the solution
cannot be extended to any strictly larger interval. We say that u s a global
solution if I =R := [0, +00).

We will often measure the space-time size of solutions on a time interval
I 'in LS, denoting

x,t?

Sr(u) ::/I g lu(t, )°dadt, ||ullsq) = Sl(u)% = (/1 . |u(t,x)|6d:cdt)

A local wellposedness theory in the energy space H 1(R*), analogous to
that for the corresponding critical nonlinear Schrodinger equation (see e.g.
[15]), is easily constructed, based on the Sobolev inequality and space-time
estimates for the heat equation on R* ([27]),

ez S 1P olle, 1<a<p<oc
1 2 2
€20l o rp@esrny S 110l e, —t-=-, l<axyg
q P a
. (2.2)
||/0 e(t‘s)Af(S)dS||L3Lg(R+xR4) S ||f|’Lg'Lg'(R+XR4)v
1 2 1 2 1 1 1 1
-+ -==-+=-=1, _+_/:_+_/:1’
q P q p q (g p p



and (¢, p') the dual to any admissible pair (¢, p).
We also refer the reader to [5, 59] for a treatment of the Cauchy problem

in the critical Lebesque space L%; the arguments directly adapt to show
wellposedness in H'. One can use a fixed-point argument to construct local-
in-time solutions for arbitrary initial data in H'(R?); however, as usual when
working in critical scaling spaces, the time of existence depends on the profile
of the initial data, not merely on its H'-norm. We summarize:

Theorem 2.1. (Local well-posedness) Assume uy € H'(R®).

1.

(Local existence) There exists a unique, mazimal-lifespan solution to
the Cauchy Problem (1.1) in I x R* T = [0, Tynaz(uo))-

(Continuous dependenqe) The solution depends continuously on the ini-
tial data (in both the H' and the Sr-induced topologies). Furthermore,
Trnae 18 a lower-semicontinuous function of the initial data.

(Blow-up criterion) If Tiep(uo) < +00, then ||u||s(o,rme (o)) = +00-

(Energy dissipation) The energy E(u(t)) is a non-increasing function
in time. More precisely, for 0 <t < T,

E(u(t)) +/0 /R4 lu|* do dt = E(uy). (2.3)

(Small data global existence) There is g > 0 such that if || €' ug||s@+) <
€o, the solution u is global, Tyyar(ug) = 00, and moreover

lulls@) + VUl norans y@e ey + [1D%ull 2, @ xrey S €0 (2:4)

This occurs in particular when |[uo|| g1 (gay is sufficiently small.

An extension of the proof of the local existence theorem implies the fol-
lowing stability result (see, e.g., [38]):

Proposition 2.1. (Perturbation result)

For every E, L > 0 and € > 0 there exists § > 0 with the following property:
assume @ : [ x R* - R, I = [0,T), is an approzimate solution to (1.1) in
the sense that

Vel s <46, e:=1i; — Au—|il*a,
L7, (IxXR%)



and also
HﬁHLt‘x’H;(IXR‘l) <E and |ullsr <L,

then if ug € HX(RY) is such that
luo = @(0) ||y ey <9,
there exists a solution u : [ x R* — R of (1.1) with u(0) = ug, and such that

lu— ﬁHLgOH;(wa) + flu—dl[sa) < e

2.2 Profile decomposition

The following proposition is the main tool (along with the Perturbation
Proposition 2.1) used to establish the existence of a critical element. The
idea is to characterize the loss of compactness in some critical embedding; it
can be traced back to ideas in [41], [6], [54], [55] and their modern “evolution”
counterparts [2], [35] and [36].

Proposition 2.2. (Profile Decomposition) Let {u,}, be a bounded sequence
of functions in H'(R*). Then, after possibly passing to a subsequence (in
which case, we rename it u, ), there exists a family of functions {(b]} °, C H',
scales N > 0 and centers xJ € R* such that:

NN
w! € H'(RY) is such that:
lim Tim sup [l ;[ xre) =0, (2:5)
Nw!(Nx+2) =0, in HY(RY), Vj<J (2.6)

Moreover, the scales are asymptotically orthogonal, in the sense that
N Al — a3l

Bt S o Vit (2.7)

Furthermore, for all J > 1 we have the following decoupling properties:

[ Z 167117 + llwn I + 0n(1) (2.8)



and
J

E(uy) = E(¢') + E(w;) + on(1). (2.9)

J=1

The ideas behind such results are by now standard so we will skip the
proof of the proposition. Let us just remark that the starting point is the
static profile decomposition of [26] (also see [7], and Section 4 in [38]), and the
main task becomes to show the (asymptotic) “smallness” of the remainder
w?, in the space-time sense of (2.5). The proof makes use of a refined Sobolev
inequality and standard heat estimates. For details about this step we refer
to Chapter 2 in [51].

2.3 Variational estimates
The elementary variational inequalities we use are summarized here:

Lemma 2.1. (Variational Estimates)

1. 1If
IVuollZ: < VW22, E(ug) < (1—380)E(W), & >0,

then there exists 6 = 6(0g) > 0 such that for all t € [0, Tpaz(uo)), the
solution of (1.1) satisfies

/|vu(t)y2 < (1—5)/|VW|2. (2.10)
2. If (2.10) holds, then

JU9uoF ~ iz =5 [1vuor @1y

and moreover E(u(t)) > 0.

Proof. The second statements are an immediate consequence of the sharp
Sobolev inequality (1.5):

/ﬂVuwP—wwwﬁwxz[1—(%%%%%5)]nvm@zzuvm&2

while the first follows easily from Sobolev and energy dissipation (2.3); see,
e.g., Lemma 3.4/Theorem 3.9 in [35]. O
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3 Asymptotic decay of global solutions

In this section we prove the following theorem:

Theorem 3.1. Ifu € C([0,00); H'(RY)) is a solution to equation (1.1) which
moreover satisfies
31>1103 |Vu(t)|| g2 < [[VW|| Lz, (3.1)
t>

then
Sk, (u) < oo and tlim |u(®)]| g2 = 0.
—00

Proof. The general strategy, drawn from the techniques of [23] for the Navier-
Stokes equations, is as follows. We first show that global solutions for which
Sk+(u) < 0o — which includes small solutions by the small data theory (2.4)
— decay to zero in the H'—norm. Second, we impose the extra assumption
of H'— data, so that we may exploit the L?—dissipation relation to show
finiteness of ||Vul| L2 which in turns allows us to reduce matters to the case

of small H' data. Finally, to remove this extra assumption, we split the
initial data in frequency, and estimate a perturbed equation.

Proposition 3.1. If u is a global solution of (1.1) with Sg+(u) < oo, then

lim |[Vut, )z = 0. (3.2)

Proof. Let u € (CLHIN LY )(Ry x R*) be a global solution to (1.1). Just as
one proves the blow-up criterion for the local theory Theorem 2.1, we first
show:

Claim 3.1. ||Vu||L§’I(R+><R4) < 0OQ.

Proof. Since u € L{ (R x R"), given > 0, we may subdivide R™ = [0, c0)
into a finite number of subintervals I; = [a;,a;+1), 7 =0,1,...,J, 0 =ag <
a; < -+ < ay = 00, on which [lul|zs (I;) <n. Taking V in the Duhamel
formula (2.1) and using (2.2):

t
||vu||(L§”mmL§°L§)<]0) < C||€tAVU0||L2 + C| / S(t— S)V(US)dSHLgm(IO)
0
2
< CHUOHHl + CHU vu”[j/ﬁ(}@
< Clluolln + Cllullzy ) IVullzz, o)

11



so by choosing n < \/%*c we ensure
IVull(rz Arerz)yay) < 2Cuollgo-

In particular ||u(a;)|| g < 2C||uo|| 1, and so we may repeat this argument
on the next interval I; to find HVUH(L%nLgOLg)(Il) < (20)?|lug|| g1, and, con-
tinuing, ||Vull(zs nrerz2)i,) < (20) gl 1, for 5 =0,1,...,J. The claim
follows. ’ O

Now denote the linear evolution by S(t) = '

form is written

, so the solution in Duhamel

u(t) = S(t)ug + /0 S(t — s)u’(s)ds.
Let

T t
[:=St)uy, II:= / S(t — s)u*(s)ds, III:= / S(t — s)u(s)ds,
0 T
for some 7 to be determined later.

For term I we will take advantage of the decay of the heat propagator.
By density, we can approximate Vugy by v € L* N L? and use a standard heat
estimate:

1l = 1S Vusllzz < [15()(Vuo — v) 122 + [S (0] o2
< [ Vup = vllzz + 1Sl

The first term can be made arbitrary small by the choice of v, while for
the second, by (2.2), ||S(t)v]|z2 — 0 as t — oo, hence

I I|l1 — 0 as t — oc.

We now treat term III, which will allow us to fix 7. By the claim, for any
e > 0, we can find 7 such that ||u||L?z [r,00) XR4) ||Vu|]L§m (ro0)xRY) < €. Since
we are considering the limit ¢ — oo, we may assume ¢t > 7 > 1, and so by
the same estimate of the nonlinear term as in the proof of the claim,

[RERAIF72S ||u||%gz([~r,t)><R4)||vu||L§’,m([T,t)><R4) Se.

Having fixed 7 in this manner, we turn to term II. First notice that
11 = / S(t — s)u*(s)ds = S(t — 7')/ S(1 — s)u?(s)ds.
0 0

12



Since / S(t — s)ub(s)ds € H' (by u € LS, and (2.2)), the same approxi-
0

mation argument used for term I shows
11| = 1St - T)/ S(r — $)ud(s)ds]| g = 0.
0

Since € was arbitrary, (3.2) follows. O

Now if we assume ug € H'(R*), multiplying (1.1) by u and integrating
over space-time yields the L? dissipation relation

t
@) = ool +2 [ [ [ut = Vufldeds (3.3)

Because of (3.1), we have the variational estimate (2.11) and so for some
0 >0, B
sup (V) + 28Vl e, ey < ol

This estimate immediately implies that for any e; > 0, there is some time
to such that ||u(to)|| ;1 < €0, and we can directly apply the small data re-
sult (2.4) (with initial time ¢ = tg) to conclude that Sg+(u) < oo, and so by
Proposition 3.1, tlgglo |w(t)]| ;1 = 0, as required.

To remove the extra assumption ug € L?, split
Uy = Wo + Vo, |woll 1 < 1, v € H.
Define w(t) to be the solution to (1.1) with initial data wy:

wy = Aw + w?

w(0,z) = wo(x) € H'(RY).
From the small data theory (2.4), w € C,H:(R, x R*) is global, with

lwllze @, xry + IVl (e r2nrz y®, xrt) S [[Vwol[r2 <1 (3.4)

t—o00

and by Proposition 3.1, ||w(t)|| 71 — 0.
Defining v by v := u — w, it will be a solution of the perturbed equation

v — Av = 03 4+ 3w + 3w

13



Just as in the derivation of the L2-dissipation relation (3.3), multiply by v
and integrate in space-time:

t t t
o) 22 — [[vo % + 2 / Vo2, =2 / Jolb 6 / / W+ 6 / / wo
0 0 0 R4 R4

By (3.4), picking ||[Vwp|[z2 small enough, ensures that condition (3.1) holds
also for v: sup ||V (t)||z2 < [[VW]|z2. Hence by (2.11), for some ¢ > 0,
>0

t t t
lo(@)|2 + 5 / 17012 < llwollZa + / / wo? + 6 / / w?,
0 0 R4 0 R4

and so by Holder and Sobolev,

[o()l[72 + 0l Volliere S llvollfe + lwlife pallollZeps + lwllpoepalloll oo pallofl 224
S llvollze + [IVwlf w2l Vol 72y
+ ||VU)||LooL2”VUHLooLQHV’UHLQLQ.

o

So by (3.4), choosing ||Vwg||z2 small enough yields / | Vv||72dt < oo, and

0
hence there is T > 0 for which |Vo(T)||z2 < ||wol| 5 and so ||[Vu(T)| 2 <
2||Vwy||z2. Choosing ||Vwg||zz smaller still, if necessary, we are able to ap-
ply the small data result (2.4) to conclude Sg, (u) < oo, and moreover by
Proposition 3.1,

lim [[u(t) g = 0,

concluding the proof of the theorem. n

4 Minimal blow-up solution

For any 0 < Ey < ||[VIV]|3, we define

L(Ep) = sup{S;(u) | u a solution of (1.1) on I with sup ||Vu(t)||3 < Eo},
tel

where I = [0,7") denotes the existence interval of the solution in question.
L:[0,[[VW|3 — [0,00] is a continuous (this follows from Proposition 2.1),
non-decreasing function with L(||[VW|2) = oco. Moreover, from the small-
data theory (2.4),

L(Ey) < E} for Ey < «.

14



Thus, there exists a unique critical kinetic energy E, € (0, |[VW]|3] such that
L(Ey) < ¢ for Ey < E., L(Ey) = o for Ey > E..
In particular, if u : I x R* — R is a maximal-lifespan solution, then

sup [|[Vu(t)|3 < E. = wu is global, and |lul|sr+y < L(sup Vu(t)]|?) < oo.
tel tel

The goal of this section is the proof of the following theorem:

Theorem 4.1. There is a maximal-lifespan solution u. : I x R* — R to
(1.1) such that sup ||Vuc(t)||7. = E., ||ucllsqy = +oo. Moreover, there are
tel

z(t) € RYN(t) € RT, such that

K = {ﬁu (t, x;(—f;t)) |t e 1} (4.1)

is precompact in H*.

For the proof of this theorem we closely follow the arguments in [37].
The extraction of this minimal blow-up solution (and its compactness up to
scaling and translation) will be a consequence of the following proposition:

Proposition 4.1. Let u, : I, x R* be a sequence of solutions to (1.1) such
that
lim sup sup || Vu,||5 = E. and li_}rn |tn | s(1,) = +00. (4.2)
n tel, n—00
where I, are of the form [0,T,,). Denote the initial data by u,(x,0) = u,o(x).
Then the sequence {uy 0}, converges, modulo scaling and translations, in H*
(up to an extraction of a subsequence).

Proof. The sequence {u, ¢}, is bounded in H' by (4.2) so applying the profile
decomposition (up to a further subsequence) we get

with the properties listed in Proposition 2.2.
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Define the nonlinear profiles v’ : I’ x R* — R, I’ = [0,7T7 ), associated

to ¢’ by setting them to be the maximal-lifespan solutions of (1.1) with initial

data v7(0) = ¢’. Also, for each j,n > 1 we introduce v/ : I7 x R* — R by

A 1 . t — 7 )
vfl(t):—.v]( , ,x A:E"), I ={teR:

Ao\ N €I

(Xh)?

Each v/ is a solution with v/ (0) = ¥y T x") and maximal lifespan IJ =
0,77 ), T — (X )27

max max max*

For large n, by the asymptotic decoupling of the kinetic energy (property
(2.8)), there is a Jy > 1 such that |[V¢||3 < ¢ for all j > Jy, where ¢ is
as in Theorem 2.1, 4. Hence, for j > Jy, the solutions v/ are global and

decaying to zero, and moreover

SUP HVU Hz + ”UJ ”s (R xR4) ~> HVWH2 (4.3)

by the small data theory (2.4).

Claim 4.1. (There is at least one bad profile). There exists 1 < jo < Jy such
that ||[v°[| s(rioy = 00

For contradiction, assume that for all 1 < 7 < Jy
07| 515y < 00 (4.4)

which by the local theory implies I7 = I7 = [0, 00) for all such j and for all
n. The goal is to deduce a bound on ||u,||s(r,)for sufficiently large n. To do
so, we will use Proposition 2.1, for which we first need to introduce a good
approximate solution.

Define
J

J(t) = ZU%( + ePw!. (4.5)

We will show that for n and J large enough this is a good approximate
solution (in the sense of Proposition 2.1) and that ||u]||s(0+00)) 18 uniformly
bounded. The validity of both points implies that the true solutions wu,
should not satisfy (4.2), reaching a contradiction.

First observe

Jo—1

DI A Z 1023 000y + D 192115 (0.000) (4.6)

j21 J2Jo

16



S1+) VY3 S1+E, (4.7)

izJo
where we have used (4.4), property (2.8) and (4.2).
Now, using the above and (2.5) in Proposition 2.2:
Jh_>m m ||u7{||5([07+00)) S 1+ EC. (48)

For convenience, denote

HU’HS'(I) = ”VUHth(IxR‘i)-
Under the assumption (4.4), we can also obtain

||Uj||§(1j) < o0,

and so similarly we have

. T J
}glolo lim 1711510, 100)) < 00
To apply Proposition 2.1, it suffices to show that u/ asymptotically solves

(1.1) in the sense that

lim EHV[(&:—A)U‘]—F(U‘])]HL% =0

Jooo n " " 2,([0,+00) xR4) o

which reduces (adding and subtracting the term F (ijl v)) and using the
triangle inequality) to proving

J
fim T V130 F(e) = Py =0 (@9)

J—oo n
Jj=1 Jj=1

and

lim [|VF (uy — ewy) = Flup)]l| 0. (4.10)

LE,(10,400)xRY)

The following easy pointwise estimate will be of use:

IVIQ Fluy) = FQ_ ol Sa ) [Vuglluif. (4.11)

j=1 j=1 i
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We have shown that for all j > 1 and n large enough v? € S([0, 00)), so using
property (2.7)

lim|| vy, Vo, | 2 (ooyxmty ~
for all 7 # j; thus
J J
Tl VI3 () = P ol 5 S0 Jim i 3 192l 5 =0
i=1 i=1 i -

settling (4.9).

IIV[F(UZ—emwi)—F(u;{)JIILj SIVeSwillzy e wilzy, +Hllua*VeSwilll 5 +

tac

IVulieg e willze .+ IVulleg llewillos Nl -

The first, third and fourth terms are easily seen to converge to zero (using
the space-time estimates, the fact that w/ is bounded in H' and (2.5)), so
(4.10) is reduced to showing

: T J |2 tA, T _
Jim limlffu,["Vewy || 4 =0.

t,x

By Holder and the space-time estimates,

3 1 3
lluPVeBuwill 3 < llunllze [VeBwilza [lunVe'Sw;llz,

%
t
L A TN tA, T3 NS
SH(;%)VG wallzs + e wallzy [IVeSwallz,
‘]:
Ny N NI
SIS ) vesul, + e},
j=1

Again due to (2.5) it suffices to prove

J
lim lim||( Zv Vemw‘]HLz = 0.
7j=1

18



For any n > 0 by summability, we see that there exists J' = J'(n) > 1 such
that Z 107 s((0,00)) < 1. For this J,

jzJ’

J
i (z ) veult, <Tm (z !I%Hsuo,oo») Iveull, <n

J=J' j=J’
As n > 0 is arbitrary, it suffices to show

lim lim|jv! Ve'2w! |2 =0,1<;5<.J.
J—soo n tx
Changing variables and assuming (by density) v/ € C>(R* x R*?), by Hélder
and the scale-invariance of the norms, proving (4.10) reduces to proving
T ot T _
Jim Ve wpll 2 o) = 0,

for any compact K € RT x R% This result is the direct heat analogue of
Lemma 2.5 in [38].

We have verified all the requirements of the stability proposition (2.1),
hence we conclude that

unlso,00) S 1+ Ee

contradicting (4.2).

The problem now is that the kinetic energy is not conserved. The diffi-
culty arises from the possibility that the S-norm of several profiles is large
over short times, while their kinetic energy does not achieve the critical value
until later. To finish the proof of proposition we have to prove that only one
profile is responsible for the blow-up.

We can now (after possibly rearranging the indices) assume there exists
1 < J; < Jg such that

[V |5y = 00,1 < j < Jy and [[07]|s(0.00)) < 00,5 > /i

Again, we follow the combinatorial argument of [38]: for each integer
m,n > 1, define an integer j = j(m,n) € {1,...,Ji} and an interval K" of
the form [0, 7] by

sup [|vd || sqcmy = [0 || s(rem) = m. (4.12)
1<j<Ji
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By the pigeonhole principle, there is a 1 < j < J; such that for infinitely
many m one has j(m,n) = j; for infinitely many n. Reordering the indices,
if necessary, we may assume j; = 1. By the definition of the critical kinetic
energy
lim sup limsup sup ||Vul(t)||3 > E.. (4.13)
m—0o0 n—oo teKm
By (4.12), all v/ have finite S-norms on K™ for each m > 1. In the same
way as before, we check again that the assumptions of Proposition 2.1 are sat-
isfied to conclude that for J and n large enough, u; is a good approximation
to u, on K. In particular we have for each m > 1,

lim limsup [[u;, = tn |l poo g1 (mxmay = 0- (4.14)
0 p—oo L e

Lemma 4.1. (Kinetic energy decoupling for later times). For all J > 1 and
m>1,

limsup sup |[|Vuy (8)]3 — ZIIW )z = IVl =0 (4.15)

n—oo teKm

Proof. Fix J > 1 and m > 1. Then, for all t € K",

J
IVun (I3 = < Vuy (1), V Z Vo @3 + IV, Il2

+Z < Vol (t), Vol (t) > —1—22 < Ve'tw!, Vol (t) >
J#3’ j=1

It suffices to prove (for all sequences t,, € K'™) that

< YV (tn), VUi (t,) >2=20 (4.16)
and ‘
< Veldw! Vol (t,) > 0. (4.17)

Since t, € K™ C [0, T3, for all 1 < j < Jj, we have ¢, ; :=

max

(/\J)Q € [’ for
all j > 1. For j > J; the lifespan is R*. By refining the sequence using the

standard diagonalization argument, we can assume that ¢, ; converges (400
is also possible) for every j.
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We deal with (4.16) first. If both ¢, ,t,; — oo, necessarily j,j’ > Jy

and v7,v7" are global solutions satisfying the kinetic energy bound (3.1), so
t—00

by Theorem (3.1) [[v?|| 1, [|v” | g —— 0. Employing Holder’s inequality
and the scaling invariance of the H'-norm, we get (4.16) for this case. When
tnj — oo but t, j — 7; : using the continuity of the flow in H1 we can, for the

1
limit, replace V{-—v’ (¢, - ) v (75, - )} By an L*-

A A A
approximation, we can also assume we are Workmg with smooth, compactly

supported functions. In this case, we can bound < V! (t,), VUZL( n) > by
[0 (ta M i 107 (7)1 — 0, as m — oo. The remaining case is when both
t; and t, j converge to finite 7;,7; in the interior of 7, I 7" respectively. We
can replace as above t,, ;,t, j by 7;, 7js respectively, and perform a change of
variables:

< Vol (t,), Vvl (t,) >= ()\—%,) V! (15, x), Vo (1, )\—g},x + T)dl‘

J
which is going to zero assuming, without loss of generality that —]", — 0 and

the functions in the integrand are compactly supported, thus concnluding the
case (4.16).
For the case (4.17), perform a change of variable:

< Vedw! Vol (t,) >=< Ve AN w! (M z + 27)], Vol (t,) > .

When t,, ; — oo, using Hélder, the heat estimates (2.2) (and the boundedness
of w} in H! coming from the profile decomposition) and Theorem 3.1 as
before, we get to the result. For the case t,; — 7, < +o00, we can, as

before, replace t, ; by its limit 7; in the integral [ Ve'i2[\ w! (M x4 7)) -

V! (15, 2)dz. Using (2.5) and (2.2) we can see that i BN w! (M z+xd )] — 0
in H', which concludes the proof of the case (4.17) and hence the proof of
the Lemma. [

By (4.2), (4.14), (4.15), we get

E, > limsup sup ||[Vu,(t)|3-

n—oo teKmMm

T 2 i IE,
Jimn limsup{[[ Ve (8)][72 + sup ZIIW (#1721}

njl
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Taking a limit in m and employing (4.13), we see that we actually have
equality everywhere. This implies that J; = 1,v) = 0,Vj > 2, w,, := w} H—1>
0. So u,(0,2) = ﬁ(b(z;ﬁ) + wy(z), for some functions ¢, w, € H', w,
0in H'. '

Thus we have shown that for the sequence of initial data u, o that

71
Atino(Mha + z1) 2 6.
This finishes the proof of Proposition 4.1. O
Now, we are in a position to prove Theorem 4.1.

Proof. By the definition of E,. we can find a sequence of solutions u,, : I, X
R* — R, with I,, compact, so that
supsup || Vu, ()72 = E. and lim ||uy,||sr,) = +o0.
n teln n
An application of Proposition 4.1 shows that the corresponding sequence of
initial data converges strongly, modulo symmetries, to some ¢ € H'. By

1
rescaling and translating u,, we may in fact assume w, o := u,/(0, ) T, Q.
We define u, : I x R* — R to be the maximal-lifespan solution of (1.1)
71
emanating from initial data ¢. Since u, z, ¢, employing the stability
Proposition 2.1, I C liminfl,, and [Jun, — tell zoe (g xmay 7% 0, for all
compact K C I. Thus, by (4.2):

sup Ve (1)} < E. (4.18)
€

Applying the stability Proposition 2.1 once again we can also see that ||uc|| gy =
o0o. Hence, by the definition of the critical kinetic energy level, E.,

sup || Vue(t)||7: > E.. (4.19)
tel
In conclusion,
sup ||Vue(t)|]3. = E, (4.20)
tel
and
[uclls(ry = +o0. (4.21)

Finally, the compactness modulo symmetries (4.1) follows from another ap-
plication of Proposition 4.1. We omit the standard proof (see for example
[35] or [38]). O

22



5 Rigidity

The main result of this section is the following theorem ruling out finite-time
blowup of compact (modulo symmetries) solutions. Note this is a consider-
ably stronger statement than we require, since it is not limited to solutions
with below-threshold kinetic energy:

Theorem 5.1. If u is a solution to (1.1) on mazimal existence interval

[ = [0,T%), such that K = {A(lt)u(t’ x;é«)(t)

H' for some x(t) € R*, \(t) € RT, then T* = +o0.

)| te ]} is precompact in

As a corollary, we can complete the proof of the main result Theorem 1.1
by showing;:

Corollary 1. For any solution satisfying (1.8), T (u(0)) = oo.

Proof. By Theorem 5.1, the solution u, produced by Theorem 4.1 must be
global: Tq,(uc(0)) = oo. But since ||uc|/gm+) = oo, Theorem 3.1 shows
E.=||[VW]|3, and the Corollary follows. O

The rest of the section is devoted to the proof of the Theorem 5.1. Our
proof is inspired by the work of Kenig and Koch [34] for the Navier-Stokes
system, and it’s based on classical parabolic tools — local smallness regularity,
backwards uniqueness, and unique continuation — though implemented in a
somewhat different way. In particular, we will make use of the following two
results, proved in [17], [18] (also see [19]):

Theorem 5.2. (Backwards Uniqueness) Fix any R,0, M, and co > 0. Let
Qrs := (R*\ Br(0)) x (—6,0), and suppose a vector-valued function v and its
distributional derivatives satisfy v, Vv, Vv € L*(Q) for any bounded subset
Q C Qrys, v(z,t)] < M for all (z,t) € Qrys, |v; — Av| < co(|Vo| + |v])
on Qrs, and v(x,0) =0 for all z € R*\ Br(0). Then v=0 in Qpg.

Theorem 5.3. (Unique Continuation) Let Q,s := B,.(0) x (—0,0), for some
r,0 > 0, and suppose a vector-valued function v and its distributional deriva-
tives satisfy v, Vv, V*v € L*(Q,s) and there exist co,Cy > 0, (k € N) such
that |vy — Av| < co(|Vo| + |v]) a.e. on Q.5 and |v(z,t)| < Cr(|z| + vV—1)*
for all (x,t) € Q5. Then v(x,0) =0 for all x € B,(0).

As well, we establish the following:
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Lemma 5.1. (Local Smallness Regularity Criterion) For any k € N, there
are €9 > 0 and C such that: if u is a solution of equation (1.1) on Q1, where
Q, = B.(0) x (=r%,0) for r > 0, and satisfies

€ = [lull Lo (r11m28)(01) < €0
then u is smooth on Q_% with bounds

max | DFu| < Ce.

Q1
2

Proof. Assume ||ul| oo (pr1n14y(0,) < € for € small enough (to be picked). De-
fine

||U||X(Q1 ||VUHL°°L2mL2L4(Q1 + ||u||L°°L4(Q1 + ||D2U||L2L2 Q1)

Assuming for ease of writing that u is real-valued, differentiating (1.1) and
defining u := Vu, we get

iy = At + 3u’d. (5.1)
Consider a smooth, compactly supported spatial cut-off function ¢g(x) such

that supp(¢y) C B1(0) and ¢ = 1 on B,,(0), for some £ < py < 1 to be

chosen. Multiplying the above equation by ¢3a and integrating in space-time
(from now on, unless otherwise specified, ¢ € [—1,0]):

/ / (i — At)@ga dadt = 3/ / (u*@) gt dadt
|:c|<1 lz|<1

—||¢ou< P + / [ i ded

|lz|<1

1 ¢ t
= 5”%71(0)”%2 +3 / pautidrdt + 2 / doV o (V@) dadt.
—1 |z <1

lz|<1

For the sake of brevity, let us define vy := ¢t = ¢oVu and thus (always on
the same cylinder):

lvollZe 2 + 160Vl e S Nvo(0, )17 + lw?llcoorz v lloye + ldoVallzrzllillzre

= [[v0(0, )12 + llull oo 1a lvollZ2 s + @0Vl 2z |l 21z -
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By the smallness assumed on the cylinder (; and an application of Young’s
inequality, for any § > 0 (and also using Holder and the boundedness of the
domain):

12l 1100

||U0H%§°L§+H¢0va‘|ifL§ S €2+62HU0H%%L§(Q1)+52’|¢OV€LH%?L§(Q1)+ 52

2

= vollferz + loValZz e < €+ ﬁ +[lvoll 721

if 0 is chosen small enough. Since Vvg = ¢poVu + Vo @ :
IVvollz2 S [|¢oVillzz + [[Vol| et s
and so using the Sobolev inequality,
lvollZee 2 + Vol 7212 + lvoll72ps < € + €llvoll7zpa-

Choosing € small enough yields

[ullx Q. <€

Define another smooth compactly supported cut-off function ¢;(x) <
¢o(z), with support in B,,, and ¢; = 1 on B,,(0), some 3 < p; < pp < 1 to
be chosen. Let ¢ := D?u, and v; := ¢, 0.

Remark 5.1. We will be abusing notation from this point onwards. For
the pointwise operations and estimates we are actually considering the mixed
partial derivatives OyO;u, j, k = 1, ..., 4 but we will be writing D*u all the same
without taking care to specify the matrix element at hand. In the end, we are
using standard matrix norms.

Differentiating (5.1), multiplying by ¢, and integrating over space gives

—8t/gz5 2dx +/¢1|Vv| d:p—3/gz51u o%dw

+6 / P*ui*odr + 2 / "V - 0Vddx.
(5.2)

Since by the previous step, ||Vuollz2r2(q,,) S € we can find =1 <t < —pj
such that [|[Vuvo(+, 1)l r28,,) S € (Where the implied constant may depend on
Po), so that

1610 (-, t1)[ 22 = o1 D*ul- ) llz2 < IVvo(:, t1)llzacs,,) S €
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Integrating (5.2) in ¢ from ¢; to 0, and using the estimates from the previous
step:
[v1llFse e + 11V 0l T2r2 S ldoullm pallvillFeps + [0V Vil iy + €
+ [[@oull Lo rallvol| Lo ral|vol| L2zs [[va [ p2 s
< EllvillZ2ps + €lvrllz2re
+ 101V 0| 22| V0| 1212 + €

where everywhere here the time interval is [t1,0]. We have
V’UO = ¢0D2u + ngoVu = qb()f} + ngoﬂ

and so

Vo,

|900] S [Vvo| + Vot = [Vei0] S | ||¢ov| S [Voo| + [Veoul.

Thus
Hv¢1’(A}HL2LQ 5 HV’UOHLQLQ + € S €.
By Young’s inequality once more, for some 9; > 0 sufficiently small,

2

~ ~ €
il Zeors + 161V 0NZ2r2 S Ellorllzors + 03l @1 VOl T2re + 67 0all72 10 + 5
1

Using Sobolev again as above, [[v1]|7w;2 + [[U1]]3274 + [[VU1][32,2 S € In
particular
ID*ullx(@,,) S €
This process can be iterated a given finite number of times, to show that
for given k > 0, there are g = €9(k), C' = C(k), such that if [[ul| pec(1114y) =
€ < €, then ||Dku|]X(Ql/2) < Ce. O

We proceed now with the proof of Theorem 5.1.

Proof. Let us assume that the conclusion is false, i.e., 7" < 400. Note first
that
A(t) — +oo.
In fact, ltimTinf VT* —t \(t) > 0, since if \/T* — t, A(t,) — 0 along a sequence
—T*—
t, / T*, by the compactness assumption (and up to subsequence)

vn() = Aén)ucan, v ;(fsn)) 'y 30(x) e B,
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Let 7' > 0 be the maximal existence time for the solution of the Cauchy
problem (1.1) with initial data v(z). Define w,(t,z) to be the solutions
with initial data w,(z,t,) = v,(z) prescribed at time ¢,, and denote their
maximal lifespans as [t,, T/"**). By continuous dependence on initial data,
0 < T < liminf(T™* — t,). But from scaling:

1 - —x(ty,)
At " )
= N (t,)(T* —t,) — 0,

Tt =1 )) = 20T )

a contradiction. ‘ ‘
By compactness in H', and the continuous embedding H' — L% for
every € > 0, there is an R. > 0 such that for all t € I :=[0,7") :

/ (IVue(t, z)* + uc(t, z)|*) do < e. (5.3)
a—a(t)|> 5

Fix any {t,} C [0,7%),t, A~ T*, and let A\, = A(t,) — o0 and {x,} =
{x(t,)} C R%, so that (up to subsequence)

1 T — x,

_uc( )\

H1 _ _ :
) ,tn) — v, for some v € H',
n

v () =

and also in L* by Sobolev embedding.
We also make and prove the following claim as in [34]

Claim 5.1. For any R > 0,

lim [ue(, t,)|*dx = 0.
Proof.
/ [ue(z, t,)|*dr = / A (A + 2, | d
lz|<R lz|<R
1 1
B A2 [y—zn|<AnR |Un(y)|2dy - )\_QHUnH%Q(BAnR(mn))'

Denoting B, := B,(0), for any € > 0,

Lol = Lol PR
2 10nllL2(By, m(@a)) = 32 1VnllL2(By, m@a)nBa,r) T 32 1VRIIL2(By, r(@a))NBE, )
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Using Holder’s inequality, and the compactness, we get

1
2 ||Un||%2(B/\nR(xn)) S 2 ||Un||2L4(B/\nR(:Jcn)ﬁB§MR) | B, r(2)]

1 1
+ 5l | Bos,rl

1
2

[Baur(@a)[? i )
S 2 (o = 0lEaceny + N0 nconnss, )

+ € R?[|0]| 7 s
< R2|lv, — @Hi“(R“) + RQHEH%HBS/\HR) + €2R2||27||%4(R4)
< R?||v, — 17”%4(]1@4) + R2\|17H%4(B§MR) + 2R,
The first term goes to zero (as n — o0) because of the compactness, the

second goes to zero (for fixed €) since A\, — 0o, and the last one is arbitrarily
small with e. O

We also prove that the center of compactness z(t) is bounded:

Proposition 5.1. sup |z(t)] < oco.
0<t<T*

Proof. We will first make the assumption that
E:= inf FE(u.t)) >0, (5.4)

- te[0,7*)
and later show that this is indeed the case for compact blowing-up solutions,
without any size restriction. Note that under the assumptions of our Theorem
1.1, i.e., in the below threshold case, we certainly have that £ > 0. This can
be easily deduced by the variational estimates in Lemma 2.1 and the small
data theory.
The energy dissipation relation

E(u(ts)) + /t 2 w32 ds = E(u(ty)) < E(u(0)) (5.5)

for ty > t; > 0 will be of use. We will assume for contradiction that there is
a sequence of times ¢, S T" : |z(t,)| — oo.
Choose a smooth cut-off function 1 such that

0 ifr<1
‘”(T)_{ 1 ifr > 2
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and define Yg(z) = w(%) Choosing any t, € (0,7%), we can find Ry > 1

such that

E. (5.6)

|

/R4 (%WUC(%)P - i(“c(to)f) Vg, (z)dr <

Since |z(t,)| — oo and A(t,) — oo, for any € > 0, B%(x(tn)) C B, forn

large enough, and so by (5.3):

: 1 o 1 4 _
i [ (GIVe0F - J)!) vn(o)ds = £
hence we can find a t; € (¢y,7*) such that
1 , 1 , 1
V)P~ (ue)!) e ) de =SB (57)
R4

Combining (5.6) and (5.7):

/t:l % /M (%W“C(’W - }l(uc(t))4> VR, (v) dzdt > iﬁ. (5.8)

On the other hand:

d

dt J G\Vuc(t)\? _ l(uc(t)yl) Vr, (z)dr = /R4 (Vite - V(ue) — 1l (), tomy () d

4
— /]R;4 (VUC . V(Uc)t — ((uc)t — Auc)(uc)t) wRO (iIZ’) dx

. / (o) 2oy d — / (1), Ve - Vi dr < / (u)| V] da,
R4 R4 R4

since |Vg, (2)] <

t1 d 1 9 1 4
L5 L (57008 = o)) vn o) ot
Vel zzerz Vi = to [[(ue)ellL2rzio )<

Ue )t|| L2 L2 ([to, T)xR4)
| (ue)el]

< 1. So by Holder,

|-

< (5.9)
S|
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where we have uniformly bounded the kinetic energy of u. by once more
employing the compactness. Combining (5.8) and (5.9) yields:

1 *
0< ZE S ||(uc)tHLQLQ([tO,T*)XR“) —0asty T (510)

by the energy dissipation relation (5.5), a contradiction.
Now we show (5.4). Choose a smooth cut-off function ¢ such that

1 ifr<i1
(‘5(7"):{0 it r>2

/ (e, 1) 2op(x)dz,  te [0,T).
We then have
() = /¢R((u0)4 V) da — %/UCVUC Vo)

and by Sobolev, Hardy and the compactness, we can immediately deduce
that
[IR(t)] < C,

C a constant. Integrating from ¢y to 7% >t >ty > 0:
[1r(t) — Ir(to)| < C(t —to).
By Claim 5.1, we get that Ir(t) — 0 as t — T, for all R > 0. Hence
Ir(ty) < C(T™ — ty).

Since this bound is uniform in R, by taking R — 0o, we conclude u.(ty) € L?,
and so indeed u.(t) € L*,t € [0,T*). Moreover defining

() = % / ot 2)|2d,

we conclude that
I(t) < C(T* —1t). (5.11)
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Now the L2-dissipation relation (3.3) gives

() = - / (IVuel? — [ue]?") do = — K (ue(1)).

1
K(u) = / (IVul®> = |ul*) dz = 2E(u) — 3 / lu|*dz.
Now for any sequence {t,}, /' T*, let (up to subsequence)

1 T — Ty

) " A

Proceeding by contradiction, we suppose £ < 0. If so,

1 1
K(0) = fim K(ue()) =28~ 5 [ 1ol <=5 [ 1ol <0,

k—o00

tk)H—1>?_]€H1.

since v = 0 would contradict the assumption 7" < co. So
I'(ty) = —K(uc(ty)) = —K(v) > 0.

Thus I'(t) > 0 for all t sufficiently close to T*; otherwise, we could find a
subsequence along which I’ < 0, and the preceding argument would provide
a contradiction. So I(t) is increasing for ¢ near 7, which contradicts (5.11).

Thus we have shown that £ > 0, completing the proof that |z(¢)| remains

bounded. O

Since |z(t)| remains bounded while A(#) 27, by the compactness we
can find an Ry > 0 large enough such that for all z,|z| > Ry :

||Uc||L;>°H;mL;’OL;*(QT*) < €0,

where Q. := (0,7%) X B 7=(x0).

By an appropriate scaling and shifting argument, the Regularity Lemma 5.1
shows that wu,. is smooth on Q := (R*\ Bg,(0)) x [37™,T*], with uniform
bounds on derivatives. Since u is continuous up to 7™ outside Bg,, Claim 5.1
implies that u.(x,T*) = 0, in the exterior of this ball. Since u. is bounded
and smooth in €2, an application of the Backwards Uniqueness Theorem 5.2
implies that u, = 0 in Q. Define Q := R* x (%T*, %T*]. Applying the Unique
Continuation Theorem 5.3 on a cylinder of sufficiently large spatial radius,
centered at a point of Q, implies v, = 0 in €. By the uniqueness guaran-
teed by the local wellposedness theory we get that u, = 0, which contradicts
(4.21). O
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6 Blow-up

In this section we give criteria on the initial data which ensure that the
corresponding solutions blow-up in finite-time.

The following result is well-known [39, 3, 8] but we give the proof for the
convenience of the reader.

Proposition 6.1. Solutions of

d+2
:A p-1 1 < < 2*_1:

u(z,0) = up(x) € H(RY)

with

1 1
E(ug) == /Rd (§|Vu0|2dm e |u0|p+1) dxr <0

must blow-up in finite-time, in the sense that there is no global solution u €

C([0, 00); H'(RY)).

Notice that we can always find such initial data, e.g., if ug = Af, f €
H'(R?) we can force negative energy by taking A large.

Proof. We first derive some identities satisfied as long as a solution remains
regular.

Multiplying the equation (6.1) first by u and then by w; and integrating
by parts we obtain the L?-dissipation relation

d (1
5 (5 [ wpas) = [ wpriae [ vipi= -k 62
Rd R4 R4

and the energy dissipation relation

d 1 1 d
» |ue|“dx o (p+ . /Rd |ulP™ dx 5 /]Rd |Vul da:) o (u(t)).
(6.3)

For convenience we define J(t) := —F(t) and hence by (6.3) we have that
J'(t) = / |u¢|*dz > 0 and by the assumption on the energy J(0) > 0. It
d

R
will be also useful to write J(t) as

J(t) = J(0) + /t /d || *dadt. (6.4)
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Define

t
I(t) = / / lu*dzdt + A (6.5)
0 Jrd
with A > 0, to be chosen later. With this definition
I'(t) = |u|*dx (6.6)
R4

and

I'(t) =2 (/Rd lu[Ptdx — /Rd |vu\2dx> : (6.7)

Sincep > 1,0 := %(p— 1) > 0; a comparison with the energy functional yields
t
I"(t) > 4(140)J(t) = 4(1 +9) (J(O) + / |ut|2da:dt) . (6.8)
0 JRrd
We can also rewrite

¢
]'(t):/ |u|2dm:/ |u0|2d$+2Re// uuydzdt.
Rd R¢ 0 JRrd

For any € > 0 the Young and Holder inequalities give

(I'(1))? < 4(1+4¢) ( /0 t ) |u|2dxdt) ( /0 t /R d |ut|2dxdt>+(1+%) ( } |u0\2dx)2

(6.9)
Combining (6.8),(6.4),(6.9), for any o > 0 we obtain:

I"(OI(t) — (14 a)(I'(t)* > 4(1 4 6) {J(O) + /Ot . |ut12dxdt] Uot /Rd |lu|*dzdt + A}

—4(1+¢)(1+a) Uot Rd\uPdwdt} U;/Rd |ut|2dxdt}

—(1+ %)(1 + ) URd |u0|2d:cr.
(6.10)

Choose a, € small enough for 14+ ¢ > (1 4+ «)(1 + €). Since J(0) > 0 picking
A large enough we can ensure I”(t)I(t) — (1 + a)(I'(t))* > 0. But this is
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, d [ I'(t) A R 10) '(0) -
equivalent to T (I%—l(t)> > 0 which in turn implies Tt > Tati) = O
for all t > 0. Integrating I’(t) > al*™! gives

1 1 1 1%(0)
~ - >at = I9(t) > ————— —
a <1a(0) Ja(t)) ¢ > =0~ >
as t — Ia(é)a[z = o = t. This in turn implies that liin tgup lu||zz = oo,
ﬁ —
showing that the solution cannot be globally in C;H'. Note also that (6.2)
implies lim sup [[u[ p+1 = o0. O

t—t—

We present a refinement in the critical case which includes some positive
energy data, and in particular establishes Theorem 1.2. So consider now
equation (1.9), for which

1 1 »
B(u) = “IVul2 — —ul?" ) da.
= [ (517 = b ) as

Proposition 6.2. Let ug € H(R?) such that
E(up) < E(W) and ||Vug||r2 > [|[VWV]| 2. (6.11)

Then the corresponding solution u to (1.9) blows up in finite time. That is,
Trnaz(ug) (coming from the H' local theory as in Theorem (2.1)) is finite.

Proof. We will give a sketch of the proof, which is largely a modification of
the proof of the previous proposition.
By the Sobolev inequality (1.5),

1 2 1 2% 1 2 1 ||W||%*2* 2%
Eu) = 2/}Rd|w dr— o /R e > SIVulls — o el
(6.12)
We defi — 1 _ icZ* 27* C = Wilp2e _ vW _% h b
e define f(y) = 29 O Yz, = VWl — | HLz , o that by
energy dissipation and (6.11),
FIVullz2) < E(u) < E(uo) < E(W). (6.13)

It is straightforward to verify that f(y) is concave for y > 0 and attains

its maximum value f([VW|2,) = E(W) = L|VIW|2, at y = |[VIV|2.
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Furthermore, it is strictly increasing on [0, || VIV]|2,] and strictly decreasing
on [[|[VIW]3., +00). Denote the inverse function of f on [||[VW]|7,, +00) as

e=f"": (—o0, E(W)] = [[[ VW[, +00),
strictly decreasing. By (6.13) and (6.11) then,
IVu(t)[[Z2 > e(E(u(t)).

By the definitions of K' = K(u) and the energy E = F(u)

/ |Vul d:c—l—/ \u|2*d:c——/ \Vul*dr — 2*E(u)

> 2 (e(B) ~ dE) = g(B).

Note that g(E(W)) = 0 and for £ < E(W), g(F) > 0 and ¢'(E) =
—25€¢/(E) — 2* < —2*. Defining I(¢) as in (6.5):

I"(t) = —2K(u) > 2g(E(u)) > 0.

By the Fundamental Theorem of Calculus and the energy dissipation relation,

20(B()) = 29(E() +2 [ 19 (Bu(s))] [ fufdads.

One can now repeat the proof of Proposition 6.1 replacing (6.8) by

I"(t) > 4(146)J(t) = 4(1+9) (29(E(u0)) /0 2|¢'(F |/ |y dxds)

(6.14)
Since g(E(ug)) > 0, we can proceed exactly as in the proof of the previous
Proposition to conclude that if T},,,, = oo, then we must have lim sup ||u(t)||zz =

t—i—
oo for some £ < oo, which by (6.6) implies lim sup ||u(t)||z2- = oo, and so by
t—i—
Sobolev, limsup ||Vu(t)||z2 = oo, contradicting T},4. < 00. O

t—t—
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