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ERGODICITY FOR STOCHASTIC POROUS MEDIA EQUATIONS
WITH MULTIPLICATIVE NOISE*
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Abstract. The long time behavior of solutions to stochastic porous media equations with
nonlinear multiplicative noise on bounded domains with Dirichlet boundary data is studied. Based
on weighted L!-estimates, the existence and uniqueness of invariant measures with optimal bounds
on the rate of mixing are proved. Along the way, the existence and uniqueness of entropy solutions
are shown.
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1. Introduction. In this work we prove the existence and uniqueness of invari-
ant measures, with optimal estimates on the rate of mixing, for stochastic porous
media equations with nonlinear multiplicative noise

Opu(t,r) = A (\u|m_1u) (t,x) + > o, oF(z,ult,z)) BE(t),
(1.1) u(0) = &,
U,‘[)Q =0

on bounded domains @ C RY, where (%) is a sequence of independent Brownian
motions, m € (1,00), £ is the initial condition (which lies in a suitably weighted
L space), and (0%)>1 is a sequence of Hélder continuous coefficients (for the exact
assumptions, see sections 2 and 3.2). Our main result is the following contraction
estimate (see Theorem 3.8 below): There exists a (uniform in the initial condition)
constant C' > 0 such that for each pair of entropy solutions u(-; £), u(-;€) to (1.1) with
initial conditions &, §~ , respectively, we have

(1.2) Ellu(t;€) — u(t; )|y, < Ct™ 71, ¢ >0,
where L} is the weighted Ll space with weight w given by the solution to Aw = —1

with zero Dirichlet boundary conditions on Q. This contraction estimate implies the
existence and uniqueness of an invariant measure p to (1.1) and the following optimal

*Received by the editors August 1, 2019; accepted for publication (in revised form) May 26, 2020;

published electronically September 28, 2020.

https://doi.org/10.1137/19M 1278521

Funding: The work of the authors was supported by the DFG grant CRC 1283 “Taming
uncertainty and profiting from randomness and low regularity in analysis, stochastics and their
applications.”

fSchool of Mathematics, University of Leeds, LS2 9JT Leeds, UK (K.Dareiotis@leeds.ac.uk).

fMax—Planck-Institut fiir Mathematik in den Naturwissenschaften, 04103 Leipzig, Germany,
and Faculty of Mathematics, University of Bielefeld, 33615 Bielefeld, Germany (benjamin.
gess@mis.mpg.de).

§Max—Planck-Institut fiir Mathematik in den Naturwissenschaften, 04103 Leipzig, Germany
(pavlos.tsatsoulis@mis.mpg.de).

4524

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/19M1278521
mailto:K.Dareiotis@leeds.ac.uk
mailto:benjamin.gess@mis.mpg.de
mailto:benjamin.gess@mis.mpg.de
mailto:pavlos.tsatsoulis@mis.mpg.de

Downloaded 09/30/20 to 129.11.76.232. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ERGODICITY FOR STOCHASTIC POROUS MEDIA EQUATIONS 4525

bound (see Remark 3.13) on the rate of mixing:

sup sup
fequu;m ||FHLEI)(L/]&)_:L.)§1

PF(¢) - /L 1 F(é)u(dé)’ <Ot w1 >0,

wiT

where Lip (L%U;w) denotes the space of Lipschitz continuous functions from L., to R,
and P, denotes the Markov semigroup on By(L,,.,) associated to (1.1) (see Theorem
3.12 below). On the way to these results we further prove the existence, uniqueness,
and stability of entropy solutions to (1.1), and the time continuity of entropy solutions
with values in L., LY., (see Theorems 3.1, 3.2, and 3.3 below).

The existence, uniqueness, and mixing properties of solutions to stochastic porous
media equations have attracted considerable attention in the literature (see section
1.1 below). However, all available results are essentially restricted to additive noise
in the following sense: They either treat only purely additive noise or assume that
the noise contains a sufficiently nondegenerate additive part. Therefore, (1.1) is out
beyond the reach of existing results.

Stochastic porous media equations of the type (1.1) informally appear as contin-
uum limits of interacting branching particle processes. More precisely, Méléard and
Roelly have shown in [MR93] that, under appropriate rescaling, the mean field limit
of branching particle processes that interact through a potential V' solves a nonlocal,
nonlinear stochastic diffusion equation of the type

(1.3) Opu(t, x) = %A ([ul(V * ) (8, 2) + v/blz, u(t, 2)yult, 2) W(t),

where W(t) is space-time white noise. Informally, localizing the particle interactions,
by taking V' to a Dirac mass, leads to a stochastic partial differential equation (SPDE)
of the type (1.1), albeit with space-time white noise. This last step has been rigorously
justified in the deterministic case by Lions and Mas-Gallic [LMGO1] and Carrillo,
Craig, and Patacchini [CCP19]. We emphasize that (1.3) has purely multiplicative
noise, without nondegenerate additive part, so that established methods on ergodicity
and mixing do not apply.

In a broader scope, the aim of the present article is to understand the applicability
of the dissipativity approach (see [DPZ14, section 11.6] and the references therein) to
the ergodicity of SPDEs with multiplicative noise. While the focus is on stochastic
porous media equations, the ideas are equally relevant for the case of semilinear SPDEs
(see Remark 1.1 below). Let us briefly and informally recall the dissipativity approach
in the case of additive noise; that is, let u, @ be solutions to

du(t,z) = A (Ju|™ 'u) (t,2) + GW(t),

with zero Dirichlet boundary conditions on @ and diffusion coefficients G. Then,
informally, using Lemma B.1 below we have

Or|ju — aufq;l =2(A (Ju™ ) = A(Ja)™ ') ,u —a)

Hy?
(1.4) = =2(fu|™ u — |@|" " - @) g2
< =20 ||u — 4l zliil < —2Cp|lu - fLH’;;Jfll,

where H; ! := (H}_)* and C,, > 0. This implies contraction estimates of the type
x 0z

lu(t) = a(®) |2, < Cont ™77, >0,
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and polynomial rates of mixing

PF© - [ F@uad| <o oo

x

sup sup
-1
geH I, y-1y <1

x

This argument is restricted to additive noise. Indeed, if we consider (1.1) then, fol-
lowing the previous computations, we have

HEllu— %1 < —20mElu— a7t + 3 Ello* () — o* (@)%
k=1

Even when u + ¢*(-,u) is Lipschitz continuous in H; ! (which is rarely the case; see,
for example, the discussion in [DGG19]), it is unclear how to prove stability without
a smallness assumption on the Lipschitz constant of the coefficients o*.

The main insight of the present work is that the weighted topology L}U;m intro-
duced here is better adapted to the dissipativity approach for SPDEs with multiplica-
tive noise. In fact, it is shown that the stochastically perturbed equation enjoys the
same stability properties as those of the deterministic PDE when considered in this
weighted topology.

Remark 1.1. The same questions can be asked in the case of semilinear SPDEs,
such as

(1.5) dpu(t, ) = (Au(t, o) + f(u(t,2))) + Y _ o*(z, u(t,z)) B*(t),

k=1

with zero Dirichlet boundary conditions. For simplicity let us assume that f : R — R
is nondecreasing. Again, an L2-based approach suffers from the It6-correction terms,
since, informally,

OEllu — a2

= 2B(A(u — @) + f(u) = f(@),u— @)z + Y Elo*(u) - o*(@)|[7:
k=1

—2E||V(u — @)l|72 +2B(f(u) — f(@),u — @)z + ) _ 0" (u) — 0" (@)]7.
k=1

IN

~2CpE|lu |7z + ) [lo"(w) — (@)1,
k=1

where C'p is the Poincaré constant. This implies stability only if the Lipschitz constant
of u + o (-,u) is small enough. Hence, even if the deterministic PDE is stable, this
is not necessarily inherited by the stochastically perturbed equation.

However, the weighted norm || - |11 is better adapted to studying the stability
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of (1.5), in the sense that, informally,

OE||u — ﬂ”Lb;z = E/Q sgn(u — @)A(u — a)wdx + E/ sgn(u —a)(f(u) — f(a)wdz

Q
+ 1IEI/ sgn’ (u —ﬂ)z lo* (u) — o (@))?w da
2 Jo k=1

< fIE/ V|ufﬂ|dex7E/ sgn’(u — )|V (u — @) *w dz
Q Q

+E1;@w—axﬂw—fw»wm

1 o0
(1.6) + 71E/ sgn’(u — @) Y _ 0" (u) — o* (@) Pw da.
2 Jg
k=1
The second and third terms on the right-hand side of the last inequality are nonposi-
tive, the fourth one vanishes under certain regularity assumptions on o (see Assump-
tion 2.2), while for the first, we have that

—E/ V\u—ﬁ|dex:IE/ |u—ﬂ|Awdx:—]E/ |u—ﬂ|dx§—CE/ |u—t|w dz.
Q Q Q Q

Consequently,

HEllu— iy < ~CE|u—ills_,

which immediately implies exponential mixing, with the same rate as in the deter-
ministic case.

While the above remark outlines the principal idea in a related setting, a rigorous
justification of this informal argument is much more involved: Since the intended
estimates rely on the weighted L. topology, the appropriate concept of solutions is
that of entropy solutions. Indeed, the informal computations (1.6) rely on an It6
formula applied to the weighted L;,,-norm. Due to the degeneracy of (1.1), the
corresponding solutions are expected to have limited regularity. The justification of
1t6’s formula in the context of low regularity solutions and irregular functions, such
as the L%U;z—norm, is the key idea of the concept of entropy solutions. This aspect
is further complicated by working on a bounded domain. In fact, the uniqueness
of entropy solutions for (1.1) on bounded domains could not previously be shown
due to additional boundary terms. Also, this difficulty is overcome in the present
work by the use of the weighted Ll spaces instead. Another obstacle appears in the
construction of the associated Markov semigroup to (1.1), due to the lack of P-almost
surely uniform in time estimates (cf., e.g., (3.1) below). In order to overcome this
difficulty, we prove instead the time continuity of entropy solutions with values in
LYL,,.,, which is sufficient to deduce the Markov property.

Finally, let us point out that the reason we work with Dirichlet boundary con-
ditions on bounded domains is twofold: First, the principal approach outlined above
relies on the existence of an appropriate weight w which is a positive solution to the
Dirichlet problem Aw = —1. In the case of periodic boundary data, the existence
of such a weight or an appropriate replacement is not clear. Second, we extend the
framework of entropy solutions in [DGG19] where the periodic case was considered.
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This extension is interesting in its own regard, as it is not immediate due to the pres-
ence of additional boundary terms, which in the current framework are treated by
working in weighted L'-spaces.

1.1. Comments on the literature. The available results can be categorized
into two classes: The first class of results relies on the dissipativity approach exploiting
the contractive properties of the deterministic porous media equation, while the second
class relies on the mixing effects of the random perturbation. As such, these two classes
lead to essentially different assumptions and results.

The first results on the existence of invariant measures for stochastic porous media
equations were obtained by Da Prato and Réckner [DPR04a, DPR04b] and Bogachev,
Da Prato and Rockner [BDPRO4]. The dissipativity approach to proving the existence,
uniqueness and rates of mixing was first applied to stochastic porous media equations
by Da Prato et al. in [DPRRWO06]; see also the more recent monograph by Barbu,
Da Prato, and Rockner [BDPR16]. As explained above, this approach is restricted to
additive noise. Since the obtained estimates are based on the contractive properties
of the (deterministic) porous media operator, no nondegeneracy assumptions on the
noise need to be made, and the obtained rates of mixing are of polynomial type. In
[BGLR11] the dissipativity approach was further used by Beyn et al. in order to prove
that the random attractor consists of a single random point. A generalization of the
dissipativity approach, based on coupling arguments, has been introduced by Gess
and Tolle in [GT14, GT16], allowing us to prove the ergodicity of generalized porous
media equations in cases where no strict contraction estimates, such as (1), apply.

Concerning the second class of results, in the case of purely additive noise,

u(t, ) = A (Ju]™ 'u) (t,2) + GW(t),

couplings by change of measure were constructed by Wang in [Wan07, Wan13]; see also
Liu [Liu09]. This construction relies on a nondegeneracy assumption on the diffusion
coefficients G. In particular, it has to be assumed that G is surjective onto the energy
space L™*1. Since this assumption competes with the smoothness assumption on
the noise required by the well-posedness theory (cf., e.g., Liu and Rockner [LR15]),
this restricts the applicability of these results to one spatial dimension. Because this
approach exploits the nondegeneracy of the noise by means of establishing Harnack
inequalities on the resulting Markov semigroup, the associated rate of mixing is of
exponential type; that is, there is a unique invariant measure p and constants A > 0,
C > 0 such that

sup || Pide — pllrv < Ce™, > 0.
£

Lower bounds on the exponential rate A have been obtained by Wang in [Wanl15a].
Flandoli, Gess, and Scheutzow in [FGS17] and Gess in [Ges13] used these methods
in order to prove synchronization by noise, in the sense that the random attractor
was shown to consist of a single random point. This line of argument has been
further improved by Wang in [Wanlbb|, where coupling by change of measure has
been replaced by reflection coupling, which allowed also the inclusion of perturbations
by multiplicative noise, while retaining the nondegeneracy assumption on the additive
noise part, that is,

u(t, ) = A (Ju|™ ') (t,2) + B(u)W(t) + GW2(t),
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with G being nondegenerate as above. This work seems to be the only previous result
on ergodicity for stochastic porous media equations with multiplicative noise in the
literature. However, in this work B is still assumed to be Lipschitz continuous in
H_ ', which in the case of B(u) = o(x,u(z)) (as in (1.1)) essentially implies that o is
linear in u.

In the case of linear multiplicative noise, the stochastic porous media equation
can be transformed into a deterministic porous media equation with random coeffi-
cients. Under further, stringent assumptions on the noise, this can be used to derive
statements on the long-time behavior. See, for example, [Lot07, Ges14, BR11, Ges15]
and the references therein.

We conclude the discussion of available results on the ergodicity of stochastic
porous media equations by emphasizing that there are no previous results on the
ergodicity of (1.1) with purely nonlinear multiplicative noise, as it appears in (1.3).

The well-posedness of entropy solutions to (1.1) on the torus has been recently
shown by Dareiotis, Gerencsér, and Gess in [DGG19]. In the context of the well-
posedness of solutions, it already has been realized in [DGG19] that L. appears to be
better suited than H; !, which was used in many previous works (see, for example,
[LR15] and the references therein), since the nonlinear diffusion coefficients behave
nicely in L, while they are not expected to be even Lipschitz continuous in H, 1. The
proof of well-posedness of entropy solutions to (1.1) on bounded domains, given in
the present work, builds upon the analysis from [DGG19]. In contrast to the periodic
case considered in [DGG19], the presence of the boundary introduces the need for a
weighted L'-norm in order to control boundary terms.

1.2. Organization of the article. In section 2 we set up the right formulation
for studying the well-posedness of (1.1). In section 3 we present our main results.

In section 3.1 we discuss the well-posedness of stochastic porous media equations
on bounded domains. We begin with the existence, uniqueness, and L'-contraction of
entropy solutions (see Theorem 3.1), stability with respect to the data (see Theorem
3.2), and continuity in L} L;,., (see Theorem 3.3). These results hold for more general
porous media operators AA (see Assumption 2.1(a)), and the initial condition ¢ is
assumed to be in LML L™+ Ag a corollary of Theorems 3.1 and 3.3 we present an
extension result to initial conditions in L)L}, (see Proposition 3.4). In section 3.2
we present a bound for the solutions in LT L™*1 which is uniform in the initial
condition and in time (see Proposition 3.6). We then discuss the main contraction
estimate (see Theorem 3.8), the Markov property (see Proposition 3.10), and mixing
to a unique equilibrium with optimal rate (see Theorem 3.12).

In section 4 we prove some important L'-estimates, in section 5 we prove the
results listed in section 3.1, and in section 6 we prove the results listed in section 3.2.
Many technical results and proofs can be found in Appendix A.

1.3. Notation. For a set S C R? and m € N, we denote by C™(S) the space of
m-times differentiable functions on S and by C7*(S) the subset of m-times differen-
tiable compactly supported functions on S. Given a variable s € S, p € [1, 0], and
m € R, we denote by LY and W.™? the usual L? and W™P spaces of functions in this
variable. If p = 2 we write H]" instead of Wﬁm’Q. If, in addition, m € N, we write Hp';
for the closure of C?*(S) in H™. For a probability space (Q, F,P) and p € [1, 00), we
denote by L the space of p-integrable random variables in w € €. If the probability
space carries a filter (F;);>0, we denote by Lﬁjt the space of predictable p-integrable
random processes in (w,t) € Q x [0,7T] for every T' > 0. For spaces of functions of
several arguments, we sometimes use mixed notation. For example, LP L stands for
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the space of p-integrable random variables taking values in LI, while L’;’tLg stands

for the space of predictable p-integrable random processes taking values in LZ.
We denote by w the solution to the boundary value problem

(1.7) { Aw = -1,

'LU|3Q =0.

It is well known that w € Hj, and w > 0 in Q. We define L., to be the space of
measurable functions f : Q — R such that

(18) sy, = | 1@ de < oo

We define the set
(1.9) S:={d,K,m,|Q|,T},

where d denotes the dimension of the x-space, K and m are positive constants given
by Assumptions 2.1 and 2.2 below, |Q| denotes the volume of @, and T' > 0.

Throughout the article, C' denotes a strictly positive constant which depends on
the structural set S, unless otherwise stated, and might change from line to line. In
the proofs we will frequently use the notation a < b by which we mean a < Cb. The
notation a <, b (respectively, C;) means that the constant C' depends on S and on
g. We also write a V b (respectively, a A b) to denote the maximum (respectively,
minimum) between a and b.

In the proofs we sometimes use the abbreviation [, [, instead of [, dz, fOT dt.
An analogous notation is used for multiple integrals. For example, j; , stands for

Jo fy dzat.

2. Formulation. We consider a generalization of (1.1) in the form

Oeu(t,x) = AA(u(t, 2)) + o* (@, u(t,x)) B*(¢),
(2.1) u(0) =&,

ulog =0
under Assumptions 2.1 and 2.2 below. For simplicity, we also assume that the bounded
domain @ C R? is smooth, although this assumption can be relaxed. From now
on we fix a filtered probability space (2, F,{F:}i>0,P) with a sequence (8%)g>1 of

independent Brownian motions.
For a locally integrable function f : R — R we define

() = /0 "R e [fd(r) = / " Fo)dc.

We also let a := v A’.

ASSUMPTION 2.1. The following hold for some K > 1 and m > 1.
(a) The function A : R — R is differentiable, strictly increasing, and odd. The
function a is differentiable away from the origin, and it satisfies the bounds

(2.2) a(0)| < K, [o/(r)| < K|r|*T ifr>0
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as well as
(2.3) Ka(r) > Ijp>1, K|[a](r) — [a](F)] > { I i

| — 7| if Ir| v IF
|7

| if Irlv

(b) The initial condition & is an Fo-measurable L™ -valued random variable such

that IE||§H7L",1'J}1 < 00.

ASSUMPTION 2.2. The function o : Q x R — (2 satisfies the following bounds.
There exist k € (0,1], & € ( and K > 1 such that for everyr € R, 7 €
[r—1,7r+1], and z,y € Q,

ﬁal]v

o2, )| < K(L+|r]), |o(@,7) = oy, )l < Klr =72 + K(1+ r)|z — y|".
For 0,6 : Q x R — 2 satisfying Assumption 2.2 we set

~ ‘0'(1'77") - 5’($,7‘)|§2
d(o,5):= sup
ze.rer (14 [r[)mH!

DEFINITION 2.3. A pair of functions (n, ¢) is called admissible if
(i) n € C*(R), n” >0, and suppn” is compact; and
(ii) ¢ >0, ¢ = po where p € C([0,T)) and ¢ € C(Q) .
Similarly to [DGG19] we give the following definition of entropy solutions for
(2.1).
DEFINITION 2.4. A predictable stochastic process u : Q x [0,00) — L™ is an
entropy solution to (2.1) if
Lowe LD LT and A(u) € L2 (Hi.,;
ii. for every f € C(R) bounded we have [af](u) € L2, ,H} and d,,[af](u)= f(u)dy, [a](u);
and
iii. for every admissible pair of functions (1, ) as in Definition 2.3 we have that

/ / 5‘t¢d:z:dt</ dx+/ / APt
+/ / <¢77”<“)|" ()] —cbn”(U)IV[a}(u)IQ)da:dt
/ /cbn u) daz dBF(t).

We refer to (2.1) as £(A,0,€). In what follows we write u(-;§) to denote the
solution of £(A,0,£). If the value of the initial condition is clear from the context,
we simply write w.

3. Main results.

3.1. Well-posedness. The next two theorems build upon the analysis from
[DGG19] and concern the existence, uniqueness and stability of entropy solutions to
(2.1). All of the results in this subsection hold for fixed, but arbitrarily large, T' > 0.

THEOREM 3.1. Let Assumptions 2.1 and 2.2 hold. Then, there exists a unique en-
tropy solution u of E(A, 0,&). Moreover, if u(t; §) is an entropy solution of E(A,0,§),
the following contraction estimate holds:

(3.1) sup ess E||u(t; &) — u(t; €)|
te[0,T]

1, SEl€ £l

wiT

w s
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THEOREM 3.2. Let (Ay)n>1 and (§n)n>1 satisfy Assumption 2.1, and let (oy,)n>1
satisfy Assumption 2.2, uniformly in n. Assume furthermore that for n — oo, A, —
A uniformly on compact sets, &, — & in L™TTL™Hand d(o,,0) — 0 for some A
and & satisfying Assumption 2.1 and o satisfying Assumption 2.2. Let uy,u be the
unique entropy solutions of E(An,on,&n), E(A,0,8). Then, as n — 00, u, — u in
Ll LLU xT°

In the next theorem we prove the continuity of entropy solutions in L), Ly,.,.

THEOREM 3.3. Let Assumptions 2.1 and 2.2 hold. If u is an entropy solution of
E(A,0,€), thenu e C([0,T); LLLL.).

w Wi

As a corollary of the contraction estimate (3.1) and the continuity in LY L.,
have the following extension result.

PRrROPOSITION 3.4. Let Assumptions 2.1 and 2.2 hold. The mapping
LI 5 € u(16) € O(0.TE LLLL,)

w T wiT

extends uniquely to a continuous map from LLLL . to C([0,T);LLLL. ). Further-

w T wir w Wi

more, the following contraction estimate holds for every f,{ eLLlLL o

(3-2) sup Ellu(t; €) — u(t;€)llLs,,

b, SEE =l -
t€[0,T]

3.2. Ergodicity. In this section we assume that A(r) = |r|™~1r for m € (1,00).
From now on, it will be more convenient to work with initial conditions £ € L}U;w. In
the following, we define u(-;¢) for £ € Ly, by continuity using Proposition 3.4. By
Remark 3.5 and Proposition 3.6 below, one can prove that for every £ € L, L}, the
extension u(+; &) is an entropy solution of (2.1) on (0, 7] for every T > 0, in the sense

that it satisfies Definition 2.4 with [0, T replaced by [s, T}, for every s € (0,T].
Remark 3.5. Although Proposition 3.4 allows us to extend u(-; ) for € € LLL}

w w;ixT
by continuity, it is unclear whether the extension solves (2.1) in general. However, it

is easy to see that if there exists a sequence £, — & such that for every s > 0

(3.3) sup sup El[lu(t; )| pm+1 < 00,
n>1te(s,T)

then u(+;&) is an entropy solution of (2.1) on (0,7]. Indeed, since u(;&,) — u(-;§)
in C([ ,T); LLLL . ), we know that for every s € (0,T], passing to a subsequence,

w T wiT
u(s,x;€,) — u(s, x; €) for almost every (w,z). Hence, by Fatou’s lemma we have

Ellu(s; )l 1 < liminf Eflu(s; &n)l pper < sup El|uls; &)l e,
n—oo n>1

and the latter quantity is uniformly bounded in n due to (3.3). Hence, by Theorem
3.1 there exists a unique solution of (2.1) on [s,T] with initial condition u(s;¢), which
we denote by wus(+;u(s;€)). By Corollary 6.1 we know that u(-;&,) coincides with
us(;u(s;&n)) (the unique entropy solution of (2.1) with initial condition u(s;&,)) on
[s,T]. Since u(s;&,) — u(s;€) in LLLL . using (3.2) we see that u(-;u(s;&,)) —

wTwix?

ua(u(s: ) in C(ls, T; LLLL). But u(ti&n) = u(tu(s; &) for ¢ € [s,T], which,

in turn, implies that u(t; &) = us(t;u(s;€)). Since s € (0,T] is arbitrary, this proves
that u(-;€) is an entropy solution on (0, T1.

The next proposition states that entropy solutions satisfy the so-called “coming
down from infinity” property, which implies (3.3).
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PROPOSITION 3.6. Let Assumption 2.2 hold. Then,

m—+1

(3.4) sup  sup (A D)FTE[u(t; )7 < cc.

geLy it te[0,00)

Remark 3.7. By a simple application of Fatou’s lemma we can replace the supre-
mum over £ € L7'F! by a supremum over £ € L, L, in (3.4).

The choice A(r) = |r|™ 17 allows us to obtain a polynomial (with respect to
time) decay for differences of entropy solutions uniformly in the initial conditions, as
shown in the next theorem.

THEOREM 3.8. Let Assumption 2.2 hold, and let m, = 5. There exists C' > 0
depending only on m such that for all t > 0 we have

: ma oL
swp Eu(t€) — u(t, )l < Cllw|T 7
&EELLLY,
Below we let By(Ly,.,) be the space of bounded Borel measurable functions from
L}, to R. We need the following definition.

DEFINITION 3.9. We define P, : By(Ly,.,.) — By(L,.,) by
PF(§) :=EF(u(t; §)),

where F € By(L},.,) and { € Ly, .

PROPOSITION 3.10. Let Assumption 2.2 hold. The family (P)i>o is a Feller
Markov semigroup on By(L},.,).

Remark 3.11. One can actually define P, : By(L,.,) = By(Ly,.,) for any A satis-
fying Assumption 2.1(a) using Proposition 3.4. It is clear from the proof of Proposition
3.10 that P, is a Feller Markov semigroup on By(L,,.,) even in this case.

Theorem 3.8 provides a quantitative estimate for the semigroup P; acting on Lip-
schitz continuous functions on L., and allows us to prove the existence and unique-
ness of an invariant measure (which is actually supported on L™*1). It also provides
optimal mixing rates (see Remark 3.13) uniformly in the initial condition. We sum-
marize in the following theorem.

THEOREM 3.12. Let Assumption 2.2 hold, and let m, = % There exists a

unique invariant measure [ € Ml(L}U;I) for the semigroup P; which, moreover, is
supported on L™ L. Furthermore, there exists C > 0, depending only on m, such that
for allt >0,

1
m—1
)

sup sup
1
el HFHLip(L}u;m) <1

PF(¢) - F()p(df)

1
Lw;m

< Clw

L
Ly

where Lip (L}U;z) is the space of Lipschitz continuous functions from L}D;x to R.

Remark 3.13. The decay rate in Theorems 3.8 and 3.12 is optimal, in the sense
that there exists a solution to the deterministic system that cannot decay faster than

T as £ — oo. Indeed, one can consider the homogeneous porous media equation
Ou=A (|u|m’1u) with Dirichlet boundary conditions and search for solutions of the
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form u(t,z) = (1+ t)_ﬁf(x). It is easy to check that u is a solution if f satisfies
the following equation:

(3.5) A (") + S5 f =0,
flag = 0.

Existence and regularity of nonzero solutions to (3.5) for sufficiently smooth bounded
domains was studied in [AP81]. In particular, [AP81, Proposition 1] implies the
existence of a nonzero solution f which is bounded on 99 U Q.

We would like to point out that in the case of additive noise, under sufficient
nondegeneracy assumptions, it is known that the decay is exponential in the total
variational norm (see, for example, [Wanlba, section 3]).

4. The (x)-property and L'-estimates. In this section we introduce the (%)-
property, a purely technical concept, and derive the basic L!-estimates which we use
in later sections to prove our main results. Before we proceed we need some notation.

Below we fix a nonnegative compactly supported smooth function p : R — R sup-
ported in (0,1) such that [ p(t)dt =1, and for 6 € (0,1) we set pg(t) := 0~ p(6~11).

For x € R? we also let o(x) := H¢:1 p(z;), and for € € (0,1) we set g.(x) :=
e~ do(e ).

For g € C*°(R) with supp ¢’ compact, 9 € C°(Q x Q), ¢ € C*((0,T)), & as in
Assumption 2.2, predictable random variable @ € Lﬂ;"lL?“, 0 >0, and a € R, we
set

doltsz.5,9) = dleontt — 90 (57 )

T
Fo(t,z,a) := /o /Q&k(y,ﬂ(s,y))g(ﬂ(s,y) —a)pg(t,x,s,y) dyd,@’k(s),

with a slight abuse of notation since we hide the dependence of ¢y and Fy on the
various functions.
We need the following definition.

DEFINITION 4.1. We say that a predictable random variable u € Lmle;’LH has
the (x)-property with coefficient o if for every g, 0, ¢, 7,4 as above and for every 6 > 0
sufficiently small, we have that Fy(-,-,u) € L,L; , and

(4.1) / / Fo(t, o, ult, ) d dt

/OT /2 (z,u(s,z))5" (y, u(s,y))g (u(s, z)
—a(s,y))e(t, z,s,y)dedydtds + col—r

for p= ﬁmi?) and some constant C > 0 (independent of 0).

The main result of this section is Lemma 4.4 which is the counterpart of [DGG19,
Theorem 4.1] for Dirichlet boundary conditions. For the reader’s convenience we split
the proof of Lemma 4.4 into Proposition 4.2 and Lemma 4.3.

From now on, for o, d,e € (0,1) and A > 0, we set

(4.2) Ga(0,6,0) = 027 4 0722 4 e 4 6%% 2 4202 4
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PROPOSITION 4.2. Let u, @ be entropy solutions of the Dirichlet problems E(A, o,§),
5([1, o, f), where the data satisfy Assumptions 2.1 and 2.2, and assume that u satisfies
the (x)-property with coefficient o (see Definition 4.1). Then, for every nonnegative
function i € C°(Q), ¢ € C°((0,T)), and a € (0, 3) there ezists C = C(S, a, v, ) >
0 such that for every A\, e,0 € (0,1) we have that

B [ [ lutta) ol p(we. (o — ) dedy s

<E [ [ 1A.0) - Al 0Av@ et - drayar
+Ce2E (me(l D [E, 4 Loy (1 D)
+0(u(0.20) +67d(0,0)) B (14 ulth + alh ).

where Ry = sup{R € [0,00] : |a(r) — a(r)| < X for every |r| < R} and G, as in (4.2).

Proof. The proof is similar to [DGG19, Proof of Theorem 4.1]. The main dif-
ference lies in the presence of v since we impose Dirichlet boundary conditions, and
thus we cannot let ) = 1 as in the case of periodic boundary conditions dealt with in
[DGG19]. We only give a sketch of the proof, highlighting the differences.

Let 15 be a symmetric smooth approximation of | - | given by

15(0) = 15(0) = 0, nj (r) = 6~ (6" |r|)

for some nonnegative 7 € C°°(R) which is bounded by 2 and supported in (0,1) and
integrates to 1. Below we repeatedly use the following properties of 7s:

() = 1| S8 suwpr © (8.8, [ Inflr—Rlar <2 () <257

Fory € Q, s € (0,T), and €,0 > 0 sufficiently small, we also set

t+s
2

bealts,5.9) = palt — 8)o-(x — v)p ( ) b@), beltz,y) = oe(z — y)e(thi().

We first apply the definition of entropy solutions with u = (¢,
for a € R, and ¢(t, z) = ¢ ¢(t, x, s, y). Noting that ¢. ¢(0,, s, y)
small, this gives that, P-almost surely,

T T
—/ / ns(u — a)drpe g dzdt < / / [n5(- — a)a?, a)(u) Ay ¢e o
0 JQ 0 J@

+ 1% oni (u — a)|o(x,u)|% de dt
/ /¢se77 (u — a)|V[a](u)|? dz dt

“(u— a)o®(x, w) de dB* (1),
+/O /Q¢5,0775(U ok (2, u) dz dB* (1)

), n(u) = ns(u—a),
= 0 for 6 sufficiently

We now plug in 4(s,y) in place of a (all the expressions are smooth functions of a)
and integrate over s,y. Then we repeat the same procedure with the roles of v and
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u reversed, add the two resulting inequalities, and take expectations to obtain the
estimate

(43)  -E /t n5(t — @) (Bebeg + Dstrer)
< E ‘. ([77:3( - a)a27’a](u)Am¢a,9 + ["7:;( - u)u u]( ) y¢a 9)
/t &) (Vala () ? + [V 3](@) ) de

+

s/ [/ = )0 (e, w00 45 0)|

a=u

+]E/tU (i — )5 (y, >¢Eedﬁ<>}

I a=u

1 . s
v [ Su(u @0ea (lotw)fh + 5@E).
t,x,s,y
The next step is to pass to the limit # — 0 to obtain the estimate

£ [ w00 <E [ i - e (A,
(4.4) (- — )@, (@) Ay b (= I + )
E / (= @) e (IValal(w)? + [V E@)2) (= Is)

+3E | Dol s Bl (=

with u = u(t,z) and @ = @(¢,y). To do so, we first note that

Outcolt,,5.1) + Dudealt..5.9) = pot = et~ 1)(0ue) (5 ) o)

We then use [DGG19, Proposition 3.5] to pass to the limit § — 0 for each term in
(4.3). The main difference here is the presence of ¢, but it is easy to see that [DGG19,
Proposition 3.5] still applies in our case since ¢ is in C°(Q). The only subtle terms
in (4.3) are those involving the stochastic integrals, but they can also be treated as
in [DGG19, Proof of Theorem 4.1]. For the first stochastic integral, we note that ¢, ¢
vanishes for ¢ ¢ [s, s+ 6], and since 4(s,y) is Fy-measurable, the expectation vanishes
for every > 0 by a simple factorization argument. For the second stochastic integral,
we use the (x)-property for u(t,z) which, together with the last term in (4.3), gives
I, in (1) if we let & — 0. For the term I; we note that

L—-E / (- — 8)a2, @) D gbe
- E / (- — @)a?, @l (u)o2,, 6 (= I1)

+E / (- — )02, (W)(t)ds, (On b(@)oe@ — 1)) (= 1)
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We furthermore note that

Li=-E / / ng(r—7) ) drdr33y7¢5
t,x,yJu

=/

A

Similarly we have that Iy = Is 1 + I 2, where

1 r}775 (r—")a (r)2dfdr83iyi¢5

ﬁ

u

/ 1{,,>T}775 (r—7m)a(r ) der@ibybqﬁE.

:\:\

E

’lL

—-E

:\

u

—-E 1 (s (1 — F)a(F)? drdr82 2, Pe

I/
fod

/ (el (r — P)a(F) dr dF 2, 6,

:\

>u

and
Iy = E/t [5(- — w)a, ul(@)p(t)y, (9, ¥ (2)0=(z — y)) -

For I as in [DGG19, Proof of Theorem 4.1], we have the bound

B [ [0 [ gy - amae) aiar o
a<uJa Ja

u u
22 [ [ [t - e a7 dr it 6.
a>uJu Ju

We now add the terms Iy 1, Iz 1, and I3 to obtain the estimate

111+I21+I3<E/ //775 (r —7)|a(r) — a(7)|* d7 dr|6?
@,y

Altogether, the previous estimates imply the bound

@) B[ ms(u- 0o
t,x,y

_ =2 9 2
—HE/My/ / nl(r — P)la(r) — (7)? dF drl@2,, 6|
+E [ S - ool u) - ol D
t,x,y

For the term on the left-hand side of (4.5) we have that

/ (5w — @) — Ju — @)0ue| < 6.
t,x,y

since [ns() — |- || S 4.

~

1)

(= I5)

(= 1))

4537
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For the terms I{ and I} we have that

I =E / (- — @)e?, @] () (t) A () o (z — ) (=10

+E / (- — )0, 3 (W) p (D), b(2)0n, (0 — 1) (= L)
and

I=E / (- — )3, u) (@) () 1b()0y (02 — ).

The term 7 ; can be written as

fm/t [ sentr = a0 80 @) (o~ )
i E/ [ e = ) = sgnr — ) ) dr o0 80 @) (o~ )

—E / / sen(r — @)a(r)? dr p(t) A (x) o (& — ) (= I}14)
+E/t / 1|7‘ a|<é 775 r—u)
“sgn(r — 2)) a(r)? dro(t)Ad(x) oz (x — ). (= I]1)

For the term 11,172 using the boundedness of A1), the fact that fw o-(x —y) <1, and
Assumption 2.1(a) we get that

““2'<E/t / ) |80 ox(e

<GE / sup a(r)? p(t)ee(x — v)

\z,y |[r—a|<d

s+lal 2
gm/ / @(r)dr) o) SO E (14 [algy, ).
t,y 0 o

X

The term 7 5 can be written as
I,=E / / sen(r — @)a(r)? dro(t)s, ()0, (0 (x — 1))
TE / / " (i (r — @) — sm(r — ))a(r)? dr(t)0y, (), (0-(z — 1))
—E / y / sen(r — @)a(r)? drop(t)0a (@), (0:(x — 1)) (= Ifp1)

+E/ / 1)—aj<s (5 (r — @)
tx,y Ju

—sgn(r — @)) a(r)* dro(t)0p, () 0a, (0 (v — ))- (= Tis5)

IRt)

Similar calculations as in the case of I ; ,, but now using the fact that [ [0, (0 (z —
y))| S e7!, imply that

Ioa S 0e7'E (1+ alZy, ) -
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Putting these estimates together gives

(4.6) I < E/t / sgn(r — a) ) dr p(t)Av(z)o:(x — y)

HE/t / sgn(r — @)a(r)? dr o(£)0y, () a, (0 (x — y))

+ 0o IE (1 + ||au%) .

We also have

BB [ [ sl - w0 4000 e ) (=)

+E/ / 1\7" u|<é 776 T_u)
t,x,y

—sgn(7 — u)) a(F)* dF o (t) 9y, ¥ () 0y, (e (z — y)) (:=155)

and, as before,
(4.7 IL < E/ / sgn(7 — w)a(7)? dF p(t) 0z, ¥ (), (0 (x — y))
tx,y Ju
+CoeE (1 + ||u\|wx) .
The term I} can be treated exactly as in [DGG19, Proof of Theorem 4.1] to obtain

(4.8) I, <e (62 4+ ADE (1 + . + ||a||g"zhw)

2 (s m, (1 + Jul)

Ty, T ElLa >R, (1+ [a])]

m
m | .
Ly,

For the term I we notice that

(4.9) I, < E/t ns (u — @), (\a(az,u) —o(x,0)|7 + |o(z,u)
—U(% )|z + lo(y, @) — 6(y, )|7)

S (52/@ + 571627% + 5*1d(0,5')) E (1 + ||U||zlj:i1 + ||1~1,||TIJ}1> s
t,x t,x

where we use Assumption 2.2 and the fact that [nf| < 671
Noting that 0y, (0-(x —y)) = —04, (0:(x —y)) and that for every u, @, and nonde-
creasing differentiable function A, we have the identity

[ " sgn(r — @) A'(r) dr = | A(u) — A(7),
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we obtain by (4.6)—(4.9) (and the fact that § < §2%)

aw) - [ [ - e asdy
<E [ [ 140 - A@lpav@ets - v dzayar
= / 2 )60, ()00, e — ) drdy
B [ 1A~ A0 0~ )y

+CeTE (||1\u|2m<1 T Z, + Tz ms (U [, )
+C (Galb,8,)) + 67 1d(0,5)) E (1 + [lul™sE L + [l ;”iil) .

By the triangle inequality, we have that

(4.11)
/ [ (1460 = A(@)| ~ 1A0) = A@D(09,0(2)0, o ) dedyl
e[ / (A(w) — AQw)] + | AG) — A@])o0) 02, 6(2)00, (0-(x — 9))] o dy

+1
SeTOE (nun AT ||u||Lm+1> + B (sl + 1 Tjarm sy, )

t,x

where in the last step we use the facts that fy |02, (0c(@—))|, [, 102, (0c(x—y))| S €
and that for every r € R, by Assumption 2.1(a),

B |
|A<r>fA<r>|</ 0(0)? — &(0)?) d

ITI I7]
S [ Q]+ BN ¢+ 1o, [ (80P +8(07) ¢
S 4 1ppsp, Ir[™

Similarly, since [ |o-(z —y)| < 1, we see that

#12) / / (14w - A@)] - |A(w) = A@) ) p(t) Ab(@)e-(x — ) da dy dt

m+l ~
S AR <||a||LG2+1 ) +E (a5 r, 8l ) -

By (4.10)—(4.12) we obtain the desired inequality. |

The next lemma is a pointwise in time version of Proposition 4.2.

_LEMMA 4.3. Let u,u be entropy solutions of the Dirichlet problems E(A,0,8),
E(A,5,§), where the data satisfy Assumptions 2.1 and 2.2, and assume that u satisfies
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the (x)-property with coefficient o (see Definition 4.1). Then, for every ¢ € C(Q)
and o € (0, %) there exists C = C(S, o, ) > 0 such that for every A, e,6 € (0,1) and
every right Lebesque point s < t of the mapping

(4.13) | Jutra) = e )
we have that
@) B[ juto) - alt et - ) dedy

< E/ (s, ) — (s, ) (@) (@ — y) dady

+E / / 2 — A(a(r, )| A (@) oe & — ) dw dy dr

+Ce™E (||1\u.2m<1 ) I, + 1Lz ry (1 + [N, )

m+1
Lt o
t,x

where Ry = sup{R € [0,00] : |a(r) — a(r)| < X for every |r| < R} and G, as in (4.2).

C (6ald 2+ 07 (e ) E (1+ Jullff +

Proof. The proof is given in [DGG19, Proof of Theorem 4.1] by approximating
the function 1, ; and using Proposition 4.2. 0

We are now ready to prove the main result of this section.

LEMMA 4.4. Let u,@ be entropy solutions of the Dirichlet problems E(A,0,£),
5(/1, g, f), where the data satisfy Assumptions 2.1 and 2.2, and assume that u satisfies
the (%)-property with coefficient o (see Deﬁnition 4.1).

1. For every ¢ € C2°(Q) and o € (0,3) there exists C = C(S, o, ¥) > 0 such
that for every A\,6 € (0,1) and € € (0 1) sufficiently small,

]E/T/ lult, z) — a(t, )| (x) dz dt

<TE/|§ <>dx+TsupE/\s (& + W)(x) de

|h|<e

+E/ //|A(u(7',x))—fl(ﬁ(T,x))|Az/J(x)dxdet
0o Jo J@

+ CeTE (14 | VIa(@) .y, )

+ CeE[|VA(@)||; , + Ce™ 2E(||1|u\>m(1+\ul)llm

gz ra (1 + @D 12, )

0 (Galbe ) + 07 a0 ) E (14 Tulyth + a7 ).

where Ry = sup{R € [0,00] : |a(r) — a(r)| < A for every |r| < R} and G, as
n (4.2).
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2. If we furthermore assume that A= A and & = o, then for every 1 € C°(Q)
and almost every s < t <T we have that

E/ |u(t, z) — a(t, )|y (x) de — E/ |u(s, x) — a(s, x)|(x) d
Q Q
t
<E Alu(r, z)) — Aa(r, 2))|Av(z) dz dr.
<k [ [ 1A0) - A ) 80 dr dr
In addition, this estimate holds for s =0 and u(s), u(s) replaced by &, 3

Proof of Lemma 4.4-1. We first notice that for all € € (0, 1) sufficiently small, by
the mean value theorem for A(a(r,-)) we have that

(4.15) / /2 fl( (T, )| AY () - (x — y) de dy dr
< IE/ 1A - Aii(r, 2))| M) dar dr + CEE|IVA@)]| ;|

for some C=C(S, [|At[| L) >0, where we also use the fact that fy [(z—y)oe(z—y)| < e.
Then, by Lemma 4.3 we have that for every right Lebesgue point s < ¢ of the mapping
(4.13),

@) B[ Julta) - altp)lele)oo - ) dedy
< ]E/ lu(s, z) — u(s,y)|(z)o:(z — y) dzdy
Q2
E A(u(r, 2)) — Ala(r, ) |A(z) de dr + M,
& [ [ 1400) - A m)|avte) drdr +
where M = M (4,e,A) > 0 is given by

M = CE_QE <H]~|u\ZRx(1 + |U‘D|

L+ 1ar, (1 + [a])]

m
m
Lt‘m

C (Gald,e,\) +071d(0,6)) E (1 + [l 7oL + ’L’ﬁﬁl) + CeE||VA@)|| 1 -

As in [DGG19, Lemma 3.2] we can prove that

(4.17) lim 7/ / lu(s, z) — &(x))*y(z)? dzds = 0,

h—0 h

and similarly for @, £. Hence, if we integrate (4.16) over s € (0, h), divide by h, and
let h — 0, we get

E / fult, 2) — a(t, 9) b () (& — y) dady < E / £(2) — E)|$(@)es (& — y) dz dy
Q2 Q2

—HE/O /Q |A(u(T, 2)) — A(a(T, 2))|Av(z) de dr + M.
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We now integrate the above inequality over ¢ € [0, 7] to obtain

) / [ utt.) ~ aeplo@)e.to — ) dedy
<TE / €() — E@) (@) 0 (z — y) da dy
Q2
T -
+E | /O/Q|A(u(7',as))— (ii(r, 2))| Ads(x) dz dr dt + T M.

Moreover, for every ¢ € (0,1) sufficiently small such that z + h € @ whenever z €
supp ¢ and |h| < €, we have that

E / £(2) — E@)Y(@)os(z — y) dzdy < sup E / &) — &Gz + W(a) de
Q2 |h|<e Q

+E /Q £(@) — E@) () da

We finally note that by [DGG19, Lemma 3.1],

E

. T
[ [ tto) . lotwr0nta gy ey - | /Q (e, 2) — 0, ) () o
< g (1 + EHV[ﬁ](fL)HL%,I) '

This implies the assertion.

Proof of Lemma 4.4-2. We first notice that since A = A, we can choose \ =
and Ry = oo in (4.14). Since we also have that d(o, &) = 0, using again (4.15), (4.1
reads as follows:

O
0
4)

B[ lu(t.o) - it )o@~ ) dody
< IE/Q2 lu(s, z) — a(s, y)|(z)os(xz —y)dz dy
t
+ IE/ / |A(u(T, x)) — A(a(r, x))|A¢(x) de dr
s JQ
+CGa(d,5,0)E <1 + [l + la) ’L”;jl)
+ CeE||VA() Iz:
for almost every s < ¢ < T. Note that by (4.17), 7 = 0 is a right Lebesgue point of
(4.13), and hence the last inequality holds also for s = 0. As in [DGG19, Proof of
Theorem 4.1], we pass to the limit £, — 0 simultaneously by choosing § depending

on . More specifically, we choose v € ((m A 2)7', k) and o < 1 A 2 such that
(2a)(2v) > 2 and set § = 2. Letting € — 0 proves the desired estimate. |

In the next corollary we replace ¢ in Lemma 4.4-2 by w as in (1.7) which implies
an estimate in Ly,.,.
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COROLLARY 4.5. Under the assumptions of Lemma 4.4-2 we have that for almost
every s <t < T,

(418) Elju(t) — a(®)llrs, < Elu(s) - a(s)lry, —E / JA(u()) = AG(r)) |2 dr.
In addition, the following estimate holds:

(4.19) supess ElJu(t) — a(t)||zy,,, <E[E =]y, -
t€[0,T] ’

Proof. We choose a sequence of nonnegative functions i, € C2°(Q) such that
Yn — w in Hj,. Using the facts that [A(u) — A(@)| € L2 ,Hj, and that w solves
(1.7), by virtue of Lemma 4.4-2 we get that for almost every s < ¢ < T (including
s =0),

/ lu(t, x) — a(t, x)|w(z) dz
/|us;z: — (s, z)|lw(z)de — E //|A u(r,z)) — A(a(r, z))| dz dr,

which proves the desired estimate. ]
5. Proofs of well-posedness.

5.1. Proofs of Theorems 3.1 and 3.2. In this section we first prove Theorem
3.1 on the existence and uniqueness of solutions to £(A4, 0, ). From Corollary 4.5 (see
(4.19)) it follows that each pair of entropy solutions of £(A, o, &) coincides, provided
that one of them satisfies the (x)-property (see Definition 4.1). Hence, in order to
conclude the existence and uniqueness of entropy solutions, it suffices to show the
existence of an entropy solution satisfying the (x)-property. To do so, we use a van-
ishing viscosity approximation. The (probabilistically) strong existence of solutions
for the approximating equations is quite standard by now. It relies on a technique
from [GK96], where a characterization of the convergence in probability is used to
show that weak existence combined with strong uniqueness implies strong existence.
This has been used in the past in the context of SPDEs (see [Hof13, GH18] and the
references therein). Proofs are included in Appendix A for the convenience of the
reader.

For the proof of the following proposition we refer the reader to [DGG19, Propo-
sition 5.1].

PROPOSITION 5.1. Let A satisfy Assumption 2.1(a) with a constant K > 1.
Then, for every n > 1 there exists an increasing function A, € C*(R) with bounded
derivatives, satisfying Assumption 2.1(a) with constant 3K , such that a,(r) > 2, and

S|

(5.1) |s|u<p la(r) — an,(r)] <

Let A,, be as above, and set

(5.2) &ni=(—n)V(EARN), op:i= pBUF o(-,—nV (- An)).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/30/20 to 129.11.76.232. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ERGODICITY FOR STOCHASTIC POROUS MEDIA EQUATIONS 4545
DEFINITION 5.2. An L2-solution of the Dirichlet problem E(A,,0y,&y) is a con-
tinuous L2-valued process uy,, such that u,, A, (u,) € Li,tH&I, and the equality
t

(un(ta ')v ¢) = (fm ¢) - /O (VAn(un(Sv ))a ng) ds + -/0 (0—7]2('7 un(s’ ))7 ¢) dﬂk(s)

holds for every ¢ € C°(Q), P-almost surely, for everyt € [0,T].

If w, is an L2-solution of &(A,,0,,&,), then by standard arguments (see also
[DGG19, p. 24]) one obtains

(5.3) Esup [un [} + EIVIo)(un)lf;_ Sy 1+ Ellalz,
(5.4) Esup [ 754 + EI VAL (un) 3 S 1+Elgalth,
t< x t,x x

where the implicit constants do not depend on n. Notice that |£,| is bounded by n,
which implies that the right-hand side of the last two inequalities is finite. Moreover,
by the construction of &,, one concludes that for every p > 2,

(5.5) Esup lun |7, + Bl Via)(ua)ll}; S 1+ElE]E:
and
(5.6) Esup [un |70 + EIIVAn(un) 7| S 1+ BT

Finally, since a, > 2 > 0, we have |Vu,| < Cy,|V]a,](uy)|, and so by (5.5), we have
the (n-dependent) bound

(5.7) E|[Vu,|?, < co.

The proofs of the next two lemmas are the same as those of [DGG19, Lemma 5.2]
and [DGG19, Corollary 3.4] and are therefore omitted.

LEMMA 5.3. Forn > 1, let u,, be an L2-solution of E(An,0on,&n). Then, u, sat-
isfies the (x)-property (4.1) with coefficient o,, and C = C(S,n) > 0. If, in addition,
€l 2 has moments of order 4, then the constant C' is independent of n.

LEMMA 5.4. Let u, be a sequence bounded in L‘T’#L?“, satisfying the (%)-
property (4.1) with coefficient o, uniformly in n. Suppose that u, converges for

almost every (w,t,x) to a function u and that lim, o d(opn,0) = 0. Then u has the
(%)-property with coefficient o.

The proof of the next proposition is given in Appendix A.

PROPOSITION 5.5. Suppose Assumptions 2.1 and 2.2 hold. Then, for everyn > 1,
E(An,0on, &) has a unique L2-solution u,.

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Step 1. We first assume that E||¢[|7. < oo. For n > 1,
let u,, be the unique L2-solution of £(A,,on,&,) by Proposition 5.5. We will show
that (un)n>1 is a Cauchy sequence in L}, ;L) ... Let N > 1 be arbitrary. As in the
conclusion of the proof of Lemma 4.4-2, we choose v such that v € ((m A 2)71, k),
and then we choose a < 1 A Z such that —2+ (2a)(2v) > 0, so that G,(¢?,£,0) — 0
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as € = 0. Then, let ¢, € C°(Q) be a sequence of nonnegative functions such that
1o — wHHé — 0 as [ - oo. We apply Lemma 4.4-1 to u,, and u,, for arbitrary

n < n’ setting § =&?, and A = 2. By (5.1) we have that Ry > n (see the statement
of Lemma 4.4-1 for the definition of R)). Recalling the uniform estimates (5.5)—(5.6)
and the triangle inequality

El[n (1) = & (- + D)oy <E[IEC) =€+ M)y + 2E[€ = &l 2,

where for convenience we have extended &, and ¢ on R? by setting them equal to 0
in Q°, we have

(5.8)

Ell(un — wn)tllzy, < Co (BlIE = &wllzy +EIIE - &nllzy)

—l—]E/OT/Ot/Q|An(un(T))—An/(un/(T))|A1/)l dz dr dt

+ Cie™E (1 iz (1 + lunl) [ E, + 1201+ [ D1Z, )
+ Cied(op, 00) + Cre?n"2 + Cre 'n~t + My (e).

Here the constants C; are independent of e, n,n" and M;(e) = M;(e%, e) for

M;(6,¢) = C (52“ + 67t poe 4622 e+ sup E||€() — £(- + h)||L;> .
[h|<e

In particular M;(e) — 0 as ¢ — 0 (for every [). Note that

/ //'A Un (T Apr (tp (7)) | Aty dzdr dt
S]E/ //|A"(“”(T))_An’(un'(T))|Awdxdet

—HE/ / / | Ap (un (7)) — Aps (U (7)) |A(Y; — w) dz dr dit
S EIVIAn(un) = Ans (un)lllzz 191 = wllgy
S E (IVAu ()2, + 1V Aw (wn) sz, ) 191 - wllag

where in the second step we use the fact that Aw = —1, integration by parts, and
the Cauchy—-Schwarz inequality. By virtue of the uniform estimates (5.5) and (5.6)
combined with (5.8), this gives

E(un = unYwllny, < Cllte = wlg, + CoEIE = &wllzy +EIlE = Enlla)
+ Ci2E (|8 20 (L4 [ ) Ep, + 120,20 (L + i DI E, )
+ 01872Vd(0n, Gn/) + 6’15727172 + 016711171 + M, (E),

where C' does not depend on I,&,n, or n’. One can now choose first [ large enough
and then & > 0 small enough so that for all n,n’ large,

1
E n — Un/ 1 < —.
[ = Yol < =
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Therefore, (un)n>1 converges in L} Ly, to a limit u. Moreover, by passing to a
subsequence, we may also assume that

(5.9) nhﬁn;o Up = U

for almost every (w,t,z) € Q x (0,T) x Q. Consequently, by Lemmas 5.3 and 5.4
and (5.6), we have that u has the (x)-property (4.1) with coeflicient . In addition,
it follows by (5.6) that for any ¢ < m + 1,

(510) (Iun(ta x)|q)?f:1

is uniformly integrable on © x [0,7] x Q.

We now show that u is an entropy solution. From now on, when we refer to the
estimate (5.5), it means that we only use it with p = 2. By (5.6), it follows that u
satisfies Definition 2.4-i. Let f € C,(R), and let 1 be as in Definition 2.4. For every
n > 1, we clearly have [a,f](un) € L2, ;Hg, and Oy, [an f](un) = f(tn)0z, [an](un).
Also, we have |[a, f](r)] < ||f||L3c3K|r\mTJrl for every r € R, which, combined with
(5.5) and (5.6), gives that

SUp B an f)(n)| 31y < 0.
n H
Hence, for a subsequence we have the weak convergences [a,, f](u,) — vy, [a,](un) = v

for some vy, v € L2 ;Hg.,.. By (5.1), (5.9), and (5.10) it is easy to see that vy = [af](u),
v = [a](u). Moreover, for any ¢ € C°([0,7T) x Q) and B € F, we have

n— oo

r T
]ElB/O /ani[af](u)é dzdt = lim ]EIB/O /Qazi[anf](un)(;sdxdt

T
= lim ]EIB/ /f(un)ari[an](un)gbdxdt

n— oo

:1E1B/0 /f s, [a] (w) ¢ da dt,

where for the last equality we have used that O, [a,](un) — [a](u) (weakly) and
f(un) = f(u) (strongly) in L ,L2. Hence, Definition 2.4-ii is satisfied. We now show
Definition 2.4-iii. Let 1 and ¢ = @p be as in Definition 2.4-iii, and let B € F. By
It6’s formula (see, e.g., [Kryl3]) for the function

un—>/ u)odzx,

and by Ito’s product rule, we have

(5.11)

_]E1B// (1) Oyt = ElBl/ da:—i—// 2] (1) A dz dt

+/o /Q <2¢77”(“")|0n(un)?z - qﬁn”(un)v[un}(un)IQ) da dt

+ /OT/Q¢n’(un)05(un)dxd5k(t)]'
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On the basis of (5.9) and (5.10) and the construction of &,, o,, and a,, it is easy to
see that

lim Elg / n(€)6(0) do = E1p / n(€)6(0) da,

n—oo

1i_>m ElB/ / ()0 da dt = ElB/ / )0 da dt,
li_>m ElB/ / J(un)Agdadt = EIB/ / u)A¢ da dt,

lim ElB/O /Q¢77"(un)|an(un)§2 drdt = ElB/ / o' (u)|o(u)|2 dz dt,

n—0o0

T
lim 1E1B/ / o' (wn) o (uy,) dz dBF(t) EIB/ / on' (w)o® (u) dz d*(t).
n—oo 0

Let us set f = /n'(r). Notice that 0y, fan (un) = /1" (un)0s, [an](uy). As be-
fore, we have (after passmg to a subsequence if necessary) 9, [ fan](un) — Oy, [fa](u)
(weakly) in L2 ,L2. In particular, this implies that 9;, [fa,](un) — 9z, [fa](u) (weakly)
in L2(Q x (0,T) x Q;dji), where dji := 15¢dP ® dx ® dt. This implies that

r T
" 2 . " 5
21s [ [ o @SR ardr <imintELs [ [ o ) )0 st

Hence, taking lim inf in (5.11) along an appropriate subsequence, we see that u satisfies
Definition 2.4-iii too.

To summarize, we have shown that if, in addition to the assumptions of Theorem
3.1, we have that E[|¢||7. < oo, then there exists an entropy solution to (2.1) which
has the (%)-property (4lz) with coefficient o (therefore, it is also unique by (4.19) in
Corollary 4.5). In addition, we can pass to the limit in (5.5) and (5.6) to obtain that

(5.12) Esup lullZz +E[V[al(w)lZ; < 1+El€]7,
(5.13) Esup u] T HEIVA®@)Z; S 1+EIEI7

Step 2. We now remove the extra condition on £. For n > 1, let £, be as in (5.2),
and let u(,) be the unique solution of £(A4,0,&,). Note that wu(,) has the (x)-property
with coefficient . Hence, by equation (4.19) we have that (u(,))n>1 is Cauchy in
L. L., and therefore has a limit u. In addition, u(,) satisfy the estimates (5.12)

and (5. 13) uniformly in n. With the arguments provided in Step 1 we can show that
u i$ an entropy solution.

Step 3. We finally show (3.1), which also implies uniqueness. Let @ be an entropy
solution of £(A,0,&). By (4.19) we have that

sup ess E|u(n) (t) — @(t)| Ly, < Ell€n — &Iz,
t€[0,T]

for the sequence u,) as in Step 2. The proof is complete if we let n — oco. 0

Remark 5.6. Let the assumptions of Theorem 3.1 hold. If we further assume that
inf,>pa(r) = ¢ > 0, it is easy to see that, in addition to (5.12) and (5.13), we have

Ellul?ey . < C (1+El¢l3)
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with C depending on § and ¢. Furthermore, after a standard approximation argument,
it follows from Definition 2.4 that for each ¢ € H,, we have

(u(t), ¢) = (€, 6) - / (VA(u(s)), Vo) ds + / (o* (u(s)), 6) dB*(s)

for almost every (w,t). These two facts imply by virtue of [KR79, Theorem 3.2] that
u is a continuous L2-valued process.

We now proceed with the proof of Theorem 3.2 which implies the stability of
entropy solutions with respect to the initial condition &, the nonlinearity A, and o.
The proof is similar to [DGG19, Proof of Theorem 2.2].

Proof of Theorem 3.2. Let &, = —a, V (a, A&,), where a,, is chosen large enough
such that

1
o < —

wix
n

Let @, be the solution of £(A,,,o,,&,) which, by Theorem 3.1, exists and is unique
and by Lemma 5.4 satisfies the (x)-property (4.1). By (4.19) we know that

r . T
Blun — tnlzgzy, B [ 60— Ealoy, 4t < T
; 0 ;
Thus, it is enough to prove that @, — u in LLtL}U;I. Let ¢y € C°(Q) be a sequence
of positive functions such that ||¢; — wHHéw — 0 as | — oo. Then, for arbitrary [ > 1,
we have that

Elltn —ullriry,, < El(tn —w)illpyry + Bl (dn — w)(w =)l py s
S Ell(@n —w)illprry + Cllw = dullag,,

for some C independent on n (similarly to (5.12)) and I. Using Lemma 4.4-1 and

proceeding similarly to Step 1 in the proof of Theorem 3.1, where the specific choice

of A = % implies that Ry > b,, for some b,, > 1 which can be chosen such that b,, — oo

as n — 0o (since 4,, — A uniformly on compact sets by assumption), we obtain that
Elltn —ullrir,, < Cllw = dillmg, + ClE[En — &l

t ;e

+ Cie™?E (I 2, (1 + )1 Fy, + [Ljurs, (1 + a2, )
+ Cie™d(op,0) + Cre?n % + Cre 'n~t + M;(e)

for some M;(e) — 0 as e — 0 (for fixed ) and constants C; independent of &, n, and
C independent of ¢,1,n. To conclude, given N > 1 we first choose [ large enough and
then e small enough so that for all n large enough,

_ 1
Elltn —ullpipy < N

which completes the proof. 0

5.2. Proofs of Theorem 3.3 and Proposition 3.4. To prove that entropy
solutions belong to C([0,T]; L,LY,,), we use the continuity of vanishing viscosity

approximations from Proposition 5.5 and the stability theorem, Theorem 3.2, together
with Lemma 4.3.
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Proof of Theorem 3.3. Let u,, be given by Proposition 5.5. Recall that by Theo-
rem 3.2 we have

lim EHu —Up|lpipr =0,
n—0

t Hwix

which in particular implies that there exists 7 C [0,7] with |7] = T and a (non-
relabeled) subsequence such that

lim Elju(t) — un(t)”L}u;m =0

n—

for every t € T. We now show that given A > 0, there exists h such that
(5.14) El|un(t) = un(t)llzy,, <A

for every n > 1 and ¢,¢ € T with |t — /| < h. By (5.6) we have

(5.15) Eljun (t) — un ()| 2

wixz

e |w — |z +E / i (£) — (1)t iz,
Q
where ¢, € C(Q), ¥ > 0, and ||lw — ¢l||H1 — 0. We also have
(5.16) E / (£, 2) — un (', )|t (2) doe
Q
<E /Q /Q fun(t,2) — un(t', 9) r(z)ee( — y) dz dy (= 1))
—HE/Q/Q [un (', 2) — un (', y) |01 (2) 0e (z — y) dz dy. (=: )

By Lemma 4.3 and using that wu,, is continuous in ¢ with values in L2 (see Remark
5.6) for every n > 1 (hence every ¢ € [0,T] is a Lebesgue point of (4.13)), we obtain

=& [ [ nt2) @)oo~ ) ey
< E//mn ~ ()i (@)o- (o — y) da dy
—HE/ /2 n(Un (s, ) — An(un(s,y)|A¢(z) 0c(x — y) de dy dt

m—+1
m41
L

<E//|£ W) oz — y) dz dy

+ CGs(0,e,0)E (1 + ||wn]

+ ORI Anlun) i, A0z + CiG (6,20 (1-+ 31 )

for some constant C; > 0 which depends on [ but not on § and . Using (5.6) we
conclude that

(5.17) I 5 E/ / £2) — £ [r(@)0- (v — y) ddy + e[| At + Mi(e),
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where M;(e) — 0 as ¢ — 0 (for fixed I, by choosing § and « as in the proof of Lemma
4.4-2). We also have that

L S 6l +E /Q /Q Dt (t, %) — n ()1 ()02 (& — y) da dy.
By Itd’s formula we conclude that
E /Q /Q 75 ttn (1, 7) — un (¢, 1))t (2) 02 (% — ) oy
<E /Q /Q D (t', ) — wn(t', 9))0r () e (& — y) dardy
B[] nhn(s,) < w0 9) VA, 2) V(oo ) ey s

v [ L 3R 5.2 w8 905, ) ot o )y,
where we have used the fact that
_E/t' // 05 (Uun (8, ) —un(t',y))Vun(s, ©)V A, (un (s, 2)) () 0- (z—y) dr dy ds < 0.
From this, using the fact that |0y, (z, un(s,2))|% S 14 |un(s, )|, it follows that
(5.18)
RS s + 8 Wl [ BNV A a6z + 57 (14 B9l ) ds

S Ol pee + I+ — t|%E||VAn(un)HLgJ+5— e (1 + E||un(s)\|§ﬁ1)

Se Sl tll e + Lo + e M — |3 4+ 671 — t|mL
Consequently, by (5.15)—(5.18), we obtain
Ellun(t) — un(t)lzs,,

<e lw — dullzz +E / / €(2) — E@)i(@)0e (& — ) dady + e Ay

+ My(e) + 6|t e + e Mt — |7 + 6| — ¢t
Then, given A > 0, we choose [ large enough and €, > 0 small enough so that
o —ilz +E | [ [e@) ~eli@ee ) dndy

+ ellAillLee + Mi(e) + 0|l e < A/2.
Then it is clear that for every ¢/,¢ € T such that |t — ¢| is sufficiently small, we have
Eflun(t) — un(tl)”L}u;m <A
which, after passing to the limit n — oo, gives
Ellu(t) = u(t)llzy,, <A

Consequently u : 7 — Ll Ly, is uniformly continuous, and hence it has a unique

continuous extension on [0, T. d
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Proof of Proposition 3.4. Let (§,)n>1 be asequence in L™ L™ such that &, —
€in LLLL . By Theorem 3.1, for every m > n > 1 we have the estimate

wHw;x”

sup E”u(tvgm) - u(t,fn)”L}vI < Engm - Sn”L}U;ma
t€[0,T] ;

where we have replaced supess,cjg ) by sup,cpo 7 in (3.1) since, by Theorem 3.3,
we know that u(&,) € C([0,T];LLL,,.,) for every n > 1. Thus, the sequence
{u(-;&1)}n>1 is Cauchy in C([0,T]; LLL;,.,), which implies that the limit v(+;¢) :=
limy, o0 u(+; €n) exists in C([0,T]; L, Ly,.,). Moreover, if (£4)n>1 is another sequence

in L7 L7 which converges to & in L) L},.,, by again using Theorem 3.1 we get
that for every n > 1,

sup Elu(t;€n) — u(uén)HL,ﬁm <E[§: - énnL,ﬁma
t€[0,T] ' '

which shows that v(-;¢) is independent of (£,)n>1. It is easy to see that for
£ e LRIt (&) coincides with u(+€) in C([0,T]; L, LY,.,). Thus, v is the

unique continuous (with respect to the variable ) extension of u on C([0,T]; LL,L,.,.).

To ease the notation we identify u with v. Finally, (3.2) follows easily by construc-
tion. ]

6. Proofs of ergodicity.

6.1. Proof of Proposition 3.6. This is a simple application of Fatou’s lemma
combined with Lemma A.1 and Theorem 3.3.

Proof of Proposition 3.6. Let t € [0,00). By Theorem 3.3 we know that u(-;¢) €
C([0,00); L}, Ly,.,), and hence there exists a sequence t, — t such that u(t,;§) —
u(t; &) for almost every (w,x). By Lemma A.1 we can assume that

m+1
sup(tn A 1) Elute; )7 < €
n_l x

for some C' > 0 depending only on d, K, m, and |@Q| and not on ¢ and £. Then, by
Fatou’s lemma we have that

(t A D)W Efu(t; €)™ < liminf(t, A 1) 51 E||u(ty; €)||™
n—oo

1 1
Lt Lyt

Lmtl =

< sgp(tn AT R |u(ty; )75 < C,
n>1

which completes the proof since t is arbitrary. 0

6.2. Proof of Theorem 3.8. In this section we prove Theorem 3.8. The proof
is based on (4.18) in Corollary 4.5, which, however, we have only shown for entropy
solutions satisfying the (x)-property (4.1) and for almost every s < ¢. For this reason
we first use the approximations from Proposition 5.5 which satisfy the (x)-property
and pass to the limit in (4.18). We then use the continuity of solutions in L} L.,
given by Theorem 3.3 to derive the estimate for every s < t.

Proof of Theorem 3.8. We first assume that £, € LML+ By Theorem 3.2
we can approximate u(+; ), u(;€) in L, ,L},., by tn, Gy, as in Proposition 5.5 satisfying
the (x)-property. By (4.18) in Corollary 4.5 and by passing to the limit n — co (upon

a subsequence) we obtain that for almost every 0 < s <t < T (including s = 0),
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Ellut;€) —u(t; )y, —Ellu(s; &) —u(s; )y,

t ~. ~
<E [ ulm o tu(mi) - urd" um ) dr

Since by Theorem 3.3 we know that u(-;€),u(+;€) € C([0,T]; LLLL ), the same esti-

wHw;x
mate holds for every 0 < s < t <T. Combining this estimate with Lemma B.1, there
exists C' > 0 depending only on m such that

~. ~. t ~,
Ellu(t; §) — u(t; )Ly, , — Ellu(s; &) —uls; &)y, S—C/ Ellu(r;§) — u(r; |7 dr,

wix

and if we furthermore note that
(Bllu(rs &) = u(msé)lny,, ) < Ellulr;€) = u(rs )| Ep o]
we finally obtain the integral inequality
El|u(t; €) — u(t; )|z, — Ellu(s; &) —u(s; )y,
t ~ m
< —Clullgg [ (Blutr) - urdls,.) " dr

Let f(t) = EJju(t; &) — u(t;g)HL}m. Then f satisfies the integral inequality

£6) - 1) < ~Cllul. [ 1o ar

for every s < t, and it is continuous since u, @ € C([0,T]; L, LY,.,). Hence, by Lemma
B.2 we obtain that f(¢) < h(t), where h solves

{ W(t) = =Cllwl| i h(t)™,
h(0) = £(0).

A simple computation shows that

1 m—1
ht = )
“ <h<0)<m1> T Cllwll, 2 (= 1>t>
which, in turn, implies that

Ellu(t;€) — u(t; €)1y . < Cllw||mlt™ 7.

m
Lg*

If¢,€e L.L,.,, we approximate with sequences (£,)n>1, (&n)n>1 in LIHIL7H
and use (3.2) to pass to the limit. d

6.3. Proofs of Proposition 3.10 and Theorem 3.12. To prove Proposition
3.10, we first prove the flow property for entropy solutions (see Corollary 6.1). This
uses the continuity of solutions in L},L%U;w given by Theorem 3.3 in combination with
an approximation argument in L7 t1L™+! in the spirit of [DPZ14, Theorem 9.14],
which strongly relies on the weighted L!-contraction estimate (3.2). For technical

reasons, in this section we extend the time horizon to —oo.
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We need the following notation. For ¢ € L™+ and s > —oo we denote by us(+; €)
the entropy solution to

Orus(t,25€) = A (|us (8 €)™ Hus (£€)) (8 @) + oF (@, us (8,25 €)) 55 (8),
(6.1) us(s, ;€)= &,
us|aQ = 0

for ¢t > s, where we have extended $*(t) for ¢ < 0 by gluing at ¢ = 0 an indepen-
dent Brownian motion evolving backwards in time. The existence and uniqueness
of entropy solutions to this equation for s = 0 are given by Theorem 3.1. The case
s # 0 follows analogously. To be consistent with the previous sections, we simply
write u(+; &) to denote ug(+; ).

We have the following useful relation.

COROLLARY 6.1. For every & € Lg”l and —00 < 81 < 59 <t < T we have that
Us, (t; 6) = Us, (t; Us, (82; 5)) in L(})L’}U e

Proof. For simplicity we prove the statement for (s1,s2) = (0,s). If w is an
entropy solution on [0,7] and ¢ € C¢°([s,T)), which can be extended continuously
on [0, s] (taking the constant value ¢(s)), we can choose ¢ = e in Definition 2.4
with

1, telsT),
Xe(t) =4 r(t=(s =), tels—5s],
0, te0,s— 1]

to obtain that

(6.2) / / w)xxOp(t)odrdt < n/ / s)odx dt
/ / u)XepApda dt

¥ / / <2X5<PQ77”(U)|U(U)|§2—mel”(u)v[a](u)F) et
. Q
+ /0 /Q Xrpon (w)o® (u) dz dBF(t).

One can prove that u( ) € LmH1Lm+1 Indeed, we can approximate u by u, as in
Proposition 5.5 in L}, , L} .» and hence for almost every (w,,2) up to a subsequence,
and use (5.6) and Fatou s lemma to obtain that

sup ess B||u(t)[| 7 S 1+E[€]70
te[0,7] '

This estimate, together with the fact that u € C([0,7]; L. LL.,), implies that there

w W
exists a sequence s,, — s such that u(s,,z) — u(s,z) for almost every (w,z) and

T S 1+ E[lg]

L1n+1 ~
x

m—+1
L
x

sup E[ju(sn)|
n>1

Then, again by Fatou’s lemma, we have that

Ellu(s)ll7;rt < liminf Ellu(s,) 750 < supEllu(sn)lI ik S 1+ EIENTS

L;n+1 ~ L;n‘i’l ~ L;n+1 ~ L;n+17
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which implies that u(s) € L7 L™ We also have the following estimate:

«f [ wels)edrar - [ ntuts)eteds
S—1 Q Q

K/; Q<’7(“) —n(u(s)))e(s)odrdt

w—u(s)[p(s)oda dt|,

s—1L
K

where (passing to a subsequence) the latter term converges to zero P-almost surely.

This is true since, by Theorem 3.3, u is continuous in L&,quﬂ .o (thus nfss_l(E fQ lu —

u(s)|wdz) dt — 0), w is strictly positive in @, and ¢(s) has compact support in Q.
Taking £ — oo in (6.2) (passing to a suitable subsequence) implies that u is

an entropy solution on [s,7]. Finally, by uniqueness of entropy solutions and the

continuity in L}L,,.,, we conclude that u(t) coincides with us(t;u(s;€)) in LLL,,.,

for every t € [s,T], which completes the proof.

Proof of Proposition 3.10. To prove that the map P; is a semigroup we need to
show that Py = PsP; for every 0 < s < t. The argument follows [DPZ14, Proof of
Theorem 9.14]. In particular, we prove that
(6.3) E (F(u(t + 5 ©)|F.) = EF ()] e,
P-almost surely for every & € Ly, and F € Cy(L},.,) (space of bounded continuous
functions from L}U’I to R), which implies the result by virtue of the monotone class
theorem.

We first consider ¢ € L. By Corollary 6.1 we have that the random variables
u(s + t;€) and us(t;u(s;ﬁ)) coincide in LY L,,.,. Since u(s;€) is Fy-measurable and
u(s;€) € LMHLL™+L (by the same argument as in the proof of Corollary 6.1), it
suffices to prove that
(6.4) E (F(us(t;G0))|Fs) = EF (us(t:0))] _e, »

P-almost surely, for every F,-measurable (o € L™T1L™+1 If (; is a simple random

variable, (6.4) follows easily. Otherwise, there exists a sequence of simple random
variables (Qg )n>1, such that C(n) — (o in LMTIL™* as n — oo, which, in turn,
implies that Co — (o in LLLL .. By (6.4) we know that for every n > 1,

wwix”

(6.5) E (B (ua(t: )| Fo ) = BF (st )| oo
Using (3.2) (with u replaced by us) we obtain the estimate

Elug(t; ¢§) — us (5 Go)ll s < ENIG™ = Collis

wiT wiw’

which implies that wu,(t;¢{™) — us(t;¢o) in LLLY,,. Since F is continuous and
bounded, the left-hand side of (6.5) converges to E (F(u,(t;(o))|Fs) P-almost surely
passing to a subsequence. On the other hand, the mapping Ly,., 3 ¢ — EF (us(t;())

is continuous. Indeed, for arbitrary ¢ € Lw 2> let (Cn)n>1 be a sequence in L}U;x such
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that ¢, — ¢ in L;,.,. Then, for every subsequence k,, — oo we can use (3.2) (with u
replaced by us) and the continuity and boundedness of F' to find a further subsequence
my, — oo such that EF (us(t; Cm,, ) — EF (us(t;¢)). Using the continuity of Ly, 3
¢+ EF(us(t;¢)) and the fact that C(") — (o in L}, L,,.,, we conclude that the right-
hand side of (6.5) converges to EF (us(t; () ‘ c=Co P-almost surely. Hence, we can pass

to the limit in (6.5) to obtain (6.4) for arbitrary Fs-measurable (o € L™ L™+, This
proves (6.3) for £ € L™+,

Finally, if £ € wa, we take any sequence &, — £ in wa such that &, €
L™ Using the same arguments as in the previous paragraph we obtain that
E (F(u(t+ s;60))|Fs) — E(F(u(t+ 5;€))|Fs) P-almost surely (upon relabeling a
subsequence) and that the mapping L.., > ¢ — EF(us(t;¢)) is continuous. This
implies (6.3) for £ € L},

To prove that the semlgroup P, is Feller we simply note that if £, — £ in Lw s
then, by (3.2) for every subsequence k, — oo, there exists a further bubsequence
mg, — 00 such that u(t;&m, ) — u(t;§) in L}WC P-almost surely. Then, by the
continuity and boundedness of F', P,F(§,, ) — PiF/(€). d

We are now ready to prove Theorem 3.12; following [R6c¢07, Proof of Theorem
4.3.9, Proof of Lemma 4.3.11].

Proof of Theorem 3.12. Step 1. For £ € L™ we let n5(£) := us(0; ). By Corol-
lary 6.1, for every s; < s9 < —1 we have that

w;ixT

Msy (5) Usy (0;11’51(52;5))
lIl Ll Ll By Theorem 38 we kHOW that

wTwix”

El[ns,(€) = s, ()lzy,, S [lwll 7 [s2] 77T

The last inequality implies that (ns(£))s<—1 is a Cauchy sequence in LLL} .. Hence

wTwix*

there exists a random variable n(¢) € L1, LY., such that n(¢) — n(§) as s — —oo.

We claim that n(§) is independent of £. Indeed, again using Theorem 3.8 we have
that for any &, & € L1,

Elns(€) = ns@)llzs,, $ w7

and letting s — —oo asserts our claim.
We now let p = L(n) € My(L,,.,) for n =n(0). Then p € My (LP*) since

1
5‘ m—1

)

L;n+1 L;n+1 = L;n+1)

Bl < lminf Eln ()75 < sup Bl (0)]73!

and the last quantity is bounded by Proposition 3.6. Similarly to Definition 3.9 we
denote by P;; the semigroup associated to (6.1) at time ¢. In this notation P, = Py .
Then one has the following elementary calculation:

/ Pyt F(§)u(dg) = glglolo P_0(Po,:F)(0)
~ I P oP(0) = lin PoroF0) = [ F(©ulag

for every F' € Cy(Ly,.,) (bounded continuous functions from L, , to R), where we
also use the fact that P, is Feller for every s < t and use as Well the identities
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Pt = Psyr44r for every 7 € R and P - Pr; = P, for every s < 7 < t. This implies
that P = p as measures on L}U;z and hence on L™T! since both Pfu and p are
supported on L™+,

Step 2. By Theorem 3.8, for every F' € Lip(L}ﬂ;I) and &, € € L1 we have that

ot s _ 1
PF(E) = PFE)| S IF lip(rs, o Il .67,

1

w;T

which implies that any two invariant measures 4 and g on L
last estimate we also see that

coincide. Using the

S I leipcey

wiT

RFE) - [ FE@uad)

w;ixT

1
S
el 7,

which completes the proof by taking the supremum over ||F|ripy j < 1 and £ €
Luysa 0

Appendix A. In this appendix we prove Proposition 5.5 using Galerkin ap-
proximations as in [DG18]. We also prove Lemma A.1, which is used in the proof of
Proposition 3.6.

Proof of Proposition 5.5. We fix n > 1, and since n is fixed, in order to ease the
notation we drop the dependence on n and relabel A := A,,, 6 = 0, £ := £, and u :=
. Let (e)72, C Hy N HG , be an orthonormal basis of L2 consisting of eigenvectors
of A%, For m = 1,2 let us denote by H_ ™ the dual of Hg", equipped with the inner
product (-,+) y=m = (A" A" ) g, and let II; : H_' — V;:=span{ey,...,e;} be
the projection operator, that is, for v € H_ 1,

l
v = ZH—l (v, ei>Hé;Iei.
i=1

Then, the Galerkin approximation

(A.1)

du; = HZAA(ul) dt + Hﬁ’“(ul) dﬁk(t),
u(0) = ¢

is an equation on V; with locally Lipschitz continuous coefficients having linear growth.
Consequently, it admits a unique solution u;, for which we have

up € Li,tH(%;;r N Lic([07 T]7 Li)

After applying It6’s formula for the function u — ||ul|%,, by standard arguments we
obtain that

T
(A.2) IEI/ a7 dt < C(1+]E||§||%2)

0 e *
and that for every p > 2,

(A3) Esup|lu(t)|5, < C (1+EIE[L, ),
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where C' is independent of [. In H_ ! we have P-almost surely for every t € [0, T,
w(t) = T + /0 I AA() ds + /0 6" () dB*(s) = I+ JR(0) + JFO)

By Sobolev’s embedding theorem and (A.2),

supE[lJ7” 4,
l w3 H

x

< SlllpEHJZQH?LI}H;l < 00.
By [FG95, Lemma 2.1], the linear growth of o, and (A.3) we have

SlllpE”‘]lS”gvta,pH;l < oo

for every o € (0, %) and p > 2. By the last two estimates and (A.2) we obtain

sup Eu| < 00.
1

WA H L2 E
t x t oz
By virtue of [FG95, Theorems 2.1 and 2.2] one can easily see that the embedding

WO N LEHG, < LELE 0 C(0,T) Hy ) = X

is compact. It follows that for any sequences (lq)q>1, (Ig)g>1, the laws of (u,, u, )g>1
are tight on X x X. Let us set

=1
B(t) = ;ﬁﬂ’“(t)%

where (e;)$, is the standard orthonormal basis of £2. By Prokhorov’s theorem, there
exists a (non-relabeled) subsequence (u,, uj, )¢>1 such that the laws of (w,, uj,, 8)g>1
on Z :=X x X x C([0,T]; £%) are weakly convergent. By Skorohod’s representation
theorem, there exist Z-valued random variables (a,a,B), (@,%,Bq), qg>1,ona

probability space (€, F,P) such that in Z, P-almost surely,

(A4) (@7%7@(]) - (ﬁ7avﬂ~)a
as | — oo, and for each ¢ > 1, as random variables in Z,
s d
(AB) (Ulq,U[q,Bq) = (ulq7ufq56)'
Moreover, upon passing to a non-relabeled subsequence, we may assume that
(A.6) (@, ) — (i, 0)

for almost every (@,t,x). Let (ﬁt)te[O,T] be the augmented filtration of G; := o(u(s),
a(s),B(s),s <t), and let Bk(t) = \/27(3(75), ¢x)e2. It is easy to see that 5%, k > 1, are
independent, standard, real-valued F;-Wiener processes. Indeed, they are Fi-adapted
by definition, and they are independent since 5% are. We only have to show that they
are F;-Wiener processes. Let us fix s < ¢, and let V' be a bounded continuous function
on C([0, s]; H;2) x C([0, s]; H;2) x C([0, s]; £2). For each [ > 1 we have

E (G50 - B5s)) v (a,
=E (ﬁk(t) - Bk(s)) Vv (ulq|[078]auiq|[0,s]a 6|[O,s]) = 07

[0,s]> 'E[/q | [0,s]> Bq|[0,s]>
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which, by using uniform integrability and passing to the limit ¢ — oo, shows that
B* (t) is a Gi-martingale. Similarly, | Bk(t)|2 — t is a Gy-martingale. By continuity of
B%(t) and | 5% (t)|2 —t and the fact that their supremum in time is integrable in w, one
can easily see that they are also ]:'t—martir}gales. Hence, by Lévy’s characterization
theorem (see, e.g., [KS91, Theorem 3.16]) 3 are Fi-Wiener processes.

We now show that both @ and @ satisfy the equation

dv = AA(v)dt + 5" (z,v) dG"(t).

Note that due to (A.2), we have that @ € LZ ,Hg.,. Let us set

NI(t) = at) — a(0) — /0 AA(a)ds,
0 = 1 0) — ,0) - [ 10, AAGE) ds,

¢
My () =, (t) — w, (0) / I, AA(uy, ) ds.
0
We will show that for any ¢ € H,? and k > 1, the processes
M(t) = (M(1), ) p-,

M3(t) = (M(t), ¢) = — i > (6% (), @) 2| ds,

and

NPH(t) = B () (NI(1), &) s — / (6*(2), ¢) -2 ds

x

are continuous F;-martingales. We first show that they are continuous G,-martingales.
Assume for now that ¢ = A2¢), where ¢ € Vi, For, i =1,2,3, let us also define the

processes Mé, M similarly to M but with M, @, %(-) replaced by Mq,ﬁl\q, I, % (-)
and Mg, uy,, quak(-), respectively. Let us fix s < ¢, and let V' be a bounded continuous
function on C([0, s]; H; 2) x C([0, s]; £?). We have that

(My(t), ) -2 :/0 (qu5k(ulq)7¢)H;2 dg*(s).

It follows that Mé are continuous JF;-martingales. Hence,

EV (uqu[o,spuzq [O,s]aﬁ'[o,s]) (Mi(t) — My(s)) =0,

which, combined with (A.5), gives
(A.?) EV ('L/Ll\q|[0,s]7%|[0,s]75q‘[0,s]) (M;(t) — M;(s)> =0.

Next, note that

(A8) | /0 (1, AA(T,) ~ AA(3),6),, 2| dt = B /0 (A, - A, av),,
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where the convergence follows from (A.4) and the fact that (fOT |, — @l g2 dt)g>1 is
uniformly integrable on Q (which, in turn, follows from (A.2)). Hence, by (A.8) and

(A.4) we see that for each t € [0, 7],

(A.9) (Mq(t),¢) y—> — (M(t), ) >

x

in probability. Then, one can easily verify that Mé(t) — M(t) in probability. More-
over, for every ¢ € H 2 and every p > 2, by (A.5) and (A.3), we have

_ . t p
SUP]EKMq(t): ¢)H;2|p =supE ’/ (qua'k(ulq)a ¢)H;2 dﬂk(s)
q q 0

S Nl B+ [Ig]l72)-

From this, one easily deduces that for each ¢ = 1,2,3 and for ¢ € [0,T], M;(t) are
uniformly integrable. Hence, we can pass to the limit in (A.7) to obtain

(A.10) BV (aljo,5, o0, Blio.s ) (MF(8) = NT'(5)) = 0.

In addition, using the continuity of M (t) in ¢, uniform integrability, and the fact that
UgA?V,, is dense in H 2, it follows that (A.10) holds also for every ¢ € H, 2. Hence,

for every ¢ € H; 2, M are continuous G;-martingales having all moments finite. In
particular, by Doob’s maximal inequality, they are uniformly integrable (in t), which,
combined with continuity (in t), implies that they are also F;-martingales. By [Hof13,
Proposition A.1] we obtain that P-almost surely for every ¢ € H;2 and ¢ € [0,T),

(6(t), D)2 = (8(0), &) 2 + / (AA(0), 6) -2 ds + / (6%(8), &) g2 dB*(s).

Note that (0) 4 €, which implies that @(0) € L' P-almost surely. Choosing
¢ = A% for ¢ € C°(Q), we obtain that for almost every (@,1),

x

(#(0). 9)12 = (@(0).0)1z = [ (VA 99) 1, ds+ [ (0*(@0). 0012 454 (s),

It follows (see [KR79]) that @ is a continuous L2-valued Fy-adapted process. Hence,
@ is an L2-solution of £(A4,5,£) on (2, (F;),P) with driving noise (8%)2,, where
é := 0(0). Again, by standard arguments, for every p > 2 one has the estimate

T
Esup la(t)[?, +E / / (P 2|Vaf? de dt < N(1+E[€[2).
t<T ” 0o J@ *

Using this, It6’s formula (see, e.g., [Kry13]) for the function u — [, n(u)odz, and Ito’s
product rule, one can see that @ is an entropy sqlution of £(A,6,€) on (9, (Fi):, P)
with driving noise (3%)2, and initial condition & := @(0). In the exact same way,
is an L2-solution and an entropy solution of £(A,7,¢) (again, on (Q, (%), P)) with
driving noise (8%)%2, and £ := 4(0). Furthermore, we have for § > 0
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P(I€ — &l > 8) < 5 EII€ — &l =
< liqrgior.}fé_lEH@(O) - UZZ(O)HH;Q

T -1 c_TT- £ 5 =
*hqlﬂg.}f‘s E[[IL,§ — I €[ -2 = 0.

Hence, both @ and @ are entropy solutions with the same initial condition. Moreover,
by Lemma 5.3 they have the (x)-property (4.1). Hence, by Corollary 4.5 we conclude
that & = 4. By [GK96, Lemma 1.1] we have that the initial sequence (u;){°, converges
in probability in X to some u € X. Using this convergence and the uniform estimates
on uy, it is then straightforward to pass to the limit in (A.1) and see that w is indeed
an L2-solution. |

LEMMA A.1. Letu be an entropy solution of £(A,0,€&) for A(r) = |r|™1r. There
exists C > 0 depending only on d, k, m, and |Q| and not on T and & such that

m—+1
L+l < C.

supess(t A 1) ﬁI[“EHu(t)|
t€[0.T]

Proof. Let u, be the unique entropy solution of £(A,,o,&), where A,(r) =
|r|™1r + n~lr. It is easy to see by construction that w, is an LZ-solution (see
Definition 5.2). By It6’s formula we see that

t
m m m+1)m mtl
Bl O3t = Blelgh ~ [ (oo 019y + P E v, ) as

¢
1
—HE//wwﬂm_l‘g(“n”%dfd&
0 JQ

By Poincaré’s inequality and Jensen’s inequality we have
2m

m—+1
(Bllun 7555 ) ™ S IV 125

m—+1
Ll
x

From this we obtain for f(t) := E||u,(t)]

the differential inequality

2m

/(@) < =Cilf(t)[=+7 + Caf(t) + Cs,

where for i = 1,...,3, C; is a positive constant which depends on d, K, m, |Q| but not
on T. Using Young’s inequality we obtain that

&) <O (=IF @1 + 1),

and by a simple comparison criterion (see [TW18, Lemma 3.8]),
f(t) < O n 1)

for some C' > 0 independent of T" and f(0). The result follows if we let n — oo, since
Uy — U in L}%tquu;m. O

Appendix B.
LEMMA B.1. For every m > 1 there exists C' > 0 such that

|(Ju|™ = o] )| > Clu— o™

for every u,v € R.
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Proof. Let f(z) = |2|™ 1z, 2 € R. Without loss of generality, we can assume that
w—v > 0, which, by monotonicity, implies that f(u)— f(v) = [u|™ tu— || 1v. We
write

f) = 10 = [ s =m [

v

We distinguish among the cases u,v > 0, u,v <0, and u > 0 > v.

Case u,v > 0. By a change of variables and the monotonicity of % f on [0,00)
we have that

u—7v d u—"v d
=10 = [ i [ L= @)
Case u,v < 0. By symmetry we get

fw 1w = [ L)

—Uu

Then, similarly to the first case, we observe that

—(v—u) —(v—u)
ﬂ@—f@%zé (iﬂz—wdzzA f(z)dz = (u—v)™.

Caseu > 0 > v. We first assume that —%(u—v) < v < 0. In this case u > %(u—v),
and we get the bound

2= g 1
— > — = —— (u—)™.
f =1 = [T L) 4 = =)
We now assume that v < —1(u —v). Then
0 d 1 .
flw) = f0) 2 @)z = - )™,
,%(ufv) z 2
The above assertions complete the proof. 0

LeEMMA B.2. Let f,h: R — R be continuous functions such that for every s <t,

{ F(8) = f(s) < =C [P f(m)[m=1f(7) dr,
h(t) = h(s) = —C [T |n(7)[™ *h(r) dr

for some C' > 0. Then, provided f(0) < h(0), we have that f(t) < h(t) for every
t>0.

Proof. Let h.(t) be the unique continuous solution of

hls(t) = *C|hs(t)|m71hs(t) +e,
he (0) = h(0).

We show that for every ¢ > 0 and € € (0,1) we have that f(¢) < h.(t). The result is
then immediate if we pass to the limit ¢ — 0.
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Assume for contradiction that there exists ¢ > 0 such that f(t) > h.(¢). Using
the continuity of f and h. and the fact that f(0) < h(0) we may assume that there
exist s < t, <t such that f(s) = he(s) and f(7) > h.(7) for every 7 € (s,t.]. This
implies that for every 7 € (s,t.],

he(r) — hels) < f(7) — f(s) < —C / @) dr.

Multiplying the last inequality by (7 —s)~! and passing to the limit 7 — s, we obtain
that

—Clhe(s)[" " he(s) +e = hi(s) < =C|f(s)|" 71 f(s),

which is a contradiction since f(s) = hc(s). This completes the proof. |
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