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Scalar-type kernels for block Toeplitz operators

M. Cristina Camara*’ and Jonathan R. Partington!

Abstract

It is shown that the kernel of a Toeplitz operator with 2 x 2 symbol
G can be described exactly in terms of any given function in a very
wide class, its image under multiplication by G, and their left inverses,
if the latter exist. As a consequence, under many circumstances the
kernel of a block Toeplitz operator may be described as the product of
a space of scalar complex-valued functions by a fixed column vector of
functions. Such kernels are said to be of scalar type, and in this paper
they are studied and described explicitly in many concrete situations.
Applications are given to the determination of kernels of truncated
Toeplitz operators for several new classes of symbols.

Keywords: Toeplitz kernel, model space, truncated Toeplitz operator
MSC (2010): 47B35, 30H10, 35Q15.

1 Introduction

Kernels of Toeplitz operators (also called Toeplitz kernels) have generated
an enormous interest for various reasons, among which is the fact that they
have fascinating properties and a rich structure, they are important in many
applications, and several relevant classes of analytic functions can be pre-
sented as kernels of Toeplitz operators. For instance, model spaces (defined
below) are Toeplitz kernels. Two recent surveys of this area are [21] and
[11].

It is natural to expect that kernels of block Toeplitz operators, whose
study provides a clear example of the fruitful interplay between operator
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theory, complex analysis and linear algebra, will have an even richer and
more involved structure. The case of Toeplitz operators with 2 x 2 symbols
is particularly interesting for its connections to truncated Toeplitz operators
[9, 8] and the corona theorem [6], and because their study leads to various
surprising results. One of these unexpected results is that, as we prove in
Theorem 3.1, one can explicitly describe the kernel of a Toeplitz operator
with 2 x 2 symbol G, not necessarily bounded, in terms of any given function
f in a very wide class, its image under multiplication by G, and their left
inverses, assuming that the latter exist. As a result of this, we show that,
although those kernels consist of vector functions, in many cases they behave
as having a scalar nature, since they can be expressed as the product of a
space of scalar functions by a fixed vector function. These kernels will be
called scalar-type Toeplitz kernels.

A natural question arising in this case regards which properties of scalar
Toeplitz kernels remain valid for scalar-type Toeplitz kernels. While Coburn’s
Lemma, stating that for ¢ € Loo(R), either ker Ti, or ker T} is zero, cannot
be extended in the same form to the case of a general 2 x 2 bounded symbol
G, even if ker T and ker T{, are both of scalar type, Theorem 3.7 may be
seen as a version of Coburn’s Lemma for 2 x 2 symbols. Moreover we show
that any scalar-type Toeplitz kernel is the product of a fixed vector function
by a scalar nearly S*-invariant space K, which is closed if G € L2*? and
therefore, using a well known result by Hitt [22], can be characterized as
the product of a scalar Toeplitz kernel, in fact a model space, by a fixed
2 x 1 function (Theorem 3.16). Although this model space is not known in
general, by using the corona theorem we obtain sufficient conditions for IC
to be a model space, explicitly described in terms of the functions f and g,
leading to conditions for injectivity and invertibility for T (Theorem 3.13
and its corollaries). We note that some related results can be found in [18,
Prop. 4.6]. We show moreover that, as in the case of scalar symbols, every
scalar-type Toeplitz kernel has a maximal function (Theorem 3.17).

The results of Section 3 are applied in Section 4 to study and describe the
kernel of truncated Toeplitz operators in two different classes which extend
previously studied ones. In the first case we show that the kernels are given
by the product of a model space, which is explicitly determined, by a fixed
vector function in HY, and we establish necessary and sufficient conditions
for injectivity and invertibility of the truncated Toeplitz operators. In the
second case we also obtain an explicit description of the kernel as a product
of a scalar Toeplitz kernel by a fixed function.



We write CT and C~ for the upper and lower complex half-planes, and
H;E (1 < p < ) for the associated Hardy spaces of analytic functions
on C*. The operators P* are the standard Riesz projections from L, =
L,(R) onto the subspaces Hpi. It will be recalled that functions in H,| have
inner/outer factorizations. For two inner functions 6, we write § < ¢ or
¢ = 0 to mean that 6 is a divisor of ¢ in HY. We may also use the strict
versions of these relations, written < and .

The Smirnov class N} consists of all analytic functions f = g4 /hy,
where g € H{" and hy € H with hy outer. We may instead take g, hy €
HY (see, e.g. [25]).

These notions can be found in standard texts on Hardy spaces, such as
[23] and [25].

For G € L™, with n = 1,2,..., the Toeplitz operator T on (Hy )"
is the composition PT Mg, where Mg denotes multiplication by G. For
6 € HZ inner, the model space Ky is ker Ty, which equals HQJr S, 9H2+ =
HinoH, .

For a unital algebra A, we write G(.A) for the group of invertible elements.

We use the notation (f, g) interchangeably with [f g]7 = E } .

2 Motivation: matrix symbols with a bounded fac-
torization

Let G € (L°°)**? admit a bounded (Wiener-Hopf) factorization ([13, 24])
on the real line, of the form

G = G_ diag(r™, r*) G, (2.1)
where G4 € G(HL)**? ky, ko € Z, and
E—1
r(&) = T for £ eR. (2.2)

The class of matrix functions admitting such a factorization includes, in
particular, all 2 x 2 matrix functions G with elements in the algebra C*(R)
of Holder-continuous functions in R := R U {oo} with exponent y € (0,1),
or in the Wiener algebra W(R) ([13, 24]), as long as detG € GL>®. If
k1 = ko > 0 in (2.1), then ker T = {0}; if at least one of the integers
ki, ko is negative, then ker T # {0}. Let us assume, for simplicity, that

ind(det G) = 0, in which case k; = —ko = —k, say, and (2.1) takes the form
G = G_ diag(r ", )G, keZd =1{0,1,2,...}, (2.3)



and let G4 = [gf;] 1y Rewriting the equation (2.3) as
Z7J: b

GG diag(r®,r %) =G _ (2.4)

and taking the first columns of the matrices on the left and right-hand side
of (2.4), we obtain

Grkg+ =g_, with g4 = (gﬁ,gzil) . (2.5)
On the other hand, ker Tz consists of all functions ¢ € (HQJr )2 such that
Goy =p_ with ¢ € (Hy)>. (2.6)
From (2.5) and (2.6) we have then

Glr¥gr o4l =[9- o] (2.7)

and, on taking determinants on both sides and noting that det G = d_cljr1
where d4+ = det G4 € gHéEo, it follows that

ditdet[rfgy o] =dZldetlg- o). (2.8)

The left-hand side of this identity is in H; , while the right-hand side is in
H; . Consequently, they are both equal to zero and we have that

P+ = Arkg-i-a Y- = Ag—7 (29)

where A and A are scalar functions defined a.e. on R. To show that A = A, we
now take into account the fact that the invertibility of G4 in (Hs)?*? means
that the first column of G is a corona pair in C* ([27, 6]) and therefore left-
invertible in HZ, with left inverse given by 1, where g+ = (gQiz, — gliQ) /dy,
and

gtgp =1 in C* (2.10)

In fact, from (2.6) and (2.9) we have
G(Arkg-F) = Ag—a

and it follows from (2.5) that Ag_ = Ag_. Multiplying both sides by § on
the left we conclude that A = A. Then multiplying both sides of the two
equations in (2.9) by gi and g~ respectively, we obtain moreover that

A=r*Go) = o with Loy e HE. (2.11)

4



T

Hi ©r*HJ and it follows from (2.9) and (2.11) that
kerTg C K kgy.

Therefore r*A = gLy, € kerT, » = K,x, where K, is the model space

Conversely, K,xg+ C ker T because if P € K, then
G(Pgy) = G_diag(r ™", m")G (Pgy)
= G_diag(r *P,r*P)(1,0)
= G_(r7FP0) € (Hy)2

Thus
kerTg = Ky, (2.12)

where K is a scalar model space, associated with the inner function r*, and
g+ is a fixed vector function. So we see that for a wide class of Toeplitz
operators with 2 x 2 matrix symbols, including for instance all invertible
2 x 2 Holder-continuous matrices G with ind(det G) = 0, the corresponding
kernels are spaces of vector functions which can nonetheless be described
as the product of a certain space K of scalar functions by a fixed vector
function. We say in this case that ker T is a scalar-type Toeplitz kernel.

The same result would hold in the case of any 2 x 2 matrix symbol G
for which one can find a solution to

Gf=g (2.13)

with f =r¥g, and g = g_ where k € Z{, g+ € (HE)?, such that g4 satisfy
the condition of Carleson’s corona theorem in C* ([19, 6]). These conditions
can be seen in terms of left invertibility of f and g by saying that there exist
vector functions g1 € (Huo)? such that

gfgp =1 in C* (2.14)

The main difficulty in applying these results consists in the fact that it is in
general very difficult, or even impossible, to find solutions to (2.13) satisfying
the above-mentioned conditions. We may however find other solutions to
(2.13), satisfying less restrictive conditions; it is natural to ask then whether
such a relation would still allow us to describe the kernel of Tz, and whether
the kernel would be of scalar type.

In the next section we shall show that it is indeed possible to describe
the kernel of a Toeplitz operator with 2 x 2 symbol G and give conditions
for it to be a scalar-type kernel, for a very general set of symbols, in terms
of a solution to Gf = g where f and g are assumed to be left-invertible
vector functions in a very general class. In particular, we shall not assume
any analyticity conditions on the functions f and g.



3 Scalar-type kernels for Toeplitz operators with
2 x 2 symbols

Let F denote the space of all complex-valued functions defined almost ev-
erywhere on R, where as usual we identify two functions if they are equal
almost everywhere. Let G € F2*? and let

D= {f: € (Hf)?: Gf: € (Lo)%). (3.1)
The operator T : D — (H;)? defined by

Te f+ = P*(Gfy), f+ €D, (3.2)

where Pt : (L2)? — (H, )? denotes the orthogonal projection, is called the
Toeplitz operator with symbol G. If G € (Ls)?*?, then Ty is a bounded
operator on (H2+ )2. Another class of symbols of interest arises on taking
G € A\ (L2)?*2, where Ay (£) = € +i; then T is densely defined on (H;)2.

In what follows f and g denote left-invertible functions in F2*! with left
inverses fT and g7, where f ,§ € F2*1. We assume moreover that G € F2*2
and, unless said otherwise, det G € G.F.

We write J for the matrix J = [(1) _01]

The following result shows that, surprisingly, given a Toeplitz operator
T, one can describe its kernel in terms of any given function f, its image
under multiplication by G, g = Gf, and their left inverses if they exist.
Although, necessarily, with a somewhat technical appearance, it leads on to
explicit characterizations of Toeplitz kernels, as we shall show here.

Theorem 3.1. If f and g are left-invertible functions in F>*1 such that

Gf=g (3.3)
and we define
S = (det G.f1(Hy)*) N (9" (Hy)?) | (3.4)
and, for each s € S,
V= {vr e (D AT+ I feHD?) (35)
and
HE = {y_ € (Hy)?: gg" - +sJg € (Hy)?}, (3.6)



then ¢4 € ker T if and only if

Jf, (3.7)

S
= A -
P+ =AM+35a

where

seSwithMy, #0, Ae fTHL, A+ ﬁgT(GJf‘) cFTHS. (3.8)

As we shall see later, it is possible for the space S in the statement of
the theorem to reduce to {0}, in which case H3 may be empty.

Naturally, although f and g in (3.3) can be chosen in a very general
class, it is important that they are such that the description given by The-
orem 3.1 for the kernel of T is useful, in the sense that it allows for a good
understanding of the kernel. There is no general method to obtain good
solutions, in that sense, and the choice of f and g must be made on a case
by case basis. However, as we show in Example 3.3 below, the great degree
of freedom that we are allowed in that choice can permit us to obtain a
clear description of ker Tz in terms of natural solutions to Gf = g with no
particular analytic properties.

Proof. (i) Let ¢4 € kerTg, ie., ¢ € (Hy)? and Go = ¢_ € (Hy )2
From this identity and (3.3) we have that

Glf p4l=1g ¢-] (3.9)

Let
s =det G.det[f ¢4]=detg ¢_]. (3.10)

Now, since det[f Jf] =1, we have

S ~ S
det |f —=Jf| = —= =detlf ]

and analogously
detlg sJg] = s =det[lg p_].
Therefore,
s 5 -
det [f (s0+ - mﬁﬂ =0=detlg (p-—sJ9)],

and, since f and g are left invertible, it follows that there are scalar functions
A, A € F such that

S

f 11
detGJf, (3.11)

o+ = Af+

and



0. = Ag+sJg. (3.12)

Multiplying (3.11) and (3.12) on the left by fT and g7, respectively, and
taking into account the fact that f7Jf = g7 Jg =0, we get

A=y, A=glp. (3.13)
Moreover, from (3.11), (3.12), and the assumption that Gf = g, we have

S ~ ~ ~

and, multiplying the last equation on the left by §7, we get

S ~ ~
A ——(G" =A. 1
+ 237G (3.15)
On the other hand, multiplying (3.11) and (3.12) on the left by fZJ and
g7 J respectively, we have

s ~
ey = dethTJszf

s
det G

S

T~—i
= det G’

(3.16)

and

g Jpo_ = s¢gtJJg=—s, (3.17)
taking into account the fact that 7 f = ¢g7§ = 1. Therefore,
s=—detG.fTJp, =—gtJp_,

and we conclude that s € S and, since o+ € HS by (3.11)—(3.13), that
% # (0. From (3.11)—(3.15) we see that (3.8) holds.

(ii) Conversely, suppose that o = Af+355J f, where s, A and A satisfy
(3.8). Then, since A € fTH?, we have, for some ¥4 € (Hy )2,
s

A=y, where ffTyy = ———ZJf+ Fy, Fy € (H))?,

and therefore
oy = (T f+

S

,-.,_ ~T S ~
I = T+ ]

det G

S

det G

S

F_ +2
detGJf_F+e(H2).

Jf+F, +



On the other hand, using Lemma 3.2 below, we have

Gor = Ag+——GJf =Ag+ ——[(G7GJIf)g + det G.Jg]

dtG dtG

S - - - - -
= (A + 2@ TGJf)) g+ 8JG= (570 )g+sJG=gi - +sJ§

with ¢_ € H® ; therefore, Gy € (H, )? and it follows that ¢ € ker Tz, O
Lemma 3.2. Let Gf = g; then GJf = g7 (GJ f)g + det G.J3g.

Proof. We have G[f Jf] = [g GJf], thus det G = det[g GJf]. On the
other hand, det[g Jg] = 1, so we also have det G = detlg detG.Jg|. It
follows that det[g (GJf —det G.Jg)] = 0, and therefore, for some § € F,

GJf = Bg+detG.Jg.

Multiplying this equation on the left by g7, we get 8 = gLGJf, since
g'Jg=0. O

Note that any function g belonging to (HX)? or to (Hy)? is left invert-
ible in F2*! if it is not identically zero. Indeed if, for instance, the first
component gi+ of g+ is not identically zero, then we can take g+ = (g, J:, 0).

Example 3.3. Let G =

0 . . .
O] , where h € Lo, 6 is an inner function, and
7

r(&) = 5_% for £ € R. Note that in this case the first component of any
§+i

element in ker T belongs to the model space Kjy.

We have Gf = g with f = (0, —hfr) and g = (1,0) and we can take as
their left inverses the functions f7 and g7 with f = (8,0) and § = (1,0).
We shall now use Theorem 3.1 to describe ker T;. We have

S:{P‘(h¢+)+§k_i:w+eH2+,k:e(C}CH2‘

because from (3.4) we have, for 114, Yor € HY,

—atn Y14+ Y1
TO[6 — hor] Lp%_] [10] [¢2 ]
= T — hipoy = thi-
= ron =26 Pt = o -2 ().
(3.18)



Since the left-hand side of this equation is in H2Jr while the left-hand side is
in H, , both sides must be equal to 0, so we have from the right-hand side
of (3.18) that

k
Y1 = P~ (hoy) + i with 9 € Hy k€ C. (3.19)
Conversely, if 91— takes the form (3.19), then ¢;_ € S because (3.18) holds
k
with 1/)1+ = m + T‘P+(h'lp2+).

1
We see that S # {0}, since ¢ € S. Given any s € S of the form

—1
given by the right-hand side of (3.19), we have

Hi = {(p1+,p2+) € (H;_)Q i —hroiy +sr e H2+}
= {(p1+,024) € (HS)?: P~ (hr1y) = P~ (s1)}

and H® = (H, )2 Since in this case §7(G.Jf) = 0 we have from (3.8) that
Ae fTHi N g7 M, which is equivalent to

A=0p1p  with @1 € Ky, P~ (hrgry) = P~ (s7).

Therefore, from Theorem 3.1, specifically (3.7),
o+ = | v14, —P+(h7"901+)+i- )
E+1

with @14+ € Ky and k € C, where we took into account the fact that
{3_(31”) = P (hrgiy) and Pt(sr) = PT(rP~(hiy)) + % = with
k € C. Thus we have

k
&+i
1
ker Tg = {(p1+, =P (hre14)) : p14 € Ko} + span { <07 5—1—2) } .

If 0 is a finite Blaschke product of degree n, then dimkerTy = n + 1;
otherwise dimker Ty = oo.

As a consequence of Theorem 3.1, we have the following.

Corollary 3.4. If Gf =g and

(det G.fT(H)?) N (g7 (Hy)?) = {0}, (3.20)

10



and we define

He = (¢4 € (Hy)?: ff s € (H)?), (3.21)
Mo = {¢- € (Hy)*: 95" ¢ € (Hy)?}, (3.22)
K = M1, ng™™_, (3.23)
then
kerTg = Kf. (3.24)

Since 0 € S, with S defined in (3.4), we also have the following con-
sequence of Theorem 3.1, which can be understood as establishing a lower
bound for ker T¢.

Corollary 3.5. If Gf = g then, with the same notation as in Corollary 3.4,
we have
Kf C kerTg.

By Coburn’s Lemma [14], for any Toeplitz operator with scalar symbol
¢ € Lo, either ker T, or ker T = ker Tz is zero. It is well known that this
property no longer holds when we consider Toeplitz operators with matrix
symbol, since Tz and T, = Tizr may both have a non-zero kernel. However,
using the result of Corollary 3.4, we can state what may be seen as a version
of Coburn’s Lemma for 2 x 2 block Toeplitz operators with symbol GG. We
shall need the following, which can easily be verified:

Lemma 3.6. Let G be a 2 x 2 matriz. Then
det G.I = —GJGTJ. (3.25)

Theorem 3.7. Let det G € F \ {0}. Then either ker Ty or ker Tr is of
scalar type.

Proof. Assume that ker Tor # {0} and let ¢4 € ker Ter, iy # 0. Then we
have GT@M =1_ € (H;)? and

Glyy=v. = Gy =4_ = GJIGTI(JPy) = Gy
< detG.(Jyy) = GJyP_. (3.26)
Therefore, GF, = det G.F_ with Fy = Jy+ € (HF)?. For any o4 € ker Tg,
we have Gy, = ¢_ € (H; )%, s0 Glpy+ Fi] =[p- det G.F_], and it follows

that
det G.det[py Fi] =detG.det[p_ F_],

11



i.e., on a set of positive measure in R,
det[ps Fi] =detlp_ F_]. (3.27)

Since the left-hand side of (3.27) represents a function in H;" while the
right-hand side represents a function in H; , both are equal to zero. Since
Fy and F_ = GFy admit left inverses because neither is identically equal
to zero, it follows that every ¢4 € ker Ty is a scalar multiple of F.. O

Corollary 3.8. For every G € (L%?) with det G € Lo \{0}, eitherker Tg =
{0}, or ker T} = {0}, or both kernels are of scalar type.

Corollary 3.9. If det G admits a (canonical) bounded factorization [24]
det G = d_d4 with dy € gHgg, then both ker T and kerTéT are of scalar

type. In particular, ker T and ker TéT are of scalar type whenever det G =
1.

Proof. From (3.26) we have that éTmr =y = Gd ' TPp-) =d_Jy;.
Since any 1 € (H;)? can be written in the form ¢, = d;lJ@/Ji for some
Y_ € (H;)? and any p_ € (H, )? can be written in the form ¢_ = d_Jy
for some 9 € (H5)?, it follows that ker T; = {0} if and only if ker Tor =
{0}. The result now follows from Corollary 3.8. O]

Note that, for block Toeplitz operators, it is not always the case that a
non-zero kernel can be given by a symbol of determinant 1, as the following

simple example shows: let G = [; 8} The kernel of T is (k,h) where

k € K, and h € Hy . The symbol can only have rows of the form (p 0),
for if p,q € Lo and pk + qh € Hy for all k € K, and h € H2+, then, taking
k =0 we see that ¢ = 0.

While Corollary 3.4 provides sufficient conditions for the kernel of a
Toeplitz operator with 2 x 2 symbol to be of scalar type, condition (3.20) is
not a necessary one. To see this, let us consider the solution to G f = g that
we obtain from (2.1) if we take the second columns of the matrix functions
on the left and on the right hand sides of (2.3), instead of the first columns
as was done in Section 2. We get, using the same notation,

91 91
Gf=y, with f:[f], g:rk[l_z].
922 922
Assuming, for simplicity, that detG = 1, we can choose G4 such that
det G4+ = 1, and thus as left inverses for f and g we can take f! and

12



g" given by

~ + _ot - o=
-G g
921 91 921 911
Applying Theorem 3.1, we have S = fT(H )2 N g? (H,)? = K« # {0};
for each s € S = K, we have H5. = (H,)? and

= {uo ey st | ey =

because sr—* € H for s € K,». Therefore, from (3.8),
Ae fr(HS)? = HY, (3.28)

and, since in this case GJf = J§, which implies that g7 GJf = 0, we must
also have
Aegh(Hy)*=H,. (3.29)

From (3.28) and (3.29) we get A = 0 and it follows that ker Tg = K,xJf =
K,x(g{;, 94;) as in Section 2.

The next result shows that every scalar-type Toeplitz kernel, for a 2 x 2
matrix symbol G, is of the form (3.24) with K given by (3.21)—(3.23), if f

and g = G f have left inverses.

Theorem 3.10. Ifker T; = Kf, where f is a fized function in F>*! such
that f and g = G f possess left inverses fT and §*, respectively, and K C F,
then

K=Ff"H,ng"H_,

where Hy are defined as in (3.21)—(3.22).
Proof. Let k be any element of L. Then kf € ker T; and we have

kf=vy e (HS)?,  Gkf) =4 € (Hy)> (3.30)

From the first equation we get that k = fTw+, SO ffTw+ = fk =94 €
(H;)?; therefore ¢y € H..

Analogously, from the second equation in (3.30), we have kg = ¢_ €
(H;)?. Therefore k = gl_ and v_ is such that gg7y_ = gk = ¢_ €
(Hy )?; thus ¢p— € H_. We conclude that K C fTH ngTH_.

Conversely, if k € fTH, NGTH_, then kf € ker T (as in the last part
of the proof of Theorem 3.1, with s = 0) and, since ker Tz = K f, we have
kf = kof with kg € K. Multiplying on the left by fT , we conclude that
k=kocK,so fTH, Nng"H_CK. O

13



Naturally, one can say more about the space K if further assumptions
are made on f and g in (3.3).

Theorem 3.11. If f = 0f, where 0 is an inner function and [+ € (HL)?,
and g = f_ € (HL)?, where fi possess left inverses f1 with f+ € (HE)?,
then

ker Ty = Ky fy.

Proof. In this case we have H4 = (H, jE) and, if fi are left inverses for f4,

then f = 0f, and § = f_ provide left inverses for f and g respectively; the
result now follows from (3.23) and (3.24). O

We say that fi = (fix, fox) € (Hi) is a corona pair in C* if and only
if there exists fi € (HZ)? such that f{fi = 1. In this case we say that
f+ € CP*. By the Corona Theorem, f+ € CP* if and only if

nf, (I )+ [£57(2)]) > 0. (3.31)

Thus, under the conditions of Theorem 3.11, we have fi € CPT.

The next theorem generalises Theorem 3.11, establishing sufficient con-
ditions for K, in Corollary 3.4, to be a model space or a shifted model space.
We shall use the following well-known result, which follows easily from the
observation that if a, 3 are coprime inner functions then ap, € 5H2+ if
and only if ¢4 € 5H2+ (a consequence of the uniqueness of the inner—outer
factorization).

Lemma 3.12. If o € Hy and ay and az are inner functions, then a1 €
aoHy if and only if o € %H;, where v, = ged{a, as}.
v

[0}

Theorem 3.13. Let det G have a canonical bounded factorization det G =
d,aljr1 (as in Section 2), and let Gf = g with componentwise inner—outer
factorizations

[ = (a1fiy,a2foy), 9= (Brfi-,Bafa-), (3.32)

where aq, o, f1 and By are inner functions, fi+, fox are outer functions in
HE, and (fi+, fox) € CPE. Then

a1
L fis
ker Tg = Ky, & = Kypys Yol (3.33)
*f2+
where ( )
Yo = ged{ar,as},
3.34
{ 5 = ged{B1, B2} (334
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Proof. In this case we have S = {0} and ker T¢ is given by Corollary 3.4. Let

[fix fox], with (fix, fax) € (HE)?, be left inverses for (fi+, fa+), respec-
tively, so that f = (aqfiy,azfo+) and § = (B1fi_, Bofo_) are left inverses
for f and g, respectively.

For any ¢y = (Y14,¢2+) € (H;)? we have then

Ty, = [f1+f1ir¢1+ + 011072f72+f1+1/12+
* aras fiy forthie + for fortboy

so ffTy, € (H;)? if and only if

{ 042061f2+f1+¢2+ € Hz ;
oo fiifortny € HY,
{ Oé1f2+f1+¢2+ € axHy,

asfiifortbiy € arHy,

{f2+f1+¢2+ € 72H2+> (3.35)

fisfortny € O‘H2+

with v, defined by (3.34). Thus (114, 1¥2+) € H4 if and only if 914,194 €
H;' and

a1 P14+ Qg Po4 . +
P14 = —=—— Yoy = —=——, with 14,924 € Hy,
Yo fisfor Yo foy f1e
where, since “;2% = d}HZ—‘ij e NTNLyand ijf—i = ¢2+a2 for € NTN Ly,
we have
‘;” *;12: € Hy . (3.36)

Analogously, we get that (¢1-,v2-) € H_ if and only if ¢1_,1s_ € Hy
with

B\ pi- B2\ 2 _
i = < = : Yor = | — | = ; P1—,p2— € Hy
6/ fiofo- ) fa-fi- ’
where o1 o
—, T — €H,. 3.37
fom " 1o 2 (3:37)
Thus K = fT’H+ N g7 H_ consists of the functions k such that
5 R a1 i+ } R (@) _p1—
k=laifir azfoq] [Zfé {I@ch*] = [B1fi- Bafo] ;72]0:2{2_ , (3.38)
g ()72
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ie.,

Pi+ | P2+ P1-
n ) (7).
for o fig fom fio
Taking (3.36) and (3.37) into account, it follows that K C ¥, Hy NvgH, .
Conversely, if k = o0 = v3p—, with ¢4 € H;E, we can write

k=Taps =Taf for = L Tafes),

where 7o fo4 € Hy because Yo f o € (Hy)? and ¥ (Fafp1) = fap+-
Thus k € fTH, and, analogously, we can show that k € gZH_, so that

ke fTH,.NgH_ = K. We conclude that K = YoHy NysHy = 'yaK%W. O

Corollary 3.14. With the same assumptions as in Theorem 5.13, Tq s
injective if and only if v, and vz are constant.

Corollary 3.15. If the assumptions of Theorem 3.13 are satisfied, with

r=lo] o=lo)

where a, B are inner functions and O4,0_ € HZL are outer functions, then
Tc 18 injective.

Note that, if det G has a canonical bounded factorization and f € CP™
and g € CP™, then T is invertible ([6]). Roughly speaking, Corollary 3.15
means that if we have Gf, = f_ with f+ € (HZ)?, and the two components
of f1 “approach zero simultaneously at some point” in C* UR (so that they
do not satisfy the corona conditions (3.31)),we may still have an injective
Toeplitz operator as long as they do not “approach zero simultaneously”
through a common inner factor.

Suppose now that ker Tz is of scalar type, ker Tz = Kf as in Theorem
3.10. If ker Tz # {0}, we may now ask, in view of the results of Theorems
3.11 and 3.13, whether a scalar type ker T can always be described as the
product of some fixed 2 x 1 function by a scalar Toeplitz kernel, and in
particular a model space.

Toeplitz kernels constitute an important subset of the class of nearly
S*-invariant subspaces of H2+ . Here by S* we denote the backward shift
operator S* = P+77P|JIF{ +; a subspace M of H2+ is nearly S*-invariant if and

2
only if S*¢4 € M for all ¢ € M such that ¢4 (i) = 0. Hitt proved (in the
unit disk setting) that any nontrivial closed nearly S*-invariant subspace
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of H2+ has the form M = hKy where 0 is an inner function vanishing at
i, % € M is the element of unit norm with positive value at ¢ which
is orthogonal to all elements of M vanishing at ¢, and h is an isometric
multiplier from Kjp into Hy ([22, 27]).

In the next theorem we show that, if ker Tz is of scalar type, then it is
the product of a scalar nearly S*-invariant subspace (which can be explicitly
described) with a fixed 2 x 1 function.

Note that, when ker Ty is of scalar type and ker Tz # {0}, then there
exist Fy € (Hy)?\ {0} such that GF, = F_ and, if F} = (Fi+, Fb1), then
either Fi4 or Fbi is not identically zero, and thus F1 has a left inverse
defined a.e. on R. We shall assume, without loss of generality, that Fy+ # 0,
so that Fl_i1 are defined a.e. on R. If ker Ty = Kf with f = (f1, f2) and

Gf=g9=(91,92), as in Theorem 3.10, then
Fip =kofj,  Fj-=kog;  (1=1,2),

where ko € K and ko, f1, g1 are different from zero a.e. on R.

We shall also use the following notation: if Fy € H3 \ {0}, then we
write Fiy = I1O4, where I, I_ are inner functions and O,,O_ are outer
functions in H2+ If /Y = 0 then we write Fr = I O4 with I,O+ = 0. If
« is an inner function, then ged{«, 0} = a.

Theorem 3.16. Let ker Tz be of scalar type, ker Tz # {0}, with ker T =
ICf as in Theorem 3.10. Then there exist an F € F>*! and a nearly S*-
invariant subspace K C H2+, which is closed if G € L2X?, such that ker Tg =
KF. Moreover, if Fy = (Fiy,Foy) # 0 is a given element of ker T and
GF, = F_ = (Fi_,Fy_) with Fj4+ = 1;10j+ (j = 1,2), using the notation
above, and we suppose that Fi4 # 0, then

~ F+ ~ Il+ F2+
kerta = K7+01+ =t (%’ 7+01+> ’ (3:39)
where
e N S
= {w_;'_ € ker T’yf’ijOl_/OH_ N ker T777+02_/Ol+ : Ol+ Py € H2 } ,
- (3.40)
Y+ = ged(liy, I24), 7= = ged(li—, I>-). (3.41)

Proof. Let Fy = (Fi4,Fsy) # 0 belong to ker Tz and let GFy = F_ =
(F1—, Fy_), where we assume that Fi4 # 0. Since we can write f = kg 'F
with kg € K, we have ker Tz = (Kky')Fy, and we can then assume that
ker Ty = KF, and apply Theorem 3.10.
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Defining #. as in (3.21)-(3.22), we have, for f = F, and f = (Fl__&, ),

be €My = ffTvp e (HS)?, yp e (HS)
= (fTy)f e Hy)? s e (Hy)?
= F i (P, Foy) € (HF)?, s € HY, thoy € HY
= YiiFar € FicHY, i € HY, 4oy € HY.

We have

0
1 Foy € Fi Hf — quIHO—i’* eI, H. (3.42)
+

In this case ¥14024/014 € Ny N Ly = Hy and it follows from the second
relation in (3.42) and Lemma 3.12 that the right hand side of (3.42) is
equivalent to

Oxp Iy

¢1+071+ = with ¢y € Hy and vy = ged{l1y, [24}.

Since 14 € H and

Oy Iy O14
—_— Hf — Ty, cHf
Oy 11 ¥ 2 Onr =12
we conclude that
Y14 Foy € FiryHY, Y1y € Hy
3.43)
T 5 Oor - (
= Y=, with ¢y € HY, i, € Hy.
Y+ O1+

So, ¥ € fTH, if and only if ¢ = Fl‘jsz, where 114 satisfies (3.43), i.e.,

. ) - Oq. ~
fTH+ = {'Iﬁ e F: ¢ = f)/_:pgl_"_ with 1/J+ < H;, Ti¢+ € H;} . (344)

Analogously we get, for Fy_ # 0 and v_ defined in (3.41),

PITH_ = {w €EF:¢= with ¢_ € H,, %;@ € HQ}. (3.45)
1—

’7701,

Therefore, for 1 to belong to K = fT7-l+ N gTH_, the functions 14 € HQi
in (3.44)—(3.45) must be such that

b e
7401+ 7-O1-"
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ie., 1;+ € kerT,_~:0,_/0,. and the condition 1/;_02_/01_ € Hy in (3.45)
can be expressed by

Oa— _ ~
V- 7+O ¢+ S H2 ’ Le., w‘i‘ € kerT ’y+02 /01+

Finally, taking into account the last condition in (3.43), we have

. 1 -
K=fT""H ng"H_ = K
¥+014
where, for Foy, F14+ # 0,
. - 0o
K= {1/)+ € ker T’Y—WOI—/OH— N ker T’Y—WOQ—/Ol‘F : Oli Yy € H2 }

It is easy to see that K is nearly S*-invariant, because Toeplitz kernels are
nearly S*-invariant subspaces and if 821’1& € HY and r~'4 € H;, then

gl e NN Ly = Hy.

Fy
If For = 0, then He = (HF)? and we again find that K = K 0

Y4014

where

K = ker T’Y—WOI—/OH— N ker T’Y—WOQ—/01+
= kerTfy_Ol_/FH_ NkerT o, if Foy =0, Fyr_ #0,
T
and

K = kerT, =v0, jo,, =kerTp_sp, if Fop =0, Fp_=0.
Finally, if G € ng? then ker T is closed, and it follows from (3.39) that
K {;—: is closed, so K is closed. O

Since K is nearly-invariant, it follows from Hitt’s theorem that it can be
written as K = Ky g+, where Ky is a model space and g is a scalar function
(an isometric multiplier); however, there is no reason to suppose that K is
a Toeplitz kernel.

Related to these results, a very natural question regarding scalar type
Toeplitz kernels is whether they have a maximal function. It was proved in
[7] that for every ¢, € H, there exists a so called minimal kernel K,,(¢)
such that very other kernel K with ¢4 € K contains K,,(¢+). We say
that ¢4 is a maximal function for K if K = K,,(¢4); every scalar Toeplitz
kernel has a maximal function. For scalar type Toeplitz kernels we have the
following, taking the result of Theorem 3.16 into account.
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Theorem 3.17. Ifker Tg, with G € L2X2, is of scalar type, then there exists
a maximal function for ker Tq.

Proof. Let ker Tz = KF and K = Ky g4 as above. Thus kerTg = Ky g4 F,
so let us write f = g+ F. Now Ky is a model space with maximal function
o+, say; let o = 10, where [ is inner and O is an outer function in
H . Then Ky = ker T(i00y (by [7]) and every element in K has the form
[IO/Op—, where v € H, .

Obviously ¢4 f belongs to kerTz. Suppose that ¢ f = IOf belongs
to the kernel of some Ty with H € L2X?; then H(IOf) = ¢_ € (Hy ).
We want to prove that ker T is contained in ker Tp. Take any element
10O _f € Ky f: we have H[10/Op_f = (4 /O)H(IOf) = (4_/O)p-.
Since this is (componentwise) in the Smirnov class N_ and in Lo, it is in
(H; )%. Therefore [IO/O]y_f is in ker Tp.

O

Note that, as remarked by R. O’Loughlin, not all block Toeplitz kernels
have a maximal function. This is an immediate consequence of Theorem 5.5
and Corollary 5.3 in [7].

4 Applications to truncated Toeplitz
operators

Let h € F and, for any inner function 6, let
Dog={fo € Kog:hfg€ La}. (4.1)
The operator Az : Dy — Ky defined by

A fo = Py(hfs), fo € Do, (4.2)

where Py : Ly — Ky denotes the orthogonal projection, is called the trun-
cated Toeplitz operator (in Kjy) with symbol h. If h belongs to the Sobolev
space Ay Lo, where A\ (§) = £ + i, then Az is densely defined on Kjy; if
h € Ly, then A,QL is a bounded operator on Kjy.

It is clear that ¢4 € ker Az if and only if ¢4 € H2+ and the following
two conditions hold:

{ Op1r = o1, (4.3)
hoi+ = @2 —0pay, with @1, 02 € Hy, ¢ay € Hy.
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Therefore, ker Az consists of the first components of the elements in the
kernel of the Toeplitz operator T with

G = [Z 2} , (4.4)

defined on D = {®, € (H;)? : G®, € (L2)?}. In particular, we have that
ker A9 = {0} if and only if ker T; = {0}. Thus we can apply the results of
Section 3, for G of the form (4.4), to study the kernels of truncated Toeplitz
operators. Note that we have Gf = g with f = (f1, f2) and g = (g1, g2) if

— -0
and only if gy = 6f; and h = u

1
The following is a consequence of Theorem 3.16 and Corollary 3.9.

Theorem 4.1. The kernel of any truncated Toeplitz operator is the product
of a nearly S*-invariant subspace of Hy , given in (3.40) and (3.41), by an
mmner function.

Proof. Let h be the symbol of the truncated Toeplitz operator A?, and let
G be defined by (4.4). By Corollary 3.9, ker T is of scalar type and, if
- F
kerT; # {0}, then by Theorem 3.16 we have kerTg = K 5 , where
Y+V1+
Fy = (Fiy,F2y) is a given function in (H)? with Fi. = L;014 €
Ko, Fi+ # 0, v+ = I14, and K is given by (3.40) and (3.41). Therefore

- (1 F T ~
kerT(;:IC<1+ 2t ) and ker A9 = 212K O

Y+ 7401+ Y+

Remark 4.2. Recently, Ryan O’Loughlin [26] has arrived at a similar result
by a different route. Namely, it follows from [12, Cor. 4.5] that the kernel of
a 2 x 2 block Toeplitz operator Tg can be written as Fy((Hy )" © O(Hy)"™),
where 7 and 7' are integers with 1 </ <r <2, © € (HL)™" is inner, and

Fy € (Hy)**"; in the case G = B 0}, it is possible to take ' = r = 1,

0
although no explicit formula for © is given.

Note that if Kipr = Kaotp+, where K1 and Ky are model spaces and
o1 = (P14,924), ¥y = (Y14,124) are analytic in C*, then we have mul-
tipliers ¥41/p14+ and ©¥42/po from one model space onto another, so that
the work in [15], [17] and [10] can be applied. Indeed, if wK, = K3, then
B = caw/w, where ¢ is a unimodular constant.

Regarding the formula (3.40) for K in Theorem 3.16, note that, for G
of the form (4.4), if ker T # {0} then Fi+ # 0 and we have 0F, = Fy_
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81; = 0I1,I;_. Therefore the symbol ~v_ ’y+g+ in (3.40) is

bounded. Moreover, from (3.40) we have:

. O2y - +
{¢+ errT(IH/w)(I1 ZE )ﬂkerTW Oq_ ¢+ € H, }

o OH—

which takes the form

K = ker T} NkerT o, if Fopp=0,F #£0, (4.5)

0(h—/v-) -y
and

K=kerT; =Ky if Fpp=F_=0.

It may happen that the inner function mentioned in Theorem 4.1 is nec-
essarily a constant, as it happens if the symbol h of the truncated Toeplitz
operator is in H. In that case, for v = ged(0, (h);), it is easy to see

that Fy = (Fiy, Fyy) = (522,0) € ker T, with G given by (4.4), and

GFy = (FI_,F_) =5 W( )(07,h7) With the notation of Theorem 3.16,

we have v =1, [1_ = 97, Oy = lgﬁiji@, and it follows from (4.5) that

ker A9 = ker Ty = K., (as may also be verified by direct calculation).

We now apply the previous results to studying the kernels of some classes
of TTO. Our motivation for the examples that we shall consider is the
following. The kernels of TTO with so-called -separated symbols, of the
form

h = ahi + Bho, (hy € H, hae€ H;—O), (4.6)

where
aB =0, (4.7)

were studied in [8]. We consider here two cases where hy € HY and
he € HZ . In the first case we assume that h; and ho are inner, with h; < «
and hy < B. In the second case we assume that h; and hs are rational
functions, hy = Rf € RY, and hy = R; € R~ with Rt = RN HL, where
R is the set of rational functions, which generalizes the study of truncated
Toeplitz operators with #-separated symbols to the case where h; and ho
admit poles in the lower and upper half planes, respectively.
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4.1 The first case: A} with h = Cia + Cy,

Toeplitz operators with almost-periodic symbols of the form (4.4) where
0(¢) = ¢, with A € R, and

h(§) = Cy exp(—ia&) + Cq exp(ibf), with a,b € RT and a,b< A,

have been studied by several authors (see, e.g., [5, 16]). In this section we
generalize this class by studying symbols of the form (4.4) with

h = Cia + 0183, (C1,Cy € C\ {0}),

where «, 8 are non-constant inner functions satisfying the following condi-
tions:

a,B <0, (4.8)

for some n >1, (aB)" 1 <0, (ap)"™ =6, (4.9)
either o"B" 1 <40 or a"p" =0, (4.10)
either a" 1" <6 or o"1p">-4. (4.11)

If v,d are inner functions such that either v < § or 6 < =, we say that
min{~y,d} = v if v < § and min{y,d6} = ¢ if § < v. With this notation,
if (4.10) holds then either ™ < 93”71 or 93’171 =< ", so in the first case
min{&ﬁn_l, a"} = a™, and in the second case min{&Bn_l, a} = HBH_I.

Analogously, if (4.11) holds, then either a”~18"0 < a or a < o™~ 1370,
and min{a"B3"0,a}, min{j, 66”*137%1} also exist.

Note that, if € is a singular inner function (for instance, an exponential
exp(iA§) for a given positive real A) and A, a,b are real positive numbers
with a,b < A, then § = €*, a = €%, B = €® always satisfy (4.8)-(4.11) if we
take n to be the smallest integer such that %% <n.

More ambitiously, we may take 01, 62 as coprime singular inner func-
tions and consider a = 065, B = 6504. There is then a set of inequali-
ties that a, b, ¢,d must satisfy, namely, all lie in [0,1), (n — 1)(a +¢) < 1,
(n—1)(b+d) < 1 with at least one inequality strict, n(a+c) > 1, n(b+d) > 1,
and similar inequalities for (4.10) and (4.11).

The solution to G f = g obtained in Proposition 4.3 below is analogous to
the one obtained in [16] for a particular class of symbols G with 6 = exp(i§).
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Proposition 4.3. (i) A solution to Gf = g with f = (f;", f;)T € (HL)?
and g = (97,95 ) € (HZ)? is given by

f= werarTt - op P B+ L+ ()Y,

(4.12)
o= (=1)"Cyus"e, (4.13)
g = O, (4.14)
G = Cras, (4.15)

where )
p=min{05" ", a}. (4.16)

(i) If p = o™, then f = M\ F4, where

A1 = min{a" "0, o}, (4.17)

F, = (F{",Fy) is a corona pair in (HL)? (written Fy € CPT, see(3.31)),
and g is a corona pair in (Hy)? (written g € CP™).
(153) If u = Hﬁn_l, then f = X\oFy, where

-1
[

F, € CPT, Xy =min{B,6a"'p (4.18)

and g € CP™.

Proof. (i) It is easy to see that Gf = g and f, € HY, g; € Hy. It remains
to prove that
freHy,  0ff € H,
for which it is enough to see that ya"~* € HY (from (4.16) and (4.9)) and
OuB™t € H (from (4.16) and the fact that, if 4 = o™ then " < Oanl).
(ii) If p = o™ then

gl <0 (4.19)
and

fEo= (T = Oy (aB) + .+ (—1)" LR (@) ), (4.20)
fi = (=1)"C3a"p"e, (4.21)
g = 0f, (4.22)
g = Cm. (4.23)

Clearly g = (97,95 ) € CP™. On the other hand,
f=N(FE), (4.24)
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where A is defined by (4.17) and F;", Fy” € HL. If A = a”B"0, then it is
clear that (F", F;7) € CPT because F, = (—1)"C%; if \; = a, then

FF o= crt 20y (aB) ..+ (—D)Or Hap) M, (4.25)
B = (=1)"(e"'8"0) = (-1)"Cyn* (4.26)

with hT € H;g because in this case a < o”$"0. We can write

~—~
eH% by (4.19) €HE

of = (a" OO F o = b (B ) o2

and comparing the expressions (4.25) and (4.26) for F;" and F; respectively,
we see that (F,", F;") € CP™.
(iii) If 4 = 65", then
0 <a"pn! (4.27)

and

fim = 0T Hap)" !t = O 20 (af) 2 ..+ (1) CE Y428

)
o= (=1)reyp, (4.29)
g = CT@p)" ' =Cr2Ce(af)" 2 ...+ (1) 1C37, (4.30)
g = cra'g'e. (4.31)

We have (g7 ,95 ) € CP™, using (4.27) as above. On the other hand,
(ff, ) =Xa(F EF)  with FF FFe HE,

where s is defined in (4.18). If Ao = j3, then it is clear that (F}", F,7) € CP*
since Fy = (~1)"Cy; if Ay = 6a" 5", then §a""'3""' < §, which
implies that fa" 15" € HE and

Ffo= o =2 0(aB) 4. 4 (D) R )
EF = (=1)"Cy a1 B

Using the relation aff = (ganflﬂ”)(é?@”*lﬁnil)a, where ga"13""" € HY
by (4.9), we see as above that (F,", F;") € CP™. O

As a consequence of Theorem 3.13 and Proposition 4.3, we have then:
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Theorem 4.4. If
0 0
G = [Cla—i- Csf8 9:| ’
where C1,Cy € C\ {0} and o, B satisfy (4.8)—(4.11), then
ker T = MK f,

where f = (fi7, f5) is defined by (4.12)—(4.13) and (4.16), and

5 — min{a" ("0, a}, if a"Bnt <6,
T\ min{B,0a" 15"}, ifanprl = 6.

The cases C; = 0 and C5 = 0 are rather easier, and we omit them.

Corollary 4.5. With the same assumptions as in Theorem 4.4
0 _
ker Acla+c213 = >\K/\f1+

Corollary 4.6. With the same assumptions as in Theorem 4.4, T (respec-
tively, Az ) is injective if and only if \ is a constant and, in that case, T
(respectively, AZ ) is invertible.

Proof. The injectivity is a direct consequence of Corollary 4.5. On the other
hand, the operator Az is equivalent after extension to T [3, 9]; therefore
both operators are simultaneously invertible or not. In this case detG =1
and Gf, = f_ has a solution fi € (HL)? with f* € CP* and therefore the
operator T is invertible [6]. O

Example 4.7. Take 0(&) = €%, a(€) = €', B(€) = €, (0 < a,b < 1) and
write h = Cha + Cy8 (Cq,C02 € C\ {0}). We also write ) = K., for
A > 0, where ey (€) = €€,

Depending on « and 3 there are various possibilities for ker Az, some of
which we indicate in Figure 1, where we have:

A: Kopp1e/I70E

B: Ku(Cy — Cyetlathley,

C: Ki_qop(Cy — Coeilath)é),

D: ]Cb(clei(l—2b—a)§ . Cgei(l_b)g).

E: Kaogiop—1(C1e/ 1708 — Coel1=)8),
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Figure 1: Dependence of ker A,el on « and

Figure 1 provides a better understanding of the dependence of ker Az
on the parameters a and b. For instance, one can see that on the lines
a + b = 1/n the operator is invertible. On the other hand it can easily
be verified that the expressions for ker Az “on the left hand side” and “on
the right hand side” of the dotted lines coincide, thus making apparent the

continuous dependency of the kernel on the parameters o and 3 across those
lines.
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4.2 The second case: AY with h =aR| + SR,
Let h = aR; + BR;, with
a,B=<0, aB = 0, Rf e RT, Ry €R™, (4.32)

where R* = RN HE. We shall exclude the degenerate cases R{ = 0 and
R; =0.

If « = 8 = 0, then the operators Az are the so-called finite-rank trun-
cated Toeplitz operators of Type I [20, 4].

We assume here that 6 is an inner function that is not a finite Blaschke
product (written 6 ¢ FBP), otherwise the matrix G would be rational, and
also that a, 8, a3/0 ¢ FBP. Note that if o, § € FBP, then h € R; this case
was studied in [8].

‘We have:
0 0
G=|_ _ , 4.33
[aRf + BR, 9] (4.33)
and Gf = g holds with
a O
f—[a _y g—[ } (4.34)
~R; Rf
Let N
Rf =1, 4.35
f=5 (1.3

where N; and Df are polynomials without common zeroes, with deg N; <
deg Df = n1, such that all zeroes of Df are in C~, and

No

F,=——

(4.36)

where Ny and D, are polynomials without common zeroes with deg No <
deg D; = ng, such that all zeroes of Dy are in C*. Condition (3.20) is
satisfied in this case, by Lemma 4.11 below. In fact we have

o —5m] 2] =Ba i1 |2]

Y2+] P2—
— o1+ — OZTFR;@H =fap1- + R gz

af — (0D, No _—— { 8aD; 1

0 DfLD2 *:2_<P1+ —=y2+ | =D, Df — —¥2- |
I ——\F D, D; ——\ D/ i

p1 P2
¢FBP ~ ~
eHy €Hy
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so both sides of the equation must be equal to zero.
We have the following left inverses for f and g¢:

f=@o0), §=(a o), (4.37)
so Hy are defined by

Hey {(W14,024) € (H)? : Ry B0 € HY Y,

H_ =

{(W1-,42-) € (Hy)* : 0aR 1 € Hy }. (4.38)
From (4.38), we have that, for ¢, € H;
_= N 0 N 0 Dy
Ry0BY1 = ¢ <= 2ty = -y &= —thiy = -2, (4.39)
D; p D, B D;
N
Now let [ —=
Dy

) denote the inner factor in an inner—outer factorization of
i
No

0 D
—= . Since — =2
Dy B Dy

we have

is inner and there are no common zeroes for Ny and Dy

N Dy N
Ny 1= gedd | =2 ,9:2 —ged! [ =22 ,Q , (4.40)
D; ), P Dy Dy ); P
and it follows from (4.38) and (4.39) that (¢14,v¢24+) € Hy if and only if
V14,24 € HY and

4.41
B2 Dy (41
Analogously, defining

N\ 6Df N\ 6
71—gcd{<l)i> 70[1):_}_ng{< 1) , }, (4.42)
1 7 1 7

Df
we have that (11_,19_) € H_ if and only if

_ a D
1-,o- € Hy and ;_ € gle:i

Hy . (4.43)
1
Therefore, from (3.24), K is defined by the equation
0 Dy an DI
@ 0] |P2D, "t =9a 0| ? oy " (4.44)
Yoy Yo
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with ¢4, Yot € Hf, ie.,

0 D, Df
K=|—m=xHy |n|(w=tH, . (4.45)
aB D, DY
Consequently,
af 10/p
kerTg = ICf:IC[ af ] K22 _
Dy+ Dy af8 2022
+ (6% p—
= H;ﬂ Y172 1+ —_7]’{ 7D2
Dy D, _'72;
kerT _4 #
K €(H2,)? by (4.40) and (4.42)
with L
D1+ D; Oéﬁ
= — = 4.46
== “D, 0 (4.46)

We have thus shown:

Theorem 4.8. If g = ERT + BR,, where o, 8 are inner functions and
(4.32) is satisfied, then, for G defined by (4.33), we have

— 0 Dy

T2p== 0 Dy
ker Tg = ker T, 1 § 11_)\72 and ker A =Y —= ker T, - (4.47)
_72; /8 D2

with the notation above and n given by (4.46).

Remark. Note that %%2:2: is an inner function. Also note that if
2

9D+ 0 D5 ~4
a DY 72BDQ -

then ker T}, -1 is a model space, and in that case we have ker Tz = {0} (and
ker Az = {0}) if and only if n is a constant.

Some auxiliary results

Lemma 4.9. Let a be an inner function, o &€ FBP, and let p1,p2 be poly-
nomials. Then ap1Hy NpeH; = {0}.
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Proof. If there are oL € HgE such that apip+ = paw_, then both sides of
this equation must be equal to a polynomial p, by an easy generalization of

Liouville’s Theorem, and we have ap = pﬂl € Hf,ie., apﬂl = ¢y € Hy.
Therefore, ap/py = P' (ap/p1) must be rational, which is impossible since
o ¢ FBP. O

Corollary 4.10. aHy NH, = {0}, where Hy = (€ +4)Hy .

As a consequence of Lemma 4.9 we can obtain the following generaliza-
tion:
. . + Nl
Lemma 4.11. Let o be an inner function, o € FBP, and let R = oF
1

N
Ry, = D—E, where N1, Df, No, Dy are polynomials such that N1 and Df’
2
(and similarly No and D5 ) have no common zeroes, all zeroes of Di (re-
spectively, Dy ) are in C~ (respectively, C*) and deg Ny < deg D] = ny

and deg Ny < deg D5 = na. Then

aR; Hf NR{H; = {0}. (4.48)
Proof. 1f o1 € HgfE and
Ny Ny
a——pr = —Tp_,
D2_ P+ Df_ ¥
then
— [ N2 _ M
aDl D2 :_@4, = D2 ‘Dl i(p, =0
D, Dy
p1 b2
€HSF €Hy
by Lemma 4.9, and (4.48) follows. O
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