Vietnam J. Comp. Sci. 2020.07:93-107. Downloaded from www.worldscientific.com
by 94.5.85.156 on 08/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Vietnam Journal of Computer Science ) . .
Vol. 7, No. 1 (2020) 93-107 \\e World Scientific
© The Author(s) . www.worldscientific.com
DOI: 10.1142/S2196888820500050

A Novel Technique for Solving Fully Fuzzy Nonlinear
Systems Based on Neural Networks

Raheleh Jafari*

School of Design, University of Leeds
Leeds LS2 9JT, UK
*r.jafari@leeds.ac.uk; jafari3339@yahoo.com

Sina Razvarz
Departamento de Control Automatico
CINVESTAV-IPN (National Polytechnic Institute)
Mezico City, Mezico
srazvarz@yahoo.com

Alexander Gegov
School of Computing, University of Portsmouth

Buckingham Building, Portsmouth PO13HE, UK
alezander.gegov@port.ac.uk

Received 27 December 2018
Accepted 8 January 2020
Published 18 February 2020

Predicting the solutions of complex systems is a crucial challenge. Complexity exists because of
the uncertainty as well as nonlinearity. The nonlinearity in complex systems makes uncertainty
irreducible in several cases. In this paper, two new approaches based on neural networks are
proposed in order to find the estimated solutions of the fully fuzzy nonlinear system (FFNS).
For obtaining the estimated solutions, a gradient descent algorithm is proposed in order to train
the proposed networks. An example is proposed in order to show the efficiency of the considered
approaches.
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1. Introduction

Artificial neural networks have many applications in different fields.' ™! Fuzzy neural
network with various properties such as learning ability, generalization as well as
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nonlinear mapping is considered as a more attractive approach.'? The standard neural
network is taken to be an approximator.!®!* In Ref. 15, a learning algorithm based on
triangular fuzzy weights in order to train the fuzzy neural network is proposed. In
Ref. 16, a fuzzy delta learning rule for training the fuzzy neural network is suggested.
In Ref. 17, a neural network approach is suggested in order to obtain the solution of
fuzzy problems. In Ref. 18, a neural network method is used in order to find the
estimated solution of fully fuzzy matrix equation. In Ref. 19, a static neural network is
suggested for obtaining the solution of fuzzy polynomials. In Ref. 20, a dynamic neural
network is used for extracting the approximate solution of dual fuzzy polynomials.
Different techniques for modeling as well as fuzzy identification are suggested in
Refs. 21-27. In Ref. 28, the state space model of a linear system is developed into the
fuzzy case. In Ref. 29, the homotopy technique in order to resolve the fuzzy nonlinear
system is proposed. In Ref. 30, a novel algorithm for dynamical nonsingleton fuzzy
control system is suggested. In Ref. 31, the Adomian technique in order to solve fuzzy
system of linear equations is proposed. In Ref. 32, the homotopy method for obtaining
the solution of a system of fuzzy nonlinear equations is proposed.

This paper is an extended version of the work originally presented in Ref. 33. In
this work, two approaches on the basis of neural networks are proposed for finding
the Z-number solutions of FFNS. A learning algorithm based on the gradient descent
technique is suggested in order to adjust the Z-number weights. The simulation
outcomes demonstrate that the suggested techniques are effective in obtaining the
Z-number solutions of fully fuzzy nonlinear system (FFNS). The novelty of this
paper compared with Ref. 34 is introducing a new model based on neural networks to
obtain the Z-number solutions of FFNS.

The remaining of the paper is organized as follows. In Sec. 2, some basic defini-
tions related to the Z-numbers are given. The proposed approaches for obtaining the
Z-number solutions of FFNS are demonstrated in Sec. 3. An example is given in
Sec. 4. Section 5 concludes the work and provides discussions on further work.

2. Preliminaries
The mathematical description of FFNS is given by the following definition.
Definition 1. Suppose c is:

(1) normal, there is ¢, € R where ¢(sp) = 1;

(2) convex, ¢(8s + (1 — 8)s) > min{c(s), c(w)}, Vs, € R, VG € [0, 1],

(3) upper semi-continuous on R, ¢(s) < ¢(sy) + ¢, Vs € N(g), Vs € R, Ve > 0, N ()
is a neighborhood;

(4) ¢ ={s € R,c(s) > 0} is compact, so ¢ is a fuzzy variable, c € E : # — [0, 1].

The fuzzy variable c is demonstrated as
¢ = (¢, 0), (1)

in which ¢ is the lower-bound variable and ¢ is the upper-bound variable.
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Definition 2. The Z-number is made up of two components Z = [¢(s), p]. The first
component ¢(¢) is the restriction on a real-valued uncertain variable ¢. The second
component p is a measure of reliability of c. p can be reliability, strength of belief,
probability or possibility. The Z-number can be stated as ZT-number in the case
where ¢(¢) is a fuzzy number and p is the probability distribution of ¢. If ¢(¢) as well
as p are fuzzy numbers, then the Z-number can be stated as Z -number.

The Z*-number contains more information when compared with the Z~-number. In
this paper, the definition of Z*-number is utilized, i.e. Z = [c, p], where c¢ is a fuzzy
number and p is a probability distribution.

The most common membership functions which define the fuzzy numbers are the
triangular function

c—s
y $SeS Y
e = H(s,u,v) = Z _j otherwise p, = 0; (2)
v—u " S¢=Y
and the trapezoidal function
c—s
u—s ° S
e = H(s,u,v,w) = Z}’:Z’ v < ¢ < w; otherwise u, = 0. (3)
1, u < <

The probability measure can be stated as
P= [ nlnteyas (@)

where p is the probability density of ¢ and R is the restriction on p. For discrete
Z-numbers we have

Ple) = Zuc(€,,)p(<,,)~ (5)

Definition 3. The a-level for fuzzy number c is stated as
[c]* ={ceR:cc) = a}, (6)

where 0 < a <1,c€ E.

Therefore [c]° =c" ={c e R,c(s) >0}. As a€[0,1], []J* is bounded,
c® < [¢]* < &% The a-level of ¢ between ¢ and &% can be defined as

[d]" = (", &%), (7)



Vietnam J. Comp. Sci. 2020.07:93-107. Downloaded from www.worldscientific.com
by 94.5.85.156 on 08/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

96 R. Jafari, S. Razvarz & A. Gegov

where ¢® as well as ¢® are functions of a. We define ¢® = dy(a), ¢* = dg(a),
a € [0,1].

Definition 4. The a-level of the Z-number Z = (¢, p) is defined as follows:
[Z]" = (", [p]*), (8)
where 0 < a < 1. [p]* is computed by Nguyen’s theorem,
pl* = p([c]") = p([c*, ) = [P, P, (9)

where p([c]*) = {p(s)[s € [c]*}. Therefore, [Z]* is stated as

2] = (2°,2%) = (", P*), (&, P*)), (10)

where P = cp(s ("), P* = cp(3y), [¢]* = (¢, T7).

Similar to the fuzzy numbers,! three main operations are defined for the
Z-numbers: @, © and ®, which indicate the sum, subtract and multiply, respectively.
In this paper, the proposed operations are different from the ones in Ref. 33.

Suppose Z; = (¢1,p1) as well as Zy = (cy,py) are two discrete Z-numbers
expressing the uncertain variables ¢; and ¢y, so Y/ pi(six) = 1,2 )_; palsor) = 1.
The following operation is defined:

le = Zl * Z2 - (Cl * Coy P *p2)7 (11)

where +{®, 0, ®}.

The operations used for the fuzzy numbers are stated as'

[c1 ® ] = [ef + 5,7 + e8],
[01602](! = [g(f—gg,é?—é(ﬂ, (12)
e ® eyl = (mln{g?gg,g?c_S,C_?gg,c_?C_%}>

max{c{ c3,cq ¢3,¢1 ¢3,¢7 ¢5}

For the discrete probability distributions, the following relation is defined for all
Pp1 * Py operations:

P1*¥p2 = ZP1(§1,L)Z’2(§2,(77L)) = p12(s)- (13)

The Hukuhara difference is defined as®
Z\OpZy = Zy,
Zy = Zy ® Zyy.
In case that Z,657, exists, the a-level can be defined as
(Z\onZs)* =27 - 25,71 - Z3). (15)
Clearly, Z,6y2, =0, Z,© Z; # 0.
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Moreover, the generalized Hukuhara difference is defined as®°
4y =2y ® Zyy,

Zy =7, @ (=1)Zy. (16)

Zl@gHZQ = Zu 1t {

By taking into consideration the a-level, we have [Z,0,425]" = [min{Z{ —
29,27 - Z5Y, max{Z¢ — 23, Z{ — Z45}] and if Z10gnZy and Z0yZ, exist, then
21Oy 2y = Z1OyyZy. The conditions for the existence of Z1, = Z,0,57, € E are

{Z?g =27~z ad Z%=71-7}

with Z, increasing, Z7, decreasing, Z¢, < Z1s;
e = _ (17)
ZY, =2y —Zy and Zyy=47—-45
with Z§, increasing, Z7, decreasing, Z¢, < Z s,
where Va € [0, 1].
Suppose ¢ is a triangular function, the absolute value of the Z-number Z = (¢, p)
is defined as
1Z()] = (Is1] + [ur| + |vi], p(Is2| + |ua| + [v2]))- (18)
Let ¢; as well as ¢y be triangular functions, the supremum metric for the
Z-numbers Z; = (¢;,p1) and Z, = (¢y,p5) is expressed as
D(Zy, Zy) = d(cy, ¢2) + d(pr, p2), (19)
where d(-,-) is the supremum metric for fuzzy sets.! D(Z;, Z,) has the properties
mentioned in the following:
D(Z,+Z,Z,+ Z) = D(Zy, Zy),
(Z27 Zl) = D(Zlv ZQ)?
(bZ17 kZ?) = |b|D(Z17 Z2)7
D(Z,,25) < D(Z,,Z) + D(Z, Z,),

D
D

where b € R, Z = (¢, p) is the Z-number and ¢ is a triangle function.

Definition 5. Suppose Zis Ehe space of Z-numbers. The a-level of the Z-number-
valued function H : [0,s] — Z is defined as

H(c,a) = [H(c,a), H(c, )], (21)
where ¢ € Z, for each a € [0, 1].

Using the definition of generalized Hukuhara difference, the gH-derivative of H at
¢p is defined as

S () = (e + OO, (o)) (22)

In (22), H(cy + ¢) as well as H(cy) represent symmetric pattern with Z; and Z,,
respectively, given in (16).



Vietnam J. Comp. Sci. 2020.07:93-107. Downloaded from www.worldscientific.com
by 94.5.85.156 on 08/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

98 R. Jafari, S. Razvarz & A. Gegov

3. Neural Network Approach for Z-Number Solution Approximation

Here two novel techniques based on neural networks are suggested for obtaining the
numerical solutions of FFNS.

3.1. Fully fuzzy nonlinear systems

Let us take into consideration the following system:

{SIIQL)‘D@w@@SIHQ(anwn:GD (23)

S5 QeOYD DSy, ©p" OY" = Gy,

where S;, S5, ¢,1, Gy, Gy belong to Z-number set (for j = 1,...,n). For obtaining
the approximated solutions, a feedback neural network is developed. The suggested
neural network is demonstrated in Fig. 1.

3.2. Calculation of Z-number output

Here a feedback neural network is suggested such that the a-level sets of the
Z-number parameters qu are considered to be nonnegative, i.e. 0 < § g‘j <S 2] where

j=1,...,nand ¢ = 1,2. The following relations are generated:

e input units:

ek +1)

Fig. 1. FFNS in the form of feedback neural network.
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e hidden units in the first layer:

[u]]a = (E?aﬂ?L .7: 17 AR AL
[,Uj]a = (y?{afl_j?{)a J: 17' 3 19y
where
(9, ¢~ =0,
ui =23 ¢"(¢")7, ¢* <0, jiseven,
¢ (¢) 71, ¢ <0, jisodd,
o (0") Y, 9" >0,
uj = ?a(éu)j%’ ¢" <0, jiseven,
(%)Y, %<0, jisodd,
%a(%a)jfl’ %a 2 O,
2? = E“(E”‘)H, P* <0, jiseven,
Y)Y <0, jis odd,
YUY, T >0,
aj = q¢Ye@)Tl, Yt <0, jiseven,
PP, YT <0, jis odd,
e hidden units in the second layer:
[OJ]O{ = (9?75?% =1, , N,
where
ufv§, uf>0, v§ >0,
o Juln ur<o i
=J TR TIe] « «
U]"Uj, gj <03 y] <0;
ufv§, uf >0, v§ <o,
and
ujvf, uf >0, v§=0,
50 ufv§, uf <0, v§>0,
7T Y u§wy, ay >0, 99<0,
wfos, uf <0, 1§ <0;
e output unit:
[(I)q]a - (Q?7$Z)> q= 1323

(27)

(32)
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where

Z—qJOJ +ZS(ZJ 95,

je M jeN

[éq]a = . asa ) (34)
Z S[IJ J Z EQJ J
jeC jeD

such that M = {jlo} > 0}, N = {jlo§ < 0}, C = {jlo§ >0} and D = {j[o < 0}.

A cost function for a-level sets of the Z-number output ®, and the corresponding
target output G|, is stated as follows:

eq=eq ey,
ryfl @ a2
Qq *i(gq 7@(1) ) (35)
—a 1 ~« = a\2
€q :§(Gq - ,)

3.3. Learning algorithm

Let ¢ = ((¢!, %, ¢, ¢*),p) and ¥ = ((¢',4?,43,4*),p) be initialized at random

Z-numbers. We have the following relation for Z-number variable ¢ (Ref. 14):
¢(k+1) = ¢"'(k) & AP (k), r=1,2,34,

AG (k) = =2 gy ag (k- 1), (36)

—n 8¢>’”
where 7 is cons1dered to be the learning rate and -y is considered to be the momentum
term constant. is calculated as follows:

dc‘f
de, Oey 0Oy
8¢7‘_8¢T+8¢T' (37)
Hence,
863 dey 8@“ 0P
= — _ a (I)a —q
8(725’ a@a 8(;57 (Q(] _q) a(b?« ) (38)
where
0@y B 0dy dof au? 3(Qa)j N 0dy dof au“ (Qa)j (39)
ol P, 80“ au 6(415“)1 op" P, 80 au 6(@1)‘1) op”
and
dey ey 09, o —a, 0P
=— =—(G, - ® ! 40
aQST 8(1)3 a¢r ( q ‘1) 8¢r ’ ( )
where
863 853 85‘; aa; 8(6a)j 863 85? 8&3’ 8($Q)j (41)

09" 42 005 duf o(¢n) 04 Lz dof duf a(ge)y ¢
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8234;) as well as (;;),) are calculated as follows:
l—a, r=1,
. - a7 r = b y
J(o) 0 _g 9720,
0, r=4,
07 r = )
a¢") 9y dg° —— r=
ud _ d L a1 ) ) o 0. 7is 49
00" 96" 0 i(0") l—a, r=3 ¢* <0, jiseven,  (42)
0, r=4,
0, r=1,
=2
J(o) ™! (11’_ N :_ 9o <0, jis odd,
0, r=4,
and
l—a, r=1,
o] «, 7"—27 _a>0
i(6%) 0. _3, 0" >0,
07 r= )
0, r=1,
oy o@y ot | e r=2 o,
_ 99 @ 0 S 43
a¢r ad)a 8¢7 ](? ) 1 —a, T= 37 ¢ < ) .] 1 even, ( )
07 = 47
0, r=1,
— =92 _
J(o ) ?’_ o p_g 7<0, jisodd.
0, =4,

The connection weights ¢; are updated as follows:
¢j(k+1)=(¢(k+l))j, J=2,...,n. (44)

We can adjust the Z-number parameter ¢ like ¢.
The solution of (23) can also be obtained with another type of neural network, see

Fig. 2. In this neural network, the a-level sets of the fuzzy input .S,

¢j @re nonnegative,

ie. 0<9g; < qu where j=1,...,n and ¢=1,2. The following relations are
generated:
e input units:

(Sl = (S8, Sg), a=1,2, j=1,....n; (45)

e hidden units:
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@4
Fig. 2. FFNS in the form of feed-forward neural network.
where
Sgi(@), ¢* =0,
jec
0% = Soi(¢%), ¢* <0, jiseven, (47)
’ jeD
Soi(6%), ¢ <0, jisodd,
jeF

where C = {j|¢® > 0}, D = {j|¢® <0, j is even} and F = {j|¢p® <0, j is odd},
and

jec
0y = Z Soy(6®), ¢% <0, jiseven, (48)

jeD

D S5(e%), 6% <0, jisodd,

jeF

where C' = {j|¢" > 0}, D' = {j|$" < 0,jiseven} and F' = {j|¢" < 0, jisodd};
e output unit:

(@)% = (27, D), q=1,2, (49)
where
> oGy, vt >0, > 03 (B, v >0,
JEA jeK
P — Z Q%(wa)f, P <0, jiseven i Z ng(ya)j, P <0, jis even,
-1 JjeB jeL
S ou(wey, ve<0, jisodd |30 ou(BUY, v <0, jisodd,

jeH Jer

(50)
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where A = {jlog; > 0,9* >0}, B = {jlog; > 0,9* <0,j is even}, H = {jlog; > 0,

P <0, jis odd}, K = {jlog; < 0,9 >0}, L = {jlog; <0,9* <0,j is even} and

qj @
T = {jlog; < 0,9* < 0,j is odd}, and

S gy, Bt >0, N ogwey, ¥t >0,
JEA JjeK

30 = Z o), P <0, jiseven y Z og(¥™), ¥ <0, jiseven,
jep jeL
> o%(¥Y, ¥t <0, jisodd D 04wy, ¥ <0, jisodd,
jem jeT

(51)

where A’ = {j[09; > 0,9" > 0}, B' = {j[o§; > 0, ¢¥" < 0,jiseven}, H' = {jlog; > 0,
P* <0,jis odd}, K’ = {jlog; < 0,9" >0}, L' = {jlog; < 0, ¥ <0, is even} and
T' = {jlog; <0,¢" <0,jis odd}.

For this neural network the training algorithm is similar to (36).

4. Numerical Example

In this section, a numerical example is used to demonstrate how to apply feedback
neural network and feed-forward neural network in order to find the solutions of
FFNS.

Example. Consider the following FFNS:

((7,9,11),p(0.7,0.81,0.9)) ® p ® ¥ ® ((2,5,7),p(0.7,0.8,0.9)) ® ¢* ® ?
= ((29,1201, 6011, p(0.7,0.8,0.91)),

((9,10,12),p(0.7,0.8,0.9)) ® ¢ ® ¥ & ((4,6,9),p(0.7,0.85,0.9)) ® > ® ?
= ((55,1501,8001),p(0.75,0.8,0.9)),

(52)

where ¢ = ((—5,—-3,-2), p(0.8, 0.9, 1)) and ¢ = ((—4,-3,—1), p(0.8, 0.9, 1)) are
the exact solutions. The neural networks shown in Figs. 1 and 2 are used for esti-
mating the solutions ¢ and 1. The maximum learning rate of neural networks is
n = 0.001.

The neural networks arbitrarily start from ¢(0) = ((—8, —6, —5), p(0.7, 0.8, 0.9))
and ¢(0) = ((—7,—6,—4), p(0.75, 0.8, 0.9)). The approximation results are dem-
onstrated in Tables 1 and 2 for neural networks shown in Fig. 1 (feedback neural
network) and Fig. 2 (feed-forward neural network), respectively. It can be seen that
feed-forward neural network method and feedback neural network method can
approximate the Z-number solutions. Feedback neural network method is more
suitable than the feed-forward neural network method. The reason behind it is that
the approximation error of feedback neural network can be lower than that of feed-
forward neural network, while the former needs lower number of training iterations.
In Tables 1 and 2, p(k) and (k) are approximate solutions of FFNS (52), k is the
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Table 1. Results of approximating the Z-number solutions (k) and (k) with an example feedback
neural network obtained during the experiments.

k o(k) (k)

1 ((—7.9145, —5.9551, —4.9346), p(0.6, 0.8, 0.85))  ((—6.9123, —5.9453, —3.9233), p(0.7, 0.8, 0.87))
((—7.4657, —5.5512, —4.4139), p(0.75, 0.8, 0.9))  ((—6.6112, —5.6451, —3.6231), p(0.6, 0.8, 0.9))
((—=7.1678, —5.2195, —4.1897), p(0.7, 0.8, 0.9))  ((—6.1812, —5.2651, —3.1933), p(0.7, 0.85, 0.9))

w N

69 ((—5.0089, —3.0096, —2.0102), p(0.8, 0.9, 1)) ((—4.0082, —3.0071, —1.0093), p(0.8, 0.96, 1))
70 ((=5.0073, —3.0051, —2.0057), p(0.8, 0.94, 1))  ((—4.0062, —3.0051, —1.0071), p(0.8, 0.9, 1))
71 ((~5.0021, —3.0032, —2.0041), p(0.8, 0.9, 1)) ((—4.0033, —3.0021, —1.0042), p(0.8, 0.95, 1))

Table 2. Results of approximating the Z-number solutions (k) and (k) with an example feed-forward
neural network obtained during the experiments.

k o(k) (k)

1 ((-7.8113, —5.8451, —4.8611), p(0.6, 0.8, 0.85)) ((—6.7981, —5.8321, —3.8112), p(0.7, 0.8, 0.87))
2 ((~7.5983, —5.6678, —4.6451), p(0.75, 0.8, 0.9))  ((—6.5811, —5.5431, —3.4981), p(0.6, 0.8, 0.9))
3 ((—7.3184, —5.3433, —4.3891), p(0.7, 0.8, 0.9))  ((—6.3129, —5.2679, —3.2351), p(0.7, 0.85, 0.9))

109 ((—5.0112, —3.0123, —2.0118), p(0.8, 0.9, 1)) ((—4.0223, —3.0119, —1.0114), p(0.8, 0.96, 1))
110 ((—5.0082, —3.0094, —2.0086), p(0.8, 0.94, 1)) ((—4.0102, —3.0092, —1.0081), p(0.8, 0.9, 1))
111 ((—5.0055, —3.0078, —2.0071), p(0.8, 0.9, 1))  ((—4.0065, —3.0059, —1.0052), p(0.8, 0.95, 1))

number of iterations and p is the measure of probability. The error between the
approximate solution and the exact solution for both approaches is demonstrated in
Fig. 3. In Fig. 3 the approximation error of the feedback neural network method is
smaller than the feed-forward neural network method.

T T T T T T

Error of feedforward method

Error of feedback method

The cost function

65

0 20 40 60 80 100 120

Number of iterations

Fig. 3. The errors between the approximate solution and the exact solution with feedback and feed-
forward neural networks.
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5. Conclusion

In this paper, two approaches on the basis of neural networks are suggested for
obtaining the estimated Z-number solutions of FFNS. A learning algorithm based on
the gradient descent technique is used in order to generate the estimated solutions of
FFNS. An example is proposed in order to show the efficiency of the proposed
approaches. The simulation results show that these new models are effective to
estimate the Z-number solutions of FFNS. The comparison of the feedback neural
network method with the feed-forward neural network method shows that the
feedback neural network method is better or at least more suitable than the feed-
forward neural network method. The reason behind it is that the approximation
error of feedback neural network can be lower than that of the feed-forward neural
network, while the former needs lower number of training iterations. Further work is
to study the stability of training algorithm.
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